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MELLIN ANALYSIS OF WEIGHTED SOBOLEV SPACES WITH
NONHOMOGENEOUS NORMS ON CONES

MARTIN COSTABEL, MONIQUE DAUGE, AND SERGE NICAISE

ABSTRACT. On domains with conical points, weighted Sobolev spaces with powers of
the distance to the conical points as weights form a classical framework for describing
the regularity of solutions of elliptic boundary value problems, cf. papers by Kondrat’ev
and Maz’ya-Plamenevskii. Two classes of weighted norms are usually considered: Ho-
mogeneous norms, where the weight exponent varies with the order of derivatives, and
nonhomogeneous norms, where the same weight is used for all orders of derivatives. For
the analysis of the spaces with homogeneous norms, Mellin transformation is a classical
tool. In this paper, we show how Mellin transformation can also be used to give an optimal
characterization of the structure of weighted Sobolev spaces with nonhomogeneous norms
on finite cones in the case of both non-critical and critical indices. This characterization
can serve as a basis for the proof of regularity and Fredholm theorems in such weighted
Sobolev spaces on domains with conical points, even in the case of critical indices.
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1. INTRODUCTION

When analyzing elliptic regularity in the neighborhood of a conical point on the bound-
ary of an otherwise smooth domain, one is faced with a dilemma:

Near the singular point, the conical geometry suggests the use of estimates in weighted
Sobolev spaces with homogeneous norms, and a well-known tool for analyzing them and
for obtaining the estimates is the Mellin transformation. This analysis is carried out in the
classical paper [3] by Kondrat’ev.

On the other hand, since this analysis corresponds to a blow-up of the corner, that is a
diffeomorphism between the tangent cone and an infinite cylinder, the conical point moves
to infinity, and therefore functions in this class of spaces always have trivial Taylor expan-
sions at the corner. Depending on the weight index, they either have no controlled behavior
at the corner at all or they tend to zero. If one wants to study inhomogeneous boundary
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value problems, then smooth right hand sides and the corresponding solutions will require
spaces that allow the description of non-trivial Taylor expansions at corner points.

Appropriate spaces have been analyzed using tools from real analysis by Maz’ya and
Plamenevskii [6]. Such spaces can be defined by nonhomogeneous weighted norms, where
the weight exponent is the same for all derivatives. The simplest examples are ordinary,
non-weighted Sobolev norms. As presented in detail in the book [4] by Kozlov, Maz’ya
and Rossmann, the analysis of these spaces with nonhomogeneous norms shows several
peculiarities:

1. For a given space dimension n and Sobolev order m, there is a finite set of exceptional,
“critical” weight exponents (3, characterized in our notation by the condition

—f—-53=neN; 0<n<m-1,

such that for the non-critical case, the space with nonhomogeneous norm splits into the
direct sum of a space with homogeneous norm and a space of polynomials, corresponding
to the Taylor expansion at the corner. In the critical case, the splitting involves an infinite-
dimensional space of generalized polynomials. The study of the critical cases is of practical
importance, because for example in two-dimensional domains, the ordinary Sobolev spaces
with integer order are all in the critical case n = m — 1.

2. The relation of the spaces with nonhomogeneous norms with respect to Taylor expan-
sions at the corner is somewhat complicated, depending on the weight and the order: For
1 < 0, the space with nonhomogeneous norm coincides with the corresponding space with
homogeneous norm and contains all polynomials, but has no controlled Taylor expansion.
For 0 < 7 < m, the nonhomogeneous norm still allows all polynomials and controls the
Taylor expansion of order [n] at the corner. If > m, then the space with nonhomogeneous
norm again coincides with the corresponding space with homogeneous norm and has van-
ishing Taylor expansion of order m — 1. Thus there are two (non-disjoint) classes of spaces
involved, and the weighted Sobolev spaces with nonhomogeneous norms fall into one or
the other of these classes, namely the class of spaces with homogeneous norms on one hand
and a class of spaces with weighted norms and nontrivial Taylor expansion on the other
hand.

3. Whereas the definition of the non-homogeneous norms is simple, it turns out that
for the analysis of the spaces one also needs descriptions by more complicated equivalent
norms, where the weight exponent does depend, in a specific way, on the order of the
derivatives. Such “step-weighted” Sobolev spaces have been studied by Nazarov [7, 8].

In [4], the analysis of the weighted Sobolev spaces with nonhomogeneous norms is
presented using real-variable tools, in particular techniques based on Hardy’s inequality.

In this paper, we present an analysis of the spaces with nonhomogeneous norms based
on Mellin transformation. We show how the three points described above can be achieved
in an optimal way. In particular,

1. we characterize the spaces with nonhomogeneous norms via Mellin transformation in
the non-critical and in the critical case;

2. we give a natural definition via Mellin transforms of the second class of spaces men-
tioned in point 2 above, namely the spaces with weighted norms and nontrivial Taylor
expansions;
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3. we show how the question of equivalent norms can be solved via Mellin transforma-
tion.

The analysis in this paper is a generalization of the Mellin characterization of standard
Sobolev spaces that was introduced in [2] for the analysis of elliptic regularity on domains
with corners. For the case of critical weight exponents, we give a Mellin description of
the generalized Taylor expansion that was introduced and analyzed with real-variable tech-
niques in [4]. Based on our Mellin characterization, one can obtain Fredholm theorems and
elliptic regularity results, in particular analytic regularity results, on domains with conical
points. This is developed in the forthcoming work [1].

2. NOTATION: WEIGHTED SOBOLEV SPACES ON CONES

A regular cone K C R" n > 2 is an unbounded open set of the form

2.1) K:{XER"\{O} : %EG},
where G is a smooth domain of the unit sphere S”~! called the solid angle of K. Note that
if n = 2, this implies that K has a Lipschitz boundary (excluding domains with cracks),
which is not necessarily the case if n > 3. Note further that our analysis below is also valid
in the case of domains with cracks.

The finite cone S associated with K is simply

(2.2) S =KnB0,1).

In the one-dimensional case, we consider K’ = R, and S = (0, 1), which corresponds to
G = {1}.
Fork € N, [[ - [, , denotes the standard Sobolev norm of H *(0).

2.1. Weighted spaces with homogeneous norms. The spaces on which relies a large part
of our analysis are the “classical” weighted spaces of Kondrat’ev. The “originality” of our
definition is a new convention for their notation.

Definition 2.1. * Let 3 be a real number and let m > 0 be an integer.
* (3 1s called the weight exponent and m the Sobolev exponent.
* The weighted space with homogeneous norm Ki3' (K) is defined by

(2.3) KINEK) = {ue L (K) : rPTPogu e LX(K), Va, o] <m}
and endowed with semi-norm and norm respectively defined as
2 . B+ na 2 2 . " 2
2.4) [l _Ig_: I ogully e andfully ) = ; 1)

The weighted spaces introduced by Kondrat’ev in [3] are denoted by I/f/&”(K ). The
correspondence with our notation is

o 0

WK) = K2 (K) e KJ(E) = W5y, (K).
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These spaces are also of constant use in related works by Kozlov, Maz’ya, Nazarov, Plame-
nevskii, Rossmann, see the monographs [9, 4, 5] for example. They are denoted by Vﬁm(K )
with the following correspondence with our spaces

Vi'(K) = KG,(K) de. KR(K) = Vi, (K).

We choose the convention in (2.3) because it simplifies some statements: An obvious, but
fundamental property of the scale Kz is its monotonicity with respect to m

KF+H'(K) c Kf(K), meN.

This allows a simple definition of ¥ and analytic functions with weight, see Defini-
tion 4.1. Also, in mapping properties of differential operators with constant coefficients,
as well as in elliptic regularity theorems (“shift theorem”), the shift in the weight expo-
nent (3 is independent of the regularity parameter m, in contrast to what happens with the
Kondrat’ev or the V5" spaces.

The space K3'(S) with its semi-norm | - [k (s) and norm || -
by replacing K by S.

