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Résumé

Nous introduisons une nouvelle technique pour établir des théoremes hongrois multivariés. Appliquée
dans cet article aux théoreémes bivariés d’approximation forte du processus empirique uniforme, cette
technique améliore le résultat de Komlds, Major et Tusnady (1975) ainsi que les notres (1998). Plus
précisément, nous montrons que lerreur dans 'approximation du n-processus empirique uniforme
bivarié par un pont brownien bivarié est d’ordre n=/?(log(nab))3/? sur le pavé [0, a]x[0,b], 0 < a,b < 1,
et que 'erreur dans ’approximation du n-processus empirique uniforme univarié par un processus de
Kiefer est d’ordre n~'/2(log(na))/? sur lintervalle [0,a], 0 < a < 1. Dans les deux cas la borne
d’erreur globale est donc d’ordre n=1/2(log(n))3/2. Les résultats précédents donnaient depuis Particle
de 1975 de Komlés, Major et Tusnddy une borne d’erreur globale d’ordre n~1/2(log(n))?, et depuis
notre article de 1998 des bornes d’erreur locales d’ordre n~'/2(log(nab))? ou n~'/2(log(na))?. Le
nouvel argument de cet article consiste a reconnaitre des martingales dans les termes d’erreur, puis a
leur appliquer une inégalité exponentielle de Van de Geer (1995) ou de de la Penia (1999). L’idée est
de borner le compensateur du terme d’erreur, au lieu de borner le terme d’erreur lui-méme.

Abstract

We introduce a new technique to establish Hungarian multivariate theorems. In this article, we apply
this technique to the strong approximation bivariate theorems of the uniform empirical process. It
improves the Komlos, Major and Tusnddy’s result (1975) as well as our own (1998). More precisely, we
show that the error in the approximation of the uniform bivariate n-empirical process by a bivariate
Brownian bridge is of order n~'/2(log(nab))?/? on the rectangle [0,a] x [0,b], 0 < a,b < 1, and that the
error in the approximation of the uniform univariate n-empirical process by a Kiefer process is of order
n~Y2(log(na))®/? on the interval [0,a], 0 < a < 1. In both cases, the global error bound is therefore
of order n=1/2 (log(n))3/ 2. Previously, from the 1975 article of Komlos, Major and Tusnédy, the global
error bound was of order n~/2(log(n))?, and from our 1998 article, the local error bounds were of order
n~Y2(log(nab))? or n=1/2(log(na))?. The new feature of this article is to identify martingales in the
error terms and to apply to them a Van de Geer’s (1995) or de la Pena’s (1999) exponential inequality.
The idea is to bound of the compensator of the error term, instead of bounding of the error term itself.

AMS 1991: 60F17, 60G15, 60G42, 62G30.
Key words and phrases: Hungarian constructions, Strong approximation of a uniform empirical
process by a Gaussian process.

1 Introduction and results.

Let (X;,Y;),i > 1 be a sequence of independent and identically distribued random couples with
uniform on [0,1]? distribution, defined on the same probability space (€2, A, P). We assume that €2 is
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rich enough so that there exists on (£2,.4,P) a variable with uniform distribution on [0, 1] independent
of the sequence (X;,Y;),i > 1. Let us denote by H, the cumulative empirical distribution function
associated with (X;,Y;),i=1,...,n:

1 n
Ha(t,s) = — Y Ux<tyiss
i=1

for (t,s) € [0,1)%, and let us denote by F,,, G,, the univariate cumulative empirical distribution func-
tions : F,(t) = Hp(t,1), Gn(s) = Hp(1,s). Let us recall the definitions of the Gaussian processes
which appear in the strong approximation theorems of these cumulative empirical distribution func-
tions.

Definition 1.1 A Brownian bridge B is a continuous Gaussian process defined on [0,1] such that
E(B(t)) =0, E(B(t)B(t)) = (¢t At') — tt'. A bivariate Brownian bridge D is a continuous Gaussian
process defined on [0,1) such that E(D(t,s)) =0, E(D(t,s)D(t',s")) = (¢t At')(s A s') — tt'ss’.

Definition 1.2 A Kiefer process K is a continuous Gaussian process defined on [0, 1] x [0, 1] such that
E(K(t,s)) =0, E(K(t,s)K(t',s')) = (sAs)((tAt) —tt"). We call Kiefer process on [0,1] X N or on
[0,1]x{0,...,n} a Gaussian process such that E (K (t,7)) =0, E(K(t, /) K (', 7)) = (GNG) ((EAL)—tt).
In this case, K may be defined as a sum of independent Brownian bridges : K(t,0) = 0, K(t,j) =
2o Bi(t).

In their famous paper of 1975, Komlds, Major et Tusnddy established the strong approximation of
the univariate cumulative empirical distribution function by a Brownian bridge, and also by a Kiefer
process. This last approximation, more powerful, was in fact a bivariate approximation. The paper
of 1975 left many questions open. After wards, were carried out the strong approximation of the
bivariate cumulative empirical distribution function (Tusnady (1977a), Castelle et Laurent (1998)),
and also the univariate local strong approximation (Mason et Van Zwet (1987)) and the bivariate
local strong approximations (Castelle et Laurent (1998)). These results are summarized by the two
following theorems (Castelle (2002)). In these theorems, and throughout this article, we denote by
log the function x — In(z V e).

Theorem 1.1 Let H, be the bivariate cumulative empirical distribution function previously defined.
For any integer n, there exists a bivariate Brownian bridge D™ such that for all positive x and for
all (a,b) € [0,1]® we have :

P < sup  |nHy(t,s) — nts — /nD™(t, s)| > (z + C log(nab)) log(nab)) < Ajexp(—A1x) (1.1)
0<t<a,0<s<b

P < sup |[nF,(t) —nt — v/nD™(t,1)] > z + C log(na)> < Apexp(—Xoz) (1.2)
0<t<a

P ( sup |[nGp(s) —ns — vnD™(1,5)| > z + Cy log(nb)) < Apexp(—Xoz) (1.3)
0<s<b

where Coy, Mg, Mg, C1, A1, A1 are absolute positive constants.

Remark : in the cases a = 1 and b = 1, Bretagnolle and Massart (1989) proved Inegalities (1.2), (1.3)
with Cy = 12, Ag = 2 and A\g = 1/6.

Theorem 1.2 Let (F}),j > 1 be the sequence of univariate cumulative empirical distribution functions
previously defined. There exists a Kiefer process K defined on [0,1] x N such that for all positive x
and for all a € [0,1] we have :

P < sup sup [jF;(t) —jt — K(t,j)] > (z + C2log(na)) log(na)> < Agexp(—Aa7)
1<j<n 0<t<a

where Co, Ao, Ao are absolute positive constants.
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The questions which remain are the optimality of the error bound in dimension 2 and the one, more
general, of the strong approximations of the uniform on [0, 1]d, d > 3, empirical process. We think,
but it is still to be proved, in dimension d the error bound for the global strong approximation is of
order (log(n))(¢*1/2 and the error bound for the local strong approximation on [0,a1] x --- x [0, ag]
is of order (log(naj - --aq)) /2. In this paper, we improve the error bound in dimension 2 and we
obtain the following results :

Theorem 1.3 In Theorem 1.1 we have also the inequality
P ( sup  |nHy(t,s) — nts — /nD™(t,s)| > (z + C4 10g(nab))3/2> < Arexp(—M\z). (1.4)
0<t<a,0<s<b
Theorem 1.4 In Theorem 1.2 we have also the inequality

P < sup sup |jF;(t) — jt — K(t,5)] > (z 4+ Co log(na))3/2> < Agexp(—Aaz).

1<j<n 0<t<a

We refer now to the paper of Castelle (2002) which establishes that Theorem 1.3 leads to Theorem
1.4. More precisely, Theorem 1.3 is equivalent to the following theorem :

Theorem 1.5 Let (F}),j > 1 be the sequence of univariate cumulative empirical distribution functions
previously defined. For any integer n, there exists a Kiefer process K™ defined on [0,1] x {1,...,n}
such that for all positive x, for all a € [0,1] and for all integer m < n we have :

P ( sup sup [jF;(t) — jt — K™(t,5)| > (x + Clog(ma)) log<ma>> < Aexp(—Az)
1<j<m 0<t<a

P < sup sup [jF;(t) — jt — K™(t, )| > (@ + mog<ma>>3/2> < Aexp(—Az)
1<j<m 0<t<a

P ( sup [nF,(t) —nt — K™ (t,n)| >z + C log(na)) < Agexp(—Aox)
0<t<a

where Cy, Ag, A\g are the constants of Theorem 1.1 and where C, A, \ are absolute positive constants.

This last theorem leads easily to Theorem 1.4. Thus, the purpose of all the subsequent sections of
this paper will be dedicated to prove Theorem 1.3.

2 Construction.

We use the Komlés, Major et Tusnddy construction (1975). More expansive explanations could be
found in their article, and also in Castelle and Laurent article (1998). It is easier to construct the
empirical process on the Gaussian process than to construct the Gaussian process on the empirical
process. Therefore we posit a bivariate Brownian bridge D and we construct H,, such that Inequalities
(1.1), (1.2), (1.3), (1.4) hold. In this way we obtain the reversed form of Theorem 1.3. Invoking
Skorohod (1976) the theorem itself works.

