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Abstract
Letk be afield of characteristic n@tor 3. Let V' be thek-space of binary cubic poly-
nomials. The natural symplectic structure lohpromotes to a symplectic structure
wonV and from the natural symplectic action of §lk) one obtains the symplectic
module(V, w). We give a complete analysis of this symplectic module froengoint
of view of the associated moment map, its norm squa(essentially the classical
discriminant) and the symplectic gradient@f Among the results are a symplectic
derivation of the Cardano-Tartaglia formulas for the raxta cubic, detailed param-
eters for all §(2, k) and G[2, k)-orbits, in particular identifying a group structure
on the set of SR, k)-orbits of fixed nonzero discriminant, and a purely symptect
generalization of the classical Eisenstein syzygy for theadants of a binary cubic.
Such fine symplectic analysis is due to the special sympleetiure inherited from
the ambient exceptional Lie algebta.

1 Introduction

Binary cubic polynomials have been studied since the némttecentury, being the
natural setting for a possible extension of the rich thedtyilmary quadratic forms.
An historical summary of progress on this subject can be dann5], especially
concerning results related to integral coefficients. Wfalea fixed binary cubic in-
teresting questions remain open, e.g. its range in theaéntethe number of solu-
tions, etc., it is the structure of the space of all binaryicsithat is the topic of this
paper.

The space of binary cubics, we will take coefficients in a fiddan example of
a prehomogeneous vector space undé¢2 &), and from this point of view has been
thoroughly investigated. Beginning with the fundamentapgr by Shintani [14],
recast adelically in [16], an analysis of this pv sufficientbtain the properties of the
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Sato-Shintani zeta function was done. Subsequently deleseriptions of the orbit
structure were obtained, in particular relating them teegions of the coefficient
field. A feature of this space, and some other prehomogersgmaces, apparently
never exploited is the existence of a symplectic structirichwis preserved by the
natural action of S, ).

The purpose of this paper is to expose the rich structureeo§gface of binary
cubics when viewed as a symplectic module using the staridafsl of equivariant
symplectic geometry, viz. the moment map, its norm squane jta symplectic gra-
dienti.e. the natural Hamiltonian vector field. The advgetaare several: somewhat
surprisingly, the techniques are universally applicabi&h the only hypothesis that
the fields not be of characteristic 2 or 3; there are expligitglectic parameters for
each orbit type (including the singular ones not studiediptesly) that are easily
computed for any specific field; the computations are ngtumlobtain new results
for the space of binary cubics e.g. a group structure ongni¢ obtain ancient re-
sults for cubics, namely a symplectic derivation of the @aia Tartaglia formula for
aroot.

This paper arose as a test case to see the extent that we m#hépnore gen-
eral project [15] on Heisenberg graded Lie algebras. A sgotid module can be
associated to every such graded Lie algebra and in the cdbe split Lie algebra
&4, this symplectic module turns out to be isomorphic to thecep binary cubics
with the SI2, k) action mentioned above. Although our approach to binaryoslib
inspired by the general situation, in order to give an adbksand elementary pre-
sentation, we have made this paper essentially self-cwdanith only one or two
results quoted without proof from [15].

The symplectic technology consists of the following. Thememt mapyu, maps
the space of binary cubic® (k?") to the Lie algebral(2, k) of SI(2, k). By means
of the Killing form onsl(2, k) one obtains a scalar valued functignon S*(k%%),
the norm square gi. Using the symplectic structure one constraktshe symplec-
tic gradient of@, as the remaining piece of symplectic machinery. This syatjd
module appears to be "special” in several ways, e.g. a coieseg of our analysis is
that all the S{2, k) orbits inS?(k2") are co-isotropic (see [15] for the general case).
Let us recall that over the real numbers it has been showrthbes is also a very
strong link between special symplectic connections (sp&f81 Heisenberg graded
Lie algebras (called-graded in [3]).

Here is a more detailed overview of the paper. We will anabaeh of the sym-
plectic objectsu, Q, ¥ and determine for each of them their image, their fibre, the
Sl(2, k) orbits in each fibre, and explicit parameters and isotropgéeh orbit type.
This is all done with symplectic methods, so that furtherenoee identify the sym-
plectic geometric meaning of these fibres. For example, we shat the null space,
Z, of v is the set of multiples of cubes of linear forms. A$5k) preserves the null
space, we obtain a decomposition into a collection of is@hicrLagrangian orbits
which we show are parametrized ky/k*>. Binary cubics whose moment lies in
the nonzero nilpotent cone o2, k) turn out to be those which contain a factor that
is the square of a linear form. For these there is only ond,avhiose image under
we characterize. The pullback by means.adf the natural symplectic structure on
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the image and the restriction of the symplectic forn8é(%2") essentially coincide.
The generic case is when the image of the moment map lies sethesimple orbits
of s[(2, k). In this case the 82, k) orbits are different from the @G, k) orbits, in
contrast to the earlier cases. Here each of the valu@smf* determine a collection
of SI(2, k) orbits for which we give symplectic parameters using a ‘sdroubes’
theorem. As a consequence we show that the orbits for a fixezeno value of)
form a group (ovefZ see [1]) which we explicitly identify. Interestingly, a lairy
cubic is in the orbit corresponding to the identity of thi®gp if and only if it is
reducible. The set of binary cubics corresponding to a fixaakero value of) is
not stable under @2, k). However the set of binary cubics for which the valu&bf
belongs to a fixed nonzero square clasg i stable under G2, k) and we obtain
an explicit parametrisation of all Gl, k) orbits on this set.

If the field of coefficients is specialized to s@ythen several of the results herein
are known. For example, that the zero sef)ab the tangent variety t&, or that the
generic orbitis the secant variety Bfcan be found in the complex algebraic geomet-
ric literature. For some other fields other results are initamture. However, the use
of symplectic methods is new to all these cases and givesfginmapproach that
seems to make transparent many classic results. For exaargaeeful analysis gf
andv in the generic case leads to a proof of the Cardano-Tartfagtiaula for a root
of a cubic. As another application we conclude the paper witlymplectic gener-
alization of the classical Eisenstein syzygy for the cavats (compare to [12],[10])
of a binary cubic. This is interesting because there is alogoa of this form of the
Eisenstein syzygy for the symplectic module associatechyoHeisenberg graded
Lie algebra ([15]). Finally, we remark that the symplectietirodology used in this
paper could be used to understand binary cubics over thgerger more general
rings.

We are very pleased to acknowledge the support of our ragpatstitutions that
made possible extended visits. To the gracious facultyetthiversité Louis Pasteur
goes a sincere merci beaucoup from RJS. In addition, RISwaatknowledge the
support of Max Planck Institut, Bonn, for an extended stasirduwhich some of
this research was done.

2 Binary cubics as a symplectic space

Let k be a field such thathar(k) # 2,3. The vector spacé?” has a symplectic
structure
Qax +by,ad'z +b'y) = ab' — bd’.

Functorially one obtains a symplectic structure on the Ebirmry cubics
S%(k2") = {ax® + 3bx2y + 3cay® + dy® : a,b,c,d € k}.
Explicitly, if P = ax3+3bx%y+3cry?+dy® andP’ = o’ 23+3V 2%y +3c xy?+d'y3,

w(P,P") = ad — da’ — 3bc’ + 3cb’. 1)
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In particular, we have
w(P, (ex + fy)*) = P(f, —e). )
Hence forex + fy # 0,
(ex + fy) | P <= w(P,(ex + fy)’) =0. (3

This indicates that one can use the symplectic forta study purely algebraic prop-
erties of the space of binary cubics. More generally, therpiay of symplectic meth-
ods and the algebra of binary cubics will be the primary theffithis paper.

The group

i) = {(25) = =)

acts onk2" via the transpose inverse:

R N 4 RS

and this action identifies 81, k) with the group of transformations & " that pre-
serve the symplectic forn®, i.e. Sk2", £2). It follows that the functorial action
of SI(2, k) on S3(k2") preserves the symplectic form There is no kernel of this
action thus SR, k) — Sp(S3(k27), w).

The Lie algebral(2, k) acts onk?" via the negative transpose:

<: _ﬁa>'ﬂf——afﬂ—ﬁy, <: _ﬁa>-y——w+ay, ()

which in terms of differential operators acting on polynahfiunctions onk? corre-
sponds to the action

«
In particular, this gives the following action ef(2, k) on cubics:
23— —3az® — 362°%y
v’y = —y2® — az’y — 2By
xy2 — —27x2y + owcy2 . ﬁy3
y? — —=3yzy® + 3ay®.

2.1 Symplectic covariants

Among the basic tools of equivariant symplectic geometeythe moment map.j,
its norm square@) and the symplectic gradient @ (¥). The symplectic struc-
ture onS? (k%) is not generic as it is consistent with one inherited from mbiant
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Heisenberg graded Lie algebra, hence the descriptioniapda [15] in the setting
of Heisenberg graded Lie algebras we derive the fundampraperties of the basic
symplectic objects as well as give explanations for norairadi constants, and iden-
tify characteristic features of these special symplettigcsures. For the purposes of
this paper the explicit formulae will suffice.

Definition 2.1 (i) The moment map : S3(k?") — sl(2, k) here is

ad — be 2(bd—02)) . 7

3 2 2 3\ _
plax” + 3bx"y + 3cxy” + dy°) = (2(172 — ac) —(ad — be)

(i)) The cubic covarian® : S3(k2") — S3(k%") is given by

U(P) = u(P) - P = (=3aa — 3by)2® + (—=3aB — 3ba — 6¢v)z?y
+ (=6b3 + 3ca — 3dy)zy® + (—3¢f + 3da)y® (8)

whereP = ax? + 3bz%y + 3cxy? + dy? and

a B\ [ ad—be 2(bd—c?)
v —a)  \2(b* —ac) —(ad —bc) ) -
(iii) The normalised quartic invarian®,, : S*(k*") — kis
Qn(P) = — detu(P) = (a*d* — 3b%c® — 6abed + 4b3d + 4ac?). 9

Notice thatQ,,(P) is a multiple of the classic discriminant of the polynomial

Remark 2.2 The symmetric role of the coordinatesndy is implemented by
0-1
- (1)
which satisfies dz =y, J-y = —x and
J- (ax® + 3bz’y + 3cxy® + dy®) = —dx® + 3cx?y — 3bxy® + ay®.