Kz (s) 1s defined similarly

2.2. Weighted spaces with nonhomogeneous norms.

Definition 2.2. * Let 3 be a real number and m > 0 be an integer.
* The weighted space with non-homogeneous norm Ji'(S) is defined by

(2.5) JF(S) = {u e Lp(S) : r’Tmofu e L*(S), Ve, |of <m}

with its norm ) )

Jull}y 6 = O I mogall
o] <m
The semi-norm of Ji7(.S) coincides with the semi-norm of K73’ (.5):
2 o 2 . B'HO‘| o 2

(2.6) [l 5y = [l ) = ; [0l -

* The space Jjj'(K') with its norm and semi-norm is defined in the same way.

Our space Jjj(S) is the same as the space denoted by Wy'; ., (S) in [4].
The following properties are obvious consequences of the definitions:

Lemma 2.3. a) For all 8 < [3' we have the embedding Jj}'(S) C J(5).
b) We have the embeddings for all 3 € R and m € N
(2.7) K5 (S) C J5(S) C KE,,.(5).

¢) Let o« € N" be a multi-index of length |o| = k < m. Then the partial differential
operator Oy is continuous from Jjj (S) into Jg”;,f(S ).

In contrast to the scale K, we do not necessarily have the inclusion of the space J'(5)
in Jg"”_l (S). We will see (Corollary 3.19) that such an inclusion does hold when m is large
enough, which allows the definition of J3*(.5) and of the corresponding analytic class.

A remarkable and unusual property of the spaces Ji'(S) is that we do not, in general,
obtain an equivalent norm for Jij'(.S) if we retain in (2.5) only the semi-norm (|a| = m)
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and the L% norm (Ja| = 0). A counter-example for such an equivalence is obtained with the
following choice

(2.8) mz=2, m<n=-F-—5<m+1, u=umx.

Then the function r°+™9%u is square integrable for || = 0 and for |a| > 2, but not for
a=(1,0,...,0). See §3.4 for further details.

We shall need more precise comparisons between the K and J spaces than the embed-
dings (2.7). As we will show later on, the space K7}'(.S) may be closed with finite codimen-
sion in Jj7'(.S) (non-critical case), or not closed with infinite codimension (critical case).

In the following lemma we compare the properties of inclusion of the space () of
smooth functions:

Lemma 2.4. Let 3 € Randm € N. Letn = —(3 — 3.
a) The space €>(S) is embedded in K5 (S) if and only if n < 0.

b) The space €>(S) is embedded in J§ (S) if and only if n < m.
Proof. Using polar coordinates and the Cauchy-Schwarz inequality, we see that
L=(S) c L3(S) < p>-%

The sufficiency follows by using this for all derivatives of u € €>(S).
We find the necessity of the conditions on 7 by considering the constant function v = 1
in both cases. U

Concerning spaces of finite regularity, it follows from the definition that the standard
Sobolev space H™ without weight coincides with J™ . For the Sobolev spaces H" we
have the embeddings corresponding to (2.7), namely

(2.9) K™ (S) C H™(S) C Ki'(S).

In addition we know from the Sobolev embedding theorem that if £ is a non-negative
integer such that k < m — 3, we have the embeddings

H™(S) c €%(S) c H*(9).

In particular, for elements of H™(S) all derivatives of length |a| < k& have a trace at the
vertex 0. On the other hand, by density of smooth functions which are zero at the vertex,
the elements of K?(S ), as soon as they have traces, have zero traces at the vertex.

One can expect that the spaces J have vertex traces similar to the standard Sobolev
spaces. The investigation of this question will be the key to the comparison between the J
spaces and the K spaces.

Using the same simple argument as in the proof of Lemma 2.4, we find the conditions
for the inclusion of polynomials in the weighted Sobolev spaces.

We denote by P (S) the space of polynomial functions of degree < M on S and by
PM(S) the space of homogeneous polynomials of degree M.

Lemma 2.5. Let 3 € Rand m,k € N. Letn = —( — 3.

a) P*(S) CKZ(S) <= P%S)CcKp(S) <= n<0.
b) P*(S) Cc J3(S) <= PUS)cCJIF(S) <« n<m
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This complete similarity between the K spaces and the J spaces is no longer present if
we refine the probe by considering the space of homogeneous polynomials. Still using the
same simple argument based on finiteness of norms, we now get

Lemma 2.6. Let 3 € Rand m,k € N. Letn = —f3 — 3.
a) PF(S) CK}(S) <= n<k
b) If k > m, then PH(S) C JF(S) <= n <k
o) Ifk <m—1,then P*(S) CJ(S) <= PUS) CJF(S) <= n<m.

As we will show in the following, the question of inclusion of polynomials completely
characterizes the structure of the spaces J3'(S) and their corner behavior.

3. CHARACTERIZATIONS BY MELLIN TRANSFORMATION TECHNIQUES

The homogeneous weighted Sobolev norms can be expressed by Mellin transforma-
tion, which is the Fourier transformation associated with the group of dilations. We first
recall this characterization from Kondrat’ev’s classical work [3]. Then we generalize it
to include non-homogeneous weighted Sobolev norms, based on the observation that the
non-homogeneous norms are defined by sums of homogeneous semi-norms.

3.1. Mellin characterization of spaces with homogeneous norms. In this section, we
recall the basic results from [3].

For a function u in 5°((0, 00)) the Mellin transform .# [u] is defined for any complex
number A by the integral

G.1) AR = / ()

The function A — . [u|(\) is then holomorphic on the entire complex plane C. Note that
A [u](X\) coincides with the Fourier-Laplace transform at i\ of the function ¢ +— wu(e’).

Now any function u defined on our cone K can be naturally written in polar coordinates
as

dr
-

Ry x G (r,9) — u(x) = u(rd).
If v has a compact support which does not contain the vertex 0, the Mellin transform of «
at A € C is the function .Z [u](\) : ¥ — . [u](\, ) defined on G by

(3.2) M Nul(N,0) = /OO M u(r9) %, Jeaq.
0

If we define the function @ on the cylinder R x G by u(t,9) = u(e'), we see that the
Mellin transform of w at A is the partial Fourier-Laplace transform of w at —i\.

Hence the Mellin transform of a function u € %;°(K) is holomorphic with values in
%5°(@). On the other hand, if u is simply in L?(K), the function 2% belongs to L? on the
cylinder R x G and A\ — . [u](\) therefore defines an L* function on the line Re A = —%,
with values in L?(G).

More generally, the Mellin transformation extends to functions u given in a weighted
space K§(K) with a fixed real number 3: Since 7u belongs to L*(K), the function @ in

turn satisfies that e(*3)% belongs to L2(R x G). Therefore A\ — .#[u]()\) defines an L2
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function on the line Re A = —3 — . If u belongs to K77'(K), then there appear parameter-
dependent H” norms for its Mellin transform, which motivates the following definition.

Definition 3.1. Let G be the solid angle of a regular cone K. Let m € N.
* For \ € C, the parameter-dependent H™ norm on G is defined by

2 = T 2
(33) ||U||m;G;)\ = Z|)\|2 2k||U||k;G‘
k=0

* Let A — U(\) be a function with values in H”(G), defined for \ in a strip by <
Re A < by. Then for any b € (by, by ), we set

2
|

(3.4) NI (UL b) = {/ ol dIm)\}Q,
Re A\=b B

and
NE(U, [bo, bl]) = sup NE(U, b)
be (bo,b1)

Later on, we will use the following observation: Let A — U(\) be meromorphic for
bo < ReX < by with values in H™(G). If NZ(U, [bo, b1]) is finite, then U is actually
holomorphic. In fact, if U has a pole in )\, then N (U, b) is bounded from below by
C |b — Re )\0‘_1.

As a consequence of the isomorphism between K3 (K) and HE o (R x G), one gets:

Theorem 3.2. Let 3 be a real number and m € N. Let
n:=-3-2 and Ry :={\eC:Rel=n}.

