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Abstract

By using Malliavin calculus and multiple Wiener-1t6 integrals, we study the existence
and the regularity of stochastic currents defined as Skorohod (divergence) integrals with
respect to the Brownian motion and to the fractional Brownian motion. We consider
also the multidimensional multiparameter case and we compare the regularity of the
current as a distribution in negative Sobolev spaces with its regularity in Watanabe
space.
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Brownian motion, Malliavin calculus.

1 Introduction

The concept of current is proper of geometric measure theory. The simplest example is the
functional

T
o /O (o (7 (£)) 17 () dt

defined over the set of all smooth compact support vector fields ¢ : R4 — R¢, with ~ :
[0,7] — R? being a rectifiable curve. This functional defines a vector valued distribution.
Let us denote it by

T
/0 5w~ (1) (1) d. (1)
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We address for instance to the books [3], [23], [19], [7], for definitions, results and applica-
tions.

The stochastic analog of 1-currents is a natural concept, where the deterministic
curve (7 (t)),eo,r) 18 replaced by a stochastic process (Xi¢),epop in R? and the stochastic
integral must be properly interpreted. Several works deal with random currents, see for
instance [16], [9], [22], [10], [18], [17], [14] [4], [15], [6].

The difference between classical integration theory and random currents is the at-
tempt to understand the latter as random distribution in the strong sense: random vari-
ables taking values in the space of distributions. The question is not simply how to define
fol (¢ (Xt),dX¢)ga for every given test functions, but when this operation defines, for almost
every realization of the process X, a continuous functional on some space of test functions.
This is related to (a particular aspect of) T. Lyons theory of rough paths: a random current
of the previous form is a concept of pathwise stochastic integration. The degree of regularity
of the random analog of expression (1) is a fundamental issue.

In this work we study the mapping defined as

£(z) = / §(z — Bs)dB,, x€R%T >0. (2)
[0,7]¥

Here the integrator process is a d- dimensional Wiener process with multidimensional time
parameter or a d-dimensional fractional Brownian motion.

A first direction of investigation is the regularity with respect to the variable z € R?
of the mapping given by (2) in the (deterministic) Sobolev spaces H~"(R%; R?). This is the
dual space to H" (Rd, Rd), or equivalently the space of all vector valued distributions ¢ such

-Tr
that [ (1 + |:E|2) |3 (x)> dz < 00, $ being the Fourier transform of ¢. Some results on

this have been recently obtained by [4], [5] or [6] using different techniques of the stochastic
calculus. We propose here a new approach to this problem. The main tool is constituted by
the Malliavin calculus based on the Wiener-Ito6 chaos expansion. Actually the delta Dirac
function 6(x — Bs) can be understood as a distribution in the Watanabe sense (see [24])
and it has been the object of study by several authors, as [21], [11] or [12] in the Brownian
motion case, or [1], [2] or [8] in the fractional Brownian motion case. In particular, it is
possible to obtain the decomposition of the delta Dirac function into an orthogonal sum of
multiple Wiener-It6 integrals and as a consequence it is easy to get the chaos expansion of
the integral (2) since the divergence integral acts as a creation operator on Fock spaces (see
Section 2). As it will be seen, the chaos expansion obtained will be useful to obtain the
regularity properties of the mapping £&. Another advantage of this method is the fact that
it can be relatively easily extended to multidimensional settings.

Besides the estimation of the Sobolev regularity with respect to x, we are also
interested to study the regularity with respect to w, that is, as a functional in the Watanabe
sense, of the integral (2). Our interest comes from the following observation. Consider
N =d =1. Tt is well-known (see Nualart and Vives [21] ) that for fixed z € R we have

1
§(z — Bs) €D™*?  for any o > 3
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where D~%? are the Watanabe (or Sobolev-Watanabe) spaces introduced in Section 2. On
the other side, more or less surprisedly the same order of regularity holds with respect to
x; for fixed w, the mapping g(z) = d(z — Bs(w)) belongs to the negative Sobolev space
H~"(R;R) for every r > 1. Indeed, since the Fourier transform of g is §(z) = e~@Bs we
have

P /R G+ a?) T da

and this is finite if and only if r > %

One can ask the question if this similarity of the order of regularity in the determin-
istic and stochastic Sobolev space still holds for the functional £ defined by 2; and actually
in the case of dimension d = 1 the above property still holds: we have the same regularity
of £ both with respect to z and with respect to w.

One can moreover ask if it holds for other Gaussian processes. The answer to this
question is negative, since we show that (actually, this has also been proved in [6] but
using another integral with respect to fBm) in the fractional Brownian motion case the

mapping (2) belongs to H~"(R;R) for any r > 5= — 1 (as a function in z) and to D=2

with o > 3 — 5L (as a function on w).

We organized our paper as follows. Section 2 contains some preliminaries on Malli-
avin calculus and multiple Wiener-It6 integrals. Section 3 contains a discussion about
random distribution where we unify the definition of the quantity d(z — Xs(w)) (X is a
Gaussian process on ]Rd) which in principle can be understood as a distribution with re-
spect to x and also as a distribution in the Watanabe sense when it is regarded as o function
of w. In Section 4 we study the existence and the regularity of the stochastic currents driven
by a N parameter Brownian motion in R¢ while in Section 5 concerning the same prob-
lem when the driving process is the fractional Brownian motion. In Section 6 we give the
regularity of the integral (2) with respect to w and we compare it with its regularity in x.