2.1 Definition of Gaussian variables used in the construction.

If the probability space is rich enough (if there exists on (£2,.4,P) a variable with uniform distribution
on [0,1] independent of D), there then exists a bivariate Wiener process W such that

D(t,s) =W (t,s) —tsW(1,1).
Let us denote by W (]t1,ts],]s1, s2]) the expression
W(tz, 82) - W(tl, 82) — W(tz, 81) + W(tl, 81).
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Let N be the integer such that oN-1 < 2N We set

il k29 (k+1)27. 120 (1 +1)2°
Zj,k:\/’EW <]2—N’27N]’]2_N’27N]

with i € {0,...,N}, 1 €{0,...,2N"" —1}, j€{0,...,N}, k€ {0,...,2¥77 —1}. We define now a
filtration.

N,O. .
fJN:a(ZM ke {o,...,2N J-1}>

and for ¢ < N,

i+1,1, G ]
Ay, Zo+k lefo,...,2N-0+) _ 11k e {o0,...,2V — 1}
P70\ Zireqo,. . 2Nk ed{o,... 2V — 1} ’

j7k7 9t I AR
We have

' ' 11 > 19

Fii c Fi2 if and only if or
i1 = i and J1 > Ja.

In other words,

FNCFN c- - FY cFN e c A,

The variables used in the construction are the variables

7v2 @ Z;:;L/}"Ji_i_l , ifi<Nandj<N,

i20 Ji2k
2k = ; ; ; e .
/ ngz -E Z]’-:gi/ﬁ)ﬂ ifi < N and j = N.
One easily obtains
NO  NO
yvo _ Ziak = Zigkn
Ji:2k 9 )
i2L  i2l+1
Vil _ ZN0 — 4N
N,0 — 9 ’
i20 L i i,21+1 i\20 G2AHT N e )
Vioe = Z(Zj,2k — ok~ Zjokar T Zjen) i < N and j < N.

These variables are independent Gaussian random variables, with expectation 0 and with variance

Noy Y
Var(Vij) = 7,
oy 72
Var(V&O) = 7,
, 9i+i—N
Var(Viy) = ’YT if i < N and j < N,

with v = n/2V.

2.2 Construction of the empirical process.

Define the inverse of a function f by f~!(v) = inf{u/f(u) > v}. Denote by ®, U, &, n, the
cumulative repartition functions of the standard normal distribution, of the binomial distribution
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B(n,1/2), of the hypergeometric distribution H(n,ny,n9):

/u exp(—t%/2)dt,

[u]
w0 =Y () () orue ol
k=0

[u] n n—mnm
() )

ni

for u € [max(0,n1 + n2 — n), min(ny, na)l.
We construct the new variables as follows :
U]]\\,[’g =n

3 N\ —1/2
)8 UMy =wik, oo((%) V)

J+1k

NO _ 17N,0 N,0
Uj,2k+1 = Uj—l—l,k - Uj,2k

for j=N—1,...,0and k € {0,...,2N-0U+D _ 1},

. N —1/2 .
4,20 3, —1 52" ,21
Uno =Y i © <1>(<T) Vo)

N,0
(C2)
i,2l41 _ 77N,0 N,0
Uvo = Uj—i—l,k - Uj,2k

fori=N—1,...,0 and [ € {0,...,2N-0G+D _ 1},

. NN —1/2
21 -1 ~2iti—N 1,21
U»s — o~} . . o@((i Vi
2% 1L il g2l 2%
I Uit Ujan Uik 4 ]’
i2l 2l 3,2
Usiakr = Uil e = Ujlo

(Cs)

0, 201+1 i1l 1,21
Uj,2k - Uj,2k - Uj,2k

2041 prit1,l i+1,1 i,21 i,21
Urgeir = Ui — Uiy = U, +Ujiay
fori=N-1,...,0;1€{0,...,28 0D _1}; j = N—1,...,0and k € {0,...,2V=0+D _ 1}, In this
way, we obtain a RrR2" @ R2" vector, denoted by M, defined by
0,0 770,0 0,0 0,1 770,1 0,1
M - (U0’07U071 gy lj‘072]\7_17 U0707U071 g ey lj‘072]\7_17 Tty

0,2V -1 ;,02N -1 0,2N -1
U070 ) UO,l PICEE L) UO,2N—1 ). (2.1)

JFrom Proposition 3.2 of Castelle and Laurent (1998), the vector M has the multinomial distribution

1 1
Mon o (1, (2_]\[)27 ) (2_N)2)

Remark: Proposition 3.2 of Castelle and Laurent (1998) contains two Equalities called (3.6) and (3.7).
The restriction n even at the beginning of the proposition concerns only equality (3.7). In this paper,
we use only Equality (3.6) which is valid for all integer n.
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Thus the vector M has the same distribution as the discretization of a n-empirical cumulative distri-
bution function on small slabs with size 21 X 5 5. If there exists on (Q2,.4,P) a variable with uniform
distribution on [0, 1] independent of W, Skohorod’s Theorem (1976) ensures the existence of a bivariate
n-empirical cumulative distribution function, which we denote by H,, from now on, such that :

i, <]ﬁ (k1) L “*”1) — vl

2N 9N 2N 9N

for i €{0,...,2YN —1},kc{0,...,2Y —1}.

2.3 Hypergeometric Lemma.

The control of the distance between the empirical and the Gaussian processes needs the control of the
difference between the variables U; Sli and Vlfli For steps (C1), (C2), this control is given by Tusnédy’s
Lemma (1977b) proved in 1989 by Bretagnolle and Massart. We don’t use this part of Tusnady’s
Lemma in this paper, instead we use Inequalities (1.2), (1.3) which were proved from this lemma. For
step (Cs), the control is given by a lemma, the so-called hypergeometric Lemma, proved in 1998 by

Castelle and Laurent.

Lemma 2.1 For all indexes i,j7 < N — 1, we set

Uz'—i—l,l _rritlLl 3,20 rri204+1

51—1—1 l J,2k J,2k+1 d 51 20 _ Tg+lk Jj+1,k
7,2k T Ui+1,l J+LE UH_l’l
J+Lk J+Lk

z2l z2l
If |6 +1k]+1k|<e < 1 we have

i.21 [ it 1/2 [ 2iFi=N i
‘Uj72k ( j2k/ >_( ( ]2k/ >) T j2k‘
2

gitj—N\ ~1/2 .
§a+ﬁ<<’yT> V]22/Yi .

with
i+1,0 774,21
221/ Ll Y2k Ytk
J2k - j+1,kUi+1,l Uz'-‘rl,l’
Lk Y41k
i+l prabLl 6,20 i,20+1
= 221/ it Y52k Uj,2k+1 Uj—i—l,k Uj—l—l,k
J2k - j+1,kUz’+1,l it Ll L L

J+LE 4Lk Zi+1Lk T i4+1k

where o and 3 are positive constants which depend only on €. Moreover if €2 = 1/8 and if the condition

V ( ;22,2/ ) > 4.5 holds, the constants o = 3 and 0 = 0.41 are appropriate.

3 Control of the approximation error.
Inequalities (1.1), (1.2) and (1.3) have already been proved. Let P be the probability to be controlled
to obtain (1.4) :

P=p < sup  |[nHy,(t,s) —nts — /nD(t,s)| > (z + C4 10g(nab))3/2> .
0<t<a,0<s<b
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Let C; be a positive constant, not fixed for the moment, but such that C; > 10. We do not try to
optimize the constants in this paper as a numeric work will be realised later. Set

2/3
3—01 + 2 3—00 when ab =1
Cy = 2 4
' 3¢
Tl +2(3C)*? when ab < 1

where Cj is the constant of Inequalities (1.2), (1.3). In the case (z/2) + C;log(nab) > v%(nab)/8,
the result stems not from the construction, but from maximal inequalities for the bivariate Brownian

bridge and the bivariate n-empirical bridge. These inequalities, summarized in Inequalities 3.1 below,
are due to Adler and Brown (1986), Talagrand (1994) and Castelle and Laurent (1998).

Inequalities 3.1 a) For all a,b € [0,1] such that 0 < ab < 1/2 we have:

P sup [n(Hy,(s,t) —st)| > x | <2eexp(—nab(l — ab)h(i))
(s,t)€[0,b] % [0,a] nab

where the function h is defined for t > —1 by h(t) = (1 +¢)In(1 +¢) —¢.

b) There exists an universal positive constant C such that:

P sup  |Vn(Hy(s,t) — st)] >z | < Ca®exp(—227).
(s,t)€[0,1]x[0,1]

¢) For all a,b € [0,1] such that 0 < ab < 1/2 we have:

2 J—
P sup |ID(s,t)| >z | < Qeexp(_M)_
(s,t)€[0,6]x[0,q] 2ab

d) There exists an universal positive constant C such that:

P sup |D(s,t)] >z | < Cxz?exp(—22%).
(s,t)€[0,1]x[0,1]

We now consider the case (2/2) 4+ Cj log(nab) < v%(nab)/8. In this case, we have nab > 496. Let A
and B be the integers defined by

24-1 < na <24 and 2871 < nb < 2B,

A*
We have 8 < A, B < N and 247B=N < 4(nab). We discretize the variable ¢ on a grid with size N
where A* is the integer defined by

gar+B-N _ A(x/2) + C1 log(nab)) < 9A"+B-N+1
5 <
B*
then we discretize the variable s on a grid with size oN where B* is the integer defined by

gA+B*~N _ 4((z/2) + Cy log(nab)) < QA+B*-N+1,
v

We have A+ B* = A*+ B, A* < A—2, 2474 < (nab)/31. Let us denote AE(t, s) for nH,(t,s) —nts
and let us denote A (t,s) for /nD(t,s). Using the stationarity properties of the increments