2
The Mellin transformation (3.2) u — . [u] induces an isomorphism from K;' (K') onto the
space of functions U : Ry x G 5 (\,0) — U(N,0) with finite norm N7 (U,n). The
inverse Mellin transform can be written as:

(3.5) u(x) = L/ A u)(N)(9) AN, x = 7.
20T JRe A=

From this Theorem, we see immediately that if « belongs to the intersection of two
weighted spaces K7'(K') and Ki (K') with 3 < /3, the Mellin transform of u is defined on
two different lines in C. Since u belongs also to all intermediate spaces KJ3i, (K) for 3 <
G" < [, the Mellin transform is defined in a complex strip. In fact, the Mellin transform
of u is holomorphic in this strip, and this characterizes the intersection of weighted spaces
with different weights, as stated in the following theorem.

Theorem 3.3. Let 5 < 3 two real numbers and m € N. Let
n=-0-% and n :=-§-1%.

a) Let u € KF(K) N KE(K). Then the Mellin transform U := ./ [u] of u is holo-
morphic in the open strip < Re A < n with values in H™(G) and satisfies the
following boundedness condition:

(3.6) N (U, [/ n]) < O (g + ”“”K;(m)‘
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b) Let U be a holomorphic function in the open strip '’ < Re A < n with values in
H™(G), satisfying N2 (U, [1,n]) < oc. Then the mapping

3.7) br— ((9) = Ulb+ig,9))
has limits as b — 1 and b — 1/, and the inverse Mellin transforms
1 1
(3.8) u = — r*UN) d\ and v = — r*U(N) dA,
2im Re A=n’ LT JRe A=n

coincide with each other and define an element of Kjj'(K') N K7, (K).

In the following theorem, we recall the close relation between asymptotic expansions
and meromorphic Mellin transforms.

Theorem 3.4. Let 5 < 3’ be two real numbers and set

n=—0-2 and o =—§ -1

Let \g be a complex number such thatf < Re \g < 1. Let q be a non-negative integer and
©o, - - - g be fixed elements of L*(G).

a) Let u' € KY,(K) such that the identity

q

1 )
(3.9) u() =G+ 3 5ylog’ (0
j:
defines a function u in K%(K ). Then the Mellin transform U of «, defined for

Re A = 1/, has a meromorphic extension to the strip ' < Re X < n such that the
function V defined as

(3.10) V) =00 - #

J=0

is holomorphic in 1 < Re A\ < n with values in L*(G) and satisfies the bounded-
ness condition

(3.11) NV, [ m]) < oo.

b) Conversely, let U be a meromorphic function with values in L*(G), such that V
defined by (3.10) is holomorphic in the strip i’ < Re X < n and satisfies the
boundedness condition (3.11). Then, like in the holomorphic case, the mapping
(3.7) has limits at ) and 1, and the inverse Mellin formulas (3.8) define u € K%(K)
and v’ € KY,(K). They satisfy the relation (3.9), which can be also written in the

form of a residue formula:
(3.12) w(x) — /(x) = —— / AU dA,
¢

2

for a contour € surrounding \o and contained in the strip )’ < Re A < .
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3.2. Mellin characterization of semi-norms. The principle of our Mellin analysis is to
apply to a function u and some of its derivatives 02w the Mellin characterization of K-
weighted spaces from Theorems 3.2, 3.3, and 3.4.

Definition 3.5.
* For any a € N", we denote by ¥ the differential operator in polar coordinates
satisfying
(3.13) rllox = 929,10, ).
* Forany m € N and X\ € C, let the parameter dependent semi-norm | - |m; &9 be
defined on H™(G) by
(3.14) |V|fn;G;%) = > 12\ 0n)V ], -

laj=m

Lemma 3.6. Let 3 < [3y be two real numbers. We set ) = —3 — 5 and g = —3 — 5. Let

m € N. Let u € KY (K) with support in B(0, 1) such that its K (K') semi-norm is finite.
Then the Mellin transform of u is holomorphic for Re A < ng and has a meromorphic

extension U to the half-plane Re \ < 0. Its poles are contained in the set of integers

{0,...,m—=1}N(no,n)

and U satisfies the estimates, with two constants ¢, C' > 0 independent of u

1
2 2
< <
(3.15) c |u|Kg(K) < beskli(}?n) (/RCA:b |U()\)|m;G;@(A) dIm >\> < C |u|K;;(K) .
Proof. As u € K} (K), by Theorem 3.2 its Mellin transform A — .#[u]()) is defined for
all A on the line Re A\ = 1)7. We set

U i= 170" and  w, = r"0lu, |al = m.

By assumption, the functions w, for |a| = m all belong to K% (K). Using the identity
ko = ZIB\:k Z_'l x%92 | we obtain

67

m! . X
Uy = E — 9%, , with 9% =—
«! 7
|a|=m

hence vy, belongs to K}(K) too. Therefore the Mellin transforms A — . [v,,](\) and
A +— M |w,](\) are defined for all A on the line Re A = 7, and we have the estimates

2 2 2
Gl clulg < [ (M0 + X O ) dim
8 Re A=n ’ la|=m ’
and
(3.16b) / (120l + D I [wad Vg ) A A< Cluly,
Re A=) m 0;G £ o 0;G K (K)

Since u, and thus v, and w,, have compact support, their Mellin transforms extend holo-
morphically to the half-planes Re A < 1 for v, and Re A < 7 for v,, and w,. Moreover,
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due to the condition of support, estimate (3.16b) holds with the same constant C' if we
replace the integral over the line Re A = 7 with the integral over any line Re A = b,
N <b<m:

2 2
G s [ (100000 g+ 3 11w ) 1A < Claly
" ReA=b |o=m
Using the identity
(3.18) rmot =ro.(ro, —1)---(ro, —m+1),
we find for all A\, Re A < 1, the following relation between Mellin transforms:
M) (N) = AN = 1) (A —m+ 1) [u](\).

Hence we define a meromorphic extension U of . [u] by setting

A ] (V)
AA=1)---(A=m+1)

Since A [w,|(N) = 2%(V; N, Oy)A [u](\) for Re A < 1y, by meromorphic extension
we find that

(3.19) U\ = for Re) <7

(3.20) MNwe)(N) = 20, N, 09)U(N), for Red<n
Putting (3.16a), (3.17), (3.20) together and using the semi-norm |- \m a0 V€ have proved
the equivalence (3.15). ]

In Theorem 3.12 below we will see that under the conditions of the Lemma, the poles
of the Mellin transform of u are associated with polynomials, corresponding to the Taylor
expansion of v at the origin.

If A is not an integer in the interval [0, m — 1], the semi-norm |V|,... ¢, () defines a norm
on H™(G) equivalent to the parameter dependent norm ||V'[|,,,. . » introduced in Defini-
tion 3.1. In order to describe this equivalence in a neighborhood of integers, we need to
introduce a projection operator on polynomial traces on G'

Definition 3.7. Let k € N.

x By P*(G) we denote the space of restrictions to (¢ of homogeneous polynomial
functions of degree k on K.
* Let (¢f) | be the basis in P%(G) dual in L2(G) of the homogeneous monomials

(ﬁa/a!)m\:k (W = Jp e

,Lga
(3.21) /Ga gp’f{(ﬁ) dY =64y, lof=|y=k.
By 13* we denote the projection operator L?(G) — P*(G) defined as
v
kT k
(322) PU=D (U)o
|a|=k

Lemma 3.8. Let m € N and ng, n real numbers such that ng < 0 < m < 1. Let
6 € (0,3). Then there exist two constants C,c > 0 such that for all V- € H™(G) the
following estimates hold:
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a) For A satisfying Re X € [no,n] and |\ — k| = 6 forall k € {0, .. —1}:
(3.23) c|V|m.G.@ N S VI S C|V|m;G;_@(A) :
b) For X satisfying |\ — k| < 0 forak € {0 —1}:

