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Abstract- Usely, in analytical calculation of magnetic and
mechanical quantities of Halbach systems, the auth® use the
Fourier series approximation because the exact calations are
more difficult. In this work the interaction forces between linear
Halbach arrays are analytically calculated thanks ¢ our recent
development 3D exact calculation of forces betwedwo cuboidal
magnets with parallel and perpendicular magnetizatbn. We
essentially describe the way to separately calcutatthe forces
between two magnets, between one magnet and a Hathaarray
and between two Halbach systems
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I. INTRODUCTION

The analytical calculation is a very powerful angeay fast
method to compute magnetic interactions. It is wine
analytical expressions of all the interactions,rgpeforces and
torques between two cuboidal magnets are very im@apor
results. Many problems can be solved by the additd
element interactions. The simpler shape of elemgnalume
is the parallelepiped, with its cuboidal volumeislitvhy many
3D calculations can be made by the way of 3D imtévas
between two elementary magnets of cuboidal shapé¢o dow,
only the force components between two magnets With

magnetization direction parallel to one edge of th

parallelepipeds have been analytically solved. Waveh
succeeded in a new result of first importance ler analytical
calculation: the force when the magnetization dioes are
perpendicular. Consequently, by combining paralbetd
perpendicular magnetization directions, the anedyti
expressions can be written for any magnetizatiarection.
Thanks to all this new result, the interaction ggeand all the
components of the forces can be calculated by fatiglytical
expressions, for any magnetization direction, aod d&ny
relative position between the two magnets.

The only two hypotheses are that the magnets ogubaidal
shape, and they are uniformly magnetized. Theseltseare
very interesting to understand the mechanical ®oing on
permanent magnets. For those reasons we are imgres
Halbach permanent magnet. The Halbach array iseaiap
array of high-field permanent magnets in which éhientation
of the magnetic poles of each magnet in the aray the

unique property of producing a strong periodic neignfield
on one side of the array with a minimal field o thpposite
side of the array. The Halbach array has beeneppiiparticle
accelerators or wigglers, magnet bearings [12],ctetal
machines [1, 2, 7, 8], and Maglev designs (Inditnaethod)
[3, 4, 6].

For example, wigglers can be build using permanent
magnets or electromagnets. Permanent magnet wsggler
made using rare-earth materials such as SmCo oeBldFhere
magnet configurations is often referred to as thalbach
configuration [5].

Il. ANALYTICAL CALCULATION BACKGROUND

Since the discovery and the development of Samarium

Cobalt magnets in the 70 years and recently theldpment of
rare-earth materials such as SmCo or NdFeB, thgrdas can
use magnets owning a really rigid magnetizatioreyTare the
magnets which can be used in repulsion without sk of

demagnetization. Their magnetization can be easibgelled
by magnetic charges on the poles, or by equivatentents.
One of the first applications of Samarium Cobalgnets were
the magnetic bearings. Due to the circular symmethe
calculation can be made in 2D. The first 2D anelfti
expressions of the forces between magnets weren gbye
flarina Marinescu [9] and Jean-Paul Yonnet [10]. Stiiness
of a magnetic bearing can be easily calculated riglysical

expressions [11]. The magnetic couplings are amothe
application working by interaction forces betweegrmpanent
magnets. When their length is long in comparisoth whe

airgap dimensions, the 2D analytical calculation & used
[12]. Otherwise it is necessary to use 3D calcatatiThe 3D
analytical calculation is obviously more difficattan the 2D. It
is not 2 but 4 successive analytical integratiomsctv must be
calculated, and the difficulty fastly increaseshwihe number
of integrations. Many persons thought that the &wlytical

integration was not possible, and must be made rtoyna@erical
way. We had worked on this problem, and we haveesded
in solving the calculation. At that time all theegrations had
been made by brain-work, with a pen and a piegeapér.