From (7) it follows thatu(J - P) is the cofactor matrix ofi(P).

Remark 2.3 The set of symplectic covariants i, ¥, Q, @,, defined above is not
the only choice possible for the purposes of this articlee ©ould just as well use

wx = )\w7 X = A/L, U\ = Akp7 Q)\ = )\QQ
where\ € k*.

The moment map is characterised by the identity

Tr(u(P)¢) = —%w({ - P,P) VP e S3(k*"), V€ € sl(2, k), (10)
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which specialized tg = 1.(P) gives a characterization &f
Q(P) = 8w(P,¥(P)). (11)
From (10) one gets thatis SI(2, k)-equivariant:
plg-P)=gu(P)g~" VP eS* k), Vg € SI(2,k),
ands((2, k)-equivariant:
dpp(&-P) =& u(P)] VP eS*E>), V& € sl(2, k).
Here,dup(Q) = 2B,(P,Q) whereB,, : S3(k*") x S3(k*") — sl(2,k) is the
unique symmetric bilinear map such thdt?) = B,,(P, P).
From the S(2, k) andsl(2, k) equivariance ofu one obtains the 8, %) and
s((2, k) equivariance o¥, @ and@,,. Several useful relations amopg? and@ are

derived in [15]. The following involves a relation betweeamshing sets of sym-
plectic covariants.

Proposition 2.4 Let P be a binary cubic. Then
wP)=0= ¥ (P)=0= Q(P)=0.

Proof. Since?(P) = u(P) - P, itis obvious thaj:(P) = 0 = ¥(P) = 0. Suppose
that? (P) = 0. Then by equation (10)

Tr(u(P)?) = —zw(@(P), P) = 0.

But u(P)? + detu(P)Id = 0 by the Cayley-Hamilton theorem, sty (P) = 0
and hence&)(P) = 0. QED

From the invariant theory point of view a covariant is ari2Sk) invariant in

S*(S?(k%")) ® S*(k2"). Concerning completeness of the symplectic invariants one

has the classic result of Eisenstein [8].

Proposition 2.5 (i) u, ¥, @ and the identity generate the (3]k) invariants in
S3(k%") ® S*(k*7).

(i) The only relation among them viewed as functions:ois
9
W(P)(-)* = 9Qn(P)P(-)* = — 58 (W), ),

heres? is extended by duality to? x k2.
Proof. We shall give a symplectic proof of the relation (ii)§8. QED
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Remark 2.6 There are two interesting results related by a simple scatim the
Eisenstein result. Fix® € S3(k2") with Q,,(P) # 0. One can associate t& a
type of Clifford algebra'lif fp, and in [9] it is shown that the center @flif fp

is the coordinate algebra of the genus one cuk/g— 27Q,,(P) = Z3. The other
result arises from the observation that we could work oway, & instead ofk. Then

in [11] Mordell showed that all integral solutionéX,Y, Z) to X2 + kY2 = 73
with (X, Z) = 1 are obtained from som® < S?(Q*") with Q,,(P) = —4k and
evaluating(ii) at a lattice point inQ2. We will not use these results in this paper but
we will give a symplectic proof at another time.

Remark 2.7 The Proposition gives a complete description of binary csifiom the
point of view of SR, k) invariant theory. From the symplectic theory point of view,
in [15] we give characterizations of &, k) as the subgroup o$p(S®(k*"), w) that
preserves)(-) and as the subgroup &fp(S?(k%"), w) that commutes with#.

2.2 The image of the moment map

As 11 : S3(k%") — sl(2, k) is equivariant, the image o¢f is a union of S2, k) in-
variant sets. Of course, the invariant functionsst(2, k) are generated byet. The
following description of the orbits of &, k) acting on level sets ofet uses the
symplectic structure oh?”. Lacking any reference for this probably known result
we include a proof. Subsequently, Paul Ponomarev broughiitattention the ma-
terial in [2] p.158-159 from which an alternate albeit ngmplectic proof can be
extracted.

Proposition 2.8 Let A € k and set
sl(2,k)a = {X €5l(2,k) \ {0} : detX = A},
k% = {z € k*: Ja,b € k such thatr = a® + b*A}.

Then the orbits of $2, k) acting ons((2, k) o are in bijection withk*/k* under the
mapra : sl(2,k)a — k*/k%, defined by

va(X) = [2(v, X - v)] (12)

wherev is any element ii2* which is not an eigenvector of .

Proof. We make some preliminary remarks before proving the reBukt we ob-
serve that the definition afA(X) is independent of choice af. Indeed, giverv
which is not an eigenvector of, then{v, X -v} is a basis ok?". Givenw any other
vector which is not an eigenvector then= av+bX -v, and using Cayley-Hamilton
we obtain thaf2(v, X - v)] = [2(w, X - w)].

Next, note that ifX € s((2, k) there existg € Sl(2, k) and3,~ € k such that

- ()
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So to prove the result, we need only consider matrice§(il) k) o of the formX =

<0 ﬁ) with either3 or v nonzero. Since

v 0
01\ /08 /0 1\ " [0 —y
-10)\~0/\-10 “\-8 0 )
we can further suppose that # 0. Thenz is not an eigenvector oX and
VdetX(X) = [Q(an ! :E)] = [Q(l’,’yl’)] = [7]

/
Suppose(S g) and (3, %) in s(2, k) A have the same value ofy, i.e.,3vy =
—A =gy and[] = [v].

Then there exisp, ¢ in k such thaty’ = (p? + ¢>det X ). Take asAnsatz

(ab): P —q5
cd vq p )

Then
ab) _ 94 2 A0
det<cd)_p7+qA7
=2 (* +q°4)

=1

A routine computation shows that

ab\ (03N [(d -b\ (08
cd) \¥ 0 —ca) \y0)’
and sov separates orbits.
To show that givernx # 0, there is anX with detX = A andva(X) = [ao],

take A
0-—-24
(0.

Then detX = A andva(X) = [o]. Finally, SK2, k) invariance ofv 4 follows from
the definition ofv 4. QED

Remark 2.9 We make some elementary observations concerningthg:$hdjoint
orbits. If —A € k*?, thenk’, = k* and there is only one orbit. [\ = 0 then
k* = k** and there is one nilpotent orbit for every elementofk*>. If —A ¢ k*?

is nonzero, thek?’, is the set of values ih* taken by the norm function associated to
the quadratic extensioh(v/—A) or, equivalently, by the anisotropic quadratic form
2?2 + Ay? on k2. It is well-known that this is a proper subgroup bf, at least in
characteristic 0, (with thanks to P. Ponomarev for a distms®n characteristic p)
and so in characteristic zero there are at least two orbits.
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Remark 2.10 Sincek*/k?% is a group, the Proposition puts a natural group struc-
ture on the set of orbits of &, k) acting on trace free matrices of fixed determi-
nant. Alternativelysl(2, k) can be SI2, k)-equivariantly identified withS?(k2"),
the space of binary quadratic forms, by

X — qx(v)=02, X v).

By transport of structure, the Proposition then puts a nakgroup structure on the
set of orbits of SR, k) acting on binary quadratic forms of fixed discriminant. One
can check that this is Gauss composition. In Theorems 3.88at6 we will put a
natural group structure on orbits of binary cubics with fixeohzero discriminant.

The image of the moment map can be characterized as follows.

Theorem 2.11Let X € sl(2,k) \ {0}. Then

X e Imu < VdctX(X) = [2]

Proof. As before, we can suppose without loss of generality #hat <3 §> with

say(3 nonzero.
(=) :If X = u(P)andP = az® + 3bz?y + 3cxy? + dy3, we have

ad—bc=0
2(bd — ¢*) = f8
2(b% — ac) = 7.

Hencebs = d~ and
B =2t - T) =2 + (%ﬂ—m» — o+ <§>2detx>

so thatvgetx (X) = [-6] = [2].
(«): Sincevgerx (X) = [—3] and by hypothesisieix (X) = [2], there exisp, g in
k such that

—B=2(p* + ¢*detX) = 2(p* — ¢*f3).
If we set v

¢=p 0=3p d=pBq, b=nq
and
P = az® + 3bx?y + 3cay® + dy,

it is easily checked that

P = (o ey o= 0) = (39) - x

QED
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Remark 2.12 This result is a weak form of the Eisenstein identity. Indéfedne
cubes both sides ofi.tx (X) = [2] and uses Gauss composition, one obtains the
Eisenstein identity evaluated at a particular vector.

Remark 2.13 Varying the symplectic structure i@, A € k* one can sweep out the
other orbits with a moment map.

Qn(P')

Corollary 2.14 Let P, P’ be nonzero binary cubics such th@,(P) =
, k) such that

and such thaj(P) and u(P’) are nonzero. Then there exigtse SI(2
g m(P) = p(P").
Proof. SinceQ,,(P) = Q.(P’), we have de(P) = detu(P’). By the previous
theorem,

Vdetu(P) (1(P)) = ¥ detpu(pry (11(P"))
and the result follows from Proposition 2.8. QED

2.3 The image and fibres ofF

Proposition 2.15 P € S3(k2") with Q,,(P) # 0 is in the image of if and only if
9Q,(P) is a cube ink*.

Proof. (=) : Suppose thaP = ¥(B). The key to the argument is a result from
[15] that is special to Heisenberg graded Lie algebras, haméormula for &2,
From this result one obtaing?(B) = —(9Q,,(B))?B. On the other hand we have
v%(B) = ¥(P). HenceB = —(9Q,,(B))~2¥(P). Applying ¥ again and using that
¥ is cubic we obtain® = ¥(B) = —3(9Q,(P))?>P wheren = —(9Q,.(B)) 2.
So(—n)° = (9Qn(P))~2. Now (—n(9Qn(B))?)* = 150(9Qn(B))® = (-n)~* =
(9Q,,(P))?. Thus we obtaifQ,,(P) = (iQQn(B))3.

(<) : SupposdQ,,(P) = \3. SetB = — ;¥ (P). Then as above(B) = P. QED

Corollary 2.16 For P € S3(k?") with 9Q,,(P) € k** the fiber#—!(P) consists of
one element.