2 Preliminaries

Here we describe the elements from stochastic analysis that we will need in the paper.
Consider H a real separable Hilbert space and (B(y), ¢ € H) an isonormal Gaussian process
on a probability space (2, A, P), that is a centered Gaussian family of random variables such
that E (B(¢)B(v)) = (¢,1)x. Denote by I,, the multiple stochastic integral with respect
to B (see [20]). This I, is actually an isometry between the Hilbert space H®"(symmetric
tensor product) equipped with the scaled norm ﬁH - |[yen and the Wiener chaos of order
n which is defined as the closed linear span of the random variables H, (B(¢)) where ¢ €
H, |l¢llx = 1 and H, is the Hermite polynomial of degree n > 1

Ho(z) = (_nl!)" exp (%) jx—"n <exp <_%2>> . zeR




hal-00400837, version 1 - 1 Jul 2009

The isometry of multiple integrals can be written as: for m,n positive integers,

E([n(f)[m(g)) = n!<f79>7-[®" if m=n,

It also holds that R
In(f) =1y (f)

where f denotes the symmetrization of f defined by f(z1,...,z,) = % Y oves, S @ays s Tam))-

We recall that any square integrable random variable which is measurable with
respect to the o-algebra generated by B can be expanded into an orthogonal sum of multiple
stochastic integrals

F = Z[n(fn) (4)

n>0

where f,, € H®" are (uniquely determined) symmetric functions and Iy(fo) = E[F].
Let L be the Ornstein-Uhlenbeck operator

LF ==Y nl(fn)

n>0

if F' is given by (4).
For p > 1 and a € R we introduce the Sobolev-Watanabe space D®P as the closure
of the set of polynomial random variables with respect to the norm

1Fllap = 17 = L)% || oo

where I represents the identity. In this way, a random variable F as in (4) belongs D®? if
and only if

Z(l + n)a”In(fn)”zm(Q) = Z(l + n)o‘n!anH%@n < 0.

n>0 n>0
We denote by D the Malliavin derivative operator that acts on smooth functions of the
form F = g(B(¢1),...,B(¢n)) (g is a smooth function with compact support and ¢; € H)

DF = Z; gji (B(¢1), .-, Blgn))¢i-

The operator D is continuous from D®? into D1 (H) . The adjoint of D is denoted by &
and is called the divergence (or Skorohod) integral. It is a continuous operator from D*? (H)
into D*~ 1P, For adapted integrands, the divergence integral coincides to the classical Ito
integral. We will use the notation

T
o(u) :/ usdBs.
0
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Let u be a stochastic process having the chaotic decomposition us = 3, < In(fn(+, 8)) where

fal(s,8) € H®™ for every s. One can prove that v € Dom ¢ if and only if frn € HEOFD for
every n > 0, and > o0 I 41(fn) converges in L?(€). In this case,

8(u) =Y Ini(fa) and E[5w)]> = (n+ D! [ fallfem-
n=0 n=0

In the present work we will consider divergence integral with respect to a Brownian
motion in R% as well as with respect to a fractional Brownian motion in R%.
Throughout this paper we will denote by ps(x) the Gaussian kernel of variance s > 0

22
given by ps(z) = ﬁe_ﬁ,x € R and for z = (z1,...,2q4) € R? by p(x) = [[L, ps(zs).

3 Random distributions

We study now the regularity of the stochastic integral given by (2). Our method is based on
the Wiener-It6 chaos decomposition. Let X be isonormal Gaussian process with variance
R(s,t). We will use the following decomposition of the delta Dirac function (see Nualart
and Vives [21], Imkeller et al. [11], Eddahbi et al. [2]) into orthogonal multiple Wiener-Itd
integrals

o0z — X5) = ZR(S)_%pR(s)(ﬂf)Hn < ’ 1) I (1([282}) (5)
n>0 R(S)2

where R(s) := R(s,$), Pr(s) i3 the Gaussian kernel of variance R(s), H, is the Hermite
polynomial of degree n and I, represents the multiple Wiener-It6 integral of degree n with
respect to the Gaussian process X as defined in the previous section.

A key element of the entire work is the quantity d(z — Bs). This can be understood
as a generalized random variable in some Sobolev-Watanbe space as well as a generalized
function with respect to the variable z. The purpose of this section is to give an unitary
definition of the delta Dirac as a random distribution.

Let D (]Rd) be the space of smooth compact support functions on R? and let D’ (Rd)
be its dual, the space of distributions, endowed with the usual topologies. We denote by
(S, ) the dual pairing between S € D’ (]Rd) and ¢ € D (]Rd). We say that a distribution
S e D (Rd) is of class L (Rd), p > 1, if there is f € L}, (Rd) such that (S,¢) =
fRd f(z)p(z)dx for every ¢ € D (}Rd). In this case we also say that the distribution is
given by a function.

Let (2, A, P) be a probability space, with expectation denoted by E.

Definition 1 We call random distribution (on R?, based on (2, A, P)) a measurable map-
ping w — S (w) from (2, A) to D’ (Rd) with the Borel o-algebra.

Given a random distribution S, for every ¢ € D (Rd) the real valued function
w (S (w), ) is measurable. The converse is also true.
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Similarly to the deterministic case, we could say that a random distribution S is
of class L° (Q,LlloC (Rd)) if there exists a measurable function f : Q x R = R, f(w,-) €
L}, (RY) for P-a.e. w € €, such that (S (w),¢) = [ga f (w,z) ¢ (x) da for every p € D (R?).
In this case we also say that the distribution is given by a random field. However, this
concept is restrictive if we have to deal with true distributions.

There is an intermediate concept, made possible by the simultaneous presence of the
two variables w € Q and x € R One could have that the random distribution is given by a
function with respect to the x variable, but at the price that it is distribution-valued (in the
Sobolev-Watanabe sense) in the w variable. To this purpose, assume that a real separable
Hilbert space H is given, an isonormal Gaussian process (W (h),h € H) on (Q, A, P) is
given. For p > 1 and a € R, denote by D®? the Sobolev-Watanabe space of generalized
random variables on (£2,.A, P), defined in terms of Wiener chaos expansion.

Definition 2 Given p > 1 and a < 0, a random distribution S is of class Llloc (]Rd;]D)a’p)
if E[|(S,¢)["] < 0o for all ¢ € D (RY) and there exists a function f € L}, (R%D*P) such
that

Si0)= [ ole)f ) da
for every p € D (Rd).

