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Abstract. We investigate the behavior of the deformations of a thin shell, whose thickness ¢ tends to zero,
through a decomposition technique of these deformations. The terms of the decomposition of a deformation v
are estimated in terms of the L2-norm of the distance from Vv to SO(3). This permits in particular to derive
accurate nonlinear Korn’s inequalities for shells (or plates). Then we use this decomposition technique and

estimates to give the asymptotic behavior of the Green-St Venant’s strain tensor when the ”strain energy”

The concern of this paper is twofold. We first give a decomposition technique for the deformation of a
shell which allows to established a nonlinear Korn’s type inequality for shells. In a second part of the paper,
we use such a decomposition to derive the asymptotic behavior of the Green-St Venant’s strain tensor.

In the first part, we introduce two decompositions of an admissible deformation of a shell (i.e. which is

H'! with respect to the variables and is fixed on a part of the lateral boundary) which take into account the

fact that the thickness 26 of such a domain is small. This decomposition technique has been developed in the

framework of linearized elasticity for thin structures in [14], [15], [16] and for thin curved rods in nonlinear

elasticity in [4]. As far as large deformations are concerned these decompositions are obtained through using

the "Rigidity Theorem” proved in [11] together with the geometrical precision of this result given in [4]. Let

us consider a shell with mid-surface S and thickness 26. The two decompositions of a deformation v defined

on this shell are of the type

U=V+S3Rn+§,

where s3 is the variable in the direction n which is a unit vector field normal to S. In the above expression,
the fields V and R are defined on S while 7 is a field still defined on the 3D shell. Let us emphasize

that the terms of the decompositions V, R and v have at least the same regularity than v and satisfy the

corresponding boundary conditions. Loosely speaking, the two first terms of the decompositions reflect the

mean of the deformation over the thickness and the rotations of the fibers of the shell in the direction n. For

the above decomposition, it worth noting that the fields V', R and v are estimated in terms of the ”strain

energy” ||dist(V v, SO(3))||12(sx]-s,5) and the thickness of the shell.
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In the first decomposition, the field R satisfies

C

||dist(R, SO(3))||12(s) < 5172

ldist(Vav, SOB3))L2(sx)-s,50)
which shows that the field R is close to a rotation field for small energies.

In the second decomposition, for which we assume from the beginning that ||dist(V4v, SO(3))||L2 <
C(8)6%/2 where C(S) is a geometrical constant, the field R is valued in SO(3).

For thin structures, the usual technique in order to rescale the applied forces to obtain a certain level
of energy is to established nonlinear Korn’s type inequalities. In order to simplify the analysis, we consider
here that the deformation v is equal to the identity on a part of the lateral boundary of the shell (clamped
condition). Using Poincaré’s inequality as done in [4] ( see also [8] and Subsection 4.1 of the present paper)

leads in the case of a shell to the following inequality
o = Lall(z2(sx)-s.5m)8 + [Vav = Illz2(sx)-sopp0 < C(6Y2 + |ldist(Vov, SO(3))l]2(5x]-s.1))-

The first important consequence of the decomposition technique together with its estimates is the

following nonlinear Korn’s inequality for shells

C, ..
||7} - Id||(L2(S><]—6,6[))3 + ||va — IS||(L2(S><]—§,6[))9 < g||dzst(vzv, SO(?’))||L2(SX]—5,5D'

Another important technical argument involved in the proof of the above inequalities is the possible extension
of a deformation in a neighborhood of the lateral boundary without increasing the order (with respect to
§) of the strain energy. Indeed the two inequalities identify for energies of order §%/2 which is the first
interesting critical case. For smaller levels of energy, the second estimate is more relevant. We also establish

the following estimate for the linear part of the strain tensor
. 1 .
[Vavt(Vav) ' =2Ls | 1o g gs.spye < Clldist(Vav, SO(3))||L2(SX],5,5D{1+W||dzst(vzv, SO(3))\|L2(SX],5,5D}

which shows that ||dist(V,vs, SO(3))||r2(sx]—s.6) ~ 0°/% is another critical case. For such level of energy,
our Korn’s inequality for shells turns out to appear as an important tool. We have established and used the
analogue of these inequalities for rods in [4].

In the second part of the paper, we strongly use the results of the first part in order to derive the
asymptotic behavior of the Green-St Venant’s strain tensor. We focus on the case where the ”strain energy”
||dist(Vavs, SO(3))||p2(sx]-s,5)) is of order 6°71/2 (k > 2). The order 6%/ is the highest level of energy
which can be analyzed through our technique.

For ||dist(V,vs, SO(3))||r2(sx]-ssp) ~ 6%/%, we deduce the expression of the limit of the Green-St
Venant’s strain tensor from the decompositions, the associated estimates and a standard rescaling and the
result is the same using the two decompositions. In this case the limit deformation is pure bending but
the limit Green-St Venant’s strain tensor contains a field which measures the defect between the mean
deformation and a pure bending deformation.

For ||dist(Vzvs, SO(3))||L2(s5x]-s,5) ~ §"~1/2 with k > 2, the displacements of the fibers of the shell are
rigid displacements. To describe the limit behavior, we introduce the inextentional and extentional displace-
ments which correspond respectively to the bending and to a generalization of membrane displacements for a
plate. The value x = 3 is a critical case. For 2 < k < 3, the inextentional and extentional displacements are
coupled. If k > 3, the defect field mentioned above can be expressed in terms of the extentional displacement

(k > 3) and also of the inextentional displacement (x = 3).
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A byproduct of the decomposition technique and the derivation of the limit of the Green-St Venant’s
strain tensor introduced in this paper is a simplification of the obtention of limit elastic shell models through
I'- convergence (that we will present in a forthcoming paper).

As general references on the theory of shells, we refer to [5], [6], [7], [9], [10], [12], [16], [18], [19], [20].
The rigidity theorem and its applications to thin structures using I'-convergence arguments are developed in
[11], [12], [17], [18]. The decomposition of the deformations in thin structures is introduced in [14], [15] and
a few applications to the junctions of multi-structures and homogenization are given in [1], [2], [3].

The paper is organized as follows. Section 2 is devoted to describe the geometry of the shell and to give
a few notations. In Section 3 we introduce the two decompositions of the deformations of a thin shell and
we derive the estimates on the terms of these decompositions. We precise the boundary conditions on the
deformation and we establish a nonlinear Korn’s inequality for shells in Section 4. Section 5 is concerned
with a standard rescaling. We derive the limit of the Green-St Venant’s strain tensor of a sequence of
deformations such that ||dist(V,vs, SO(3))||L2(sx]—s.61) ~ §"~1/2 in Section 6 for x = 2 and in Section 7 for

Kk > 2. At last the appendix contains a few technical results on the interpolation of rotations.

2. The geometry and notations.

Let us introduce a few notations and definitions concerning the geometry of the shell (see [14] for a
detailed presentation).

Let w be a bounded domain in R? with lipschitzian boundary and let ¢ be an injective mapping from

w into R? of class C2. We denote S the surface ¢(@). We assume that the two vectors 8—(51,32) and
S1
8—¢(51, sg) are linearly independent at each point (s1, s2) € .
52
We set

0 0 ti At

(2.1) tlz—(b, t2:—¢, n=_———">2_
a B, e neal

The vectors t; and to are tangential vectors to the surface S and the vector n is a unit normal vector to this

surface. The reference fiber of the shell is the segment | — §, §[. We set
Qs =wx] —4,4].
Now we consider the mapping ® : @ x R — R3 defined by
(2.2) ® : (s1,89,83) — = P(s1,82) + s3n(sy, $2).

