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An elliptic problem with a lower order term
having singular behaviour

Daniela Giachetti* and Francois Murat!

Abstract

We prove the existence of distributional solutions to an elliptic problem
with a lower order term which depends on the solution u in a singular
way and on its gradient Du with quadratic growth. The prototype of the
problem under consideration is

D 2
||u“k| L f imnQ,

u=0 on 0,

—Au+ \u ==+

where A > 0, k > 0, f(z) € L=(2), f(z) >0 (andsou > 0). If0 < k < 1,
we prove the existence of a solution for both the “+” and the “—” signs,
while if k > 1, we prove the existence of a solution for the “+” sign only.

1 Introduction

Second order quasilinear elliptic problems involving a first order term b(z, u, Du)
depending on the solution u and on its gradient Du with a quadratic growth
with respect to Du have been studied by many authors. Let us just quote [5],
[6], [7], 8], [9], [10], [11] and [15] and references therein.

The first order term b(x, u, Du) appears in a natural way when one considers
the Euler equations of functionals of the type

1 a(z,w)|Dul* — | fu, (1.1)
2 Q Q

which are perturbations of the classical energy functional

1/|Du|2—/fu7
2 Ja Q
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since the Euler equation of (1.1) reads as

—div (a(z,u)Du) + L 0a

33 (z,u)|Du|* = f inQ.
u

More in general, the literature deals with the case where b(z, s, &) is a Carathéo-
dory function, which implies, in particular, that b(z, s, £) is continuous in the
s variable.

In contrast, in the present paper, we want to study the case where b(z, s, £)
is singular in s = 0. In particular, since we are interested in homogeneous
Dirichlet problems in a bounded open set © of RY, the function b(x,u, Du) is
singular at each point of the boundary of €.

As far as we know, the only results in this case have been obtained in [1],
[2], [3] and [4]. In the first paper, the authors consider the equation

—Au+ g(u)|Dul? = f(z) inQ, (12)
u=~0 on 01, '

with g > 0, limsup,_,, sg(s) < +o0 and a datum f which is supposed to satisfy
feL>®), inf{f(z):zcew}>0 VweQ.

In [3], a slight variation on the hypothesis g > 0 is considered. In [2] existence
and nonexistence results are given for the previous problem. In [4], the datum
f is assumed to belong to L?(2) with ¢ > S and to satisfy f > 0: existence
results of strictly positive solutions are then proved for
—aAu+ L |Dul? = f(z) inQ,
u=20 on 0,
witha>0and 0<k<lora>1andk=1.
The problem that we consider in the present paper is
—div(a(z,u, Du)) + Au = b(x,u, Du) + f(z) in Q,
(1.3)
u=0 ondQ,

where the principal part —div(a(x,u, Du)) of the equation is a Leray-Lions
operator acting on H}(Q2) and where A > 0. The datum f is supposed to satisfy

fer= ), f(x)=>0,

so that, in view the assumptions made on the term b(x,u, Du), it results that
u > 0. As for the nonlinear term b(x, u, Du), we will assume that

G

b(@,5,6)] < T lel*
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if 0 < k < 1, this will be the sole assumption on b, and in particular no sign
condition will be imposed to b. We make a more restrictive assumption if k& > 1,
assuming in this case that

C C
@w < b(z,5,6) < ﬁm? (1.4)

In both cases, we will prove the existence of a problem (1.2), namely of a
function u which satisfies

| Dul?

U EHlloc(Q)ﬂLoo(Q), UZO, 7Xu>0 S Ll(Q),

/ a(x,u, Du)Dd + /\/ ud= [ fo —|—/ b(x,u, Du)xus>0® V&€ C(Q).
Q Q Q Q

Moreover, when 0 < k < 1, the function u satisfies u € H}(Q2) (and not only
u € H},.(Q)), and satisfies the boundary condition u = 0 in the usual weak
sense, while in the case k > 1, the function u satisfies 1(u) € Hg(Q), where

® 1
U(s) = /0 e'v(o)dg7 v(8) ~ T when k& > 1,

which also expresses the homogeneous Dirichlet boundary condition, but not in
the usual weak sense.