G21) VI, o < IV =BV, o+ 1A - " rmkvnm;g <OV oo
1

Proof. Let A be an annulus of the form {x € K, < [x| < R} fora R > 1. Itis
not hard to see that one has the following equivalence of the norm || - ||,,. . and semi-
norm | - |, ¢ #(») with the norm and semi-norm of H™(A) on its closed subspace S, (A)

of homogeneous functions of the form r*V (9):
cllr* VI, < IV
clrvi] <V

<l
A
<Cr V\m;A

m; G; A

m; G; D(\

Here the equivalence constants can be chosen umformly for X\ in the whole strip 77 <
Re A < n.

e The well-known Bramble-Hilbert lemma implies that the semi-norm | - |,,. 4 is equiv-
alent to the norm || - ||,,. 4 on S} (A) if and only if S} (A) does not contain any non-zero
polynomial of degree < m — 1: Thus for all A ¢ {0, ..., m — 1} there exists C' such that

[PV, L < PV,

and C) can be chosen uniformly on the set Re A € [7]0, n] with [\ — k| > ¢ forall k €
{0,...,m — 1}; whence estimates (3.23) in case a) of the lemma.

e Let A besuchthat |\ — k| < dforak € {0,...,m — 1}. The left inequality in (3.24)
is easy to prove with the help of the estimate

(1) |q3kv|m;(;;_@()\) < C‘)‘_k‘ H%kvnm;Gu

which is follows from |‘}3kV\m.G,@(k) =0.

Concerning the right-hand-side estimate of (3.24), the Bramble-Hilbert lemma argument
implies the equivalence of the semi-norm with the norm for functions V' such that g*V =

0: For all V€ H™(G) there holds
) IV =V, o <CIV =3V

G 9N

On the other hand, the operator 0" is a linear combination of the operators r"0g, |a| =
m, with coefficients bounded on (G. Therefore

I (V) o < CIPVIL,

From (3.18) we get [A\(A = 1) --- (A —=m + D[ [[V]] ., < CHrma;”(r)‘V)||0_A,hence

mam (A /
A=KVl < CImare V)l < OV,
From the continuity of B* in LQ(G), we deduce
A= KBV, < CIV]

m;G; () °
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The equivalence of norms in L?(G) and H™(G) on the finite dimensional range of 3"
yields finally

3) N =EHB VLo SOV ooy -

It remains to bound ||V — ‘BkVHm_G. Using (1), (2) and (3) we find

||V - mkVHmG < C ‘V - mkv|m;g;_@(>\)

k
S C (‘V‘m;G;_@()\) + |q3 V‘m;G;_@()\))
<C(Vlgigp + A= FHIBVIL )
S ¢ |V|m G;2(N\)’
which completes the proof of the lemma. 0

Putting the norm equivalences (3.23) and (3.24) together, one is led to the following
definition of norms of meromorphic H”(G)-valued functions.

Definition 3.9. Let A — U(\) be a meromorphic function with values in H”(G) for A in a
strip by < Re A < by.

x Forb € (b, b1) and k € N, and with B% the projection operator (3.22) we set
m _ _ mk 2
(3.25a) NZ(U,b, k) = {/Im)\Kl ||(T ‘,]3G)U()\)||m;G dIm A
ReA=b
12| mk 2
+ [ e A FEIBEUOIL,  dim

Re \=b 1
2 2
; /IW WNIE, dIm/\} |

ReA=b
* For M = {ky,...,k;} C NN by, b1], and using the norm (3.4), we introduce

(3.25b) NG'(U, [bo, bi], M) =
max{ sup N&(U,b), sup N2(U, b, k1), ..., sup NZ2(U,b, kj)},

beBo be By be B;
with the sets By = (k¢ — 5, k¢ + 3) N (bo, by) for ¢ =1,..., j and
By = (bo, by) \ Ul_, By.
* If 9 = (), the definition (3.25b) becomes, compare Definition 3.1,
(3.250) N, [bo,bi], 0) = sup NE(U,B) = N, [bo, br))-

bE(bo,bl)

Using the continuity of 3%, on H™(G), we obtain the estimate

(326&) NgL(U, b, /{2) < Cb,m,k Nén(U, b)



hal-00402645, version 1 - 7 Jul 2009

MELLIN ANALYSIS OF WEIGHTED SOBOLEV SPACES WITH NONHOMOGENEOUS NORMS ON CONES$3

where the constant C}, ,,, . does not depend on U. On the other hand, the definition imme-
diately implies the estimate

(3.26b) NE(U,b) < (b— k) P NE(U, b k), ifb# k.

A consequence of the latter two inequalities is that for any fixed real number p € (0, %],
we would obtain an equivalent norm to (3.25b) by defining By as (k; — p, ke + p) N (bo, b1)

instead of (k, — %, ko + %) N (bg, by).

3.3. Spaces defined by Mellin norms. The norms defined in (3.25b) suggest the intro-
duction of a class of Sobolev spaces N7’ 5 o, with Mellin transforms meromorphic in a strip
1o < Re A < 1 and a fixed set of poles 1.

Definition 3.10. Let m € N and (3, 5, € R such that 5 < ff, and as usual, ) = = — 3,
no = — By — 5. Let N be a subset of N N [, 7].

» The functions u € NF'5 »(K) with support in B(0,1) are the functions whose
Mellin transform .#[u] is holomorphic in the half-plane Re A\ < 7, and has a
meromorphic extension U to the half-plane Re A < 7 satisfying the estimate

Let x € ¥*°(R") be a cut-off function with support in B(0,1), equal to 1 in a
neighborhood of the origin. The elements u of N?ﬂo;‘ﬁ(s ) are defined by the two
conditions that xu € N5 (K) and (1 — x)u € H™(S).

* In the case when 79 = min{0, 7} and M = NN [ny, 7], the space N7’ 5 (K) will
alternatively be denoted by JI'. ,(K).

max, 3

Note that in this definition, the set of poles 91 is contained in the interval [, 7] deter-
mined by the weight exponents, but 1 has no relation with the regularity order m. Thus the
residues at the poles which, according to Theorem 3.4, give an asymptotic expansion at the
origin, can only be identified with the terms of a Taylor expansion in a generalized sense,
in general, because the corresponding derivatives need not exist outside of the origin. With
m = 0, for example, one gets weighted L2 spaces with detached asymptotics.

For the maximal J-weighted Sobolev spaces J the definition immediately yields

max, 3°
the following properties.
Proposition 3.11. a) Forallm > 0, 3 < (3 implies J7, 5(S) C I, 5(5).
b) Forall 3 € R, 0 < m' < m implies ", 5(S) C Jﬂ;Xﬁ(S).
¢) 0y is continuous from I (S) into JZL:,C;J‘HM(S) for any a € N, any m > |al,
and any (3.
d) The multiplication by x* is continuous from J". 5(S) into J:ﬁax,ﬁ—\a|(5) for any
o e N

From Definition 3.10 follows that the poles of the Mellin transform of elements of
Ngf 0. are associated with polynomials and that Ng"” 0. can be split into a sum of a space
with homogeneous norm and a space of polynomials.
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Theorem 3.12. Let m € Nand 3, 3y € R such that 3 < [y and as usual, n = —f3 — 3
no = —Bo— 5. Let N be a subset of NN [no, ). Let u € Nij 5 52(K) with support in B(0, 1
and let U be its Mellin transform. Then for b € (19, n] \ N, the inverse Mellin transform u
of U on the line Re A = b belongs to KTb_% (K) and there holds

~—

~

/ _ A . .
(3.28) u—u = Z )l\(fz {r*U(N)} isapolynomial.
k€ 91N (no,b)
The coefficients of the polynomial in (3.28) depend continuously on u in the norm of
Ngtﬁo;‘nu()'
Proof. Letb € (no,n] \ 9. By definition of N7 5 .2(K), we have in particular
" 2
sgwy=([ o,
Re A=b
Theorem 3.2 then provides the existence of a function v’ € K™ _n (K) such that
AMW)N) =U(N), VA Rel=b,
and according to Theorem 3.4, there holds

u’—u—i/crAU()\)d)\: Z 522{MU()‘)}‘

um
k € 9N (1o,b)

1
3
G dImA) < 00.