The first 3D forces analytical expressions werelighkd in

1984 by Gilles Akoun and Jean-Paul Yonnet [13]. Tdrees
were analytically calculated for two cuboidal magneith
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parallel magnetization directions. The calculus wasle by the  From the analytical expression of the scalar pagnthe
way of interaction energy determination. The forcemagnetic field H can be easily calculated by deiiva
expressions were obtained by derivation of the gner H =-grad (V) it can be expressed as:

expression. Until now, all the analytical force azdhtion has o L o

been made for cuboidal magnets which magnetizaison H= > (-1 Ui, Vi) (6)
parallel to one of the edge of the magnet. It mehas the ATy 1501

magnetic poles are only on two rectangular facgb@imagnet
[14]. Recently, we have worked again on the 1984
formulations, and we succeed in the analytical radgon gy 5qging the field created by the two surfacespain the
energy calculation when the magnetization direstiofithe tWo 014 created by a cuboidal magnet (Fig. 2).

cuboidal magnets are perpendicular. From the esjoresof

£.=In(r-V) & =In(r-v) ¢, :tg‘l(%)

energy, the forces can be easily calculated bydgon. It is an z M| x
important step, because its opens the way to tlallation of y
the interactions when the magnetization directiargsin every z
direction. This result will be used easily for lareHalbach 2/+ -
array magnetic field and forces calculations whictve been AR V4
studied until now, using different approaches. O\ ,
—- y
[ll.  THE BASIC MATHEMATICAL MODEL 2<D S S ]
A. Magnetic induction created by a magnet W
Let us consider a rectangular surface 2a x 2b, ingaa Figure 2 — Magnetic induction created by a magnet

uniform pole densityo (Fig. 1). We will calculate the scalar e geometric parameters are shown on Fig. 2.rirgeiary
potential in the point P, which coordinates areYXZ). variables are:

The scalar potential V is given by: U =x-(-D'a; V. =y-(-1)'b andw, =—~(-1)*c
i~ ! i~ k

1 olds 1
V= am Jfrr ® =TTV EE m

By using the cartesian coordonates, it is equivdten The magnetic field and induction components aremgiy :
b a R e uhs i+j+
v="2"[dy L dx 2) H= 2 333 (176U, Y, W) ®8)
W% (X407 + (y=y)? + 2 e
After two analytical integrations, we obtain: B=,H :EZZZ(_]-)HHK‘E(Ui VW) ©)
_ o 1 1 i+ . . 3 k=0 i=0 j=0
V= Ay, ;;(_1) @UiViW) ®) With € ,&,, £, and &£, are the same in equation (6)

The functiong is given by:
UV, W,r)=-U In(r V) -V In(r _U)_ng—l[UV) (4) B. Interaction energy calculation for parallel magregtion

rw directions
Intermediary variables are: We study the interactions between two parallelagipe
U, =x-(-D'a, Vv, = y-(-1)'b and w=z magnets. Their edges are respectively parallel. (B)g The
5 > > 5 agnetizations J and J’ are supposed to be rigiduaiform in
r=yui+vyo+w ach magnet. The dimensions of the first magneRane 2b x

2c, and its polarization is J. Its center is O, tnigin of the
axes Oxyz. For the second magnet, the dimensi@2Ax 2B
x 2C, its polarization is J', and the coordinatést® center O’
are @, B, v). The side 2a is parallel to the side 2A, andso
The magnet dimensions are given on Table 1.

