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Topological expansion of the chain of matrices
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Abstract

We solve the loop equations to all orders in 1/N2, for the Chain of Matrices matrix model (with possibly
an external field coupled to the last matrix of the chain). We show that the topological expansion of the free
energy, is, like for the 1 and 2-matrix model, given by the symplectic invariants of [19]. As a consequence, we
find the double scaling limit explicitly, and we discuss modular properties, large N asymptotics. We also briefly
discuss the limit of an infinite chain of matrices (matrix quantum mechanics).
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1 Introduction

Since the famous discovery of Brezin, Itzykson, Parisi and Zuber [7], it has been known and widely used, that
formal matrix integrals are generating functions for the enumeration of discrete surfaces of given topologies (the
role of topology was first noticed by 't Hooft [35]). The 1-matrix model is known to count discrete surfaces
obtained by gluing polygonal pieces side by side. It is the partition function of random discrete surfaces [7, 13],
also called random "maps”.

Other matrix models are also partition functions of random discrete surfaces, with additional ”colors” on
the faces [23, 13].

In particular, the ”2-matrix model” is a partition function of random discrete surfaces, whose polygonal
pieces can have two possible colors (or say, two possible spins + or -), and surfaces are counted according
to the number of edges separating polygons of different colors, that is polygons with different spins. Thus it
counts surfaces with a weight proportional to the exponential of > <ij> 0i0j (where the sum is over pairs of
neighboring pieces, and o; is the spin of the piece ¢). In other words this is an Ising model on a random discrete
surface [28].

The most natural generalization is the ”Chain of matrices” matrix model. It is the generating function for
counting discrete surfaces, where pieces can have a color i € [1,...,n], and where each spin configuration on
the surface is weighted by H<i,j>(0_1)i;j where C'is a Toeplitz matrix of the form:

gél) —C1,2 0
e, dD _
1,2 Y92 €23
C= ' (1.1)
. e —Cn—1,n
0 —Cn—1,n gén)

The partition function for the chain of matrices is the formal small T" expansion of the following matrix integral:

7= /dMl L dM, e Fr(EZin Vi) =1 eiis i MiMita ) (1.2)
where V/(0) = 0 and V' (0) = géi):
g(i) di+1 g(i)
W) = ot 3 »

k=3
It is a formal series in 7', such that
00 N 2—2g
InZ= Z (T) F, (1.4)
g=0
where: 1
v i n; — Nedges<i,j (S)
Fy=>T" >, [Tty T (1) e (1.5)
#Aut(S) 4 L 1
v SeMy(v) i,k <i,j>

where M, (v) is the set of all connected orientable discrete surfaces of genus g with v vertices, with n; 5, polygonal
pieces of size k (i.e. k—angles) of color i, and nedges<i,j> edges separating colors ¢ and j, and #Aut is the number
of automorphisms of the surface. Notice that for fixed g and v, M, (v) is a finite set, and therefore F}, is indeed
a formal series in T

One may also be interested in discrete surfaces with m marked faces, whose generating function is given by:

1 1 o N 2—2g—m @
<tr <W> e <m)> =2 <T> Wi o @ em) (1.6)

9=0

T#vertices(S) Hl k(—gg))"i’k(s) _ Nedges<i,j> (S)
, 1;, (S)+1 H ((G2 1)1}3') B (1.7)
#Aut(S) JJ ‘Tk%( "

<i,j>

Wi(iq,?..,im (T1,...,Tm) = Z

SGMy,il ,,,,, i
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where Mg ;, ..;. is the set of all connected discrete surfaces of genus g, with n;, k—angles of color i, and
Nedges<i,j> edges separating colors ¢ and j, and with m marked faces (and with one marked edge on each
marked face), of respective perimeters Iy, ..., 1, and colors i1,...,4,. Again, for fixed m and g, there are
finitely many such surfaces with a given number of vertices, and the sum is a formal power series in T'. Notice
that if there is only one marked face m = 1, i.e. one marked edge, we have a rooted map, and #Aut(S) = 1.

Recently, the computation of the Fy’s and W(9)’s was completed for the 1-matrix model (n = 1) in [16, 8],
and 2-matrix model (n = 2) [9, 18, 19], and our goal is to extend the method of [19] to the chain of matrices of
arbitrary (but finite) length n > 1.

In fact, the method of [19] allows to find the solution for a generalization of the chain of matrices, where in
addition, the last matrix is coupled to a fixed matrix M,, 1, called external field. Matrix models with external
fields also have some combinatorial interpretations, and have been studied for various applications. The most
famous is the Kontsevich integral, which is the generating function for intersection numbers [33, 24, 19].

Here, we solve this more general model.

Multimatrix model also play an important role in quantum gravity and string theory, where they play the
role of a regularized discrete space-time. The 1-matrix model, counts discrete surfaces without color, and is a
model for quantum gravity without matter, whereas the chain of matrices counts discrete surfaces with n colors,
and is interpreted as a model of quantum gravity with some matter field [27, 10, 1, 29, 30, 13], namely a matter
which can have n possible states. More recently, matrix models have played a role in topological string theory
[12].

Outline of the article:

e In section 2 we introduce all the definitions and notations necessary for the derivation of the loop equations.
These are quite clearly inspired by the work on [15] where the loop equations were already found in a
slightly less compact way.

e In section 3 we derive the master loop equation that will allow us to solve the model. We also consider

the % expansion here and find the spectral curve for this model.

e In section 4 we overview all the important algebraic geometry tools and the algebraic curve properties
that are relevant for us.

e In section 5 we apply the same techniques of [9] to prove uniqueness of the solution and to find the actual
solution for the correlators of the first matrix M7 of the chain.

e In section 6 we find the variation of the curve, and all the correlation functions, in terms of the moduli
of the chain of matrices. This leads us to an expression for the whole topological expansion of the free
energy for the chain of matrices.

e In section 7, we study some corollaries of the properties of the symplectic invariants of [19], in particular
we get the double scaling limit, and modular properties.

e In section 8, we briefly discuss the "matrix quantum mechanics”, i.e. the limit of an infinite chain of
matrices.

e Finally, section 9 is the conclusion.
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2 Notations and Definitions

2.1 The formal chain matrix model with external field

The formal chain matrix model with external field, is a formal matrix integral®, with n matrices of size N with
potentials V;(M;), arranged in a chain with Itzykson-Zuber like interactions:

Zon = [ T abtye ¥ (S 0400 -cuseanincc) (1)

where M,,4+1 is a constant matrix, which we may choose diagonal M, .1 = A , with s different eigenvalues \;
and multiplicities I; (3, 1; = N):
A:dlag(Alv aAlv"' aAiv"' 7)"ia"' 7)‘55"' 7)\5)' (22)
—————
15t l; ls
It reduces to the usual ”Chain of Matrices” when A = M, = 0.

The measures dM; = H  dM; @ H;<k d§R(M(l )dAS(M (Z)) are the usual Lebesgue measures for hermitian
matrices. The potentials VZ-( ) are polynomlals of degree d; + 1,

di+1 (1)
k=1

but the same results contained in this paper can clearly be extended to functions V; whose derivatives V; are
rational functions. In general we are interested in formal expectation values of functions of M; defined by

<f(M1,"' : /HdM f My, n) %tr(z?zl(‘/'L'(Mi)*Ci,i«FlMiMi#»l)) (24)

" Zen
but we will also be interested in the free energy defined as the logarithm of the partition function Zgy,.