Let us explain the definition. The integral [pq ¢ () f () dz is of Bochner type (the
integral of the D*P-valued function  — ¢ () f ()). The integral [pq ¢ (2) f (z) dz is thus,
a priori, an element of D*P. The random variable w +— (S (w), ¢), due to the assumption
E[|(S,0)["] < oo, is an element of D for all o’ < 0. The definition requires that they
coincide, as elements of D*P, a priori. A fortiori, since w +— (S (w),¢) is an element of
DYP, the same must be true for [pq ¢ () f (z)dz. Thus, among the consequences of the
definition there is the fact that [p. ¢ (@) f (z) dz € D although f (z) lives only in D*.

The following theorem treats our main example. Given any d- dimensional random
variable X on (€2, A, P), let S be the random distribution defined as

(S(w),9) =p(X W), ¢eDR)
We denote this random distribution by
6 (z — X (w))

and we call it the delta-Dirac at X (w). Denote Hermite polynomials by H,, (z), multiple
Wiener integrals by I,,, Gaussian kernel of variance o2 by p,2 ().

If H1,...,H, are real and separable Hilbert spaces, a d- dimensional isonormal pro-
cess is defined on the product space (2,4, P), Q = Q1 x...xQ3, A =A1®..0 A4, P = P®
... Py as a vector with independent components ((Wl(hl), oy W pg)), h1 € Hy,y .. hyg € Hd)
where for every i = 1,...,d, (W¥(h;),h; € H;) is an one dimensional isonormal process on
(Q4,A;, P;). We denote by E; the expectation on (£2;,.4;, P;) and by E the expectation on
(Q,A,P).
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Theorem 1 Let H;, i =1,...,d be real separable Hilbert spaces. Consider
(W(h),...,W%(pq)),h1 € Ha,...,ha € Hq) ad-dimensional isonormal Gaussian process
n (Q, A, P) as above. Then, for every h; € H;, i = 1,...,d, the random distribution
§(-—W (h)) is of class L} (Rd;DO‘72) for some a < 0 and the associated element f of
Lige (R4 D) s

T S | (R () e

ni,...,ng>01=1

loc

where x = (r1,...,24) € R and I

ni» & =1,...,d denotes the multiple Wiener-Ito integral

i
with respect to the Wiener process W()
We denote this D%?-valued function f (x) by 6 (x — W (h)).

Proof: Let us consider first the case d = 1. In this case

P = S e 0 o () 1 (0°7).

n>0
We have to prove that

e W 1) = [ o) @)
for every test function ¢. We have

/ch(a;)f(x)da: = S ™ (h®")/ch(a;)p1 <|%|> H, <%> da

n>0

= S0 [ () @) (@) do.

n>0

On the other hand, by Stroock’s formula we can write

P W) = 3l (DWo (WR)) = 3 1 (h=)E (o) (W (1))

n>0 n>0

and
B(eWm) = [ e @@= [ o alhp (s
= (1) [ "D alhl) 1 (@) o

- (—1)"[h\”_1/ch(a:\h])(pl(x))(")dx.
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By using the recurrence formula for the Gaussian kernel p;
(p1(2))™) = (=1)"nlp: (x) Ho(z)

we get

Wm) =3 /R (@ |h]) Ho(2)p1 () dx = /R (@) f(x)d.

n>0

Concerning the case d > 2, note that

| e@iwe = % ﬁ(rmr-"ffa 05™) [ dsetolpn et ()

ni,...,ng>01i=1
d .
. H(|hi|-"i+1fzi(h?"f) / so<|h1|a:1,...,|hd|xd>p1<xi>Hm<xi>dx>.
n1,eng>0i=1 R4

Let us apply Stroock ’s formula in several steps. First we apply Stroock formula with
respect to the component W*

P (h) = W (ha). ... Wilha)) - = Z nil'lrlu (El [D(”)’IC,O(WI(hl),...,Wd(hd))]>
n1>0 :
= 1 n1 ™My
— gon—llfflu(h? VEq <W(Wl(hl)"“’wd(hd))>

and then with respect to W?

oMy
Oz?

1 n am-i—nz
(Whh), ..., Whhg)) = > AL Rl (ax—f) (Wh(ha), ..., W¥(hg)).
: 1 2

n2>0

We will obtain

d 1 ; O an1+..+nd(p 1 d
pWn) = D 1505 ( S (W (h), ..., W (ha))
11, oxyt.x
ni,...,ng>07i=1 1 d

d 1 8"1+"+"d<p

o 1 X .

ni,...,ng20i=1

and now it suffices to follow the case d = 1 by integrating by parts and using the recurrence
formula for the Gaussian kernel. |
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4 Regularity of Brownian currents with respect to x

Let (Bt)icpo,rjv be a Gaussian isonormal process. For every n > 1, z € R and s =
(51,-..,8n) € [0, T we will use the notation

apn(s) = R(s)” 2 pr(s)(x) Hn (R(S)%> (6)

with R(s) = EB2 = 51...sy. We will start by the following very useful calculation which
plays an important role in the sequel.

Lemma 1 Let a® be given by (6) and denote by aZ (s) the Fourier transform of the function
x — aX(s). Then it holds that

(7)

Proof: Using formula (5) one can prove that that Fourier transform of g(z) = §(z — By)
admits the chaos expansion
Z ay <1®" > (8)

n>0

where aZ(s) denotes the Fourier transform of the function x — a2 (s).
But on the other hand, we know that 6(z — Bs) = e~**Bs and using the Stroock’s
formula to decompose in chaos a square integrable random variable F' infinitely differentiable

in the Malliavin sense
F=3 0 [BOE)
n>0

where D™ denotes the nth Malliavin derivative and by the trivial relation

Dye” B — —z'a;e_istl[QS} (u)
which implies ‘
D) e = (i) e R ()

one obtains

(1) = B(e—i@Bs (—z)”x”I 12n ) — _2?R(s) (=) ™ I, (18 9

g(z) = E(e )Z ol <[05}>—e ? Z nl <[os}>- 9)

n>0 n>0

Now, by putting together (8) and (9) we get (7). [ |
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4.1 The one-dimensional Brownian currents
Let B be in this part a the Wiener process. Then by (6)
_ -2 < ®mn ®n
6(z — Bs) = Z:OS 2ps(x)Hn (g) (1[0 s]) Z an (1[0 s]> (10)

here I,, representing the multiple Wiener-1t6 integral of degree n with respect to the Wiener
process. In this case we have

o) = s Ena, (£

We prove first the following result, which is already known (see [4], [6]) but the
method is different and it can also used to the fractional Brownian motion case and to the
multidimensional context.