{AF(t,s) — Af(a,s);a <t < B0<s< st Z{AF(t,5);0<t<B—0a;0<s< 50}
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and
(ALt s) — AF(ta)0 <t <typa<s<By2{AL(t,s);0<t<t;0<s<fB—a}

where F € {E, G}, one gets, setting m = (z + C} log(nab))3/?,

P<244p | sup sup |[AG(t,s)] > 0.1m

telo, 2] *<107)

A—A* E
+2 P sup sup |A;(t,s) > 0.1m
tef0, 2] *<10

+2B=B"p [ sup sup |AY(t,s)| >0.1m

A B*
te[o,ng} 56[0722_]\}'}

+2B-B"p [ sup sup |AE(t,s)] >0.1m
tel0, 2] s€(0, 25 ]
u24” 28" u24” v2B° u24” 28"

+P max max
1<u<24-A4% 1<y<2B-B*

The four first terms are controled by Inequalities 3.1 a) and ¢). To achieve the proof of Theorem 1.3,
the following lemma remains to be proved :

Lemma 3.2 In the case nab > 496, we have

24" 28" 2A™ 1oB” 24" 28"
i ow) — o — VDS )
oN 7 9N oN 9N oN 7 9N

P < max max _ |[nH,(

1<u<24-A* 1<y<2B-B*

> 0.6(z+Ch log(nab))3/2) < Aszexp(—Asz)

where Az, A3 are absolute positive constants.

4 Proof of Lemma 3.2.

A subset of indexes {i1,...,ig} of {1,...,2V} can be identified with the R2" vector (x1,...,24) defined
by :

x;=1for i€ {iy,...,iq}

x; =0for i ¢ {i1,... 14}

Let us denote by ~, and §, the R2" vector associated with {1,...,u24"} and {1,...,0v28"}. Let eév

be the R2" vector associated with {1,...,2V}. With these notations we have
u24” v2B° u24” v28 u24” v2B°
nHy( SN HN )—n oSN 9N _\/ED(Q—N’Q—N) =< M —Gloy © v >
w24 2B’

where M is defined by (2.1) and where G is the R @ R%" vector defined by

/50,0 0,0 0,0 0,1 0,1 0,1

G = (Zo,o’Zo,p .. .,ZO’2N_1,ZO70,Zo’l,...,ZO72N_17 cee
02N -1 02N -1 0,28 -1

2070 , Zo,1 e ,ZO72N_1).

We have to expand the vectors ~, et d, on an appropriate basis. Let e{t be the R2" vector associated
with {k274+1,...,(k+1)27} (0<j < N, 0 <k <2N77—-1). Set &, = e} —e]_, for j € {0,...,N—1},

8
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ke{0,...,28"% 1}, k even. Thus B = (eév,é{t;k: €{0,...,.N -1k ec{0,...,28N % —1}:k even) is
an orthogonal basis of R2" and we have

2A N
Yo = Z cé ek(] W+ S €0
J=A*
where k(j,u) is the only even integer such that

u2®” €lk(j,u)2’, (k(j,u) + 2)2’]

and where .
]
< Wl >
uw 2J+1
In the same way, we have
B*
i oN
Oy = E clel(z v) €0
i=DB*

where [(i,v) is the only even integer such that
028" €)(1(i,v) — 1)2%, (1(3,v) + 1)2]

and where B
1 < 5’U|e;(i7v) -
Co = T o
The properties of coefficients CZ,CZL will be useful throughout this paper, therefore we state these
properties by Lemma 4.1.
Lemma 4.1 a) 0 < ¢, <1/2,
B

b) if i > B we have ¢!, <

9i+1’
. 24
c) iijAwehavecLSﬁ.
Using the previous expansions we obtain

N—1 N—1

u2A* 2

<M —Gloy @ vy > —(—— N )<M Glel @ el >= ZZC <M — G|elw ®ek( w >
i=B* j=A*

025" u24” u2d” v2B”

3¢, 3Co\?/? 3¢, 2/3
Let us recall that C; = — +2 v when ab =1 and C; = 5 + 2 (3Ch) /3 when ab < 1. Let
(@ be the probability to be controlled to obtain Lemma 3.2 :

u24™ v2B° u24” v2B” u24” v2B°
Q:P<1<urggj{f4* 13%1?5{3* InHn 2N 7 9N )—n 2N oN VnD( QN 7 9N )

> 0.6(x + C log(nab))?’/z) .
We have :

Q<P max
1<y <2A—A* 1<v<2B B*

N—-1 N—
Z Z L <M —Gl&; ) ® &, > | > 0.6(0.8z + 1.5C, log(nab))*?
=B* j=A*

27 H —“2A 1y p¥2s J/nD u2% S 060012 4 (9C0)2/3 log(nab))¥2
+P 9N 1<J§;§EA* nHn( oN ) —n oN nD( oN )| > 0.6(0.1z + (0Ch) og(nab))

24 28" v2B” 28" 9/3 3/9
+p<2_N A [nHn(1, 5-) = neoy= = vaD(1, —5-)| > 0.6(0.1z + (0Co) /3 log(nab))/ >
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with # = 3 when ab < 1 and 6 = 3/4 when ab = 1. The two last terms are completely analogous.
We detail the upper bound for the last term in the case ab < 1. In this case, we use Inequality (1.3)
and the relations 247N < 2a, 2B=N < 2b, (log(nab))/(2a) > (log(2nb))/4, and we obtain, considering
C(O = 127

25" v2B” v28

24 v 2/3 3/2
P <2—N 191;1221};(73* InH,(1, SN )—n SN VvnD(1, Z—N)] > 0.6(0.1 + (3Co)*/? log(nab))?/

<P ( sup |[nGp(s) —ns—/nD(1,s)| > 0.31z + Cy log(2nb)>
0<s<2b

< Agexp(—XNozx/5).
Considering moreover the relation
9A-A*gB-B* _ ~2(nab)2
~ 31C log(nab)’
the proof of Lemma 3.2 is achieved with the following lemma :

Lemma 4.2 In the case nab > 496, for all u € {1,...,2474"} and for all v € {1,...,257B"} we
have :

N-1 N-1
Bl1YS S i < M= Glél, 08, > | > (@/2) + C log(nab))
i=B* j=—A*
< Ay log(nab) exp(—Agx — 2log(nab))

where A4, Ay are absolute positive constants.

Let T'(u,v) be the term to be controlled :

N-1 —1
T(u,v)= Y > el <M—GlEj; ) ® Ehiia) > - (4.1)
i=B* j=A*

The control of T'(u,v) is obtained from an exponential inequality of Van de Geer (1995) and de la
Pena (1999). This inequality, to which we devote Section 6, allows to control some martingales on an
appropriate event. The control of T'(u,v) will be of type

P (]T(u, v)| > (z/2+ C4 log(nab))?’/z)
<P ({17 w.)| > (@/2 -+ C1 log(nab))""2} N O(u.0)) + P (O(,1))C) .

We define below the event O(u,v).
For technical reasons, we have to consider some events where U]Z,i is close of E (U;é) = 2N,
These events are of type

Enp = {[UDL — 724 ~N] < eq2iti =N, (4.2)

We take from now on € = 1/2 . The events (€;L)C are controled in probability by the following lemma
(Benett (1962) and Wellner(1978), see also Csorgé et Horvéath (1993) page 116) :

Lemma 4.3 Let Z be a binomial variable with expectation m. Then, for any positive y and for any
sign € we have P(e(Z —m) > y) < exp(—mh(y/m)) where the function h is defined for t > —1 by
h(t)=(1+t)In(1+1t)—t.

10
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Thus we obtain ' .
B ((£74)°) < 2exp(—72+~Nh(e))
and we see that this control is suitable only when 27+7=% is of order x + C'log(nab). Therefore we

define the integers M (i) and M(j) by :

N | B*+A—-i1-2 fori=DB"...,B-1
M(Z)_{A*—l for i > B — 1.

N _ JA+B—-j—-2 forj=A%...,A-1
M(j)_{B*—l for j > A—1.

We have A* -1 < M(i) <A—-2, B*—1< M(j) < B-2and

(2/2) + Cy log(nab) < QHMEO-N _ ot M()-N _ (#/2) + Cy log(nab)
2y - gl
We define the event O¢(u,v) by :

m <gi+1,l(i,v)/2 N gl:+1,l(i,v)/2 n gi,l(i,v) n gi,l(i,v)—l-l > (4.3)

3k (G,w) 3k (Gu)+1 JHLkGu)/20 Ti+1k(u)/2

N—-1 N-1
@O(U,’L)) = ﬂ
i=B* j=

*j=M(3)+1

where the basic event 5;2 is defined by (4.2). We define the event ©1(u,v) by :

N_1 N1 < i-il;é,l(i),v)ﬂ _ Ui-il;g,l(z’),v)l/g)Q
. a\l/2 Jk(Gu Jk(Ju)+ A
@1(’&, U) - m (ajﬁl) / i+1,l(i,v)/2 S (IIJ‘/2) + Ol log(nab) (44)
i=B* | j=M(i)+1 1,k u)/2
sy sy 2
N—1 N—1 Uz',l(z,v) . o Uz',l(z,v)—.l-l
"N ()" < s s (RS ) < e/ + Gyogtoat
J=A* | i=M(j)+1 GH1,k(G,u) /2
with A
. 1 2
aj = 1nf(§7 W))
and in the same way,
1 2B

The event ©(u,v) on which we can control T'(u,v) is defined by
O(u,v) = Oy(u,v) N O1(u,v). (4.5)

Thus the proof of Lemma 4.2, and consequently the proof of Lemma 3.2, is achieved with the two
following lemmas :

Lemma 4.4 Let O(u,v) be the event defined by (4.5). In the case nab > 496, for allu € {1,...,2474"}
and for allv € {1,...,2B7B"} we have

P ((©(u,v))€) < Aslog(nab) exp(—Asz — 2log(nab))
where As, A5 are absolute positive constants.