AXxis Ox | Oy | Oz
First Magnet (J) 2a 2b 2c
Second Magnet (J") 2A| 2B| 2C
Second Magnet Position O’ | a B Y

Table I Magnet dimensions and position

The magnetization directions shown on Figure 3espond

Figure 1 — Geometrical disposition for the potdraizad the field calculation tC_) th? case when the p(_)larlzatlons J and J hages’etme
direction, parallel to the side 2c. Note that tlaécalation stay

valid when they are in opposite direction; only #ression

sign is reversed. The polarizations J and J’' appssed to be
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rigid and uniform. They can be replaced by disttidms of
magnetic charges on the poles. It
representation of the magnetization.

z Z1
2B

Jf

<V

Figure 3 — Magnet configuration

Their densityo is defined byg = J [fi .On the example of
Figure 3, since J is perpendicular to the surf&®x 2b and
oriented to the top, these faces wear the dewsity+J on the
upper face (North Pole), ara =
Pole). All the analytical calculations have beendmaby
successive integrals. We have determined the spal@ntial
created by one charged surface. From this scal@npal, the
induction components can be obtained by derivatior. the
whole magnets, we have calculated the interactmargy. The
forces and the torques can be deduced by linearaagdlar
derivation. The most difficult analytical calculati is the
interaction energy in 3D. It is made by four susbes
integrations. The first one gives a logarithm fimet In the
second one, you have two logarithm and two arcdang
functions. The last one owns many complex functioased on
logarithm and arc-tangent functions. The interactoergy in a
system of two magnets with parallel magnetizatioreations
(Fig. 3) is given by:

1 1
(-DP | dY | dX [dy[=dx (10)
o SR (v
with = [(a+ X=X +(B+Y -y +(+(-3) C~(-1°c)
The obtained expressions of the interaction enargy
\]E]]' 11 1 1 1
E= ZZZZZZ( DI, VW T) (A1)
474 1= k=01 =0 p=0q=0
with
@U,V,W,r) =Mln(r -U) +Mln(r -V) (12)
+UVW Etg'l(uvj +Luzeve-an?)
W) 6
The secondary variables are:
U,=a+(-)’'A-(-D'a
Vkl :.B"'(_l)l B_(_l)kb (13)

W, =y+(-DC-(-D°c

with r = _Ju ij? +V.2 +Wp2q
From the interaction energy, the force componeats loe
obtained by F =-grad E Consequently the

components are:

is the coulombianF

-J on the lower face (South

force

1.1 1 1 1
ZZZZZZ( ])|+l+kﬂ+p+q ¢(U” V, ,V\{an r) (14)
i=0 j=0k=01=0 p=0g=0

with

aU,V,W,r) =M U

In(r -U)+UVIn -V) +VWig (Ué}

1
2
gUV W)= v Wz)ln(r -V)+UVIn¢ - U)+UW[ﬂg(U\D/J+;VD]

@U,V,W,r) =-UWIn(r —U) -VWIn( -V) +UWg" (U\é}) WG

C. Interaction energy calculation for perpendicular
magnetization directions

With applying the same procedure to magnets with

perpendlcular magnet|zat|on Flg 4, we obtain fuergy:

47% ;) pzo jcdz jAdxzjbdyja dx
Z 4

Figure 4 — Magnet configuration with perpendicutagnetization direction
The obtained expressions of the interaction enargy

J D' ZZZZZZ( ])I+J+k+l+p+qwu ,\/k|,V\{)q, r)(16)

|:0 j=0k=01 =0 p=0g=0
W|th

YUNW,T) :&ng)lnwﬂhwln(\/ﬂ)

O L) s AN
6 VI Wi uUlr

VAV

(17

+UVWIn(-U +r) +

The variabled),V,W,rare the same than (Equation (13))
From the gradient of energy the force componems ar

JEBI 11 1 1 1 s
( :DI et Mauu '\/kl’ pq'r)(18)

AT 15| 5k=010 p0a0
with
¢, U,V W,r)=-VWIn(r —U)+VU In(r +W)+WU In(r +V)

u?2 ,{ij v? ,l[uwj w2 ,{uvj
-2 gt -t e |-t ——
2 ua) 2 Vi) 2 W O
UW] i
Vi) 2

qUVW,r)= ( )In(r+W) -UWIn{ -U) -UVHg’ (

_(UZ—WZ) uv) 1
@(U'V,W,r)—Tln(HV) UVing -U)-UWig’ (WDJ 5vﬁj
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IV. VALIDATION WITH FINITE ELEMENT METHOD

In order to validate our analytical model, we chds®
magnets which dimensions are presented in Figw® :cubes
of 1 cm edge, at a distance of 1 cm.

