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WEAK CONVERGENCE OF THE REGULARIZATION PATH IN PENALIZED
M-ESTIMATION

JEAN-FRANCOIS GERMAIN AND FRANCOIS ROUEFF

RENAULT DREAM-DTAA and Institut TELECOM, TELECOM Pari$iféd Cl CNRS

ABSTRACT. We consider an estimat&n(t) defined as the elemegt € ® minimizing a
contrast procesa, (¢, t) for eacht. We give some general results for deriving the weak

convergence of/n(3,, — 3) in the space of bounded functions, where, for eticB(t)

is the¢ € ® minimizing the limit of A,,(¢,t) asn — oo. These results are applied in
the context of penalized M-estimation, that is, when(¢, t) = M, (¢) +tJ. (), where
M, is a usual contrast process afda penalty such as the norm or the square¢? norm.
The function@n is then called aegularization path For instance we show that the central
limit theorem established for the lasso estimator in Knayind Fu [2000] continues to hold
in a functional sense for the regularization path. Othernglas include various possible
contrast processes fatf,, such as those considered in Pollard [1985].

1. INTRODUCTION

Let us consider a real-valued contrast procgss, (¢), ¢ € ®} based on an observed
sample of sizex and a contrast functiod/ defined on the same parameter $eand min-
imized at the poin3. A penalized estimator with penalty weight> 0 is defined as the
minimizer of the contrast process

An(¢7t) = Mn(¢) +t Jn(¢)a peP, (1)

whereJ, is a non-negative function defined dn not depending on the observations but
possibly onn, mainly to allow some appropriate normalization.

The use of penalties is popular for ill-posed problems andehselection, among which
the ridge regression (see Hoerl and Kennard [1970]) andags®ol(see Tibshirani [1996])
are emblematic examples. In these two examples the coptastss\/,, is the least-square
criterion and the penalty functios, is the squared? norm and the' norm, respectively.
Consistency and central limit theorems are establishednigh{ and Fu [2000] precisely
in the case wheré/, is the least-square criterion anfl is in a family of penalties in-
cluding both the squareé® norm and the’! norm. They show that, when the penalty is
properly normalized, the penalized mean square estimatw longer asymptotically nor-
mal. Instead, its asymptotic distribution is given by thenimizer of a penalized quadratic
form depending on a Gaussian vector (seg [Knight and Fu, 2000, Theorem 2]). Their
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asymptotic results hold as the numbef observations tends to infinity and for a fixed
finite-dimensional model. Quite different results haverbestablished when the dimen-
sion of the model increases with see Greenshtein and Ritov [2004], Zhao and Yu [2006],
Bunea et al. [2007], Bickel et al. [2008] and the referentesdin. These results provide
interesting properties of the lasso for model selectionredistion purposes in the context
of sparse models. Although specific normalizations of theafig (different from those
required in Knight and Fu [2000]) are prescribed in theseritical results, there exist
numerous heuristic ways for choosing the penalty weightpractice. The first step is to
minimize A,,(¢,t) in (1) on¢ € ® for a collection of non-negative weights resulting
in a collection of estimatorgn(t), which is called theegularization path(or thesolution
path). The Least Angle Regression (LAR) technique introducedEfign et al. in Efron
et al. [2004] provides, in most cases, the entire path, coegpwith the complexity of a
linear regression. In a second step, some criterion is ussedléctt, seee.qg. Zou et al.
[2007] where AIC and BIC procedures are proposed for thelaBscause the whole path
is used by the practitioner, we think that it is crucial to mae whether the convergence
of \/ﬁ(ﬁn(t) — 3), established in Knight and Fu [2000] for one fixecdtontinues to hold
in a functional sense and, if it is the case, to determineithi¢ dlistribution. The goal of
this paper is twofold. First we show that, under the samenagans as in Knight and Fu
[2000], the convergence holds in the space of locally bodrfidections. Second we extend
this result to more general contrast procesggssuch as generalized linear models (GLM)
or least amplitude deviation (LAD). A key result ispathwise argmin theoremwhich es-
tablishes the functional weak convergence of a path defisétkaminimizer a collection of
contrast processes, see Theorem 3.

For the moment let us give the asymptotic behavior of theolasgularization path,
which is the most simple application of our results and whiaturally extends Knight and
Fu [2000]. Consider the linear model

ykzxgﬁ‘f‘fka k:1727 (2)
where3 € RP? is an unknown parametefy;) is a sequence of real-valued observations,

(x1,) is the sequence of regression vectors @nd is a strong white noise with varianeg.
For anyt > 0, the lasso estimat(ﬁn(t) minimizes the penalized contrast procdsg ¢, t)
on¢ € RP, where
1 & E
An(@.t) = = (e —x( )"+t D |l ©)

k=1 i=1

which is a specific form of (1). Denot¥,, = [x1, ...,xn]T. We consider the following
assumptions, for consistency and central limit theorespeetively. The assumptions are
the same as in Knight and Fu [2000].

