hal-00395826, version 1 - 16 Jun 2009

Author manuscript, published in "Journal of Functional Analysis 257 (2009) 948-991"
DOI : 10.1016/j.jfa.2008.12.023

COMPOSITION FORMULAS IN THE WEYL CALCULUS
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UNTERBERGER

1. INTRODUCTION

No symbolic calculus of operators is more popular or better known than the
Weyl calculus. It is the one that associates to a function & = &(z, £) of n+n
variables, lying in S(R™ x R™), the operator Op(&), called the operator with
symbol &, defined by the equation

1) (Op) e = [ e e uty) dydy

R xR"”

such a linear operator extends as a continuous operator from S’(R"™) to S(R™)
while, in the case when & € §’(R™ x R™), one can still define Op(&) as a linear
operator from S(R™) to &'(R"); also, Op sets up an isometry from L?(R"™ x R™)
onto the space of Hilbert-Schmidt operators on L?(R™). The sharp composition
S1 # 64 of two symbols, say lying in S(R™ xR"™) , is that which makes the formula

(1.2) Op(Gl)Op(Gg) = Op(Gl#Gg),
in which the left-hand side denotes the usual composition of operators, valid.

The image of the Heisenberg representation is the group of unitary transfor-
mations exp (2im ({n, Q) — (y, P)—t)) of L*(R"™), as made meaningful by Stone’s

theorem, where the jth component of the vector Q = (Q1, ..., @) is the mul-

tiplication by the jth coordinate z;, P = (P, ..., P,) with P; = 22%7 %, and
J

y, n € R, t € R. Introducing on (R™ x R™)? the symplectic form [, ] such that

(1'3) [(:C, E)a (y’ 77)} = _<xa 77> + <y, €>7

let us use on R™ x R™ the symplectic Fourier transformation F defined by the
equation

(1.4) (FB)(X) = /R . S(Y)e 2 X Ylgy |

which commutes with all symplectic linear transformations of the variable in R™ x
R™. Another, fully equivalent, way to define the Weyl calculus is by means of the
equation

(15 op©) = [ (FE)u ) exp(2in (0. Q) (1. P dyd.
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The first covariance rule of the Weyl calculus is the observation that

(1.6) exp (2im ({n, Q) — (y, P))) Op(&) exp (=2im ({n, Q) — (y, P)))

One way to emphasize this action on symbols of the group of translations of R?"
is to decompose in a systematic way the space of symbols L?(R?") with respect
to this action. Now, the operators which commute with it are just the partial dif-
ferential operators with constant coefficients: the generalized joint eigenfunctions
of these are exactly the exponentials X = (z, £) +— %™ (4. X] with A € R?",
and the sought-after decomposition of a symbol is provided by the symplectic
Fourier transformation. On the other hand, if A = (y, 1), the operator with sym-
bol €27 [4:X] is none other than the operator exp (2im ((, Q) — (y, P))), so that
Heisenberg’s commutation relation, expressed in Weyl’s exponential version, takes
the form

(1.7) e2im [AY, X] y 2im [A%, X] _ gim[A, A7) 2im[AT+A%, X]

Before coming to the point of the present work, let us briefly recall a few
immediate consequences of this relation. First, one has (say, when &; and &, lie
in S(R?")), using (1.5), the integral composition formula

(1.8)  (G1#6,)(X) =22 / &1(Y) Gy(Z) e~ 4im Y =X, Z2-X] gy 47
R2n xR2"
or (a fully equivalent one)
(1.9) (61 # 62)(X) = [exp(inL) (6:1(Y) 62(2))] (Y = Z = X)
with (setting Y = (y, 1), Z = (2, ())
. 1 ¢ 0? 0*
(1.10) inL = ; (ayj o * o, anj> :

Expanding the exponential into a series, one obtains the so-called Moyal formula

(1.11) (&1 # &2)(x, §)

EER () (2 (8 oo (&) (2) ewno

This formula is an exact one in the case when the two operators under considera-
tion are differential operators, which means exactly that their symbols (of course,
not in S(R?")) are polynomial with respect to the variables ¢, with coefficients
depending on x in a smooth, but otherwise fairly arbitrary way; it is also exact
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when one of the two symbols is a polynomial in (z, &).

As it turns out, this version of the composition formula is the only universally
known one. Indeed, it has considerable importance in applications of pseudodif-
ferential analysis to partial differential equations: classes of symbols for which the
above formula, without being an exact one, still has some asymptotic value, pro-
vide a good proportion of the auxiliary operators needed for the solution of P.D.E.
problems. In a conclusion, however, we shall illustrate on one example while this
may sometimes fail and call instead for the composition formula which is the ob-
ject of the present paper.

Our derivation of (1.8) was obtained as the result of pairing the concept of
sharp composition of symbols with the decomposition of symbols according to the
action by translations of the group RZ?": the success of this point of view was
essentially dependent on the fact that this action is an ingredient of the covariance
formula (1.6). This takes us to the aim of the present paper: to take advantage
of the other covariance property of the Weyl calculus — to be recalled now — and
follow the same policy.

Recall that the metaplectic representation Met in L?(R™) is a certain uni-
tary representation [15] of the twofold cover of the symplectic group Sp(n,R),
which consists of all linear transformations g of R™ x R™ such that [¢X, gY] =
[X, Y] for every pair (X,Y) of points of R™ x R™: it acts irreducibly on each
of the two subspaces of L?(R"™) consisting of functions with a given parity. Uni-
tary transformations in the image of the metaplectic representation also act as
automorphisms of the space S(R™) or of the space S'(R™): moreover, if such a
unitary transformation U lies above g € Sp(n,R), and if & € S'(R?"), one has
the covariance formula

(1.12) UOp(G)U ' =0p(Gog™).

In full analogy with the procedure adopted above in connection with the Heisen-
berg representation, we now start from a decomposition of the phase space rep-
resentation (g, &) — & o g=! of Sp(n,R) in L?(R?") into irreducibles: this is
just the same as decomposing functions in L?(R?") as integral superpositions of
functions homogeneous of a given degree, and with a given parity.

Our main result is the formula which takes the place of (1.7): it decomposes
the sharp product of two symbols h; and hs, homogeneous of degrees —n — i\
and —n —iXo and with parities characterized by indices J; and ds, as an integral
superposition of functions homogeneous of degrees —n — i\, with the parity § =
01 4 02 . It involves the integral kernel

—n—iX+id] —idg —n—iX—iX1+idg —n+id+id] +idg
2

(1‘13) | [Yv X] ‘82 : | [X7 Z] ‘81 : | [Z’ Y] |6 ’
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a product of three signed powers, obtained from the decomposition into homoge-
neous components with respect to the three variables of the integral kernel which
occurs in the composition formula (1.8). Some preparation is needed in order to
give this kernel a genuine meaning as a distribution, not only as a partially defined
function. The principle of the proof of the new composition formula is simple, and
relies on the decomposition of symbols into hyperplane waves, and the dual notion
of rays. Its main difficulty lies in the singular nature of such distributions, which
are nevertheless the only ones, sufficiently general, for which explicit computations
are possible.

In the one-dimensional case, the integral kernel above reduces to a function

—1—ixtidg —idg —1—iX—iXyFidg —14iAFirg Fidg

(L14) J(z,y,2) =[x —yle, * |z —alle,  * ly—=zle °

of three real variables, and the composition formula was treated along these lines
in [12, section 17]. It is true that the proof, in the higher-dimensional case, is actu-
ally, for the main part, a reduction to the one-dimensional case: but signed powers
of linear forms with exponents lying on the line —n + iR, the consideration of
which is necessary for spectral-theoretic reasons, are more singular distributions
when n > 2, which has made some technical improvements necessary. It may be
interesting to recall briefly what can be done in the one-dimensional case in rela-
tion to automorphic distribution theory.

In the automorphic situation, the integral kernel (1.14) enables one to build
new non-holomorphic modular forms from given pairs of such. In [11], one of this
paper’s authors introduced the notion of automorphic distribution: this is a distri-
bution in R? invariant under linear changes of coordinates associated to elements
of some arithmetic subgroup of SL(2,R), for instance SL(2,Z). This concept is
equivalent — in a non-trivial way — to the Lax-Phillips notion of pairs of non-
holomorphic modular forms, as introduced in their scattering theory [7] for the
automorphic wave equation. Automorphic distributions can be taken as symbols
in the Weyl calculus and, at the price of important difficulties, the one-dimensional
case of the analysis of sharp-products in the present paper can be developed in
the automorphic environment. Things are more interesting, in some sense, since
besides a continuous part, in which Eisenstein distributions serve as generalized
eigenfunctions, the automorphic Euler operator has a discrete spectrum, and the
corresponding eigendistributions are cusp-distributions. Finding the appropriate
composition formulas calls for the explicit computation of integrals of J(z,y, 2)
against three non-holomorphic modular forms, in the realization of these as distri-
butions on the line invariant under representations taken from the principal series
of the arithmetic subgroup of SL(2,R) under consideration: this has been com-
pleted up to some large extent, for the case of the full modular group, in [12] (cf.
in particular section 16), and it provides a pseudodifferential-theoretic approach
to such notions as L-functions, convolution L-functions, etc... As a preparation
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for automorphic pseudodifferential analysis, and in view of other applications as
well, either to arithmetic or to quantization theory, a study of the integral ker-
nel (1.14) had been made in [11]. It has also been considered recently in [8], in
the automorphic case (for its own sake, not in connection with pseudodifferential
analysis), and we take it from the references there that, outside the automorphic
environment, it had already appeared in [9]: note that the objects called automor-
phic distributions in [8] are not the same as those in [11, 12] (they are close to
what was called modular distributions in [11]).

Obviously, it would be of great interest to push the present composition
formula for n-dimensional pseudodifferential analysis up to an automorphic envi-
ronment, despite the great difficulties experienced with automorphic pseudodiffer-
ential analysis in the one-dimensional case. In any case, linking pseudodifferential
analysis to harmonic analysis, then to modular form theory (also the subject of
[13], though the connection between these domains is different there) is certain
to bring rewards in the future. In a non-automorphic environment, the basic idea
put forward in the present paper, namely that of building composition formulas
from the pairing of covariance with the decomposition of representations into ir-
reducibles, may also [12, section 19] be of use whenever some symbolic calculus of
operators is examined, thus finding its place within quantization theory in general.
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2. DECOMPOSING THE ACTION OF THE SYMPLECTIC GROUP ON L?(R"™ x R™)

Consider the linear space R™ x R™ with its canonical symplectic form (1.3)
and measure dxd{: we also set, when convenient, X = (z, ). The symplectic
group G = Sp(n,R) is the group of linear transformations g of R™ x R™ which
preserve the symplectic form, i.e., satisfy the identity [¢X, ¢Y] = [X, Y] for any
pair X, Y of points of R?". The phase space representation of G in L*(R?*") is
defined by the action (g, h) — g.h such that (g.h)(X) = h(g~'X).It is unitary,
and since all linear transformations on R™ x R™ preserve the parity of functions
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and commute with the Euler operator
. 0 0
(2.1) 2m5=2[xjaxj+§jafj +n

(the additional constant turns € into a formally self-adjoint operator on L2(R™ x
R™)), the (extension of the) phase space representation under study preserves the
linear space of functions on R?"\{0} homogeneous of a given degree, and with a
given parity.

Given h € L?(R?"), we first decompose it into its even and odd parts. Then,
setting for every real number s #0 and o € C

(2.2) [slg = 1s|", sl = ()" = |s|* signs,

we may write

(2.3) h = / hixs dX,
6=0,17"°

provided we set
1 > :

(2.4) hixs(X) = e / it R(tX) dt .
a —00

Then, h;ys is homogeneous of degree —n — i A and has the parity associated to
0 : we shall refer to the pair (—n —iX, §) as the type of h;y s. More generally, we
may consider on R?"\{0} functions of type (—n — v, §) for an arbitrary complex
parameter v.

So as to cut down, as is needed, the dimension by 1, one may realize func-
tions of a given type as sections of some appropriate line bundle over the projective
space Pu,_1(R). We first need to introduce the so-called tautological bundle E¢
over Py,_1(R), the fibre of which above a point p(f) (p being the canonical map :
R\ {0} — P»,_1(R)) is the complex line C# in C?". Incidentally, note that the
@Eﬂ space of the real line analogue Fg of this bundle is just the blown-up space
R2” which is used consistently for desingularization purposes, as will be the case
in next section.