The # expansion can be considered when we work with the formal version of this matrix integral. What
that means is that we must interpret the integrals as a formal expansion of all the non-gaussian terms in the
exponential and perform the integral as a perturbation integral around a minimum of the action

I (Z ‘/;(Ml) — Z Ci,i—i—lMiMi-i-l) . (25)
The equations that define a minimum are

VI(My) =c1oMy , Vi(My) = cp16Mp—1 + ch 1 Mpr1 k> 2 (2.6)

In particular we can choose a minimum such that all M}’s are diagonal My, = diag(ﬂgk), ceey ﬁg\lﬁ)), which satisfy:
V() = e120 "

(k=1)

(2.7)
Vkl(ﬂz('k)) = Ck—1,kf; + ck,kﬂﬂz(.k*l) k=2--.n

with [ ’("H) = /é"“ = A;. Note that ¢, 1 can be absorbed into A, so that we will fix it to 1. These equations

have D = didy - - - dys solutions. Choosing which minimum we are going to perturb around, means choosing
how many eigenvalues we are going to put on each of the D different solutions. Let us call these ny,--- ,np,
with the restriction ) 3, n; = N. In the following we are going to refer to ¢; = T' ¢ as the filling fractions.

In other words, for each choice of filling fractions ¢ = (€1,...,ep—1), we can define a formal integral by
perturbation around the corresponding minimum. Almost by definition, there must exist anti-clockwise contours

A;,i=1,...,D, such that
- t dr=¢=T — 2.8
2ir N 4 <r<:v—M1)> S (28)

3A formal integral is defined as the exchange of the integral and the Taylor expansion of the exponential of non-quadratic terms
in the potentials, see [23].

4Notice that here, in contrast to equation (1.3), we allow for a linear term in the potential. This is convenient but can be
trivially undone by a shifts proportional to the identity.
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2.2 Definitions of correlation functions

In order to define the good observables of our model, we first need to introduce (like in [15]) the following
polynomials f; j(x1,...,2y)

Vi (zi) —cCiiv1%ita 0
j .
1 P Ve . . o .
fij @iy wj) = H det| — BT Vit (i) ifi <j
" Ck—1,k . : . .
k=i —Cjg+1T (2.9)
0 —c¢jjr1zi-1 V(%))
=1lifi=j+1
=0ifi>j+1
They satisfy the recursion relation
Ciflyifiyj (Ii, ey Ij) = ‘/,L'/(xi)fi+17j (Il’+1, ey Ij) — ci7i+1xixi+1fi+27j (Ii+2, ey Ij) (210)

with the initial conditions fr41x = 1, and fi4x = O for all [ > 1. The first polynomials generated by this
recursion relation are

Vi (zi

Ci—1,i

vy i— ! (x; i—1,i
fi—l,i(wi—l,wi): i 1)‘/;(56)_ Ci-t1, Ti 1%

Ci—2,i—1 Ci—1,i Ci—2,i—1

2.11
Vi (wi—2) Vi (zio1) VY () (211)
fi72,i($i72a l’zel,xi) =
Ci—3,i-2  Ci—24i-1 GCi—1,
Vio(ri—2) cim1, Ci—2,i—1 Vi (x4)
- Ti—1Tj — ————Tj—2Ti—1
Ci—3,i—2 Ci—2,4i—1 Ci—3,i—2 Ci—1,i
Define also the following functions
1 1 S(z)—=S(A)
() = —— = 2.12
we) = = Q= =20 2.12)

where S(z) is the minimal polynomial of A:

S(z) = H(z —\) (2.13)
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The loop equations in following sections will be written in terms of the following matrix model observables or
correlation functions.

Wo(xl) = <%tr (w1 ($1))>
P(a1) = Pol fi,1(w1)Wo(z1) = Pol Vi (w1)Wo (1)

Wiy, @iy o &, 2) = z»Ple fin(@iy. ., ) <%tr (wq (21 )w; (a;) - - wn(xn)Q(z))> ,

N

— is a polynomial in all variables

Walin,2) = (e ()@ )

Wi(x1, ... &n,2) = Polx fin(x1, . ) <£tr(w1(a:1)wn(:zrn)Q(z))>
(2.14)

W (#1525 = gt W) = (b (1) s (),
Wi (@1, @iy oo Ty, 2327) = %@DWi(a@l,xi, T, 2) =
= <tr (wy(z))) IIPO}% Jim(@is ooy xp)tr (wi(@r)w; () - - wn(xn)Q(z))>

where the symbol “Pol, f(z)” represents the polynomial part on the variable z in the vicinity of co of the
function “f(x)”, and the loop insertion operator simbol is defined by

0 10 ko9
==Y : 2.15
i(w)  wogl) A AR 50 (2.15)

like in [15]. At some point we will write the topological expansion® of some of these functions, for example
0o T 2h N
Wo(a1) = hz_;) (N) W (1), (2.16)

and similarly for other functions. These are all the definitions we need for the derivation of the loop equations

3 Master Loop Equation

To find the master loop equation (proceeding as in [15]) we are going to consider the following local changes of

variables
OM; =€ Pol  firin(@it1,. ., Tn)Wit1(Tig1) -+ Wn(20)Q(2)wy (x1) + 0(62), 1<i<n
En (3.1)
M, = eQ(2)wi(z1) + O(e?)

with € a small parameter. Notice that §M; does not contain M; except for i = 1. We must then consider § M,
separately.
3.1 Loop Equation for éM;

Consider the change of variables

oM, = emPol fon (@, .oy zn)wa(22) - wn (2,)Q(2)wy (1) + O(€?) (3.2)

vvvvv Tn

5The topological expansion of a formal integral, is not a large N expansion, it is a small 7" expansion, and for each power of T,
the coefficient is a polynomial in N~2. The Wéh)(x) is merely the formal series in T', containing the degree h terms.
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The first order variation in € of the integral (2.1) gives the Schwinger-Dyson equation (called loop equation in
the matrix model context):

N2 T2y Tm

<T—2tf(w1($1))t1" (wl(fvl) Pol fz,n(w%--wwn)wz(fvz)"'wn(In)Q(Z))>
:<%tr(wl(xl)(vlf(Ml)—cl,QMQ) Pol fg,n(xz,...,xn)wQ(@)---wn(xn)Q(z))> (3.3)