Here € is a contour surrounding the poles of U in 91 N [no, b)].
It remains to show that the residual at & € 91N (n)p, b) is a polynomial. From the finiteness
of N2 (U, [no, n], 91) follows in particular that

sup NZ(U, b, k) < o0
[b—k|<1/2

and therefore that both (I — B )U()\) and (X — k)BEU()\) are holomorphic at k. Hence
A _ A ok _ keqk
Res {r*U(\)} = Res {r* PGUN)} = r"PBgRes U(N),
which is a polynomial in x of degree k. U

We can now complete the characterization of the K7 semi-norm that was begun in
Lemma 3.6.

Theorem 3.13. Let 3 < 3y be two real numbers. We setn) = —3 — 5, ng = = — 5 and
N = {0,...,m — 1} N (1o, m]. Let u € KY (K) with support in B(0,1). Let U be its
Mellin transform.
(1) Then the following two conditions are equivalent
a. The semi-norm |u| \ 18 finite.
b. u € N5 o (K).
(2) Moreover we have the equivalence of norms

(329) ¢ (|Ju] < NG, [no. m), M)

K (K

K, (K) + |u|Kg‘(K) )

N

€ (Jul,

K1 (K) ):
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Proof. a. = b. and equivalence (3.29). Let u € K (K) with finite K'(K) semi-norm
and support in B(0, 1). According to Lemma 3.6 its Mellin transform is defined for Re A <
7o and has a meromorphic extension U to the half-plane Re A\ < 7 satisfying estimates
(3.15), i.e., the semi-norm |u| Ko () is equivalent to the norm

1) sup (/RHW(A)\z o dIm)\)

b€(no,m)

But Lemma 3.8 reveals that the norm (1) is equivalent to

Hence Lemma 3.6 yields the equivalence of the norm (2) with the semi-norm |u| K ()"
B

On the other hand, the norm || u|| is equivalent to N2 (U, no). Therefore the norm

KO )
3 +
present in (3.29) is equivalent to

It remains to prove that (4) is equivalent to N2 (U, [no, 0], M.n)-

o If M,, = N, (this occurs if 7 ¢ {0,...,m — 1}), we have the equality of norms
NE(U, 0o, 1], M) = NE(U, [n0, 1], N ). Moreover N (U, o) is bounded by the quan-
tity NZ(U, [0, 1], My). Hence the desired equivalence.

o If M, # M., then gy € {0,...,m — 1} and

Since all norms are equivalent on the range of ‘B¢, we find the estimate
©) NE(U,m0) < C(NE(Um0) + NE (U no o) ) < € norm (4)

Let us choose b € (1o, 7o + 3 ). We have
7 NG (U,b) < CONE (U, [no, 1], M),

where C'(b) means that this constant depends on b (and would blow up if b approaches
1o, cf. (3.26b)). The finiteness of N7'(U,n) and NZ (U, b) implies that u € Kj (K) N
KTb_% (K') and by Theorem 3.3:

®) NE (U, o, b1, 8) < € (NE(U,m0) + NE(U,0)).

(6)-(8) gives that N7 (U, [no, b], D) is bounded by norm (4), which, in association with (5)
implies that NZ'(U, [no, 0], MN..) is bounded by (4). The converse estimate is obvious.

b. = a. Let u € K} (K) N N5 . (K) with support in B(0, 1). Since 79 & N, we
have in particular, cf. (3.26b)

Nén(Uv 7]0) < CN&H(U7 [7]07n]7mm)
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Hence we obtain that u belongs to K3 (K'). Therefore, for all o, |a| = m, the function
wo = r’"ogu belongs to K%O (K). Let W, be its Mellin transform. By construction, and
thanks to Lemma 3.8, we find

NG( 047[7707 ] Q)) CNm( [770777]>m771)'
Hence w, € K}(K), and therefore the K7 (K') semi-norm of u is finite. O

3.4. Spaces defined by weighted semi-norms. We have seen in Theorem 3.13 how a
space defined by two weighted seminorms | - |K% and | - |K;; has a Mellin characterization
0

described by the space N5 o, . We are now generalizing this to the case of spaces given
by several weighted semi-norms, and this will eventually lead to the Mellin characterization
of the space J%', which is defined by the m + 1 semi-norms | - ‘Kfu L, 0 <l < m,see

Definition 2.2.

Definition 3.14. Let £ be a subset of N that includes 0: For each ¢ € £ let 3, be a weight
exponent such that

[, decreases as ¢ increases,

and denote B = {3, : ¢ € £}. We define the associated norm

1 1

o2 2 2 2

(3.30) HUHJ%(S) - (Z Z ||Tﬁl+gax“||o;s) = (Z |U|Kgl(5)) :
tes

teL |al=¢t
The Hilbert space defined by this norm is denoted by J5(S).
This definition includes the weighted Sobolev spaces with homogeneous norms and

those with non-homogeneous norms as obvious special cases:

e We obtain the norm in K3’ by choosing 3, = (3 for all £ and £ any arbitrary subset
contained in {0, ..., m} and containing 0 and m.
e According to Definition 2.2, we obtain the norm in Jji' by choosing

e={0,....m}, Bi=B+m—¢.

e Finally, the space defined by the norm K%O and the seminorm K7' simply corre-
sponds to £ = {0, m} and B = {5, 5}.

We can use Theorem 3.13 to obtain a first Mellin characterization of the space Jg(5).

We set, as usual, n; = —3; — 5. Then we have
(331 () = NG, son, (S)  with 9 ={0,....€ =1} (ng,mi] .
teg

This can be simplified with the following result.

Lemma 3.15. Let £, B and N, be as above. Let m = max £. Then there exists a unique
subset Yt C N,,, = {0,...,m — 1} N (no, n] such that there is a norm equivalence

(3.32) e NEHU, [no, n), M) < max NG (U, [no, me), M) < CNE (U, [no, ], N).

leg



hal-00402645, version 1 - 7 Jul 2009

MELLIN ANALYSIS OF WEIGHTED SOBOLEV SPACES WITH NONHOMOGENEOUS NORMS ON CONES$7

This set )t is given by
(333) n =\ (Jiend).

teg
Proof. Assume that 1 is such that the norm equivalence (3.32) holds. Then any pole &£ € N

that lies in an interval (1), 7,] must appear as a pole in the corresponding set 91, and vice
versa. This means

(3.34) NN (no,n) C€H0,...,0—1} Vie L.
In other words, for k£ € 91, there holds k£ ¢ 91 if and only if there exists ¢ € £ such that
< k<.

This implies the formula (3.33) for 1. Conversely, it is not hard to see that if we define the
set I by (3.33), then the norm equivalence (3.32) holds. ]

Combining (3.31) with Lemma 3.15, we obtain the Mellin characterization of the space
JR(9).

Proposition 3.16. Let £ and ‘B satisfy the conditions in Definition 3.14. Let m = max £,
B = (,, and define Nt by (3.33). Then

(3.35) J5(S) = N5 .0(9).

We have seen that with each set of semi-norms given by £ and ‘B there is a unique
associated set of poles 91 that characterizes the space NJ}'5 (.S) and therefore the space
J5(S). The converse is not always true, that is, the spaces N7 5,.0 cannot always be defined
by a set of weighted Sobolev semi-norms. A necessary condition is that )t C 1,,. But this
is also sufficient:

For fixed m and /3, let 91 be a given subset of 91,,. We can construct indices £ and
weight exponents ‘B such that the formula (3.33), and therefore the equality of spaces
(3.35) in Proposition 3.16 holds. This can be done by setting

(3.36) £={0} U (M, \ N) U{m},
and forall € £,/ # 0, m,
(3.37) By = —np — % with 7, =/,

and 1y = 0if 0 € M, ny < 0 arbitrary if 0 € N.