There exists & € (0,1] depending only on S, such that the restriction of ® to the compact set (s, =
W x [—00, dp] is a C1— diffeomorphism of that set onto its range (see e.g. [6]). Hence, there exist two constants

co > 0 and ¢; > ¢y, which depend only on ¢, such that
Vo € (0, oo, Vs € Qs,, co < |||[Vs®(s))||] < ¢1, and for z = ®(s) co < \||Vm<1>71(x))||\ <.
Definition 2.1. For § € (0,8], the shell Qs is defined as follows:
Qs = D(Qs).

The mid-surface of the shell is S. The lateral boundary of the shell is I's = ®(dwx] — 4, d[). The fibers of the
shell are the segments ®({(s1,s2)}x] — &,6[), (s1,52) € w. We respectively denote by = and s the running
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points of Qs and of 5. A function v defined on Qs can be also considered as a function defined on 25 which
we will also denote by v. As far as the gradients of v are concerned we have V,v and Vv = V,v.V® and

for a.e. x = ®(s)

AIVeo@)[I| < [[Vsv(s)ll] < CllIVzo(@)]l;

where the constants are strictly positive and do not depend on §.

Since we will need to extend a deformation defined over the shell Qs, we also assume the following.

For any 1 > 0, let us denote the open set

wy = {(s1,82) € R? | dist((s1,52),w) < n}.

We assume that there exist 179 > 0 and an extension of the mapping ¢ (still denoted ¢) belonging to (C?(wy, ))3

0 0
which remains injective and such that the vectors a—(b(sl7 s2) and a—d}(sl, s2) are linearly independent at
S1 S92

each point (s1,s2) € Wy,. The function ® (introduced above) is now defined on @, x [—do, o] and we still
assume that it is a C!— diffeomorphism of that set onto its range. Then there exist four constants cg), cll, ¢
and C" such that

(2.3) {Vsewnox[—ao,m, co < [[IVs®(s)l[| < ey, and for @ =d(s) ¢y < [[|[V.2 7 (@)[|| < ¢;
NIVar@)| < [Vl < CIVav@)ll,  for ae. = &(s).

At the end we denote by I the identity map of R3.

3. Decompositions of a deformation.

In this Section, we recall the theorem of rigidity established in [11] (Theorem 3.1 of Section 3.1). In
Subsection 3.2 we recall that any deformation can be extended in a neighborhood of the lateral boundary
of the shell with the same level of ”"energy”. Then we apply Theorem 3.1 to a covering of the shell. In
Subsections 3.4 and 3.5, we introduce the two decompositions of a deformation and we established estimates
on these decompositions in term of ||dist(V,v, SO(3))]| 2.

3.1. Theorem of rigidity.

We equip the vector space R™*™ of n x n matrices with the Frobenius norm defined by

n o n
> lail

i=1 j=1

A= (aij)1§i7j§n7 Al =

We just recall the following theorem established in [11] in the version given in [4].

Theorem 3.1. Let Q be an open set of R™ contained in the ball B(O; R) and star-shaped with respect to the
ball B(O; Ry) (0 < Ry < R). For any v € (Hl(Q))n, there exist R € SO(n) and a € R™ such that

(3.1) { [[Vav = R|(p2(q)ynxn < C||dist(V,v; SO(n))|| 120

||1} —a-— RzH(LQ(Q))" < OR||dzst(va, SO(H)) ||L2(Q)7

R

where the constant C' depends only on n and R
1

3.2. Extension of a deformation and splitting of the shell.

In order to make easier the decomposition of a deformation as the sum of an elementary deformation

given via an approximate field of rotations (see Subsection 3.4) or a field of rotations (see Subsection 3.5)
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and a residual one, we must extend any deformation belonging to (H 1 (Q(;))3 in a neighborhood of the lateral
boundary I's of the shell. To this end we will use Lemma 3.2 below. The proof of this lemma is identical to
the one of Lemma 3.2 of [14] upon replacing the strain semi-norm of a displacement field by the norm of the

distance between the gradient of a deformation v and S0(3).

Lemma 3.2. Let § be fized in (0, 0] such that 36 < no and set
Q5 = (wssx] — 4, 8)).
There exists an extension operator Ps from (Hl(Qg))3 into (Hl(Q:;))3 such that
woe (H(Qs)",  Ps(v) e (HYQ)) .  Ps(v),, =,
1dist (Vs Ps(v), SOB))lI 2(gy) < elldist(Vav, SOB))llz2(2s).

with a constant ¢ which only depends on Ow and on the constants appearing in inequalities (2.3).

Let us now precise the extension operator Pjs near a part of the boundary where v = I;. Let 7y be an
open subset of dw which is made of a finite number of connected components (whose closure are disjoint).

Let us denote the lateral part of the boundary by
Lo = ®(y0x] —6,0]).
Consider now a deformation v such that v = Iy on I'g 5. Let 'y(l),(; be the domain
o5 = {(51,52) € 0 | dist((s1,52), Eo) > 36}

where Fjy denotes the extremities of vy. We set

QL = B({(s1,52) € (w5 \ @) | dist((s1,52),70.5) < 36}+x] — 6,5,
Q5 = ({(s1,52) € wss | dist((s1,s2),70) < 66} x] — 4,6]).

Indeed, up to choosing §y small enough, we can assume that Q% has the same number of connected compo-
nents as 9. The open set Q% is included into Q; \ Qs. According to the construction of Ps given in [14], we

can extend the deformation v by choosing Ps(v) = I, in Q} together with the following estimates

(32) { IVaPs(v) = I3[l (12 (02))s < Clldist(Vav, SO(3))l|12(;)
1P5(0) = Tall 2@y < COlldist(Vav, SO3))l12(ay).

From now on we assume that 36 < 19 and then any deformation v belonging to (HI(QZ;))3 1s extended

to a deformation belonging to (Hl(Q;))g which we still denote by v.

Now we are in a position to reproduce the technique developed in [14] in order to obtain a covering of
the shell (the reader is referred to Section 3.3 of this paper for further details). Let A be the set of every
(k,1) € Z? such that the open set

W, (k,1) =lkd, (k + 1)d[x]lo, (I+)4]
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is included in wss and let Nél be the set of every (k,l) € Ns such that
((k+1)8,19), (kd,(I+1)d), (k+1)6,(l+1)0) arein N.

We set Qg’(k’l) = Ws,(k,1) X] — 9, (5[

By construction of the above covering, we have

w C U 55_’(]671).
(k,)EN]

According to [14], there exist two constants R and R;, which depend on w and on the constants cé), cll, ¢
and C (see(2.3)), such that for any § < (0,70/3] the open set Qs 1) = ®(2s,(1,1)) has a diameter less than
R§ and is star-shaped with respect to a ball of radius R;4.

As a convention and from now on, we will say that a constant C which depends only upon Ow and on

the constants cé, cll, ¢ and C' depends on the mid-surface S and we write C(S).