L2, Tn

Using (2.10) we find, after some algebra, the loop equation

T2
mWQ;l(xl,xz, ey L, Z;.Il) —|— (CLQ.IQ — W(xl) —|— W()(Il))WQ(.TEl,.IQ, A ) Z) =
=—Wi(x1,.. . Tn, 2) + (Va(22) — c10m1)Wa(21, 23, . . ., T, 2) — C2302Wa(T1, 24y« o, T, 2)
T 3.4
- <Ntr (w1 (z1) (Vo (Ms) — c12My) Pol  fs,(zs,...,xn)ws(z3) - wn(xn)Q(z)>> (3-4)
L3y 9Tn
T
+ Ntr wy (1) c2,3 Mo MPolw Jan(xa, ... zp)wa(xg) - wp(Tn)Q(2)
3.2 Loop Equation for §M;
The rest of the loop equations follow the same principle. We will compute the remaining in one shot.
5Mz = € POl fi+1,n(xi+1; ey I’n)wi+1 (Ii+1) cee wn(xn)Q(z)wl (.Il) =+ 0(62) (35)
Lidglyeeny Tn
from which the order e variation of the partition function is
T /
0= <Ntr <w1 (1) (Vi (Mi) = cim1,iMi-1) Pol  fir1n(@itr,. ., @n)wipr(zig) - 'wn(xn)Q(Z))>
Tit1:Tn
— Ciit1Tir i Wig1 (T1, Tit1, o5 Ty 2) + Vigr (ip 1) Wige (21, Tigas -, Ty 2) — Ciit1Tit1 Wigs (21, Tigs, . -, Tn, 2)
T , 3.6
- <Ntr (wl(l’l)Vi (Mi)  Pol  fito2n(Tit2,. ., Tn)wita(Tit2) - wn(fvn)Q(Z))> (30
Tig2seens T
+ <—tr (wl (z1)ciit1Mix1  Pol  firsn(Tits, ..., Tn)wiys(Tits) - - wn(l’n)Q(Z)>>
T 3yeees Ty,
In particular, for ¢ = n due to the fact that f,,12, = fri3n =0 we have
0 = { <t (wi (@) (V (M) Mo-1) Q=)
=( —tr(wi(x ) — Cne1nMyp_ z
N (1) (Vy, 1, 1 (3.7)
- Cn,nJrlZWnJrl(xlv Z) + S(Z)W()(IE1)
3.3 Master Loop Equation
When we sum up equations (3.4) and (3.6) for i = 2,...,n we find the master loop equation
T2
mWQ;l(IEl, T2, ... Tn, Tog1;21)+(c1ome — Vi (21) + Wo(z1)) (Wa(z1, 22, . . ., Tny Zng1) — S(Tng1)) =
== Wi(@1,.. o, @n, Tnp1) + (Vi (21) = c1,222) S (@nt1) (3.8)
+ Z(V/(%) — Ci—1,iTi—1 — Ciit1Tit1)Wit1 (1, Tit1, - oy Tnt1)
1=2
where we have redefined z = z,,41. Remember that Wi (21, -+ ,2,) is a polynomial in all its variables and that
Wi(z1,z;,- -+ ,x,) is a polynomial in all its variables except z1. In particular, we may choose x; = &;(z1, z2),
i =3,...,n such that
V;/(Jil) =Ci—1,iTi—1 t Cii+1%it1 Vi=2,...,n (39)
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and in that case (3.8) reduces to

]j\;—zWQ;l(l'l,{L'g;l'l) + (crome — Y () U (21, m2) = — Wi(x1, 20) + (V] (1) — €1.202)S (21, 72) (3.10)
=F(x1,22)
where we have defined
V(1) = V{(21) — Wo(z1)
Uy, xs) = Waly, 2o, &3, #ng1) — S(Eng1)
Wot (x1, To; 21) = Waa (21, T2, &3, - -+, Eng1; T1) (3.11)
Wi(x1, 20) = Wi (21, 22, 23, ., Zng1)
S(w1,@2) = S(&nt1)
and Z; are defined recursively from the constraints (3.9)
2383 = co383(w1,22) = Va(x2) — 1221
c3.4%4 = c3afa(m1,22) = V3 (23(21,22)) — c2.372 (3.12)
Cie1,i%i = cim1,ii (w1, w2) = Vi (&1 (21, 22)) — Cimoim1@i—2(T1, ), fori >4
Note the resemblance between equations (3.9) and (2.7).
3.4 Planar limit
To leading order at large N, we drop the T?/N? term in the loop equation (3.10) and we get:
(c10ma = Y O (@1)) T (@1, 22) = B (1, 22) (3.13)
Notice that E© (z1,22) is a polynomial in its 2 variables z; and z».
The algebraic equation
EO(z),20) =0 (3.14)

is called the spectral curve. In some sense it is the large N limit of the loop equation when we choose ¢ 222 =

Y(O) (.Il)

The equation (3.10) is of the same form as the one solved in [9] for the 2-matrix model, or the one solved
in [19] for the I-matrix model with external field. It can thus be solved using the same methods. Note that (as
we said above) we consider fixed filling fractions in the formal model, which means that the

=g 7( WO (1 (p))da1 () (3.15)

are fixed data of the model. As a consequence of that, all the differentials Wo(h) (z1(p))dz1(p) with h > 1 may
have poles only at the branch points «;, and all their A cycles integrals are zero due to the fixed filling fractions
condition

0= § W) ). (3.16)
A;

4 Algebraic geometry of the spectral curve

The solution of the model relies on the understanding of the underlylng large N spectral curve, and its algebraic-
geometry properties. Let us see first what are the main features of E© (xl, x9) and then we will present a set
of tools and concepts that we will need later.

First, E© (x1,22) = —Wl(o) (1, 22,83, ..., Tnt1) + (Vi (z1) — c1,222)S(&n+1) as we have noted before, is a
polynomial in all its variables. Wl(o) is a polynomial of degree d; — 1 in the variable x; and s — 1 in 2z while
(Vi (z1) — c1,222)S(xn41) is clearly a polynomial of degree dq in 1, 1 in 2 and § in 2 = x41.
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The relations (3.12) express #; (i > 3) as a polynomial of 1 and 5. For example, 23(x1, 2) is a polynomial
of degree 1 in 21 and ds in xo. In general, for i > 3, #;(x1, 22) a polynomial of degree H;;; dj in z1 and H;;; d;
in xs.

With this information we see that for n > 1, Wl(o) (21, x2) is a polynomial of degree dy +ds...d,s — 2 in
x1 and a polynomial of degree dy---d,s — 1 in z9, while (V{(z1) — ¢1,222)S(&n+1) is a polynomial of degree
dl —|—d3 .. .dnﬁ in I and 1+d2d3 .. .dnﬁ in T2, ie.

deg,, B =dy +dy...dys=di + Dy , deg,, B =1+dads...dy5=1+ Dy (4.1)

One can check from algebraic geometry usual methods (Newton’s polytope for instance), that an algebraic curve
with those degrees, has a genus g:
g<didsy...dps (42)

So far, most of the coefficients of E© are not known, because they come from the unknown polynomial Wj.
However, the number of unknown coefficients of W7y, is dids...d, s — 1, and it matches precisely the generic
genus of the spectral curve g (all the terms of Wi lie in the interior of Newton’s polytope), and therefore the
polynomial Wi (and thus E’(O)) is entirely determined by the filling fraction conditions (we have ), e; = T)):

1 N
Vi=1,...,didy...dps, €¢=—¢ Y(z)de , EOxY(x)=0 (4.3)
207 A

7

Those dids . . .d, s equations determine Wl(o) and thus £,

4.1 Analytical structure, sheets and poles

The algebraic curve EO© (21,22) = 0 has the following structure. For each value of x; there are Dy + 1 different
values of o, and for every value of x5 we find D +d; values of x1. This observation is what defines, respectively,
the z1 sheet structure and the x5 sheet structure.

