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Abstract: ~ We address the problem of achieving a random laser with
a cloud of cold atoms, in which gain and scattering are prexidy the
same atoms. In this system, the elastic scattering crasmsds related

to the complex atomic polarizability. As a consequence,réimelom laser
threshold is expressed as a function of this polarizabitisich can be
fully determined by spectroscopic measurements. We appdyitiea to
experimentally evaluate the threshold of a random laseecas Raman
gain between non-degenerate Zeeman states and find a lcafiteal
thickness on the order of 200, which is within reach of stHtéhe-art
cold-atom experiments.
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1.

Introduction

Random lasing occurs when the optical feedback due to neilgattering (or “radiation trap-
ping”) in a gain medium is strong enough so that gain in thepdamolume overcomes losses
through the surface. Since its theoretical prediction biokleov [1], great efforts have been
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made to experimentally demonstrate this effect in diffek@nds of systems [2, 3, 4, 5, 6], as
well as to understand the fundamentals of random lasing,[9, 80]. The broad interest of
this topic is driven by potential applications (see [11] aeferences therein) and by its con-
nections to the fascinating subject of Anderson localrafil2]. State-of-the-art random lasers
[11, 13, 14] are usually based on condensed matter systemdseadback is provided by a
disordered scattering medium, while gain is provided by eiva material lying in the host
medium or inside the scatterers. In general, scatteringgaidare related to different physical
entities.

Another system that can be considered for achieving randsing is a cold atomic vapor,
using magneto-optical traps [15], where radiation traggite, 17] as well as lasing [18, 19]
have already been demonstrated. One advantage is thg tbdharacterize and model the mi-
croscopic properties of the medium, which can be extremedlyable for a better understanding
of the physics of random lasers.

However, in such system, the ability to combine gain and ipleltscattering at the same
time is not obvious, as both should be provided by the samasat®n the other hand, it has
been shown recently that the peculiarity of this systemddadh simple condition for random
lasing in the incoherent regime [20]. The threshold is imbéefined as a critical on-resonance
optical thicknes$y, which is a function of the complex atomic polarizabilityas the single
parameter [21]. This has been used to predict theoretitalthreshold of a random laser based
on Mollow gain, for which the atomic polarizability is anélyally known [21, 22]. A critical
bg of the order of 300 has been found.

In contrast to theab initio theoretical approach of [21], we present here an expermhent
evaluation of the threshold of a random laser. Our methddsan the fact that thanks to
Kramers-Kronig relations [23], the complex atomic polalitity is indeed onaingleindepen-
dent parameter, and thus can be fully determined by a specip@ measurement. This idea
is general and could be applied with any gain mechanisms.aMedstrate its usefulness here
with Raman gain between non-degenerate Zeeman states9184,125]. We obtain a critical
optical thickness on the order of 200, lower than with Moligain [21].

2. Measuring the threshold of a random laser with cold atoms

From Letokhov’s diffusive description of light transport & homogeneous, disordered and
active medium of siz&, we know that the random laser threshold is governed by twoach
teristic lengths: the elastic scattering mean free paif26, 27] and the linear gain lengtl

(¢g < 0 corresponds to absorption or inelastic scattering). éndiffusive regime, defined as
L > /s, the lasing threshold is reached when the unfolded pattihgng the order of_z/ésc,
becomes larger than the gain length. More precisely, tlesttold is given by [1, 13]

Lett > BTy /lscly/3, (1)

wheref3 is a numerical factor that depends on the geometry of the leafip= 1 for a slab,
B = 2 for a sphere, which is the case we consider in the followiagpl Leg = nL is the
effective length of the sample, taking into account theapatation length [26]. FoL > /sc
and a sphere geometny,= 1+ 28/ [L/lsc+ 2&] with & ~ 0.71 [28, 29]. Note that deeply in
the diffusive regimel( > /sc), n ~ 1. Another important length scale is the extinction length
lex, as measured by the forward transmission of a beam throegsetimple]T = e /’ex, The
extinction length is related to the other lengths/lpy = (¢ — (4.