Ro
Since the ratio i of each part Qs (1) does not depend on ¢, Theorem 3.1 gives a constant C(S). Let
1

v be a deformation in (H'(Q;))? extended to a deformation belonging to (H'(Qy))?. Applying Theorem 3.1
upon each part Qs (1) for (k,1) € N, there exist Ry (1) € SO(3) and ag ;) € R3 such that

33) { IVav = R k| (£2(Q5, 0. )22 < C(9)||dist(Vav; SO3))|IL2(05. 110
v = as k1) — R 1) (7 = ¢k, 10)) || (£2(05 112 < C(S)R(S)d||dist (Vv SO3))|12(05 41y

For any (k,l) € Nj such that (k+ 1,1) € N, the open set Q;’(k’l) = ®(|(k + 1/2)6, (k + 3/2)d[x]id, (I +
1)0[x] — 6, 0[) also have a diameter less than R(S)d and it is also star-shaped with respect to a ball of radius
R1(S)d (see Section 3.3 in [14]). We apply again Theorem 2.1 in the domain Q:l(lul)' This gives a rotation
R:s,(k,l)' In the domain Q:;,(k,l) N Q5. (k1) We eliminate Vv in order to evaluate |||R; ;) — R;)(k)l)|\|. Then
we evaluate |[|Rg, (541, — R;,(k,l) ||. Finally it leads to

c(s ) .
(34)  [IIRs,k+1,0) — R el < 5§/2) {IIdist(Vov; SOB) N L2(0s, ) + 1dist(Vev; SOB)) 1205 sr) }-

In the same way, we prove that for any (k,[) € N5 such that (k,l 4+ 1) € N5 we have

c(s), .. .
(35) R k101) = Rawnlll < 575 {Ildist(Vov; SOB)) 2225 1.0 + ldist(Vorv; SOB)Ilr2(@s ipn) }

3.3. First decomposition of a deformation

In this section any deformation v € (H 1(Q(;))3 of the shell Qs is decomposed as

(3.6) v(s) = V(s1, 82) + s3Ra(s1, s2)n(s1, $2) + Ta($), s € Qs,

where V belongs to (Hl(w))s, R, belongs to (Hl(w))3X3 and U, belongs to (Hl(Qg))3. The map V is
the mean value of v over the fibers while the second term ssR,(s1,s2)n(s1,s2) is an approximation of
the rotation of the fiber (of the shell) which contains the point ¢(s1,$2). The sum of the two first terms

V(s1,82) + s3Ra(s1, $2)n(s1, s2) is called the elementary deformation of first type of the shell.
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The matrix R, is defined as the Q1 interpolate at the vertices of the cell ws 1,1y =]kd, (k+1)d[x]ld, (I+1)d[
of the four elements R (1), Rs (k+1,1), Re,(k,141) and R (x41,41) belonging to SO(3) (see the previous
subsection). We can always define paths in SO(3) from R (1) t0 Re,(k+1,1), R, (k1) 10 R (k,141)> R (k+1.0)
to R (k+1,141) and Ry (x,141) t0 Re,(k41,141)- That gives continuous maps from the edges of the domain w; (1 1
into SO(3). If it is possible to extend these maps in order to obtain a continuous function from ws ;) into
SO(3), then it means that the loop passing trough R (1,1), Re,(k+1,1)» R, (k+1,141) and R (5141) is homotopic
to the constant loop equal to Ry (). But the fundamental group m1(SO(3), Rs (k) is isomorphic to Zso
(the group of odd and even integers), hence the extension does not always exist. That is the reason why we
use here a Q1 interpolate in order to define an approximate field R, of rotations. In the next subsection we
show that if the matrices Rs r41,1), Rs,(k41,141) and Ry (r141) are in a neighborhood of Rg (x,) then this

extension exists and we give in Theorem 3.4 a simple condition to do so.

Theorem 3.3. Let v € (Hl(Q(;))S, there exist an elementary deformation (of first type) V + s3Rqn and a
deformation U, satisfying (3.6) and such that

[Ballize sy < Colldist(Vav, SOG) |1y

||Vsﬁa”(L2(Qé))9 < C||di8t (Vzv,50(3 >||L2(Q5)

||dist(Vav, SO(3))||L2(05)

H 8sa (L2(w)® — 63/2

Has (L2(w)3 — 51/2||d28t(v v SO( ))”LZ(Qs)

|Vav — Ra||(L2(Q§))9 < C||dist(Vov, SO3))||12(0s)

| dist(Ra, SOB3))|| 12w < 51/2||dzst(V 0, SO(3))||12(ay)

where the constant C' does not depend on 9.

Proof. The field V is defined by

1 6
(3.8) V(s1,82) = 2—5/ v(s1, $2,53)dsg, a.e. in w.
-5

Then we define the field R, as following
V(k,1) € Ns, R (k0,16) = R (k.1

and for any (s1,s2) € Ws,(k,1), Ra(s1,52) is the @y interpolate of the values of R, at the vertices of the cell

W, (k,1)+
Finally we define the field 7, by

Ta(s) = v(s) — V(s1, $2) — ssRa(s1, s2)n(s1, $2) a.e. in Q.

From (3.4) and (3.5) we get the third estimate in (3.7). By definition of R, we obtain

c ..
(39) Z ||Ra - Rfs,(k,l)||%L2(w5,(k,l)))9 < KHdzst(va, 50(3)”‘%2(@5)
(k,)EN]

Taking the mean value of v on the fibers and using definition (3.8) of V lead to

(3.10) Z IV — as, k1) — R (k1) (¢ — DK, l5))||%L2(ka,”))3 < Cé|dist(V v, SO3))|72(0,)-
(k,)EN]
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From (3.3), (3.9), (3.10) and the definition of T, we get the first estimate in (3.7).

We compute the derivatives of the deformation v to get

0
(3.11) a—svl — V0 (b1 + 53

on @ =V,v (t2 + s3

7) ov
381 ’ 882

on — =V,vn.

o) os
We consider the restrictions of these derivatives to 5 ;). Then, from (3.3) and (3.9) we have

v 8n
(3.12) H@ R (b + 537

< C||dist(V40,50(3))[172(0,)-

’ L2(95)) H@s;», Ran ‘(L2(Q NE

0 0
By taking the mean value of a—v -R, (ta + 83 8—n) on the fibers we obtain the fourth inequality in (3.7).
Sa Sa
Observe now that

07, v 2% On IR, Jv, Ov
=——-——-s53R,7——5 =

s,  0sq  0Osq 050 > 054 o Ds3  Os3 ~Ron.

(3.13)

Then, from (3.12) and the third and fourth inequalities in (3.7) we obtain the second estimate in (3.7). The
fifth inequality in (3.7) is an immediate consequence of (3.3) and (3.9). The last estimate of (3.7) is due to
(3.4), (3.5) and to the very definition of the field R,. O

Since the matrices Ry, (1) belong to SO(3), the function R, is uniformly bounded and satisfies
HR<LH(L°°(w))9 < \/§
Let (k,l) be in N5. By a straightforward computation, for any (s1,s2) € ws, %,y we obtain

[[Ra(s1, s2)RY (s1,82) — Is||| < C{|IIRs,(5.0) — R i1 || + [ Rs,6.0) — R i)l
1R, 1,141) — R (k1,04 )+ 1R, (k11,0) — Ra 104011
|det (Rq(s1,52)) — 1] < C{|[|IRs,(k.0) — R, k1.0l + [ Re,(6.0) — R, (1)l

IR, (kt41) — R, (k1,040 1| + [ R, 641,00 — R 04015

where C' is an absolute constant. Hence, from (3.4) and (3.5) we deduce that

- HRR—Jﬂm@P_&MWWVUﬂxmm@w
3.14
1det(Ra) ~ |z < 5175 ldist(Vv, SOB)lz2 ey

3x3

Notice that the function R,R? belongs to (H'(w)) and satisfies

H OR,RT

(3.15) o

||dist(V v, SO(3))

(L2w))° 53/2 G

3.4. Second decomposition of a deformation.

In this section any deformation v € (H 1(Q5))3 of the shell Qs is decomposed as

(3.16) v(s) = V(s1, s2) + s3R(s1, s2)n(s1, s2) + 0(s), s € Qs,

8
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where V belongs to (Hl(w))s, R belongs to (Hl(w))3X3 and satisfies for a.e. (s1,s2) € w: R(s1,52) € SO(3)
and v belongs to (H 1(Q5))3. The first term V is still the mean value of v over the fibers. Now, the second
one s3R(s1,82)n(s1, s2) describes the rotation of the fiber (of the shell) which contains the point ¢(s1, $2).
The sum of the two first terms V(s1, s2) + s3R(s1, s2)n(s1, s2) is called the elementary deformation of second
type of the shell.