A canonical set of charts of Py, _1(R) is obtained in the following way: given
a vector S € R?"\{0}, set Qg = {0 € R?": [0, S] # 0} and, in wg = p(Qys), take
the chart p(9) — [90%5], which identifies wg with the affine hyperplane Mg =
{X € R*™: [X, S] = 1}. Above Mg, a section of E¢ can be identified with
a complex-valued function fg, associating to such a function the section X —
fs(X) X . Note that, if X € Mg satisfies [X, T] # 0 for some new vector T €
R2"\ {0}, the points X € Mg and ﬁ € My are truly the images, under
the charts associated with S and T', of the same point in Ps,_1(R) . Identifying
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fs(X) X with f7(Y)Y , where we have set Y = ﬁ , leads to the compatibility

condition

X

(2.5) fr ([XT]) — (X, T) fs(X).

which defines the transition functions of the line bundle E¢ .

More generally, given (i, 6) with 4 € C and § =0 or 1, define the signed
power |(Ec)|§ of E¢ by taking the corresponding signed powers of the transition
functions: then, a section of the line bundle |(Ec)[§ is associated to a set (fs)
of functions, fg defined in Mg, satisfying the requirement that

X
(26) o (i) = 16 T £5(X)
whenever X € Mgy and [X, T| # 0. Then, a function h of type (—n — v, §)
can be identified with the section of |(Ec)|3*" characterized by the fact that, for
every S € R?"\{0}, fs is the restriction of h to Mg . Conversely, any function
f in Mg uniquely lifts as a function f* in the part of R?"\{0} consisting of
vectors @ such that [0, S] # 0, to wit the one defined by the equation

(2.7 P =105 1 (505) -

The representation 7, s from the full, non-unitary principal series of Sp(n,R)
is by definition the restriction of the phase space representation of Sp(n,R) (again,
this is defined by the assignment (g, h) — ho g~!) to the space of functions in
R2"\{0} of type (—n — v,d). It will be convenient — but there is a price to
pay — not to have to change the hyperplane Mg consistently, and we denote
as Mg the one which should really be denoted as M., (where e; is the first
vector from the canonical basis of R™ x R™), i.e., the one consisting of vectors
X = (z; & € R* x R" such that & = 1. Starting from (2.7) and using the fact
that f* is of type (—n — v, §), together with the relation [¢7'X, e1] = [X, ge1],
one obtains the relation

g 'X
2.8 ) X) = |[X, nv o 92 )
(2.8 (rs(0) 0 = 1. 961] [ 1 (o)
As an example, when n =1 and g = (2Y4), starting from X = ({), so that
g 'X = (%P}, one obtains, after one has abbreviated f((1)) as f?(x), the
relation

(2.9) (m0.5(9) )’ (@) = | — cx +al3 '™ fW%)o
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Still specializing, for the time being, in the hyperplane Mg, we set
(210) X:($;§):($17$*;£1,§*)7

and denote as h;?)\, 5 the restriction of h;xs to My (it is the same as the function
which would have been denoted as (hixs)e, in the less specialized setting above).
One has the reciprocal equations

hZ)\,(;(w; 5*) = hi}\,is(x; 176*))

(2.11) hixs (@5 €) = €15 " hixs (Z’ 2) '

Remark 2.1. Under the preceding pair of equations, the functions h;y s and
h?/\ s are virtually indistinguishable, once the type (—n—1iX, 6) has been fized. Us-
ing the second notion will be useful in connection with all concepts using integrals,
such as integral operators, norms,... However, the first point of view is more intrin-
sic, and is especially useful (since some singularities could lie “at infinity” relative
to the chosen hyperplane M) when, as will be the case in Section 4, we need
to extend the representation m,s or the intertwining operator to be introduced
below to a distribution setting.

Proposition 2.1. The space L?*(R?™) can be decomposed as the Hilbert direct
integral

€3]
(2.12) L*(R?™) ~ 2 1/ Hixs dA,

if one denotes as H;r,s the inverse image under the map hixs — hEA’(; of the
space L*(Mo; dx d&,) : the decomposition is provided by (2.3), and it commutes
with the phase space representation of G in L*(R?").

Proof. What remains to be done is proving the equation
> b
(213 1B gy =47 35 [ s s 2.
§=0,1" 7

using on My the measure dz d€, . Indeed, with h(s) = heven OF hodaa according
to the parity of §, set

(2.14) Px(s) = ¥ hg (e’ X)), seR, X € R*\{0},
so that
(2.15) dx(A) = hirs(X).

The one-dimensional Fourier inversion formula then yields (2.3) (of course, using
the Mellin transform rather than coupling a Fourier transform with the change
of variable t = 2™ would be more natural: the choice really depends on your
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familiarity with the inversion formula in both cases). Next, using (2.11) and the
Plancherel formula for the Fourier transformation,

|| h(5) ||2L2(]R2n) = 47T/ 6271'3 ds /Rz B |h(5)($7 627Ts,§*)|2 dx df*
- 4”/ dS/ @16 (5)| d dg.
—00 R2n-—1

47r/ dmdé*/ |Q3(z,1,§*)(5)|2d5
Ranl

— 00

(2.16) 47r/ dxds*/ |hixs(a; &) ds,
R2n—1 —00

which proves (2.13).
O

The decomposition above gives right to the series (m;x,5)aer,6=0,1 of repre-
sentations of G in L?(My), a special case of the representations 7, s already
considered; it suffices to set

(2.17) Tixs(9) th = fib)\,ts
if h € L>(R*"), g € G, f = h o g~'. Each representation ; s(g) is unitary
as a consequence of Proposition 2.1: to show that || m; s(g) hZMS =1 h';)\ﬁ | for

every A such that hZM; € L?(M,), not only almost every A, it suffices to start
from a dense space of functions h such that hEA, s depends in a continuous way
on ), which is ensured for instance when h lies in S(R?*"). Recall (¢f. Remark
2.1) that we also set m;x s(9) hixe = fire -

In Section 7, it will be proved that most representations ;) s are irreducible.

Remark 2.2. When integrating on Mg, we shall have to worry a lot about
singularities: but we shall never have to worry about the contribution to integrals
of the part of this hyperplane away from some compact subset because, in real-
ity, we shall be dealing with integrals on the compact space Ps,—1(R) and (say,
with the help of partitions of unity), we could always, replacing the integral under
consideration by a finite sum of integrals taken on distinct hyperplanes, replace
for each term the integral by the integral taken on some compact subset of the
corresponding hyperplane.

The (symplectic) Fourier transform of a function homogeneous of degree —n—
1A with a given parity is homogeneous of degree —n+1i\, and has the same parity,
so that, given h € L?(R*"), one has

(2.18) Fhixs = (Fh)-ixs :
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consequently, the representations ;5 s and m_; ¢ are unitarily equivalent.

Definition 2.2. The (unitary) intertwining operator 6,y s is the one characterized
by the validity of the equation

(2.19) Oirs hirg = (Fh)—irs
for every h € L?(R?*"). We also set (cf. Remark 2.1)
(220) 01)\ )6 hz)\ 0 (fh) N0 "

The proof that 6, s preserves the L%norm for every A, not only almost
every A\, is the same as the one which, in connection with the definition of m;y s,
followed (2.17). It is easy to make the unitary intertwining operator 6,y s associ-
ated to (2.18) explicit in terms of the coordinates on My . Indeed, starting from
(2.11), one can write

(221) (Fh)Zins(x: &) = (Fhans)(@31,6)

/|77 57 i 5(77 *1) exp (20 [z171 + (T, 0) — Y1 = (Yx, &) dydndn.
/Iml” R s (i) exp (2imm [e1 + (@, ne) = y1 — (Y, €4)]) dydmd..
Making a one-dimensional Fourier transformation explicit, this gives another

approach to the intertwining operator 6;)s from ;s to m_;xs: the operator
Bix,s is defined formally as the operator with integral kernel

(2.22)
s 1 o F(n—z‘A+6) )\
kixs(m, & y,m) =0 w2 " W_ﬁi/\_ﬂ;) |21 — Y1 + (Ta; i) — (Ysr E) 5 St
2

Note that, while Definition 2.2 is a rigorous definition of the intertwining opera-
tor, (2.22) can only be used after some preparation, which will be done in Section 3.

While X = (2;¢) (or Y = (y; n), ...) will always denote a generic point
in R?" | we shall draw attention to points (x; 1,&) = (71, 24; 1,&) of My
by denoting them as X, : similarly, Y. = (y; 1,7.). Given X, € M, we set
Xix = (x4 ; &), s0 that one can also identify X, with (x1, X..). We abbreviate
the measure drdf, on My as dm(X,). On R?* =2 one can also consider the
symplectic form obtained from an appropriate restriction of the one available on
R?™ | i.e., set
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while, on M, one must define

(X, Yol = [((z1,24) 5 (1,€)) 5 (y1,9) 5 (1,74)) ]
(2.24) = —21 Y1 — (T, M) + (Yss §a) -

One may then rewrite (2.22) as

(2.25)
L ] T n—i\+0 )
(Oins F)(X0) = i w37 M /M (Yo, XJ 5752 (V) dm(Y2).
2 0

The intertwining operator may be better understood after some transforma-
tion. Denote as F; the usual Fourier transformation as applied when emphasis is
set on the first variable only of a function of several variables. Given a function f
on My, write it as h?/\}é , which, according to (2.11), is possible in a unique way
for a given pair (i), d), so that the left-hand side of (2.21) is just (6;x6 f)(=; &x)
according to (2.18). Starting from (2.21), one can then write, if n > 2,

(FrOins [t 25 &) = (F1bins )t Xak)

- ‘ﬂg_l_i)\ ™ f(yh Y**) exp (_2271-1; [yl + [X**’ Y**]) dyl dY**
0

(2.26) = \t|§_1_i’\/ (FL)(t, Yir) exp (=207t [Xux, Yin]) dVas .
R2n—2

In this definition of the intertwining operator, ;) s appears as the “product” of
a one-dimensional intertwining operator with respect to the first variable and of a
Fourier transformation in R2"~2: only, some rescaling, by the variable dual to the
first one, is performed with respect to the last 2n—2 variables. As a straightforward
application of this equation, note the formula, in which d: =&, + 9,

(2.27) (F10ix,0, Oixs )t Xow) = |tl5/ Y (R Xon)

2
hence, the composition of the two intertwining operators under consideration re-
duces to an intertwining operator with respect to the first variable, with integral
kernel

(228) ((3317 X**)7 (yla X**)) =
F( 172’()\1+)\)+52

2 71+i(>\1+)\) 6(X** - Y**) .

Py —l-'rl(A]-i—/\) _
e F(¢(>\1+2)\)+52) |1 y1|52

At this point, it may be useful to clarify the respective roles of the coordi-
nates & and xp, as they occur in what precedes. Isolating the coordinate &; is
tantamount to singling out the affine hyperplane M, , the equation of which is
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[X, e1] = 1, while [X], e1] = & generally. The expression 6‘% ,for f e C™®(M,),
is then the image of f under a canonical operator on My, since it may be thought
of as the Poisson bracket of the function X +— &; with an arbitrary smooth exten-
sion of f to the whole of R?”. One may interpret the convolution operator the
integral kernel of which is given in (2.28) as a function (a signed power, of course),
in the sense of functional calculus, of the operator ﬁ 8%1 . On the other hand, the
coordinate x7 is not intrinsically attached to Mg : with the help of a well-chosen
symplectic transformation preserving the coordinate &; , it can be transformed to

the sum of x; and of an arbitrary linear combination of zs, ..., zn, &1, ..., & -

Note if f € L?*(My) the relation
(2.29) mixns(9) f = m-ins(9) f

from which, polarizing the identity which expresses that ;) s is unitary, we obtain

the identity

(2.30)
fz(X)fl(X*)dm(X*):/ (m—ixs(9) f2)(Xs) (mins(g) f1)(Xs) dm(X,)

./\/lo MO

involving a pair (fi, f2) of functions in L?(My): this can also be regarded as

a particular case of (2.27), to the effect that the inverse of the isometry 6,55 is

0_;x,s - Assuming convergence, one can extend (2.30) as

(2.31)

fz(X*)fl(X*)dm(X*)=/ (m—v.5(9) f2)(Xs) (m0,6(9) f1)(X) dm(X.) .

Mo MO

We now introduce the integral kernel obtained from the decomposition into
homogeneous components of the integral kernel e*mlY> X] g4im[X, Z] o4in[Z, Y] which
occurs in the composition formula (1.8). Consider on (R?" xR?" xR?*") the (almost
everywhere defined only) function

(2.32) (Y, 2 X) = [ [V, XT[2) 11X 2128 112, YO IEe s

where the exponents and indices of parity are given. It is of type (ay + a3, € +
g9 mod 2), resp. (e + a3, € + &1 mod 2), resp. (ay + ag, €1 + €2 mod 2) with re-
spect to Y, resp. Z, resp. X .