For an atomic vapor, these characteristic lengths can otlomputed as a function of the
atomic polarizabilitya (w) at frequencyw. The extinction cross-section is indeed given by
Oex(w) = k x Im[a(w)] and the elastic scattering cross-sectiorogyw) = k*/61 x |a (w)|?
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[30] (k= w/cis the wave vector). Note that the first relation is generahypdielectric medium
whereas the second one is specific to resonant point-dipattesers. The characteristic lengths
are ther/g k. = p Jexsc, Wherep is the atomic density. The gain cross-section can be defined
the same way b%l = p gg. The vapor is supposed homogeneous, as well as the pumpihg fie
so that bothp anda are position-independent. Even though this is not the pesgp¢ometry of

a cold-atom experiment, it allows us to perform analyticgtimeations. As we consider only
quasi-resonant light, we shall uke= ko = ap/c with wp the atomic eigenfrequency. In the
following, we shall also use a dimensionless atomic poddnility &, defined asr = & x 67T/k8,
and omit the dependence an We can now rewrit@sc = dy|d|% andog = gy (|& > — Im(d)),
wheread, = 671/k3 is the resonant scattering cross-section, such that thsftbid condition, as
expressed by Eq. (1), reduces to

21T
V3@ (jaf? —1Im(a))

whereby is the on-resonance optical thickness of the cloud. Thiglitiom is valid as soon as
the medium exhibits gain.e. |a@|?> — Im(&) > 0.

The threshold condition is thus given by a critical on-reswre optical thickness, which is
an intrinsic parameter of the cloud, expressed as a funcfithre complex atomic polarizability
only, which depends on the pumping parameters. Althouglnitial condition of Eq. (1) in-
volves two characteristic lengths, we emphasize here tiimis really one single independent
parameter, as real and imaginary parts of the atomic palaitiy are related via Kramers-
Kronig relations [23]. This point is due to the originalitjthe system that we are considering,
in which the same atoms are used to amplify and scatter light.

This property has two important practical consequencesfifst one is that we cannot adjust
one quantity (for example gain) independently of the otlseattering rate, or vice versa), so
that the existence of reasonable conditions for randomgdasinot obvious. This issue has been
positively answered recently and it has been shown thatorardsing can even occur with a
low amount of scattering [21]. The second one is that only queentity has to be measured
to determine the threshold, as soon as we can measure itdoy ®y since Kramers-Kronig
relations involve integrals ovev. A weak probe transmission spectrum, which we can rewrite,
with our notationsT (w) = exp[—bg x Im (& (w))], contains therefore enough information to
fully characterized (w) and then to deduce the critical optical thickness. In thiofahg, we
use this idea with Raman gain.

Note that without this possibility, measuring independietiite two characteristic lengths is
difficult. Besides the transmission spectrum, one needthanmeasurement, which can be
provided by the fluorescence. Nevertheless, the probe #uoenee is small compared to the
pump one, and inelastic scattering is not easily distingrdsfrom elastic scattering. Despite
these difficulties, preliminary measurements, in a limitadge of parameters, have qualita-
tively validated the approached based on Kramers-Kronégioas [31].

; (@)

POoLest = nbo >

3. Application to Raman gain

Our experiment uses a cloud of cdleRb atoms confined in a vapor-loaded magneto-optical
trap (MOT) [15] produced by six large independent trappiregns, allowing the trapping
of a few 10 atoms at a density of 18 atoms/cm, corresponding to an on-resonance opti-
cal thickness of about 10. To add gain to our system, we usarg flaeam, which is tuned
near theF = 3 — F/ = 4 cycling transition of thd2 line of 8°Rb (frequencywy, wavelength

A =780 nm, natural linewidtlr /2t = 6.1 MHz), with a detuning\ = wp — an, which can

be changed via an acousto-optic modulator in a double-pasggyaration. The pump beam
has a linear polarization and a waist larger than the MOT @&zZew millimeters) to ensures
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Fig. 1. (a) Principle of the experiment. We send a weak praaerbon the magneto-optical
trap (MOT) and the transmission is recorded on a photod&até@eD). The probe frequency

w is ramped during the acquisition in order to record a spettAnother, stronger beam of
frequencywp is used as a pump. (b) Principle of the Raman mechanism (deiere for

aF =1 — F’ =2 transition). (c) Experimental transmission spectrattptbas a function

of the pump-probe detuning. Without pumping, spectrum (1) shows only the atomic
absorption. A pump beam of detuniAg= —3.8r" and intensity 13 mW/c#) corresponding

to a Rabi frequenc@ = 2.5T", is added to obtain spectrum (2), which then exhibits a Raman
resonance in the vicinity a¥ = 0. The atomic absorption is shifted due to the pump-induced
light shift and the absorption is reduced due to saturation.