Proposition 1 Let  be given by (2). For every x € R, it holds that
2
=T

E |{(z)

As a consequence ¢ € H™"(R,R) if and only if r > 3.

Proof: We can write, by using the expression of the Skorohod integral via chaos expansion

=3 Lo ((a155,0) ) (11)

n>0
where ( T(s )1%"]( )) " denotes the symmetrization in n+1 variables of the function (s, t1,...,t,) —
ar(s )1([8"}(151, ...y tp). It can be shown that

= Xt () )

n>0
By using (7),

S (e Tain0) ) =25 (- Fin0) )

n>0 n>0

and therefore, by the isometry of multiple integrals (3),

R 2 x2n ~
Blé@)[ = X st D (0 B (12)

n>0

10
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Since

n+1

_128 ~ _ ozt ® N
<€ 2 [0,3}(’)) (t17"' tn-i-l Tl—|—1 ZC 1[0t] tl,...,ti,...,tn+1)

where {; means that the variable ¢; is missing, we obtain

R 9 n+1 .
Elé@)| - Z T ||Ze S (i) e
2
= ds/ <_2l®"(t1,...,t)>
% n! / 0,7]™ 0.5]
= Z '/dsemzs"ds— e v’
n
n>0 n>0
Finally,
L2
B¢l = [ (40 B[] do= [ (40t T
R R
and this is finite if and only if r > % |

Remark 1 The above result gives actually a rigorous meaning of the formal calculation

(fo s)dB ) =B [ |0(x — By)|?ds =T

4.2 The multidimensional multiparameter Brownian currents

Let us consider now the multidimensional situation. In this part we will actually treat the
regularity of the function

/ §(x — B,)dB, (13)
[0.7]

where 2 € R? and B = (Bl,...,Bd) is a d-dimensional Wiener sheet with parameter
t € [0, T)V. Here the term (13) represents a vector given by

= x — Bg)dBs = z — By)dB!, ..., & — By)dBY
(@) = /[0 = BB ( /[0 0= BB /[0 = BB >
= (&(x), . Lalx))

for every z € R,

The method considered above based on the chaos expansion of the delta Dirac func-
tion has advantage that, in contrast with the approaches in [6] or [5], it can be immediately
extended to time parameter in RY. Moreover, we are able to compute explicitly the Sobolev
norm of the vector (13) and to obtain an “if and only if” result.

11
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Proposition 2 Let (Bt)co v be a d -dimensional Wiener process with multidimensional
parameter t € [0, T]N. Then for every w € Q the mapping x — f[o TN d(z — Bs)dBs belongs
to the negative Sobolev space H™"(R% R?) if and only if r > %

/d(1 2B (é(x)fd:p
R

A2 . . . .
with ‘5(:17)‘ = &1 (2)|2 4. .. |€q(2)|? where | ()| denotes the complex modulus of &;(x) € C.

Proof: We need to estimate

We can formally write (but it can also written in a rigorous manner by approximating
the delta Dirac function by Gaussian kernels with variance e — 0)

d
= [I8(x; — BY) = 6(a — By)d(ax — BE)

j=1

where we denoted

d
Sp(r—Bs)= [ 6(x;—BI, k=1, ..d (14)

j=1,j#k

Let us compute the kth component of the vector &(x). We will use the chaotic expansion
for the delta Dirac function with multidimensional parameter s € [0, 7]V (see (5)

; 12
Sy — B = 3 aw ()5, (1550) (15)
n;>0
where I7 denotes the Wiener-1to integral of order n with respect to the component B’ and
for s = (s1,...,8N)
Zj
\/S1...-SN

It holds, for every k =1,...,d, by using formula (10)

N |&>:

an’ () = Psy.sn (@) Hp, < ) (51...5N)" (16)

Eulx) = / 5(z — B)dBF = / Se(x — B)o(wp — BB
0.11 0.11
= — B, T (R (187 (. Bk
/MN bz = B0) 3 oy (o)1 (15m()) aB!

Since the components of the Brownian motion B are independent, the term 0y (x — By) is
viewed as a deterministic function when we integrate with respect to B*. We obtain,

6@ = [ o= BgaBt= 3 e (8~ Bz e0550) )

nk>0

12
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Here (5k(az — Bs)aﬁﬁ(s)lﬁz}ﬁ(-))w denotes the symmetrization in nj + 1 variables of the

function
(s7t17 s atnk) = 5k($ - Bs)a ( )1%7;?(t17 s atnk)

Let us denote by ék( ) the Fourier transform of & (x f[o A §(x — Bs)dBF. As
in the previous section one can show that (that is, the Fourler transform with respect to x
”goes inside” the stochastic integral )

=3 B (066 - Boazk (0157 () ) a7)

TLk>0
where
0r(Z — Bs)ayk (s)
is the Fourier transform of
Rdax:(m,...,a}d)—>5k($—Bs)afLi(3): H §(z; — BY) aZk (s).