Given a triple (v1,v,v) of complex numbers, and a triple (41, d2,0) of num-
bers equal to 0 or 1, satisfying the relation § = d; + §2 mod 2, the system of
equations

(2.33) Eot+e=01, €1+e=0y, €1+ea=9d
for e, 1, e2 mod 2 has two solutions, obtained as

(2.34) E=SJ+0 e1=j+01 ©2=j+0
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with 7 =0 or 1. Then, the types of the function above with respect to Y, Z, X
will be (—n 4+ v1,61), (—n + v2,02) and (—n — v, ) if and only if
(2.35)

a1 =

—n—v+vrv—v —-n—v—vi+u —n+v+v+uv
Qg = a3 =
2 ’ 2 ’ 2

Hence, provided that (2.33) is satisfied, the integral kernel

(2.36)
—n—v+tvy —vy —n—v—vj+tvy —n+tvturytrg
2

S (Y, 23 X) = |[Y, X, * (X, Zlen 2 112, Y11

vi,v2; v

in (R?"\{0}) x (R?"\{0}) x (R?"\{0}) satisfies the covariance relation

(237) Wu,é(g) (X = Jsll:lig:i(yvza X))
= [71-—1/1,51 (gil) ® 7_‘._”2752(971)] ((Ya Z) = ‘]511:5;:5()/7 Za X)) .

We may also restrict this integral kernel to My x Mg x Mg : the relation of
covariance is preserved, though with a slightly different understanding (¢f. (2.17)).
In next section, we shall see, after we have given the integral kernel so obtained
a meaning in an appropriate distribution sense, not only as a partially defined
function, that if one denotes as J7!72i¢ the associated operator, thought of as
being defined by the equation
(2.38)

(o (f1, fz))(X*)Z/M o o e (Ye, 2o Xo) [1(Ye) fo(Z) dm(Ye) dm(Z.),

one has the covariance identity

(2.39) T.6(9) (0100 (1, f2)) = 010200 (w60 (9) f1s s 6,(9) o)

b

V.61 and

formally immediate from (2.37) and (2.31). In the case when f; = (h)

fo= (hg)i%éz , we can, and shall sometimes, write J51:52i5 ((h1),, 5,5 (h2),, s5,) for

Ji}’,iiéi(fla f2) . Also, as explained in Remark 2.1, the result can be regarded as

a function in R?"\{0} of type (—n — v, §) rather than, again, as being defined
only on M.

3. THE INTEGRAL KERNEL J:Ue2:6(Y, 75 X)

vi,v2; v

In all this section, we deal with functions of a given type in their realization
as functions on My . Rather than trying to define J&1:52:¢ (f1, fa2), as in (2.38), as

Vi,V2; Vv
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a function of X, , we lower our requirements, only trying to define the expression

31 (Jnainf, f2), f)

= / o oaie Ve Zi; X)) [1(Ye) f2(Z) £(Xo) dm(Ys) dm(Z.) dm(Z.)
Mo X Mox Mg

for appropriate triples (f1, fo, f). This is of course tantamount to a reinterpre-
tation of J71-72i¢ as a distribution of some kind, a notion dependent on that of

C™ - vectors of the representations m,, s,, Tu,.5,, T—v,s involved (the sign change
in the last subscript is an effect of duality: cf. (2.30)).

First, we observe that, though the representation m, s is not unitary unless v
is pure imaginary, it is still useful to regard it as a representation in some Hilbert
space, to wit the one defined by the equation

(3.2) 172 = /M PG XL 2R dm(X,) -

here, |X.|? = |2]?> + 1 + |&|? when X, = (z; 1,&). We now show that, for any
given g € Sp(n,R), the transformation m,s(g) is a bounded endomorphism of
the Hilbert space H, thus defined. First,

9 'X
(3.3) Y: = Z—— liesin My if X € R?" and [X, ge1] # 0 :

[X’ gel]
indeed, recall that & = [X, 1] if X = (z; &) and that [X, ge1] = [¢g71X, e1].
Recalling the recipe, just before (2.30), which served as a definition of 7, s(g) , we
first extend f, initially defined on My, as a function f* in R?"\{0}, setting

—n—v o L 3

(3.4) Flas&.6) =16l (= L),
&1 &1

so that
3.5 Mgt (w5 60,60) = | [X, ged] 57 f | A——
B9 Pleiae) =Xl ;s (2
and
(3.6) (m0.5(9) F)(Xe) = [ [Xs, gea] [§"77 F(Y2)
with Y, = %. The next thing to do is to compute the Jacobian C‘l%((};))

when X, lies in Mj: to this effect, the simplest way is to use the unitarity of
To,5 , to wit the relation

(3.7) /M (X, gea] |72 (V) 2 dim(X,) = / PO dm(X,)

Mo
finding

(3.8) dm(Y,) = | [X., gea] | 72" dm(X.).
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Then, with the help of the same change of variables, one has more generally

I70.5(9) £ 17 :/ | Xy ged] |72V [F (V)P [ XL 2R dim(X.)

0

- /M X, gea] 727 | F(V2)2 |X. 2R dim(Y.)
0

X, 2Rev
(39 [ (o) R R ame).

an expression which we want to bound in terms of || f||?. It suffices to observe
2Rev
that the ratio ( X | ) is bounded for X, € M, the bound depending of

971 X ]
course on ¢ . Hence, 7, s is a representation by means of bounded operators in H,, .
? ’

This makes it possible, in the usual way, to define the space of C'* vectors
of the given representation. Recalling that the Lie algebra of the symplectic group
consists of block-matrices (é _]?4/) with B and C' symmetric, one sees that the
space of infinitesimal operators of the phase space representation of Sp(n,R) in
L2(R?") is generated by the vector fields &; %%k % , T a—ik—gk a%j , T %4—
Tk aigj , the values of which at each point (z; &) with & =1 generate the linear

subspace of R?" tangent to M, . It follows that the space of C'* - vectors of the
representation m, s consists of C'*° functions in the usual sense. This condition is
of course not sufficient: there are conditions “at infinity” best rephrased by simply
changing the hyperplane M to an appropriate finite collection of hyperplanes
Mg, as will be seen for instance in the proof of Lemma 4.1.

Proposition 3.1. When Rer; = Rewvs = n and Rev = —n, the function
Jors2is(Ye, Za; Xi) as defined in (2.36) is a bounded function. One can extend its

meaning as a distribution in Mgy x Mqx Mg , holomorphic with respect to vy,va,v
in the open subset of C3 defined, recalling (2.33) and (2.34), by the conditions

(3.10)

n+v-—uv + v n+v+uvy —v
+¢52+1,52+3,...; +7&61+1,51+3,...;

n—v-—vy—v
2
together with the fact that at least one of three following conditions should hold:
1,3, ...
2j+2,2j+6 ...

#e+1,e43, ...,

(3.11) 3n+1/1/11/27£{ andn+v#6+1,6+3, ...
or any of the conditions obtained from (3.11) by changing (v,v1,vs; 8,81,02) to
(—v1, =V, 195 01,0,02) or to (—va,vq,—V; 02,01,0) . When n =1, one can delete
the condition 3+v —11 —va #1,3, ... from (3.11).
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Something entirely similar holds after one has replaced My by Mg for
an arbitrary S € R*™\{0} . In view of the inclusion C*°(m,s) C C*(My) and
of Remark 2.2, this will automatically make it a continuous trilinear form on
the space of (f1, f2, ) € C®(my,.5,) X C®(My,.s5,) X C°(n_y5) . Setting, when
vi,ve,v satisfy (3.10) and (3.11), and f1, fa, f are C™ functions with compact
support in My,

(312) I2EE(f1, s f)
- / JSE(Y,, 2. X.) fu(Ya) ol Z.) F(X.) dm(Y.) dm(Z.) dm(Z.),
MoXxMox Mg

one has the covariance relation
(3.13)  JUSES (Muy61(9) f1s Tos60(9) f23 mous(9) £) = IP0020 (f1, fas f)

for every symplectic transformation g such that the transformed versions of f1, f2, f
also have compact support in My .

Proof. The “integral” on the right-hand side of (3.12) is of course a usual no-
tation for what is in effect the result of testing a certain distribution on the function
f1® fo® f. Before coming to the proof, let us indicate that one should not worry
about the condition of compact support: in the way explained in Remark 2.2, one
can dispense with it, only replacing the domain of integration My x Mgy x Mg
by a finite collection of domains Mg x Mg x Mg .

When Revy; = Revs =n and Rev = —n, all exponents in definition (2.36)
of Jilp2i5(Ye, Zi; Xi) have real part zero, so that the first point is obvious. To
define when possible, in the distribution sense, complex powers of possibly van-
ishing functions can often be done by using Hironaka’s desingularisation theorem,
in particular, when necessary (this will be the case here because we wish to find
the poles as they appear in conditions (3.10) and (3.11)) explicit blow-up trans-
formations: the idea was used in general, and applied toward a shorter proof of a
classical theorem in partial differential equations, in [1, 3]. We shall use it here,
following its use in the one-dimensional case in [8]. Recall that one can define the
direct image of a distribution under any C°° proper map. Our point is to give
products of signed powers of the three functions

b =Y, X =21 —y1 + (@4, 0s) — (Ys, &)
by: = [Xs, Zu] = 21 — 21 + (24, &) — (T, (&)
(3.14) ly: =[Ze, Y] =y1 — 21 + (Ys, Gy — (24, M)

a meaning for generic values of the parameters. Note that it is not necessary to
desingularize fully the variety of zeros of the product ¢1¢5¢3, only to reach a situ-
ation in which we are dealing locally with products of signed powers of functions
with linearly independent differentials at common zeros.
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Considering only the partial derivatives with respect to x1, y1, 21, one ob-
serves that a linear relation between the differentials of these three functions cannot
hold unless it consists in the fact that the sum of the three differentials is zero:
computing then the partial derivatives with respect to &, 7., (s, finally with re-
spect to T, Y«, 24, One sees that the three differentials are linearly dependent if
and only if X,, = Y,, = Z,. with the notation of Section 2.

In the open set where this condition is not satisfied, one can complete the set
of three functions under consideration into a local coordinate system in R2", and
the proposition follows in this case from the following well-known fact from the the-
ory of distributions in one variable [10]: the function v+ |z|5'™", a locally sum-
mable function if Rer < 0, extends as a distribution-valued holomorphic function

of v for v # 6,5 +2,.... This gives the distribution J;1:32i7 a (local) meaning
provided that W #e1+1,e14+3, ..., % #ea+1,e04+3, ...

and "2 £ e+ 1,643, ...

When the condition X,. = Yi. = Z.. is satisfied, saying that [Z,, Yi] is
zero is the same as saying that y; = 21, and there are two analogous statements
related to the last two equations. At points where none of the three functions
under consideration vanishes, there is of course no problem. Near points where
only, say, the first function [Z,, Y.] vanishes, it can be taken as one of a set of
local coordinates, and the distribution under examination makes sense whenever
=2 £ e+ 1,6+ 3, ... . The only problem remains near points at which
Xew =Y =Zow and 1 =1 = 21 t.e., X, =Y, = Z,. We thus need to tame
the three functions under consideration near a point such as (X?, X2, X?), and
there is no loss of generality in assuming that X? = e, 1, the (n + 1)th vector
from the canonical basis of R™ x R™ | since a symplectic transformation preserving
the linear form X +— &; can take us to this case.

We first replace the triple (Yi, Z., X.) € My x My x My by the set of
points (11, To; 71 ; Yiws Zasx, Xux) in R2 x R x ([RQ”_Q)S7 with

(315) Tl = El(Y*v Z*7 X*)7 T2 = éQ(Y*a Z*7 X*) .

That these equations define, near (X?, X?, X?), an admissible new set of coordi-
nates, follows the fact that ¢; and ¢ have linearly independent partial differentials
with respect to the pair (yi, z1). Next, we blow up the (T3, T)-plane around O,

replacing it by the subspace R? of P, (R) x R? consisting of pairs (7, T') such
that, in the case when T # 0, 7 is the image of T" under the canonical projection
map p: R?\{0} — P;(R). Generally setting 7 = p(0), the domain w; of P;(R)
characterized by the condition 6; # 0 gives rise to the domain ; of R? consist-
ing of pairs (7, T') such that either 7; # 0 and p(T) =7 or T =0 and 7 € w; .
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The domains Q; and Q5 cover R? and taking in €2; the set of coordinates
0

(3.16) (r2, Th) = (92 T1) ;
1

and in Qy the set of coordinates

(3.17) (r1, Ty) = (Z; Tz) :

one turns R? into a smooth manifold. The projection map ¢: (7, T) — T is

proper since the inverse image of a point T # 0 reduces to the point (p(T'), T),
while that of 0 is ¥ = P;(R) x {0}.