homogeneous pumping. An additional, orthogonally po&atibeam is used as a weak probe
to measure transmission spectra with a propagation axignigak angle with the pump-beam
axis of about 17[Fig. 1(a)]. This small angle, together with the low tempara of our sample
(~ 100 uK) allows us to neglect any relative Doppler broadeningdQ kHz). The probe fre-
guencyw can be swept around the pump frequency with a detudiagw — we. Both lasers,
pump and probe, are obtained by injection-locking of semicmtor lasers from a common
master laser, which allows to resolve narrow spectral feat(this has been checked for earlier
experiments [19] down to 10 kHz). All our experiments aregipulsed with a cycling time of
30 ms. The trapping period lasts 29 ms, followed by a darlopesf 1 ms, when the MOT trap-
ping beams and magnetic field are switched off. In order tademptical pumping into the dark
hyperfineF = 2 ground state, a repumping laser is kept on all time. Puropgspectroscopy
is performed during the dark phase, short enough to avoidresipn of the atomic cloud. Data
acquisitions are the result of an average of 300 cycles.

Raman gain relies on the pump-induced population inveraimong the different light-
shiftedmr Zeeman sublevels of the = 3 hyperfine level [24, 25], as depicted in Fig. 1(b).
The optical pumping induced by threpolarized pump laser leads to a symmetric distribution
of population with respect to thee = 0 sublevel of the ground state, with this sublevel being
the most populated and also the most shifted, due to a latges€h-Gordan coefficient [32].
Atoms are probed with a-polarized (with perpendicular direction) probe beamstimalucing
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Amg = £+1 Raman transitions. Depending on the sign of the pump-piteheingd, the pop-
ulation imbalance induces gain or absorption. Each pairegjhiboring sublevels contributes
with a relative weight depending on the population invarsio practice however, the levels
are not separated enough to be well resolved, and only twatates (with opposite signs)
are visible, one corresponding to amplification o= — g and one to absorption f@r = Jr.
Note that this situation corresponds to a red detuning fempimp A < 0) and that the signs
are inverted for blue-detunind(> 0). As dr comes from a differential light-shift (because of
different Clebsch-Gordan coefficients), it is usually oa thrder ofl /10, wheread is a few

I". The widthy of the resonances is related to the elastic scatteringaigemuch smaller than
I" [24]. Far from the main atomic absorption resonance, thedamsonance is thus a narrow
spectral feature, as in Fig. 1(c), such that we can fit it ietelently of the main absorption
line [Fig. 2(a)]. Therefore, we scan the frequency of thebprbeam around = 0 only, which
reduces the interaction time with the pump, thus supprgsaitiation pressure and subsequent
unwanted Doppler shift. Note that adding a second courdpggating pump beam is not a
suitable solution, as in this situation, other mechanisrag otcur (recoil-induce resonances,
four-wave mixing, atom localization in potential wells)2333, 34], which would complicate
the analysis. We use the polarizabildy(d,A, Q) to describe the Raman structure, with

Aq _ Ao
(0—=&)2+V2/4 (0+0Rr)2+V?/4°

This function is particularly convenient as the Kramersiig transformation of a Lorentzian
profile is well known. We thus avoid any numerical integratio

Our experimental procedure is the following. We scan thédeifoequency frond = —TI to
0 =T during 100us and record one Raman transmission spectrum. During the cgote, we
perform two larger scans without pumping, one before theppnobe spectroscopy and one
after, in order to record the main absorption line (as in Ei@)), from which we extract the
on-resonance optical thicknelggs The second measurement allows us to take into account the
losses induced by the pump radiation pressure. The comdsmpuncertainty otog induces,
at the end, at10% uncertainty on the critical optical thickness. Then fiiiey

®3)

Im(&R) =

T(8) = exp[—bo x (Im[ar(5)] + md + p)] , (4)

whereAs, Ay, &g andy are the adjustable parameters of the Raman structure lbeddydr,
and the adjustable line parameterizedryp is used to fit the background of the transmis-
sion spectrum. This expression is not rigorous and one dostdad search for the complete
expression of the atomic response. However, it is difficultake into account the complete
real system, including the Zeeman degeneracy and polarizeffects. Using Eq. (4) allows
us to efficiently measure the Raman parameters. As showmirRf), the fit is very satisfac-
tory. For most parameters, the widgtof the Lorentzians is larger than their shdit, so that
the two Lorentzians are not separated and the Raman stedotks like a dispersion profile.
Similarly, the corresponding scattering cross-sectiaksdike one bell-shaped curve. The ob-
tained widthsy are consistent with the pump elastic scattering rate. Tti@ batween the gain
amplitudeA; and the absorption amplitud®e is approximately constant, as expected, since it
depends only on the Clebsch-Gordan coefficients.