J=1j#k

Now clearly ) g -
5k(x — BS) =e 1=1,l1#k ¥1Ps

and by (7)
; (=)™agh ey (S)apt el
aﬁi(s): - k E(e zkas) = ™ k_e=%
with [s| =s1...sy if s = (s1,...,sn). Thus relation (17) becomes

—i x ( )nkxnk —ix, BE n -
5 (e S ) )
ng>

Taking the modulus in C of the above expression, we get

~\ (2
d -
¢ k 1) (=) Rk zk\ oo
|£k(33)|2 = Z Ink+1 Ccos Z x1 By 7"?6 1[0727()
g0 I=1,1k Tk
d ~ 2
: W Gl S A LT
P L DL e A

13
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and using the isometry of multiple stochastic integrals (3) and the independence of compo-
nents we get as in the proof of Proposition 1, (we use the notation |s| = s1...sy)

2n d 2
. 2 w2 A .
Efk(l’)‘ = ) "k 7 llcos > mBl|e 1[0’?]“()“L2(0TN(%H))

nE >0 K 1=1,l#k

:L'2nk d l mz .
£ Bgsin [ @Bl | e I O gy,

ng>0 I=1,l#k
a:i”k

= / e~ Tkls || ds
(0,71

n 20
2 N
_ —x2|s| (xk‘s‘) o _ mN
— / Ne k Zin! ds = NdS—T.
[0,7] np>0 k [0,7]

This implies

~ 2 ~ 2 ~ 2
/ (14 o) "B lé@)| do = / (1+])"E <‘§1(:13)‘ o) >d:n
Rd Rd
= " | (14 [zf)"d
|+ le)da
which is finite if and only if 2r > d. |

Remark 2 [t is interesting to observe that the dimension N of the time parameter does
not affect the reqularity of currents. This is somehow unexpected because it is known that
this dimension N influences the regqularity of the local time of the process B which can be
formally written as f[QT}N 0(x — Bs)ds (see [11]).

5 Regularity of fractional currents with respect to x

5.1 The one-dimensional fractional Brownian currents

We will consider in this paragraph a fractional Brownian motion (B{ )telo,r) With Hurst
parameter H € (%, 1). That is, B is a centered Gaussian process starting from zero with
covariance function

1
RHE(t,s) := 3 (t2H+s2H — ]t—s]zH), s,t € 0,T7.

Let us denote by Hp the canonical Hilbert space of the fractional Brownian motion which
is defined as the closure of the linear space generated by the indicator functions {1[0,t],t €
[0,T]} with respect to the scalar product

<1[0,t]7 1[0,8}>7'{H = RH(tv 8)7 ERAS [OvT]

14
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One can construct multiple integrals with respect to BY (the underlying space
L?[0,T)) is replaced by Hy) and these integrals are those who appear in the formula (10).
We prove the following result.

Proposition 3 Let BY be a fractional Brownian motion with H € (%, 1) and let £ be given
by (2). Then for every w € Q, we have

Ee H (R;R)
1
for every r > 55 — 5.

Proof: Using the above computations, we will get that the Fourier transform of g(x) =
§(x — BY) is equal, on one hand, to

=S (150)

n>0

(here I,?H denotes the multiple stochastic integral with respect to the fBm B and the
function af is defined by (6)), and on the other hand,

o) =B (e2) S (1)

n!
n>0
and w0 2 2H ( )n
i _2%s —1iT
n 2H) ¢« n! (19)
Moreover — ) 3
~ —1 X BH _125
{(x) = 2;0 o I <<e 2 I%T;]( )> >
n_
We then obtain
E 2 - E 1 ~ 2d
Il @r) = L (LT 22" §(x)| da
1 2 2242H ~
= /]R (1 + $2)T §>:0 (Tl')2 (n + 1)'” <€ 2 [O,S}(')> ”’H®n+1d(13
n_
1 $2n
= dx
2 Z |
/R(l—i-a: ) = (n+1)!
n+1 o2u2H n+1 z%J?.H
Ze 1®n (“17"'>aiv---,un+1)7ze_ ’ 1%Zj](v1,...,ﬁj,...

J=1

Using the fact that for regular enough functions f and g in H g their product scalar is given
by (see e.g. [20], Chapter 5) (f, g)n,, = H(2H—1) fOT fOT f(x)g(y)|z —y|* ~2dwdy and thus

15
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for regular enough function f,g € H®"

(f,9)pen = (H(2H—1))"/ / flur, . un)g(or, .. vn) H |ui—vs P 2 duy . duy dvy..duy,
" [0,7]™ J[0,7]" i=1

we find (by du;du; we mean below duy..dup11dvi..dvpq1)

EHS”%I*T(R;R)
1 IR ©— e 2H—2
= ———— Y (H(2H —1))" dx / / lug — v " dudv;
/R (14 22)" nEE:O (n+1)! igz:l [0,7]7+1 J[0,T]n+1 l1;11: B
xzuzzH 22,2H
xe ~ 2 e 2J 1%?“1_}(11,17...7'&7;,...,un+1)1%2}j}(’01,...,'ﬁj,...,Un+1)
1 x2n
= [ ——= ) (H(2H - 1)) d
/R (14 22)r n§>:0( ( ) (n+1)! v
n+1 2242H  g2,2H Nl .
X ez e 2 lu; — vy |2 2 dudo;
; /[o,T1"+1 /[o,ﬂ"+1 lgl I
2
- / - > (2H(2H — 1))"+1Ld:p
r (1+22)" (n+1)!
n>1
n+1 n+1
8 Z / n+1 / n+1 H ’/LLl B Ul’2H_2dUidvj
ij=1yi#] [0,T7] (0,17 1=1
ZQule 2202H
xe~ 2 e % Lo (e ,un+1)1%z)j}(v1, Dy Ung)

= A+ B.
Let us compute first the term A. Using the symmetry of the integrand and the fact that
t s
2H(2H — 1)/ / lu — v|*"2dudv = R(t,s), s,t€[0,T] (20)
0 Jo
we can write
Yy
A = / ———— ) (2H(2H — 1)) —dx
2 |
R (1+22)" o n!
n+1 n+1

2H—2
X up — Uy du;dv;
; /[;),T]”Jfl [0,T}"+1 lljl ’ ’ J

xzu%H xZU%H

xXe 2 e 2

1%7”“1}(11,2, eeyy un+1)1%21](v2, e Un+1)

16
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and by integrating with respect to dus ... dupy1.
A = / dx# Z2H(2H - 1)ﬂdx
N (1+22) n!
22,20 ,2,2H
/ / > |u—v* "2 R(u, v)"dudv

22u2H 2202H 2n n
_ Y 2H -2 7" R(u,v)
= H(2H - 1)/ drx——— i x2 / / T |u— vl E —

n>0

22?2020 2H—2 2% R(u,v)
= dm 1—|—x2 T2 ju—| e Y dudv
2‘u ,U‘QH 9H—2
= H(2H—1/ 1+a;2 / / lu — v dudv.