In Q;,one has ¢; =11, {5 = 711 , so that the pullbacks in R2 xR x (RQ"—Q)?’

of the three functions under consideration express themselves as

=T
eg = T2 Tl ’
(3.18) o= —(1+ 1) 11+ (X, Yiw — Zi] — [V, Zo] -

The differentials of Ehl and Kg are not linearly independent when 77 = 0,
but the differentials of T} and 7o are, which is sufficient as a start. We must now
insert a lemma, in order to take care of the extra terms in Kg .

Lemma 3.2. Consider on R2" x R2" x R?" the function
(3.19) F(Y, Z, X) = [X,Y - Z] - [Y, 2],
which is criti/ccil exactly at points (—X°, —X°, XY), whereNit UarLis\hes. Consider
the blow-up R6™ of RO™ at such a point, and the pullback F in RS™ of the func-
tion F . Locally around any point lying in the inverse image of (—X?, N—XO7 X0,

one can find two smooth real-valued functions R and S such that F expresses
itself as RS?.

Proof. First, observe the identity
(3.20) F(-X°+Y,-X°4+2 X°+X)=F(Y, Z, X),

s0_1 that there is no loss of generality in assuming that XY = 0. The space
R6” obtained as the result of blowing up R” around 0 is covered by a fam-
ily (€;)1<j<6n of open sets with the following properties: for each j, there is
a function S; taken from the set of canonical coordinates of one of the three
vectors Y, Z, X such that, within €;, the equation S; = 0 defines the inverse
image Ps,—1(R) x {0} of 0 € R®"; next, there is a set of smooth vector-valued
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functions Y, Z, X, each of which has 2n components, such that the identities
Y =25, Y, 7= S Z, X = S X hold, and such that, deleting from the set of com-
ponents of the vectors Y, Z , X the coordinate which, of necessity, is the constant
1, one obtains a family of functions which, when completed by the function Sj,
constitutes an admissible set of coordinates in €2;. Then, one may write

(3.21) F(S;,Y,2,X) =S} ([X,Y - 2] -V, 2]),

and it suffices to observe that the second factor is a function without critical
point. Indeed, assuming for instance that the coordinate .S; has been taken from
the components of Y (it would be fully similar if it had been taken from any of
the other two remaining vectors), the equation (Y); = 1 shows that the partial
derivatives of gz~5 with respect to the coordinates in X or Z “conjugate with

respect to the symplectic form” to (Y); are not zero.
O

End of proof of Proposition 3.1. Applying Lemma 3.2 with n — 1 substituted for
n, we may rewrite (3.18), more precisely the pullbacks of the three functions there
to a new blown-up space, as

f=T
ggh = T2 Tl )
(3.22) (¥ =—(1+7)Ty+RS?,

where the four functions 77, 72, R, S have linearly independent differentials.

The differential dfgh is a linear combination of déhlh and dégh exactly at
points where S = 0, but let us not forget the origin (3.16) of the coordinate 77,
which implies that there is no loss of generality in assuming that we are near a
point where T7 = 0 as well.

In the open set where 1 4 7o does not vanish, we may take Ega to the
form —T); + RS?, and we blow up the plane of the variables 77, S around
0: this amounts, with new variables, to setting in appropriate domains either
S =178 or Ty = STy, finding either —T; + RS? = Ty (-1 + RTy S%) or
~Ty + RS? = S(—T{ + RS). In the first case we are dealing with a pair of
functions, the first of which is 77 and the second is the product of 77 by a
function which, at points where it vanishes, has a differential linearly independent
from dT} . In the second case, we still have to desingularize the pair of functions
(ST, S(=T{+ RS) or, setting aside the factors S in the product of signed pow-
ers to be analyzed, the triple of functions (S, Ty, =T + RS) . Again, we blow up
the (T}, S)- space, which amounts to setting either S = 775", in which case
the triple becomes (T7 8", T}, T{(—1+ RS"), or T{ = STy, in which case the
triple becomes (S, STy, S(=T{ + R)), a satisfactory situation.
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Finally, we must place ourselves near a point where 77 and 1+ 75 vanish.
We may then forget about fgh entirely, and we blow up the variables T7, 1+ 75, S
near 0. In local charts, this makes up one of the three following possibilities:

1+T2:T10'2, S:TlS', gghu:Tf(702+RS/2)’
Ty=0+4m)T,, S=1+m)S", (F=1+mn)?(-T,+RS?),
(3.23) Ty=ST,, 1+m=S0y, (=502 T,+R).

In the first (resp. third) case, a product of signed powers of T; and thh becomes
a product of signed powers of T} and —o9 + RS’ (resp. a product of signed
powers of S, of T] and —o9T] + R), a satisfactory situation since we are dealing
in each case with two functions with linearly independent differentials. This is not
the case on the second line, in which, after leaving the factors 1 + 7 aside, we
have to consider the pair of functions 7] and —T] + RS™: these do not have
linearly independent differentials; however, this pair can be desingularized since
we are back to the situation examined above, relative to the pair (T}, —T1+R S?).

We are now in a position to define locally the distribution J71'72:7 as the
direct image, under a proper map, of a distribution of the kind

—n—v+v)—voy —n—v—vy+vy —n+v+vy+vg

(3.24) ., G, a7

€2 €1 €

where the factors éhl, Eg, Eg really denote the initial functions ¢;, /s, {3 after they
have been pulled back in one of the appropriate ways just described: only, we here
dispense with the collection of § supercripts which has been used before in order
to keep track of the number of blow-ups needed. In case the reader should worry
about it, the fact that the subscript €5 should be associated to ¢, not ¢5, is not
a blunder: the index d; is actually that which must be associated to ¢, and we
recall (2.33). The important fact is that, in local charts, the functions Ei, Eg, Zg
are all built as powers of the same set of functions with linearly independent
differentials. Recall from (2.35) that

(3.25)

a1 =

—n—v+uv — 1y —n—Vv—v+1 —n+v+uv+1e
Qg = a3 = .
2 ’ 2 ’ 2

To find the poles, as a distribution-valued function of vy, 1o, , of the dis-
tribution (3.24), we must go back to the desingularizing operations and keep
track of the signed powers involved in each case, starting from the fact that
lf |5_1_” makes sense as a distribution, assuming that f has no critical zero, when
w#9,0+2, .... As already said, when none of the three functions ¢;, s, 3 van-
ishes, there is of course no condition on the exponents involved, and when just one
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of them vanishes (the case discussed between (3.14) and (3.15)), we must assume
(3.26)
—a1 Fea+1,e943, ... —asFe1+1,e1+3,...; —azFe+1l,e+4+3,....

Next, we go to our discussion following (3.22). Forgetting the factors without zeros,
the product of signed powers we are led to is of one of the following species, in
which we introduce the new letter V, S” T}, ... for each of the functions, with
differentials independent from the other ones at points where they vanish, such as
—1+ RT; S", which have appeared in the discussion:

T

712,

&y |2 77 8" T

|S2TV(2L | STV |22 [SPVI2s or

Th|2 | Tule2 |TEVIEE or

|STi|E |STylez |S?V]ee o

14 7l2d 1+ ml22 (L4+m)?ee TV S" Ty TV 8" TV |22 |1y S" T VI|es or
(3.27) 1+ 72l 14722 (14m)2(2e |S?TY(S [SP 1|22 S Vee.

o2 Ty V|2s or

|61

e |7y 8" T V|28 or

‘81

15" T

Besides, we must not forget that all these local forms are only available in
some domains above parts of Q;, not Qs (c¢f. (3.16)), so we must complete the
preceding list with the one obtained from it by exchanging the two pairs (g2, v1)
and (g1, v2). All lines are treated in the same way: let us consider the last one,
which happens to make all possible demands on the exponents, and let us rewrite
it as

(3.28) |1+7_2‘a1+a2 |1+7.2|a3 |Sl|2(a1+a2+a3) |T1//‘041+0t2 |V|?3.

g1+€2 mod 2 g1+€2 mod 2

Since €1 + 3+ =5 mod 2, this can be written as

(3.29) |1+T2|?1+a2+a3 |14 75|28 |S/|2(a1+a2+a3) |T” artaz [V|os.

1le;4+e2mod2

Now, one has
(3.30)

—3n—v+uv+1vs
O£1+Ck2+0l3 =

2 )
so that, besides the conditions (3.26), it suffices to assume moreover that

ar1tas = —n—v, e1+ey =j+e =06 mod 2,

n+v—uv —
2
and that n+v #§d+1,6+3,....

(3.31) B 41,543, 3ndv-—1—mA1 3, ...,

These conditions are clearly invariant under the exchange of pairs (eq, v1)
and (g1, v2). They are not fully necessary: the reason for this is that, in our
desingularisation procedure, we have started with giving the pair (¢1, ¢3) special
consideration, while we might just as well started from giving the pair ({3, f3)
or ({3, £1) special consideration. This takes us to the assumptions in Proposition
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3.1, not forgetting that in the one-dimensional case, the desingularization process
stops at (3.18).

The rest of the proof is trivial.
O

We shall also need the following result, in the same spirit as Proposition 3.1,
though of course its proof presents no difficulty.

Proposition 3.3. Set, assuming —p#5+1,+3,... and p#6,6+2, ...,
F(p+;+6)

]_'\( —p2+<5) ’

(3.32) c(p,8) = (=i)’ w2 7F

so that one should have, in one dimension,

(3.33) (F (Is5)(0) = c(p,8) lo|5 "~

(of course, we are using here the usual Fourier transformation, with integral ker-
nel e~2175% : there is no symplectic Fourier transformation on an odd-dimensional
space). Recalling (2.22), consider the integral kernel

(334) kl/,ti(xag* Y, 77*) = (_1)6 C(?’L— 1- v, 6) |$1 — U1 + <JI*,’I7*> - <y*,€*>|gn+l’ .

When —n < Rev < 1 —n, this is the integral kernel of an operator 0,5 well-
defined, in the weak semnse, from the space of C wvectors of the representation
Tu5 to the dual of that space (which contains the space of C™ wvectors of the
representation w_,5). As an operator-valued function of v, 0,5 extends as a
holomorphic function in C\P , where the set P consists of the values v such that
—n+v=20,0+2,... orn—v=0+1,6+3,.... The operator 0,5 is an inter-
twiner from the representation m, s to the representation m_, 5. When v € iR,
it coincides with the one introduced in another way in Definition 2.2.

The latter way to define the operator 6;, s has the advantages, especially in
the version (2.19), that on one hand it continues to be meaningful after v € C has
been substituted for i\, on the other hand that it extends to a (tempered) distri-
bution setting: but this requires that the homogeneous functions, or distributions,
under consideration, should have a well-defined meaning as distributions in R?"
not only as functions, or distributions, in R?*\{0} .

4. HYPERPLANE WAVES AND RAYS

We decompose here symbols as integral superpositions of homogeneous hyper-
plane waves, also of homogeneous rays, by which we mean homogeneous measures
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carried by straight lines through the origin of R?®. With the help of such decom-
positions, we shall transform, in this section, the triple product studied in Section
3 in a way crucial towards the proof of the main theorem.

Consider the transformation G, a rescaled version of the symplectic Fourier
transformation (also a unitary involution of L?(R?")) defined as

(4.1) (Gh)(X) = 2" / h(Y) e 4 X YT gy

Rzn
part of our interest in this transformation [11, p.120] is that, for every & €
S'(R?"), the distribution G & is the Weyl symbol of the operator u +— Op(&) i,
where @(z) = u(—z) . If a symbol h = h(x; £) depends only on &, say h(z; &) =
$(£1), it is immediate that (Gh)(x; &) = 2 d(—2x1) 8(x,) (€) : in other words, Gh
is the measure carried by the line {te,: t € R}, with density 2¢(—2t)dt. More
generally, if S € R?"\{0}, setting S = ge; with g € Sp(n,R), the G- trans-
form of the hyperplane wave X — ¢([X, S]) is the measure carried by the line
{tS:t € R}, with density 2 ¢(—2t)dt.

In particular, for any p € C, —p # d + 1,6 + 3, ..., we shall denote as
ps(p, 0) the measure carried by the line {tS: ¢t € R}, with density [¢|§ dt. Recall-
ing the definition (3.32) of ¢(p,d), we have, provided that n+v £ §+1, §+3, ...
and —n—v#£60+2, ...,

(4.2) G(X = |[X, S];™") = (—1)° 2 c(—n — v,0) ps(n —1+wv,9).

Note that the measure us(p, §) is a homogeneous distribution of type (p + 1 —
2n, §) (do not forget that, in R?*~1 | the Dirac mass at the origin is homogeneous
of degree 1 — 2n).