Assumption 1.
(i) C, =n"'XTX, — C,whereC is a positive-definite matrix;
@iy A\, — 0.
Assumption 2.
(i) Assumption 1-(i) holds;
(i) maxi<p<n [[xx[* = o(n);
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(i) N\, =n"1/2,

Assumptions 1-(i) and 2-(ii) are the classical assumptfonthe asymptotic behavior of
least squares estimators. The other assumptions prowddmtiropriate way of normalizing
the /! penalty.

Theorem 1. Under Assumption Jﬁn(t) converges in probability t@ locally uniformly in
t € R4, thatis

B, = B In (2R R), )
where/>° (R, R?) denotes the space of locally bounded — RP functions.

We now define the limit process of the lasso regularizatich,pgppropriately centered
and normalized. Lel/ ~ N(0,0%C). For anyt > 0, we defineu(t) as the poingp € RP
which minimizes

p
L(g,t) = —2UT¢+ ¢ Coh+t | > ¢jsen(B)) Ligop + 6i|1ig,—01| - (5)

j=1

It is easy to show that this defin@gt) uniquely for allt > 0 (see the proof of Theorem 2).
The distribution ofu as a function is not explicit but is not more complicated tlitan
marginal distributions already described in Knight and BQQD], since the whole path
is described as a deterministic function of the random tégidr.v.) U. An interesting
property ofu(t) is that, with probability 1, the set of its components thatish fort large
enough is given by the set of zero components of the true pEea.

Theorem 2. Under Assumption 2,

\/E(Bn_ﬁ) ~ 4 in KCOXJ(R-HRP) 9 (6)
where~~ denotes the weak convergence.

Remarkl. The convergence ifi;°(R,RP) is equivalent to the uniform convergence on
every compact subset &, . In fact the convergences (4) and (6) cannot be improvedein th
sense that they do not hold uniformly &1 . To see why, observe that, by the definition of
u, its coordinates corresponding to non-vanishih@re unbounded as— oo. In contrast,
the left-hand side of (6) is bounded since, for anythere is a large enoughfor which
B,,(t) = 0. Note that this also implies thatip e I18,,(t) — B|| > ||8]|, and thus that the
consistence (4) does not hold/f° (R, RP) is replaced by the set of bound&d. — RP
functions/> (R, R?) endowed with the sup norm.

The proofs of Theorem 1 and Theorem 2 are applications of g@meral results on the
consistency of convex penalized M-estimators and on th&weavergence of Argmin’s
depending on an tuning parametefthe so called pathwise argmin theorem in the follow-
ing). More general penalized contrasts will also be comsidle Such extensions are of
interest since the lasso regularization path has beendedeo the case wher®,, is dif-
ferent from the least-square criterion. In Park and Hag0©7], a fast numerical algorithm
is proposed for determining the regularization path whénis a regression function based
on a negated log-likelihood of the canonical exponentialifia In Germain [2007], a fast
algorithm based on a dichotomy is proposed to explore thgerafit's in the specific case
of logistic regression penalized by thenorm.
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The paper is organized as follows. In Section 2, we providathvaise argmin theorem
(Theorem 3). Section 3 is concerned with the asymptoticydehaf the regularization path
of a penalized contrast. Very mild conditions on the conimasl on the penalty are provided
for obtaining the uniform consistency and the central liofitthe path and a particular
attention is given to the case where both the contrast angdehelty are convex. Except
for the convex case, such results can actually be seen aslspeses of the more general
study of pathwise M-estimators, which is treated in Sectiofrinally we provide several
examples of applications of these results in Section 5uiiot the/!-penalized general
linear model (GLM) introduced in Park and Hastie [2007], penalized least absolute
deviation (LAD) and the Akaike information criterion. Cdading remarks are provided in
Section 6. The detailed proofs are deferred to the appendicohvenience.

2. A PATHWISE ARGMIN THEOREM

To obtain a CLT for the regularization path, we rely on a pasewargmin theorem,
which is of independent interest, and can be seen as an Bxtenis[Kim and Pollard,
1990, Theorem 2.7] (see also [Van der Vaart and Wellner, 1986orem 3.2.2]) to fit the
context of a path defined as the minimizer of a collection eftast processes.

Let us recall some of the terminology and notation used in 8@nVaart and Wellner
[1996]. For a metric spacP, we say that a sequenceDfvalued maps$X,,) defined or2
converges weakly to ®-valued mapX defined on2, ), and denoteX,, ~ X, if X is a
Borel map and, for any real-valued bounded continuous foimgt defined orD,

E*[f(Xn)] = E[f(X)],

where E denotes the expectation with respectit@and E* denotes theuter expectation
defined for every real-valued mapdefined o2 by E*[Z] = inf{ E[U] : U > Z}, where,
in this sup, the r.vlJ is taken measurable. Thener expectatiorandinner probabilityare
respectively defined by, [Z] = —E*[-Z] and P,(A) = 1 — P*(A°), whereA¢ denotes
the complementary set of in €.

For any positive integep and any sefl’ we further denote by>° (T, R?) the normed
space of bounded functiorfs= (fi,..., f) taking values irR? and defined ofi" endowed
with the sup norm ofl’, denoted by

[flle="sup [fi(t)].