Now, by classical Fubini,

T T 1 1‘2\71,711\21—[
A=H(2H -1) / / lu — U\2H_2dudv/ ———e 2 dx
0 Jo r (14+22)

and by using the change of variable z|u — v|” =y in the integral with respect to ,

2

T /T
A= H(2H o 1)/ / ‘u . U‘2H—2+2HT—H/ e—% (‘u . U’2H +y2)—T dy
0o Jo R
and this is finite when 2H — 2+ 2Hr — H > —1 which gives r > ﬁ — %
The term denoted by B can be treated as follows.

1 $2n
B = n(n+1)(2H(2H — "+1/ / du;dv,
/R (1 —|—$2)T nz>:l (7’L—|— 1)' ( )( 0T7L+1 0T7L+1 J

n+1
W202H 2,30 +

xXe 2 e 2 1[07u1}(’LL2, e ,un+1)®n1[07v2}(’01, V3,. .. ,Un+1)®n H |’LL1 - ’L)l|2H_2

1 x2n T pT T T
:2H2H—12/ ////dddd
CHEH = 0F | Gy L1y Sy Jy Jy Moo

22030 42,3H -
xe T2 e 2 L) (u2) Lo, (V1) R(u1,v2)" " Hur — vy

|2H—2|u2 _ ’U2|2H_2.

Since ) )
" _ " R(uy, v9)" 2
R(ul,vg)” 1 _ $2 § : ( > ) _ $2em R(u1,v2)

dudv
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we obtain

9 1 ) T T T T
B = (2H(2H -1 S
erer-vp [ e [ [ [ andudoe,

2 2H
_z%ug —vo|

xe z luy — o1 |12y — v |72

(0,u1] (U2) 1[0,05] (V1)

We calculate first the integral dus and dv; and then in dx we use the change of variables
z|uy — v =y and we get

B _ / I /T /T e o252
= —= uidvge
r (1+22) Jo Jo

y <|u1 P U%H—l) <|U1 P U%H—l)
_ /OT duy dvs (’ul _ 7}2’2H—1 _ U%H—l) <\u1 _ v2‘2H—1 _ U%H—l) g — vo 2Hr—2H—H
X /Ry2e_y22 (|u1 — uy|?H —|—y2) dy.
which is finite if 4H — 2 + 2Hr — 3H > —1 and this implies again r > % — % |

5.2 The multidimensional fractional currents

We will also consider the multidimensional case of the fractional Brownian motion B in
R?. Tt is defined as a random vector B = (Bf1 ... Bf4) where B¥i are independent
one-dimensional fractional Brownian sheets. We will assume that H; € (%, 1) for every
i=1,...,d. In this case

{(z) = </ 5(x — Bf)dBHl,...,/ 5(x — Bf)dBHd> :
[0, 7]V [0,V

where the above integral is a divergence (Skorohod) integral with respect to the fractional
Brownian motion. We mention that the canonical Hilbert space Hp, of the fractional
Brownian sheet B+ is now the closure of the linear space of the indicator functions with
respect to the inner product

N
(Lo, Lo,s) ), = E(B/*Blr) .= RMx(t,s) = HRH]“(%S@)
i1

if t = (t1,...,tny) and s = (s1,...,sn). In this case we have

Proposition 4 Let B be as above. Then for every w the fractional Brownian current &
belong to the Sobolev space H‘T(Rd;Rd) for every r > maxp—1 4 (%l -1+ ﬁ)

18
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Proof: We write

&(z) = / 6(z — BH)ydBHr = / op(z — BE)§ (2}, — BHr)aBH*
[0,7]¥ [0,7]¥

and - -
AL : s ~
_ E ' TH* e—iZ?zl,z;ékl‘LBfl( i) Lk e—%1®nk()
ni+1 nk' [0,s]

Here again the integral dB"* denotes the Skorohod integral with respect to the fractional
Brownian sheet BH+ and I'* denotes the multiple integral with respect to B+, Then

NN
R 9 Hk d Hl J/'Zk _ zQ‘S‘QHk? ®n
fk(x)‘ = |2 It [ |cos | Do B h Lo, ()
np>0 I=1,14k ke
~y (2
x 2‘ ‘ZHk
e (s 3w ) e iy
np>0 1=1,l#k
and
~112
2 2 22" d 12\3\2 k
Efk(x)‘ = Z:(nk—i—l)!(nk')2 Ccos Z aBH | e 1%";]“()
ng >0 k- I=1,l#k (HHk)@)(nkJrl)
2nk d +2|5]2Hk I1?
—1—2 ng + 1)! PR)E sin Z o BH | e 2 1%";]“(-)
ng >0 1=1,l#k (HHk)®(nk+1)

Note that, if f, g are two regular functions of N variables
N
(f,9)mn, = (He(2Hp—1)" / / fu)g(u) H Jui — vi 2 dudv
[0,T]N J[0,T|N 1

= (Hp(2H — 1)) /[OT]N /OT v)||lu — v||2H 2 dudw

ifu=(u,.,un)and v = (v1,..,vy) and if F, G are regular functions of N(nj+1) variables,

TLk—l—l

(g eon = 11 (Hr@He=1)"

k=1

(F,G)