The algebraic curve E©) (21, x2) = 0 can be parametrized as follows: there exists a compact Riemann surface
L and two meromorphic functions x; and x5 on L, such that

EO@,2) =0 ©Ipel | z1=xz1(p) and o = z2(p) (4.4)
Notice that the functions x;(p) = Z;(x1(p), z2(p)) are also meromorphic functions on £, which satisfy:

Vpe L, Vi(zi(p) =ci—1ivi1(p) + ciit1zir1(p) (4.5)

There are s + 1 different points on the curve where z; (and all the other z;(p), i < n) becomes infinite. Around
one of these points, that we will call p = 0o, a good local coordinate is 2o, (p) = mll(p) . The co point in the curve is
quite important as it marks the so called physical sheet. The other ”infinity” points correspond to the situation
where 2,11(p) = \;, and will be called p = A\;. A good local coordinate around these points is z5, (p) = = 1(p)
1T 1

i Cpnty1 N xn(p))'

(a different good local coordinate could be z3 (p) = @n41(p) — A; which behaves as ~_,\
Explicitly, the negative divisor of zy(p) is

[2k(p)]- = —rroo — s Z by

where r1 =1, rp =dids...dg_1 (4.6)
Sn4+1 — 0, Sn = 1, S = dk+1dk+2 . dn
Locally, near co we have:
Vll(xl (p)) T -2
T = - + O (x 4.7
2(p) [ 12 1 (p) ( 1(p) ) ( )
zr(p) ~ x1(p)"™* (4.8)

p—0o0
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and near \;:

1 T 1

) p=Xi Cnng1t N Tnga(p) — A W) (19)
B 1 T, 1 ., :
Tnt1(p) .y Ai + —Cn,n-i-l N () + 0O (xn (p) )
zk(p) ~ (Tnt1(p) — Ni) ™ (4.10)
P—Ad

4.2 Branchpoints and conjugated points

From Riemann-Hurwitz, there are s42g+s; points a; on £, such that 8,, £ (21, 22) = 0 and 8,, E©) (21, x5) #
0. They are called the x; branch points. They are the zeros of the differential dx; (p).

For the moment, we assume that the branch points are simple, i.e. that at those points da;(p) vanishes
linearly when p — «. The spectral curve is said to be regular. A spectral curve with non simple branch-points
is called singular or critical. We study critical points below in section 7.2.

Assuming that the spectral curve is regular means that near any branch-point «, Y = ¢ 2x2 behaves locally

like a square root Y (x1) ~ Y (z1(«)) + C /a1 — 21 (), and therefore, for any p in the vicinity of «, there exists
a unique point p # p in the same vicinity of «, such that

z1(p) = 1(p). (4.11)

We say that p is the conjugate point of p. The conjugate point, is defined locally near every branch-point, and
in general it is not defined globally (see [19)]).

4.3 Non-trivial cycles

If £ is of genus g, there exists a symplectic basis of non-trivial cycles A;, Bj, 4,5 = 1,...,7, such that:
AN Bj = 61')]‘ , AN Aj =0 , B;n Bj =0 (4.12)

Such a basis is not unique, and we have to choose one of them. Different choices give different solutions of the
loop equations. The choice is related to the choice of filling fractions.

Changes of symplectic basis are called modular transformations, and, following [19, 22] we study modular
transformations of the Fy’s and Wo(h)’s in section 7.3.

Once we have chosen a basis of non-trivial cycles, the domain £\(U;A; U; B;) is simply connected and is
called the fundamental domain.

4.4 Bergman kernel

We use the notations of [19], and we refer the reader to [19] for a more detailed description.

On every compact Riemann surface £, with a given symplectic basis of non trivial cycles , is defined uniquely
a 2nd kind differential called the Bergman kernel [2] B(pi,p2) (which we regard as a 2nd kind differential in
the variable p; € £), that satisfies

i) B(p1,p2) has a double pole, with no residue, when p; — ps, and normalized such that

d(p1)da(p2) - + finite (4.13)

B(phpz)pl_m2 (z(p1) — x(p2))?

where 2(p) can be any local parameter in the vicinity of po.
7{ B(p1,p2) = 0.
A;
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It is easy to see that the Bergman kernel is unique, because the difference of 2 Bergman kernels would have
no pole and vanishing A—cycle integrals, i.e. it would vanish.
More explicitly we have:

B(p1,p2) = dp, dp, log (0(u(p1) — u(p2) — #)) (4.14)
where 6 is the theta-function, u(p) is the Abel map, and x is some odd characteristics.

For example, in the case the spectral curve has genus zero (the so-called 1-cut case), £ is the Riemann sphere,
i.e. the complex plane with a point at oo, and B(pi,p2) is the meromorphic bilinear form B(p1,p2) = (Zfl_‘;’;?z.
Another example is the case where L is a torus of modulus 7: £ = C/(Z + 7Z), for which the Bergman kernel

is the Weierstrass function: B(p1,p2) = (p(p1 — p2;7) + C)dp1dps.

4.5 Third kind differential

For any p € £ and two points ¢ and o in the fundamental domain, we define:

dSq.0(p) = /q B(p.q) (4.15)

where the integration contour lies in the fundamental domain (i.e. it does not intersect any A or B cycles).
dSq.0(p) is a meromorphic differential form in the variable p, whereas it is a scalar function of ¢ and o. It has a
simple pole at p = ¢ with residue +1 and a simple pole at p = o with residue —1:

Res dSg.0(p) = +1 , Res dSg.o(p) = —1 (4.16)
p—q p—o
i.e. it behaves locally like #% when p — ¢, in any local parameter x(p). Moreover it has vanishing A4 cycle
integrals:

f{ dSy0=0 (4.17)
_A.

i

Since it has only one simple pole in the variable ¢, this 3rd kind differential is very useful for writing Cauchy
residue formula. For any meromorphic differential form w(p) we have:

w(p) = — Res dS, 0 (p) w(a) (4.18)
and, using Riemann bilinear identity [25, 26], if Vi, § 4. w = 0, and w has poles a;’s, we may move the integration
contour and get:

w(p) =D Res dSy.o(p)w(a) (4.19)

This identity was the main ingredient in solving loop equations for the 1-matrix model in [16].

5 Solution of the Loop Equation

In this section we solve the loop equation to all orders in the topological T?/N? expansion.

We first need a technical lemma which consists in proving that the solution is unique, and then we use this
uniqueness to try a guess similar to that introduced in [9] which makes the loop equations easier to solve.

We find the one point resolvent and the k point resolvent for the first matrix of the chain, and in fact we
find that they coincide with the correlators defined in [19] for the spectral curve E(9).