Lemma 4.5 Let O(u,v) be the event defined by (4.5) and let T'(u,v) be the term defined by (4.1). In
the case nab > 496, for allu € {1,...,24 4"} and for allv € {1,...,257B"} we have

P ({\T(u, v)| > ((x/2) 4+ C log(nab))*?} N O(u, v)) < Agexp(—Asz — 2log(nab))

where Ag, Ag are absolute positive constants.

11
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The term T'(u,v) may be written as
T(u,v) =Ti(u,v) + Ta(u,v)

where the terms T} (u,v), To(u,v) are defined by

Ty(u,v) = ) el < M = Gl&j; ) @ & > (4.6)
i=B* j=A*
N-1 N-1 o ' )
Touv) =Y > e <M=GlE;, ®&;.,) > (4.7)

i=B* j=M(i)+1
Thus Lemma 4.5 is proved by the two following lemmas :

Lemma 4.6 Let Og(u,v) be the event defined by (4.3) and let Ty (u,v) be the term defined by (4.6).
In the case nab > 496, for all w € {1,...,24 4"} and for allv € {1,...,2B7B"} we have

x *1 log(nab))®/
P <{|T1(u,v)| > ((2/2) + C1 log(nab))"* } N @0(u,v)) < A7 exp(—A7x — 2log(nab))

2
where A7, A7 are absolute positive constants.

Lemma 4.7 Let ©(u,v) be the event defined by (4.5), and let To(u,v) be the term defined by (4.7).
In the case nab > 496, for all w € {1,...,24 4"} and for all v € {1,...,2B7B"} we have

P ({ |T5(u,v)| > ((z/2) + C1 log(nab))>’2 } N O(u, v)) < Agexp(—Agz — 2log(nab))

2
where Ag, Ag are absolute positive constants.

Conclusion: The proof of Lemma 4.2, and consequentely the proof of Lemma 3.2, is achieved with
Lemmas 4.4, 4.6, 4.7. We prove Lemma 4.4 by Section 5, Lemma 4.6 by Section 7, Lemma 4.7 by
Section 8, Section 6 is devoted to the result of Van de Geer (1995) and de la Pena (1999).

5 Proof of Lemma 4.4.

By Lemma 4.3 we obtain

N— -1

B-2 N-1
P ((Qo(u,v) Z Z exp —2 I Np(e)) + 8 Z exp (=721 Nh(e))
=B j=M(i)+

i=B—1j=A*

[y

giglog(gab)zexp (—2n(e)((2/2) + Crlog(nab))2°) + 83" > exp (~2n()((2/2) + C1 log(nab))2'2")

log(2) 5>0 r>0 5>0
< Rp exp(—ox + 2log(nab))

where Ry, o are absolute positive constants. We set

H+1I(00) /2 it Ll3) /22

i+1,l(i0)/2 1/2< 3k (i) Uj,k(j,uwrl )

GkGu) () i+ 1,1(i0)/2
JH1,k(ju)/2

i1(3,0) o)+l )2
(Uj+17k(j,u)/2 B Uj+17k(j,u)/2)
T L(i,0)/2
J+1.k(Gu)/2

X 4,L(4,v) o 1/2
Af kG2 = (@) /

12
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With these notations, we have

N-1 N-1
O1(u.) = ) { > [ani < x/2>+cllog<nab>}
-

=M (:)+1

H

N—l N
N {Z (A;i;;; ‘<:13/2)+C’110g(nab)}

J=A* M)+
and
N-1
P ((©1(u,v))¢ N Og(u,v) Z P ({ Z A;Zl(j(i)v) > (x/2) + C log(nab)} N @Q(U,U))
i=B* J=M(i)+1

N-1 N-1
+ Z P ({ Z A;’ﬁ:?(j’u)ﬂ > (z/2) + Ch log(nab)} N @0(u,v))

j=Ar i=M()+1

We use the first inequality of Tusnddy’s Lemma (1977 b) (conditional construction of a multinomial
vector) proved in 1989 by Bretagnolle and Massart. In order to apply this lemma directly, we express
it with our notations.

Lemma 5.1 (Tusnddy) For all i € {B*,...,N — 1} there exists i.i.d. N(0,1) random wvariables,

denoted by ng;ljlu” /2, j=A* ...,N —1, such that

3.k (G,u) T Y akGu)+1 9 7,k (d,u)

U7,+1,l(i,v)/2
Ui+1,l(i,v)/2 Uz—l—ll(zv /2‘ <9 (1 + J+1,Ek(j,u)/2 £i+1,z(i,v)/2) ‘
In the same way, for all j € {A* ..., N — 1} there exists i.i.d. N'(0,1) random variables, denoted by

Zi,1(3,v) s
§j+1 k()2 b = B*,...,N —1, such that

TR
INICRY 1,1(3,0)+1 J+Lk(u =1,(3,v)
‘U]-I-l kG2~ Uitk /2‘ s\ §j+1v’f(j’“)/2‘ ’

Lemma 5.1 yields that on ©¢(u,v) we have :

‘ ;—Il;l(]l(ul " /2‘ < 8\/E Z \/_ (Uz—i-l 1(1,v)/2 +0.25 (é‘;;b{%’v)/z) )

j=M(i)+1 j+1 k(] u)/2
S +\/E Z 0.5,/a; H];lluzv/2 ’
C1 log(nab) Py ( 35k, )
and also
i+1,0(i,0)/2 =, (1,0) 2
‘AJ k(ju) ‘ SE VY Z 0. 5\/E< g+1 k(j,u) /2) :

Cy log(nab v

Hence, since C; > 10 and nab > 496, by setting Cl = 9.9, one gets :

P ((©1(u,v))¢ N Og(u,v)) ZP( Z r(;ﬂ;}jﬁ”) <<w/2>+%1og<mb)))

1=B* J=M(>
N-1 - 2 2((«/2) + C\ log(nab))
N P \/E 1,0(3,v) > .
(5, v i

13
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The control of the two terms being completely analogous, we obtain

R 3 B S G R
i=B" M{(i)+1 '

We use Cramer-Chernov Inequality :

Lemma 5.2 Let (1,...,(y be i.i.d. N(0,1) random wvariables and let \i,...,\q be some positive
integers. We have

d

1
> NG > f —rz— =Y In(l = 2\7)).
( Aty Z) 0<r<1r11?1/(2x)eXp( Ty o Air)

i=1

We take 7 = 1/2 and we use In(1 — z) > —1.8z for z < 1/v/2. We get

p ((x/2) 4+ C1 log(nab ‘ V241
P ((©1(u,v))¢ N Og(u,v)) :ZB; ( /)JF\/Fli g( ))+0,9(A—M(Z)+1)+\/§J_rl)'

We conclude with A — M (i) +1 < A* — A+ 2 < (log(nab))/(log(2)) :
P ((01(u,0))° N Oy(u,0)) < Ri(nab)[ (B = B* +1)exp (~v2((2/2) + C1 log(nab))
+ Z exp ( V25 ((2/2) + C’1 10g(nab))> ]

s>0
< R log(nab) exp(—y1x — 2log(nab))

where Ry,7; are absolute positive constants.

6 Exponential inequality for martingales.

We are devoting a section to this inequality, because we use it greatly throughout the proof of Lemmas
4.6 and 4.7 (Sections 7 and 8). Van de Geer in 1995, then de la Pena in 1999, have generalized Bernstein
Inequality to some not bounded martingales. It turned out (and this is rather surprising) that the
error terms emanating from Hungarian constructions (in this paper, this is the term 7'(u, v) in Lemma
4.5) are not bounded martingales exactly verifying assumptions of Van de Geer’s or de la Pena’s
Theorem. All Hungarian constructions of a dimension larger than 1 may probably be dealt with from
this new point of view. In this paper, we use de la Pena’s notations. First we recall his theorem, then
we express it in a form appropriate to this paper.

Theorem 6.1 (Van de Geer, de la Pena) Let (d;) be a sequence adapted to the increasing filtration
(F;) with E(dj/Fj—1) =0, E ((d;)?/Fj—1) = 0 V2 =T 62 Assume that

j=1%5"
k k! k—2 2
E(\djy /Fj_1> < S p.s. (6.1)
or
P(ldj| <c)=1

fork>2,0<c<oo. Then, for all x,y > 0,

T 2

x
dj >z, V2 < T| <exp(——"—
P ]zz:l ;i >x, Vi <y for some < exp( 2 e

).

14
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Lemma 6.2 Let (d;) and (F}) be defined by Theorem 6.1. If
k!
E (Jd;1*/F1) < St (6.2)
fork>2,0<c< oo, then the condition (6.1) holds.