The fact that nonlinear functions of u appear in the formulation of the
solution of the problem is not really surprising. It is indeed well known that,
in this kind of problems, functions which are related to the behaviour of the
nonlinearity b(z, s,£) in the s variable play an essential role. In particular test
functions of the type e p(u) (with ¢ a convenient function) are used to get
a priori estimates.

Let us emphasize that there is therefore an important difference between the
case 0 < k < 1 and the case k > 1. In particular, the stronger hypothesis (1.4)
made in the case k > 1 is probably a crucial and not only a technical hypothesis.
Indeed it has recently been proved in [2] that there is no solution u € Hj(Q) of
(1.2) in the case g(u) = Zr and k > 2, see Remark 2.6 below.

To conclude this introduction, let us note that, as far as we know, the case
where the datum f (and therefore the solution u) takes both positive and neg-
ative values is an open problem. Also, as far as we know, the problem with f
positive but where the singularity in u takes place in a point m > 0 (and is
therefore of the type ﬁ and no more of the type ﬁ) is an open problem,
which seems to exhibit difficulties similar to the previous one.

The plan of the present paper as follows: In Section 2 we give the precise
hypotheses and statements of our results. In Section 3 we define the approxi-
mating problems. In Section 4 we prove Theorem 2.2 (case 0 < k < 1), while
in Section 5 we prove Theorem 2.3 (case k > 1). Let us explicitly note that the
first two steps are the same in the proofs of Theorems 2.2 and 2.3.
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2 Hypotheses and results

In the present paper we consider the problem

—div(a(x,u, Du)) + Au = b(x,u, Du) + f(z) inQ,
(2.1)
u=0 on 0f2,
where €2 is an open bounded set of RY | where
A >0, (2.2)
f(@) e L=(Q), f(z) =0, (2.3)
where the function
a(z,5,€) : QxR xRY - RY
is a Carathéodory function which satisfies for some o > 0
a(z,s,€)& > alg]?, (2.4)
la(z, s, )| < v[¢], (2.5)
(a(l“as»f))—a(a?aSﬂ?))(f—n) > Oa Vf#na (26)

ae.xe, VseR, V¢&eRY,

and where the function
b(x,s,8): Qx (R—-{0}) xRY =R

is a Carathéodory function on Q x (R — {0}) x R¥ | i.e. a function which is, for
every (s,€) € (R—{0}) x R, a measurable function z € Q — b(z, s,£) € R and
which is, for almost every = € €2, a continuous function (s, &) € (R—{0}) xRN —
— b(x,s,€) € R for almost every z €  (see Remark 2.7 below concerning the
definition of b(z, s, &) when s = 0).

As far as the behaviour of b(z, s, §) near s = 0 (for z and ¢ fixed) is concerned,
it is worth to distinguish two cases, the case 0 < k < 1 and the case k > 1, that
present different features and that will be treated separately.

We will suppose either that

0< k<1,
C 2.7
|b(x,s,§)|§ﬁ|§|2, ae. z€Q, Vs#£0, VEeRY, (2.7)
or that for some C7 > 0,

k>,
C C 2.8
ﬁ|§|2§b(:ﬂ,s,§)§ﬁ|§|2, ae. zTe Vs#0, VEeRYN, 28)
S S

Note that (2.8) is much more restrictive than (2.7), since (2.8) is a growth
condition for b(z, s,£) both from above and from below, while (2.7) is only a
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growth condition from above. In particular, when (2.7) holds true, b(z,s,§)
is not assumed to have a specified sign, while b(z, s, &) has in particular to be
strictly positive (for & # 0) when (2.8) holds true.

Let M >0 and 3 : (0, M] — R be defined by

[/l 1
In the case where 0 < k < 1, the function 3 belongs to L (0, M), while in the
case where k£ > 1, the function 3 is not integrable in 0.