Theorem 3.4. There exists a constant C(S) (which depends only on the mid-surface S) such that for any
v E (Hl(Q(;))3 verifying

(3.17) ||dist(V4v, SO(3))|| 120y < C(S)5%/2

then there exist an elementary deformation of second type V + ssRn and a deformation U satisfying (3.16)
and such that

||6||(L2(Q(;))3 < CéHdzst(va SO(?)))H[;(QJ)
IVl (r2(05))e < Cl\dwt(v v, SO(3))Ir2(0y)

(3.18) | % dist(V v, SOB))] |12 0y

(L2(w))® — 53/2
|2 R = 500
V20 = R| 20,0 < Clldist(Vo0, SO(3))|£2(s)

where the constant C' does not depend on 9.

Proof. In this proof let us denote by C7(S) the constant appearing in estimates (3.4) and (3.5). If we

assume that

V201(9)

(3.19) =

Idist(V,0: SOB)) 20 <

l\D\»—l

then, for each (k,1) € N we have using (3.4) and (3.5)

l\D\>—~

[R5,k 141) — R, eyl <

N |

[R5, (k+1,0) — R, ey Il <

Thanks to Lemma A.2 in Appendix A there exists a function R € (W1 (w))3X3 such that for any (s1, s2) € w
the matrix R(s1, s2) belongs to SO(3) and such that

V(k,1) € N, R (k0,10) = Ry (-

From (3.4), (3.5) and Lemma A.2 we obtain the estimates (3.18) of the derivatives of R. Due to the corollary

of Lemma A.2 we have

| dist (Vav; SO(3)) || 12(0y)-

C
(3.20) IR =~ Rallzzwye < 577

All remainder estimates in (3.18) are consequences of (3.7) and (3.20). O
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4. Two nonlinear Korn’s inequalities for shells

In this section, we first precise the boundary conditions on the deformations. We discuss essentially
the usual case of the clamped condition on I'ys (see Subsection 3.2). In Subsection 4.1, we deduce the
first estimates on v and Vv. Then we show that the elementary deformations of the decompositions can be
imposed on the same boundary than v. The main result of Subsection 4.2 is the Korn’s inequality for shells
given.

Let v be in (H*(Qs))? such that

Due to the definition (3.3) of V, we have
(4.1) V=¢ on 7.

4.1. First H'- Estimates

Using the boundary condition (4.1), estimates (3.7) or (3.18) and the fact that ||Ra||(ze () < V3 and
[IR| (L0 (w))sxs < V3, it leads to

1 .

With the help of the decompositions (3.6) or (3.16), estimates (3.7) or (3.18) and (4.2) we deduce that

lollizsc@a + 310 = Vllaaa + IVatllzaauye < (672 + lidist(Vav, SO@)lzs(an )
The above inequality leads to the following first ”nonlinear Korn’s inequality for shells”:
(4.3) lv = Tall(z2(0s))2 + [IVav = Isll(£2(0s))0 < 0(51/2 + [|dist(Vgo, 50(3))||L2(Qa)>
together with

(0= 1a) = V= D)llzc@uye < C3(3"/2 + |ldist(Vov, SO(3)lz2(ay) ).

Let us notice that inequality (4.3) can be obtained without using the decomposition of the deformation.

Indeed, we first have

[[|Vo(z)||| < dist(Vo(z), SO(3)) + /3, for a.e. x

so that by integration
IVevlliza(ny < C (872 + |[dist(V.v, SO())llz2(e) )-

Poincaré’s inequality then leads to (4.3). This is the technique used to derive estimates in [13].

4.2. Further H'- Estimates

In this subsection, we derive a boundary condition on R, and R on 7y using the extension given in
Subsection 3.2. We prove the following lemma:
Lemma 4.1. In Theorem 3.3 (respectively in Theorem 3.4), we can choose R, (resp. R) such that

R, =13 on v, (resp. R =13 on ),

10
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without modifications in the estimates of these theorems.
Proof. Recall that 767 5 Q}; and Q§ are defined in subsection 3.2. We also set

Q3 = ®({(s1,52) € was | dist((s1,52),70) < 36} x] — 6, 6])

Let us consider the following function

. 1 .
ps(s1, 82) = inf {1,sup (O, gdzst((sl, $2),%0) — 1)}7 (s1,82) € R2.

This function belongs to W1°°(R?) and it is equal to 1 if dist((s1,52),70) > 60 and to 0 if dist((s1, $2),70) <
34. Let vs be the deformation defined by

v5(s) = ¢(s1,52) + s3n(s1, s2) + ps(s1, 82)(”(5) — ¢(s1,52) — s3n(sy, 52)) for a.e. 5 € wasx]| —4,0].
By definition of vs, we have
vy =V in Q;\Q%, vs = Iy in Q3.

Recall that v = Iy on Q}. Since the L>-norm of ps is of order 1/6 and the two estimates in (3.2) lead to

) IVav = Vs 12 (1)) < Clidist(Vav, SOB))||2(2y)
||U — véH(L?(Q;))?’ < C’5||dist(Vzv, SO(3))||L2(95).
Hence
(4.5) { ||dist(Vovs, SOB)) 120y < Ve = Vavsll g2 g1y + [[dist(Vav, SOE))|| L2 ()
S CHdiSt(vEU, SO(3))|‘L2(95)

where the constant does not depend on 6.

Since vs = I in 9%, the R,’s and the R’s given by application of Theorem 3.3 or 3.4 to the deformation
vs are both equal to I3 over 7. Estimate(3.7) and (3.18) of these theorem together with (4.4)-(4.5) show
that Theorems 3.3 and 3.4 hold true for v with R, = I3 and R = I3 on ~p. O

The next theorem gives a second nonlinear Korn’s inequalities, which is an improvement of (4.3) for
energies of order smaller than 6/2 and an estimate on v — V which permit to precise the scaling of the

applied forces in Section 7.

Theorem 4.2. (A second nonlinear Korn’s inequality for shells) There exists a constant C which does not
depend upon & such that for all v € (Hl(Q(;))3 such that v=1I4 on Ty

c, ..
(46) o= Tull(z2(@pys + 11V = Tallaacone < lldist(Vov. SOl 120,
and
(4.7) (v =1a) = (V= d)ll(z2(05))2 < Cl|dist(Vzv, SO(3))|L2(05)

where V is given by (3.8).

11
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Proof. From the decomposition (3.6), Theorem 3.3 and the boundary condition on R, given by Lemma 4.1,

the use of Poincaré’s inequality gives

C .
IR = Tsllrwie < 5371ldist(Vev, SOG))llzz(os)

I, -

(4.8)

c .
o (gauyys = g7z 145H(Var, SOB))ll2(0s)

o¢

Using the fact that t, = D5
Sa

and the boundary condition (4.1) on V, it leads to

C )
1V = 9ll(L2w)ys < Wﬂdwt(vwv, SO3)z2(0s-

Using again the decomposition (3.6) and Theorem 3.3, the above estimate implies that v — I; satisfies the
nonlinear Korn’s inequality (4.6). At last the decomposition (3.6), which implies that (v — Iz) — (V — ¢) =
(Rq —I3)s3n + g, the first estimate in (3.7) and (4.8) permit to obtain (4.7). O

Let us compare the two inequalities (4.3) and (4.6). Indeed they are equivalent for energies of order
§3/2. For energies order smaller than §%/2, (4.6) is better (4.3) which is then more relevant in general for
thin structures.

The decomposition technique given in Section 3 also allows to estimate the linearized strain tensor of

an admissible deformation. This is the object of the lemma below.