We will simply denote/>°(T, RP) by ¢>°(T) for p = 1.
Theorem 3. Let ® be a metric space endowed with a metfiand T be an arbitrary set.
We suppose that we are in one of the two following cases

(C-1) T is a finite set. In this case, we sBt= &' endowed with the product topology;

(C-2) @ = RP with p > 1, d being the Euclidean metric. In this case, we get=
(T, RP).

Let{L,(¢,t), ¢ € ®,t € T} be a sequence of real-valued processds,¢p,t), ¢ €

®,t € T} be areal-valued proces$u(t), t € T} be a®-valued process, anfls,,(t), t €

T} be a sequence @-valued processes. Assume that

(i) for any compactsek’ ¢ ®,L,, ~ Lin ¢>°(K x T) andL is a tight Borel map taking
values ind>° (K x T);
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(ii) foranyn > 0 and compact’ C ®, we have almost surely that

inf [inf{L(¢,t) = @ € K, (¢, a(t)) = n} ~ L(@(t), t)] > 0 ()
(i) for any e > 0, there exists a compaéf C ® such that
P(u(t)e Kforallte T)>1—¢; (8)
(iv) for anye > 0, there exists a compadf C ® such that
liminf P, (u,(t) € Kforallt e T)>1—¢; 9)
(V) u,, is approximately minimizingy,,,
sup {Ln(ﬁn(t),t) — inf Ln((b,t)} =op=(1). (10)
teT PP +

Then there is a version @i in D andu,, ~ u.

Proof of Theorem 3 in the case (C-1)j the case (C-1), where is finite, for any compact
K c ®, K" is a compact subset @" endowed with the metric

dp(u,v) = ilel”rf)d(U(t)’V(t)) .

Hence, in this case, Conditions (iii) and (iv) respectivedy thatu is tight and(u,,) is
uniformly tight in ®T. In this case, the conclusion of Theorem 3 follows almostatiy
from Theorem 3.2.2 in Van der Vaart and Wellner [1996]. Towég, let us introduce the
following contrast process

L, (v) = sup {Ln(v(t),t) — inf Ln(qb,t)} , vedl. (11)
teT PP

Observe that defining,, (t) as a minimizer oL, (-, t) for all t € T is equivalent to defining

u,, directly as a minimizer of,,. In particular Condition (v) implies that

Ly(uwy) < inf L,(v)+op-(1),
vedT

that is, u,, is a near minimizer of,,. Condition (i), in turn, by the continuous mapping
theorem, implies thaf,, ~ £ in ¢ (®7T), where, for anw € &7,

£(v) = sup {Lufv(6).0) =t Lo(0.0) |

teT

Finally it is not too difficult to show that Condition (ii) imigs that, almost surely, for all
compactkK C ® andn > 0,

inf {£(v) : ve KT, dr(v,u)>n} >0=L(u).
This condition corresponds to the semicontinuity and asgamequeness conditions appear-

ing in Theorem 3.2.2 in Van der Vaart and Wellner [1996]. Hetlds theorem applies and
yieldsu,, ~ w in the case (C-1). O

The proof in the case (C-2) is postponed to the appendix. Tdia originality of Theo-
rem 3 lies in the case (C-2). In this case, Theorem 3.2.2 irddaivaart and Wellner [1996]
cannot be directly applied because Condition (iv) is no &gy uniform tightness condi-
tion (KT is not a compact subset 6% (T,RP)). The key idea, detailed in the appendix,
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is to show that, under Conditions (ii)—(v), this asymptdightness ofu,, in £>°(T,R?) is
inherited from that of..,, assumed in Condition (i).

3. PENALIZED M-ESTIMATION

3.1. Uniform consistency. Standard results on the consistency of M-estimatorsqsg/an der
Vaart, 1998, Theorem 5.7]) roughly say tha,ﬁ';t is a sequence of minimizers &f,, on ®,

M, tends toM with some uniformity ang3 is an isolated minimum of/ on @, thenﬁn
converges tgd in probability. We will use the following set of conditionshich are slightly
weaker than the classical ones.

Assumption 3. There existg3 € ® such that
(i) sup {M(¢p) — Mnp(9)}, L0, wherea; = max(0,a) for anya € R;
Pcd®

(i) Ma(8) — M(B);
(ii) forall e > 0, inf{M () : ¢ € @, d(¢p,3) > €} > M(3),
whered is a metric endowing the metric spade

Let us briefly comment these assumptions. Conditions (i)(@ndre generally replaced

by the stronger uniform convergence conditiom yeq [M (@) — M, ()] L., 0. These
weaker conditions are for instance useful wideis non-compact since it is then sufficient
to show the uniform convergence on a compact subset andderavower bound ol/,, out

of this compact. Condition (iii) is the standard conditiohieh defines3 as the (unique)
isolated minimum of the limit contrast function.

We will show that, under Assumption 3, provided thiat ) tends to O, the minimizer
Bn(t) of A, (¢, t) converges t@(t), locally uniformlyin t. To avoid making measurability
assumptions on the path— Bn(t), we need to work with outer probability to extend the
probability to possibly non-measurable sets. Given a fitibaspace({2, 7, P), we denote
by P* the outer probabilitydefined on the subsets Qfby

P*(A)=inf{P(B): Be FwithAcC B}, ACQ.
We say that a sequenck,,) of real-valued maps defined éhconverges inP*—probability

to 0 and denotd;, ~— 0 if, for any e > 0, P*({|Y,| > €}) — 0. Here{|Y,| > ¢} is the
usual short-hand notation for the subgete 2 : |Y,(w)| > €}. WhenY,, is measurable
as a map taking values IR endowed with the Boref-field, this is equivalent to the usual
convergence in probability.

