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GENERAL CURVATURE ESTIMATES FOR STABLE H-SURFACES
IN 3-MANIFOLDS AND APPLICATIONS

HAROLD ROSENBERG & RABAH SOUAM & ERIC TOUBIANA

ABSTRACT. We obtain an estimate for the norm of the second fundamental form
of stable H-surfaces in Riemannian 3-manifolds with bounded sectional curvature.
Our estimate depends on the distance to the boundary of the surface and on the
bound on the sectional curvature but not on the manifold itself. We give some
applications, in particular we obtain an interior gradient estimate for H-sections
in Killing submersions.

1. INTRODUCTION

Let (M,g) be a smooth Riemannian 3-manifold. Consider an immersed surface
¥ % M with trivial normal bundle. Call A its second fundamental form and N a
global unit normal on it. We denote by H the length of the mean curvature vector
of . When ¥ has constant mean curvature H, we say that ¥ is an H-surface.

Recall that an H-surface ¥ is said strongly stable if for any u € C§°(X) we have

/ Vul2ds > /(|,4|2 + Rie(N))u2dS,
b b

where d¥ and V stand respectively for the area element and the gradient on X, and
Ric denotes the Ricci curvature of M. Throughout this paper, we will use the term
stable to mean strongly stable.

Curvature estimates for stable H-surfaces in 3-manifolds are an important tool in
the study of H-surfaces, see for instance Meeks-Perez-Ros [12]. Graphs are stable and
more generally, surfaces transverse to an ambient Killing field are stable. Curvature
estimates for graphs were obtained in 1952 by Heinz [10]. In 1983, Schoen [19]
obtained an estimate for the norm of the second fundamental form of stable minimal
surfaces in a 3-manifold M depending on the distance to the boundary on the surface
and an upper bound on the curvature tensor of M and its covariant derivative. In
particular, in R3, he showed the existence of a constant C' > 0 such that for any
stable and orientable minimal surface 3 one has

C
(1) |A(p)| < ma

for any p € X, where dyx;, denotes the intrinsic distance on X.
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In 1999, Bérard and Hauswirth [1] extended Schoen’s work to stable H-surfaces
with trivial normal bundle in space forms. In 2005, using different methods based
on ideas of Colding and Minicozzi [3], Zhang [23] extended Schoen’s result to stable
H-surfaces (with trivial normal bundle) in a general 3-manifold, again the estimate
depends on H, an upper bound on the sectional curvature and on the covariant
derivative of the curvature tensor of M.

In this paper we obtain an estimate for the norm of the second fundamental form of
stable H-surfaces in Riemannian 3-manifolds assuming only a bound on the sectional
curvature. Our estimate depends on the distance to the boundary of the surface and
only on the bound on the sectional curvature of the ambient manifold. More precisely,
our main result is the following:

Main Theorem. Let (M, g) be a complete smooth Riemannian 3-manifold of bounded
sectional curvature |[K| < A < +oo0.

Then there exists a universal constant C' which depends neither on M nor on A,
satisfying the following:

For any immersed stable H-surface ¥ & M with trivial normal bundle, and for
any p € X we have

C
min{d(p, 0%), ﬁ}

[A(p)| <

We also obtain a local version of our result, see Theorem 2.5. Our method of proof
is completely different from the above mentioned works and is based on a blow-up
argument. For the readers convenience we sketch the idea of the proof.

Assuming by contradiction the result is not true, we have for each n a stable
H,-surface ¥,, in some 3-manifold M,, with bounded sectional curvature, |K| < A,
admitting a point p}, € ¥, satisfying |A,(p})| min{d(p, %), ﬁ} > n. In addition,
there exists a real number r,, > 0 such that the geodesic disk D} on X, centered
at py with radius r, lies in the domain of some chart of M, which allows us to
treat this disk as a surface in a Euclidean ball of fixed radius in R? endowed with
the pull-back metric, with p} at the origin. Furthermore in our construction we can
make r,| A, (p))| — +00. We then blow-up the latter metric multiplying by the factor
| Ay, (ps)|. This sequence of new metrics converges to the Euclidean metric on compact
sets of R3. The sequence (D}) gives rise to a new sequence of surfaces still denoted
by (D}) with controlled geometry and second fundamental form at the origin of norm
1. We can then construct a complete surface S, passing through the origin, in the
accumulation set of the sequence (D)), whose universal cover S is a stable H-surface

in the Euclidean space R3. It is well-known that S is then a plane which contradicts
the fact that the second fundamental form of S has norm 1 at the origin.

However, this blow-up argument requires some care because of technical difficulties
we explain in the proof.
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It is worth noticing that an estimate of the type (1) cannot be expected in general,
even for minimal surfaces, as such an estimate would imply that a complete stable
H-surface is totally geodesic. For example, in H? there are complete non-totally
geodesic stable H-surfaces, see Silveira [20]. Also in H? x R, for any 0 < H < 1/2
there are non-constant entire vertical H-graphs, and therefore stable, see Nelli and
Rosenberg, [13] and [14].

As a consequence of the Main Theorem we have the following;:

Corollary 1.1. Let (M, g) be a complete smooth Riemannian 3-manifold of bounded
sectional curvature |[K| < A < +oo0.

Then there exists a constant C, which depends neither on M nor on A, such that
for any immersed complete stable H-surface ¥ & M, with trivial normal bundle, we
have:

e if ¥ is non compact, then |A(p)| < CVA for any p € %,
e if X is compact, then \A(p)]min{diamz,%} < C for any p € X, where

diam X denotes the intrinsic diameter of .

Proof. For non compact surfaces, this follows immediately from the Main Theorem.

Suppose now that Y. is compact. Set d = diam > and let p € 3, then the geodesic
disk D in ¥ of center p and radius d/2 satisfies d(p,0D) = d/2. Applying the Main

Theorem to D we get |A(p)| min{4, ﬁ} < C. The result follows. O

This corollary was enunciated by Ros [18] for minimal surfaces (even with non
trivial normal bundle) with the additional hypotheses that the derivatives of the
curvature tensor are bounded and the injectivity radius is bounded from below.

We are grateful to G. Besson, E. Hebey, J. Jost and M. Vaugon for useful informa-
tion about harmonic coordinates.

2. PROOF OF THE MAIN THEOREM

In the blow-up argument we sketched before, the first idea which comes to mind is to
use a chart given by the exponential map, that is, to use geodesic normal coordinates.
However in those coordinates bounded geometry guarantees only a C%-control of the

metric. For example consider the metrics ¢,,,n € N, on R? given in polar coordinates
by

gn = dr® + G2 (r,0)d6?,
with
Gn(r,0) = (1 + ar® + e~ cos no),
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where a > 0 is big enough. In Cartesian coordinates x = r cos#,y = rsin ), we have
2 2G2 1 G2
3

In <x2+y2+(x2+y2)2 TT 2wy 2212 (22449

5 > dxdy

( y? N G )dy2
$2 + y2 ($2 + y2)2

= gfyda® + 2gfydady + ghydy®.