Lemma 4.3 There exists a constant C which does not depend upon & such that for all v € (Hl(Qg))3 such
that v =14 on Ty

. 1
(4.9) [IV2v + (Var)” = 2| 2 o,))0 < Clldist(Vav, SO(3)) 205 {1 + 575 ldist(V.o, SO(3))lIr2(0 }-

Proof. In view of the decomposition (3.6) and Theorem 3.3 we have

(4.10)  ||Vav + (Va0)T — 213||(L2(95>)9 < C||dist(V4v,80(3))||2(05) + C6'/?| R, + RE — 213H(L2(w))9.

Due to the equalities
R, + R - 2I; = R,R,R] + RY - 2R,R! + R, (I; - R,R]) + 2(R,R] — 1))
= (R, — I3)’RT + R, (I3 — R,RY) + 2(R, R} — I3)
and to the first estimate in (3.14), it follows that
T 2 c .
(4.11) HRa + R, — 2ISH(L2(w))9 < CH(Ra - Ig) H(L2(w))9 + m”dlst(vzﬂ), SO(3))|‘L2(95).

Since |[(Ra — I3)?[|(22(w))e < C||Ra — I3H(2L4(w))9 and the fact that the space (H! (w))3X3 is continuously
imbedded in (L4(w))3X3, we deduce that

c .
(4.12) I(Ra = I3)*[| 22wy < g\ldlsf(vxvv50(3))H2L2<Q5)-

From (4.10), (4.11) and (4.12) we finally get (4.9). O

12
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Remark 4.4. In view of (3.7) and since the field R, belongs to (L>(w))3*3, the function (R, — I3)?
belongs to (Hl(w))gXd with

IR, —I5)?
Hu (|dist(V2v,SO(3))||r2(0s)-

054 H(LZ( Nne 63/2

||dist(Vv, SO(3))||12(0s) Which gives together with

. C
Hence, with Lemma 4.1, ||(R, — I3)? ll(z2(w)ye < 552

(4.10)-(4.11)

[Vav + (Vov)© Hdzst(V v,50(3))|22(0s)-

213“ L2(Qs ))9 =7
Notice that the above estimate is worse than (4.9) at least as soon as the energy is smaller than §'/2. O

Let us emphasize that in view of estimates (3.7)-(3.18), (4.3) and (4.9) one can distinguish two critical
cases for the behavior of the quantity ||dist(V,v, SO(3))||12(0y)

0(8%),

||dzst(vm’0,50(3))||L2(Q5) = {0(55/2)

Estimates (4.2)-(4.3) show that the behavior ||dist(V,v, SO(3))||12(g5) ~ O(6'/?) also corresponds to an
interesting case, but the estimates (3.7) and (4.8) show that the decompositions given in Theorems 3.3 and
3.4 are not relevant in this case which, as a consequence, must be analyzed by a different approach.

In the following we will describe the asymptotic behavior of a sequence of deformations vs which satisfies
||dist(Vevs, SO(3))||12(05) ~ 06" 12), Kk > 2.

5. Rescaling Q5

As usual when dealing with a thin shell, we rescale (25 using the operator
(Ilsw)(s1, 82, S3) = w(s1, s2, s3) for any s € Qs

defined for e.g. w € L%(€)s) for which (Ilsw) € L?(£2). The estimates (3.7) on 7, transposed over © lead to

[MIsVal|(r2(0)s < C51/2||di8t(v v, S0(3))[|22(Qs)

Hag: (22 < 51/2||dzst(v 0, 50(3))||2(05)
(5.1) Ha;: (L2 < 61/2||dzst(v v,S0(3))||£2(0s)

155 s < €82 dist (7.0, SO 1200

and estimates (4.6) on v — I give

s~ La)llzaays < orgldist(Vov, SOE) 122y
61_[5 vV — 1yg .

H—%ﬁ—%mmwsﬁﬁmmw%ammm@>

(5.2)

81‘[5(1} - Id)

||T||(L2(sz))3 < 53/2||Chst(v v, 50(3))||L2(0y)
61_[5 v — Id .

1 I o < s laist (V20 SOG) |22,

13
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6. Asymptotic behavior of the Green-St Venant’s strain tensor in the case » = 2.

Let us consider a sequence of deformations vs of (H 1(Q(;))3 such that
(6.1) [dist(V 405, SO(3)) |12 0y < CFY/2.

For fixed § > 0, the deformation vs is decomposed as in Theorem 3.3 and the terms of this decomposition
are denoted by Vs, R,s and T, 5. If moreover the hypothesis (3.17) holds true for the sequence vs, then vs
can be alternatively decomposed through (3.16) in terms of Vs, Rs and 75 so that the estimates (3.18) of
Theorem 3.5 are satisfied uniformly in §.

In what follows we investigate the behavior of the sequences Vs, R, s and 7, 5. Indeed due to (3.20) all
the result of this section can be easily transposed in terms of the sequence R;s and the details are left to the
reader.

The estimates (3.7), (5.1) and (5.2) lead to the following lemma.

Lemma 6.1. There exists a subsequence still indexed by § such that

Vs — V  strongly in (Hl(w))S,

R,s = R weakly in (Hl(w))3X3 and strongly in (L2(w))3xg,

62) %Hﬁaﬁéﬁ weakly in (L2(W;H1(_1a1)))37
5 (RERas — 1) =0 weaktyin - (12) ™"

where R belongs SO(3) for a.e. (s1,82) € w. We also have V € (HQ(W))S and

v

6.3 — = Rt,.

(6.3) 084 '

The boundaries conditions

(64) V= ¢7 R = I3 on 7o,

hold true. Moreover, we have

(6.5) [lsvs — V' strongly in (Hl(Q))g,
' I5(V,vs) — R strongly in (LQ(Q))Q.

Proof. The convergences (6.2) are direct consequences of Theorem 3.3 and estimate (4.8) excepted for
what concerns the last convergence which will be established below. The compact imbedding of (H 1(w))3Xd
in (LA‘(w))?’X3 and the first convergence in (6.2) permit to obtain

(6.6) R,s — R strongly in (L4(w))3X3,
. det(

R, ;) — det(R) strongly in L*3(w).

14
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These convergences and estimates (3.14) prove that for a.e. (s1,s2) € w: R(s1,52) € SO(3). The relation
(6.3) and (6.4) and the convergences (6.5) are immediate consequences of Theorem 3.3 and of the above

results. We now turn to the proof of the last convergence in (6.2). We first set

R.s(s1,52) :Ra5(5{ﬂ],5[8—2]) a.e. in w
’ ’ ) 0

where [t] denote the integer part of the real ¢. From (3.4), (3.5) and (6.1) we have
(6.7) IRa,s — Rasll(12(0)exs < C6.
From (6.6) and the above estimate, we deduce that

= . 2 3x3
(6.8) R,s — R strongly in (L*(w))" .

1 _

Now we derive the weak limit of the sequence g(Ra,g —R,;). Let @ be in C5°(2)**? and set M;(®)(s1, 52) =

/ @(5 [8—1} + 219, 6[8—2} + zgd) dz1dzy for a.e. (s1,82) in w. We recall that (see [2])
]0 1[2 5 (S

(® — Ms(®)) =0 weakly in (LQ(w))3X3

SN

Ms(®) — @ strongly in (LQ(w))?)XS

We write

1
5)P
/w 5(Ra5

/Ra,a (@ - M5(<I>))+/ ;(Raﬁ_ﬁa,é)Mé(q))

OR.; OR.
/RM (@ — My(®)) + /( 8516+ 68275)M5(<I>)+K5

where |Ks5| < C4||VR,,
(6.2) and (6;4), we deduce from the above equality that

())#x3 || V|| (L2 (wyysxs. In view of the properties of M;(®) recalled above, of

1 ~ 1/0R OR
E(Ra,é - Ra,é) 5 <8781 + 8782

) weakly in (LQ(w))gxg.
In order to prove the last convergence of (6.2), we write

1 1/~ ~ ~ ~ ~ ~
<RI Ras — 1) = 5 (R (Ras = Rus) + (Ras = Ras) Ras + (Ras — Ras) (Ras — Ras))
and we use estimates (3.14) and (6.7), the strong convergence (6.8) and the above weak convergence. O

The following Corollary gives the limit of the Green-St Venant’s strain tensor of the sequence v;.