Let us introduce the following function +(s), defined for s € (0, M], which is
a primitive function of the function % B(s), defined by

M

E 1-k
% %da:gs—, if 0<k<1,
o Jo o al-k
02 s 1 CQ S .
A N e (_) f k=1, 2.10
1) =32 [ Zao = o i (2.10)
Co [*1 Cy 1 1 1 .
£ —do = — fk>1.
a Juy ok A (M’“‘l sk—l)’ RS
Let us finally define, for s € [0, M], the function ¢ by
1/1(5)2/ e’do, (2.11)
0

and, for m > 0 and s € R, the function .S, by

m ifs<m
'm(8) = - 2.12
Sm(s) {s ifs>m. ( )

REMARK 2.1 Let us point out that, in the case where 0 < k < 1 (i.e. when (2.7)
holds), v(s) is an increasing, non negative bounded function on [0, M], while in
the case where k > 1 (i.e. when (2.8) holds), v(s) is an increasing, non positive
function on (0, M| with lim,_, g+ v(s) = —o0.

In both cases €7(%) is a bounded function on [0, M] and, therefore, the func-
tion 9 (s) is well defined by (2.11).

Our results are the following:

Theorem 2.2 Suppose that (2.2)-(2.7) hold true. Then there exists at least a
function u such that

ue€ Hy(Q)NL>®(Q), u>0, (2.13)
2
U(u) € Hy (), |Du—’l]j|Xu>0 e L'(), (2.14)

/a(m,u,Du)D@—i—A/u@z/b(x,u,Du)xu>0<1>+ f@, Y®eC(Q). (2.15)
Q Q Q Q
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Theorem 2.3 Suppose that (2.2)-(2.6) and (2.8) hold true. Then there exists
at least a function u such that

u € Higo() NLX(Q), u>0, (2.16)

P(u) € HY(Q), Spm(u) € HY(Q), Vm >0,

Dul? (2.17)
|u—k|XU>0 € Llloc(Q)v

/a(m,u,Du)D@—i—A/u@z/b(x,u,Du)xu>0<1>+ f@, YOeCX(Q). (2.18)
Q Q Q Q

REMARK 2.4 When u > 0 and S,,(u) € H}(Q) for every m > 0, the assertion
|Dul?
ok

and to |[Dlogu| € L2 () for k = 2.

loc

Yus0 is equivalent to the assertion |D(u'=2)| € L2 (Q) for every k # 2,

loc

REMARK 2.5

REMARK 2.6 Let us observe that in Theorem 2.2, where (2.7) is assumed to
hold true, we can consider a general term b(z, u, Du) without any sign condition,
while hypothesis (2.8), assumed in Theorem 2.3, obliges b(z, s, &) to be strictly
positive.

It is likely that the more restrictive condition (2.8) is necessary in order to
have the existence of a solution of (2.18) if £ > 2 . Indeed, it has been proved
in [2] that for A > 0, f strictly positive on every compactly embedded subset of
Q and k > 2, there is no solution of the problem

u€ HIQ), u=>0,
—Au+ ik|Du|2 = f(z) InD'(Q).
u

REMARK 2.7 The first terms of the right-hand sides of equations (2.15) and
(2.18) involve the function b(z,u, Du)xu>0, which can also be written as

b(x,u, Du), where b(z, s, &) is the function defined on ©Q x R x RN (and no
more on  x (R —{0}) x RY) by

I;(:C,s,é) _ {b(m,s,é) ?fs #0,

0 ifs=0.
Note that b is not a Carathéodory function since it is not continuous at the point
s = 0. Nevertheless, for u and v measurable functions with values in R and R,
the function 2 € Q — b(x,u(x),v(z)) is measurable! under the assumption
made on b(z, s,£) that b is a Carathéodory function on Q x (R — {0}) x RV,

IConsider indeed a sequence (un,vn) of step functions which converge almost everywhere
on 2 to (u, v) and which satisfy up (x) # 0 for every z and every n (it is always possible to build
such a sequence u, from a given sequence of step functions u, by deﬁging the functions un
defined by un (z) = tn(z) if 4n(z) # 0, un(z) = % if 4y (x) = 0). Then b(z, un(x),vn(z)) is a
measurable function and b(x, un (z), vn (z))Xu>0 converges a.e. to b(x, u,v), which is therefore

a measurable function.
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We could therefore have replaced the first terms of the right-hand sides of
(2.15) and (2.18) by