Theorem 4. Suppose that Assumption 3 holds for sgthes ®, M defined on® and
{M,(¢), ¢ € ®}, a sequence of real-valued processes. (g be a sequence of non-
negative functions defined dnsuch that/,,(3) — 0. LetT be a compact subset fff, oo)

and suppose that we havefavalued proces$ﬁn(t), t > 0} such that

sup { A (B,,(£),£) = Au(B,8)} =0, (12)
teT +
where A,, is defined by (1). Theﬁn(t) converges tg3 uniformly int € T, in P*—

probability, that is,
supd(3,,(t), ) 7 0. (13)
teT
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Remark2. In statistical applications the contrast functidh in Assumption 3 depends on
the unknown distribution of the contrast procéds and thus3 is an unknown point ofp.
In particular, the convergence conditidn(3) — 0 has to be verified for ang € ® (but
not uniformly in3) and it simply amounts to correctly normalize the pendltyasn — oco.

Remark3. The same result holds if the convergencePiprobability in Assumption 3-(i)

is replaced by a convergence itt-probability. However, in applications, the smoothness
properties otp — M, (®) and¢ — M (®) usually imply thatup ycq { M (P) — Mn ()} +

is a measurable function.

Remark4. The fact that the outer probabiliti’* appears in (12) does not bring real diffi-
culties in applications. Indeed Condition (12) followsrfrdhe definition of3,,(t) as a near
minimizer of A, (-, t), that is, if 3,,(t) satisfies

An(Bo(8), ) < inf An(@3t) +0n

with u,, = op(1) not depending on, e.g. u, = 0 (perfect minimizer) oru, = n~!
(near minimizer). The numerical computation of a near mirénis a difficult task in
general, in particular in the presence of several local mani We will focus on convexity
assumptions in Section 3.2, which cover many cases of sitarad which usually allow
tractable numerical computation 8, (t) for any't.

Remarks. Although 3, (t) is an r.v. for anyt, the mapsup; et 18, (t) — B]| defined orf
may not be measurable (it is in some particular cases, ftanoe if the mag — Bn(t) is
continuous). This is where the outer probability is uselgvertheless, for any > 0, the
event{d(ﬁn(t),ﬂ) > €} is measurable, and its probability is less than the lefergide of

Eq. (13); hence, for anyy > 0, Bn(t) il B(t).

Remark6. For L = 0 in (13), we get a standard result on the consistency of Mregtirs
(without penalty). It is important to notice that the cotsigy of penalized M-estimators
is obtained for free, in the sense that no additional assomph M,, or M is required and
the only assumption o, is J,,(38) — 0.

3.2. Uniform consistency in the convex caseln this section, we consider the following
assumption.

Assumption 4 (convexity assumption)® is a convex subset of an Euclidean space en-
dowed with the nornj| - || andM,, is a convex real-valued function @ almost surely. Let

V' C ® be a neighborhood of the poigtand A be a strictly convex real-valued function
defined onV such that

(i) forany ¢ € V, M, (¢) —= A(¢);
(i) A(¢p) > A(B)forallp c V.

Convex M-estimation is considered in Haberman [1989] andesghat simplified in
Niemiro [1992]. In the following result the convexity asspiion is twofold. Firstitimplies
Assumption 3. Second, if the contrast the pendjiys strictly convex, then the minimiza-
tion of (1) has a unique solution and this solution path igicoilous, which allows to replace
the outer probability in (13) by a standard probability. @exity is also useful in practice
sinceﬁn(t) can be computed using efficient numerical procedure foreomptimization
(see Boyd and Vandenberghe [2004]).
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Theorem 5. Suppose that Assumption 4 holds. [&f) be a sequence of non-negative
functions defined o such that/,,(3) — 0 and define\,, as in (1). Then the 3 following
assertions hold.
(a) ForanyL > 0, if we have ab-valued proces$,,(t), t > 0} satisfying (12)3,,(t)
converges tg@ uniformly int € [0, L], in P*—probability, that is, (13) holds.
(b) If J, is strictly convex or, then it is always possible to define a deterministic non-
negative sequendd.,,) with L,, — oo, a sequencéA,,) of events inF with P(A,,) —
1, and, for eachn, a coIIection{Bn(t), t > 0} of r.v/s satisfying the two following
properties.
(b1) For all t € [0,L,] andw € A,, An(B,(w,t),t) is a minimum of\,, (¢, t) on
¢ € ® and this minimum is unique far> 0.
(b2) Forallw € Q, B3,,(w,-) is a continuous function of0, L,,] and on(L,, ).
As consequences, (12) holds for dny- 0 and the uniform convergence (13) holds in
P—probability, that is,
sup [1B,(t) — Bl = 0. (14)
te(0,L]
(c) If M, is strictly convex or for all n, then the conclusions of (b) hold with Proper-
ties (b1) and (b2) strengthened as follows.
(c1) Forall t € [0,L,] andw € A,, A(B3,(w,t),t) is the unique minimum of
An(¢p,t)ong € .
(c2) Forallw € ©, B, (w, -) is a continuous function oft, L,,] and on(L,,, cc).