In this context, the counter-example (2.8), for instance, corresponds to the choice of
m > 2, £={0}U{2,...,m},and g, = n— m + £ withm < n < m + 1, so that
ne € (¢, + 1). From these informations one obtains 9t = {1}.

From the equality (3.35), we conclude that the space Jg(S) depends only on m, 3 = 3,
and on the set of integers 1. Several different choices of £ and ®B can therefore lead to the
same space. We have already seen this for the space K7}', where the choice of £ is arbitrary,
as soon as it includes 0 and m. This observation expresses the fact that for the spaces
with homogeneous norms, the intermediate semi-norms are bounded by the two extreme
semi-norms. The set of poles 1 is empty in this case.

Also for the space with non-homogeneous norm J7', several different choices of sets of
semi-norms are possible, as we will discuss now.
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3.5. Mellin characterization of spaces with non-homogeneous norms. For the weight-
ed Sobolev space with non-homogeneous norm Ji7', several different choices of sets { £, B}
of semi-norms are possible that lead to the same set of poles 91 and define therefore, ac-
cording to Proposition 3.16, the same space. The original definition of J3' corresponds to
the choice £ = {0,...,m} and B, = f+m—¢, { € £, which implies 71 = 1, + 1. From
this information and formula (3.33) one easily deduces that 91 is either empty or a set of
consecutive integers starting with 0. It is non-empty if and only if 0 < 1 < m, and in this
case

(3.38) N={0,....m—1}N(n—m,n ={0,... M} with M =[r].

m
max, (3°

Since 91 = () corresponds to the space K7}’ and 9t = {0, ..., [n]} to the space J
have found the following classification of the space Jj3'.

Proposition 3.17. Letm € N, 8 € Randn = - — 3.

we

a)Ifn < 0, then J3(S) = 7, 5(5) = K ().
b) If 0 < n < m, then JF(S) = I, 5(5).

) If n = m, then Jij (S) = KZ(S).

The set D1 of integers (3.38) that characterizes Jg” can also be obtained by other choices
for the weight indices: We start again with 0 < n < m and £ = {0, ..., m}, but now we
fix some integer ¢, in the interval (1, m|. Then we define the weight indices (3, in such a
way that

ne=mn—Vt+¢ for 0 << and n,=n for (=Y,

Since 7y < 0 and ¢y — 1 > M, we easily see that this set of weight indices defines the
same set of degrees 91 = {0,... M} as in (3.38). In this way, we have proved the “step-
weighted” characterization of J7":

Proposition 3.18. Let § € R and m € N such that m > n = —[3 — 3. Let p be any real
number in the interval (—%, 3 + m|. Then the norm in the space Jj}'(S) is equivalent to

(3.39) ( Z ||TmaX{B+|a‘7p}agu||(2).s> 5.

la]<m

Corollary 3.19. Let 3 € R. Setn = —3 — 5. Let m be a natural number, m > 1. Then
Jg”l(S) C J3(9).

Proof. Using Proposition 3.18, we note that we can choose the same p for Jg"b(S ) and
JFH(S). The embedding Jj7 ' (S) € J7(S) follows. O

Still another choice giving the same result is possible. When 0 < 1 < m, it suffices to
take £ = {0, m}, n,, = n, and any 79 < 0. In this case,

N="N,={0,... M},
which corresponds to the identity J5'(S) = J7,, 5(S). We obtain the corollary that when

max, 3
0 < n < m, the intermediate semi-norms in the definition of J7'(S) are indeed bounded by

the sum of the two extreme semi-norms. This is not the case, as we have seen, if n > m.
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Let us mention another identity that can be obtained from these purely combinatorial
arguments, namely
K (S) = J5(S) NKZ(S).
This can be seen as follows: The intersection Jj7'(S) N KY(S) is included in the space
J5(S) with £ = {0,m} and By = 3,, = 3. Then M = ) and we find that this latter space
coincides with K73 (.5).

Remark 3.20. Corollary 3.19 gives a partial response to the question of how to define
spaces Jj with non-integer Sobolev index s. If [s] > 7, the natural idea is to define the
space of index s by Hilbert space interpolation between spaces with integer indices [s] and
[s] + 1. The same possibility exists if [s] + 1 < 7, since for m + 1 < 7 the inclusion
JEHH(S) € J3(S) holds, too, because according to Proposition 3.17 ¢) the J-weighted
spaces coincide with the K-weighted spaces in this range.

For fixed weight (3, both scales of spaces (K3'(S5)), _ and (Ji,, 5(S)), . can be ex-
tended in a natural way by interpolation to scales with arbltrary real positive index. This
definition, when extended by analogy to the n—1-dimensional conical manifold K, is then

(OK)

also compatible with the trace operator, that is, the trace space of K?(K ) is K" 5 +1
and similarly for the J.,,, scale.

There is, however, no natural definition of Jj for the remaining non-integer indices s for
which [s] <7 < [s]+ 1. The problem is that if m > 7, so that Jj () = JI", 5(S), then the

trace space is also of the J,,,, class, because it contains non-zero constant functions. But if
_1
m — % < n, then the candidate for the trace space would be ng ;* and should be of the K
2
class, which does not contain non-constant functions.

As a further corollary of the Mellin description of the space J7', we give an equivalent
definition by derivatives in polar coordinates that is valid when n < 1 and will be useful
later on:

Lemma 3.21. Let B € R, n =~ — 5 and m € N, m > 1. We assume that ) < 1. Then

1
2 2 2
(3.40) { X IP6o) Guly s+ ul; g }

1< ]y <m
defines a norm on Jj'(S), equivalent to its natural norm.

Proof. If < 0, the statement is clear because, in that case, Jjj'(.S) coincides with K73'(.5).

Let us suppose that 0 < 1 < 1 and let v be such that its norm (3.40) is finite. Using
a cut-off, we can assume that u has the same regularity on K, with support in S. Let
A [u] =: U be the Mellin transform of u. By the Parseval identity we have the equivalence

D DI SOV P S 5L e

1<b+k <m Y ReA=n 1<ty <m

It is easy to see that we have the uniform estimate

DMUMo <C 20 INIUA
k=1

1<l+kE<m
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We deduce that u € J7'(S).
Conversely, let u € Jjj'(S). We apply Lemma 3.8. Outside a neighborhood of 0, we have
the uniform estimate:

2 U, 0 < CIUD)

HM;G; m; G;I(N)

and in a bounded neighborhood of 0
3) IUN) =B U, + TN, < CIUN)

Since PB°U(N) is a constant, there holds

m; G5 9(N)

I,

S D UM, SCIUN) =BUNI, -
k=1

We deduce from (2)-(4) that
Y MU SCIUN, oo -

1<l+k<m

The boundedness of norm (3.40) follows from (1) and Lemma 3.6. [

We can now collect the informations about the Mellin description of the space Jj3'. For
this, we introduce some notation concerning the Taylor expansion at the origin:

Foru € €°°(S) and M € N, we write " € PM(S) for the Taylor part of u of degree
M at O:

«

(3.41) =3 8;%(0)%.

lo| <M

By continuity, the coefficients of the Taylor expansion and therefore the corner Taylor
operator TV can be defined on the space N5 (S), as soon as {0,...,M} C N C
(n0,m), see Theorem 3.12.

The proofs of the following two theorems are contained in the results of the preceding
section.