/ I;(:v,u,Du)@,
Q

but we chose not to do so, in order to emphasize the fact that b is not a
Carathéodory function.
On the other hand, in the case where hypothesis (2.8) holds, it is natural to

consider the function b(z, s, £) defined by

] b(r,5,6) ifs 40,
b(z,5,6) =40 ifs=0,£=0,
400 ifs=0, £#0,

since the function b is continuous for every s > 0 and every & € RV, except in
the point s = 0 and £ = 0. With this definition, we have

B(Ia S, f) = l;(.f, S, g) + (+OO)X{520}0{57£0} :

But for u € H}, (), we have

I;(:v, u, Du) = I;(:v, u, Du) a.e. in

since, when u € HL (), one has Du = 0 almost everywhere on the set where
u=0.

Therefore, since Theorem 2.3 asserts that v € H} _(£2), we could also have
replaced the integral [, b(x,u, Du){y>0¢ by the integral [, b(x,u, Du)¢ in the
first term of the right-hand side of (2.18).

3 Approximating problems

In order to prove Theorem 2.2 and 2.3, we introduce in this Section a sequence
of approximating problems.
For n € N, we consider the problems

{un € Hg(Q) N L=(), (3.1)

—div(a(z, un, Duy)) + My = by(z,upn, Duy) + f(2) in D'(Q),

where, for almost every z x ), for every s € R and every ¢ € RV, the function
b, : 2 x R x RY — R is defined by

b(z, s, &) if s >
bn(I,S,f): 1 .
b(:v,—,f) if s <
n
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We also define, for s € R,

B(s) if s >
Bn(s) = 6<1> s <

S|I=3 =

%/ Bn(o)do f0<k<1,

[0

Yu(s) = o ° (3.2)
—2/ Bn(o)do if k> 1,
a Sy

Yn(s) = /0 e (D do . (3.3)

In contrast with the function b, which is defined on Q x (R — {0}) x RY, the
function b,, is a Carathéodory function defined on Q x R x R and we have

bn(z,5,6)] < CaBn(s)|€)?, ae.z€Q, V(s,6) €RxRY, (3.4)

which implies in particular that
1
|bn,(z,8,6)| < Cof3 <E> €)%, ae.x €, V(s,6) eRxRY. (3.5)

For n fixed, the function b, is now a classical Carathéodory function with
quadratic growth with respect to &, and since f € L*°(Q), it is well known
that problem (3.1) has at least one solution u,, (see e.g. [6]).

Moreover, since f > 0, this solution satisfies u,, > 0 a.e. in Q. Indeed,
denoting for every s € R

(8)4 = max{s,0}, (s)— = max{—s,0},

the result w, > 0 is easily obtained, in the case where b(x,s,£) > 0 (which
implies b, (z,s,£) > 0), by using —(u,)— as test function in (3.1); in the
general case, the result w, > 0 is proved by using in (3.1) the test function
—(up)—e P with ak, > C2B(L), since

kn a(x, un, Dun)Dune_k”“” (un)— + bn(x,unDun)e_k"“” (un)— > 0.

This proves the existence of a function w,, such that

(3.6)

un € HY Q) NL®(Q), u, >0,
—div(a(x, un, Dup)) + Ay, = by (@, Up, Duy) + f(x) in D'(Q).

4 Proof of Theorem 2.2

We begin by proving Theorem 2.2 and divide the proof in several steps.
Let us explicitly note that the first two steps of the proof of Theorem 2.3
will be identical to the first two steps of the present proof.
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Step 1 Uniform estimate of (u,)nen in L(Q).