Let us first decompose functions in S(R?") into homogeneous hyperplane
waves. Start from the continuation of (2.4), to wit

(4.3) hw;(X):Zli/ [t h(tX) dt,
7

— 00

where the integral converges for every X # 0 provided that Rev > —n. In this
case, the function h, s is, as we now show, a C> vector of the representation
5. With X, = (x; 1,§), one has for every N the inequality |h(tX.)| <
CA+t)~™™ (1 + x|+ |&])~ for some constant C': then, with the norm defined
in (3.2), one has || X, — h(tX.)|, < C(1+]t|)~", from which one obtains, since
Re(n—14v) > —1, that the function h, s lies in the Hilbert space H, defined in
association with this norm. That it is a C'°° vector of the representation m, s fol-
lows from the fact that this representation corresponds, under the transformation
(4.3) from h to h,s, to the phase space representation of Sp(n,R) in S(R*").
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In the case when, moreover, Rev < 1 — n, one may write

By s(X) = 20 / e d / 4t [X.5] (G1)(S) dS
o R2n

(4.4) _ 247T c(n—1+v,5) /R IIX, 8] (Gh)(S)dS,

which leads to the decomposition of A into homogeneous hyperplane waves if
coupled with the equation

dv
4. == v, 0 .
( 5) h Z AC v=a h 76 7

§=0,1

in which —n < a < 1 —n. From (2.3), however, the line of integration we are
particularly interested in is the pure imaginary line, for which this decomposition
is just the spectral decomposition of h relative to the (self-adjoint) operator &
in L?(R?*"). Starting from (4.4) and moving the set of values of v, we certainly
reach, for fixed S, poles of the distribution-valued function v — |[X, S]|3" ™"
at points v = -n+d+1,v=—-n+46+3, ..., but these poles are simple, and
disappear after multiplication by the factor ¢(n — 1+ v, ), as seen from (3.32).
This makes it possible to continue the decomposition of A into homogeneous hy-
perplane waves up to the spectral line.

)

Starting from Gh in place of h and noting that (Gh)_,s; = Gh,s, one
obtains also, if Rev < n,
21/
hys=-—cn—1-v,9) h(S) G (X — | [X, 5] |5_"+”) dsS
471— R2n

1
(4.6) = — h(S) ps(n —1—v, ) dS,
471— R2n

after one has used the equation
(47) (_1)6 C(pv 5) C(_p - ]-75) =1:
this leads to a decomposition of h into rays if coupled with the equation
d
(48) h = Z / h*l/,é l )
5=0,1 Rev=a ¢

in which, starting from a value of a between —n and 1 —n, we can actually take
a =0 when so desired.

The following lemma will enable us to deal with multipliers of the species
which occurs consistently in the present work.

Lemma 4.1. Let S € R?"\{0}. If £, § =0 or1 and o, v € C satisfy the condi-
tion —% < Rea < % + Rev, the multiplication by the function X, — |[S, X.] |2
sends the space C>(m,5) of C™ wvectors of the representation m, s to the space
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L*(Mo) .

Proof. It is no loss of generality to assume that S = e,q1, i.e., [S, Xi] = z1.
Given f € C*(m,s) extending to R?"\{0} as a function f* of type (—n—v, §),
the function

(4.9) k(€)= a1l 16l fmoaz (56

is of type (—n,0). Since the corresponding representation mo preserves the
Hilbert space L%(My), it suffices, in view of Remark 2.2, to check that the re-
striction of the function k, to My lies in the space L (M), which leads to the

two conditions indicated.
O

We now come back to a study of the bilinear operator (fi, f2) = J5452i5(f1, f2),
or of the associated triple product obtained when testing this distribution against
f e C™(r_,s). Recall from the end of Section 2 that such expressions can also use
as arguments objects with the proper type defined in R?>"\{0} rather than their
restrictions to My, the distinction being purely notational. We shall eventually

assume, but not at one stroke, that
(4.10) fi= (), 5. fo=(ha),, 5. [=h_us
for a triple of functions hq, ha, h € S(R?").

Lemma 4.2. Assume that hy € S(R®") and that all hypotheses of Proposition
3.1 are valid. Moreover, assume that Re vo < n and that

1 1
(4.11) Re(v—v1 + 1) =mn, ReV1>—§, Rey<§.
If f1 € C®(my,5,), one has in the weak sense, i.e., when integrated against
f(X)dm(X,) for some feC>®(m_,s),

. 1 (—1)e
(112) IR (o) X0) = o iy L retsras

—n—v—vituy —ntvdrfug

X SR i, (Y 18007 10 ) | o),

Proof. First, we observe, as a consequence of Lemma 4.1, that, under the condi-
—ndv4rfrg

tions (4.11), the multiplication by the function Yi — |[S, Yi]|e 2 sends
the space C*°(m,, 5,) to the space L?(M;) and that the multiplication by the

—n—v—vi+

1Tv2
function X, — |[X«, S]|e, 2 sends the space L?(Mp) to the space of dis-
tributions C~°°(m, s), the topological dual of C*°(mw_,s) (i.e., the linear space
of continuous linear forms on that space). On the other hand, the first condition
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(4.11) gives the intertwining operator 6,n—v+v,—v, ., & meaning as a unitary op-
5 ;

erator in L?(My), so that the right-hand side of the equation to be proved is
meaningful.

If one makes there the integral kernel of the operator fn—v+vy vy . explicit,
neAas

—n—vtvy—vg

as (—1)%2 (=2t o) |[Y,, X,]|, ° , then if one sets S = sZ,, so
that
—n—v—vitrvy —ndvtugtrg 1
(4.13) Is|le, 2 |sle 2 ds = |s5, 2 dsdm(Z,),
and if one uses the equation
1 > n— 14
(4.14) (e, 82(X) = - [ Jsly ™ ha(sX) ds,
—0o0

one transforms the right-hand side of (4.12) into the left-hand side. However, the
operator on the left-hand side has been defined with the help of the desingulariza-
tion of its integral kernel as done in Section 3, while on the right-hand side, the
claimed unitarity of the intertwining operator into consideration is a consequence
of Definition 2.2: to identify the two ways to introduce it, one must use again the
connection between (2.21) and (2.22).

(I
Let us rewrite (4.12), as tested against f, with
1o
(4.15) f(X) =h_,s(X,) = E/ 31 h(tX.) dt .
One has
(116) (I, (b)) hoes) = o iz oy [
. vi,vo;v\J 1y 2 ve,85/ 0 10—, (47‘(‘)2 C(n—2+u;u1+u2,€2) - 2

—n+v+rvyt+vg —vy+v

(F(Y =[S, Y]l 2 A, T[S, 2 AT))dS :

note that the two pairs of brackets (, ) do not denote the same pairings: on the
left-hand side, it corresponds to the duality between C~*°(m, ) and C™(7m_,s);
within the integrand on the right-hand side, it corresponds to the one between
S’(R?") and S(R?"). To prove this, we start from the right-hand side, expressing
the intertwining operator there as a Fourier transformation. The function

—n—v—vituy —ntvdryfug

(4.17) T[T, S]], * FY =[S, Y]le® HY)(T)

is of type (recalling (2.33))

(4.18)

(—n —Vv—Vv+ 1
2

n—v-—Vvy — UV
2

) 51)+(_2n7 O)+( ’ €)+(n+ylv 51) = (—TL—I/, 5)
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Set T =tX,, so that dT = |t|*"~1dt dm(X,): then, the right-hand side of (4.16)
transforms into the left-hand side in view of (4.18) and (4.15).

As a last step, we now use the decomposition

2™
4

(4.19) (), 5,(Y) = 7 —cln—1+n,8) / (Gha)(R) | [Y, RI |5 dR

R2n

of f1= (hl)u1,61 , as provided by (4.4).

Proposition 4.3. Assume that all hypotheses from Proposition 3.1 are satisfied
and that, moreover,

—n—+v+v+rv

(4.20) v4+wvy #£d3,00+2, ..., *e,e+2, ...,

2
2—n—v+uv +rv
3 ! 2%624‘1,524’3,...
and
(4.21) Revy > —n, Rewra<n, Rev<mn.
Then,
' (71)62 9—v1 C( —’ﬂ+V'5V1+V2 ; 5)
4.22 Jee2ie ((h h h_,s5)=
( ) < ul,VQ,V(( 1)y1,617 ( 2)1/2,62)3 ,5> (471_)3 C(n—2+y2—y1+y2,€2)

v—ry+v

/RQ L Gn)(B) ha(S) | [R, S]] F T dRds

n—2—v4vy vy n—2—v—vy—vy
/2 Ir|; : |s]e 2 h(rR+sS) drds,
R

where the last integral must be understood in the distribution sense: recall that j
was defined in (2.34).

Proof. First, write the equation, of immediate verification,

—n+tv+ryt+vg
(4.23) F(lyim) | —wly" " =mle = )t te; 7m) = (=1) x

—n4+v4+uv +v n—2—v—v|—vy 1w
0 1 T R TN PICAR

c(—n —v1,61) ¢

Next, under the generic condition [R, S] # 0, one can find g € Sp(n,R) such
that

(4.24) S = gey, R =R, Slgent1 :
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it follows that

(4.25)
—n+v+rvy vy v —n—v—vy+vy
(FY =[S Y]] Y, Rl5,"™), T = |[T, S]]e,  * hT))
—n+v+u +v —w
= <_1)61 C(—TL - V1751) C( 2 - 275) | [R7 S] |51 !
n—2—u2—ul—u2 ne14 —n—u;u1+u2
1le 1ls * *) s [11]er Tybsxy 71, 7% .
([ta] |73, 6(t+) 0(7) , |71l (h o g)(tr, tus 71, 7))
Since
(4.26) (hog)(t,0:m,0) = h (1547 -2
. g 17 ) 1’ - 1 1 [R, S] bl
we set 71 = [R, S]r and, for clarity, t; = s, getting
(4.27)
—n+v+vytrvg v —n—v—vy+vy
(FY =[S Y]l Y, Rl[5,"™), T —|[T, S]]e,  * hT))
—n+v+uv + v novoridre
= (_1)61 C(_n - 1/1,51) C( 9 - 275) | [R’ S] |€1 :
n—2—v+4vyt+vg n—2—v—vy—vy
/ Ir|; 2 s|e 2 h(rR+sS) drds
]R2
as a result.

Then, using (4.16) and (4.19) together with the equation (4.7)
(4.28) (—1)61 c(n— 1+V1,51)C(—N—U1,(51) = 1,

we obtain (4.22) under the conditions which made Lemma 4.2, and (4.16) as a
consequence, valid. Analytic continuation is possible, the hypotheses from Propo-
sition 3.1 giving a meaning to the left-hand side. The conditions (4.21) make it
possible to extract (hl)l/1,51’ (hg)ub&z and h_, s from hq, ha, h; the first condi-
tion (4.20) gives a meaning to |s|5_21_”_”1 as a distribution (the factor depending
on r is already locally summable from the previous condition), and the other

two inequalities (4.20) make up half the conditions needed in order that the ratio
—n4vtryfrg
w be well-defined and nonzero while, as it turns out, the other two
3 2
conditions necessary for that have already been taken care of by the assumptions
of Proposition 3.1.

O

5. SOME ONE-DIMENSIONAL PREPARATION

Let us briefly recall the spectral decomposition of the one-dimensional Euler
operator in L?(R) , with the notation of Section 2. Given a function hixs on R2,



hal-00395826, version 1 - 16 Jun 2009

COMPOSITION FORMULAS IN WEYL CALCULUS 29

homogeneous of degree —1 — ¢\ and with a given parity specified by the index
6=0 or 1, we set

(5.1) B2y 5(8) = hirs(s, 1)
so that
(5.2) hixs (@, €) = [¢]; 2 hm(@.

Then, every function h € L?(R?) can be decomposed as

(5.3) h = Z/ Rixs dX

5:0,1 -
with
1 o
(5.4) hos(z, €) = = / £ by (ta, 4€) dt
27T 0

where hgs denotes the even, or odd, part of h, according to whether § =0 or 1.
Note that we denote here as h?x,a the function denoted as h‘j\)é in [11, p. 34].

Using the equations (in which signed powers such as |s|¢ have been defined
in (2.2))
d d
(55) ol =407 and o loglel =,
one obtains the well-known fact, already used in Section 3, that the function
v |z|5'7, alocally summable function if Rev < 0, extends as a distribution-
valued holomorphic function of v for v #4, 6+ 2, ... .

If |x|§117”1 and |¢ |g217”2 make sense as distributions as just defined, the
symbol h(z, §) = |x\§117”1 #1¢ \5;17”2 makes sense as a tempered distribution on
R?: in other words, the composition of the two operators, the first of which is the
convolution by the inverse Fourier transform of |€ |5_21_”2 , and the second is the
multiplication by |ac|§_11_”1 , is well-defined as an operator from S(R) to S'(R).
To see this, one may use as an intermediary space the space Op; [10, p.101] of
C* functions on the line each derivative of which is bounded by some polynomial.