It is easily seen that g, is a complete and smooth metric on R? and that 9ij (0) = ;5 for

any n € N; so that, (z,y) are geodesic normal coordinates at the origin for the metrics

gn- The Gauss curvature of g, is given by K, = —Gina;g”. Thus, a computation
shows that
6a+ (% — %)6_1/7"2 cos nf
14 ar? + e/ cosnd

n =

Therefore, for a > 0 big enough, the Gaussian curvatures K, are negative and uni-
formly bounded on R? with respect to n. Consequently, the injectivity radius of
(R2, g,,) is infinite for any n € N. We can show directly (or as a consequence of Rauch
comparaison theorem) that for any r > 0 there exists g9 > 0 depending on 7, a and
not on n such that on the geodesic balls of (R?, g,,) centered at the origin with radius
r we have

Qo 152-]- < gi; < Qodij, as quadratic forms,

this gives a uniform C°-control of the metrics g,. Nevertheless we do not have uniform
C*-control. Indeed, consider for example the coefficient g7, we have

dgt; 0 z? 0 y? 9 y? 0G,
Ox —%($2+y2)+%((x2+y2)2)Gn+2G”($2 —|—y2)2 or

Observe that at any fixed point (x,y) # (0,0), there is only one term which is not
uniformly bounded with respect to n: the one involving the partial derivative of G,
with respect to z. In coordinates (x,y) we have

(a2 442) Re(z +iy)"

(22 + y2)n/2°
Also, at any fixed point (z,y) # (0,0), in the partial derivative 0G,,/0z, the only term
which is not uniformly bounded with respect to n is the one involving the derivative

Gol(z,y) = V22 + y2 + a(z® + y?)*/% + /22 + y2eV

of Re(z + iy)" /(x% 4+ y?)"*/2. We have, using the relations = = 7 cos ),y = rsiné,
9 Re(z +iy)" _ Re(z +iy)""! Re(z + iy)"

or ($2 i y2)n/2 =n ($2 i y2)n/2 ne ($2 + y2)1+n/2

= ; cos(n —1)0 — ; cos 6 cos(n — 1)6

n . .
= — sin @ sin nd.
r
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This shows that at any fixed point (z,y) # (0,0) whose argument 6 is not rational
with 7 the partial derivative (9¢{y/0z)(x,y) is not uniformly bounded with respect
to n. Consequently uniform estimates of the Gaussian curvature do not imply a local
C'-control of the metric in geodesic normal coordinates.

For this reason we will instead use harmonic coordinates. More precisely, we will
need the following result which can be deduced from [9, Theorem 6].

Theorem 2.1. Let o € (0,1) and § > 0. Let (M,g) be a smooth Riemannian 3-
manifold, without boundary, of bounded sectional curvature |K| < A < 400 and Q an
open subset of M. Set

= {z e M | dy(z,Q) < 5}

where dg is the distance asociated to g. Suppose there exists i > 0 such that for all
x € QUS) we have inj g\ (z) > i, where injy 4 () is the injectivity radius at .
Then there exist a constant Qo > 1 and a real number rq > 0, depending only
on i, 0, A and «, and not on M, such that for any x € §Q, there exists a harmonic
coordinate chart (U, o, B(z,70)), U being an open subset of R® containing the origin
and B(z,10) the geodesic ball in M centered at x of radius o, with ¢(0) = x, and such
that the metric tensor g is C“-controlled. Namely the components 9ij, 1,J =1,2,3

of g satisfy:

(2) Qo_léij < gij < Qodij, as quadratic forms,
7 a K]
3) Zsuprakgm ) +3 oup 22000 = Bugslall g,
e lye =1 y#£z g( )

We will also need the following result.

Lemma 2.2. Let (M,g) be a smooth complete Riemannian manifold of bounded
sectional curvature, |K| < A < 400 — thus for each x € M the exponential map
exp, : By (f) Cc T,M — B(z, }) is a local diffeomorphism.

Then in the closed ball Bg( \/—) the injectivity radius in By (%) endowed with the

pull-back metric explg is at least 4\/—

Proof. For any p € F@(ﬁ) we denote by i(p) the injectivity radius of p and by C(p)
its cut-locus in (Ba(%) explg). We denote by ig the infimum of i(p), p € B; (4\F)

Assume by contradiction that g < \/— Let (pn) € Bg( 1 \/—) be a sequence such

that i(p,) — 1o and i(p,) < 4\/— For each n we take a point ¢, € Bg( \/K) such that

i(pn) = d(pn, qn)(= d(pn, C(pn)), where d is the distance in (Ba(ﬁ),expmg), we can

assume that g, € Bg( 8%4— ’50) Up to choosing subsequences, we can assume that (p;,)
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converges to poo € F@(ﬁ) and that (gy,) converges to goo € Fa(g‘i’—ﬂm +%) c By( \F)

and s0 d(Poo, Goo) = 70-

Note that i9 > 0. Indeed, there is a neighborhood W C Bz (T) of po and there
exists ¢ > 0 such that for any points z,y in W there is a unique minimizing geodesic
of length < ¢ joining z to y, see do Carmo [4, Remark 3.8, p.72]. It follows easily
that there exist a neighborhood W’ C W of py, and ¢ > 0 such that for any x € W’
we have i(z) > ¢, and so ig > ¢,

Since d(pn,qn) < d(pn,aBﬂ(ﬁ)), there exists for each n a minimizing geodesic

an in Bz (\F) joining p, to ¢,. Actually, as ¢, € C(py,) and is not conjugate to py,
(since d(pp,qn) < 1 \/—) there is another minimizing geodesic [, joining p, to g,.

As d(pn,qn) = i(pn), by a usual argument, cf. for instance Petersen [16, Lemma 16,
p.142], o, and 3, fit smoothly together at ¢, to form a geodesic loop 7, (with possibly
a corner at p,). As the length of 7, is bounded from below by 2ig, up to taking a
subsequence, 7, converges to a geodesic 100p Yo, at Poo of length 2ig = 2d(peo, ¢oo)
with midpoint ¢o. Therefore ¢, € C(pso) and consequently i(ps) = io.

We now discuss two cases.

Case 1. Assume that ¢ & Bg 5( f)

Consider the geodesic sphere S centered at 0 of smallest radius enclosing the loop
Yoo- Then v, is tangent to S at some smooth point z. We now see this is contra-
dictory. For x € Bz (2\/—) set r(z) = d(x,0). Consider the function f(t) = r(yes(t)),

where t is an arc length parameter of v, with 74, (0) = 2.
We have f/(0) = 0 and f"(t) = V?r(yh,7h) + (V7 Fvbe) = V27 (7o, 7). By
comparison theorems we know that V27 is positive definite since r(z) < ﬁ +ip <

5 \/—, Petersen [16, Chapter 6, Section 5, Theorem 27]. Therefore f has a local strict

minimum at 0 contradicting the fact that S encloses the loop Yoo.