Let us use as test function in (3.1) the function v, = e (u, — M),
which belongs to H}(Q) N L>(Q) since u, belongs to Hg(2) N L>(Q), where
M is defined by (2.9). Using (2.4), (3.2) and (3.4) we get

@ [ 1D = My e+

Q

+ Cz/ | Dty |2 B (1 )€ ) (w, — M) —|—/ Mg e ) (y,, — M)y <
Q

Q

We simplify the two terms which are equal, forget the first (non negative)
term in the left-hand side and add to both sides —AM [, e () (u, — M),
getting

A/ (= M)Z e () < / (f =AM ) (u, — M)y <0,
Q Q

which implies u,, < M. Therefore we have

0<u,<M VneN. (4.1)

Step 2 Uniform estimate of (v (u,))nen in Ha ().
Let us take as test function in (3.1) the function v, = v (uy)e™ () which
belongs to H}(Q). Using (2.4), (3.3) and (3.4), we get

a/ |Dun|262w(un)_,_C2 |Dun|2€7"(“”)ﬁn(un)¢n(un)+)\/un¢n(un)e%(“") <
Q Q Q
< Cz/ ﬁn(Un)|DUn|26%l(un)wn(un) +/ f€7n(u7l)¢(un)'
Q Q
Recalling that, by Step 1, fe?» ()i, (u,) is uniformly bounded in n, we get

a/ | Dty (un)|? = a/ | Duy, > () < cst VneN. (4.2)
Q Q

Note that, in these first two steps, only the growth condition of hypothesis
(2.7) (and never the growth condition from below of hypothesis (2.8)) is used.
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Step 3 Uniform estimate of (uy, )nen in HE (), of (a(z, un, Duy))nen in L2(Q)N
and of (b, (2, Un, Dun))nen in LY(9).

In this step we use for the first time the fact that k£ < 1.

Since here 0 < k < 1, the functions v and ~,, defined by (2.10) and (3.2) are
non negative. Therefore 7, (u,) > 0 and (4.2) implies that

/ |Dun|> < cst Vn €N, (4.3)

Q

and from (2.5) and (4.3) it follows that

la(x, Un, Duy)|? < v? | |Dunl? <cst VneN. (4.4)
Q

Q

We then use as test function in (3.1) the function v, = ¢™(#n) — 1 which
belongs to H (). Since v, (uy) > 0, we have v, > 0, and using (3.4) we get

Cs
o Jo

< Cy | Bu(un)|Duy 2 () — 1) + [ flermn) —1).
Q Q

a(:z:, Un Dun)Dun ﬁn(un) e'yn(un) + >‘/ un(e’yn(un) - 1) <
Q

Using (2.4), simplifying the two terms which are equal, then using the fact
the last term of the left-hand side is non negative, and the fact that e™(#») is
uniformly bounded in n, we get

02/ B (un)|Dun|* < cst ¥n €N, (4.5)
Q
which by (3.4) gives

/ |bp (@, U, Duy)| < cst Vn e N. (4.6)
Q

Step 4 Weak convergence of (u,)nen in Ha(£2) and strong convergence of
(DS (un))nen in (L2(Q))Y for any fixed m > 0.

By estimate (4.3), we deduce that, up to a subsequence, there exists a func-
tion u € HE(Q) N L>(Q) such that

up — u  weakly in Hy(Q), Up — u  a.e. inf).
Therefore, for every m > 0,
S (n) = Sy (u) weakly in Hg(Q), S (tn) — Spm(u) a.e. in Q

where Sy, is defined by (2.12).
We want now to prove that

lim |D(Spm(tun) — Sm(u))|* =0 ¥m > 0. (4.7)
Q

n—-+o0o

10
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We first use as test function in (3.1) the function
On = B((Spn(tn) — Sy () 1 )€ (n) =1 (Sm (wn))

where ®(s) = e#* — 1, for some p > 26(m). Using (3.2) and (3.4), we get
Aa(x,un,Dun)D(Sm(un)_Sm(u))+@/((sm(un)—Sm(u))+)e’yn(un)_’Yn(Sm(un))+
+ % ; (2, U, Dttg) Dty ® (S (1) — S (1)) 1) B (11, )€ () =7 (Sim () .
_% Qa(ac,un,Dun)DSm(un)<1>((5m(un)—S,,L(u))Jr)ﬁn(ks*m(un))ewn(w)wn<sm<un))4r
T A/Q Un (S () — S (11)) 4 )€ (Wr) =10 (Sm (un)) <
sC | B (1) | Dt [2B((Sor () — S (1)) 5 )& (8n) =7 (S ()
* FO((Sm (tn) — Sy (1)) 4 €1 (W) =70 (Sm(un))