Proof. From the previous proof, iP = ¥(B) thenB = —(9Q,.(B)) ¥ (P). QED

Remark 2.17 We will see later that a nonze® € S?(k2") with Q,,(P) = 0 is in
the image of? if and only if u(P) = 0 and I7-(P) = [6] (cf Proposition 3.19). The
fibre of ¥ is then given by Proposition 3.23.

3 Orbits and fibres

3.1 Symplectic covariants and triple roots

One has the natural ‘algebraic’ condition
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Definition 3.1 7' = {P € S3(k*") : P # 0 and P has a triple roo},
and the natural ‘symplectic’ condition
Definition 3.2 Z,, = {P € S*(k*") : P # 0 andu(P) = 0}.

The next proposition shows that the symplectic quantityetects the purely alge-
braic property of whether or not a binary cubic has a triplet.ro

Proposition3.3 7 = Z,,.

Proof. Let P = az® + 3bz?y + 3cay® + dy®. ThenP € Z, iff u(P) = 0 iff
ad = be, bd = ¢ andb? = ac.

If bc = 0, thencbd = ¢ = 0 andb® = achb = 0. Henceb = ¢ = 0 and either
a = 0ord = 0. In the first case® = dy*® and in the secon® = ax3.

If bc #£ 0, thena = % andd = % which means® = £ (bz + cy)?. QED

In order to determine the @&, k) orbit structure in the level s¢f, = 1 ~1(0)\{0}
we need to construct an invariant that separates the ovisdegin with the obser-
vation that the factorisation d? € 7' is not unique.

Lemma 3.4 Let \, u € k* and ¢, € k2" be such that¢® = uy3. Then% is a
cube andp and+ are proportional.

Proof. Unigque factorisation. QED
This means the following (algebraic) definition makes sense

Definition 3.5 Definelr : T — k*/k** by
I7(P) = [Alg= =3
whereP = \¢*, \ € k* and¢ € k2.

One can formulate the definition using symplectic methodgetza non-zero
¢ € k*" thereis ag € SI(2, k) with 2(¢, g - ¢) = 1. If P = \¢? then

W(P,(g-9)%) = (¢’ (9-9)*) = A\2(b,9-0)° = X, (13)
ThusIz(P) = [w(P, (g ¢)*)].
Proposition 3.6 (i) Let Py, P, € T. Then
SI2,k)- P, =SI2,k) - P <= Ir(P) = I7(P). (14)

(i) The mapIr induces a bijection of the space of orbits

Z,)SK2, k) — k*/k*2. (15)
(i) Let P € T and letGp = {g € SI(2,k) : g- P = P} be the isotropy subgroup
of P. Then
Gp={ge€SI2,k): Jpck*styg-¢=nppandy® =1}
whereP = \¢*, \ € k* and¢ € k2.
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Proof. (i): Suppose tha’y = \¢> and that there existg € Sl(2, k) such that
qg- P, = PBs. ThenPQ =g- ()\¢3) = )\(g . ¢)3 andIT(PQ) = [)\] = IT(Pl)
Conversely, SupposB, = \i¢3, Po = X3 andIr(P;) = Ir(P,). The action
of SI(2, k) on nonzero vectors df*" is transitive so we can fing € SI(2, k) such
thatg - 1 = ¢ and hence such that
g . Pl = Al(bg
Sincelr(Py) = Ir(P,), there existp € k such that\; = p3)\, and

g- P = Xa(pg2)®.

Choosingh € SI(2, k) such thaty - (pp2) = ¢2, we havehg) - P, = Ps.

(ii): By (i), the mapIr induces an injection of the space of orbits of2Sk) acting
onT into k*/k*3. This is in fact a surjection since ¥ € k*, I (\z®) = [].

(iii): This follows from unique factorisation. QED

Remark 3.7 Extendingp to a basis of?" we have the isomorphism
GP%{(IS Z) s pek*, p®=1anda € k}.
10

Consequently all the 8, k) orbits in Z,, are isomorphic. Henc&,, is a smooth
variety, and in [15] we show that it is Lagrangian.

As the center of G, k) acts onZ,, by "cubes” it preserves/y, and thus the
SI(2, k) orbits in Z,, are the same as the @, k) orbits. From the point of view of
algebraic groups, the result by Demazure [4] characteri®€8, k) as the subgroup
of the automorphisms &f (k%) that preserves,,.

3.2 Symplectic covariants and double roots

In a similar way next we consider the ‘algebraic’ condition

Definition 3.8 D = {P € S*(k**) : P # 0 and P has a double rogt,

and the ‘symplectic’ condition

Definition 3.9 N, = {P € S3(k?") : P # 0 andyu(P) is nonzero nilpoterjt

Again it turns out that the symplectic quantitydetects the purely algebraic
property of whether or not a binary cubic has a double root.

Theorem 3.10 D = N,,.
Proof. The inclusionD C N, follows from the

Lemma3.11 Let P € D and write P = (ex + fy)%(rz + sy) with ez + fy and
ra + sy independent. Then

u(P) = g(es — )2 (—f;f 3}2) |

e

In particular, Ker u(P) is spanned by the double roat + fy.
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Proof. Straightforward calculation. QED

To prove the inclusionV,, C D, supposeu(P) is a nonzero nilpotent. Then
Ker u(P) is one-dimensional, spanned by, sayc £2*. Since S{2, k) acts tran-
sitively on nonzero vectors ih?”, there existyy € SI(2,%) such thaty - v = .
Thenpu(g - P) = gu(P)g~! is nonzero nilpotent with kernel spanned byLet
g+ P = ax®+ 3bx?y + 3cay? + dy. Then by the formulae (6) and (7), the condition
u(g - P) -z = 0is equivalent to the system

ad —bc=0
bd — % = 0.

If (¢,d) # (0,0) this implies there exist§,v € k such that(a,b) = A(c,d) and
(b,c) = v(c,d). Hencec = vd,b = v?d,a = v3d andu(g - P) = 0 which is a
contradiction. Thug = d = 0 andg - P = a2® + 3b2z?y = 2%(az + 3by). We have
b # 0 (otherwiseu(P) = 0) sox andax + by form a basis ok2. Applyingg~! to

g - P = 2%(ax + 3by) completes the proof. QED

Again, in order to obtain parameters for the orbit structfrév,, we need stan-
dard representatives. The factorisationfofe N, given by Theorem 3.10 is not
unique. However we can use the symplectic fagnon k2* to get a canonical form
for P.

Lemma 3.12 Let P € N,,. There exists a unique basfig, ¢} of k2 such thatP =
¢*¢ and (¢, €) = 1.

Proof. If P € N, thenP has a double root by Theorem 3.10. Fix a factorisation

P = ¢3¢, By unique factorisation, any other factorisation is of toem P = ¢*¢

where )
O=Ap1, &= pﬁl

for someX € k*. Then2(¢,&) = 1iff X = 2(¢41,&) and this proves the

claim. QED

Proposition 3.13 The group Sk, k) acts simply transitively oV,,. Consequently,
Gl(2, k) has one orbit onV,.

Proof. Let P,Q € N, and write P = ¢%¢ andQ = ¢'>¢’ with 2(¢,¢) =
2(¢',¢") = 1. The elemeny of GL(2, k) defined byg - ¢ = ¢’ andg - £ = ¢
is clearly in S(2, k), satisfieyy - P = @ and is the unique element of(8] k) send-
ing Pto Q. QED

Remark 3.14 In [15] when chark = 0 we show thatV,, is the tangent variety to
Zy,.
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Remark 3.15 From Proposition 3.3, Theorem 3.10 a(@) we see tha@,,(P) =0

iff P has a multiple root, which is consistent with the classicdisinant interpre-
tation. Also, the open subset of double roots is isomorgh®{®2, k). Consequently
the variety@,,(P) = 0 is not smooth, but has singular set which is a union over
k*/k*3 of isomorphic Lagrangian 82, k)-orbits.

Image and Fibres ofy : N, — sl(2, k)
The image of the moment map o), is given by Theorem 2.11:

Corollary 3.16 u(N,) ={X €sl(2,k) \ {0} : detX = 0andyy(X) = [2]}.

Now we give two descriptions of the fibres pf: N,, — sl(2, k): the first sym-
plectic, the second algebraic. Note that the fibres of the emimmap are symplectic
objects so it is not a priori clear that they have a purelylalgie description.

Proposition 3.17 Let P € N, and let¢ k%" be a square factor oP.
@pu (wP) ={P+a¥(P):aeck}U{—P+b¥(P):bek}.
O)p t(uw(P)={P+a¢®: ack}U{—P+bg>:bek}.

(c) The affine lines in (a) and (b) are disjoint.

Proof. Since S(2, k) acts transitively onV,, we can assume without loss of gener-
ality that P = 322y. Then by (7) and (8),

00

We want to find allQ € S3(k?") such that

u@ = (30)- (16)

By Theorem 3.10, a solution of this equation is of the f@pra= (ex+ fy)?(rz+sy)
with es — fr # 0. Substituting back in (16) we get

s (5 0) = (50)
from which it follows that the set of solutions of equatio®)1s:
{22(e*re +3y) : e € k*,r € k} U {2*(e*rz — 3y) : e € k*,r € k}.
SinceP = 322y and¥(P) = —623, this proves (a), (b) and (c). QED

The fibre ofu at u(P) is also the orbit throug® of the isotropy group ofi(P).

Corollary 3.18 LetP € N, and letG,,(py = {g € SI(2,k) : gu(P)g~* = u(P)}.
Thenﬂil(:u(P)) = GH(P) - P.
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Proof. Sinceu(P) is nilpotent nonzero, a simple calculation shows that
Gupy ={ld+au(P): ack}U{-Id+bu(P): bek}
and the result follows from Proposition 3.17. QED

It appears thalv,, is a regular contact variety. If one endows the nilpoteniegar
N in sl(2, k) with the KKS symplectic structure, then: N, — A is a prequanti-
zation of the image of..