From the last results, we remark the great resemblaf
curves, but the analytical method presents someer®th
advantages resumed in the facility of implementamd the
rapidity of execution — 1minut for the analyticabdel versus
20 minuts for the FEM, for this example-.

3:\3‘;‘;‘:%69‘?"? - ﬁ--l-\ —- 17 4001 V. HALBACH MAGNET SYSTEM STUDY
"_k_~;__':___:'_'_:_3__':'_'__:"'__ ff |}ootn The ideal linear Halbach array has pure sinus ntagne
7 ) :I Distance D=0,01m profile, on the enhanced side of the array, whidaceling the
™ , > field on the other side [2]. Figure 8.a illustrates ideal
X ﬂ Halbach array, but it is impractical to fabricatastead, an

array of rectangular or square permanent magnedw#) (B

actually used. The practical (non-ideal) four- aight-piece

Figure 5 — Geometrical disposition of the magnets Halbach arrays are shown respectively in Fig. 84 Rig. 8.c.

) ) S These non-ideal Halbach arrays are not able toigeathe zero

Using 3D scalar magnetic potential finite elemewetiod for  magnetic fields on the cancelled side and the puielusoidal

equal values of magnetization (1T for each permameagnet), magnetic field on the enhanced side. However, tkgy

we obtain the potential from Flux3D ® such as pnéset in  provide better performance characteristics tharplsimsing an
Fig.6 array composed of alternating polarity magnets.
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N
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1 1
Figure 8 — Linear Halbach arrays permanent magmetigurations

s

) ]
<

For presenting the manner of interaction forceudaton, let
us considering a system composed of two eight-pitadbach

Figure 6 — Scalar potential presented for the tagmets arrays Fig. 9, designed for a wiggler.
The three forces components are calculated by W t D

models — analytical and by FEM- and presented @n i The f | Z | '=>| > | l | f| <='| N | ] |

upper magnet moves in translation along the Ox axis t?

above the lower fixed magnet. The distance betwieen Y D U s]=lz]t]s]=]7]1]

two magnets (airgap when the upper magnet is attw/e

fixed magnet) is 10 mm (Fig. 5). Figure 9 — Eight-piece Halbach wiggler system

: T — By applying our model and superposition after, \aa treat
e —h i the problem at three essential cases, as follow:

— | —FzAnalyticall — —
——Fx FuaD
——Fy FluGD
—F2Fudd

_ A. Parallel case

» @ o7
£

Figure 10 — Parallel case configuration

For the first parallel case Fig. 10.a the forcesponent are
given from the equation (14). The same resultobtained for
X gapcenen the second configuration Fig. 10.b with consideritige
following permutations (M>W equation (13)) and (E F,
equation (14))

Figure 7 — Three force components calculated froatyéical model and
finite element method
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B. Perpendicular case

\il
o ©

Figure 11— Parallel case configuration

In perpendicular case, the final expressions otdoare
similar — see equation (18)- by considering simphe

Force
AN

following changing in axis (VW and W—-V)

C. Inclined case

When one of the two magnetization directions idlinned
Fig.12, it can be decomposed as the sum of parahel
perpendicular case. The whole energy and the foceesbe
calculated by addition of the interactions betwetre
magnetization components.

Jy du -]LJ

...
LT O

Inclined case configuration

Figure 12 —
VI. APPLICATION
A simple example has been chosen fig. 13.
Z
T 0.0

ook {]=TiT=[ 1}

D=0.005n

\
.\ NE B!