Case 2. Assume that ¢ € Bj (4\/_)

By the symmetry of the cut-locus, ps € C(¢s). Observe that we have by con-
struction ip < i(¢oo) < d(Poo, §oo) = i9. Therefore i(goo) = d(Poo, Goo) and so P is a
closest point t0 ¢ in C(gs). As before we deduce that 7. is also smooth at puo.
Taking the smallest geodesic sphere centered at 0 enclosing the closed geodesic Yoo
we arrive to a contradiciton as in case 1. O

We now start the proof of our Main Theorem.

We first show that the conclusion of the theorem is true with a constant C(A)
depending on A. Later we will show that this constant may be chosen independant
of A.

Assume by contradiction that for any n € N* there are: a complete smooth Rie-
mannian 3-manifold (M, g,) with bounded sectional curvature, |K| < A, a stable
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H,-surface ¥,, & M,, and a point p, € X, satisfying

™

(4) | An(pn)| min(ds, (pn, 0%n), SV

) = n,

A, being the second fundamental form of ¥,,.
We denote by D,, C ¥,, the open geodesic disk of radius min(dy,, (pn, 0Xr), 5 \/_)

centered at p,.

For any n € N* let us denote by 0, the origin in 7. o My, Call D,, the connected
component, containing 0,, of exp,, Y(Dn) N By - ( 3 \/_) C Ty, M,. We endow the ball
Bﬁn(ﬁ) with the pull-back metric exp, g,. By abuse of notation, we still denote by
gn this metric and note that its sectional curvature satisfies |K| < A.

Observe that D, is a stable H,-surface with trivial normal bundle in Bﬁn(ﬁ)‘
Indeed, by a result of Fischer-Colbrie and Schoen [6], there exists a positive Jacobi
function u on D,,, therefore uoexp, is a positive Jacobi function on 5n, this implies
stability of D, (cf. [6]). By abuse of notation we still denote by A, the second
fundamental form of D,, in (Ban(%), In)-

Note that

(5) |A,, (0, |m1n{d (0, 0D,,) m}Zn

Indeed, we have |A,(0,)] = |An(pn)| and one can check that for any z € 0D,
we have dg (6n,a;) > dp,, (pn,0Dy,) (consider the two cases = € E?Ban(ﬁ) and
r ¢ 0By (4\/—)). Then we conclude by (4).

Let a € (0,1) be a fixed number. Consider the constants Q9 > 1 and 7y given in
Theorem 2.1 applied to (M, g) = (B@n(%) gn), Q= BOn(s\/_) 0= \/K 4%
(cf. Lemma 2.2). We can assume that rog < m. Let p;, be a point in the closure of

D,, where the function f : D,, — R defined by f(z) = |A,(z |m1n{d (z,0D,,) ),70}

and 7 =

reaches its maximum. Note that p} is an interior point of Dn since f =0 on 8Dn.

One can check that f(0,) > 7‘0471. As £(0,) < f(p%) < |An(pf)|ro we get

©) Ani) =

Put p, = mm{d pn,8D ro}. Consider the geodesic disk D) C D,, of radius
pn/2 centered at p.

Consider for any n € N* the harmonic chart of M,,, (U, ¢n, B(pk,70)), given by
Theorem 2.1, where U, C R3 is an open neighborhood of the origin and ¢, (0) =

pl. By the property (2) the Euclidean ball of radius r9/Qq centered at the origin,
B.(0,79/Qo), is contained in U, for any n.
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Call A\, = |A4,(p})], by (6), A\, = +00. Since A\, = |A,(p})| > Hy, the sequence
H,, /), is bounded and so, up to taking a subsequence, we can assume that

(7) Hn — H* < 0.
An

We can also assume that (), ) is nondecreasing. Let F}, be the homothety of R? of ratio
1/A\,. Put V,, = F,;1(U,,) and observe that B.(0, \,70/Qo) C Vi, C Be(0,Qo\,10) for
any n. Therefore U,V,, = R? and, up to taking a subsequence, we can assume that
the sequence (V) is monotone for the inclusion.

We call (z1,22,x3) the cartesian coordinates of = € U, and (y1,y2,y3) those of
y = F,Y(z) € V,. Now we use a blow-up argument, we endow V,, with the metric

hyn = N2 F* (% gn). In the coordinates (z1, 72, 23) the metric % g, reads as

‘;Dngn Zgz] dxld':v_]

For any C'h*function w on an open set Q C R? we set:

[wll e —H"UHoo—FZSup‘akw ‘ Zsup |Okw(y) 31@10(73)\.

o 1y ly;éz ‘y_z‘a

Observe that, because of property (2) of Theorem 2.1, up to passing to a subse-
quence, we can assume that the sequence of inner products (gZ(O)) converges to some

inner product on R3. Up to a linear change of coordinates we can assume that this
limit is the Euclidean inner product (d;;).

From properties (2) and (3) of Theorem 2.1, there exists a constant () > 1 such
that :

(8) lgijllcrew,) < Q-

For each n and each y € V,, we have
Z 92] dyl dy]

Thus the components A} of hy, in the coordinates y = (y1,y2,y3) are given by hi’(y) =

9% (5L) for any y € V,,. Observe that a (?J) Aln gﬁi (5%), so we get on V:
Oh}; Q

9 i< X k=1,2,3.

®) oy | =2, FThE

Therefore we have for any y € V,,

n Q n
(10) |hij(y) — 6ij] < ﬁ)\—\y[ + [hi;(0) — 645
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Thus on any Euclidean ball B C V,, of radius R > 0 centered at the origin, we
get

Q Q Ql—i—a
(11) 1B = 8ijllcra(pyy < V3= R+3)\— T + [ (0) — 6551,
It follows that the sequence (V;,, h,) converges uniformly on compact subsets of R3

for the C1*Euclidean topology to (R3, geue), Where geye stands for the Euclidean
metric.
Composing with the diffeomorphism (¢, o F,,)~! we view D} as immersed in V,.

Note that the image (¢, o Fy,) " (p) = 0 € R? for any n and that D} is a geodesic
disk of radius A, p,/2 centered at p} for the metric induced by h,.

Note that A\np, = f(p¥) > f(0,) > rogn, thus
(12) AnpPn — F00.

For x € D}, we have dp (p,0D,) < 2dp (=, dD,). Since f(z) < f(p¥) we deduce
that the second fundamental form A} of D} in (V,,, h,,) satisfies

| A ()] <m1n{d pn,aD To}

(13) An @)l = An _mln{d a:(?D To}

It is important to observe that
(14) A5 (pr) =1

for any n € N*,

Let us call IT,, the second fundamental form of D} in (R?, geye).