Image and Fibres of¥ : N, — Z,
We begin with some properties &f

Proposition 3.19 Let P = ¢2¢ with ¢, ¢ € k2*. Then:
() p(¥(P)) =0;

(i) ¢* divides¥(P);

(iii) w(P) = 0ff u(P) = 0

(V) U(P) £ 0 = I (#(P)) = 6] /4.

Proof. Set¢ = ex + fy andé = rx + sy. Then calculation gives
2 _of _f2
up) = e (40,
W(P) =~ (e — fr)*(ex + fu)° an

and all parts of the proposition follow immediately from slieformulae. QED

Corollary 3.20 The image o onN,, is Z,[6].

Proof. According to Proposition 3.19(iv), i € N, then¥(P) € Z, and
I (¥(P)) = [6]+ 5-3- SinceV is SI(2, k)-equivariant and $2, k) acts transitively
on bothN, andZ,[6], it is clear that’ mapsN,, onto Z,,[6]. QED

To describe the fibres we need a symplectic characterizafitine double root
ofaP € Z,. Recall thatex + fy # 0 is a root of P iff w(P, (ex + fy)3) = 0.
Analogous to this result we have

Proposition 3.21 Let P be a binary cubic andez + fy) € k" be nonzero.
(ex + fy)* | P <= Bu(P,(ex + fy)*) = 0. (18)

Proof. We begin with two remarks. First, since(3lk) acts transitively on nonzero
elements ok?" and sinceB,, and¥ are S[2, k)-equivariant, we can assume with-
out loss of generality thatr + fy = x. Second, the formula foB,, obtained by
polarising (7) is
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1 U U / / ! / /
n_ (3(ad +da" — b —cb') (bd' + db') — cc
Bu(P,P) = ( bt — (ac’ + ca’) —1(ad' +da’ — bc’ — cb') (19)

if P = ax®+ 3bx2y + 3cxy? + dy® andP’ = a’23 + 3V 2%y + 3c'zy? + d'y>.
Let P = ax® + 3bz?y + 3cay? + dy>. Then

and hence? dividesP iff ¢ = d = 0iff B,(P,z3) = 0. QED

Now since¥ mapsD to T we expect a criterion involving for ex + fy # 0to
be a double root oP.

Proposition 3.22 Let P be a binary cubic andez + fy) € k" be nonzero.

(i) If (ex + fy)? dividesP then¥(P) is proportional to(ex + fy)3.

(i) If ¥(P) is a nonzero multiple ofex + fy)3 then(ex + fy)? dividesP.

(iiy {P € S*(k*") : B,(P,(ex+ fy)*) = 0} is a Lagrangian subspace 8f (k*").

Proof. (i): If 22 dividesP then takinge = 1 and f = 0 in the formulae (17) we get
W (P) = —2d%3.
(1): If there exists\ € k* such thafex + fy)® = ;¥(P), we have

Bu(P(ex+ f9)*) = 3 Bu(Pp(P) - P).

But B, (P, u(P) - P) + B,(u(P) - P, P) = [u(P), u(P)] = 0 sinceB,, is sl(2, k)-
equivariant. Hencé,, (P, u(P) - P) = 0 andB,, (P, (exz + fy)*) = 0 which implies
by the previous result thatz + fy)? dividesP.

(iii): Let L = {P € S*(k*") : B,(P,(ex + fy)*) = 0}. As we saw in the proof
above, the binary cubiez® + 3bzy + 3cxy® + dy® isin L iff ¢ = d = 0 and hence
L is of dimension two. It follows from (1) that(P, P’) = 0if P, P’ € L and hence
L is Lagrangian. QED

We can now give two descriptions of the fibresdof: N, — Z,[6], the first
symplectic, the second algebraic. Again, as the fibrek afe symplectic objects it
is not a priori clear that they have a purely algebraic desion.

Proposition 3.23 Let P € N, and let¢ k%" be a square factor oP.
()Y@ (P)) ={aP +b¥(P): a € k* bck}.
(i) v=1(¥(P)) = {Q € N, : ¢* dividesQ}.

Explicit factorisation of P when@,,(P) =0
From what has been done thus far we obtain readily
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Proposition 3.24 Let P = ax® + 3bz?y + 3cxy® + dy® be a nonzero binary cubic
over a fieldk such thathar(k) # 2, 3.

@) If u(P)=0then@,(P)=0and

p_ az ordy® ifbe=0,
T &bz +cey)? if be #£0.

(i) If u(P) # 0andQ,(P) = 0 then

P 2?(ax + 3by) or (3cx + d)y? if ad — be = 0,
(=(b* — ac)z + 3(ad — bc)y)z( e+ (adfdbc)g y) if ad — bc # 0.

3.3 Symplectic covariants and sums of coprime cubes

We have seen that®& with multiple roots corresponds ©@,,(P) = 0. So we begin
the study ofP with @,,(P) # 0, in which case the 8, k) orbits are not the same
as the G(2, k) orbits. The values of the symplectic invarigpy (P) will have much
to say about the roots d?. We begin with the ‘natural’ condition

Definition 3.25 Oy = {P € S*(k*") : Q,.(P)is a square ink*}.
The relevant ‘algebraic’ definition turns out to be
Definition 3.26 S = {P € S3(k*") : 311, Ty € T s.tP = Ty +1T;, with Ty, T, coprimé.

Specializing to the space of binary cubics a general theoggioh for the symplectic
covariants of thg; of any Heisenberg graded Lie algelgrave get the

Theorem 3.27 (i) Let P € S and letP = T, + T, with T, T> € T coprime. Then
Ty, T, are unique up to permutation.

(iLet P =Ty + TowithTy,T5 € T. Then
Qn(P) = w(Ty, T2)?. (20)
(iii) Let P € Oy and suppos€),,(P) = ¢* with ¢ € k*. Then

1
3q

_!

1
5 (P = -¥(P))

!p(P))v T2 3(]

1

are coprime elements @f such thatP = 77 + Ts.

Proof. For k algebraically closed an argument tifats a sum of cubes can be found
in [6, 17-18]. The fact tha€),,(P) = w(T1,T»)? as well as (i) and (iii) are proved
for generak and for Heisenberg graded Lie algebras in [15]. QED

Corollary 3.28 S = Opy;.
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Remark 3.29 There is a natural bi-Lagrangian foliation @|;; obtained by means
of the decompositio® = T; + T>. Modulo some technicalities, if one fiX€s and
varies overT such thatv(T,Ts) = w(T1,T3) modk*2, then does the same wifh,
one obtains a pair of foliations that are transverse and laaggian, for details see
[15].

Recall that elements @f are, up to a scalar factor, cubes of linear forms. Hence

a binary cubicP is in S iff there exist a basi$§¢1, ¢2} of k2" and\q, A2 € k* such
that
P = M6 + Ao (21)

The \; andg; in this equation are not unique but the direct sum decomipasit
B =<1 >® < ¢y >

is canonically associated 0 as is described in the next result.

Corollary 3.30 (i) P € Oy iff u(P) # 0is diagonalisable ovek, henceu(P) is
contained in a semisimple orbit.

(i) Let P € Oy and let{¢1, ¢} be a basis ok2". The following are equivalent:
(@) There exist\1, s € k* such thatP = X1 ¢ + A2 ¢3.
(b) {¢1, 92} is a basis of eigenvectors af P).

(iii) Let P € Opy) and supposé® = A\ ¢} + Xo¢3 Wheredy, Xy € k* and{¢1, ¢2}
is a basis ofk?*. Then ifq is the square rooh; A2 2(¢1, ¢2)® of Q. (P),

w(P) - ¢ = —qén,
w(P) - p2 = qoo.

Proof. (i): By Cayley-Hamilton and equation (9),
0 = u(P)? +detu(P)Id = u(P)?* — Q. (P)Id.

Henceyu(P) is diagonalisable ovek iff Q,,(P) is a square itk.

(ii): Since there existg € SI(2, k) with < g- ¢1 >=< 2z >and< g- ¢ >=<y >,
we can assume without loss of generality that= x and¢, = y. SettingP =
ax® + 3bx?y + 3cxy? + dy?, we havef{x? 43} is a basis of eigenvectors pf P)
iff 1(P) is diagonal iff (by equation (7))

bd—c? =b%—ac=0.

This equation implies(ad — bc) = 0 and hence, sinc@,,(P) # 0, thatb = 0 and
c? = bd = 0. It follows that{z?, 43} is a basis of eigenvectors pf P) iff b = ¢ = 0
iff P = ax®+ dy>.

(iii): As above, we can suppose without loss of generaligt A = ax® + dy® and
then
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d 0
ur = (5 0)
which impliesy(P)-2 = —adx andu(P)-y = ady. This proves (jii) since?(x, y) =
1. QED

Corollary 3.31 (Fibres ofu on Opy)). Let X € sl(2, k) be diagonalisable ovet,
let +¢ be its eigenvalues and let, and¢_ be corresponding eigenvectorsis*.
Then

pHX) = {ag? + 7a9(¢i¢+)3 ¢% :a €k}

Proof. This follows from Corollary 3.30(ii) and (iii). QED

Orbit parameters for Oy

For generick there will be manysl1(2, k) orbits onOyy;. So the first task is to
obtain parameters for the orbits. For this the symplecscilteTheorem 3.27 leads
to a new and effective method. L&t € O(;;. Then as we have seen, there exist a
uniqueunorderedpair of elementqd, T, in T' such that

P=T +15,
Qn(P) = w(Ty, Ty)?. (22)
Hence the mapo,,, : Ojyy — k* Xz, k* /k*°
Loy, (P) = [w(Ty, To), Iy (T1) I (T2) '] (23)

is well-defined wherd* x », k*/k*® denotes the quotient df* x k*/k** by the
Zo-action
—1-(\a)=(=\a™).

Remark 3.32 The invariant/o,, (-) is symplectic not algebraic since its definition
requires the symplectic form. We have not found this inveriar binary cubics in
the literature.