10
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5.1 Unicity of the solution

Equation (3.10) fixes the large N/T expansion of Wo(z1(p))S. Take equation (3.10) and substitute the ff—z

expansion of W, (1, 2}), Wo(z1), U(z1, x2) and E(x1,22). Then to order X N% we obtain

(c10w2 — Y (1)U (21, 22) + W (2 )U(O) (z1,22) =

" Y (5.1)
= EW (2, 2,) ZWo(h ) gt )(xlaxZ)_Wé;}; 1)($1,$2;$1)-

Suppose you know U™ (z1, z5), Wéh )(xl) and EM) (1, 25) for B < h. We prove that we can find those three
functions for ' = h. Consider x1 = x1(q) and z2 = z2(p) (and so Y (z1(q)) = c1,222(¢)) with p and ¢ living on
the algebraic curve

c12(22(p) — 22(q)) UM (21(q), 2 (p>>+w<’”< (@)U (@1 (q), 22(p)) =

. . . 5.2
= B0 (ay( wa "™ (w1 ()0 ™ (21 (q), 22 (p)) - Wil (21(q), 22 (p); 21 (q) 2

Begin with h = 0. Consider the solutions for the equations E(z1(q),z2(p)) = 0. For every z1(q) there are
Ds + 1 different solutions Y (z1(g'")) (sitting at points that we call ¢(©, ¢ ... ¢P2) on the curve, with the
convention that ¢(®) = ¢). Then we can write

EO(z1(q) KH (C1 272(p (xl(q(i))))
(5.3)

O (). o) — B @1(@). 22(p) 2 AP
U0 (z1(q),z2(p)) = (c1022(0) — Y (1())) —KE( 1,272(p) — Y(21(q")))

where the constant K is derived in the next section. Recall that 21 (¢(") = z1(¢¥)) but in general” Y (z1(¢(")) #
Y (21(¢9)) for i # .

Consider now h > 0.
Write now the equation for an arbitrary h and take p — ¢° = ¢

W (x <>>U<>< 1(9) 22(0)) = E™ (21(q), 22(q))

- Z W™ (21(g)) U™ (21(q), 22(q)) — Waly " (@1(a), 22(0): 21 (q)).

(5.4)

This equation shows (by recursion) that Wo(h)(:vl (¢)) is a meromorphic function on the spectral curve, and
because of our hypothesis, it has poles only at branch-points, and it has vanishing A cycle integrals. Let us
write Cauchy residue formula (4.18):

Wi (x1(g))dz1(q) = — Res dSy.0(q) Wi (x1(¢'))dz1 (') (5.5)

7' —q

Using Riemann bilinear identity, and the fact that both dS and Wo(h)d:c have vanishing A cycle integrals, we
can move the integration contour and get (4.19):

o r(@)dea(@) = 3 Res dSyofa) Wy (o) (4) (5.6)

6 As we show later all the k-functions of the type

k—1
W @) 21 ®), e D) = (H MM) W (@1(p))

can be determined from the equation (3.10) exactly in the same way as in [19, 9]... .
"The function Y (z1(¢(?)) is multi valued in the x1 plane. On the other side on the algebraic curve it is not multi valued. The
index 4 indicates precisely different x1-sheets, and thus different values of Y (z1).

11
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Now we replace Wo(h) (21(q")) in the RHS with the loop equation 5.4, and using that E(h)(xl, Z9) is a polynomial
and has no poles at finite 21, that U (21 (¢), z2(q)) vanishes at most as a square root at the branch points and
that da;(p) vanishes linearly at the branchpoints, we find:

W (21(q))dz1 (g ZqREi W (21 (¢))dz1 (¢ )dSy o(q) =

--T ke U‘fj”;((q'( ( 2 W @0 @ (), a2 (5.7)

R el i (q’))> :

where everything on the RHS is known from the recursion hypothesis, and thus determine uniquely Wo(h) (z1(q)).
Then, consider again equation (5.4) and find E (x1(q), z2(q)) (equal to EM (21 (¢™), z2(¢)) by the defini-
tion of ¢(*))

EM (21(¢D), 22(q)) = EW (21(q), 22(q) = W™ (21(2) T (21(q), 22(q))

— e oy o < (h—1) (5.8)
- > W 1)U (1(q), 22(q)) — Wiy (21(q), 22(q); 21 (q))

m=1

and reconstruct £ (z;(q), zo(p)) using the Lagrange interpolation formula

E™ (1(q), 22(¢")) T1, i (w2(¢”) — 22(p))
; .

B0 (a1 (q), 22(p) = Y T, (w2(@) = 22(q))

i

Finally equation (5.2) gives U™ (z1(q), z2(p)).

Therefore we have proved our recursion hypothesis to order h.

All this procedure allows us to solve recursively the master loop equation, thus indicating that the solution
is unique once E©)(z1,x5) (or equivalently Y (z1(p)) and z;(p)) is given. We could iterate this procedure
indefinitely. We now show a much better way to solve the master loop equation.

5.2 Solution of the equation

The solution being unique, we only have to find one solution. The equation

T2 . A
WW2;1($17$2; x1)+(c1,2w0 — VY (21) + Wo(21))U (21, 22) = (5.10)
=— Wi(a1,22) + (V(21) — €1202)5 (21, 72) = E(1,72)
is indeed solved by the expressions
o2 T 1
- — 9 o / - b}
E(zi(p),x2) = —K <E) <01,2$2 Vilzi(p)) + wtr (Il(p(i)) - M)>> .
) b, , X (5.11)
" _ - )
U(zi(p), z2) = —K 11;[1 (01,25172 Vi(z1(p)) + 5t <x1(p(i)) — M)) '

and can be proved following [9]. The product runs over the Do + 1 sheets of the algebraic curve viewed from
the x; variable point of view. The Oth sheet is by definition the sheet in which the point p is sitting (that is,
p = p»). The notation ” (---)” means that if we expand the product in cumulants, the connected two point
correlators must be replaced by Wo.1(z1(p); z1(p')) = Woa(z1(p); z1(p')) + m.

These expressions are not of practical immediate use, but if we expand them in powers of x5 they reveal the
equation that lead us to the explicit solution. All the information is contained in the highest powers.

12
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[ ] (61)2$2)D2+1 :

do--dy, (2) dz--+dns 3) dy---dns (n) p
(i) 2rne 9da+1 9dg+1 N anH K
C1,2 C2.3 C3,4 Cront1

V/(21) = ds-- - dy, C”gd“‘] KZ(Vl (21(p <%“(m>>>

gderl

L] (0112$2)D2

K

C12g
Vi) — da s 28— Syt
gd2+1 i=0

where we have defined as usual V{(z1) — Wo(z1(p)) = Y (z1(p®))

U (01,2$2)D2_1:
(2) (2) (2)
€129 1c1,29 c1.29
P(«Tl)_d3---dn5 (2)(12 (Vll(.%'l)—(d3"'dn5—1) (2)(12 _ (d)2 1) _
9do+1 Gdyi1 9a,

2
= %; <Y(I1(p(”))Y(a:1(p(j>)) + %Wo;l(xl(pm)’xl(p@))))
where P(x1) = Pol,, V{(z1)Wy(z1) was already defined in (2.14) and
1
(21(p) = 21(9))*

refers to the substitution mentioned above for two point correlators.