Figure 13 — Four-piece Halbach wiggler system

Figure 15 — Fz and Fy forces exerted on the uppemet
(Z magnetization direction)

Fig. 15 show the calculated forces (Fz and Fy)texeon the
upper magnet by all magnets of the lower Halbachyar-or
example the curve in blue present the interactiwoef between
the two first magnet noted 1-1 (whéi*0 the force Fz is
maximal and the corresponding Fy is equal to zeRy).the
same consideration we can show all interactionef®rdrom 1
to 5).

If we repeat the same procedure for the second etagn
Fig.16, we obtain also the interaction forces betweall
magnets Fig. 17, but the difference is the tramsiabf all
curves by a quantity 2B=0.01m ( 2B is the Y widfhle upper
magnet, see Figure 3 and 4) . It's logical becahsecentre of
all magnets in Y arrangement is the multiple of thevidth

(n(2B))
@ Y

displacement
z
A\nNEnan
X

Figure 16 — Second magnet above the four-pieceddhlarray

It's composed of two four-piece Halbach array, mmmeocs

the other. The magnetizations parallel to z axésiaversed for |

the two arrangements. The 3D axes are consideitbe aentre
of the first magnets. All the magnetizations araagnd their
value is 1T.

For the first result we consider only the first magof the -
upper four-piece Halbach array Fig. 14, this magmetves

|
I I
4 002 0 00 o 006 008 o 4 nz 0 uuz 004 006 008

= Force 2]
e N e e i T
—Fone2d

Force
FyN

== Force 24/~
== Force 25

linearly in Y direction (from -0,04m to 0.08m)
calculation this displacement is considered by isip® the
desired value gi parameter (see section Ill-a and IlI-b)) —

Y

—_—
displacement

Z
S\nenen
X

Figure 14 — First magnet above the four-piece Hallzaray

— our model *

Figure 17 — Fz and Fy forces exerted on the uppemet
(Y magnetization direction)

Now, it is interesting to calculate the forces he tthree
directions which act in the centre of the uppertays For
realize this, it is necessary to sum all the foneesulting from
the first configuration Halbach and which are ex@rbn all the
magnets of the second.

The total Fz and Fy are presented in Fig. 18pf010.08 to
0.08m

For the wiggler system Fig. 13, the global forcesréed
between the two parts is only a vertical force @MNo
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Force
YN

I
) | | I I
T o6 om0 0 0@ 004 0% 008 s 006 AW 0 0 0@ oM 0% 008

Yim) Yim
Figure 18 — The total Fz and Fy forces exertechercentre of the upper
four-piece Halbach magnet

We can easily study another simple planar arralg it
composed only of parallel magnetization alterndyiveiented,
this planar array was used as motor by Asawaka. [IBg
Asakawa motor is the first kind of permanent magplenar
motors. It is characterized by a large number aimaaent
magnet cubes, upper the magnets move a rectanzpilaand
the available forces are varied with the relativesifon
between the coils and the matrix magnet [15-16].

We can study such model, by considering the analogy:

between the coil and a permanent magnet. A geakgatithm

is realized for this possibility. An example of @*permanent
magnets with alternatively opposite (Z) magnetoagi
directions is shown on Fig. 19. The coil can bestered like
a big magnet upper the planar array.

0.04+
0.02

0.02
0.04

Figure 19 — geometric presentation of (5*6) patctivaray

VII. CONCLUSION

In this paper, The Coulombian approach for 3D Butgéon
forces calculation is shown for cuboidal permanmiignets
with parallel, perpendicular and for any magneiorat
direction. This approach is perfectly adapted iioedr Halbach
systems study. The results obtained for the 4-pid¢d¢albach
wiggler system prove that we can calculate thedorexerted
on each magnet separately and also determinatgdabel force
on all the Halbach arrays.

By our method the calculation of many magnet systésn
possible if we always consider that magnet intéwastcan be
obtained by the superposition of interactions betweuboidal
elements.
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