TLk—l—l
/ / F(ul, .., u™ ™G (v, .. o™ H |t — o || 2o =2qut . du™ T dot . do L
[0 T]N(nkJrl) [0 T]N(nkJrl) -

19
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and thus, by symmetrizing the above function and taking the scalar product in (H g, )®("k+1)

~ 2
E ‘fk(fﬂ)‘
2nk ng+1 ngp+1
_ (Hk(QHK o 1 N(ng+1) / / dv Hul o ,UlH2Hk—2
nkZ;O (ng + 1)! ”Z:l TN (g +D) [0,7]N (- +D) g

\2H, j12H,
zz\uz\ k zz\v” k

d d
X COS Z xlBgl cos Z :ElBgl e 2 e 2

I=1,1%k I=1,1%k
Rnyg ~q nE+1\1@ng 1 ~ ne+1
1[0ul](u RO AT Vi )1[01)]}( N N Sl |
+ E k '(Hk(QHK N(nk-l-l E : / / dv H Hul —’UZH2Hk_2
~, (i +1)! S ewn S rpewn
. d . . d i _z%\ui\sz _z%‘vj‘sz
X sin g B ] sin Z Bl e 2 e 2
u vl
I=1,1%k I=1,1%k
®ng, (, 1 i w187 ()1 i ng+1
><1[07ui](u,...,u,..., k )1[01)”(1), N |

Here |u!|*x = (uf...ub)?Hr and Liowi) = Lo jo.uiy) 1f u® = (ut,..,u’;). The next step is

to majorize |(cos(u) cos(v)| by &(cos?(u) + cos?(v)) and similarly for the sinus.

N 2
E‘ék(fﬂ)‘

2nk
€ Z nk k( K Z 0T]N(7lk+1) [ }N(nk+1) dv H ||u ||

=1

12\u \2Hk 2|0t 2HEk : .

— — Rny 1 ~7 nE+1y1@ngk 1 ~] ngp+1

e 2 l[ow](u R A 7} )1[00”(@, L )

+cst. § Hk(zHK - 1) Nmy Z / N(ng+1) / [N (ng+1) dv H Hu

i.j=Lsizg O (o, =1

zz‘u ‘2Hk 22|03 |2H,

_ Tk _ %k ny 1 N ne+1\1 Nk ~7 ngi+1

e 2 e 2 1[07uq(u,...,u,...,uk )1[01}3](11 cony 00 0T = Ok + Dy

and the two terms above can be treated as the terms A and B from the one-dimensional
case. For example the term denotes by Cj (we illustrate only this term because Dy, is similar

20
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to the term B in the one-dimensional case) gives

2ny, ng+1

x _
G = 3 T meng - )N | [ | N
ne>0 ng-: [0 T}N("k+1) N(nk+1) e}
2, 12H 2.1 2H
_xk\u "7k _Tk“’ "7k
e T e 1%7;’“1}(112,...,...,u”k+1)1%7;’“1}(v2,...,...,v"”l)
x2nk 2‘u1‘2Hk 2\v1\2Hk
= Z k - (Hi(2Hy, — 1)) / / e |t — ot 2He =2 Rk (41 w1y dt do!
ny! 0,71V Jo, T]N
>0
zz\ul\ZHk zz\v \ZHk
= (Hp(2H, — 1)) / / P |t — vt 2HE =24t ot
0,7V J[o,T|¥

with RHk (ul vt) = RHk( v) REx(ul o)), But Rk (u, v)—u?Hr 2k = E(BHx BHr)—
E(BI¥)? — E(BI*)? = —E(BH* — BH%)? for any u,v € R and this implies

@ E(Buk Bk
/ dz(1+|z|?) TCk—cst/ z(14|z*)~ / / - |u—v]||**=2dudv.
R? 0,T]N [OT]N

The case N =1 can be easily handled. Indeed, in this case

z%\uquHk

v|2Hk—2/ (1+ |2)) e gz
R4

2
_ U‘2Hk—2+2Hkr—de / e_%k(\u _ U’2Hk 1 y2)—7’dy
]Rd

/d:p(1—|—|x|2)_TC’k =
Rd

Jo
“

)

Jo

Lo

which is finite if r > 5 11{ %l — 1. When N > 2 we will have
/ dz(1+ |z[?)~"Cy,

/ / ‘2Hk -2 ( (Bfk _ B{}{k)2)g+7’/ 6_92/2 [E(Bfk _ Bfk)z +y2] -r dx
OT OT Re

and this is finite if r > 2H + s —1.

Remark 3 In [6] the authors obtained the same regularity in the case of the pathwise
integral with respect to the fBm. They considered only the case Hp, = H for every k =1,.,d
and N = 1. On the other hand, [6] the Hurst parameter is allowed to be lesser than one
half, it is assumed to be in (%,1).

6 Regularity of stochastic currents with respect to w

6.1 The Brownian case

We study now, for fixed = € R, the regularity of the functional £ in the sense of Watanabe.
We would like to see if, as for the delta Dirac function, the stochastic integral {(z) keeps
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the same regularity in the Watanabe spaces (as a function of w) and in the Sobolev spaces
as a function of x. We consider B a one -dimensional Wiener process and denote

:/aTé(a;—B )dB

=Y Iun <( 1700 ( )1[a,T](S))N)

n>0

with a > 0. Recall that by (10)

(we consider the integral from a > 0 instead of zero to avoid a singularity) where

-~ n+1
(ai(s)l%&(-)l[a;p](s» (t1,. - s tny1) = +1Za Ot] (t1, i tng) Lo ()

where as above t; means that the variable t; is missing.