Given m € N* denote by A, ,, the connected component of Dy N B, passing
through 0 (that is, containing p’). As the sequence of metrics h,, converges on com-
pact sets of R? t0 geye for the C1-Euclidean topology, we deduce from Proposition
4.1 in the appendix that there exists n,, € N* such that for any n > n,, and any
x € Ay m, we have

L, (2)| — |4z ()] < —.

Furthermore we have da,, ,, (P, 0Anm) > m, if n,, is big enough, since A\,p, — +o0.
Observe that if m’ > m then A, ,, C A, ,y. Moreover we can assume that the

sequence (n,,) is increasing. We set A,,, = A . Thus, we have constructed in this

T, M
way a sequence of connected surfaces A,, & R? passing through 0 (that is, containing
p) with the following property: for any k& € N* there exists nj such that for any

n > ng and any z € A, N By we have

(15) 1L, (z)| — |A (2)]| < % and da, (py,,00,) > k.
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In particular we get for n > ny

. 1
(16) ()~ 1| < -
Furthermore, for any k, any n > nj and any x € A,, N By, we get from (13) and (15):
(17) L, (2)] < 5.

We will use the following well known result which can be deduced from Colding-
Minicozzi [2] or Perez-Ros [15].

Proposition 2.3. Let ¥ ¢ R? be an immersed surface whose second fundamental
form A satisfies |A] < % for some constant § > 0. Then for any v € X with
dy(x,0%) > 46 there is a neighborhood of x in ¥ which is a graph of a function u

over the Euclidean disk of radius /26 centered at x in the tangent plane of ¥ at x.
Moreover u satisfies
(18) ul <26, |Vul<1 and |[VZu| < %

We deduce from the estimate (17) and Proposition 2.3 that for each n big enough,
a part of the surface A, is the graph of a function u, over a Euclidean disk of
radius v/20, with § = 1/20, centered at the origin in the tangent plane of A, at
the origin. Furthermore the functions u,, satisfy the uniform estimates (18). Up
to passing to a subsequence, still denoted A,,, and up to a rotation in R3?, we can
assume that the tangent planes TyA,, converge to the horizontal plane P through the
origin. Consequently, for n big enough, a part of A,, is the graph of a function still
denoted u,, over the Euclidean disk Dy of radius ¢ centered at the origin in P. By
continuity, note that the new functions w,, satisfy the following uniform estimates for
n big enough:

1

1
(19) lun| < 36, |Vu,| <2 and |VZu,|< 5 (with § = 2—0)

Thus we have obtained uniform CZ?-estimates for the functions w, on Ds. To go

further we need C*®-estimates, 0 < o < 1. This is the content of the next lemma.

Lemma 2.4. For any §' € (0,0) there exits a constant C which does not depend on
n such that for n big enough we have

(20) [unllcz.e(py) < C,
where Dg denotes the disk in P of radius &' centered at the origin.

Proof. Since the mean curvature of A, for the metric h, is H,/\,, we infer, see
for instance Colding-Minicozzi [2, p. 99-100], that the function wu, is solution of an
elliptic PDE of the form:

(21)

L(u) := a" (u, Vu, hy )uij+b" (u, Vu, by, O b )u; = 2)\—W(Vu, hn)+c(u, Vu, by, O hy),
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where by h, we mean the components (hy,)qg of the metric h, and by 0,,h,, we mean

the partial derivatives %, 1 < a,B,m < 3. Moreover the functions a*,b’, W

and c depend in a smooth way on their arguments.

Recall that the sequence (u,,) has uniform C?-estimates on Ds and so has uniform
Cl%estimates. Moreover the sequence of metrics (h,) converges to the Euclidean
metric geye for the CH*topology on compact sets.

Recall also that H,/)\, is bounded, see (7). Thus the functions a%(u, Vu,hy,),
b (u, YV, by, O hy) and 2(Hy /A )W (Vu, by )+ c(w, Vu, by, Oy by ) have uniform C%e-
estimates on Ds, that is, C%“estimates independant on n.

By Schauder estimates, see Gilbarg-Trudinger [7, Chapter 6] or Petersen [16, Chap-
ter 10], for any ¢’ € (0,4), there exists a constant Cy > 0 which does not depend on
n such that:

(22) ltnlloze(pyy < Co(IL(wn)llcany) + lunllcany) )-

Consequently, there exists a constant C' > 0 which does not depend on n such that:
(23) [unllc2e(py,) < C,

which concludes the proof of the lemma. O

Fix some & € (0,5). As the sequence (u,) is C*“bounded on the disk Dy, by
Arzela-Ascoli’s theorem there is some subsequence, still denoted (u,, ), which converges
to a C2-function u in the C?-topology. Since the mean curvature, H,, /\,, of the graph
of u, for the metric h, tends to H*, see (7), thanks to the Proposition 4.1 we know
that the mean curvature of the graph of u, for the Euclidean metric also tends to
H*. We deduce that the graph of u, denoted by S, is an H*-surface for the Euclidean

metric.
Note that this graph contains the origin and that its second fundamental form A

verifies: |A(0)] =1 and |A| < 5 on Dy (by (13), (14) and Proposition 4.1).

Let zyp € Dy at Euclidean distance ¢’/2 from 0 and fix once for all some ¢ € (&', 6).
Note that for n big enough, a part of the surface A,, is the graph of a function v,
over the Euclidean disk Dy (zg) centered at (zg,u(xo)) € S in the tangent plane
Tzo,u(x0))S- Using the same arguments as before, we can extract a subsequence of
(v,) whose graphs converge to a H*-graph over the disk Dy (z(). Observe that this
new graph is not contained in S because |Vu| < 1. We have in this way obtained a
new H*-surface extending S. We will still denote this extended H*-surface by S.

As da,, (0,0A,) — 400, using a standard diagonal process, we obtain a complete
H*-surface S immersed in R3, passing through the origin and whose second funda-
mental form A satisfies:

(24) IA(0)) =1 and |A| <5.

Consider the universal covering S of § , observe that S is naturally immersed in
R3 and its second fundamental form is bounded. Consequently, there exists an € > 0
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such that the map IT: W := § x (—e,+¢) — R3 given by II(p,t) = p + tN(p) is an
immersion, where N is the Gauss map of S. Therefore we can endow W with a flat

metric which makes II a local isometry. Note that Sis a complete H*-surface in W.

Claim: S is stable in W.

For any geodesic disk in S of radius ¢, for n big enough, a piece of A,, is a graph
over this geodesic disk of S. By construction of S, using this fact, for any compact
and simply connected domain U in S, a piece of A, will be a graph over U for n
big enough. Using a continuation argument, for any compact and simply connected
domain U in S , we can lift a part G, of A,, n big enough, to get a surface G, in
W which will be a graph over U. Moreover the graphs (~}'n converge to U in the
C?-topology.