Theorem 3.22. Let K be a regular cone in R™. Let 3 € R. We set, as usual
n=-B—7% and M = [n)].
Let M ={0,...., M} if M > 0and m > n, and Nt = () in the other cases (either M < 0

orm < n). Letu € K}y, (K) with support in B(0,1). Let U be its Mellin transform. Set

no=mn—mandBy=mn —5=03+m.

a) Then v € JF(K) ifand only if u € Njj' 5 2(K'). Moreover we have the equivalence
of norms

(3.42) cllul ey < NEW 0= m.a, ) < Cluly

Furthermore U is meromorphic in the half-plane Re A < n with only possible poles
on natural numbers and the residues of r*U(\) are polynomials.
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b) Let M* = M ifn # M and M* = M — 1ifn = M. Letb € (M*,n] with b # n if
n = M. Then the inverse Mellin transform u’' of U on the line Re \ = b belongs to
KTb_% (K') and there holds, with notation (3.41)

e
(3.43) W —u = kzzo Res {r UV} = =" u,

When M < 0 or m < n, the sum of residues collapses to 0, and u belongs to
K7 (K).
B

We will call the case n € N critical.

In the non-critical case, we can take b = 7 in the previous result, and we obtain therefore
the following relations between the space Ji'(.S) with non-homogeneous norm and the
space K73 (S) with homogeneous norm:

Theorem 3.23. Let K C R™ be a cone and S = K N B(0,1). Let § € R. We set
n=-f—3% and M =
Let m € N. Then there holds:
a) If n < 0, the spaces Jjj'(S) and KF}'(S) coincide.

b) If n > 0 and m < 1, the spaces Ji(S) and K (S) coincide.
©) Ifn = 0and m > n, then J3(S) and I}, 5(S) coincide and there are two cases:

max, 3

e The non-critical case ) ¢ N: The corner Taylor operator T defined in (3.41)
is continuous from J3'(S) to PM(S) and T — T is continuous from J3(S) to
K (9).
The decomposition u = (u — TMu) + M gives the direct sum
(3.44) JF(S) = KF(S) @ PY(9).

e The critical case 1) € N: The operator T~ is continuous on Ji(S), but T
is not. The space J}(S) contains Kj(S) @ PV (S) as a strict subspace of
infinite codimension.

The structure of Jji" in the critical case, and the generalization of the Taylor expansion in
that case, is the subject of the following section.

4. STRUCTURE OF SPACES WITH NONHOMOGENEOUS NORMS IN THE CRITICAL CASE

4.1. Weighted Sobolev spaces with analytic regularity. Using the monotonicity of em-
beddings K *1(S) € Kj(S) for all m and 3 and Jj ™ (S) C JF(S)if M > n = -5 -2,
we introduce corresponding weighted spaces with infinite and with analytic regularity:

Definition 4.1. Let 3 € Randn = -3 — 3.
* KF(K) = (] K§(K).

meN
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* We denote by Ag(K) the subspace of the functions u € K3 (K) satisfying the
following analytic estimates for some C' > 0

4.1 3C >0, VkeEN, |u )gC“%L

KE (K
* JFS) = () JiS).
keEN, k>n
* The analytic weighted class Bg(S) with non-homogeneous norm is the space of
functions u € J3°(S) such that there exists a constant C' > 0 with

4.2) vkeN with k>n July, o < CMRL
B

Note that in (4.2) the estimates are the same as in (4.1) but only for k£ > 7. This suggests
that for n < 0, we have B(.S) = As(.S), which will be proved below.

For generalization of the Taylor expansion in the critical case, we develop the Mellin-
domain analogue of an idea from [4], based on the splitting of u provided by the decom-
position

U\ = ([ =PHUN) +PYU).

The first part is the Mellin transform of a function in Kjj'(K) and the second one has
essentially a one dimensional structure — that is, the most important features of its structure
are described by the behavior of functions of one variable — and it can be regularized in
such a way that it splits again into two parts, one in the analytic class Bz(K), and the
remaining part in Kjj'(K).

4.2. Mellin regularizing operator in one dimension. The main tool of the following
analysis is a one-dimensional Mellin convolution operator:

Definition 4.2. We denote by K : v — Rv be the Mellin convolution operator defined by
(4.3) M[R0)(N) = A [v](N).

Owing to the strong decay properties of the kernel e in the imaginary direction, the
operator R has analytic regularizing properties in the scales K%' and J'.

Proposition 4.3. Let 5 € R and m > 1. There holds:

a) Ifv € KF(R,), then Rv € As(R,).
b) If v € J”, (R) with supportin I := [0, 1], then Kv|; belongs to the analytic class
2
B_%(I), and v — Rv € K™, (R}).
2
o) If v € J3(Ry) with support in I := [0, 1], and if < —1 50 that v is continuous in

0, then Ruv is continuous in 0 as well, and Rv(0) = v(0).

The proof of this proposition is based on the following characterization of analytic
classes by Mellin transformation:

Lemma 4.4. Let § € Randn = — — 3. We set I = (0, 1). There holds
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a) Let v € Ki(Ry). Then v belongs to Ag(R,.) if and only if V := .4 [v] satisfies
1

4.4) 3C >0, Vk > 1, {/ IAZE V()2 dIm)\} < CFHE
ReA=n

b) Let v € J*, (Ry). Then v|; belongs to B_%(I) if (4.4) is satisfied with n = 0 and
V(X) := X" [ro,v](N).

Proof. a) According to Definition 4.1, v € Ag(R.) if and only if
3C > 1, Vk >0, Hrwafvu(m < O LR
Using (3.18), one can see that this is equivalent to
aC > 1, Vk > 0, ||7"5(7"8,1)/LCU||0;R+ < CFHE!

Then a) is a consequence of the Parseval equality.
b) Letv € J*, (Ry). With V(\) = AL [r0,v]()\), for any k > 1 the function A*V/ () is
2

the Mellin transform of (r9,)*v on the line Re A = 0. Thus, (4.4) with 7 = 0 implies the
analytic estimates

3C >0, Vk > 1, y|r—%(ray)’vaO_R+ < CFHE
Restricting this to /, and using Definition 4.1, we find that v|; € B_. (I). O

Proof of Proposition 4.3. a) Let v € KF'(R, ) and let V' be the Mellin transform of v. It is
defined for Re A = 7 and, in particular, the norm

1

Np = {/Rek:n VPR dIm)\}2

is finite. The Mellin transform of v is A — e’V (\). We have for any k > 1

2
{/ |)\\2’“\eA2V()\)\2dIm)\} < Ny sup [AF[e¥]
Re A=n

ReA=n

< Cln)Nosup &€ = Cn)N, (5) .

€20 2e
Therefore condition (4.4) is satisfied for the Mellin transform of Rv. By Lemma 4.4 a), Kv
belongs to Ag(R).
b) Let v € Jm (R.) with support in /. By Corollary 3.19, v € J! ( +). Now, V is
defined as the Mellin transform of ro,v divided by A. Thus V' coincides with .27 [v] where
] is well defined, and the Mellin transform of v is given by "’V (). With the same

arguments as above, we prove that Rv satisfies the assumptions of Lemma 4.4 b), hence
Rl € B_%(I).
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The Mellin transform of v — &uv is (1 — ¢*)V(\). Since r~2(rd,)*v € L%(R,) for
k=1,...,m we have

m

(1) > { /RM:O I V() dIm)\}2 < 0.

k=1

The function A\ — (1 — eA2) is bounded on the line Re A = 0 and has a double zero at
A = 0. Hence we deduce from (1) that

m 2

> { /Ro)\zo IAF (1 — M) V()P dIm)\} < .

k=0
Therefore v — Rv € K, (R}).

2
c) Letv € J§ (R, ) with supportin I, 3 < —1. It is sufficient to consider the case m = 1
and —% < p < —%. Withn = -3 — % we then have 0 < n < 1. Let V' be the Mellin
transform of v, and set w = v — Kv. As above we have

AN = (1 — W) = > —)\eAQ U()), where U= .#[rdv].