Theorem 6.2. For the same subsequence as in Lemma 6.1 we have

(6.9) %HJ((VIUJ)TVIW —1I3) = (t1|t2[n) TE(t: [t2 [n) " weakly in (L*(2))°,

where the symmetric matriz B is equal to

R R 1 0v 1
Sga n- Rtl + Zl Rtl Sga n- Rtg + = {ZQ Rtl + Zl Rtg} . Rtl —+ *Zl -Rn

0s1 0s1 5 2%6‘3 2

R 1 ov 1
6.10 Ss—n-Rts + Z5 - Rt -— Rt -Z-R
( ) * 383211 2+ 22 2 295, 8724—2 2 -

15
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and where (t1 |ta|n) denotes the 3 x 3 matriz with first column t1, second column ts and third column n
and where (t1 [t2[n)~7 = ((t1]t2 |n)*1)T
Proof. First from estimate (3.7), equalities (3.13) and the convergences in Lemma 6.1, we obtain

1 OR . 2 3

5 (H(;(va(;) - R, 5) Sga—n + Z, weakly in (L (Q)) ,

[0

1 v
5 (I5(V.05) = Ry 5)n = a—; weakly in  (L2(2))”.

Then thanks to the identity

1
fng((vxu(;)Tvm —-I;) = fng((v vs — Ras)" (Vavs — Rays)) + ==RE 5115(Vavs — Rays)
26 25 20
1 b
T T
+ 25H5(V vs —Rgs) Ras + %(RW;RMS —1I3)
and again to estimate (3.7) and Lemma 6.1 we deduce that
1 T JR 0o
gné((vaé) Vavs —I3) —(t1 [t2 |n)~ (Sgafn +2 \53 Il + 2 8753) R
(6.11) _ | o )
+R (533 1n+Z1\538 n+Zz|8S (t1[t2|n)~"
weakly in  (L'(2))°.
Now remark that
R R
6.12 —n-Rty=_—n- Rt
( ) 951 n-nty = D55 n-nt;.
. . . T . T 8 aRT
Indeed, deriving the relation R* R = I3 with respect to s, shows that R D5, + 95 R = 0. Hence, there
R [e3%
exists an antisymmetric matrix field A, € L?(w;R3*3) such that g— = RA,. Moreover there exists a field
Sa
a, belonging to (L? (w)) such that
VxE]RS, A,z =a, Nz
. . OV . .
Now we derive the equality e Rt with respect to sg and we obtain
Sa
0%V JR ot, 9?¢
= —t, — =RA3t, +R .
0s.0sg  Osg * 0s3 Blat 05,053

It implies that Ajte = Aoty from which (6.12) follows. Taking into account the definition of the matrix E,
convergence (6.11) and the equality (6.12) show that (6.9) holds true. O

Remark 6.3. There exists a constant C such that

(Haz“ Ros|

With the same notation as in the proof of Theorem 6.2, we have

Rt’

n- RtQH

)

H831 H (L2(w))® H 0sq ll( L2(w) + H 059 + H 681

2
H H(Lz(w))g = [[Aall(zawyo = 2laallfeawye-

16
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Recalling that a; At = as A t1, we obtain a, - n = 0 and then

2
[l = oo s = ool = 55 lno

Remark. It is well known that the constraint g—:l = Rt; and % = Rty together the boundary
conditions are strong limitations on the possible deformation for the limit 2d shell. Actually for a plate or as
soon as S is a developable surface, the configuration after deformation must also be a developable surface.
In the general case, it is an open problem to know if the set V,,;;, contains other deformations than identity

mapping or very special isometries (as for example symetries).
7. Asymptotic behavior of the Green-St Venant’s strain tensor in the case « > 2.

Let us consider a sequence of deformations v;s of (H 1(Q(;))3 such that
(7.1) ||dist(V s, SOB3))|| 1205y < CO"~ 2, with & > 2.

We use the decomposition (3.16) of a deformation and the estimates (3.18) of Theorem 3.4. These estimates

and the boundary condition (Lemma 4.1) lead to the following convergences:
Rs — I3 strongly in (Hl(w)) ,
(7.2) mw%¢%mmm(mm)
II5(Vyvs) — I3 strongly in (LQ(Q))
In view of these convergences, we now study the asymptotic behavior of the sequence of displacements
belonging to (Hl(Q(;))3

us(z) = vs(x) — .
Due to the decomposition (3.16) we write
(7.3) us(S) ZU5(S1782)+83(R5 —Ig)(sl,SQ)n(ShSQ)+5§(8)7 s € Qs,
where Us(s1,52) = Vs(s1,52) — (51, 52).

Thanks to the estimates (3.18) we obtain the following lemma:

Lemma 7.1. There exists a subsequence still indexed by & such that

5oz (R5 —I3) =~ A weakly in (Hl(w))9 and strongly in  (L? (w))g,
pr= 21/{5 — U strongly in (H' (w))g7
(7.4) 1 s
5—}{1‘[5@5 — 7 weakly in (L*(w; H'(-1,1)))",
1 8[/[5 . 2 3
(E — (Rs — Ig)ta) Z, weakly in  (L*(w))",
and
T U strongly in  (H*(Q))?
go—z otts — strongly in  ( ))°,
(7.5)

1

WH(;(VJCU(;) — A strongly in  (L*(Q))°

17
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where A € (H'(w))?, U € (H'(w))?, v € (L*(w; H' (-1, 1)))3 and Z, € (L?(w))3. Moreover, we have

ou

a5 Atow
054

(7.6) Uu=0, A=0 on Yo, and
and U € (HQ(w))‘3
We now show that the matrix A is actually an antisymmetric matrix. Using the first convergence in

(7.2) and the first convergence in (7.4) we get

1

3Ix3
§r—2 '

RY(Rs —I3) = A weaklyin (H'(w))

The matrix Ry belongs to SO(3), hence R(;T (R[; - Ig) = I3 — R5T. It follows that the matrix A is an
antisymmetric matrix. There exists a field R € (Hl((,u))3 (with R = 0 on o due to (7.6)) such that for all

z € R3 we have
(7.7) Az =R Az

From (7.6) and the above equality we obtain

ou
(7.8) D5 R A tq.

7.1. Inextensional and extensional displacements of the shell.

Now we define the inextensional displacements and extensional displacements sets of the mid-surface of
the shell. We set

1 1
HVO:{UGH(w)M:O on 70}.

We equip (HJ, (w))S with the following inner product:

ou oV oU oV
VU € (1, @) x (1, @) <vv>= [ [F5. 204 25 20,

For any U € (H*(w))? we set

2.

oUu 10U oU oUu
611(U)=871-t17 612(U)=§{8—Sl-t2+8—82~t1}, 622(U)=8782'

The spaces of inextentional and extensional displacements are respectively defined by
3 1
Dy, = {U € (H) ()" |en(U) = e1a(U) = exn(U) = 0} Dy = (D)™

where (Dln)J' is the orthogonal of Dy, in the space (H;O (w))g. For all U € Dy, there exists a unique field
R e (LQ(w))B such that
oUu oUu

= =R Aty = =R Ats,
881 ! 682 2

and {R | U € Dy, } is a closed subspace of (L2(w))3.