Using (2.4), then simplifying the two terms which are equal and forgetting the
last term of the left-hand side, which is non negative, we get

/ a2,y , Dty ) D (S (1) = S (1)) 4B (S (1) = Sy (10)) 4 )77 ()= 70 (S (un)) _

Q
= 22 et D) DS )2 (S ) = S 1) )8 (S a7 00 S0 <

Q
< /fq)((sm(un) - Sm(U))+)€’Y"(u")7'y"(sm(“")) .
Q

Due to (4.1) and to the almost everywhere convergence of (up, )nen to u, we have
FO(Simlitn) = S (1)) )05 (0D) — o),
Q

where here and in the sequel w(n) is a sequence of real numbers for which
lim,, .y oo w(n) = 0. Therefore

[ a0DO @ (e oSt

= &2 (DS (1) B(() ) (S () ) Sty = (48)
a Ja
=I+I1I=w).

Let us split the term I as

I:/ +/ =I'+17. (4.9)
Un <m Up, >M

11
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I'=0
I? = /[a(x,un,Dun)—a(:z:,un,DSm(u))]D(un—Sm(u))+<1>/((un—5’m(u))+)+

+ / a(z, un, DSy (W) D (up — S (1)) + 2" ((un — Spm(u))+) -

Up >Mm

The last term goes to zero as n — +oo by the fact that DSy, (un) — DSy, (u)
weakly in (L?(2))" while

a (@, tin, DSy ()@ ((tn = S (1)) 4)X oy, 2m Xusm — 0 strongly in (L(Q)™ .
Therefore, by (4.8), we have
/[“(I’“mDun)—a(%umDSm(U))]D(un—5m(U))+‘1>’((Un—Sm(U))+)+U:

Up>m

=H+1I =w(n)
(4.10)
where we have defined

H= /[a(m,un,Dun) — a(2,tpn, DS (1)) D(tn — Sy (1)) £ @ ((1n, — S (1)) 1)

s (4.11)
We now estimate term II in (4.10)
II = —% a(x, Up, Dupn) Dun®((uy — S (0))+)Bn(un) =
= —% [a(x, un, Dup) — a(z, wy, DSpm(u))]
[1ea] i D(tn — Sn(1)® (1 — S (1)) +) B (11n) +
fea] =22 [ al,tn, DS 0) Dl = S () B(( — S (1)) () =
== [ ol Dn) DS (0t = S (1)) 1)) =
=11+InI;+II3.
(4.12)
‘We have
L 1
1 = ~i(m) | 1D = S (@) = S(w)) = ~FH  (413)

12
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where H is defined in (4.11) and

é(m) = Sg[lglxk] Bn(s).

Here we used the fact that we can choose A sufficiently large that

1

e(m)®(s) < 5@'(5).

Moreover it is easy to check that

I1? = w(n) (4.14)

1

11%) < e(m) ( JRECAE sm<u>>+>|Dsm<u>|2) Toum) (415)

(here we used estimate (4.4)).
By (4.10)-(4.15), by the fact that ®'(s) > 1 Vs > 0 and by [?], we have

i — u 2 = m .
Jim /Q|D(Sm(un) Sm(W)s2=0 ¥m >0

n—-+o0o
In a similar way, using as test function in (3.1)
0= B (S (tn) — Sy (1) ) S (D)

we get
lim / |D(Sp(tn) — S (u))—>=0 ¥m >0
Q

n—-+o0o

which concludes the proof of Step 4.

Step 5 In this step we prove that for every C € (2, we have

lim |br, (2, wp,, Duy)| = 0 uniformlyin n. (4.16)
m—0 Cn{u,<m}

Let us take as test function in (3.1)
Uy = _(evn(m)f’)’n(“n) _ 1)+</72 © c OSO(Q) ]

By (2.4)
— 2/ a(z, Uy, Duy) Dy (e%(m)—vn(un) 1D+
Q
s / | Dup 22 M=) g (4 / iy (€77 =) 1) <

< / b (&, Dt (€7 D=0 ) 1) 2
{unSm}

where we used the fact that f(z) > 0 and the test function is non positive.