Under the lift from hEA’ 5 to hixs provided by (5.2), the distribution associ-
—1—v vo —iA
ated to the function |s| S given as

—1—vy+vg—i) *1+V12*'/2*M
(5.6) (2, &) = ||~ [éls
and the distribution associated to the function (s>w is given as

—1—vytvp—iX —1tvy —vg—iX
—_— 2

(5.7) (@, &) = (z) €115



hal-00395826, version 1 - 16 Jun 2009

30 KOBAYASHI, ORSTED, PEVZNER, UNTERBERGER

Both distributions make sense if M # —1,-2,..., which is the case
whenever \ € R if one assumes that |[Re(v; —v2)| < 1.

We may then recall Lemma 5.1 from [11] as follows:

Lemma 5.1. Let vy, v5 € C and 61, 0o =0 or 1: assume that vy # 61, Vo # 0o
and that |Re (11 £ 12)| < 1 which implies that |Revy| <1, [Revs| < 1. Let 6 =0
or 1 be such that 6 = 61+02 mod 2. Set hy(z, &) = |a:|(;117”1 , ha(z, &) = \§|g217”2
and h = hi # ha , o tempered distribution in R? . It admits the weak decomposition
in S'(R?) given as

(5.8) h= / hon.s dA

with

e T(Z25E00)D (2250
F( V1+gl +1 )F( V2+gz+1 )

vy frg—iX—5
2

(5.9) hirs(z, &) =2

™

F( 14+vq —4V2+i)\ )F( 14+vq +1/24—i)\+251 )F( 1—vq +Vi+i)\+25)

— 14y —vg—iX
2

7;52*5 1 i\ 1 iA+20 1 IA+26 |I| _1_U1;V2_M |5
F( —1/1-2112—1 )1—\( —IJ1—I/24+Z + 1)1-\( +V1—ui—z + )
P e s L\ e s X G ) JRETESESE G EEE
— i — N S 1—
F(S VlJZVQ M)F(B vy z/24+z)\ 261 )F(3+u1 Vi 2N 26)

Note that the integrand, as a distribution-valued function of A, has no singu-
larity on the real line. Also, as a consequence of Stirling’s formula, the coefficient
is bounded, for large |A| by some power of |)|: since our claim is that the integral
decomposition (5.8) is valid in a weak sense in &’(R?), we may ensure convergence
by means of the equation
(5.10)

—1—vyHug—iA —14v) —vg—i) —1—uq g —iA —1+1/1—1/2—7',/\>
)

2 T o T (1) N (Lan?eR)N (|x|z M

in which 2in€ =1+ =z a% +¢ a% , and of a similar one involving the second term
on the right-hand side of (5.9).

We now need to consider the case of two symbols |z|;" """ and [£[5""*,
in which n = 1,2,... is given, the same in both functions. The reason is that,
even though the proof of the main theorem depends on the decomposition of sym-
bols into homogeneous hyperplane waves, which are essentially one-dimensional
objects, the spectral decomposition of the Euler operator in L?(R?") demands
that we consider decompositions of the same species as (5.3) in which, however,
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the degrees of homogeneity of the functions in the decomposition lie on the com-
plex line with real part —n rather than —1.

Let @ and P be the basic infinitesimal operators of Heisenberg’s represen-
tation, where Q is the operator of multiplication by the variable x on the real

line, and P = ﬂ %. Then, in the one-dimensional Weyl calculus, one has the
commutation relations
1 oh 1 oh
A1 h - P h)]=— —).
611D [Q.0p(M)] = 5= Op(5e). [P, Op(h)] = 5 Op(z)

Also, POp(h) = Op(¢éh + 4:77 (%) If hy (resp. hz) is a tempered distribution
depending only on = (resp. £), and if one sets A; = Op(h1), A2 = Op(hs), one
has (using the facts that A; commutes with @, Az commutes with P and the
Heisenberg relation [P, Q] = 51-)

(5.12) [P, A1][Q, As] = PIQ, Aids] ~ [Q, AAsP] — 5 1Ay -

it follows that if h = hy # hs, the symbol of the operator [P, Op(h1)][@, Op(hs2)]
is the function
(5.13)

c L oYLy Lo Loy 11 o
dim Oz 2im O 2im O 4im Oz 2ir 4n? Qx O

In other words, under the present assumptions,

dhy , Ohy  Oh
(5.14) s "5~ 900E

Introduce, for £k = 0,1,... and a € C, the Pochhammer symbols (a); =
a(a+1)...(a+k—1), and extend the definition of |s|§ beyond the case when § =0
or 1, setting [s[}) = 5[} 042 - With the same assumptions about v1, v2, 61, 02 as
in Lemma 3.1, one has for n =1,2,... (using (5.5) the equation

(5.15) (L +vi)n—1 (L4 o) |2, %5 #1€1,717%,

® 14v; — vy +1iA 1—v1 +ve+iA
[Ty lont

5 vt —ir=s - vitv—id I( _V12+61 T( _V22+62 )
F( V1+g1 +1 )I“( l/2+gz+1 )

)n—l

— 00

F(1+u1—4V2+i/\)F(1+1/1+y24—i)\+251 )F(l—l/1+1/2+i)\+25) 1-2n—vq4vg—id 1,2n+yé,y2,i/\

4 2

7;6275

F(l—Vl—Zyg—iA)l—\(l—ul—l/24+i)\+251 )F(1+y1—ui—i)\+26) |2, 1 n—144
B F(3+V1;V2+i>\)F(3+V1+V247i)\7251 )F(37V1+Vi+i/\725 1—2n—ué+u2—i)\ 1—2w,+u;—u2—i)\
+ F(3711121/271')\)F(37V17V24+i)\7261)F(3+u17uifi)\f25) Ed ln—s

dX.
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Note that the degree of homogeneity of each of the two terms under the
integral sign is 1 — 2n — i\, not —n — ¢\ as we would wish it to be: we must
thus perform a deformation of contour. We substitute z € C for ‘A and we must
move z from the pure imaginary line to the line with real part 1 — n. There
is no convergence problem at infinity in the process, in view of (5.10). We must
then chase for possible poles, setting p = ‘“%W and p' = “=52=% . The only
singularities can arise from the factors depending on = or &, or from the first and
third Gamma functions in the numerator of each of the two major coefficients. We
make a group of each of the expressions

(%+Wnlmi+gﬂx5?#,

(% + )n-1 F(% + g) |x|é7n7“,

(3~ )ua TG+ o = By jgdoy
(5.16) (% - F(% _ g A Ky |§|Wn+u '

We now show that each of the four functions under consideration remains a holo-
morphic function of z in a neighbourhood of the closed strip 1 —n < Rez < 0.
First we show that the Gamma factor and the distribution (in « or £) on any of
the four lines have disjoint sets of singularities as functions of z. This is a conse-
quence of the fact, noted just after (5.5), that |z|;* a well-defined distribution in
x provided that a« 25+ 1, § + 3, ... . For, as a consequence, the singularities of
the factor depending on = or ¢ on the four lines are reached when p € % + 2N,
resp. | € §—|—2N resp. b € —6—1 2N, resp. p € 5—§+2N Whilethe
s1ngu1ar1tles of the corresponding Gamma factors are reached When we—5—2N,
resp. p € —3 — 2N, resp. p € =6+ % 5 + 2N, resp. p € (5+ + 2N.

Since the two sets of singularities under consideration are disjoint, what re-
mains to be proved is that each of the eight expressions

(3 + i DG+ 1), <;+mnIMQ"“,
(3 +maa TG +5), (5 + a7,
R € T IR S v
617 G TG-Sy G i

is regular for z lying in the strip 1 —n < Rez < 0. So far as the distribu-
tion on the right of each line is concerned, we write it as (—1)""! times the
(=1 or (d%)"_l—derivative of the distribution |z|~27# , resp. (z)~ 27", resp.
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\§|§+“ , TESP. |£|1_§5+” . Now, the condition Rez < 0, together with the assump-
tion |Re (v1 — v2)| < 1, implies that Rey < 3 and Rey’ > —1, which gives the
four distributions under consideration a meaning as a locally summable function.
So far as the Gamma factors are concerned, every other term in the product

(G+Wn1 =G +W G +w. o= +m) or
(5.18) G- = G- E i) =)

will help in killing the relevant poles of the corresponding Gamma factor. Indeed,
with p = 1,2,..., each of the two expressions (3 + pt)2p—1 (3 + &) and (5 +
()2p—2 T'(% + %) is the product of a polynomial in by the function I'(p+1+4),
while each of the two expressions (5+p)2p—1 D(3+4) and (3 +p)2p—2T(3+4) is
the product of a polynomial in g by the function I‘(p—%—i—%) . The last two expres-

sions to be analyzed are (3 —p/),—1 (1 — %/) and (3—p/)p—1 02— %) . We use
this time the inequality Rep’ < § and observe that each of the two expressions

(3 —p)op1T(5 — %/) and (3 — p/)op—2 (5 — %/) is the product of a polynomial

4
by T'(p+ 3 — &), while each of the two expressions (1 — zi/)2,—1 (2 — &) and
(2 —p)op—al(2 - %) is the product of a polynomial by I'(p — 1 — %) .

Performing the change of contour which was the aim of the lengthy prepara-
tion just made, we finally obtain the following.

Lemma 5.2. Let vy, v5 € C and 61, 0o =0 or 1: assume that vy # 61, Vo # 0o
and that |Re(v1 £ )| < 1. Let n=1,2,..., and let 0, &}, 65 be the numbers,
all equal to 0 or 1, characterized by the congruences mod 2

5.19 6 =61+ 92, (5’5%—1—51, h=n—-—1-06.
1 2

Set hy(x, §) = |=|;" ™", ha(z, §) = [£]5,""* and let h = hi 9 ha, a tempered
distribution in R? . It admits the weak decomposition in S'(R?) given as

(5.20) h= / hiYs dA

—00
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with
(5.21)
n _ _ 2—n-+v] — vy +iA 2—n—v +vy+ i
Bs(, ) = () ()t ; i ( 5

_ 5 — 84
vitrvg—idtn—6 n—1l4vytvg—i) F( V12+ I)F( V22+ 2)
2 T 2

F( V1+1251+1 )F(Dz—i-gé-‘rl)

X 2

F( 2—ntvg —va+id )F( n+4v1+vo—iA+25] )F( 2—n—y1+41/2+1')\+25)

% iéz—ts 4 4 :
1—\( n—ulzyg—i/\ )F( 2—n—v1 *Zz+1/\+25{ )F( n+u1—ui—i)\+2§)
—n—vyfrg—iX —ntvg —vg—iX
X x|,y * [
551 F(4—n+u14—u2+i)\)F(n+2+V1+Zz—i>\—25i )F(4—n—1/1+4u2+i)\—26)
5o
T F( n+27u14+1/27i)\ )F( 4—n—vy —Zz+i>\—25{ )r( n+2+v; 741/271'/\726)
—n—ulg-uQ—z‘A —n+1/12—u2—i)\
X |‘T‘n ‘§|n—6 ’

where we recall our convention that |s|y = [s|5, with p’ =0 or1 and p =p" mod
2.

In the proof of Lemma 5.2, we have avoided moving v; and v, , which would
have complicated the pole chasing even more. It is, however, necessary to check
that analytic continuation with respect to v; and vs is possible up to some point,
in the sense of the following lemma.

Lemma 5.3. Set vi =n—1+wvi, vy =n—1+wvy, so that |z|s = |zls" "

and |§|57217V5 = [¢£]s," " . To obtain the term hgf)é from the decomposition (5.20)
of h1# ha (same notation as in Lemma 5.2), it suffices to perform the substitu-
tions vy +— vy, va — vy and A — v =iX+n—1 on the right-hand side of (5.9).

/
1-v]

Proof. The proof, based on the duplication formula and on the formula of com-
plements for the Gamma function, is perfectly ugly, though one can take solace in
the fact that it offers a means of verification. Starting from the right-hand side of
(5.9) and making the substitution (v1, va, iA) — (Vf, V4, iA+n — 1), we want to
show that we just obtain the right-hand side of (5.21). We shall limit ourselves to
the case when n is odd. One has

F(l e Vl) _in F(l—n—;l—i—éi ) 1—‘(2—71—;1—61 )

F(—Vl) F(71/12+5/1)F(17V;751) ’

(5.22)  (+m);}, =

)n—l
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so that
(5.23)

—11 48 1—n—v1+6 2—n—v1—6" 1—n—v1+6

I e I e e L s e B G o)
n—1 1411+ 14+v1 48 1—v1 -6, - n-+vi+4
(=) M=) T(—%) M=)

)

(At

2'=" times the corresponding coefficient arising after the shift 14 +— v

from a factor in (5.9). The same goes so far as the comparable coefficient depending
on vy is concerned. The powers of 2 and 7, as well as the Gamma factors in
the middle of the coefficients we are interested in, transform in an immediately
satisfactory way. The remaining headache arises from the coefficient, obtained from
(5.9) and the required shift,

F( n+uvy 1U2+i>\) 1—\( n—z/1+1/i+i/\+25)

(5.24) B: =

F( 27n7u14+1/27i)\) F( 2—n+vq 74u27i/\+25) :

multiplying by T" up and down, using the for-
mula of complements upstairs and the duplication formula downstairs, we obtain

(4fnful4+u27i/\ ) F(4fn+u1 741/271')\725)

—ve tid - A+20.]7"
(525) B = 2"% |:Sin W(%) sin 7T(n vy + Vi + 1A+ ):|

2—mn—vy + vy — i\ 2—n+uv — v — A -t
x | T( ) T( ) .
2 2
This must be compared to the similar coefficient from (5.21), which must be ac-

companied, as a factor, by the product of the two remaining Pochhammer symbols.
This is

(526) A F(n u1+y2 z)\))\ F(n+u1—2u2—ik)

2

F(2 n— y1+1/2 i )F(2—7L+V1—u2—i)\)
F(2 n+y1 u2+z)\)F(Q—n—ul+4uQ+i)\+2§) .