We recall that F' is a random variable having the chaotic decomposition F' =
>, I (fn) then its Sobolev-Watanabe norm is given by

1FI3,0 = > (n+ D ()l F2()- (21)
@
We will get
le@ B = D otn+2) 0+ DU (a5 (157%) IReorpess
n>0
T . 2
= n+2an!/ <Sa;Hn<—>> ds.
nizz:o( ) ) (x) 7
We use the identity
2 oe]
Hy(y)e 7 = (—1)["/2}25% ; u"e_“2g(uy\/§)du (22)

where g(r) = cos(r) if n is even and g(r) = sin(r) if n is odd. Since |g(r)] < 1, we have the
bound

2

2 1
Ha(y)e s | < 25 —T("

nlm

<23

Then -
1
2
t. 2)%n! —d 24
[§(@)]|5, < cs E n+ nC/ Sds (24)

a

and this is finite for o < _71 since by Stirling’s formula n!c2 behaves as cst.%.
n
We summarize the above discussion.

22



hal-00400837, version 1 - 1 Jul 2009

Proposition 5 For any x € R the functwnal£ fo x— Bg)dBs belongs to the Sobolev
-Watanabe space D=%? for any a > 2

Remark 4 As for the delta Dirac function, the reqularity & is the same with respect to x
and with respect to w.

6.2 The fractional case

In this paragraph the driving process is a fractional Brownian motion (B )te[O,T] with
Hurst parameter H € (%, 1). We are interested to study the regularity as a functional in
Sobolev-Watanabe spaces of

_ T H H
§(a:)-/0 5(3:—Bs )st (25)

when z € R is fixed. We will that now the order of regularity in the Watanabe spaces
changes and it differs from the order of regularity of the same functional with respect to
the variable x.
We prove the following result.
Proposition 6 Let (BtH)te[o,T} be a fractional Brownian motion with Hurst parameter H €
(3,1). For any x € R the functional £(z) (2) is an element of the Sobolev -Watanabe space
D™ with « > 5 — 5.
Proof: We will have in this case
@) 3o =D +2(n+ DI (az()15750) " I
n>0

where we denoted by Hp the canonical Hilbert space of the fractional Brownian motion.
As in the proof of Proposition 2 we obtain

I (ants >1f3’;]< )) 1B

H(2H —1))**! "“ s B
= ( ( 1 / / . dun+1dv1 . dvn+1 H |Ul — U 2H=2
(n + i1 0,T7)n+1 J[0,1) n+1 —1
xar (u;)ay (v )1%’;](111,...,11, Sy Upt1)]1 %Zj](vl,...,@j,...,vnﬂ)
H(2H — 1))+ "*1 ntl B
= ( ((n n 1))2 / / ...dun+1dv1 . ..dvn+1 H ]ul — U 2H-2
[0, ]+ /1o, T]”+1 =1
xa (u;)ay (v )1([8" }(ul,...,u, Sy Upt1)]1 %Z](Ul,...,’f)i,...,vn_i_l)
H2H — 1))+ " Ak _
+( ((n—i—l) / / ...dun+1dv1...dvn+1H]ul—fulQH 2
Z;ﬁ] ij=1 0, T n+1 0, T n+1 =1
)2 (0 T 0t DI (01 e )
= A(n) + B(n).
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The first term A(n) equals, by symmetry,

(H 7L+1 u (% n
A(n) = / / dudvay, (fu)\u_ru]?H—? / / u/ — U/IQH_2du’dv’
n 4+ 1 o Jo

and using equality (20) we get

A(n) = Zﬁ; D) / / dudv
€ T
x|u — v*" 2 R(u, v) w0 Y on (2)pyon (2) Hy, (u_H) H, <U_H) )

Using the identity (22)

> (n+2)%(n+1)!A(n)

n>0
= (H) n+2 n'/ / dudv|u — v|*H 2
n>0
Hn —Hn T x
< R(u,0) w0 s (@) (@) o (257 ) o (77

T T
= c¢(H) Z(n + 2)O‘n!ci/0 /0 dudv|u — v* 2 R(u, v)"u My Hry = Hy=H

n>0

By the selfsimilarity of the fBm we have R(u,v) = u 2/ R(1,%) and by the change of
variables v = zu we obtain

> (n+2)%(n+ 1)!A(n) <
n>0
T 1 1 n(]— 2H-2
c(H) Z(n +2)%nlc2 (/ u1_2Hdu> / il f}i) ( ZQI dz. (26)
n>0 0 0 z z
Using Lemma 2 (actually a slightly modification of it) in [2]
1 n 2H-2
R(1,2)" (1 —=2) 1
/0 Hn 7 dz < c(H)nZL (27)

and the right hand side of (26) is bounded, modulo a constant, by

Z(n + 2)O‘n!cin_ﬁ

n>0

and since n'c behaves as

N~

f’ the last sum is convergent 1f a—i—% >1,or —a > —%—i— .
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Let us regard now the sum involving the term B(n). It will actually decide the
regularity of the functional £(x). Following the computations contained in the proof of
Proposition 3

> (n+2)*(n+1)!B(n)

n>0

= o(H)Y (n+2)%(n+1) n”:ll / / / / duy dusduv dvs

n>0
X 1[0,1) (W2) Tj0,0) (V1) R(u1, v2)"Huy — 01 [P 72 ug — vg [P 24 (w1 )a (vs)

c(H) Z(n + 2)%nn!c?

n>0

T T ul V2
X / / duldng(ul,vg)"_lul_H”vz_H” </ lug — v2|2H_2du2> (/ lug — v1|2H_2>
0o Jo 0 0

T /T
< ¢(H) Z(n + 2)ann!ci/ / duydva R(uy, ve)" tuy Aoy A,
o Jo

n>0

IN

Using again Lemma 2 in [2] , we get that the integral

1

T T
/ / duydvy R(uq, vg)"_lul_H"v;H" <c(H)n 2H
o Jo

and since the sequence n!c2 behaves when n — oo as \/1— we obtain that the sum ) - q(n+

2)*(n + 1)!B(n) converges if —o — 1 4+ 3z > 1 and this gives —a > 3 — ;L. |

Remark 5 Only when H = % we retrieve the same order of reqularity of (25) as a function
of ¢ and as a function of w.
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