Observe that each graph G, is a stable H-surface (with H = H,/A,) in (a part
of) W endowed with the metric IT*(h,,). Indeed, since G, is two-sided and stable for
the metric h,, by a result of Fischer-Colbrie and Schoen [6], there exists a positive
Jacobi function v, on G,,. The function v,, = v,, oIl is thus a positive Jacobi function
on G, for the metric IT*(hy,). Again by [6] this implies that G,, is stable.

For n big enough, én is the graph over U of a function which tends to 0 in the
C?-norm as n goes to +oo. In this way we may see the stability operator of én:
Jn = A, + | B2 + Ric,(v) as an operator on U. Here B* stands for the second
fundamental form of én, A,, denotes the Laplacian on én and Ric,,(v) denotes the
Ricci curvature in the direction of the unit normal field v to én, all of them with
respect to the metric IT*(hy,).

As the metrics IT*(h,,) converge to the flat metric II*(geye) in the C1®-topology

and |Ric, ()| < 2A/A2, it follows that the domain U is stable for the flat metric.

ns

This implies that S is stable in W for the flat metric as claimed.

As the immersion II is a local isometry we infer that the complete immersion
S — S C R? is stable. Thanks to results of do Carmo-Peng [5], Fischer-Colbrie and
Schoen [6], Pogorelov [17], Lopez-Ros [11] and Silveira [20], we know that S is a plane.
This contradicts the fact that |A(0)| = 1, see (24).

It remains to check that C'(A) can be chosen independant of A.

First we can assume that C'(A) is the infimum among the constants satisfying
the conclusion of the theorem. Let ¥ be any stable H-surface in (M, g). Observe
that X is a stable g—surface in (M,72g) for any 7 > 0 and that the quantity
|A(p)|min{d(p, 0%), ﬁ} is scale invariant. It follows that C(A) = C(A/72) for
any 7 > 0 and so C'(A) does not depend on A, which concludes the proof of the Main
Theorem. (]

The same proof gives the following local result.
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Theorem 2.5. Let (M, g) be a smooth Riemannian 3-manifold (not necessarily complete),

with bounded sectional curvature |K| < A < +oo. Let Q be an open subset of M such
that there exists & > 0 for which Q(d) is relatively compact in M (cf. Theorem 2.1
for the notation).

Then there exists a constant C = C(52A) > 0 depending only on the product §>A
and neither on M nor on §Q, satisfying the following:

For any immersed stable H-surface ¥ 9 , with trivial normal bundle, and for
any p € ¥ we have

C

min{d(p, 0%),

[A(p)] < TS
vl

3. APPLICATIONS

In this section we consider Riemannian 3-manifolds (M?3,g) which fiber over a
Riemannian surface (M2, h). We assume that the fibration IT : (M3, g) — (M?,h) is
a Riemannian submersion with the following properties.

(1) Each fiber is a complete geodesic of infinite length.

(2) The fibers of the fibration are the integral curves of a unit Killing vector field

€ on M3.

A fibration satisfying (1) and (2) will be called a Killing submersion. It can be
shown that such a fibration is (topologically) trivial. Indeed, there always exists
a global section s : M? — M3 (see Steenrod [22, Theorem 12.2]). Considering
the flow ; of &, a trivialization of the fibration is given by the diffeomorphism:
(p,t) € M? X R — @4(s(p)) € M.

Notice that there are many such 3-manifolds, including R3, PSE(\Q,/R) (which fibers
over the hyperbolic plane H?), the Heisenberg space Nils (which fibers over the Eu-
clidean plane R?) and the metric product spaces M? x R for any Riemannian surface
(M2, h).

Definition 3.1. Let I1: (M3, g) — (M?,h) be a Killing submersion.

(1) Let Q C M? be a domain. An H-section over € is an H-surface in M3 which
is the image of a section s : Q — M3, with s of class C% on Q and C° on Q.

(2) Let v C M? be a smooth curve with geodesic curvature 2H. Observe that
the surface II=1(y) C M?® has mean curvature H. We call such a surface a
vertical H -cylinder.

We may also consider H-sections without boundary.

Remark 3.2. Let s : Q — X C Q be a H-section where Q C M? is a relatively
compact domain. We make the following observations.

(1) For any interior point p € Q the H-surface X is transversal at s(p) to the
fiber. Indeed, assume by contradiction that X is tangent to the fiber at the
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interior point s(p). Let S C M?3 be the vertical H-cylinder tangent to ¥ at
s(p) with the same mean curvature vector. Then, in a neighborhood of s(p),
the intersection XNS is composed of n > 2 smooth curves passing through s(p).
But the union of those curves cannot be a graph, contradicting the assumption
that ¥ is a graph over Q.

(2) Let 51 : Q@ — X1 C Q be another H-section over Q such that the mean
curvature vector field H, points in the same direction as the mean curvature
vector field H of X, that is, the scalar products g(ﬁ,ﬁ) and g(ﬁl,ﬁ) have the
same sign. Assume that there exists a constant C' > 0 such that |s(p)—s1(p)| <
C at any p € 0N where |s(p) — s1(p)| denotes the distance on the fiber over p
between the points s(p) and s1(p). As & is a Killing field, the translated copies
of X along the fibers are also H-surfaces whose mean curvature vector has the
same orientation as that of . Then applying the maximum principle to ¥y
and a translation of ¥ by &, we deduce that we have also |s(p) — s1(p)| < C
at any p € Q.

This gives for any such H-section Y1 height estimates, relative to X2, de-
pending on the vertical distance between the boundaries of ¥ and 1.

Our first application is as follows.

Theorem 3.3. Let I1: (M3,g) — (M?,h) be a Killing submersion and let s :  —
¥ C M3 be an H-section over a domain Q C M?. Let Uy be a neighborhood of an arc
v C O and s : Uy — M3 a section.

Assume that for any sequence (p,) of Q which converges to a point p € -y, the height
of s(pn) goes to +o0, that is s(pn) — so(pn) — +00.

Then, v is a smooth curve with geodesic curvature 2H. If H > 0 then 7y is convex
with respect to Q) if, and only if, the mean curvature vector H of ¥ points up, that
18, if g(ﬁ,ﬁ) > 0 along ¥. Moreover, ¥ converges to the vertical H-cylinder TI~1 ()
with respect to the C*-topology for any k € N; this convergence will be made precise
in the proof.

Proof. Let p € v and (p,,) a sequence in ) converging to p. Let B(p, p) be a compact
geodesic disc of M? centered at p, with the radius p small so that s(2 N B(p, p)) is
far from 0.