(5.27)

]_—\(n u1+1/2 z)\) F(n+V17V27i)\+26)

If we multiply the product of fractlons on the second line, up and down, by
F(2+"_”14+”2_“\) [(2tntn _4”2_“\_25), if we apply again the formula of comple-
ments upstairs and the duplication formula downstairs, it becomes

(5.28)
T . 2—n+v; —vo+iX, . 2—n—vi+rve+iN+20 ]
W Slnﬂ'( 4 )Slnﬂ'( 1 )
n—uvy+uvg — 1A n+uvy — vy — 1A -1
« sty p s st

It follows that A = 22"~2 B, which completes our verification, in the case when
n is odd, so far as the coefficient of the first term on the right-hand side of (5.9)
or (5.21) is concerned. We shall not write down everything in the case when (still
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with n odd) the coefficient of the second term is concerned. The trick is, this
time, to multiply the fraction B’ which takes the place of B, up and down, by
F(2*”*V14+”2*i’\) (2=t *4”2*“‘”5) ; next, the fraction on the second line of the
expression A’ which takes the place of A is to be multiplied, up and down, by
F(”_”lzy"‘_i)‘) F(""'”l_yj_i)""%) : again, we find that A’ = 22"=2B’. The lemma
is thus proved in the case when n is odd. The proof is of course similar in the
case when it is even: only, one should not forget that, in this case, 6 = 1—39; and
05 =1 — 0z . Also, the right-hand side of (5.9) will yield, after transformation, the
two terms on the right-hand side of (5.21) in reverse order.

O

Making all Gamma factors apparent has been necessary for the discussion
of the change of complex contour. Using the shorthand provided by (3.32), i.e.,
making the substitution

F(M) s .
(5.29) — 2 {dprtic(p, ),
I(=5)

one obtains the following.

Proposition 5.4. Under the assumptions of Lemma 5.2, one has

n—vy+vg—il

hg;,)a(l‘, €) = Co(v1, va, iX; 01, 02, 6) ||~

—n+trg —vg—i
s °
é

(5.30) +C1(vn, v, N 01, 00, 0) )™ 2 [y, C ;
with
(5.31)

v1+vg—iA4+n—6

Co(v1, V2, iX; 01, 02, 0) =2 2 71 (—1)‘S e(—n—v1,01) e(—n—va,02)

-2 — i\ -2 — A —-2- i\
C(n +1/12 Vo +1 70) C(n +1/12+1/2 7 ,61) C(n 1/12+V2+z ,6)
and
(5.32)

v1+vg—idtn—6

Cy(v1, V2, 15 01, 02, 0) =2 2 7! (_1)5 c(—n—v1,01) c(—n—rs,d9)

n—24+vy — v+ i\ 1) (n—2—|—1/1—|—V2—i)\ n—2—uv+vy+ i
1) ¢

o 5 5 ,1-071) ¢( 5

In view of the proof of the main theorem in next section, and as a final
topic in this very computational section, we compute the G-transform (4.1) of the
symbol [xq |5 """ # |§1|(;2"+”2, considered as a distribution in R?": we still set
x = (x1,24), & = (&1,&). The change vy — —vy is needed for the application
in next section: at the same time, we change the variable of integration A to —\

1-6).
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below so as to decompose the result as an integral superposition of distributions

of type (—n — i), J); we denote as k(_nl)A s the function obtained from hz(;’)(; after

these two sign changes.

Proposition 5.5. Assume that vy # 61, —v2 # d3 and |Re (11 £1n)] < 1. One
has the weak decomposition in S'(R?™), given by the equation

(533) [0 (Yo lnal;" " # )] (@ €) = / (GET) ), ) d

with

n—2—vy—vp—iX n—2+vy +rg—il

(GEU) (@ &) = Bo(va, va, iX: 01, 62, 8) [aaly = J&l™ = 8(w.) (&)
no-2-v) —vgp—iA n—2+4vy4vg—iX
(5.34) +Bi(vr, v iX 01,02, 0) il T (&) E o 6(x) 8,
where
v]—vop—il+n—=6
(5.35)  Bo(v1, v, iX; 61, 00, 6) =2 = 7 !

n—24+v, — vy + i

x c(—n —wv1,81) c(=n+ v, d2) ¢ 5 ,01)
and
(5.36) Bi(v1, vo, iX; 01, 0, §) = —27 2 o1
X ¢(—n—wv1,01) c(—n+ va,02) c(n—2+y1—y2+i)\)1_51)_

2

Proof. This is a consequence of the preceding proposition, together with the equa-
tion
(5.37) (G(Y = [0l [61]2,) (@, €)

= 27" (1) ea, wi) e(B, wa) |ralg, TP €G! T O(2) O(EL) -
A simplification occurs from the use of the equations (4.7)

n—24+uv+ vy — i\ —n — vy — Vg + 1A

=1
e > 0) ¢ - 0) =1,
n—24+uv +vy —iA —n — vy — Vg + 1A
C( 2 76) C( 2 76) = (_1)57
-2 — 1A —-n—v — i\
C(n —|—1/12+1/2 1 ’1)0( n V12 vy +1 71):_17
n—24+uv +vy —iA —n — vy — Vg + 1A

(5.38) ¢ J1—08) = (=1)'7.

71_5) C(

2 2
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6. ANOTHER COMPOSITION OF WEYL SYMBOLS

Theorem 6.1. Given 61,02 and 6§ =0 or 1 with 6 =01+ 32 mod 2, and j =0
or 1, define €1,e2,¢ by means of (2.34), and set, for real A1, A2, \,

n—64i(A;+Ap—A)

(6.1) a5 (i idasid) =27 3 pEreeg
1—\( TL-‘ri()xl —)\22+)\)+281 ) F( n+i(—/\1+;\2+)\)+282 ) 1—\( ’rL—i(/\l-‘r;\g-i-)\)-i-QE)

3(1—n)—2+i(A1+Aa—A)
2

F(2—n—i()\1—2>\2+)\)+251) F<2—n—i(—>\1—2i->\2+)\)+252) F<2—n+i()\1-5>\2+)\)+25) :

Given two symbols hy and ho in the space S(R*™), one has, in the weak sense
in S'(R?"),

(6.2) hi1# he = / (hy # ha)ix dX,

—0o0

with

(6.3) (m#ha)n= Y > /0;/0;

61=0,102=0,1""

Z a((sjl),éz;a(Ml’i/\% iA) Toa s i ((hl)i/\hél ) (hZ)iAz,az) dA1 dAz,
j=0,1

€1,€2;€ ; 17 e8] oS}
where ;37050\ is the bilinear operator from C%°(mix,s5,) X C%(mix,,6,) to

C=°(mn,5) formally introduced in (2.38) and discussed in Section 3.

Proof. One has hy # ha = G(h1 #Ghs), as it follows from the interpretation of
the transformation G of symbols recalled in the beginning of Section 4. Next, we
decompose hi into hyperplane waves with the help of (4.4), and hy into rays
with the help of (4.6), recalling that one can move the line of integration up to the
spectral line and writing

60 m= Y [ Gaadn. G- X [ @), 500,

§1=0,17— 63=0,17—
with
2_i>\1 . —n—iA
(h)ia, 5, (X) = 2 cln =1+ i1, 61) /R (Gh)(R)| [X, R [;"~™ dR,
(6.5)
2iA2 . —n—+iA
(Gh2) iy, ,(X) = 2 cln =1 — i, ) /R ha(8) | [X, S][5+ dS -

recall that the product c(n —1+4wv1,61) |[X, R][5""", can be continued analyti-
cally with respect to 17, as a distribution in X . Then,

(6.6) (m#h)(X)= 3 % / b /_ TR (X) dAy g

§1=0,18,=0,1"~
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with

9—vitre
(6.7) Floz(X)= N2 c(n—14wv1,61) c(n—1—w,82)

[ (@R 1a(S) (G (11X, R #11X. 8] 5)) dRas.

the two signed powers under the sharp product of which appears under the integral
sign being regarded as functions of X . Actually, so as to obtain the last equation,
we have changed the order of the bilinear operation # and of the integration with
respect to dRdS . Though not completely trivial, the justification is fully similar
to that, based on the consideration of the domains of powers of the harmonic os-
cillator, which occurred, in the one-dimensional case, in [12, p.209]: we shall not
reproduce it here.

Generically, one has [R, S] # 0 and, as noticed in (4.24), there exists g €
Sp(n,R) such that

(6.8) g 'S =ey, g 'R=[R, S]eni1
in terms of the canonical basis of R™ x R™. Then, using the covariance of the

Weyl calculus, and the fact that the transformation G commutes with symplectic
changes of coordinates, we obtain

(6.9)
2*V1+V2
Fgllfs(X) = 12 C(n71+V1,51) C(nflfl/g,(sz)/ (ghl)(R) hQ(S)
( 7T) R2n xR2n

S, Rl5" ™ G(Y = lunls" ™" #Iml5, ™) (971 X) dRdS .

The function Ffll,fj can then be made explicit, starting from (6.9), with the help of

Proposition 5.5. Rewrite the result of this proposition, tested against h € S(R?*"),
as

(610) (G(Y o [yal;"" # Iml5"?)  h) = / 0 / h(ser+rens)
— 0o R2

) n—24v] trg—iX no2-v) —wvg—iA
Bo(v1, va, iX; 1, 02, 0) |r] [ e :

n—24vitvg—ix  PT2ovyovoTid

+ Bi(v1, v2, i\ 01, 02, 6) (1) 7 Isl,_s 2 ] drds.
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Then,

(6.11)  ((G(Y = |l ™ #Iml5, ™)) o g7, h) =/ dX 5 h(sS +rR)

n4vy+rvg—id

Bo(Vl, Vg, i)\; (51, 62, (S) | [R, SH 2 |’I“|

n—2+4vy frg—iX n-2-v)—vp—iA
2 |S 2
0

ndvqfrg—iX n—2+4vy+vg—il n—2-v) —vg =i

+Bl(V17 Vo, Z)‘v 617 527 6) < [R7 S]> 2 <T> 2 |S|1—6 : :| dr dS,

as seen after one has used (6.8) and the change of variable r — [R, S]r, and
51,6 e
(6.12) B, = [ Eadh
— 0o
with

51,6
(6.13)  (FiX,Dins 1)
s 271(—)\1+k2)

:(—1 Wc(n_l‘i‘l)\]_, (51)0(774_1_@')\2, 62)
/ (Gh1)(R) ho(S)dRdS h(rR+sS)
R2n xR27 R2
—nti(=A1 A=) n—2+4i(A1+Ag—2) n=2+i(=X] =X —A)
|:Bo(i)\1,i>\2, i)\; 61, 52,6)‘[R, S} |51 2 |’l"‘ 2 |85 2
. . . Znti(=A1+Aa+N) n—24i(A;+Ag—X) n—24i(=A1 —Ag—\)
+B1(iA1, idg, i 01, b2, 0) [[R, S][ 5, 7 (r) 2 Isl,_s * drds.
Finally, making the coefficients By and B; explicit with the help of Propo-
sition 5.5 and using (4.7) again,
4 1 61,02
(6.14) in <Fi>\1,i>\2;i>\’ h)
(_1)62 2n—2+i(—;1+)\2—)\)
= 7 / (Gh1)(R) ha(S) deS/ h(rR+sS)
(477) R2n xR2n R2
) —nti(=A1+A2 =) n—24i(A 1 +A3 =) n=24i(=A1 =Aa =)
(PO 5 | [R, ST s, : || 2 Sls :
N1 | R S 1 s S ¥ P Bl 2

The distribution Fg\ll’%g; i € 8'(R*™) is of type (—n—iA, &) . Now, given any
element & of C~°(m;y ) extended as a distribution in R*" of type (—n—i), J)
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with the same name, and any function h € S(R?"), one has the equation

(6.15) (6, h)s memyxs@2n) = 4T (6, hoins ) oo (mix 5)xC= (n_ix.5)

linking the two kinds of pairings. Starting from the case when & is a function,
one obtains (6.15) from the equation &(tX,) = [t|;" " &(X,) and (2.4) or, if
preferred, from a polarization of (2.13). The left-hand side of (6.14) can thus also
be regarded as being (F;;ll’fsf)\%i)\ , h_ixs ), the pairing now denoting that between
C~>°(m;n,s) and OOO(TF_,L')\;(;). The comparison with (4.22) is now easy.