Proof of Lemma 6.2 :
E (141" /Fi-1) = B (1" 1{1d,1* < @) /Fim ) + B (I 0 {1, > *}) /By
< 2 (P R (1d52/Fy1) < ) /Fjo) + B ((1d1* AR (43 /Fyo1) > 2} ) /Fja)

~ k!
< R (14 Fj-1) T{E (14/F-1) < @} + S T{E (1, /Fi-) > ¢}

< PR (|d; )P/ Fjmr) T{E (|d;*/Fj—1) <} + %!Ck_2E (14j1?/Fj—1) W{E (|d;*/Fj-1) > ¢*}

k.
< PR (P /Fioa).

2
O
Lemma 6.2 combined with Cauchy-Schwarz Inequality gives the following Lemma :
Lemma 6.3 Let (d;) and (F}) be defined by Theorem 6.1. If
(2k)!
E (\dj’%/Fj—1> < WC% (6.3)

fork>1,0 < ¢ < oo, then the condition (6.1) holds.
In Sections 7 and 8 we use Theorem 6.1 in the following form :

Theorem 6.4 Let (d;) and (F;) be defined by Theorem 6.1. Let © be an event such that on © we
have (6.2) or (6.3) and Vi <y where V2 is defined by Theorem 6.1. Then, for all x > 0,

x2

2(y+cm))'

T
P {Zdj >z}NO | <exp(—
j=1

2k)!
Proof of Theorem 6.4 : Let us denote by E; the event {E (|d;|?*/F;_1) < (2;2' A* for all k > 1} or

k!
the event {E (|d;|*/Fj_1) < Eczk for all k£ > 2}. We have :

T T T
D dizatne = > dE}+> d;I{ES} >21ne

J=1 J=1 J=1

T
= {)_d;{E;} >2}neO

j=1

T
) d; {E;} > 2} n{Vi <y}

J=1

N

and in the same way,

T T
(=Y djzatnec{-) d{E;}>z}n{V; <y}
j=1

i=1

Then we apply Lemmas 6.2 or 6.3 and Theorem 6.1 to (Dj;, F;) with D; = d; I{E;}. O
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7 Proof of Lemma 4.6.

Let P;(u,v) be the probability to be controlled to get Lemma 4.6 :

1

Pi(u,v) =P <| {Tl(u,v)| > ((2/2)+Cy 1og(nab))3/2} n @o(u,v)> .

We separate the Gaussian and empirical parts :
Tl (u, U) < TlE(u7 U) + TlG(u7 U)v
where the terms T (u,v), T (u,v) are defined by

B—2 M(i

TE (u,v) ZZ <M\elw ®ek( W >
1=B* j=A*

B—2 M(i)

ZZC <G|elw ®ek( w >

i=B* j=A*

We have
Py(u,v) < Pf(u,v) + P (u,v),

where the probabilities Pf (u,v), PZ(u,v) are defined by

PE(u,v) = P ({ TP ()] = 2((@/2) + 6 1og<nab>>3/2} A Oy (u, v>)

\)

and

PE(u,v) =P <{|T10(u,v)| > (1 ; A (x+C, log(nab))3/2} N GO(u,v)> ,

with A = 1/2.

7.1 Control of P (u,v).

The control of P (u,v) is directly, on observing that with the notations of Section 2 we have

~i o ~] 1,0
< GlE @ 8y >= Wikguy

Consequently T (u,v) is a Gaussian variable with expectation 0 and with variance equal to

B—2 M(i)

Z Z (¢ &) )22t N,

1=B* j=A*

This variance is bounded (0 < ¢, ¢, < 1/2) by y*(B—B*— 1)24"+B=N=3 "thus by (1(z+C log(nab)))?,
where T is a positive constant verifying 7 < (Cl In4)~ /2 Then using the well known inequality

P(Y >t)< exp(—t2/2),

2T

where Y denotes a standard Gaussian variable, we obtain

&7 z/2) + Cy log(nab
PO, 0) < S exp(- 2L 1 ognad)
2w (Cq T

) < Ry exp(—vy2x — 2log(nab))

where Ra, 2 are absolute positive constants (we use Cy > 10, thus constants do not depend on C~’1)
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7.2 Control of PE(u,v).

The control of Pf(u,v) is more complicated because the variables < M |éf(i » ® é?;(j w > are not
independent. Let us recall that k(M (i), u) is the only even integer such that

k(M (1), u)2MD < 02" < (k(M (i), u) + 2)2M©.

Let us denote by «,, the vector associated, according to Section 4, to {k(M (i), )2M @41, ,u247)
and let us denote by 3, the vector associated to {u24” +1,..., (k(M(i),u) +2)2M®}, The expanswn
of ay, on the basis B (defined by Section 4) is :

M(i) N-1 A* . M(4) A* ; M(i)

o u2® — k(M (1), u)2 i u2® — k(M(i),u)2 N

Qu = Z Cyek Gy T Z €2 ( 911 e?f(j,u) T oN “
J=A* j=M(i)+1

where €, is a sign defined by

g { +1 s < a“|é£(j,u) >> 0
= . :
-1 s < ozu|ek(j7u) >< 0.

On the other hand, the expansion of «, + (3, on the basis B is :

N-1 . .
. 9M(i)+1 » oM (i)+1 N
b= > € T k) T v €0
J=M(i)+1
This gives
[ (R(M (i), u) +2)2M 0 — w2 — k(M (i), u)2M)
Zf; éek(] u) < oM (i)+1 Qy + oM (i)+1 Bu
‘] *
and thus one obtains
B-2 ' B-2 '
T (u,0) <di| Y ¢l < M& ) @ au > [+da| Y ¢l < M&j; ) @ By > |
i=B* i=B*

with d; 4+ do = 1. Finally, we have
PlE(u7v) < PlE,Joc(u7v) + PIE,:B(uﬂ})y

where the probabilities Pfa, Pfﬁ are defined by

B-2
PE, =P ({\ S < Mlely @ > |2 LMy 16 log<nab>>3/2} N ou, v)) ,

i=B*

B-2
Pfﬁ =P <{| Z Cf', < M|éf(i7v) ® By > > (1 ; )\)((x/2) + log(nab))3/2} N @o(u,v)) .

1=B*

We detail only the control of Pfa (u,v) but the control of Pfﬁ (u,v) is completely analogous. First we
verify the conditions of Theorem 6.4. The sequence

(¢ < Ml © 0w >) i=B=2...,B"
is adapted to the decreasing filtration

FeRcFP . cFY,

17



hal-00397418, version 1 - 22 Jun 2009

because the variable i < M |é§(i vy © Qu > is F} measurable (F¢ is defined by Section 2). Moreover,

Let us recall that

This yields E (< M|é&,. . & oy, > /Fi) = 0. As in Theorem 6.1, let
1(i,v) 0

. . . 2 .
(al(u,v))2 =E <<c§, < Ml€j; ) ® o >> /.7-'8“) and V3. (u,v) =

B-2 )
Z (al(u, v)) .
=

Using again (7.1) and (7.2) this gives

) 2 (]
(0" (u,v))” = (c})? <M\elt1v/2®au>

Since W e {k(M(@i)+ 1,u),k(M(@i) + 1,u) + 1}), on ©¢(u,v) we have

< Mgl o @ au >S< Ml o ® an + Bu >< (14 €2HFMOTIEN — (1 4 24" +HB=N
< 4(1 + €)((z/2) + C log(nab)), (7.3)

and this yields (using 0 < ¢! < 1/2) that on Og(u, v) we have :

(I+e)((x/2) + o log(nab))? ‘

V3 (u,0) < (B — B* —1)(1 + €)((2/2) + C1 log(nab)) < Gy n(2)

In order to verify condition (6.3) we use the following lemma :

Lemma 7.1 Let Zy,...,Zp be i.i.d. random variables, P(Z; = +1) = P(Z; = —1) = 1/2. We set
S = Z;TFZI Z;. For all k € N* we have

Proof of Lemma 7.1 :

Z D Ziy o Ty,

lok

Let us define ngl""’i%) as the number of indexes equal to i, :

2k
N’L(Ullw-vlzk) — Z Wi = iy.
=1

If there exists w such that N{"2*) is odd, then E (Zi, ... Ziy,) = 0. Thus

E (s%) - 3 E(Zi, ... Z,)

{(i1,....ioy) such that N{1"2%) ig even for all we{l,...2k}}

< AY DY E(Z...Z;
J Jk

18
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where A = Card{ (i1, ...,42;) such that Nl(il""’i%) =...= é?""’i%) =2}:

C2kc2k 2 C%

A= k!

Since E (ijl . ka) =1 for all (j1,...,Jk), the proof is complete. O

Lemma 7.1, Equalities (7.1), (7.2), the bound (7.3) and the property 0 < ¢! < 1/2 yield (6.3) :

M|elJrl ® a g !
i i i+1 (2k)! [ < )/2 v (2K)! o
E <(Cv < Mej; ) © an, > /% ) = kgl 4 = ¢

with 12
- ((1 +e)((z/2) + G log(nab))) .
We can now apply Theorem 6.4 :

((2/2) + Ci log(nab)) (1 — \)2/4
) ((1 +(@/2) +Cilog(nab)® | VAFIA=N) (o 6 log(nab))2>

C11n(2) 2
< R3exp(—7y3z + 2log(nab))

Pfa(u,v) <2exp | —

where R3, 3 are absolute positive constants (we use Cy > 10, thus constants do not depend on C~’1)

8 Proof of Lemma 4.7.

Let P>(u,v) be the probability to be controlled to obtain Lemma 4.7 :

Py(u,v) =P <{\T2(u,v)y > %((m) +Cy log(nab))3/2} N @(u,v)> .