Let %, be the H-section obtained by translating > by the integral curves of £
so that s(p,) goes to so(pn) = Dn. After passing to a subsequence, we can assume
the tangent planes T

Pn
p = so(p)-
We deduce from the Main Theorem, Proposition 4.3 (H-sections are stable) and a

. converge to a 2-plane Py of the tangent space T;M 3. here

continuity argument that there exist two real numbers 6,y > 0 such that for n big

enough, a part of 3, is the Euclidean graph (in the sense of Remark 4.2) of some
function w,, over the disk of Py centered at p with Euclidean radius 6. Furthermore
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this part of i‘,n contains the geodesic disk, denoted by l~?n, centered at p,, with radius
do-

Since the mean curvature of each l~)n is constant and equal to H, the functions .,
satisfy an elliptic PDE. Therefore, using the Schauder theory, we can find a subse-
quence of the previous subsequence converging for the C*-topology, for any k € N,
to some H-surface Dy passing through p with tangent plane Pj, T5D5; = Pj. Since
Dy is the limit of vertical graph and p = II(p) is a boundary point of €2, the tangent
plane at p must be vertical. Furthermore D5 contains the geodesic disk centered at
p with radius dg/2. Denoting by N the unit normal field along Dy given by the limit

of the unit normal fields along the disks D,,, observe that the function g(N,¢) is a
Jacobi function on Dj. As each D,, is a vertical graph, this function has a sign, but it

vanishes at an interior point of D5: p. Therefore, the maximum principle, see Spivak
[21, Chapter 10, Addendum 2, Corollary 19] shows that g(V, &) is the null function.
This means that the normal field N is horizontal. Clearly, this implies that the limit
surface Dy is a part of the vertical cylinder over some curve a C M 2. Since Dy
has mean curvature H and the fibers are geodesic lines of M3, the curve & must be
smooth and must have geodesic curvature 2H in M?2.

Since each D, is, up to a translation along the fibers, part of the graph 3 over €,
we deduce that:

(1) acQc M2
(2) Each converging subsequence of l~)n must converge to the same H-surface Dj.

(3) The limit surface Dy doest not depend on the sequence (p,) of £ converging
top €.

Now we show that we have a C v C 0, that is, the arc v is smooth and has
geodesic curvature 2H.

Assume by contradiction that there is an interior point ¢ € @ N ). Take any point
q € D5 in the fiber over ¢, II(¢) = ¢. By construction, ¢ is the limit of some sequence

(Gn) with G, € D,. Since the sequence (D)) converges to (a part of) the vertical
cylinder II~1 (&) with the C*-topology for any k € N, the surface ¥ must be vertical

at s(q), contradicting the fact that ¥ is transversal to the fibers, see Remark 3.2-(1).
The assertion about the convexity of the arc 7y is obvious. U

Remark 3.4. In the case where M3 is the metric product space H?> x R or S? x R,
the result above was shown in an analytic way by Hauswirth, Rosenberg and Spruck

8]

Remark 3.5. In a Riemannian product (M3, g) = (M?,h) x R, consider a domain
Q C M? and a smooth surface ¥ C M3 which is the vertical graph of a function u on
Q. Let N be a unit normal field on ¥ and let £ = % be the unit vertical field. Then
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we have
1

1+ ’thP‘

Therefore, bounding |Vpu| from above is equivalent to bounding |g(N,&)| from below
away from 0.

l9(N,€)| =

As a second application we obtain interior gradient estimates, see Remark 3.5, for
H-sections.
Theorem 3.6. Let I1: (M3, g) — (M2 h) be a Killing submersion. Let Q C M? be

a relatively compact domain and s : Q — g a C°-section over Q.
Then, for any Cy,Cy > 0, there exists a constant o = «(Cq,Cs, Q) such that for

any p € Q with d(p,0Q) > Co and for any H-section s : Q@ — X C M3 over Q
satisfying |s — so| < C1 on £, we have

(25) |9(N,€) (s(p))] > «,
where N is a unit normal field along X.

Proof. Assume by contradiction that there exist positive constants C7 and Cy such

that for any n € N* there exists a H,-section s, : Q@ — %, C M3 over Q with
|sn — so| < C4, and there exists a point p, € £ such that d(p,,0Q) > Cy and
verifying

)

S

(26) |9(Nn, &) (sn(pn))| <

where N, is the unit normal field along ¥, oriented by H,.
Since € is compact, there exists a subsequence of (pn) converging to a point p € €,

with d(p, 9) > Cs. For each n € N* we denote by 5, the vertically translated copy
of ¥, passing through p, := so(p,). Observe that the sequence (p,) converges to
p = so(p).

Since each H,,-surface ¥, is a vertical graph, %, is stable. Thus we can apply our
Main Theorem and Proposition 4.3. Therefore, there exist positive constants § and

do such that for each n € N* a part S, of ¥, is a Euclidean graph over the disk of
T5, in centered at p,, with Euclidean radius §g, furthermore §n contains the geodesic

disk l~?n of in centered at p,, with radius 9.
As usual, up to choosing a subsequence, we can assume that the sequence of tangent

planes (T3, in) converges to a 2-plane Py C T;M 3 at p.
Taking into account (26), we deduce that Py is vertical. Thus, there exists a positive
number §{), < &y such that for n big enough, a part of S, is a Euclidean graph over the

disk of P; centered at p with Euclidean radius d; and this part contains the geodesic

disk of in centered at p, with radius §/2.
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Observe that the sequence (H,) is bounded. Indeed, consider the geodesic sphere
S(p) in M3 centered at p with radius Cy/2 and Hy > 0 an upper bound of the absolute
mean curvature of S(p).

Using the comparison principle applied to ¥, and a suitable translated copy of
S(p) along the fibers, we get |H,,| < Hp. Up to taking a subsequence, we can assume
that H, — H.

As in the proof of the Main Theorem, using the Schauder theory, we can prove that

a subsequence of (§n) converges in the C*-topology, for any k € N, to a H-surface S
passing through p with vertical tangent plane Py = T5§ . As in the proof of Theorem
3.3, the maximum principle, see Spivak [21, Chapter 10, Addendum 2, Corollary 19|,
shows that g(N, &) is the null function on S, where N is the limit unit normal field
on S. This means that S is part of a vertical H-cylinder over some curve 7 C €, that
is, S c I"1(3). Since S is a H-surface, 7 is a smooth curve with geodesic curvature

2H. Finally, S contains the geodesic disk of II-1(7) centered at p with radius §/2.

Let us call ¢ € II7!(p) € M3 the point in the same fiber than p with vertical
distance §/4, lying over p. Observe that, by construction, ¢ is the limit of some
sequence (), with ¢, € D, C %,. Observe that I1(§) € Q and d(I(§), 8Q) > C,
since II(q) = p. Therefore, the same arguments used above show that the geodesic
disk of the vertical H-cylinder II"1(¥) centered at ¢ with radius 6/2 is the limit of a
sequence (X)), ! C &, extending in this way the part S of II-(%).