With another look at (2.34), one sees that J51:2i¢ coincides with J81:929

vi,V25V Vi,V Vv
when j =0, and with J}51:1792117% when j = 1. Then, the first or second term
on the right-hand side of (6.14) is a multiple of the right-hand side of (4.22) taken
with 7 =0 or 1, as it follows from a comparison of the exponents and subscripts
in (4.22) and in each of the two terms of (6.14) of the signed powers of [R, S|, r
and s. The coefficient by which one must multiply the expression on right-hand
side of (4.22) to obtain the corresponding term in right-hand side of (6.14) is
(6.16)

1 noBHO A=Y T — 24i(A1 — A2+ A)

n—2+i(= A1+ A+ A)

c\———m———, ¢
o ) €1) X : —n+i()\2 VDY) =2)

4an 2 o AR 6

Expanding, we can write this as

n—6+i(A;+Ag—A) 3(1—n)—24i(A1+A3—A)
2 2

(6.17) 2
F( n-‘ri()\l —)\22+A)+281 ) F( n+i(—/\1+2Az+A)+282 ) F( n—i(A1+;2+A)+28)

i6751762 T

2—n—i(A—A2+N)+2¢e1 2—n—i(—A1+A2+X)+2e2 2—n+i(A1+A2+A)+2ey
F( 2 ) F( 2 ) F( 2 )

This concludes the proof of Theorem 6.1.
O

As an example, let us consider the harmonic oscillator L = Op(7w{) with
Uz, &) = |x|? + |£]?, and sharp products of fractional powers of £.

Proposition 6.2. Let vy, vy € C satisfy the conditions —n < Revy <n, —n <
Re vy < n. Then, the decomposition into homogeneous components h;x of the

—n—vy —n—v

symbol h =02  #/{ 2 2 s given by the equation

n—24vy+vo—iX —n—iX
2 /)

1
(6.18) hiy = 1 (2m)
1—\( n+1/142u27i)\) F( n+vy ;u2+i)\) F(nfulzuz+i)\) 1—\( n—vy 11/271‘)\)

F(n-gul ) F(n-gug ) F(n;i)‘)

X
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Proof. Tt is identical to that of the one-dimensional case, as treated in [12, p. 214].
Only, one starts this time from the equation

(same reference as in the one-dimensional case), leading rapidly to the equation

vitro+2n
620 h= O A
. D(mg) T (g (1+ s180)"

then

u1+u2+n727'i>\ F(%M) —n—iX
2

D(=5) I(25%)
n+u1 2 ntrvog—2 e N
/ / s, 7 (si+s2) T S (1+s189) 2 dsy dso,

from which it is easy to conclude.

(6.21) hiy = L 5 (27)

Let us observe that, if not dealing with differential operators (i.e., when
5L and =52 are not both non-negative integers), Moyal’s expansion (1.11)
would lead in this example to a sum of terms with increasing singularities at 0,
without significance, even asymptotic, as a distribution in R2?": however, let us
hasten to say that microlocal analysis does not attach much significance to points
of the phase space.

O

As a comment, let us express our conviction that the new composition formula
has at best limited interest so far as applications of pseudodifferential analysis to
partial differential equations are concerned. This is not to mean that symplectic
covariance does not play any role in P.D.E.’s: only, its role is essentially subordi-
nate to that of the covariance under translations. It would be more correct to say
that, in the more technical classes of symbols used in pseudodifferential analysis,
it is rather the notion of uniformity under actions of conjugates of the group of
translations under local families of symplectic transformations that is important.
Here, our tilt is entirely towards the symplectic action, to the point that we have
completely forgotten about the action of translations.

On the other hand, automorphic pseudodifferential analysis calls for the
present point of view, as experienced in the one-dimensional case: automorphic
symbols are much too singular to be even remotely reminiscent of symbols in any
of the classes developed for P.D.E. applications. This does not imply that, to ob-
tain the sharp composition of two automorphic symbols, it suffices to apply the
present formula. Rather, the specific formula developed in this case, which has
many special features inherent in the theory of modular forms, is based on the
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same principles (coupling symplectic covariance with the decomposition of auto-
morphic symbols into their homogeneous components of a definite parity) as the
ones which made the formula discussed here a natural one.

7. IRREDUCIBILITY OF THE DECOMPOSITION OF L?(R?")

We prove here the irreducibility of most unitary representations appearing in
the spectral decomposition of Proposition 2.1 . In the last decades, general irre-
ducibility results such as Kostant’s irreducibility theorem for spherical (minimal)
principal series representations [6] and Vogan—Wallach’s irreducibility theorem for
generic parameters [14] have been developed. Also, many specific cases have been
studied in detail by R. Howe, E.-T. Tan, S.-T. Lee, S. Sahi, etc by algebraic and
combinatorial methods. However, to the best of our knowledge, neither the gen-
eral theory nor the known special results contain Theorem 7.3 below, the proof
of which is based on the extension of the idea of branching laws to non-compact
subgroups [5] and on properties of the Weyl calculus in R"~1.

Lemma 7.1. Let M = {S = (s1,s4; 0,0.)} denote the linear space of trans-
lations of the affine hyperplane Mg . Given S € My, define the linear automor-
phism Tg of R by the equation

(7.1) To X = X +[S, X]ey + [e1, X S.

For every S € My, Tg is a symplectic transformation of R®*" preserving Mo .
The group of all such symplectic transformations is generated by the group N of
transformations Tg, S € Mt | together with the group M of transformations
(21,245 €1,64) = (21,045 £1,14) , where the map (2.5 &) — (Yu; M4) 45 a sym-
plectic transformation in the 2n — 2 wvariables involved; the latter normalizes the

first within Sp(n,R) .

Proof. That [Ts X, TgY] = [X, Y] for every pair X, Y is an immediate conse-

quence of the relations [e1, e1] = [e1, S] =[S, S] = 0. That the group M N gen-

erates the stabilizer of My is a consequence of the observation following (2.28).
O

Equation (2.8) reduces when g € M N to
(7.2) (Tv,5(9) F)(X) = flg7'X), X eM,.

If one sets Six = (Sx; 04), Xux = (z4; &), the transformation 7_g expresses
itself when considered on M as

(7.3) T s(x1,2a; 1,&) = (11 — 281 + [Sans Xuw)y Tuo — 843 1,& — o)

it follows in particular that, given (iA, ) € iR x {0, 1}, all transformations
mixns(g) with g € MN | when regarded as unitary transformations of L?(M,),
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commute with the differential operator 5 8%1 )

Let us first decompose the restriction of the representation m;ys to MN:
from what has just been said, it can be analyzed when coupled with the spectral
decomposition of the operator ﬁ 0%1 , in other words when fixing the first variable
t in the partial Fourier transform F; f of f € L?(My), as already done in Section
2. From (7.2), one has if n > 2 the identity
(7.4)

(F1 (mins(Ts) £))(t w5 &) = e 2 Corm e XD (B £y (8, 20 — 505 60— 04),

a group of transformations in which we may regard ¢ # 0 as a parameter by spe-
cializing to s; = 0, getting a projective representation 7TS\) 5 of R27=2  actually
independent of (i), ), as a result; the same is true when considering transforma-
tions Fy (mias(g)) Fy ' with g € M.

Lemma 7.2. Assume that n > 2. For fixed t # 0, the linear space of bounded op-
erators in L*(R?"~2) which commute with all transformations Fi (wgf\)(s(g))]-'fl

with g € MN s generated by the identity and the transformation Fi X ffl
characterized by the equation

(75) (B S )t Xo) = o / 2 X Yol () £)(t, You) AV .

R2n—2

Proof. First assume that ¢ = 2. Looking at (7.4), one sees that the linear space of

infinitesimal operators of the representation of IV under consideration is generated

by the following operators, where j, k > 2: (i) the operators &; + ﬁ % , where
J

¢; denotes the operator of multiplication by &;; (ii) the operators xj — ﬁ B—?k .

From (1.11), these are just the operators h +— &; #h and h +— x, # h. Taking

advantage of the Weyl calculus in R"~!, set
(76) @@ (g)Op(h) = Op(F1 (3s(9)) FT'h), g€ MN,

defining in this way a unitary representation w of M N in the space of Hilbert-
Schmidt operators in L?(R"~') . From what has just been seen, the image @ (N)
consists of the automorphisms

(7.7) A exp (2im ((n, Q) — (y, P))) A

(where the first factor was defined in the introduction). On the other hand, in view
of (1.12), the image under w® of M consists of the maps A+ U A U~! with
U in the image of the metaplectic representation. Since the Heisenberg represen-
tation in L?(R™™!) is irreducible, while that of the metaplectic representation
decomposes into its restrictions to spaces of functions with a given parity, it fol-
lows that the commutant of the representation w® of MN is the linear space
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generated by the identity together with the automorphism A +— A Ch, where Ch
is the parity map u + 1, of the space of Hilbert-Schmidt operators in L?(R"~1).
Going back to symbols and using what immediately follows (4.1), one obtains the
case t = 2 of Lemma 7.2, from which one obtains the general case by a simple

rescaling of coordinates of S'.
O

Consider now any bounded operator K in the commutant of the representa-
tion ;s . Restricting the representation to M N , it follows from Lemma 7.2 that
the operator F; K F] ! is a linear combination, with coefficients depending on ¢
(the variable used in the definition of the partial Fourier transform), of the oper-
ators I and Fi X, F| ! Introduce the group A of symplectic transformations of
R?" defined as

(7.8) ga: (@, &) = (ax,a7'€),  a>0.
From (2.8), one has

(7.9) (Tins(ga) [(z1, 205 1,6) = a7 f(a %21, a 2aa; 1,6,).

Then, the operator X must also commute with the Euler operator j>1 %5 % ,
> x;

9 .
3z
after a change of variables in (7.5), it follows that the above-referred coefficients
depend only on signt.

and the operator F; K F; ' must commute with the operator —t %—FZPQ Z;

Theorem 7.3. Given any n > 1, and any pair (i), §) € iR x {0, 1} such that
(iX, 0) # (0, 1) and (i), ) # (0, 0), the representation m;xs s irreducible; if
(i, §) = (0, 1), it decomposes as the direct sum of two irreducible representa-
tions, and such is the case if (i\, §) = (0,0) and n>2.

Proof. We may assume that n > 2, since the one-dimensional case is classical
[2]. From the considerations that precede in this section, any operator commuting
with the representation ;) ; must lie in the algebra generated by the following
two involutions: (i) the transformation 3 defined by

(7.10)  (FLE ), X**):|t\"*1/ e 2t X Yo () £)(t, Vi) dYiw ;

R2n—2

(ii) the transformation ¥ = sign(i i) defined by

2im Oz

(7.11) (F1L (WF))(t, Xuw) = (signt) (F1 f)(t, Xus) .

Looking at (2.26), one may note that 3 = 6y ¢ and that the composition ¥ ¥ =
U'Y coincides with the intertwining operator 6y 1. Now, 6y 1 is a non-trivial (i.e.,
distinct from a scalar) intertwining operator of the representation mp ; with itself,
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and 6y is an intertwining operator of the representation m o with itself, non-
trivial as soon as n > 2.

What remains to be seen, fixing n > 2, is that the operator 6 ; cannot
commute with the representation ;s unless (iA,d) = (0, 1) and that the oper-
ator 6y ¢ cannot commute with the representation ;5 s unless (i, d) = (0, 0),
finally that ¥ can never (if n > 2) commute with a representation m;y 5. Given
(iX,0), set

(7.12) O; =050,
so that, from (2.27),
(7.13) (F10; )t Xow) = [t;5 (LA, Xon)

If 6p,; happens to be an intertwining operator from the representation ;5 s to
itself, the operator ©; is an intertwining operator from m;xs to m_;y . This
operator, in its realization on L?(M,), has an integral kernel which, evaluated at
some pair ((z1, Xux), (Y1, Yix)), is the product of some distribution in z7 — 1
by §(X.x — Yix): as m > 2, it is obvious that such an integral kernel, unless
it is that of a scalar operator, cannot satisfy the covariance property that would
make it an intertwining operator between two representations of the species under

consideration. The same applies to the operator ¥ .
O
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