Wo(x1(p), z1(q)) = Wou (21(p), 21(q)) +

(5.12)

(5.13)

(5.14)

(5.15)

The equation (5.12) allows us to determine the constant K. The equation (5.13) allows us to modify the last

equation. When doing the T2 /N? expansion, equation (5.13) implies
Z W D)) =0 forh>0

Apply m to equation (5.13) we find also

™) o () T —
ZWGl 1(p"), 21(q)) o0 ) = o))

Using all these equations we find that equation (5.14) can be transformed into

Do

5 [V + T Woalor (5,165 =
1=0
@)\ 2 2 (2)
C
= (V{(21))? = P(x1) — ds . ..dps (ds . .. dps — 2) ( 1(225)“2 ) —2dy - dns%
Gda+1 Gdr+1

Expanding the equation in & = h as in [9] we get for h > 1 the equation (with y(p) = Y (21(p)))

D»>
22y<p<i>>wéh’<x1<p<i>>> -

D2 —
=3 S W O ) + ZW“ Dar (), a () + 2PM ()

i=1 m=1

13
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The rest follows exactly the same lines as in [9]. We will however recall the main steps. Let us define the
following meromorphic differentials from the correlation functions

k
wl(ch)(pl, ey DE) H dxq ( pj <H2 m) Wéh) (z1(p1)) (5.20)

and rewrite equation (5.19) as

2Zy Dot (p9)dar () =

D2 - . (5.21)
=> Z W™ (PN (@) + 537 WD (@, p@) 4+ 2P (a1 (p))da: (p)
1=1 m=1 =1

Define also the third kind differential dE, 5(¢) = dSp,0(¢) — dSp,0(q), where p is the conjugated point of p.

dBp 5(q)

Finally apply the operator ) Res,_.q %y(ml(p))_y(wl

) (where « are the branch points of the curve) to the
equation (5.20). After some algebra we find

h—1
Yoy (Z A )+ p>> (522

—Y\p

which is the first of a tower of recursion relations. The rest can be obtained by applying the loop insertion
operator to this first one and reads

(k) Ep,ﬁ(q) (h=1)
wi 1 (¢ {px Res > - w P, D \PK
e o} = ZW ) —yondn) | @i @B pic))
, (5.23)
m h—m) / _
+ 305 W el ™, {pK\m)
m=0JCK
where {pk} is a collective notation for k points on the curve, and K = {1,...,k} is the set of indices. In the

expression, J stands for a subset of j elements of K, K\J for the complement of J in K and the sum over J

and m counts all different subsets and genus, except (J,m) = (0,0) and (J,m) = (K, h).
Therefore we have found that the meromorphic differentials w,(ch) (g1, - .., qr) satisfy exactly the same recursion
structure as those of [19], thus all manipulations done in [19] and other references therein that depend only on

this resursion structure need not be repeated here and can be taken as a fact. For instance it was shown in [19]
that the recursion for the Fj,’s and Wég)’s can be represented digrammaticaly, and so the same happens here.

6 Moduli of the chain of matrices and topological expansion of the
free energy

In order to find the free energy it is important to understand which are the moduli of the chain of matrices,
and how they change when we change the curve (always within the matrix chain moduli space).

6.1 Moduli of the chain of matrices

The chain of matrices is completely characterized by the potentials Vi (x), ..., V,(z), the interaction parameters
¢ii+1%, the temperature parameter T, the eigenvalues and multiplicities of A and the filling fractions ;.

8Note that Cn,n+1 can be absorbed in a redefinition of A. We will see later how this appears in the moduli variations.

14
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It is clear that we can express all these parameters in terms of the meromorphic functions on the curve
21(p), ..., xn(p) as follows (with notations borrowed from [4, 19, 5]):

1 1
€ =—o c1,2T2da = — Ch k1 Tk1dT) = —5— Chk+1 Tk ATk 41
21 J 4, 2w J 4, 21 J 4,
T T 2
loo =1 = Rescy pxoday = Rescp pr12p+1doy, = — Rescep w1 2pdeg41
oo oo oo
l;
tii = — NT = —Rescpnt12ndrn1 = — Rescp w1 0rdopp1
Ai i
= Res Ck,kJrlIkJrldIk = Res 6172I2d$1 (61)
i Ai

X »
g(. ) =c1 2 Resxy 7 xoday
J oo

. k iy i )
ji>2: gj(. ) =Ck Jt+1 Rogsxk]xkﬂdxk = cp—1,x Resa, Jop_1day, Vi

7

i

t, N = — tﬁixn-i-l(;‘i) = —Cn,n+1 Rfs Tp41(P)Tn (p)dTn41(p)

7

Something deserves attention here: note that g§k) can be expressed in 5 + 1 different ways by changing which

pole M\ or oo we consider. As we will see later, in order to stay within the matrix chain moduli space, any
variation of the curve around one of these points should bring associated other variations around the other
points so that the new ¢’s can still be obtained from any of them. Also note that we have not specified how
to obtain ¢; ;+1. They appear in the other equations as to indicate that they are free to choose. Indeed these
parameters can always be absorbed into the other parameters of the model (as the equations above indicate).
It can also be viewed as a rescaling of the meromorphic functions z;(p).
Now, we study how the spectral curve changes when we change these parameters (or vice versa).

Let us define the variations € of the curve by their effect on the differential ¢; o2 (p)dz(p). Variations of func-
tions or forms, are defined with respect to some fixed variable. There is a Poisson-like structure (thermodynamic
identity) indicating how to relate variations with respect to different fixed parameters. The meromorphic form
Q) is defined as:

b (c1,222(p)dz1(P))],, () = dalc1222(p))], dz1(p) — da(z1(p))l, c1,2dw2(p) = —Q(p) (6.2)

In general we want €2 to be written in the form

Qp) = . B(p,q)A(q) (6.3)

where 0f2 is a path which does not intersect circles around branch points.

6.2 Variation of filling fractions
For variations of the filling fractions we choose
Qp) = ~2imdu;(p) =~ § Blr.0 (6.4)
i
so that 99 = B; and A(¢) = —1. From (6.1) we have
Jaer =051, data=0, dag™ =0, daXi=0 (6.5)

so that indeed, 0_2irdu; = ai Using Theorem 5.1 in [19] we can write

€5

0
—wl(gh)(pl,...,pk):_% w,(jr)l(pl,...,pk,q) (66)
8€j B;
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6.3 Variation of the temperatures

Similarly we define for too =T and ¢y ,

Qp) = —dSa,0 = / B(p,q), ie. 6Q=[a,d],A=1 (6.7)
where a, o’ € {00, 5\1, e 5\5} This variation produces the following modifications of parameters
daer =0, 59155 = 5(175 — 50/75 , 6ng(-m) =0, doX\=0 (6.8)

which can be written as d_qs_ , = % — %. This makes sense since ) to = 0. Again Theorem 5.1 in [19]
enables us to write

’

0 0 «
(% _%) w](ch)(plu"'apk):‘/a w](l?l(plu"'?pkaq) (69)

6.4 Variation of the potentials

Observe that if we don’t consider variations in ¢; ;41 we have

0112(5$2.d171 - 5I1.d£€2) = 5562.(‘/2”(172)61172 — CQﬁngg) - ((5‘/2/)($2)d172 + ‘/2/I(I2)5.r2.df172 — 02135$3.dl‘2)

= —(5‘/2/)(172)61562 + Cng((SIg.dCCQ - 5$2.d$3)
(6.10)

= —(6Vy)(z2).dxa — - — (6V)(xp).dTy, + Crnt1 (0Tnt1.dTy — 620 .dTnt1)