Let us recall the definition of T5(u,v) :

N—

[y

N-1
<M G|elzv ®ek(]u)
i=B* j= M(z)-i—l

Lemma 2.1 allows us to control on ©(u,v) the expression

~ - ,722'-1-] 1/2 . .
~i ~j i = ~j
_\/V << M|el(i’v) ® Chiiu) > /}—j+1> <74 > < G|el(i’v) ® Chiiu) >

but unfortunately E (< M]éf(i’v) ® éi(jm) > /,7-";4_1) # 0. This is a flaw of the bivariate construction.
Because of this flaw, in dimension 2 the controls are more complicated than in dimension 1. Perhaps
another construction is conceivable, leading to the same theorem, but simpler and closer to the uni-
variate construction. This other construction is not still available, therefore we must write the term
T5(u,v) as a sum of three terms (instead of a sum of two terms, which would be more natural).

Let us recall the notations of Lemma 2.1 :

i+ LI60) /2 prit1l(i)/2 [0 i)+l
+1,0(0)/2 7 gk(j,u) J,k(ju)+1 and 52 (i) T gHLEk(Gu)/2 J+1,k(5,u)/2
3.k (j,u) = it h)/2 JH+LE(u)/2 i+1,0(i,0)/2
GH1,k(Gu)/2 JH+LE(Gu)/2
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With the notations of Section 2, we have

+ Uz JL(Ev)+1

» » (i) i1(i,0)+1 i1(i0)
< M‘el(i,v) ® ei(j,u) >=Uiiw — Uik = Ui 3.k(u)+1

75k () 3:k(5,u) 9,k (d,u)+
and

~i ~j 3,1(%,v)
< Gléji0) © Gy >= AV k)

Hence, ones gets the expression

<M —Gl&; ) ® éf;(j’u) >=
it N —1/2
i1(i,0) i) i [ilio) y2ti—N i1(i,0)
4 (U]yk(m —E (Uj,k(m/ f}H) - \/ V( kG T ) <74 Vi k(i)
) Z,l %, ’U /722—'—] N i,l(i,’l})
+4 (\/V <U]7k (G,w) / ) ( 4 -1 Vj,k(JEU)

+1,1(6v)/2  ¢i+1,1(3,v)/2 F5,l(i,0)
Ui kGa2 OGOk /2

The last term is equal to E ( < M]|é!, . 0 ® &> |F , it should not exist and its control is not
1 k(j,u) j+1

straight. Let us define the variables {Z Z(Z]Uu i=B*...,.N—1,7+M(i)+1,...,N—1by

i -1/2
il(iv) _ (V2 N i,1(i,0)

The crucial point is that the variable &' Z(Z]Uu) is .7-"i measurable, has N (0,1) distribution, and is inde-

pendent of F! J+1- In particular, the variables 5 k ) =B*...,N—1,7+M@G)+1,...,N —1 are
mutually mdependent
By setting

L) g i,1(,v) 1,1(,v) i z (i) z (i)
AdjkGa) = (U]Jc(a,w —E <Uj7k(j,u>/ ﬂ“) B \/ < kG5 ) ak@pu)) :

iGw) i y2iHi=N i1(i,0)
ABj,k(m_cv‘% <\/ ( / J+1)_ ( 4 fj,k(j,ur

i1(i,0) _CQCZ HLIG)/2 it 60)/2 F6l(iw)
ACikGaw) = ~4 UitikGa)/2 OkGa) O L)/

and, for D € {A, B,C},
N-1 N- "
T2 u, ) Z Z ]k]u
=B* j=M(i)+

/
QD(u,v)=P<{]TQD(u,v)]> (l’+0110g (nab)) 32} )

we obtain :
P2(u7 U) < QA(U7 U) + QB(uv U) + Qc(uv U)'

8.1 Control of Q*(u,v).

On ©¢(u,v), we have
52’,1(72,1))

<,0(%,0)
ko) 0

< N
=€ and ]7k(j7u)

<e

)
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and thus we can apply Lemma 2.1 :

i,l(i,v (4,0
|A]k((]u|_cc7<oz+ﬁ|£k]u|). (8.2)
First we verify the conditions of Theorem 6.4. The sequence
N—-1LI(N—1,) N—-1I(N-1,) N—2,[(N-2,)
A141\7—1,1%(1\/—1@) AAM(N DA+1L,E(M(N=1)+1,u) Aay N—1,k(N=1u)’ ">
N—-2,l(N-2,v) *1(B*v)
AAM(N—I)—%—I,k(M(N—l)—l—l,u) AAA Lk(A—1u)
is adapted to the decreasing filtration
N-1 N-1 N—2 N—2 B*
FND Co CFyn-ns1 CFNT Co CF gy © - CFa
because the variable A 4" lk(z v)) is F} measurable. Moreover, E ( ;lk(zjvu /Fi > = 0. As in Theorem
6.1, let
i) )2 i) ) 2 NN () )?
4,l(iv 4,l(iv ; B* i,0(i,v
(Uj,k(j,u)) =E <<AAj,k(j,u)> /f;+1> and Vy_; (u,v) = Z s (%k(j,u)) :

,0(4,0)

kG (See (8.1) and its comment), one bounds <O'Z.7l(2"v) )

Using (8.2) and the properties of & kG

i) \ 2 i
(o5i) < 2Achel(? + 38°),
and this allows us to bound Vfif(u, v). We obtain

B—
VAluv§

U (@243 . Bf T (a2 + 382 <2A>2N‘1 = (a? +33%) <23>2
N

i=B* j=M(i)+1 8 i=B* j=A 8 ') IE j=A* 8 2
== 8 27 2
with the convention E N = 0. It comes
. 2 2) ((B=B*)(B—B*+1) 4 1
DB 2 < (@ §3ﬁ)<( WB=B0) g 4y 96)

< 0(z + Cy log(nab))?,

with 6 = (a? + 36%)/(8(C1 In(2))2. Moreover Inequality (8.2) and Lemma 4.1 give (6.2) ; remark that
it is only here that (6.3) is not available. We obtain

2k i

> /7. j+1>

<1A oo e ) <2’“ 1 c])’f<a + 68 €7
1/B8\" (2k)!
5(5) FEL

3,k (5,u)

(5)+

sé@)’%%(%)’vk%
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with o
c= maX(E,B).

We can now apply Theorem 6.4 :

—((x/2) + C1 log(nab))3 /242
2 <9((m/2) + G log(nab))? + c((x/2) + € log(nab))3/2 /24)
< Ryexp(—a((z/2) + Cy log(nab)))

Q*(u,v) < 2exp

where Ry,74 are absolute positive constants (we use Cy > 10 and nab > 496 thus constants do not
depend on C1). In order to get

Q" (u,v) < Ryexp(—va(z/2) — 2log(nab))

we have to impose C; > 2/74.

8.2 Control of Q7 (u,v).

First we verify the conditions of Theorem 6.4. The sequence

LI(N—1,v) N—1,[(N—1,v) N—2,[(N—2,v)
ABN 1Lk(N—1,u)’" ABM(N 1)+1,k(M(N=1)+1u)’ ABy_ 1Lk(N—1u) """
N—=2,[(N—2,v) “U(B*v)
ABM(N DA+1L,E(M(N—=1)+1u)’ ABA 1k(A—1,u)

is adapted to the decreasing filtration

FN L C...CFNN

N—2 N2 B*

because the variable A"\ )) is F} measurable. Moreover, E < Bl(6) / ) = 0. As in Theorem

Jvk(J j k(j,u)
6.1, let
1,0(3,v) 2 3,1(i,v B* 2 = = 4,0(4,v) 2
(O'j’k(jm)) =F <<A ]kju) /F; > et Vi_; (u,v) = Z Z (aj.’k(j’u)) )
i=B* j=M(i)+1

The control of QZ(u,v) is based on the following lemma, that we will prove in Section 8.2.2.

Lemma 8.1 On ©(u,v), one gets :

a)
( ,l(w/ )_ A 2iti—N
PRI 3k () 4 -
(ciel) T < 0a((x/2) + C1 log(nab))
and
b)
d 1,0(3,v) i 722+J_N
Z Z RS < Oy((z/2) + Cy log(nab))

1=B* j=M(i)+1

where 0,, 0, are absolute positive constants.
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8.2.1 End of the control of Q?(u,v).