Remark7. The proof of Assertion (c) is somewhat simpler than Asserflm). However, in
some cases, the first purpose of the penaltis precisely to solve an ill-posed problem such
as in the ridge regression (see Hoerl and Kennard [1970))evtig (¢) = >, (yr.— %1 )2,
Ja(¢) o ||@||? and the regression matrX,, = [x; ... x,]7 is not full rank. ThusJ, is
strictly convex and\/,, is not, in which case Assertion (b) can be useful.

3.3. Functional central limit theorem. Some general conditions for provirgn asymp-
totic normality for M-estimators rely on the so called stastic differentiability condition
introduced in Pollard [1985]. They exploit the idea introdd in Huber [1967] of using
strong differentiability conditions on the limit contrdsinction rather than on the contrast
process. Moreover it is explained in Pollard [1985] how th#piical process theory can
be used to prove the stochastic differentiability conditi&xtensions of these ideas can be
found in Van der Vaart and Wellner [1996].

In Pollard [1985], Pollard proves the asymptotic hormatifyM-estimators based on a
contrast process of the form

k=1

where(y) is a sequence of -valued random variables agds aX’ x RP function satisfying
the following Taylor expansion around a given pgtht RP?,

9(z, @) = 9(z,8) + (¢ — B) Ax) + ||¢ - Bl r(z, $) . (16)
We will show that if the,/n asymptotic normality conditions in Pollard [1985] are veri
fied and if the penalty satisfies mild asymptotic conditidrentthe penalized version of the
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M-estimator satisfies a CLT similar to the CLT in Knight and[2Q00] for the mean square
criterion. Moreover this CLT applies to the regularizateth in a functional sense.
Let us recall Pollard’s conditions that we will use on the tcast process\/,, defined
by (15) and (16).
(P-1) (&) is a sequence of i.i.d. random variables with distributitin
(P-2) the functionM (¢) = Pg(-, ¢) has a nonsingular second derivativat 3 € R?;
(P-3) P||A|?> < oo and PA = 0;
(P-4) the stochastic differentiability condition holdsxrthat is, for any sequence of posi-
tive r.v. (r,,) such that-, L0,

sup arG ) P
lp—Bl<r, 1 + /7l — Bl

Here we used the notations, standard in the empirical psditesature,P f, P, f andv,, f
for [ fdP,n='Y"}_, f(&) andy/n(P, f — Pf), respectively. Theorem 6 below provides
a central limit theorem for the regularization path definedh® penalized contrast (1) when
M, satisfies Pollard’s conditions (P-1)—(P-4) with some mddditions on the penalty,,.

0. (17)

Theorem 6. Let® = RP, p > 1 and T be a compact subset @, co). DefineA,, as
in (1), whereM,, is defined by (15) and satisfies Pollard’s conditions (P-B}4§ and.J,,
is a sequence of deterministic non-negative functions ettfimR?. Further assume that
there exists a positive constafitsuch that

n [ Jn(@) = Jn(B) < C(A+Vnllp—8l) for [¢—p|<1, (18)

and, for any compack’ C RP,

sup |n Jo(B+n"Y2¢) —n Jnu(B) — Jus(@p)| — 0, (19)
PeK

whereJ, is a real-valued function o®. Let {ﬁn, t € T} be a sequence ab-valued
processes satisfying (12) and such that the unifétfrconsistency (13) holds. L& be a
centered Gaussiap-dimensional vector with covariand®(AA™) and define

L(¢,t) = W'+ T + tJoo (o) - (20)

Finally assume that there existslavalued proces$u(t), t € T} such that Conditions (ii)
and (iii) in Theorem 3 hold. Then there is a versioruoih ¢>°(T, R?) and

VB, —B) ~ . (21)

The following lemma shows that the penalties considerednight and Fu [2000] satisfy
Conditions (18) and (19).

Lemma 1. Lety > 0 and define, for allp = (¢1,...,¢,) € RP,

p
T () = nEEN gy (22)

k=1
Then for any3 € RP, there exists” > 0 such that, for allp € RP?,

n|J0(@) — JNB)| < ¢ (1+ Vil - Bl +Vale—BIY) . (23)
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and, for any compack’ C RP,

sup [ (B +n"12¢) = na0)(8) = S ()| 0. (24)
PpeK
where
>5=11951" (g0} ify <1
I (@) = 3 S {d5sen (8) Lispoy + |05l g0 ) Ty =1 (25)
v Ey disen (B) 18;7 g, 20y ify > 1.

Remark8. The limit penalties in (25) correspond to those in Theoremas@ 3 in Knight
and Fu [2000], except for the multiplicative constanin the casey > 1, which seems to
have been forgotten in Knight and Fu [2000].