Then, the Lorentzian shape of the Raman contribution totibraia polarizability is analyti-
cally transformed through Kramers-Kronig relations to get

255y, —25+5)y
G- or2+y2/a 27 B+ R+ VA

The atomic polarizabilityyg is thus fully determined.

Re(&R) = Aj_ X (5)
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Fig. 2. (a) Typical experimental spectrum (red dots) andiit¢black line) around the
Raman resonance.The parameters obtained from the fijare0.21 (gain amplitude),
A, = 0.11 (absorption amplitude)y = 0.25" = 1.5 MHz and dg = 0.09 = 540 kHz.
(b) Gain and scattering cross sections, computed from B¢g) With the Raman param-
eters deduced from the fit. (c) Corresponding critical @btthickness. The minimum is
bp ~ 220. This set of data corresponds to the pump paraméters-3.4 andQ = 3.4T".

However, the measurement is valid for the special poladmatonfiguration that we have
used, whereas for a random laser, the polarizati@yigori random. To get a realistic estima-
tion of the random laser threshold, we thus have to make alage®ver the polarization. We
have checked experimentally that the coefficiehitsA, have a siA(8) dependence with the
relative angled between the pump and the probe linear polarizations. As we parformed
all the measurements in the optimum case (with the probeipateon perpendicular to the
pump one), it is appropriate to multiply the measured vabfdsn(dg) by 1/2 and|dgr|? by
3/8 (average of sit()). The cross-sections used to determine the random laseshibid are
thus

)2 —SIm(GR). ©)

ar2 (7)

=Y

0Oy/ 0o =

wlw  olw

Usc/ Op =

wheredr is experimentally determined as described above [Eqs) €8 Fig. 2(a)]. An ex-
emple of computed cross-sections is shown in Fig. 2(b).
Then, the critical optical thickness is easily computedrfro

2110y
\/30sc0g

where the correctingn factor (coming from the extrapolation length) writeg =

(bocr0sc+ 4 0v) / (bocrOsc+ 2{ 0p) and yields a second-order equationbg,. The solution,
plotted as a function od, is reported on Fig. 2(c). As expected, the minimum is lotatear
the maximum of the gain cross-sectiae, for 6 ~ —dg.

n bOcr - (8)

4, Resultsand discussion

We repeat the above procedure for each couple of pumpingnedeas{A, Q}. The Rabi fre-
guency of the atom-pump interaction has been calibrated dayitoring the light shift of the
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Fig. 3. Critical optical thicknesbgcr as a function of the pumping parametérgatom-
pump detuning) and2 (Rabi frequency of the atom-pump coupling). The minimum is
aroundbggr ~ 210— 230, forA ~ 2I' andQ ~ 2—3r.

main absorption line [35] as a function of the pump intensiyit can be seen in Fig. 1(c). We
studied only theA < O part, as Raman gain is independent on the sigh [#4]. Moreover,

we have been restricted tA| > 2 because too much radiation pressure destroys the MOT for
|A| < 2. As the random laser will automatically start with the firstquency above threshold,
we report in Fig. 3 the critical optical thickness defined as

bocr(8, Q) = Minlboe(3.8, Q). 9)

The minimum is arounger ~ 210— 230, obtained foA ~ 2I' andQ ~ 2 —3r.

Once the critical optical thickness is computed, the seifsistency of our model has to be
checked on two points. Firstly, the diffusive approach iegdo Eq. (1) requires in principle
that the ratid_/¢sc = boer X Osc/ 0p is substantially larger than one to be justified. Nevertele
it has been shown recently that this condition has not to telgtrespected, as the diffusive
approach gives quite accurate results dowh té. ~ 1 [21]. This is approximately the value
obtained for the optimum parameters. Note also that theection due to the extrapolation
length (7 factor) is not negligible, as fdr/lsc~1,n ~ 1.6.