Theorem 3.33 Letlo,, : Op) — k™ Xz, k*/k*3 be defined by23)above.
(i) Let P, P" € Op. Then
SI2,k) - P' =SI2,k) - P <= Io, (P) = Io, (P).
(i) The maplo,,, induces a bijection
Ony/SI2, k) — k* x 7, k* /K>
(iii) Let P € Opy) and supposé = A1 ¢} + Xa¢s whered;, Xy € k* and{¢1, g2}
is a basis ok**. LetGp = {g € SI2,k) : g- P = P}. Then

1
Gp={g € SI2,k): Jp ek’ sty o1 = udr.g- 62 = 2 andy® = 1).
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Proof. (i): Sincew and I are S[2, k)-invariant, it is clear from (23) that the map
Ioy, : Opy — k* Xz, k* /k*3 factors through the action of @l k). To show that
the induced map on orbit space is injective, supposefttand P’ are binary cubics
such thatlp, (P') = Io,,(P). First choosg, g’ € SI(2, k) such that
g-P=ax®+ by’
g - P =dz3+ b3 (24)

From equations (1) and (9) we have
wz®,y?) =1, Qu(P)=d%?, Q.(P)= a*v'>.
Hencelo,,, (P') = lo,,(P) implies
[ab, [a][b] '] = [a'V', [a][6'] 7]

in k* x z, k*/k*2. There are two possibilities:
o ab=a¥, la]lb] = [@)¥])
o ab=—a't/, [a][b]7t=['][a]7 .
In the first case, we have
[ablla]b] ™" = [a'¥'][a][0'] ",

hencea?] = [a/*] and sdla] = [’] as the groug* /k*? is of exponens. Thus there
existsr € k* such that’ = r3a andd’ = %b. If we defineh € GL(2, k) by

1
h-z=rx, h-y=-y,
r

it is clear thath € SI(2,k) andh - (g- P) = ¢’ - P'. HenceP and P’ are in the same
SI(2, k)-orbit.

In the second case, we hawé] = [v"°], [a] = [V'] and there exists € k* such
thatt’ = ra anda’ = — % b. If we defineh € GL(2, k) by

1
h-x=ry, h-y=-——=x,
r

it is clear thath € SI(2,k) andh - (g - P) = ¢’ - P'. HenceP and P’ are in the
same S2, k)-orbit and we have proved thap,,, : Oy — k* x z, k* /k*3 separates
SI(2, k)-orbits.

To prove (ii) it remains to prove thdb ,, : O — k™ x z, k*/k*3 is surjective.
Let[q, [a]] € k* x z, k*/k*® and consider the binary cubic

1
P=—23+ ¢y’
qo

Then
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Toy (P) = . [=-) [°a]™!) = fn. [

Il =g [o]]-

and solo,,, : Opy — k™ Xz, k* /k*3 is surjective. This completes the proof of (ii).
To prove (iii), recall that the representatidh= \;¢$ + \2¢3 is unique up to

permutation. Theg - P = P leads to two cases:

o g-(Mo}) = Mg} andg - (Aag3) = Xas;

o g-(Mof) = Aagd andg - (A2¢3) = M1 .

In the first caseg - ¢; = ji¢: wherej? = 1 and sinceg € SI(2,k), we must
havejijo = 1. In the second case, there exist € k* such thatg - ¢; = re¢s,
g2 = 501, \ir3 = A2, Aas® = \; andrs = —1. Hence(rs)? = 1 andrs = —1
which is impossible and this case does not occur. QED

Properties of orbit space
We will use the parametrisation

oy, : Opy /SN2, k) «—— k* xz, k* /k*°.

[

to study orbit space. The parameter space has two natural map
sq k" Xz, K/ = k%, sq((g,0]) = ¢, (25)

and
trk* g, KK — (K* k) ) Za, t([q,a]) = [0] (26)

corresponding to projection onto the orbit spaces of thefagtors. We then have
the following diagram:

k* Xz, k* [ k*3 (27)
¢ t
sq
f*2 (k*/k*3) ) Zs.
The map
sq: k* Xz, kK* /K — k2 (28)

is the fibration associated to the principggl-fibration
k* N k*Q

and the action o, on k*/k*® by inversion. SinceZ, acts by automorphisms, the
fibre sg—!(¢?) over any poing? € k*? has a natural group structure

[q, 0] x [q, 8] = [q, ] (29)

independent of the choice of square rqaif ¢2. Taking the identity at each point,
we get a canonical sectian: k*? — k* x z, k*/k*3 of (28) given by
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e(qd®) = [q,1] (30)

but, although each fibre is a group isomorphiétgk**, the fibration (28) is not in
general isomorphic to the product

k*Q > k*/k*3 _ k*Q.

To translate the above features of orbit space into moreretsistatements about
binary cubics ovek, note that the mapyq is essentially the quarti@,, since for all
Pe O[l],

SQ(IOU] (P)) = Qn(P)

Theorem 3.34 Let M € k*?, let
Om ={P € S*(k*") : Qu(P) =M}
and letO,,/SI(2, k) be the space a$(2, k)-orbits in O,.
() The maplo,, : O — k* Xz, k* /k*3 induces a bijection
Ot /SI2, k) +— sq™ (M)
and, by pullback 0f29), a group structure oy, /SI(2, k).
(i) As groups, Oy /SI2, k) = k* /k*3.

(iii) Let ¢ € k* be a square root of/. The identity element aP,,;/SI(2, k) is
characterised by:

SI(2,k) - P =1 <« Pisreducible ovek < o, (P) = [g, 1].

Proof. Parts (i) and (i) follow from the discussion above. Pari @@llows from
Theorem 3.36(i) and equation (30). QED

Remark 3.35 From the Corollary it follows that if the classical discrimant is a
nonzero square there is a uniqudBlk) orbit consisting of reducible polynomials.
We remove the ‘square’ restriction in Corollary 3.47. In paular, over an alge-
braically closed field there is only one orbit of fixed nonzgiscriminant.

To finish this section we briefly discuss the map: k* xz, k*/k*® —
(k*/k*3)/Z, in diagram (27) given by

t(lg; a]) = [al.
This a fibration with fibre* outside the identity cosét] but

N ([1]) = e(k™?)
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is a ‘singular fibre’. There is &*-action:
A g,a] = [Ag, ] (31)
which maps fibres ofq to fibres ofsq:
sq(ld’so']) = sq([g, a]) = sq(X - [¢',']) = sq(A - [q,a]),
and whose orbits are exactly the fibregof
t([d',a']) = t(lg,a]) & IN € k* s.t.[¢', '] = X [q, .

1 if o #1
T\ {£1}ifa=1.

It would be interesting to interpret these features of cgp#ce in terms of the
original binary cubics. Conversely, one can also identifycas on the orbits in terms

of their orbit parameters. For example, the commutant @ %) in GI(S? (k")) acts
on orbit space. This gives the action

Isotropy for this action is given by:sot - ([q, «])

A [Qa a] = [/\2% a]

of k* onk* x z, k*/k** which is the square of the action (31). Another example is
obtained from¥ : S3(k2") — S3(k2") which, since it commutes with the action of
Sl(2, k), induces a map frorh* x z, k*/k* to itself. This is easily seen to be given

by
lg. 0] = [—¢°, [q]al, (32)

where[¢] denotes the class gfin k* /k*3.

Reducibility and factorisation

Theorem 3.36 Let P € S and let{¢1, ¢»} be a basis ok?" such thatP = \;¢5 +
Aa¢3 with A, Ao € k*. Letq € k* be a square root of),,(P). The following are
equivalent:

(a) P is reducible ovel.

(b) 3 is a cube ink*.

(c) gA1 is a cube ink*.

(d) gA2 is a cube ink™.

(e) There is a basié¢,, ¢4} of k** such thatP = %(gb’i’ +¢'3).

Proof. (a) = (b): SupposeP is reducible ovek. Then for allg € SI(2, k),

g-P=Xx(g-61)°+ Xa(g- $2)°

is also reducible ovekt. Sinces, , ¢, form a basis ok?", we can choosg such that
g-¢1 =xandg - ¢po = py for somep € k* so that
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Mad 4+ Aopdys
is reducible ovek. Hence there exist, b, ¢, d, e € k such that
Mz 4+ Aop®y® = (az + by)(ca? + dzy + ey?)

which gives the system
A =ac, 0 = ad+ be,
Xop® = be, 0 = ae + bd.
Since\; and )\, are nonzero, it follows that, b, ¢, d, e are nonzero and, sinee=
—24 ande = — 2 we get3t = (p§)*.
(b) = (a): Suppose&t = r* with 7 € k*. Then

P = Xa(r®¢3 + ¢3) = Ao (1 + ¢2)(r2¢% + rop o + ¢3) (33)

andP is reducible ovek.

(b) & (¢) & (d): Setry; = ¢\ andvy = ¢\s. By Proposition??, there exists
s € k* such that, v, = s3. Hence if any one of the three numbeis s, Z_; = i—;
is a cube so are the other two since formally

3

3 3
v 2% Jrive
R e B o R &
3/ 3 2 \/ V12 vV Y1
Vo 1484

(a) = (e): If P is reducible we have just proved that there existe k* and
s € k*such that\; = %7’3 and\; = %s?’. Setg] = r¢; andgh = spo. Then

1/ 3 3
— 3 3 _ = / /
P=Xio}+hod = (47 +01")

which provege).
(e) = (a): Evident sincey’; + ¢/, divides¢'s + ¢'5. QED

Corollary 3.37 LetP € S be reducible and lef¢, ¢, } be a basis ok>" such that
P=L(¢] +¢5).
(a) If —3 is not a square irk, then
1
P =2 (65 + )@ = 10+ 05)
and¢® — ¢ ¢4 + ¢, is irreducible overk.
(b) If —3 is a square ink, then

P=5¢+%w¢+fwwf¢+f%9 (34)

wherej = £(—1 + /=3). The factors of” are pairwise independent.
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To a certain extent, we can normalise basels’0fsatisfying Theorem 3.27(e).
Corollary 3.38 LetP € S.

(a) P is reducible iff there is a basié®, ¢} of k** such thatP = %(gb’i’ +¢'3)
andﬂ((b/l, (b/z) - q.

(b If {¢), ¢4} and {¢7, ¢4} are two bases of>" satisfying (a), there exists a cube
root of unity;j € k* such thatp! = j¢; andgly = j~1¢.