In particular, if the \; are kept fixed, the last term dx,,1.dx,, — dx,.dx, 1 has no pole at /A\l

Variations of V4

If we vary only Vi, more precisely if we vary only g§l), we see that = ¢1 2(6x1.dry — dza.dzy) has no pole at

the \;’s, and near oo, if we work at fixed 21, we have 1,202 ~ 5951) 27ty O(x7?), and in addition, since we
don’t vary the filling fractions, we know that § 4. §2 = 0. All these considerations imply that the variations of
Vi(x) are given by the same formulas as in [9]:

Qp) = ~Buo;(p) = = Res B(p, q) (q) (6.11)

j a—oe
thus 0€2 is a small circle around oo and A(g) = ﬁzlg—w With this variation it is easy to check that

Saer =0, St =0, 609%™ =6,18;m, doli=0 (6.12)

and so we can say that 6_p__ , = ﬁ, and from Theorem 5.1 in [19]:
: of

0 z1(q)?
D w,(ch) (P1y.--yDE) = Rogs %w,ﬁ?l (P1,- -y Dk, Q)- (6.13)

J

Variations of Va,...,V,

For the other potentials V}, with 2 < k < n, if we vary gJ(-k)7 near oo, at fixed x1, we have dzg = ¢1,20(V{(21) —

T/z1 + O(x1?)) = O(x;?), therefore Q has no pole at co. We have seen that the pole of (2 at \i is given by
§(V)(xg)dxy, therefore near \; we have Q ~ —x)'dxy. This implies that

Q) = -3 B o,(p) = —% ™ Res B(p, ) (q) (6.14)

i i 9N

16



hal-00278204, version 2 - 20 Jun 2009

1 zp(g)’

thus 99 is a contour which surrounds all \; (and no other poles), and A(q) = —5;= 5—. Then, we can say

Ajskyd

that 6_s~ g = %, and from Theorem 5.1 in [19]:
K g]

9 zi(q)
89(@“’1( 'pr,. ) = E R;fs ; wl(+)1(p1,---,pl,(J)- (6.15)
J i ’

6.5 Variation of the )\;’s

Similarly, we see that when we vary A;, Q2 has no pole at oo, and near j\i, it behaves like —dz,,. Therefore we
have:

l; li  B(p,\i)

Q(p) = T B; (p) = Res B(p,q)an(q) = T— —2 2 6.16
(p) =T Bs, () Res (P @)anla) =T dm Ov) (6.16)
0 h li h
) = T Reswily (b opi ) 2 (@), (6.17)

6.6 Variation of the c; ;41

Again, allowing variations in ¢, 1 we find that Q behaves like z,dxj41, therefore
Qp) = > Byt = 2_Res B, @)z (@) (9) (6.18)

0
OCk k+1

w (pr,. ) = Res w (pr, - o1, @) (@) zrs1 (q) (6.19)

6.7 Summary of moduli

Using Cauchy formula, we may write:

c1,222(p)dx1(p) = — Res dSy,0(p) c1,222(q)dx1(q) (6.20)

q—p

Then, we move the integration contour, and we take into account the boundary terms using Riemann bilinear
identity, we get:
c1,222(p)dz1(p) = Res dSqo(p) c1222(q)dr1(q) + 2im Z e;du; (p) (6.21)

q—00,A; i

The residues near the poles co and near the \; are computed by the local behaviors.
e near oo, we have xg ~ V/(x1) — % +O(x7?), ie.

d
Res dSq0(p) c1,222(q)dr1(q) = Res dSq0(p) dVi(z1(q)) — T Res dSy.0(p) 71(q)

q— 00 q— 00 q— 00 Il(q)
=— (ﬁg}so B(q,p) Vi(z1(q)) + TdSs.0(p)

(1) ,
--y 937 Res B(q,p) (21())’ + TdSse.o(p)

(6.22)

q—00

17
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e near \;, we have

Cl_rgxgddfl = 6172(d($1172) — .IldCCQ) = 6172d($1$2) — W(ZEQ)dCCQ —+ C273I3dl‘2

= d(61)2$1$2 — ‘/é(xz) + 231203 — ‘/3(1,'3) L.

+ en—1,0%n-1%n = Vo (Tn) + Cnn+18nTnt1) = Cnnt12ndTn1 (6.23)
~ d(CLQ{ElIQ — ‘/Q(IQ) + 6273I2$3 — ‘/:;(.Ig) e
l; dx,
+ Cn—1,nTn—1Tn — Vn(xn) + cn,n-l—lxnxn-l-l) - TN ﬁ + @ (() 1)
Therefore we have:
RGS dSq,0(p) c1,222(q)dx1(q) =
q—Ai
L
= _TN dS;\i o) = Res dSyo(p)d(Va + -+ Vi, — 102102 — -+ — Cun 1TnTry1)
’ qg— i
l; (6.24)
= _TN ds)\i,o(p) + Re§ B(g,p) Va+ -+ Vi, — 120122 — - — Conp1ZnTnt1)
q—Aqi
. n g o
=T dS5, () +) Z Res B(¢.p) (zk(a))’ - > ki Res B(q,p)a(@)7r+1(9)
k=2 j 9 k=1 g A
All this can be summarized as:
. le‘
c1,2T2dr) = 2szeidui + Z W Oo it ZQJI)BOOJ + Zzg (k) ZBA’ k
i i k=2 j i (625)

n—1
+ Z %)\iBS\i + kz Ch,k+1 ZBS\iyk*’k‘i’l
i —1 i

Notice that ¢, n+1 does not appear, in fact the term that would logically give the associated contribution,
it is better used to encode the variations of \;. It is clear that the \; contain already the information of ¢, 1.

6.8 Topological expansion of the free energy

With all that information we are now ready to derive the free energy F(9). The free energy InZ = F =
>, (N/T)*729 F9) is determined by its derivatives:

1
S < Ty (M) >= _9r (6.26)
(k)
J 99,
The result that we wish to prove is that:

F9 = F (E®) (6.27)

where F,’s are the symplectic invariants of [19], for the spectral curve EO In particular for g > 2 we have:

F (E©) = ZResw<‘7>q> L d® = ¢y podr (6.28)

2—9

The expressions of Fy and Fy are a little bit more difficult to write [34, 31], and we refer the reader to [19].
Notice that when there is no external field, i.e. A =0, F(© was already computed in [15], and it coincides with
Fy.

The F,’s of [19] have the property, that under any variation €2, we have:

_ (9)
OF, —/m wy” (q) Ag) (6.29)
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In particular with £ = 1, it proves that

(6.30)

Then, we prove it by recursion on the length of the chain n.

The n =1 case was done in [19]. Now, assume that it is true for n — 1.

We have just seen that F(9) — F, is independent of Vi, therefore we may compute it for the case where V;
is quadratic. When V; is quadratic, the integral over the first matrix of the chain, M, is a gaussian integral,
and M; can be integrated out, so that when V; is quadratic we are left with a chain of n — 1 matrices, and
we get £ = F19 . From the recursion hypothesis, we have F\9| = F,(E©® (25, 23)), and one should notice
that the Fj’s of [19] have the symplectic invariance property, i.e. they are unchanged if we make a symplectic
transformation of the spectral curve, or in other words, if we add an exact differential to ¢; sz2dz;. In particular

we may work with ¢y 3z3dzs, and thus F,(E© (zy,29)) = F,(E© (22, 23)). This proves the result.