Using the properties Ofé k(] u) (see (8.1) and its comment), one gets on ©(u,v)
NN\
(U;ZZ(Z}?i))Z = (chd))? (\/ ( Ui/ g+1) <722 4J >>
i+j— 2
(s - (5)
< 4(cpdl,)? :

722-1—] —N+2

Lemma 8.1 directly provides the bound of foilz(u, v) on O(u,v) :
Vfﬁf(%”) < 460y((z/2) + C1 log(nab))?

and allows us to verify condition (6.3) : on O(u,v), using again the properties of 52 AG, U)) (see (8.1)
and its comment), one gets

2k
i) \2F i\ i 2k i 21+ =N (2k)!
E <(AB]7k(j,u)> /f;—l—l) - (CUCzL) <\/ (Urj7 / j+1) - < A W

( (46 7. - <fyzl‘+j—N>>2 '
y 3,k (j5u) 4 2k)!
= (CUCZL)%KLk ,.Yzz—l—j—N+2 (k!Q?c
2k)!
= (I<:!23f *
with /2
c= (46a((x/2) +C4 log(nab))>
We can now apply Theorem 6.4:
0P(uv) < 2exp ] —((z/2) + Cy log(nab))? /242~
2 <40b((x /2) + C log(nab))2 + 2v/8a((z/2) + Ci log(nab))? /24)

< Rsexp(—s((2/2) + Cy log(nab)))

where Rj,75 are absolute positive constants (we use Cy > 10 and nab > 496, thus constants do not
depend on (). In order to obtain

QB(u, v) < Rsexp(—v5(x/2) — 2log(nab))

we have to impose C; > 2/7s.
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8.2.2 Proof of Lemma 8.1.

9i+j—N+2
We write V ( / ) VT asasum of three terms :
v (Ut ) _ 2N 1 G2 gitjoN+2
v (Uj,k(jﬂ)/fzﬂ) v 16 T 16 (Uj+1,k(j,u)/2 72 )
i+ 1,1(i,0) /2 i+ 1,1(6,0) /2 5 7it1,1(0) /2
L JHLEGu)/2 4,k (5 ,w) gkGu+t L
4 (Ui+1,l(i,v)/2 )2 4
JH+1,k(ju)/2
i+ 1,0(i,0) /2 i+ 1,1(i,0) /2 {0 olv)+1
L i)/ 4,k Jyk(Gu)+1 J+LkGw) /27 j+LkGw /2 1
J+Lk(ju)/2 (Ui+1,l(i,v)/2 )2 <Uz‘+1,l(i,v)/2 >2 4
J+1,k(ju)/2 J+1,k(ju)/2

;From there, using (a + b+ ¢)? < 3(a® 4+ b? + ¢?) and, for the two last terms, the relation

A A1 (24 —T)?

_(1—_)——:—727

T T 4 4T
using moreover the properties of coefficients (see Lemma 4.1) and the following notation already used
in the Section 5 :

( HLUE0)/2 _ ppit L) /2 )2

i+1,0(1,0)/2 .k (5,u) j+1,k(j,u)/2
i+1,1(i,0)/ Z(Oé]ﬂi)l/2 3k (ju J Jru

3,k (5,u) i+1,1(i,0) /2 ’
J+1k(Gu)/2
< ) L) /2 )2
A kG2 = (@) i+ 1,1(i,0) /2 ’
J+Lk(Gu)/2
we obtain :
i+j—N
T (1746) ) i y2'tI i w 2
. <V (Ui i) - <T 5 (g, - e
ZC] < ZCJ .7+17k(]7u)/2
(Cv u) ,722'_,_]'_]\74_2 = %(Cv u) ,722'_,_]'_]\74_2
i+1,0(1,0) /2 2 X il (i,0) 2
3 (Aj,k(m ) + <Aj+1,k(j,u>/2) 23
+ﬁ 2+ —N+2 (8.3)
( i+1,l((2'7v))//2 _,Y2i+j—N+2)2
y J+1,k(ju)/2
Bound of (c'cl) NS
With the convention Zi\;_ 0, the expansion of U Zﬁ 2((2312)//22 72i+3=N+2 on the basis B (defined
by Section 4) is
. ) 19j5+1
i+1,1(i,0) /2 +j—N+2 1 1 2t 2
J+Lk(u)/2 2 =< Mle ;(zv 2 ® G2~ TGN 9N N < Mleg ® ef’ >
N-1 ; -
91+1 9i+1 9J+1
— j+1 +1 Jj+1
= Zj:2s+1<M|€zsu/2®€k(]u)/2>—|—2N <<M|e;w/2®ek(]u)/2> N < Mle) @ el >
s=i+1
N— 22+1 22+1 N-1 2]-1—1
= Z 57T < MlEiy2 ® e >+ D g < Mg @ >
s=i+1 r=j+1
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Let us recall that on O¢(u,v) we have

s+1,l(s,v)/2 j+2—N
Ui kG e < 71+ €277

N,0 1-N
UH—Lk(nv) <y(l+¢€)2" .

This yields

i+1,l(i,0)/2 +j—N+2) 2
TNy = A2 N2)

(cved) (

7 2i+i—N+2
2

N-1 i 1/4 i 3/4 19 5 Jj+1
o 9i+1 o i+1 9(s+i+2-N)/2 < M\el Qe .. >
i jN\1/2 Z i j\1/4 (s,v)/2 k(ju)/2
<201+ e)lee) ( s+1> (o) (23"'1) 2(i+j+2—-N)/2 st Lis0)/2

s=itl J+Lk(ju)/2

N=1 roji\ 14 /oit1y 1/4 i J)1/4 i+I\ /4 ot INI/t otr/2 < Mlef ® ef, 0 >
Tl 2\ oN (e \ g 2N 2047 +2-N)/2 U™
r5i1 r+1,k(ru)/2

2

The relations o) )41
UirikGas2 ~ UiiiGa 2
Us+1,l(s,v)/2

J+1,k(ju)/2

< j+1 _
< M85 )72 D €xuy2 >

and
N,0 N,0

Ur,k(r,v) T Yrk(rv)+1

N,0
Ur+1,k(r,v)/2

9

< M|€év &® éZ(T’,U) >=

as well as the relations (see Lemma 4.1)

9i+1 oJj+1
2
5sF1C < Bs, —2r+1°‘i <a,

give us the following inequality

i+1,1(i,0)/2 j+j—N+2
UjtikGuya = 72

2
> N—1 o 1/4 2
. 2 % 1/2
2 1/2 S,l(S,U)
SN <21 +e)(d )Y ( >, <2—> <Aj+1,k<j,u>/2) )
2

N-1 N 1/4 s oie1 1/4
2i 2 No  \V2
A (F) () @) | e

(ened) <

Proof of Inequality a) of Lemma 8.1.

On O¢(u,v) one gets

i+1,1(i,0)/2 i+1,1(3,0) /2 ,
3,k (Gu) _ rnooN\1/2 D dHLEGW/2 [ Git1,0(,0) /2 2
Soitite N~ (Biai) g (6).’]6(].7“) ) <e(l1+4¢€)/2
(8.5)
R iod(i,0) i+ 1,0(6,0)/2

JHLEG /2 (ﬁia')m JH1Lk(j,u)/2 <~i+1,l(i,v)/2>2 < 52(1 +e)/2.
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Using Cauchy-Schwarz Inequality, as well as Inequalities (8.3), (8.4), (8.5), we obtain on O(u,v)

i+1,0(i,0)/2 i+i—N+2\?
. } — 2!
i '2< i+LkGu)/2 > 12(04¢€) ; jy32 1 =
(CUC’I]},) 72i+j—N+2 < 28 (C’UC’ZL) ﬁ((gj/2) + Cl IOg(nab))
B32(14€) i i\ [ ni+Liiw)/2 | xilliv)
o el (A + AN )

< 04((x/2) 4 Cy log(nab))

with
3(1+¢€) 1

0, = 59 <\/§_1+62/2>.

Proof of Inequality b) of Lemma 8.1.

Using Cauchy-Schwarz Inequality, as well as Inequalities (8.3), (8.4), (8.5), we obtain on ©(u,v)

o 2
o (i) i 2N
N-1 N-1 <V<Ujvk(j,u)/‘7:j+1)_< 4
cel)?

u 72@'—|—j—N+2
i=B* j=M(i)+1
N-1 N-1 N-1 -\ 1/4
6(1 + 6) 1 i j\3/2 2° X S,l(s,v)
() X @A Y (5) AN
i=B* j=M(i)+1 s=it+1
N-1 N-1 N-1 1/4
6(1+¢) 1 i §\3/2 2 N0
+ 28 <21/4 _ 1> ZZEB:* j_M(i)—H(Cvcz) T;j—:i_l ? Ar,k(r,u)
32(1+€) =~ i g HLIG)/2 R al(iw)

28 (even) (Aj,k(jvu) T Aj-i—l,k(jvu)/?) )

Exchanging the sums and considering the definitions of M (i), M(j), one gets on ©(u,v) :

L 2
< (1rid(i0) i 72
N-loN-1 <V<Uj,k(j,u)/fj+1)_<T
Y (e

u 7 2i+i—N+2

< 6(12—; ¢) (21/41_1>2 <%>2 (N 1 J 4 Z ) (z/2) + C) log(nab))

‘7 * 74 B*
3¢2(1 +¢) !
5 Z o+ Z | ((z/2) + Cy log(nab)).
i1=B* J=A*

Then using the properties of coefficients (see Lemma 4.1) we obtain on O (u,v)

L 2
~ 3,10 () 72Z+j_N
N-lN-1 <V (Uj,k((jﬂz)/fjﬂ) B <T ;
()2 < 0u((x/2) + C1 log(nab))*

,YQH-]'—N—i-Z

with
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8.3 Control of Q%(u,v).