Proof. Choose a basi§¢, ¢} of k2" and A1, A2 € k* such thatP = A3 +
Aa¢s and letqg = A\ \282(¢1, ¢2)3. If P is reducible, by Theorem 3.27, there exists
r € k* such that\; = %r?’. Sets = ;g 91 = ré1 andgy = séa. Then
Q(¢Il, ¢12) = q and

Hence )
P =6} +hod = (674 ah")
In the classical literature on cubics this is called thet&/8ubstitution.
Conversely, if there is a bas{g}, 5} of k*" such thatP = 1 (¢} + ¢'3), then
¢} + ¢4 dividesP andP is reducible.
To prove (b), note first that by Theorem 3.27(a), we have eiﬂ‘lfé = gb’l?’ and
3° = ¢y ore” = ¢)” andoll” = ¢y,
In the first case, by unique factorisation, there exist cobgsrof unityj, , j» such
thate] = j19], ¢4 = jagh andjijo = 1. This is exactly what we want to prove.
In the second case, there exist cube roots of upity> such thatp] = ji¢5,
Y = ja¢, andjyjo = —1. This is impossible sincgj;j2)% = 1. QED

Explicit formulae for o, and Cardano-Tartaglia formulae

Proposition 3.39 Let P = ax® + 3bxz®y + 3cay® + dy® be an element aDyy), let
q € k* be a square root of),,(P) and definex, 8, andd in k by

uP) = (300 250 = (49)

ThenP = \1¢? + X\a¢3 andlo,,, (P) = [q, [M][X2] "] where:
MIfs=~=0,

(i) If v # 0,

)\1:2—1(1(Q+Q)G+qub, ¢1=1‘—(ﬂ)y,

)\2 = _2_111(0[ - Q)a_ %bv ¢2 =T — (u)ya
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(i) If 5 #£0,

AIZ%C—;—q(OL—Q)d, ¢1:(QT+Q)I+y’
Ao = —gic+ 5-(a+q)d, do = (FY)z +y,

2
5
If P € Oy, is reducible we can use these formulae together with The@&@
and Corollary 3.37 to get an explicit formula for a linearttaoof P in terms of the
coefficients ofP, a square roof of Q,,(P) and a cube roat of ¢A;. Recall that the

existence of a cube root @\, in k is a necessary and sufficient condition foito
be reducible ovek.

2(p1,¢2) =

Proposition 3.40 Let P = axz® + 3ba?y + 3cxy® + dy® € Op be reducible, let
q € k* be a square root of),,(P) and supposed # 0.

() If 3=~ =0, letr be a cube root ofa and lets = . Then
T + SY

dividesP.
(i) If v # 0, letr be a cube root ofa + g)a + yb and lets = —1. Then

(7’ — 5+ b>
r+|——— |y
a
dividesP.
(iii) If 8 #£ 0, letr be a cube root ofic — (a — ¢)d and lets = g. Then

(=22,

Proof. SinceP is reducible, there exists a basis ¢}, of k2" such that? = %(¢’i’+

¢’§) (cf Theorem 3.36 ) and the#f; + ¢’ divides P. As shown in the proof of
Corollary 3.38a), we can takep’; = r¢, and¢’s, = s¢ wherer is a cube root
of gA1, s = m and ¢1, g2, A1 are given by Proposition 3.39. The explicit

formulae in the three cases are:

dividesP.

a)3=~=0: risacuberootofa,rs=qand¢] =rzx, ¢h = sy;
v 1 2 Y

(b)y #0: risacube rootoferaetrt s — 4 ang
S=reto-(a—aqy. G=s+ (ot
1 =TT 280‘ q)yY, 2 = ST 2r0‘ q)Y;
()3 #0: risacuberootow,s:%and

1 1
o =gt qrtry, ¢h=-(a—qr+sy.
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Calculatingg’, + ¢/, in the first case obviously gives (i). In the second case we hav

Srtdy= st (gam 0+ g@+a)y

1
= — (—28% —Ab) 4+ —
(r+s)e+ (23(1( o )+2ra

! (2T3—7b))y (35)

sincer? = g\, = LU0 gndsd = g\, = 229 Simplifying the coeffi-
cient ofy we get

1 1 1 by, 1 1 r—s+b
—— (=28 =) —(2r =) = = [r? —s* - L (=+ )| = —_—
23(1( = )+2ra( rb) a <T § 2 (r+ s) (r+s) a

since2rs = —~, and this implies (ii). Similarly, (iii) follows from (c). @D

As an application of the above results, consider the homegen Cardano-
Tartaglia polynomial
P =2’ +pry® + qy’

over a fieldk of characteristic nad? or 3. Assumep # 0 andg # 0 so that factorising
P is a nontrivial problem. Then

_op? 3
pPy=|( 1 9 W(P) = (¢* +4%2).
uP) = (4, 725). aup) = @+ al)
To be able to apply our approach we assupé P) has a square root i which we
denotey/q¢? + 4’2’—;. Then by Theorem 3.36 and Proposition 3.39@#)is reducible

iff
q ., |4 p? q ., |4 P
2 * 4 * 27 2 * 4 * 27
has a cube root ih.

If this is the case, then Proposition 3.40 (ii) implies that (r — s)y dividesP

wherer is a cube root o + 4/ % + ’2’—?7’ ands is the cube roof>- of —24-4/ % + ’2’—?7’.
Hence, with the obvious notation,

3
27

b

p 3

3(3%+ <+ )

is a root of the inhomogeneous cubit+ pz? + ¢ and this is the classical Cardano-
Tartaglia formula. Ifc = R, this can be written

sl q @ pP o oslq S
N T_\/2+\/4+27 \/2+\/4+27

since cube roots are unique.

q q?
s TV T

w|‘t§
3J
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3.4 Symplectic covariants and sums of coprime cubes in quadtic extensions

In this article we have until now considered only binary @sid? such thaty,,(P)
is a square irk. In this section we will study binary cubid3 such that),,(P) is a
square in a fixed quadratic extensiorkof

Let i be a quadratic extension &f Recall that since chél) + 2, the extension
k/k is Galois and the Galois groual(k/k) is isomorphic taZ,. The Galois group
Gal(l%/k) acts naturally on any space ovepbtained by base extension of a space
overk and its fixed point set is the original space okewe always denote the action
of the generator ofal(k/k) by = — z and we denote by? andw respectively the

symplectic forms ork2* and $3(k2*) obtained by base extension 8fandw. The
quartic onS3(l%2*) obtained by base extension@f, will be denotedy,, and we set

Op = {P € S*(k*) : Qu(P) € k*?}.
Finally, letlmk = {\ € k: A = —A\} and letT’ C S3(k2*) be the set of nonzero

binary cubics ovek which have a triple root ovet.

Remark 3.41 Note that(Im k*)2 C k* is the inverse image unddr — k*? of
a single nontrivial square class ik*/k*2. Conversely, a nontrivial square class in
k* /k*? determines up to isomorphism a quadratic extensiohwith this property.

This notation out of the way, we make a symplectic definition
O(k) = {P e S*(k*") : kis a splitting field ofz? — Q,,(P)}
and an algebraic definition

S(k)={P e S*(k*): IT € T st.P =T + T with T, T coprimg.

Proposition 3.42 O(k) = S(k).

Proof. Let P € O(k). ThenQ,,(P) has two square roots inbut no square roots in
k sincek is a splitting field ofz> — Q,,(P). By Theorem 3.27, there exists, Th € T
such thatP = Ty +T5 and the square roots 6f, (P) are+&(Ty, T). SinceP = P
and sincel; and T, are unique up to permutation, we have eitiigr= 7, and
Ty, =Ty or Ty = T, andTy, = T3. In the first case,

(D(TlaTQ) = (D(TDTQ) = "D(TlaTQ)a

sow(Ty,Ts) € k and@,,(P) has a square root ihwhich is a contradiction. Hence
P =Ty + T;. To prove thatl}; andT} are coprime, writel; = Ao where) € k
anda € k2*. Then, by unique factorisatioff; and7} are not coprime ifix anda
are proportional. But the(71,71) = 0 andQ,,(P) = 0 has a square root ih.
HenceT) andT; are coprime an® ¢ S(l%).
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To prove inclusion in the opposite direction, suppdsec S(l%) and letP =
T + T with T, T coprime andl’ € T. Note thatP # 0 since otherwisd” andT'
would not be coprime. By Theorem 3.27, we hayg(P) = (&(T,T))? andQ,,(P)
has two square roots(T, T) in k. LetT = Aa?® where) € k* anda € k*. As we
saw above] andT are coprime impliesy and@ are not proportional, and this is
equivalent ta2(a,, @) # 0 sincedim k2* = 2. From

O(T,T) = M(2(a,@))?

it follows that& (T, T) # 0. On the other hand,

(T, T) =&(T,T) = —&(T,T)
anda (T, T) is pure imaginary. Hence the square rogts(7, T') of Q,,(P)are not
in k andk is a splitting field ofz? — Q,,(P). QED
Proposition 3.43 (Fibres of x on O(k)). Let X € sl(2, k) be such that-detX e

(Im 4*)2 and vgerx (X) = [2]. Letq, ¢ € Imk* be its eigenvalues and lg¢tand ¢
be corresponding eigenvectorski*.

(i) There exists: € k* such thatia £2(¢, ¢)* = q.
(i) B X

p (X)) = {uag® + wa ¢* : u € k* andua = 1}.
Proof. Recall thatvgetx (X) = [2] is a necessary and sufficient condition forto
be in the image of: (cf Theorem 2.11). Since + ¢ is not an eigenvector ok, we
have

2] = [2(¢+ ¢, X -6+ X - 9)] = [~2¢02(¢, 9)].