Repeating this argument, we can show that a connected part of the vertical H-
cylinder II71(5), which is as high as we want, is contained in the limit set of the

sequence (X,). This gives a contradiction since the vertical distance between ¥y and
3y, is uniformly bounded by Cy by hypothesis. O

4. APPENDIX

Proposition 4.1. Let U C R3 be an open set and let S C U be an immersed C?-
surface without boundary. Let g be a metric on U, denote by geyc the Fuclidean metric.

Let respectively A and A be the second fundamental forms of S for the metrics geuye

and g. Assume that |A| < C for some constant C > 0.
Then, for any n € N*, there exists a constant C,, > 0 which does not depend on
S such that if ||9ij — Geuc,ijllcr@wy < Cn, 1 < 4,5 < 3, then for any p € S and any

nonzero tangent vector v € T),S we have:

— 1 — 1
(27) Rp) = p(0)] < = and |H -~ H|p) < -,
where \p(v), resp. Ap(v), denotes the normal curvature of S at p in the tangent
direction v with respect to the metric Geue, Tesp. g, and H, resp. H, denotes the

mean curvature of S at p for the metric geye, resp. g, (the curvatures of both surfaces
being computed with respect to normals inducing the same transversal orientation).
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Consequently, for anyn € N*, there exists a constant C], > 0 which does not depend
on S such that if ||9ij — Geuc,ijllcr @y < Cpy 1 <4, < 3, then we have:

(28) 141 - 1Al < -

Proof. Let us denote the normal curvatures by A(v) and A(v).
Observe that if we have ||g;; — geuc’UH@(U) < C for some constant C' > 0 then, for
any BEuclidean change of coordinates we certainly have | g;; — geuc’UH@(U) < 9C in

the new coordinates.
We can choose Euclidean coordinates (z1,xz2,x3) of R3 such that the origin co-

incides with p, the tangent plane 7,5 coincides with the plane {z3 = 0} and v is
tangent to the xi-axis. Thus, a neighborhood S, of p in S is the graph of a function
x3 = u(x1,x2) defined in a neighborhood V of the origin in the plane {z35 = 0}. There-
fore a parametrization of S, is given by (x1,z2) — F(z1,22) = (21, z2, u(x1,22)),
(l‘l,l‘Q) eV cC {:Eg = 0}.

Let us set F; = 8:0 , Us = g—;, i =1,2. We have

(29) u;i(0)=0, i=1,2

We denote by N the Gauss map of S for the metric ¢ and by N the Gauss map
of S for the metric geye, both oriented so that at 0 we have N(0) = (0,0,1) and
Jeuc(N, N)(0) > 0.

We have by definition:

X(v)=%(0) wd ) = 725(0),

where V stands for the Levi-Civita connection with respect to the metric g.
Using (29) we get F1(0) = 0;,. Furthermore a straightforward computation shows
that:

1

N(0) = (9202, +9% 00y +902,) (0)  and (VR F1)(0) = (Va,, 0z, ) (0)+u11(0)0as,

433
Therefore we deduce that

(30) Av) = p \/—< Vam z15 9 38961 + 9238502 + 9338963)( )+ u11(0)>,
11

(31)  A(v) = un (0).

Observe that if the metrics g and gey. are close enough on U in the C'-topology then
the expression g(%xl Oy 9304, + %00, + g330,,)(0) is as close to 0 as we want and

1
giiy/ g33

are independant of u, that is, independant of the surface S. By hypothesis, we have
A(v)] < C. Therefore there exists a constant D,, > 0 which does not depend on

the expression is as close to 1 as we want. Observe that these expressions
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S such that [|gij — Geucijllcr@wy < Dn, 1 < 4,5 < 3, implies that |u11(0)] < 2C.

Consequently we have:

‘X(U) —)\(’U)‘ < 20‘1 ‘g Vazl z179 138:(:1 +g238x2 +9338963)( )

g11vyg ‘ g11v g
For the same reasons as before, there exists a constant C,, > 0, with C,, < D,,, which
does not depend on S such that ||gij — Geuc,ijllcr () < Cn, 1 < i,j < 3, implies that

IA(v) — A(w)| < e

Let us denote by Amax, Amin, Amax and Amin the principal curvatures of S at P for the
metrics g and geye respectively. It follows that:

_ 1 — 1
|)\max - )\max| < — and |)\min - )\min| < —.
n n

Therefore:
1

|H — H| < —.

n

Let k£ > 0 be some integer and let C be the constant given in the first part of the
proposition. Thus, if [|gij — geuc,ijllcr(wy < Ck, 1 <4, j < 3, then we have:

— 1 — 1
|)\max - )\max| < — and |)\min - )\min| < =

k k
on S. Therefore we get

142 - 4P \—1 mx+Aim>—(Xfm+Xfmn>

(2| Amax| + + 2[Amin| + )

?rIH ?rl»—‘

2
4C
(c+2).
— 12 —
To conclude the proof just observe that ‘|A| - |A|‘ < ‘|A|2 - |A|2‘. O

Remark 4.2. Let (M,g) be a smooth Riemannian 3-manifold and let S & M be
an immersed surface. Let p € S be an interior point of S. Let (U, p, B(p,19)) be a
harmonic coordinate chart at p, where B(p,ro) is the geodesic ball in M centered at
p with radius ro such that B(p,m9) NS = 0. Let us denote the harmonic coordinates
on U by (x1,22,73) and let us consider the Buclidean metric dx? + dx3 + dx3 on
U. Viewing the connected component of B(p,r9) NS through p in U observe that
a neighborhood of p in S is a Fuclidean graph over a FEuclidean disk in the tangent
plane T,S centered at p.

The arguments of the proof of the Proposition 4.1 can be used to show the following
result which is very useful for the applications.
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Proposition 4.3. Let (M,g) be a smooth Riemannian 3-manifold (not necessarily
complete), with bounded sectional curvature |K| < A < 400 and letr > 0. Let Q C M
be an open subset of M such that the injectivity radius in M at any x € Q is > r.

Then for any C1 > 0 and Cy > 0 there exist constants 9,00 > 0 depending only on
C1,Co, A and r and neither on M nor on Q) satisfying the following:

For any immersed surface S % Q whose second fundamental form A satisfies
|A] < Cy and for any p € S such that ds(p,dS) > Cy then a part Sy of S is contained
in the image of a harmonic chart and is a Euclidean graph (see Remark 4.2) over
the disk of T,,S centered at p with FEuclidean radius 6. Furthermore, the subset Sy
contains the geodesic disk of S centered at p with radius dg.