4. PATHWISE M-ESTIMATION

It turns out that the specific form of the contrast in (1) is not fundamental for the basic
arguments yielding the consistency and the CLT in Theoremsi6, respectively. Here
we provide results formulated in the more general form wl&;@t) is a near minimizer of
A, (-, t) for all t € T. Moreover the true parametgritself is defined as a map dh, with
B(T) defined as the minimizer df(-,t) for all t € T. We refer this general situation as
pathwise M-estimatian

4.1. Uniform consistency. Theorem 4 is obtained by applying the following general itesu
on pathwise M-estimators.

Proposition 1. Let ® be a subset of a metric space endowed with the métand T be
any set. Let\ be a real-valued function defined @nx T, {A, (¢, t), ¢ € ®,t € T} bea

sequence of real-valued process@de aT — ® map and{3,,(t), t € T} be a sequence
of ®-valued processes such that

(i) sup sup {A(¢;t) — An(, t)}, 2o 0;
Ped teT

(i) sup [An(B(t). ) — A(B(1). ) o,

(iii) Forall ¢ > 0,

inf [imf{A(¢:t) © ¢ € B, d(@B(t)) > e} — A(B(t),£)] >0
(v) sup { An(B,(8),t) = Au(B(E), )} 0.
teT +
Then,ﬁn(t) converges tg@(t) uniformly int € T, in P*—probability, that is,
sup d(B,(t), B(t)) 0. (26)

teT
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4.2. Functional central limit theorem. We now extend the setting of Pollard [1985] to
pathwise M-estimation. First we obtain thé:-rate of convergence in the sup norm; second
we apply Theorem 3 to obtain a functional CLT for pathwise $firaators. Theorem 6 is a
direct application of this result in the context of penali2d-estimation.

Proposition 2. Let ® be a subset of a metric space endowed with the métitd T be any
set. Let{ A, (¢,t), ¢ € ®,t € T} be a sequence of real-valued procesgebe aT — ®

map and{3,(t), t € T} be a sequence d-valued processes such that
sup { Au(B,(t),£) — An(B(£).6)} = Op- (n7") (27)
teT +

and the uniformP*-consistency (26) holds. Assume that we have the followdngrdposi-
tion of the contrast process,

whereG,,, H and R,, satisfy
() {Gn(o,t), ¢ € ®,t € T} is a sequence of real-valued processes such that
sup sup " |Gn(&:0)
pe@ teT 1+ /nd(d,B(t))

(i) H is areal-valued function defined @ x T such that there exists> 0 for which

. H(g,t) .
tlg,fl;mf {W o e, de,B(t)) < 6} >0; (30)

(i) {R.(p,t), ¢ € ®,t € T} is a sequence of real-valued processes such that, for any
positive random sequence,, ) converging to 0 inP*—probability,

sup sup {IRu(9,t)] ; ¢ € ®, d(, B(t)) <70} = 0p«(ry) + Ops(n~12) . (31)

— 0p-(1) ; (29)

Then,ﬁn(t) converges tg@3(t) uniformly int € T, in P*—probability, with rate at least
Vv/n, that is,

~

Vi supd(B, (), B(t)) = Op-(1) . (32)

teT
Applying Proposition 2 and Theorem 3, we get the followingule

Theorem 7. Let® = RP, p > 1, andT be any set. LefA,(¢,t), ¢ € ®,t € T} bea
sequence of real-valued process@de aT — ® map and{3,,(t), t € T} be a sequence
of ®-valued processes such that

sup { A (B, (6),6) = An(B(£), )} = op- (n7)) | (33)
teT

J’_

and the uniformP*-consistency (26) holds. Assume that the decompositiona2the
contrast process holds whetg,, H and R,, satisfy:
() {Gn(o,t), ¢ € ®,t € T} is a sequence of real-valued processes satisfying (29);
(i) H is a real-valued function defined ab x T and there exists a functiohi defined
onT and taking values in the set of non-negative symmsetsicp matrices such that,
denoting by\,in (I'(t)) and Ayax (T'(t)) the smallest and largest eigenvalued ¢f),

0 < inf{Amin(L(t)), t € T} < sup{Amax(I'(t)), t € T} < 00, (34)
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and, asp — 3 in (>(T,RP),
|H($(),") — (¢ —B)T(¢d—B)||p =0 (¢ —BIR) ; (35)

(i) {R.(p,t), ¢ € ®,t € T} is a sequence of real-valued processes such that, for any

positive random sequence,, ) converging to 0 inP*—probability,
Supsup {[ (@, )] ; & € B, d(6,B(t)) < ra} = 0p-(ra) +op:(n71%) . (36)
S

Let us further define

G, ) =G (B() + 1 2g,t) (37)
and assume that there exists a real-valued prod€ssp,t), ¢ € ®, t € T} such that,
for any compactk’ C ®, G is tight in /(K x T,RP) andG,, ~ G in (K x T,RP).
Define

L(¢.t) = G (¢,t) + ¢ T(t)o, (38)

and assume that there existsbavalued procesgu(t), t € T} such that Conditions (ii)
and (iii) in Theorem 3 hold. Then there is a versioruoh ¢>°(T, RP) and

VB, —B) ~ . (39)

Remark9. Observe that Eq. (33) is a strengthened version of (32) aaid(84) and (35)
imply (30). Hence Conditions (i)—(iii) in Theorem 7 imply @ditions (i)—(iii) in Proposi-
tion 2.