Since the function u = rd,v belongs to K%(]RJF) and has support in /, U is holomorphic
for ReA < 7, and . [w]()\) has the same property. It follows that w € Kj(R"), which
implies that w is continuous at 0 and w(0) = 0. O

4.3. Generalized Taylor expansions. We are now ready for the definition of the splitting
which replaces the Taylor expansion in the critical case: Let us assume that the natural
number M is critical. We are going to replace the homogeneous part

M te) ~
Thu = 8u(0)a

of the corner Taylor expansion with a new operator u +— & u for which the point traces
0%u(0) are replaced by moments defined thanks to the the dual basis (3.21) (gpfyf )

Iy|=M"
Let us recall that:
ﬁa (0% - (0%
5) J A A A
and this dual basis served to define the projection operator M : L2(G) — PM(G) as
,,90(
My _ M
(4.0) ‘B U—Z(U,¢Q>Ga.
|a|=k

Definition 4.5. Let M € N. For u € €*°(K), let ! be its Taylor expansion at 0 of
order M — 1, and u™ = u — TM~14 its Taylor remainder of order M, considered in polar
coordinates (r, ). With the dual basis (4.5), we define the moments of u*/:

4.7 Va, | =M, du(r)= <7’_MuM(r, ), goi\f>G ., r>0.
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Let us fix a cut-off function x € €¢°((—1,1)), x = 1 on [, 1]. Then, using (4.3), the
regularizing operator £ is defined by

(4.8) fMu= 3" &(xd.)
|a|=M

Remark 4.6. For M = 0, d, = dy is the mean value of u(r, -) over G and £°u = &(xdy).
In particular, if u is continuous in 0, then both dy and ﬁ(xdo) are continuous in 0, and
£%(0) = u(0), see Proposition 4.3 ¢). More generally, for sufficiently smooth u, one has

do(0) = &(xda)(0) = 95 u(0).

The moments d,, are well-defined in the critical case and have the following properties:

Proposition 4.7. Let 3 be real such that — 3 — 5 coincides with a non-negative integer M.
Form > M, let u € J}(K) with support in B(0,1). Then the moments d, as defined in
(4.7) satisfy:

a) For all |a] = M, xd, € J™, (Ry).

2
b) If V|a| = M, xd, € K™, (Ry.), then u — T~ 'u belongs to Kjj (K).
2
Proof. We can assume without restriction that yu = u. Let us set v = u — YT ~1u. Then
Xdo|u| = du[v] and
v—3M =0 and u—-FT u=0v—-(1- )TV .

Since (1 — x)T"~'u belongs to K77'(K), we can replace u with v and omit the cut-off y.
We still denote v by u. The Mellin transform U(\) of w is holomorphic in the half-plane
Re A < M and, by Theorem 3.22, the norm

2 2
@9 s L [UT B+ = MU dim
be(M=3.M) \Im)\\<1
Re A= 2 2
4 / oI, dImA}
| Tm A|>1
Re A=b

is bounded by C'||u sy ()

As a mere consequence of the definition of B, see (4.6), we have the uniform inequality
for Re\ < M

BN, g < CIN,

Hence we deduce from estimates (4.9) that

2 2
sup [ AU, dImd < Cluly
) JRe A=b o 5

1
be(M—5,M

Thus Theorem 3.2 yields that .2 ~"[(I — ") U] belongs to K (K).
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Let us set D, = .#[d,]. We have
D,(\) = .« [<7“_MUM, ¢y>G} (A)
= [, )| 0+ M)
=(U\+ M), o} >G.
Therefore, by formulas (4.5) and (4.6), we find

(1) Da(A) = (BYUN+ M), oi1) .-

a) We deduce from (1) and (4.9) that D, is holomorphlc in the half-plane Re A < 0 and
that

1

sup {/ (\)\|2+\)\|2m)\Da()\)|2d1m)\}
Re A\=b

be (_%70)
is bounded. This allows to prove that d,, € J”, (R, ).
2
b) If d, € K™, (R, ), then
2

/ (14 [A*™) [Da(A)]? dIm A
Re A=0
is bounded. Since by (1) and (4.5):
PYUN+ M) = > Daf
la|=M
we find
[ IO, dima <,
ReA=M T
hence .7~ [PV U] € K (K). Since ./ [(I-P")U] € Kj(K), this ends the proof. [

We conclude this section with a result about the generalized Taylor expansion at the
corner in the critical case. The homogeneous part of critical degree >, _,, eu(0)%
does not make sense, because the Taylor coefficients 02u(0) are not bounded with respect
to the J7' norm in this case. But one can replace the constants J;'u(0) by “generalized
constants”, namely the analytic functions ﬁ(xda), which means that the homogeneous
part of degree M of the Taylor expansion is replaced by £, which is not polynomial but
belongs to the analytic class B;(S). The “Taylor remainder” then belongs to KJ3' (K).

Theorem 4.8. Let 3 be such that —3 — § = M € N and let u € J3(K) with support in
B(0,1). Then

(4.10) u— Iy — /My € K5 (S) and &My € Bg(S).

Proof. Letu € J3'(K) with supportin B(0, 1). By Proposition 4.7 a), for all || = M, xd.,
belongs to J™; (R, ). By Proposition 4.3 b), we deduce that K(xd,) belongs to B_%(I ).

Let us ConsideQr the function
Vo S D x = R(xdy)(r)
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and the class B_= (S). This class is associated with 7 = 0. Therefore, using Lemma 3.21
we deduce that v, € B_=(S) as a direct consequence of the fact that &(xd,) € B_: (I).
Multiplying by x*, we find that x — x“v,(x) belongs to B_n_(S) = Bs(S). Finally
£My belongs to Bs(S).

Let v = u — TV~ 'u — &Mu. It remains to show that v € K7'(.S). Denote by d,[v] the
moments of v defined like in (4.7). We notice that

Xda[v] = Xda - X'ﬁ(xda)
But Proposition 4.7 a) yields xd,, € J”, (R ) and then by Proposition 4.3 b) we get xd, —
2
R(xd.) € K™ (Ry), hence xd,[v] € K™ (R, ). The regularity v € K (S) is then a
2 2
consequence of Proposition 4.7 b). O
Corollary 4.9. Let (3 be such that —(3 — § = M € N and m > M. Then the space K3 (S)
is not closed in Ji(S) and the quotient Jij (S) /K7 (S) is infinite dimensional.

5. CONCLUSION

Theorems 3.22 and 4.8 can advantageously be used for the analysis of second order
elliptic boundary value problems in domains €2 with corners: Let L be the interior operator
and B the operator on the boundary. L is supposed to be elliptic on Q and B to cover L on
9. The order d of Bis 0 or 1.

Theorem 3.22 fully characterizes the spaces Ji' by Mellin transformation. This is an
essential tool for stating necessary and sufficient conditions for (L, B) to define a Fredholm
operator:

JF(9) — JF(Q) X Togdrii(2)

where 'y, denotes the trace operator on 0€2. When Kg” spaces are involved instead, this
condition is the absence of poles for the corner Mellin resolvents on certain lines {Re A =
const}, see [3]. Theorem 3.22 allows to prove by Mellin transformation that the necessary
and sufficient condition associated with spaces Ji" is the injectivity modulo polynomials
(cf. [2, 1]) on similar lines in the complex plane.

Theorem 4.8 allows to prove an analytic shift theorem in Jji' spaces for elliptic (L, B)
with analytic coefficients: Roughly, this means that if a solution u belongs to J%(Q) and is
associated with a right hand side in RB3(2) := Bg12(£2) X I'saBg1a(€2), then u belongs to
Bs(€2). This result relies on

(1) The analytic shift theorem in the scale Kjz': If u € K%(Q) and the right hand sides
belongs to RA5(€2), then u € Ag(€2).
(2) The splitting (4.10).

The analytic shift theorem in the scale KgL, that is with homogeneous norms, can be proved
by a “standard” technique of dyadic refined partitions towards the corners combined with
local analytic estimates in smooth regions. This technique cannot be directly applied to
spaces with non-homogeneous norms, hence the utility of the splitting (4.10).

See [1, Part II] for details.
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