18
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We equip Dg, with the norm

(7.9) VU € Dy, (Ul = J e @)1y + ler2@) 22y + le22@)llza(.y-

Generally, Dg, is not a Hilbert space. We denote by Dg, a Hilbert space in which Dg, is a dense subspace.
In the general case an element belonging to Dg, is neither a function nor a distribution. If a sequence
{Un}’nEN converges to U € Dg,, the sequences {ell(Un)}’rLGN’ {612(Un)}neN and {622(Un)}n€N strongly
converge in L?(w) and their limits depend only on U. That is the reason why we will denote these limits
e11(U), e12(U) and e22(U). But notice that we use here improper notations because the element U has not
always derivatives in the distribution sense.

If the shell is a plate, we have ¢(s1,82) = (81, $2) hence t; = e1, to = e3 and n = e3. In this case the
extensional displacements are the membrane displacements and the inextensional displacements have the
form Uses where Uz is the bending. We have Dg, = Dg, = (H}m (w))2 and due to Korn’s inequality in

(H2, (w))Q, the norm || - || g, is equivalent to the H! norm on Dp,.

7.2. Limit of the Green-St Venant’s strain tensor for « > 2.

We consider the sequence vs introduced in Section 7 which satisfies ||dist(V,vs, SO(3))||r2(0,) <
C8%1/2 and the associated displacement us = vs — I.

We write the displacement Us of the mid-surface as the sum of an inextensional displacement and an

extensional one as in Section 6
(7.10) Us =Urs+Ugs  Urs € Drn, Ugs € Dpe.

We first give the estimates on Uy s and Ug s in the following lemma.

Lemma 7.2. We have
(7.11) 1UL6 [l (1 0yys S CO72% NUBsl gaguyys CO°72 Upsllpe < C8"7H(1+677).

The constants do not depend on 6. Then, we can choose the subsequence in Lemma 7.1 such that

1 .
(SK—_QUL(; —~U weakly in  (H'(w))?
(7.12) 1
WUE"S —0 weakly in  (H'(w))?
and moreover
. 1 .
if2 <k <3, (52”7_4UE’6 —Ug weakly in Dg,
(7.13) 1
if Kk > 3, M—_IUE(; —Ug weakly in Dg,

The convergences in (7.13) are equivalent to the weak convergences in L*(w) of e11(Ugs), e12(Ugs) and
e22(UE.s)-
Proof. The two first estimates of (7.11) follow from (7.4) and from the orthogonality of Us s and Ug,s.

Now notice that

(7.14) eaa(l/{(;) = eaa(UE#;) and eag(U5) = 612(UE75).
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We denote by Aj; the antisymmetric part of Rs. Notice that |[Rs + R} — 2Is|(r2(0))2xz < [|Rs —
I3H%L4(w))3xs < C||VR5H%L2(W))18. Then, from estimates (3.18) and (7.1) we deduce that

oUs

— — Ast,

H 0sq 0

<084 oA,
(L2(w))?

Then by definition of the norm || - ||g, we get the third estimate in (7.11) and then the convergences in
(7.13). O

The following theorem gives the expression of the limit of the Green-St Venant’s tensor.

Theorem 7.3. Let us set
1 _
(7.15) Zaﬁ:5{2a~tg+zg~ta}, T=7+

where (t;,t;) is the contravariant basis of (t1,tz).

For a subsequence we have

1

s ((Vavs) Vs —I3) — (1] t2 | n) TE(ty [t2|n) ! weakly in  (L'(Q))?,

where the symmetric matriz B is defined by

OR 1 ou

OR
S3[6781/\n}'t1+211 53[(?981/\n}.t2+212 5@4‘,1
R 1 ou
* * @ n
0853
Moreover, if 2 < k < 3 then we have
10U oU
.1 o b
(7.18) eag(Ur) + 295 Dsy 0
and if K > 3 then we have
10U oU
eagUE) + z5— - 5 K =
6043(UE) Zf K>3
Proof. First we have
v On ov on ov
—— =V,v(t —), — =V, (t —), —— = Vyun.
Bor Vv(1+33681) 95 Vv(2+53832) 95, V.un

As a consequence of the above formulaes, of (3.3) and of the convergences in Lemma 5.1, we have

1
F(Hé(vmvé) —Rs)tq — SggTR An+ Z, weakly in (Lz(Q))S,
(7.20) s

1 ov . 2 3
W(Ha(vxva) —R;)n— 7% weakly in  (L*(2))".
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Then thanks to the identity

1
25&—1

1

HJ((VIUJ)TvaJ - 13) = W

5 ((Vovs — Rs)TVavs) + s=—Ri 15(Vavs — Rs)

5n
and to convergences (7.2) and (7.20), we deduce that

1

55t 0o (Vo) " Vors —Tg) = (b1 [t2|n) "B(t1 | t2[n)""  weakly in  (L}(Q))”,

where the symmetric matrix E is equal to

(Sgg—RAn+zl|sgaR An+ 2| 83;) (t1 |2 |n)
+%(t1 |tz )" (Sgg—R/\nJer |S?>872 An+ Z | 385)
Deriving the equality (7.8) with respect to s; and s gives
U a77?//\1324-73/\ 82¢ —6773/\1:14-73/\ 82¢ s
0s10s9  0sy 051082 08y 081089

hence

[ZZA }t [g—ZAn}t

Introducing Z,3 and @ we obtain the expression (7.17) for E.
Below we show (7.18) and (7.19). Due to (7.4), we first have

1

(7.21) )

[eaﬁ(U5) — %(R(s + Rf{ — 213)ta -tg} — Z,3 weakly in Lz(w).

Recalling the identity (R5 + R} — 213)ta -tg = —(Rs — I3)t, - (Rs — I3)tg and using the first convergence
n (7.4), we deduce that

1
(7.22) (Rs + R} —2L)t, - tg — —§Ata -Atg strongly in  L*(w).

1
252n 4
In the case 2 < kK < 3 we have

1

1 .
Sond {eag(u(;) — §(R5 + R(;T — 213)ta ~t3] — 0 strongly in L*(w)

1 .
Weag(u(;) — eap(Ugp) weakly in  L*(w).

Thanks to (7.6) and (7.22) we obtain (7.18).
In the case £ > 3 then convergences (7.13), (7.21) and (7.22) permit to obtain the expression of Z,z in terms
of eq(Ug) and U. O

Appendix A

In this section the vector space R™*" of all matrices with n rows and n is equipped with the Frobenius

norm. We set
Y =]0, 1%, Bgz{xeR |\x||2<1} Sy,:{xeR |\x||2_1}
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We denote R, the rotation with axis directed by the vector a € S3 and with angle of rotation about this
axis 0 € R,

(A.1) vx € R3, Ra0(x) =cos(d)x + (1 — cos(d)) < x,a > a+sin(f)aAx.

Let Ry and R; be two matrices in SO(3). Matrix Rg represent the rotation Ra, g, and matrix R4

represent the rotation Ra, g,. The linear transformation in R3
T — 2(sin(01)a1 — sin(@o)ao) AT
has for matrix R; — Rg — (R1 — Rg)7 and we have

| sin(61)a; — sin(bo)aol|, = IRi — Ry — (R1 —Ro)"||| < IR1 — Rol[|-

L I
N f

To any matrix R in SO(3) we associate the vector b = sin(f)a where R is the matrix of the rotation Ra ¢.

This map is continuous from SO(3) into B3 and from the above inequality, we obtain

][, < me L.

If cos(#) # —1, using the vector b we can write the rotation Ry ¢ as

1
(A.2) Vx € R3, Rao(x) = cos(f)x + 1T cos®) <x,b>b+bAx

Let Ry and Ry be two matrices in SO(3) such that
IR — Rull| < 2v2.