5. EXAMPLES

The uniform consistency and a functional central limit tteeo for the lasso regulariza-
tion path are respectively given in Theorems 1 and 2. Thesfeand 6 allow many exten-
sions, some examples of which are given in this section. IlakRi0[1985], a wide variety
of models and functiong are shown to satisfy Conditions (P-1)—(P-4). These caorti
apply for the general linear model (GLM) as this model sassthe pointwise assumptions
of [Pollard, 1985, Section 4] (provided some moment coadg). They also apply for the
least absolute deviation (LAD) criterion, see Example 8Hpllard, 1985, Section 6] (pro-
vided again some moment conditions on the model). We briefiiewthe corresponding
results in these two cases as examples of applications afr&ime6. Uniform consisten-
cies for both examples are obtained as applications of Enedr, since in these casks, is
convex. For these two examples, we considerthend/? penalties. They fit the conditions
of Theorem 6 as they satisfy (18) and (19) by Lemma 1. Obsesweter that the function
Js in Lemma 1 depends on the chosen penalty and thus so doesith& lin (21). We
conclude this section with a discussion on the Akaike infaiiom criterion (AIC), which
corresponds to & penalty.

5.1. /'—penalized GLM. Consider a canonical exponential family of density

p(y|0) = h(y) exp{yd — b(0)} ,
with respect to a dominating measureT he functionh, sometimes called the log-repartition
function, is given by

b(6) = log / h(y) exp{yf}p(dy) ,
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and thus is strictly convex and infinitely differentiable.d GLM, one observes a sequence
of i.i.d. R x RP-valued r.v.s(yx,xr), k& = 1,...,n, wherey; have conditional density
p(-|xFB), givenx,, with 3 € RP denoting the unknown parameter of interest. In this
context, the non-penalized contrast process is given bgegated log-likelihood

Mn(¢) =n"" Zg((xlmyk)v ¢) )
k=1

whereg((x,y), ¢) = —yx’ ¢+ b(x” ¢). Using thaty is convex and smooth, and assuming
some appropriate moment conditions »n for obtaining Pollard’s conditions (P-1)—(P-
4), we get the uniform consistency and a functional CLT onrdglarization patlﬁn(t)
defined as the minimizer of (1) with,(¢) = n=/23"F_, |#;| (this is the/! penalty.J."
defined in (22)). In particular, for ank > 0,

Vn(B, — B) ~ @ in£>([0, L], R?) ,

where the limitz is defined as in the lasso case as the minimizer of (5)@ith E[b” (xT 3)x ;x|

(assumed positive-definite) abd~ N (0, C'). The numerical computation ¢f,, (t) can be
processed as proposed in Park and Hastie [2007].

5.2. ¢! and />—penalized LAD. Given a sequence & x RP-valued r.v.s(yi,xx), k =
1,...,n,the LAD criterion is defined as

Mu(¢) =n"" > lye — 1 B -
k=1

It can be used to estimate the paramgter R? of a linear regression modgl. = x'*,fﬁ +
ek, With (gx) and (x;) two independent sequence of i.i.d. r.v.s. This contrastess is
an alternative to the mean square criterion, resulting iestimator less sensitive to the
presence of outliers (fat, = 1, the minimizer ofM,, is the sample median). In contrast
to the previous case, the contrast is not smooth, since gied@rivative is discontinuous.
However, as showe.g. in Pollard [1985], the minimizer of this contrast is asynimially
normal, provided some moment conditions and that

G(¢) =E[|e1 +x] (8- 9)|]

has a non-singular second derivativepat 3. Observe that

G(p)=E

x{ (¢—B)
(B ) +2 /O F(s) ds] ,

where I’ denotes the cumulative distribution functionegf Thus, ifeq is distributed from
a continuous density, the second derivative @ at 3 isT" = 2f(0)E [x;x{ |. Because
the LAD criterion uses thé! error function, the? penalty.J,,(¢) = n=/2 30| ¢? could
seem more reasonable. On the contrary Theorem 6 suggestsitigaan?' error function
contrast does not modify the asymptotic distribution of tbgularization path, only the
choice of the penalty does. In other words, the regulagrgtiath of the/! and¢/>—penalized
LAD has similar asymptotic distributions as the lasso amdritige regression, respectively.
Let us now precise the limit distribution of the regularieat path ﬁn(t) defined as the
minimizer of (1) with.J,,(¢) = n~Y2 3" |¢;| andJ,(¢) = n= /2 3L | ¢? respectively
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(these are thé' and/? penaltyJ,(Ll) and J,(f) defined in (22)). Under appropriate moment
conditions on(e1, x; ) implying Pollard’s conditions (P-1)—(P-4) (in particulBfsgn(s1)] =
0, E[||x1]|?] < oo so thatE[A] = 0, E[||A]|?] < oo andG is minimized akp = 3), one has,
forany L > 0,

VB, — B) ~ @ in ([0, L], R”) ,
where the limitu is defined as the minimizer of (20) whefras the (non-singular) second
derivative ofG at¢ = 3, W ~ N(0,E[x;x7]) and.J., depends on the penalty. Namely,

for the ¢! penalty, one had,, = Jéi) and for the/? penalty, one hag,, = Jég), where
7 is defined by (25).