Hence there exists € k* such thatva = q92(¢, ¢) and them, = Z—Z is a solution
of (i).
By Corollary 3.31, the fibre of the-moment magi : S3(k?*) — sl(2, k) is

B0 = (e + o ¢t ce k)
and hence
-1 o 73 q 3 . Tk = q
WX = e O S T e
This together with (i) implies (ii). QED

Orbit parameters for O (k)
It is clear thatO(k) is stable under the action of (8l k) and in this section we
will give a parametrisation of the space of orbits.
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Let P € O(k). Then, sinc&),,(P) € k*2, the S(2, k) orbit of P regarded as a
binary cubic ovek is entirely determined by@m (P) where

I~

By O — K %z, k)R

is the S[2, k)-invariant function defined in Theorem 3.33. Recall that atculate

I, (P), we choose\ € k* anda € k2* such that
P =)o? +)a?
and then by definition,
Ig, (P) = [w(X\a®, A@), A1), (36)

The square rootso(A\a?, A\@®) of Q,,(P) are pure imaginary since
O(Aa3, \a@d) = o(Aa?, Aa?) = —o(Aa®, @),

and the clasf\A '] of AA~! in the groupk* / k*3 satisfies

It follows that

I~

6, (P) € Im k* %z, Uk k*3)

where o o
Uk*) k*3) = {a € k*/ k*3 st.aa = 1}.

is the ‘unitary’ group ofi* / k*3. Note that theZ, action onlm k* x U (k*/ k*3) is
precisely the natural action 6fal(k/k).

Theorem 3.44 Let/g O(k) — Im k* x z, U(k*/ k*3) be defined by36)above.
(iy Let P, P’ € O(k). Then

SI2,k)- P =SI2,k)- P <= I5 (P') =I5, (P).

(1]
(ii) The maplém induces a bijection

O(k)/SI2, k) — Imk* x z, U(k*] k*?).
(iii) The isotropy group of® € (’)(/%) is isomorphic to

{(3 g) eSI2,k): A3 =1, M\ =1}.
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Proof. (i): The functionI@m : O(k) — Imk* x z, U(k*/ k*3) is SI(2, k)-invariant

since it is by definition the restriction of an (8| k)-invariant function on a larger
space.
. N " B
To provel(am separates orbits, suppoﬁgm (P = Iom (P). Writing P =

Ao + 2@ andP' = Na® + X’J?’, there exister € Z, such that

(G a3, XY, NN ) =0 - (@ha?, 3a®), A1) (37)

and, permuting cube terms if necessary, we can supposeutithgs of generality
thato is the identity. Then, equation (37) implies

S(Na®, Vo) = w(A\ad, Aa®), VN = [ (38)

or equivalently,

3

NNG(3, @) = MWo(@®, @), NN =[P

which by (2) is equivalent to
NN 2, ) = 2o, @), NN =1 (39)

Taking classes i* / k** we get

and multiplying the two equations gives
V=¥,

From this it follows thaf\’] = [\] since the cube of any elementifi/ k*? is the
identity.
Let now¢ € k* be such that
N =\

Substituting in the first equation of (39) we get
Qe E7)* = (o, @)?

which means R L ~
Q& Ea’) = j 2(a, @)

for somej € k such thatj3 = 1. The conjugate of this equation is
~Q(a’, E) = —j 2, @)

and hencg =j.
Defineg € GI(2, k) by
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g-a=jéd, g-a=jia.
Theng commutes with conjugation by definition, and presen@esﬁnce
g a,9-@) =202, €) = 5 2(a, @) = 2o, 7).
Henceg € SI(2, k). Furthermore,
g-P=Mg-a) + ANF7a)° = \(jéa')? + A(jEQ)* = Na* + NaT = P’

which shows thaP and P’ are in the same 81, k)-orbit. This proves (i).

To prove (i), we only have to show thagm is surjective since by (i), the func-
tion 1(5[11 induces an injectio®(k)/SI(2, k) — Im k* x z, U(k*/ k*3).

Let(q,s) € Imk* x U(k*/ k*3). First, pickA € k* such that

[A] =s. (40)

Since[A\\] = s5 = 1, we know A\ is a cube ink* but in fact, sincek* /k is a
guadratic extension and\ € k, this implies that there existse k* such that

A =3, (41)

Now let

q . N
-_—— +
o= 2T:c Y

(Where#, § € k2* are the base extensionsmfy € k2*) and let
A A
2328

pP= —a°. (42)
q q

This is a binary cubic of the forrii’ + T whereT e T. We are now going to show
thatP € O(k) and thatlém (P) = [q, s
Note first that

Re,@) = A—gtd+9,—(50)a+7 = =5 + () =
SO (AZ(a, a) # 0 which meansy and@ are not proportional. Hence® anda® are

coprime andP € O(k).
Next, we have

(e, = D = L @
r
and _
dj(éa3, _éa ) = —(1)2)\5\&(043,073) =q (44)
q q q

using equations (41) and (43). Finally, it follows from (4Bt
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Bérﬂ =M =ss T =T = = (45)

Hence, putting together equations (36), (42), (44) and, {#8)get

I, (P) = [4.5]

and this proves thalt; = O(k) — Im k* x z, U(k*/ k*3) is surjective.
Part (iii) follows from Theorem 3.33 (iii).
QED

Corollary 3.45 Let P, P’ € O(k). Then

SI2,k) - P =SI2,k) - P < SI2,k)- P =SI2,k)-P.

Proof. Both properties are equivalentlgm (P) = 15[1] (P') by the above theorem
and Theorem 3.33. QED

Properties of orbit space

The parameter space R o
Imk* xz, U(k*/ E*)

for SI(2, k) orbits inO(k) is very analogous to the parameter space
IAC* X 2, k*/ k*b’

for SI(2, k) orbits in Ofy; that we gave in Theorem 3.33. Its main features can best
be summarized in the diagram

Im k* x z, U(k*/ k*3) (46)
° i
5q
(Tm /*)? Uk ) k*3)/ Zs.
The map A o R
§q:Imk* x5, U(k*) k%) — (Im k*)? (47)
given by
59([g,a]) = ¢*

is the fibration associated to the principggl-fibration
Im k* — (Im k*)?

and the action of, onU (k* / k*3) by conjugation. Sinc&- acts by automorphisms,
the fibresy ' (¢2) over any poing? € (Im k*)? has a natural group structure
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[qvul] X [Qv U‘Q] = [Qa u1u2] (48)

independent of the choice of square roatf g2. Taking the identity at each point,
we get a canonical sectign: (Im k*)? — Im k* x z, U (k*/ k*3) of (47) given by

é(q*) = [4.1] (49)

but, although each fibre is a group isomorphidjtd%*/ 15*3), the fibration (47) is
not in general isomorphic to the product

(Im k*)? x U(k* ) k%) — (Im k*)2.

To translate the above features of orbit space into moreretsstatements about
binary cubics ovek, note that the mapyg is essentially the quarti@,, since for all
P e O(k),

sl (P) = Qu(P).

Theorem 3.46 Let M e (Im k*)?, let
Om ={P € S*(k*") : Qu(P) =M}
and letO,,/SI(2, k) be the space a$(2, k)-orbits in O,.
(i) The mapl O(k) — Im k* x z, U(k*/ k*3) induces a bijection

Ot /SI2, k) +— &~ (M)
and, by pullback of48), a group structure o®,,/SI(2, k).
(ii) As groups, O, /SI2, k) = U (k*/ k*3).
(iii) The identity element a,, /SI(2, k) is characterised by:
SI(2,k) - P =1 < Pisreducible ovek.

Proof. Parts (i) and (i) follow from the discussion above. To préii first note that
Pisreducible ovek iff P isreducible ovek sinceP is cubic ands/k is a quadratic

extension. By Theorem 3.34(iii}? is reducible ovet: iff 15[1] (P) = [gq,1] where

q € k is a square root o/, and by equation (49), this is the identity element of
Onr/SI(2, k). QED

Corollary 3.47 LetP, P’ € S3(k*") be reducible binary cubics such th@t,(P) =
Q. (P’) is nonzero. Then there exigis SI(2, k) such thatP’ = g - P.
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Proof. SupposeR,(P) = Q.(P') = M. If M € k*?, the result follows from
Theorem 3.34(iii). IfM € k* is not a square, one can find a quadratic extensioh
k such thatV/ € (Im k*)%. The result then follows from Theorem 3.46 (iii). QED

To finish this section we briefly discuss the mapIm k* x z, U(k*/ k*3) —
U(k*/ k*3)/Z5 in diagram (46) given by

t(lg,o]) = [a].
This a fibration with fibrdm k* outside the identity cosét] but
(1)) = e(k?)
is a ‘singular fibre’. There is &*-action:
A-lg, o] = [Ag, of (50)

which maps fibres ofg to fibres ofsg:

sq(lq', o']) = sq(lg, o]) = sa(X - ¢, &/]) = $4(A - [g, o)),
and whose orbits are exactly the fibreg of

t(d,a']) =t([g,a]) & IN € k* s.t.[¢, /] = X [g,ql.

1 if o #£1
T {x1}ifa=1.

It would be interesting to interpret these features of tHat@pace in terms of
the original binary cubics.

Isotropy for this action is given by:sot - ([q, «])

4 Parameter spaces for G2, k)-orbits

We have seen that the(8] k)-orbits in
Oy ={P € S*(k*") : Qu(P) € k**}

are parametrised by
k* X 2, k*/k*i’)
and that ifk: is a quadratic extension &f the S[2, k)-orbits in

A2

Ok)={P e S*k*"): Qu(P) € (Imk*)"}

are parametrised by . .
ImE* x g, U(k*/k*3).

The groupGL(2, k) also acts on binary cubics and since
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Qn(g-P) = (det 9)~°Q,(P) Vg€ Gl(2,k),VP € S*(k*"),

the space®)y; andO(k) are stable under G, k).
In general, if G[2, k) acts on a spac¥ there is a map

X/SI2, k) — X/GI(2, k)

from the set of Si, k)-orbits onto the set of @, k)-orbits. The fibres of this map
are the orbits of thé*-action onX/SI(2, k) given by

Ax[z] = [A- 2] (51)

where A is any element of GR, k) such thatdet A = . Thus to get parameter

spaces foOy;;/Gl(2, k) andO(k)/GI(2, k) we need just to calculate ttie-actions
onk* x z, k*/k** andIm k* x z, U(k* /k*3) corresponding to (51).

Lemma 4.1 (i) Let k* act onk* x z, k*/k*> by
A€ 0] =X, of
and letlo,, : Opy) — k* x z, k* /k** be defined by23). Then
Ioy (g P)=(detg)™® - Io, (P) VP € Op), Vg € GI(2,k).
(ii) Let k* act onIm k* x z, U (k*/k*3) by
A€ 0] =X, of
andletls : O(k) — Imk* xz, U(k"/k**) be defined by36). Then

Ig, (9 P)=(detg)™ Io, (P) VPe O(k), Vg € GI(2, k).