13
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Using (2.7), cancelling similar terms, we have, by Holder inequality, observ-
ing that in this case v, (m) < y(m):

/ b (2, U, Dy )|p? < )\/ uneV(m)<p2+
{un<m} {un<m}
3 1 (4.17)
2
e / (@, un, Dun)*¢? (/ |D<p|2s02> =A+B.
{unSm} Q

We have

A<cstm (4.18)

we are going to prove that we have also
B <cstm. (4.19)

Indeed, to see the last inequality, it is sufficient to take —(u, — m)_¢?, ¢ €
C(Q), as test function in (3.1):

/ a(x,un,Dun)Duncp2—2/ a(x, Up, Duy) Do (up,—m)_p <
{ungm}

{un Sm}

< /\/ Un (M — uy)p? + / |b(, U, Duy)|(m — uy)*+ (4.20)

4 / Futn — m)?.
{ungm}

The last integral is non positive, while the second one at the right-hand side is
bounded as

/ |b( )|(m—un)<p2 <cstm,

taking into account (4.5).
The same holds true for the first integral in (4.20) by Step 1. Let us finally
estimate:

[t Dun) el Dl — ) <

by (4.4).
Therefore, by (4.20), f{un<m} | Duy|?¢? < cstm Vn € N which implies, by
(2.5) -

/ la(z, wn, Duy)|?p* <cstm Yn €N (4.21)
{ungm}

and, consequently, also (4.19).
Therefore (4.17) and (4.19) imply (4.16), taking ¢ = 1 on the compact set C.

14
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Step 6 Equintegrability of the sequence (b, (x, un, Duy))neny on C € Q.
In this step we are going to prove that for any fixed C' € Q2

Ve>0, 36.>0:VECC, |E|<6€sup/ [b (@, Un, Duy)| <e. (4.22)
n JE

Indeed

E En{un,<m}
+/ by tny Dun)| = Ty + I
En{u,>m}
By (4.16) in Step 5, we have lim,, o I; = 0 uniformly in n, so that
Ve >0 Fmo:Vm <mo 11<% YneN.

Therefore, for such an m, due to the strong convergence of | DS, (u,)| in L(9)
(see Step 4), we can choose |E| so small that

I < 025(m)/ DS (un)|? < % VneN.
E

Step 7 Passage to the limit.
By (4.22), taking into account the a.e. convergence of (Duy)nen and of
(un)nen (up to a subsequence), we have, for any compact set C' € 2

bn (2, U, Duy) — bz, u, Du) strongly in L*(C N {u > 0}).
It remains to prove that
by (2, Uy, Duy) — 0 strongly in LY (C'N {u=0}).

To this aim, for any € > 0, we have

/ b (s s D) =
Cn{u=0}

= / |bn($7un7Dun)| +/ |bn(x7un7Dun)| = Jl + J2
Cen{u=0} (C-C=)n{u=0}

where C° is a subset of C (existing by Severivi-Egoroff theorem) such that
|C¢| < é. and in C' — C® the sequence (up)nen converges uniformly. Here d is
the number defined in (4.22), and, in fact, by this condition it follows
€
J1 < 3 VneN,

while, for m sufficiently small, m = m(e), by (4.16), we get

Jo < / |6 (2, Up, Duy)| < = Vn > no(m(e)) = nole).
Cn{u,<m} 2

15
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So that we proved

lim b, (2, u,, Du,) = 0 strongly in L' (C N {u = 0}),

n—-+4oo

and we can pass to the limit in the term fQ b (z, up, Duy)p in the weak formu-
lation for (3.1).

As far as the term [, an(z, un, Duy)Dep, we can use (4.21) and Step 4 and
repeat exactly the same arguments used for the term b, (x, u,, Du,), getting

an (T, Up, Duy) — a(x,u, Du) strongly in L' (C' N {u > 0}),
an (2, upn, Duy) — 0 strongly in L' (C' N {u = 0}).

Therefore we obtained a distributional solution u for (2.1), in the sense that
(2.15) holds true.