As mentioned previously, this term comes, to our mind, from a flaw of the construction. Its control
is closer to the control of P (u,v) (Section 7.2) than to the controls of Q4 (u,v), QP (u,v) (Sections

8.1 and 8.2). The variable Ac;’ﬁfi) is .7-"]’ 41 measurable, but E <Ac;lk(éfi) / f; +2) # 0. Therefore, in

order to apply Theorem 6.4, we have to consider the variables C*!(v?) defined by
N-1 ZCJ
Ci,l(i,v) — Z C’U u i+lvl(i7v)/2 i+17l(i7v)/2 ~i7l(i7v)

4 I+LEG)/2 Tk ) JH+LE(ju)/2
J=M(i)+1

Thus the term to be controlled is equal to

N-1

TE (u,v) = Z Clv),

1=B*

We verify the conditions of Theorem 6.4. The sequence C%Hv) = N —1,..., B* is adapted to the
decreasing filtration fév -1 c fév 2c...cC ,7-"(?* because the variable C%Hiv) ig Fy measurable. In
order to verify the other conditions of Theorem 6.4 easily, we start by giving a new expression for

loZUGON
8.3.1 A new expression for C%(i0),
With the notations of Section 2, one gets

N-1 i g
(i) _ CUC‘ZL i+1,1(i,v) /2 ~i Jj+1
CHEM = % 0 < MIEi) ® €y > -
j=M(i)+1

Let us recall that k(j,u) is defined by the even integer such that
u2® €lk(j,w)2’; (k(j,u) + 2)27.

This yields

( ) k(] —21,’[1,) f k(] B 17“’) even,
k j,u = . - . 4
2 2
We define k*(j — 1,u) by :
) — 1
. k(j —1,u)+2 if M even,
FU—Lu = kG = L)

k(G —1,u)—2 if odd.

2

In this way we have

j+1 _ J J
Chiw) = k1w T Er*(G1,u) -
2 2 2

In other words, if one interprets the vector e],;z}u) as a representation of the length 2/*! interval

containing u24", then the vector 6]1;(];1,“) is a representation of the length 27 interval containing u24"

2 .
and is one half (left or right) of the length 27! interval containing u24" ; the vector €)x(j_1.4) TEPTESENLS
2
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the other half of the length 271! interval containing u24", that is to say the one not containing u24".
Using this relation, one gets

~i J+1 Jj+1 J J
< Mlej; ) ® €rGa) >=< M|ez(w ® <ek(3 w T €kG-1u) +ek<j1,u>> >
2 2

_ =i J
=< M|el(i7v) ® ek*(jilyu) >4 < M|e;(i7v) ® ek(jil’u) >
2 2

J

_ ~i v M(i)+1
= Z < M|€;(Z~7v) ® 671;*(,‘,17”) >+ < M|e;(i7v) ® ek(M(i)yu) > .

r=M(i)+1 2 2

;From there we have a new expression for %)
N-1
6,0 (1 1,
ol (tv) Z H— (i,0)/ < M\el ® ek*(r Ly >
r=M/(i)+1

M(i)+1
+tan(pr < Mgy ) © € K1 G).0) >

i+1,0(i,v)/2

where is the random variable defined by

Hd 11(,0) /2
i+1,0(i,v)/2 _ vOu ci+-1,1(i,v
ar — Z 4 5],]6(],’[1,) .

j=r

i+1,0(i,v)/2

Remark that o .7:” measurable. The interest of the variables

<M\elw ®ek(§/[)(tlu) >, <M\el ®ek*(r vy >, r=M(@)+1,...,N—1,

is to be nearly independent, while the variables
< Méj; ) ®ezjfu) > j=M(@)+1,...,N -1,
are closely correlated. More precisely,

1 ; ‘ ,
L << M\el (i) © ek(l(w)(xu) >, < M€y ) ® €hrprwy > 7=M(@)+1,...,N - 1/ Foth) =
2

N-1

B << M|ezy;1v) ®ep it >,1/2> ® &Q B << M|egj;1v) ® eyt >,1/2> . (8.6)
2 r=M(i)+1 2
As in Section 7.2 (Equality (7.2)) we have
< Mg ) ® eT,;*(T,Lu) >=2 < Mlej; ,y ez*(r,l,u) > < M!e’ltlv) ® e’;*(r,l,u) >, (8.7)

() () i+1 M(2)+1
< M|€l (i,v) ®ek(1wu) wy = 2< M|€l (i,v) ®ek(1wu) w > < M|€Zz(@ v e k(M(z) W >

Using (8.6) and (8.7) one gets

. i+1
£<< M &) ®ek(1(w)(z)u) >, < Mley ®ek*<r L) s T—M(Z)+1v---aN_1/7'—3+ ) =
M1+ Mo M1+"'+MN7M(7;)
ZXU, > Xuooo > X,
u=Mi;+1 u=Mi+-+Mn_pr)-1+1

28



hal-00397418, version 1 - 22 Jun 2009

where M, s =1,..., N — M(i), are the random variables defined by

_ i+1 M(i)+1
My, =< M|el(i,v) @ €y
2 2

; M(i)—1 .
M, =< M\e@ ® e?:(sf%i),z’u) > pour s =2,...,N — M(i),
and where Xi,..., Xan 4ot My_ () are Lid. random variables P(X; = +1) = P(X; = —1) = 1/2.
By setting

ai\j;(lz")lsriiv)/z foru=1,..., M,

ﬁu =
L ot w= My Mgy 1, My 4o+ My s =2, N — M(i),
one obtains the very simple expression

Mit-+My— )

r <Ci7l(i,v)/ Fitl) = Z BuXa.

u=1

8.3.2 End of the control of Q¢ (u,v).
Clearly E (Ci’l(i’”)/féﬂ) = 0. As in Theorem 6.1, let

N-1

. N2 .
(o"(u,v))2 =FE <<C’”l(“’)) /.7:8+1> and V3. (u,v) = Z (J’(u,v))2.
i=B*
We have
) Mi+-+Mn_ ) l 9 N—M{(i) l 9
i i+1,1(3,v) /2 i+1,1(5,0) /2
(0" (u,0))" = Z Ba =M, (O‘J\;(i)sﬂ g ) T Z M, (asiM((i)_)é ) :
u=1 s=2

Moreover on ©¢(u,v) we have

M1 S ,7(1 + 6)2i+1+M(i)+1—N’

My < y(1 4 )2+ MO=1=N f5p g — 9 N — M(i),

this yields

2
N-1 ;i
i+1,0(3,v)/2 2 (CZC%]L) i+1,1(4,v) /2 i+2+M (i) —N 1/2
M, < M)+ ) < v(1+e) 1 5j,k(j,u) ‘ <2 +2+M (3) )
J=M(i)+1
and for s =2,..., N — M(i),
N-1 . 2
i+1,0(1,0)/2) 2 (o) | it 10G0)/2| ((oyitstMi)—N 2
M, (i) < 1+ T o) (2 )
Jj=s+M(i)—
Using the notation of Section 5 :
< H+L1(0)/2 i+1,l(i,v)/2)2
gkGu)  — \XPi i+ 1,1(i,0)/2

J+Lk(Gu)/2
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one gets on Og(u,v)

M,y (a%’fﬁ’fw) 2

IN

N-1 A\ 1/2 2
o oM(2) , : 1/2
‘A 3/4 Z+1,l(’l,’l})/2
(, > (@) (—Qj) (a556™") )
J

and for s =2,..., N — M(3),

2
- N-1 seM@\ V2, 1/2
i+ 1,0(1,0) /2 2 (1+4¢) i ey 27T i+1,0G,0)/2\ Y
M (as—I—M(i)—l ) < (1—e | . Z (cuel) 2J+2 (Aj,k(jm) ) '
J

. _ N 1/2
u ( i+1,l(i,v)/2>2 < (I+¢) (< 3/2 1 N-1 - [oM() AHLU)/2
L\ ®nr(i)+1 = 161 —¢) \ 2 V2—1) £ 2J 3,k (jw)
and for s =2,..., N — M(1),
. _ N 1/2
v (ai+l,l(i,v)/2>2 o (d+e (o 52 1 NE:l 25+ M) AFLUG0)/2
s \Fs+M(i)—-1 = 16(1—¢) \ 2 V2—-1) . ' 2j+2 Gk(Gu)
Now we exchange the sums, on ©1(u,v) this leads to :

| 0 /N B )
(m(u,v))2 < % <5v> <%> ((a;/2) + Cy log(nab)> .

Then using the properties of coefficients (see Lemma 4.1) and the convention Zf\; ~—1 = 0 we obtain

1+e [(@2v2) -1 . B=1 ,1\3/2 N-1, 55 \3/2
Vi, (u,v) < 1601 — o) <(\/§_ 1)2> ((a:/2) +C log(nab)> (Z:ZB;* <§> + ;:B <W>

<0.03 ((m/2) +C log(nab)>2 .

On the other hand, with the same argument as in the proof of Lemma 7.1, one gets

B (o) yme) < B
k
2%)!
- G (3]
K,
= %(O’%U,’U))2k
2%)!
with
B 5 vz ((A+e (1\[(2v2) -1 S los(n 2
c= <00(:E/2)—|—C'1 log(nab)) - <(1_6) <2> <7(\/§_ 1)2> ((:17/2)—!—01 log( ab))> .
We can now apply Theorem 6.4:
Cluw) < 2exp j((yc/2) +Ch log(nab))3/24f
2 (0.03((:17/2) + Oy log(nab))? + 8.((x/2) + C1 log(nab))? /24)
<

1z =
2 ——(= 1 .
exp < 35(2 +C 0g(nab))>
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In order to obtain

Qc(u,v) < 2exp(—(x/70) — 2log(nab))

we have to impose C; > 70.
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