Proof. To prove (i), since for any> € Oy there existsh € GI(2, k) anda,b € k*
such that
h-P =az®+ by?,

it is sufficient to prove that

Toy, (g (az® +by?)) = (det g)*?’-I@m (az® +by®) Va,b € k*, Vg € GI(2, k).

, _ (detg0
7= (%7)

Thendet ¢’ = detg, ¢ -z = %ch andg’ -y = y. Henceg’g~! € SI(2, k),

Consider

10[1] (9- (axg + byg)) = I(Dm (gl ) (axg + by3))

and
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’. 3 3)) = _a 3 3y, ab -1
IO[I] (g ((L,’E + by )) - IO[I]((det g)gw + by )) - [(detg)3 ’ [ab ]]
The result follows sincéo ,, (az® + by®) = [ab, [ab™']].
Part (ii) follows from (i) applied tck. QED
Corollary 4.2 (i) If P € O; and\ € k™ then
1
10[1](/\ * [P]) = \3 'I(’)[l]([PD'
(i) If P € O(k)and\ € k* then
1
Ig, A+ [P]) = 55 - I, (IPD).
Proof. Immediate from the lemma. QED

From this we get thé:*-actions on the parameter spadesx z, k*/k** and
Im k* x z, U(k*/k*3) corresponding to (51)x € k* acts by multiplication byA—3
on the first factor.

Hence, by the discussion above, the mags, : O — k* Xz, k* /k** and

Is, O(k) — Im k* x z, U(k* /k*3) induce bijections

Ony /G2, k) «— (k* x 7, k*/k*3) /k*3 = k* k"3 x (k*/k*3)/ Z,
O(k)/GI(2, k) «—— (Imk* xz, U(k*/k*3))/k* = (Im k*) /k*® x U(k*/k*3)/Zs.
To summarize, we have proved the

Theorem 4.3 (a) Definer : k* xz, k*/k** — k*/k*3 x (k*/k*3)/Z, by
7([¢, a]) = ([€], [o]) andJo,, : Opy — k* /K3 x (k* [k*3) | Zy by Jo,,, = moloy,;.
(i) Let P, P" € Op; Then

Gl(2,k)- P=Gl(2,k)- P & Joy (P)=Joy(P).
(i) The mapJo,,, induces a bijection
Opy/GI(2,k) «—— k*/k** x (k* /k*®)/ Zs.

(b) Definer : Tm k*x 7, U (k* /k*3) — (Im k*) /k**x U (k* /k*%) / 2, by ([¢, o] ) =
([€), [a]) and 5 = O(k) — k* /K™ x (k*/k*%)/ Z2 by J5
(i) Let P, P’ € O(k). Then

=fols .
1 O

Gl(2,k)- P =GI(2,k)- P & J@m (P) = J@m (P).
(i) The mapJ@m induces a bijection

O(k)/GI(2, k) — (Imk*)/k*® x U(k* /k*3)/ Zs.
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Orbits spaces wher¥ is a finite field of characteristic not2 or 3

Let k£ be a finite field withg elements, not of characteristicor 3. The following
facts are well-known:

o k*/k*? = Z, so up to isomorphsm, there is only one quadratic extensidn of
andk*? has;(q — 1) elements;

if ¢ =1mod3, k*/k*3 = 7Z/3Z;

if g =2mod3, k* = k*3;

if ¢ = 1 mod3 andk/k is a quadratic extensiot,(k* /k*3) = 1;

if ¢ = 2 mod3 andk/k is a quadratic extensiof(k* /k*3) = 7./3Z.

These facts together with Theorem (3.33) and Theorem 4.Zihately give the

Proposition 4.4 Let k be a finite field with; elements, not of characteristicor 3
and letk be a quadratic extension. Set

Opy = {P € (k") : Qu(P) € k™),
O(k) = {P € $3(k2") : Qu(P) € (Imk*)°}.

(a) If ¢ = 1 mod 3,0y is the union of} (¢ — 1) SI(2, k)-orbits andO(k) is the
union of (¢ — 1) SK2, k)-orbits.

(b) If ¢ = 1 mod 3,0y is the union of GI(2, k)-orbits andO(k) is the union
of 3 GI(2, k)-orbits.

(c) If ¢ = 2 mod 3,0y is the union of} (¢ — 1) SI(2, k)-orbits andO(k) is the
union of3 (¢ — 1) SK2, k)-orbits.

b'(d) If ¢ = 2 mod 3,0y is a GI(2, k)-orbit and O(k) is the union of GI(2, k)-
orbits.

Proof. As examples, let us count the number of25k)-orbits in Op;; wheng = 1

mod 3 and the number of @, k)-orbits inO (k) wheng = 2 mod 3.

In the first case, by Theorem (3.33), the parameter spaceds, k* /k** which,
being a fibre bundle ovér? with fibrek* /k*3, hasi (¢—1) x3 = 3(¢—1) elements.

In the second case, by Theorem 4.3 , the parameter spaém is*)/k*® x
U(k*/k*3)/Z, and this has x 2 = 2 elements sinceZ, acts onU (k*/k*3) by
inversion. QED
According to [10] (Proposition 5.6) at least part of the éaling corollary can be
found in Dickson [7].

Corollary 4.5 Letk be afinite field withy elements, not of characteristioor 3. The
number of SR, k)-orbits of binary cubics with nonzero discriminantig; — 1). The
number of G(2, k)-orbits of binary cubics with nonzero discriminantdsf ¢ = 1
mod 3 and3 if ¢ = 2 mod 3.

Proof. A binary cubic of nonzero discriminant is either @, or in O(k) since
up to isomorphismi has only one quadratic extension. Hence, the total number of
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SI(2, k)-orbits with nonzero discriminant is the number ofSk)-orbits inOyy plus

the number of §B, k)-orbits in O(k). The same is true for @, k)-orbits and the
result follows from Proposition 4.4. QED

5 A symplectic Eisenstein identity

The following identity is a symplectic generalisation of ttlassical Eisenstein iden-
tity which, as we will see, is obtained from it in the speciase wher) is the cube
of a linear form. There is an analogous identity for the syanfit module associated
to any Heisenberg graded Lie algebra ([15]).

Theorem 5.1 Let P,Q € S3(k?*). Then
W (P),Q)* = 9Qn(P)w(P,Q)* =

SSe(P)? - Q.Q) — 3 Qu(P)u(u(P) Q@) (52)

where u(P)®? denotes the unique endomorphismSg{k2*) satisfyingu(P)®3 -
(@®) = (u(P) - a)?forall a € k2*.

Proof. If u(P) = 0, then?(P) = 0, Q,(P) = 0 and all terms in the identity are
zero.

If 1(P) is nilpotent nonzero, the®,,(P) = 0 and and there exists € S1(2, k)
such thaty - P = z?%y. Since the identity (52) i81(2, k)-invariant, we can suppose
without loss of generality tha® = x2y. Then, by calculation,

2, _2(00
!I/(P)——gx, ,U*(P)_§<10>
and sou(P) -z = 0andu(P) -y = —3z. Let

Q = px® + 3rz’y + 3sxy® + ty.

The LHS of (52) is

w205, = Cye
and the RHS of (52) is
Selu(P)® - Q,Q) = —qu(~ ()t Q) = (2P

Thus (52) holds ifu(P) is nilpotent nonzero.

To complete the proof of the proposition it remains to prcdé2) (f Q,,(P) # 0.
As the identity is independent of the field we may suppose@hdtP) is a square
in k* and hence thaP € Oyy;. Since the identity (52) i81(2, k)-invariant, we can
further suppose without loss of generality that
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P = ax® + dy?.
Then

Qn(P) = a®d*, W(P) = 3ad(—az® + dy*), u(P)= (aod —(;d)

and sou(P) - x = —adx andp(P) - y = ady. Let
Q = pa® + 3ra’y + 3sxy® + tyP.
The LHS of (52) is
w(P(P)?,Q) = 9Qn(P)w(P,Q)?

= 9a’d® (w(—az® + dy®, Q) — w(az® + dy*, Q)?)

= —36a’dPw(z®, Q)w(y?, Q)

= 36a3dpt. (53)
On the other hand, the first term of the RHS of (52) is

9 9
—5@(n(P)®* - Q.Q) = =Ja’d"w(—pa’ + 3ra’y — 3say” + 14, Q)

2
9 333
=g d’(—2pt — 6rs)
= 9a3d>(pt + 3rs) (54)

and the second term of the RHS of (52) is
~SQn(P)o(u(P) - Q. Q) = — S ul~3ps® — Bra’y + sy’ + 31y, Q)

9
= —§a3d3(—6pt + 67s)
= 27a%d* (pt — rs). (55)
The result follows from equations (53), (54) and (55). QED
To obtain the classical Eisenstein identity from this regekall that one can use

the symplectic forn12 on k%* to define &l1(2, k)-equivariant isomorphism k2 —
k2. if v € k2, we letd € k%* be the unique linear form such that

$(v) = 2(p,0) V¢ € k.
It then follows that
P(v) =w(P,5%) VP e S3(k**), Vv € k?, (56)

so that the operation of evaluating a binary cubic at a pdiit?ccan be expressed
in terms of the symplectic forny on S3(k2*). One can also pullback to get an
S1(2, k)-invariant symplectic fornf2;> on k%

Q2 (v, w) = Q(0,0) Yo, w € k.
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Corollary 5.2 (Classical Eisenstein identity) Lét € S3(k2*) and letv € k2.
2 2 9 3
U(P)(v)* —9Qn(P) P(v)* = — 3 42 (p(P) - v,v)°.

Proof. Setting@ = ¢2 in (52) and using (56), we get
U(P)(v)* —9Qn(P) P(v)* =

T u(P) B, )~ S QuP)w(u(P) B, ). (67)

The result follows from this since
w(p(P) -3, 3%) = 3w((u(P) - 0)i%,5%) = 0
((u(P) - 9)9? has at least a double rootgtand
w(p(P)®* - 5°,0%) = Q(u(P) - 0,9)° = Qg2 (u(P) - v,v)*.

QED
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