Now we define a path f from Ry to Ry:

e if Ry = Ry we choose the constant function f(¢) = Ry, ¢ € [0, 1],

e if Ry # Ry, we set Ry = RglRl, there exists a unique pair (ag, f3) € S3x]0, 7| such that the matrix
R, represent the rotation with axis directed by the vector as and with the angle 5. We consider the rotations

field Ra(s),0(¢) given by formula (A.1) where

a(t) = ag, 0(t) = tbs, t €[0,1]
and we define f(t) as the matrix of the rotation Rg o Ras),0+) Where Rg is the rotation with matrix Ry.
Lemma A.1. The path f belongs to W1°°(0,1; SO(3)) and satisfies

(A.3) £(0) = Ro, £(1) =Ry, H H(Lw(o 1))

IR0 — £(O)II] < [[[Ro — Ral[l.

< <[[IR1 — Roll|],

T
2

Proof One has

s s
=v20, < —|||R2 = Is||| = =|||R1 — Rol|]
Gl = V22 < IR = Talll = S IRs Rl
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Moreover

_ . (02t . /0
IIRo = £(0)lll = 1115 — R (1)1 = 2v2sin () < 2v2sin () = |I1Ts = Ralll = [|[Ro — Ral||.

Lemma A.2. Let Rog, Ro1, Rip and Ryy be four matrices belonging to SO(3) and satisfying

N | =

(A4)  [|[Rio — Rooll| < |[|R11 — Rosll < [[IR11 — Raol|| <

N | =
| —

IRo1 — Rooll| <

N | =

There exists a function R € W1 (Y; SO(3)) such that

(45) {R(O,O) = Roo, R(0,1) = Rou, R(1,0) = R, R(1,1) = Ruy,
IVR| (£ v)yo < C{[|[R10 — Roolll| + [|Ro1r — Roolll| + [[[R11 — Roul| + [[[R11 — Raoll|l}

and where the functions x;1 — R(x1,0), z1 — R(z1,1), 22 — R(0,23) and xo — R(1,z3) are paths
given by Lemma A.1.
Proof. We denote

00,01 the path from R to Roq,

fo1,11 the path from Rg; to Ry,

£00,10 the path from Ry to Rjp and

fo1,11 the path from Rg; to Rq; given by Lemma A.

From Lemma A.1, we have

I|[f00,01 () — Rool|| <1, [[[fo1,11 () — Rool|| <1,

vt € [0,1],
{ I|/fo0,10(t) — Rool|| < 1, |[[fo1,11(t) — Rool|| < 1.

For any ¢ € [0, 1],

to matrix Rofolfoom(t we associate the vector bog 1 (%),
to matrix R601f01711(t we associate the vector boy 11 (t
(

to matrix Raol fOO,lO t and

)
),
)
to matrix R501f01711(t we associate the vector by 11(t).

) (
) (
) we associate the vector bgg,10(t
) (
Let b be the vectors field d

efined by

bo0,10(0) ( = boo,01(0)) if (z1,22) = (0,0),

x x )
- boo,10(22) + 2 boo701($1) if0<z;+a2<1
b(l‘l 1:2) _ €1 ;— T2 xr1 + 1‘21
’ B - - .
711)10,11(1”2) + 721)01,11(171) if 1<z +22<2
2—$1—$2 2—$1—$2

bo1,11(1)( = bio11(1)) it (z1,22) = (1,1).

This function belongs to (I/VL"O(Y))3 and satisfies

_ 1
V(x1,22) €Y, b(zy,x < —.
(z1,72) [b(z1,22)|l2 7
Now we introduce the rotations field R(x1,x2) given by formula (A.2) where b(x1,z2) is defined above and

where

O(x1,x2) = arccos \/1— < b(z1,22),b(x1,z2) >, (z1,22) €Y.
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Let R(x1,z2) be the matrix of the rotation Rgg o R(z1,x2) where Rgg is the rotation with matrix Rgg. It
is easy to check that R satisfies the conditions (A.5). O

Corollary of Lemma A.2. Let R, be the @Q; interpolate of the matrices Rog, Ro1, Rip and Rq;. There

exists a strictly positive constant C' such that

IR — Rall(z2(vyo < C{[l[R10 — Roolll| + [[R11 — Roa|l[| + [[|Ror — Roolll] + [[[R11 — Raol[|[}.

References

[1] D. Blanchard, A. Gaudiello, G. Griso. Junction of a periodic family of elastic rods with a 3d plate. L. J.
Math. Pures Appl. (9) 88 (2007), no 1, 149-190.

[2] D. Blanchard, A. Gaudiello, G. Griso. Junction of a periodic family of elastic rods with a thin plate. II.
J. Math. Pures Appl. (9) 88 (2007), no 2, 1-33.

[3] D. Blanchard, G. Griso. Microscopic effects in the homogenization of the junction of rods and a thin
plate. Asympt. Anal. 56 (2008), no 1, 1-36.

[4] D. Blanchard, G. Griso. Decomposition of deformations of thin rods. Application to nonlinear elasticity.
Analysis and Applications Vol. 7 Nr 1 (2009) 21-71.

[5] P.G. Ciarlet, Mathematical Elasticity, Vol. II. Theory of plates. North-Holland, Amsterdam (1997).

[6] P.G. Ciarlet, Mathematical Elasticity, Vol. III. Theory of shells. North-Holland, Amsterdam (2000).

[7] P.G. Ciarlet, Un modele bi-dimentionnel non linéaire de coques analogue & celui de W.T. Koiter, C. R.
Acad. Sci. Paris, Sér. 1, 331 (2000), 405-410.

[8] P.G. Ciarlet and C. Mardare, Continuity of a deformation in H! as a function of its Cauchy-Green tensor
in L'. J. Nonlinear Sci. 14 (2004), no. 5, 415-427 (2005).

[9] P.G. Ciarlet and C. Mardare, An introduction to shell theory, Preprint Université P.M. Curie (2008).
[10] P.G. Ciarlet and P. Destuynder, A justification of a nonlinear model in plate theory. Comput. Methods
Appl. Mech. Eng. 17/18 (1979) 227-258.

[11] G. Friesecke, R. D. James and S. Miiller. A theorem on geometric rigidity and the derivation of nonlinear
plate theory from the three-dimensional elasticity. Communications on Pure and Applied Mathematics, Vol.
LV, 1461-1506 (2002).

[12] G. Friesecke, R. D. James and S. Miiller, A hierarchy of plate models derived from nonlinear elasticity
by I'-convergence. (2005)

[13] G. Friesecke, R. D. James, M.G. Mora and S. Miiller, Derivation of nonlinear bending theory for shells
from three-dimensionnal nonlinear elasticity by Gamma convergence, C. R. Acad. Sci. Paris, Ser. I 336
(2003).

[14] G. Griso. Decomposition of displacements of thin structures. J. Math. Pures Appl. 89 (2008) 199-233.
[15] G. Griso. Asymptotic behavior of curved rods by the unfolding method. Math. Meth. Appl. Sci. 2004;
27: 2081-2110.

[16] G. Griso. Asymptotic behavior of structures made of plates. Analysis and Applications 3 (2005), 4,
325-356.

[17] H. Le Dret and A. Raoult, The nonlinear membrane model as variational limit of nonlinear three-
dimensional elasticity. J. Math. Pures Appl. 75 (1995) 551-580.

[18] H. Le Dret and A. Raoult, The quasiconvex envelope of the Saint Venant-Kirchhoff stored energy
function. Proc. R. Soc. Edin., A 125 (1995) 1179-1192.

24



hal-00394371, version 1 - 3 Jul 2009

[19] O. Pantz, On the justification of the nonlinear inextensional plate model. C. R. Acad. Sci. Paris Sér. 1
Math. 332 (2001), no. 6, 587-592.

[20] O. Pantz, On the justification of the nonlinear inextensional plate model. Arch. Ration. Mech. Anal.
167 (2003), no. 3, 179-209.

25