Secondly, we have so far only considered the Raman resomaeglecting the influence of
the main atomic transition aty, which is valid for very large detunings>> I'. However, since
the optimum threshold is obtained for small detuning, thiaat justified. The corresponding
one-photon transition has no gain aroung 0 and then only adds scattering. This scattering
can be decomposed into elastic and inelastic contributibims elastic contribution will lower
the random laser threshold, whereas the inelastic cotiwilywhich shifts the frequency out of
the Raman gain curve, will yield an increase of the lasingghold. Let us examine the effect
of the supplementary elastic scattering. It can be evaduage

Jo 1

%l T 11 an2r2 1+

xE . (10)

The first term is the total scattering cross-section of alevel! atom, taking into account the
detuning. The second factor, wheve: 2Q?/(I'? 4- 4A?) is the pump saturation parameter, de-
scribes the reduced scattering cross-section, keepiygloalelastic part [35]. As a change of
Zeeman sublevel is possible during a scattering event, diti@uhl weighting factor, estimated
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as% ~ 0.5 [36], is necessary to select true elastic scattering. #gldi, to osc [EQ. (7)] low-

ers the critical optical thickness tg¢ ~ 120— 130, with approximately the same optimum
pumping parameters. This is however an optimistic evadunats inelastic scattering has not
been taken into account. On the contrary, a conservatiaati@n can be obtained by consid-
ering inelastic scattering as pure lossesas a negative contribution to the gain cross-section.
This is pessimistic because those photons may not be dediyitost, as further inelastic scat-
tering can shift their frequency back on the gain curve. As/jpusly, the inelastic scattering
cross-section can be evaluated by
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The first term in the squared bracket is associated with Rangastic scattering whereas the
second term is due to incoherent scattering of the two-lketeh [37]. Subtractin@i,e to the
gain cross-section of Eq. (6) increases now the criticalcapthickness tdger ~ 215— 230.
The optimum parameters are then located feay 3 — 4" andA ~ 3 — 4I". Except for small
A, where inelastic scattering is dramatic, the result is eoy different from the one presented
on Fig. 3. Especially near the optimum paramet&s-(A ~ 3—4I'), the optimistic evaluation
leads tabger ~ 165— 180, which is not very different from the pessimistic regbl, ~ 215—
230). Therefore, we conclude that the vahgg, ~ 200 gives the correct order of magnitude.
Such a high optical thickness is achievable, for instancadiyg compression techniques of
magneto-optical traps [38, 39]. The corresponding rafi& is on the order of 2.

Random lasing occurs at a detuning from the pyaip- dg, typically smaller than 1 MHz.
This makes the detection of such a random laser very chatignas the corresponding fluores-
cence cannot easily be separated from the pump-induceds$icemce. Nevertheless, the narrow
Raman structure could be revealed by a beat note experiawint[40], or alternatively by the
intensity correlations in the fluorescence, measured reliifea homodyne technique [41] or
with a time correlator [42]. In this last experiment, a cdmition from Raman scattering has
been measured, consistent with the theoretical predetdfi36]. It seems reasonable to ex-
pect this signal to have different behaviors below and atloreshold, but this remains to be
checked by further theoretical studies.

Finally, let us mention that our model contains severalthtions, so that the numbers should
be considered as first-order estimates. Our descriptionanfid® gain is quite simplified in
order to have an efficient data analysis procedure, leadim&si-analytical results. Precise
modelling of the complete atomic response is indeed notalaédf this article. On the contrary,
Raman gain is used as a convenient example to illustrate #ikaa, which is general and
could be used with any gain mechanism, by numerically comgthe real part of the atomic
polarizability from the experimental transmission speetr via Kramers-Kronig relations.

Our hypothesis of homogeneous atomic density and monodtiorand homogeneous
pumping could also be discussed [43], especially when higical thicknesses are involved, as
the pump attenuation may become important. These effeatd be taken into account in nu-
merical simulations of light transport in active and dissned medium, but have to be neglected
to allow the analytical resolution of the diffusion equatieading to Eq. (1) [1, 13]. Note how-
ever that the on-resonance optical thickness is not theael@arameter for the pumping field,
since the pump is detuned and is saturating. Moreover,sditfupump light, which penetrates
into the sample much deeper than the coherent transmissisralso to be taken into account.

5. Conclusion

We have presented a method to experimentally determindatbshiold of random lasing in a
cloud of cold atoms. In this specific system, the thresholdlated only to the complex atomic
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polarizability, which can be fully characterized by spestropic measurements. We applied
this idea with Raman gain between light-shifted Zeemaneug$ of rubidium atoms. From
our measurements, we estimate the critical optical thisgte be on the order of 200, which is
achievable with current cold-atom experiments.

The obtained critical optical thickness is lower than the abtained with Mollow gain
[21]. This is in agreement with the intuition that more coexpbain mechanisms offer more
degrees of freedom, which is of course necessary to optisezeral quantities (scattering and
gain) at the same time. We are then confident that even lowestiblds can be obtained with
other, more complex gain mechanisms, for example non4lip@@metric gain induced by non-
degenerate four-wave mixing. This may be the subject of eturé investigations.
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