5 Proof of Theorem 2.3

As observed at the beginning of Section 4, the first two steps of the proof of
Theorem 2.2 remain valid here, since these steps only the fact that |b(x, S, &)| <
%K |2. Let us emphasize that the main difference in the proof below consists
in the fact that we cannot achieve global estimates on the main terms, but only
local ones.

Step 3 Uniform Llloc—estimate on (b, (x, un, Duy))nen-

Let n(z) € CZ(9).

We use v = (e7(n) —1)n? € H}() as test function in (3.1). Let us explicitly
point out that we need to use a cut-off function n?(z), since, in this case, by

the definition (2.10) of 4, (s), e?(“») —1 does not vanish on 9. Note also that
v < 0.

Ca [ P 1Dun P )5, u,) <
Q
<v [ (1= 2] (D) Dun 4 A [ (1 = )
Q Q
+/ b (2, U, D) (€77 07) — 1) +/ flemt) — 1> < (5.23)
Q Q
< 2y/ il 1Dl | D +)\/ P+
Q Q
+Ca [ Bulun) D P = [ b, D
Q Q
This follows by the fact that [, f(e»(“») — 1)n? < 0 since v, (un) < 0.

We absorb the term Cs [, B, (un)|Duy |27 (*2)n? by the term at the left-
hand side of (5.23).

16
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Moreover, for any ¢ > 0, there exists C(g) such that
2 [ 14l D] |Dus| < €@ [ Do+
Q Q
+5/ n?|Duy|? < C(s)/ |Dn? +£Mk/ 0 B (un )| Dun |2 .
Q Q Q
We have also, by Step 1,

)\/unn2§cst VneN.
Q

Cy

Using the last two estimates in (5.23), recalling (2.8) and taking ¢ = 534, we
get,
/ B (un)|Duy |*n?(z) < cst YVneN (5.24)
Q
which, by (2.8) and the fact that G, (u,) > C > 0, gives also, for n € C°(Q)
/ b (2, Up, Dup)n*(z) <cst ¥VneN (5.25)
Q
/ |Duy, [*n?(z) <cst YneN. (5.26)
Q

Step 4 Weak convergence of (uy)nen in Hp () and strong convergence of
(DS (un))nen in (LE.(2))N for any m > 0.

loc

By the previous steps we deduce that there exists u € HL _(2)NL>(Q) such
that, up to a subsequence,

up, —u  in HL.(Q)
Up, — U a.e. in .
Moreover, with minor modifications, we can prove, as in Step 4 of Theorem 2.2,
that
lim ID(Sm(tn) — Sm(u)|?n* =0 V¥neCxX(Q).
Q

n—-+o0o

To prove this, it is sufficient to take the same test functions used in Theorem 2.2,
multiplied by a cut-off function n*> € C2°(Q) and use the local estimates available
from the previous Step 3 (estimates (5.25), (5.26)).

Step 5 For any compact set C' € Q:

lim bn(z, upn, Duy) =0 uniformly inn.
m—0 Cn{un,<m}

Note that we cannot use the same arguments of Step 5 in Theorem 2.2 since
now we do not have v(s) > 0 and bounded. We choose as test function in (3.1)

v=—(em) =M _ 1) 2 e HHQ), e Q).

17
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By (2.4), noticing that v < 0:
— 2/ a(z, U, Dy )D€ (Wn)=mlm) 1) 4
Q
$C [ Dy Pgron e g, ) <
< A/ g (€7 ()= (m) 1) 52
- / b (, Uy, Dty ) (77 () =70 (M) 1) 2
Q

We use condition (2.8) to cancel similar terms and note that (e¥(%n)=7n(m) _
1)— <1, so that, by Holder inequality, we get

/ bn(x,un,Dun)<p2 < )\/ U’ +

1
2 3
+2 / | (2, U, Dy )20 (/ g02|Dg0|2> < cstm.
{ungm} Q

The last inequality follows by (4.21) which still holds true.

This concludes Step 5.

The next Step 6 and Step 7 can be achieved in the same way of the corre-
sponding ones in Theorem 2.2, which concludes the proof.
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