7 Other Considerations

In the previous two sections, we have solved the loop equations to all orders, and we have found that the solution
is given by the symplectic invariants introduced in [19], for the spectral curve E()(z1,25). As a consequence,
all the properties studied in [19] apply.

7.1 Symplectic transformations

Remember that the spectral curve E (x1,22) = 0 is equivalently given by the data of two meromorphic func-
tions x1(p), z2(p) on L. Indeed, given two meromorphic functions, it is always possible to find a polynomial
relationship between them. We shall write the spectral curve:

Erz = {(z1(p),22(p)) / p € L} = (w1, 2) (7.1)
Since any x; is a meromorphic function, we can also define the following algebraic spectral curves:
Eij = {(xi(p),z;(p)) / p € L} = (wi,75) (7.2)

It was found in [19, 20], that the F,’s are unchanged under symplectic transformations of the spectral curve,
for instance if we add to x; any rational function of xzo, or if we exchange x1 < x2, or if we change 1 — —x7.

For instance we could change ¢ 221 — ¢1,221 — V5 (22) = —c2,373, and then x3 — —x3, and then recursively
/Jrl(xz) = —Ci41,i42Ti+42- This shows that:

Cii+1Ti — Ciiy1T; — V

Fy=Fy(Eiis1) = Fy(Eiz1;)  V1<i<n (7.3)

However, one should keep in mind that the correlation functions are not conserved under symplectic trans-
formations, only the Fy’s are.

7.2 Double scaling limits

We have seen that as long as the spectral curve is regular (all branch-points are simple), the F,’s and all
correlation functions can be computed, and it was found in [19] that they diverge when the curve becomes
singular. This type singularities were already found in the one and two matrix model, and in [19] for generic
spectral curves, but it is still important to show that it appears in this context too.

It was found in [19], that if the spectral curve depends on some coupling constant (7" for instance), if the
spectral curve develops a cusp singularity at say 1" = T, of the form

y ~ P/ (7.4)
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then the F,’s diverge as

T pTq ~
Fy~ (1= ) 72555 F, (7.5)
where I:'fq = FQ(E’) are the symplectic invariants of another spectral curve E which is the blow up of the vicinity
of the singularity, and which is the spectral curve of the (p,¢) minimal model [11, 29]. All this is detailed in
[19] and we refer the reader to that article for more details.

As usual, singularities of formal series are related to the large order asymptotic expansion of the general term
of the series [13], and the double scaling limit is thus related to the asymptotic enumeration of large discrete
surfaces, and in some sense to their continuous limit, i.e. Riemann surfaces. A (p,¢) minimal model may occur
as soon as two of the V;’s have degree larger than p and q [11]. Here, we see that the double scaling of the chain
of matrices describes a (p, ¢) minimal model on a random lattice. This is related to the Liouville conformal field
theory coupled to minimal models (p, ¢). This phenomenon is expected [30, 13, 32, 11] and is already known to
be present in the one and two matrix models and more generaly in [19].

7.3 Modular transformations and holomorphic anomaly equations

In order to compute the Fyy’s and the solution of loop equations, we have made a choice of cycles A;, related to
the choice of the minimum around which the formal matrix integral is defined. However, it is interesting to see
what happens if one makes a different choice of cycles, i.e. if one makes a modular transformation. This was
studied in [19] and [22].

A modular transformation changes the Bergman kernel B(p, ¢) with a constant symmetric matrix x:

B(p,q) = B(p.q) + 2im > _ ki j dui(p)du;(q) (7.6)

]

where du; are the holomorphic forms on £ such that f 4, dui = i j-
J
In particular, if

k= L)t (7.7)

(where 7, ; = fBj du; is the Riemann matrix of periods of £) then the Bergman kernel is called Schiffer kernel
and is modular invariant.

More generally, the modular transformations were computed in [19], and they satisfy the so-called holomor-
phic anomaly equations, and that gives a strong support to the Dijkgraaf-Vafa conjecture that matrix models
are topological type B string theory partition functions [3, 22].

7.4 Convergent matrix integrals and filling fractions

So far, we have considered formal matrix integrals, defined by expanding the integrand in the matrix integral,
near a given extrema specified by a set of filling fractions. We worked at fixed filling fractions.

On the other hand, convergent matrix integrals should correspond to integrals over (Hy)™. The integration
path can always be written as a linear combination of steepest descent paths (those used for formal integrals),
and the full convergent matrix integral is obtained as a linear combination of formal matrix integrals. More
precisely, the convergent matrix integral should be a sum over filling fractions of the formal ones.

The summation over filling fractions was computed in [21], and just amounts to multiplication of the formal
matrix integrals by a theta function. We refer the reader to [6, 21] for more details.

8 Limit of a continuous chain of matrices
In this section, we briefly explore some consequences of our method for the continuous chain of matrices.

The ”matrix-model quantum mechanics”, is obtained [14] as the limit n — oo, and with the choice: ¢; ;41 =
1
=, and:
PRI

1 x% x?
Ciyitl = P Vi(z) = eV(z,€) + % Vi(z) = eV(x, €i) + ?1 (8.1)
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The index 7 is rescaled as a continuous time ¢ = ei:
t=e 0<t<ty=en (8.2)

The matrix integral thus becomes:
7 — /D[M(t)] 67% f(ff dt Tr[V(M(t).,t)Jr%I\./[(t)z] (83)

The spectral curve is determined by the equations V/(z;) = ¢;i41%i+1 + ¢ii—12i—1 which become Newton’s
equation of motion [14] to leading order in e:

V' (z,t) = i(t) (8.4)
and the resolvent of the first matrix is:
W(z,0) = V{(z1) — c1,2m2 ~ —%(0) (8.5)
The topological expansion is thus:
7 — o2g(N/T)?727F, (8.6)
Fg=Fy(&) &) = (2(t), —2(1)) (8.7)

The spectral curve £(t) = (z(t), —&(t)) is thus the dispersion relation, i.e. the relationship between velocity
and position, it may depend on the time ¢, but from symplectic invariance, we see that F;(€(¢)) is a conserved
quantity, independent of the time t.

For example, if the potential V(z,t) = V(x) is independent of ¢, the kinetic energy K is conserved and the

dispersion relation is:
1
53';2 —V(z(t)) = K (8.8)

and the spectral curve is:

E(t) = (z(t), V2(V(2(1)) + K)) (8.9)

Consequences of those relations need to be further explored, and we leave the continuous chain of matrices
for another work.

9 Conclusion

We have computed explicitly the topological expansion of the chain of matrices with an external field, and we
have found that the F,’s are precisely the symplectic invariants of [19].

We have also computed some of the correlation functions, but not all of them, in particular we have not
computed mixed traces (which count discrete surfaces with non-trivial boundary conditions). Mixed traces were
computed in the 2-matrix model case in [20, 17], and it would be interesting to see how that could be extended
to the chain of matrices.

We have also briefly started to explore the limit of matrix quantum mechanics, i.e. the limit of an infinite
chain of matrices, but this topic needs to be studied in deeper details.
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