Proof. Let us fix some constants o € (0,1) and Qg > 1. The Theorem 6 in Hebey-
Herzlich [9] shows that there exists some ro = 79(Qo,a,7,A) > 0 such that for
any x € () there exists a harmonic coordinate chart (U, ¢, B(z,79)) satisfying the
assumption of the Theorem 2.1 where B(z,r) is the geodesic ball in M centered at

x with radius rq.
Let C1,C5, S and p € S be as stated. Consider a harmonic coordinate chart

(U, ¢, B(p,m0)) at p, and call = (x1,z2,x3) the coordinates on U C R3, we have

Z sup |0k gij(x Qo and Q 152-]- < gij < Qod;j as quadratic forms.

e 1x€
We want to show that there exists a constant C'5 = C'3(C7) which does not depend on
p € S or on S such that |A(p)| < C5 where A denotes the second fundamental form
of SN B(p,rg) for the Euclidean metric da? + dz3 + dz3. Let v € T,,S be a nonzero
tangent vector. Choose Euclidean coordinates y = (y1,%2,y3) in U such that the
tangent plane T,,S coincides with the plane {y3 = 0} and v is tangent to the y;-axis.
In those new coordinates we have

(32) Zsup 10kgi; (y)] < 9Qo and Qg 0ij < gij < Qodij as quadratic forms.
k=1Y€U
where Jy stands for the partial derivative with respect to y.
Let us denote by \,(v), resp. A,(v), the normal curvature of S at p in the tangent

direction v with respect to the Euclidean metric geye, resp. g. We get from the
formulae (30) and (31) established in the proof of the Proposition 4.1 that

(911 g* ~9(Va,, 051,90y, + 9%y, + 9%°0y,)(0).

Taking into account the formulae (32) we get that the expressions (g111/¢3%)(0) and
| g(%yl Oy1» 9130y, + 9%30y, + g%30,,)(0)| are bounded by a constant @ which only
depends on Qy. Therefore the expression |\,(v)| is bounded by a constant Cy which
depends only on C7 and )y and which does not depend on p € S or on S. Conse-
quently we have |A| < 2Cy4 on S. Now the proof follows from the Proposition 2.3
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setting 6 = 1/8C}. The second part of the estimates (32) shows that we can choose
do = /Qo-

(1]

[10]
[11]

[12]

[13]
[14]

[15]

[16]

[17]
18]

[19]

[20]

O

REFERENCES

P. Bérard & L. Hauswirth. General curvature estimates for stable H -surfaces immersed into
a space form, J. Math. Pures Appl. 78, no. 7, 667-700, 1999.

T.H. Colding & W.P. Minicozzi. Minimal Surfaces, Courant Lecture Notes 4, 1999.

T.H. Colding & W.P. Minicozzi. Estimates for parametric elliptic integrands, Int. Math. Res.
Not. no. 6, 291-297, 2002.

M. do Carmo. Riemannian geometry. Translated from the second Portuguese edition by
Francis Flaherty. Mathematics: Theory & Applications. Birkhuser Boston, Inc., Boston,
MA, 1992.

M. do Carmo & C.K. Peng. Stable complete minimal surfaces in R® are planes, Bull. Amer.
Math. Soc. (N.S.) 1, no. 6, 903-906, 1979.

D. Fischer-Colbrie & R. Schoen. The structure of complete stable minimal surfaces in 3-
manifolds of nonnegative scalar curvature, Comm. Pure Appl. Math. 33, no. 2, 199-211,
1980.

D. Gilbarg & N.S. Trudinger. Elliptic partial differential equations of second order, Reprint
of the 1998 edition. Classics in Mathematics. Springer-Verlag, Berlin, 2001.

L. Hauswirth & H. Rosenberg & J. Spruck. Infinite boundary value problems for constant
mean curvature graphs in H? x R and S? x R, to appear in Amer. Jour. Math.

E. Hebey & M. Herzlich. Harmonic coordinates, harmonic radius and convergence of Rie-
mannian manifolds, Rend. Mat. Appl. (7) 17, no. 4, 569-605, 1997.

E. Heinz. ber die Lsungen der Minimalfichengleichung, Nachr. Akad. Wiss. Gttingen. Math.-
Phys. Kl. Math.-Phys.-Chem. Abt., 51-56, 1952.

F. Lpez & A. Ros Complete minimal surfaces with index one and stable constant mean
curvature surfaces, Comment. Math. Helv. 64, no. 1, 34—43, 1989.

W. Meeks & J. Pérez & A. Ros. Stable constant mean curvature surfaces, Advanced Lectures
in Mathematics, Vol. 7, Handbook of Geometric Analysis, No. 1, International Press, 301—
380, 2008.

B. Nelli & H. Rosenberg. Minimal surfaces in H? x R, Bull. Braz. Math. Soc. (N.S.) 33, no.
2, 263292, 2002.

B. Nelli & H. Rosenberg. Global properties of constant mean curvature surfaces in H? x R,
Pacific J. Math. 226, no. 1, 137-152, 2006.

J. Pérez & A. Ros. Properly embedded minimal surfaces with finite total curvature, The
global theory of minimal surfaces in flat spaces (Martina Franca, 1999), Lecture Notes in
Maths.1775, 15—66, Springer, Berlin, 2002.

P. Petersen. Riemannian geometry, Graduate Texts in Mathematics 171, New York Springer,
2006.

A. Pogorelov. On the stability of minimal surfaces, Soviet Math. Dokl., 24, 274-276, 1981.
A. Ros. One-sided complete stable minimal surfaces, J. Differential Geom. 74, no. 1, 69-92,

2006.
R. Schoen. Estimates for stable minimal surfaces in three-dimensional manifolds, Seminar on

minimal submanifolds, 111-126, Ann. of Math. Stud., 103, Princeton Univ. Press, Princeton,
NJ, 1983.

A .M. Da Silveira. Stability of complete noncompact surfaces with constant mean curvature,
Math. Ann. 277, no. 4, 629-638, 1987.



hal-00363122, version 2 - 24 Jun 2009

22 HAROLD ROSENBERG & RABAH SOUAM & ERIC TOUBIANA

[21] M. Spivak. A comprehensive introduction to differential geometry, Vol 5, Boston, Publish or
Perish, 1979.

[22] N. Steenrod. The Topology of Fibre Bundles, Princeton Mathematical Series, vol. 14. Prince-
ton University Press, Princeton, N. J., 1951

[23] S. Zhang. Curvature estimates for CMC surfaces in three dimensional manifolds, Math. Z.
249, no. 3, 613-624, 2005.

INSTITUTO DE MATEMATICA PURA E APLICADA (IMPA)
ESTRADA DONA CASTORINA, 110

CEP 22460-320

R10 DE JANEIRO, RJ

BRrASIL

E-mail address: rosen@impa.br

INSTITUT DE MATHEMATIQUES DE JUSSIEU

CNRS UMR 7586 - UNIVERSITE PARIS DIDEROT - PARIS 7
GEOMETRIE ET DYNAMIQUE

SITE CHEVALERET

CASE 7012

75205 - PARIS CEDEX 13, FRANCE

E-mail address: souam@math. jussieu.fr

E-mail address: toubiana®@math. jussieu.fr