5.3. Akaike information criterion and the ¢° penalty. Consider a parametric family of
densities{ps, ¢ € ®} defined onX¥™ for modelling the distribution of the observations
&1, ...,&,. The Akaike information criterion (AIC) was proposed in Alka [1973] as the
negated log-likelihood criterion penalized by the dimensof the parameter. It can be
defined (up to a multiplicative factor which does not changeninimizer) as

AIC(¢) = An(9,1) ,
whereA,, is defined by (1) withV,,(¢p) = —n " log py (&1, .. ., &) and

T (@) =n~"#{k : o #0}
where# A denotes the cardinality of the sét We note that it corresponds taapenalty,
that is, toy = 0 in (22) although this case is not considered in Knight andZ000]. It is
not usually assumed thdt is finite-dimensional in the presentation of the AIC. Howeve
in practice, the minimization ahIC(¢) requires numerically minimizing/, (¢) for each
possible submodel, which corresponds to a given value of¢laeencél (¢, # 0))r>1.
This makes sense only in a finite-dimensional settibgC RP, with p not too large (say
p < 15) since2? numerical minimizations olM,, are then necessary.

Observe that, for any fixed € RP we havenJ,(LO)(¢) < p and, for any3 € R? and any
r > 0, we have, fom large enough,

nJ{ (B +n" ) —ns(B) = IO (¢) forall || <r,

where
p

JO(¢) =" 1(Br = 0 andgy #0) .
k=1
It follows that the contrasﬂﬁo) satisfies the assumptions (18) and (19) in Theorem 6 and
thus we may apply this result to obtain the limit behaviorhaf minimizer of the AIC in the
i.i.d. case, that is, when

My (@) = Prg(-, @) with  g(z, d) = —logpg(z) .
Here, py denotes the density of one observation in the parametridyfafpy, , ¢ € ®}.
Suppose that this model satisfy Assumption 3 and the P&laomhditions (P-1)—(P-4) with
B denoting the true parameter and with= P(AAT) equal to the Fisher information
matrix at paramete8. We may thus apply Theorem 4 and Theorem 6 successively to the
minimizing sequence
,@n = Argmin AIC(¢) .
ped
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We obtain3,, ~ B8 and/n(B,, — 3) ~ 4, whered is defined as the minimizer of (20)
with J., = J andt = 1. Observe that, in the limit penalty'”), only the vanishing
coordinates of the true paramef@rare penalized. In other words, for a coordinatsuch
that 5, = 0 and only for such a coordinate, we hadg = 0 with positive probability.
This property highlights the (well known) ability of the Al€iterion to correctly select the
correct model.

Finally we note that the AIC can easily be extended to a ciitlemf contrastA,, (¢, t),
wheret is a positive penalty weight (the case= 1 corresponding to the standard AIC).
The solution pathén(t) with minimizesA,, (¢, t) for all t > 0 is not more difficult to
compute tharﬁn(l) once one has minimizedl/,,(¢) for the 2P possible submodels. One
easily sees that the solution path is piece-wise constahtmiltiple solutions at the dis-
continuities. Multiple solutions for a finite set of penaltyeightt are also present in the

limit contrast (20) withJ, = Jég). One can show that there exists almost surely a unique
minimizer u(t) of the limit contrastL(-, t) for all t € T if and only if the closure of the
setT has zero Lebesgue measure. In the latter case, one alsoahasdhtisfies Condi-
tion (ii) in Theorem 3. This non-unigueness problem of thaimizer of the limit contrast

did not appear in the previous examples because for@ahd/¢? penalties, the limit con-
trast was strictly convex. This is non-longer true for tHgenalty so that the convergence
Vn(B, — B) ~ 4 cannot hold in a functional sense in this case. Neverthelessonver-
gence continues to hold for tl& penalty in the sense of the finite-dimensional convergence
because, for a given finite number of penalty weightere is a uniqgue minimizeai(t) of
L(-,t) almost surely.

6. CONCLUSION

We extended the works of Knight and Fu (2000) in several wayshowing that the
asymptotic distribution that they exhibited for the pepadi least squared continues to hold
1) for the solution path in a functional sense 2) for a widdetgrof contrasts extending
the least squares case. We provided several examples mdsnteAn interesting feature
of penalized estimation is that the form of the limit distfilon of the regularization path
only depends on the penalty since for @tgndardcontrast, it is given as the path minimiz-
ing (20) with J, only depending on the penalty. The marginal limit distnbotis discussed
in Knight and Fu (2000) fo¢” penalties withy > 0. As pointed out in this reference, a
particular feature of! penalty is that the limit distribution is compatible with o selec-
tion properties but introduce an additional bias on the vamishing components. We have
shown that the model selection property is preserved by*penalty, without introducing
an additional bias on the non-vanishing components. Homvéwe/® penalty is much less
numerically tractable for a large dimension of the paramsgtace and the central limit the-
orem on the solution path only holds in a finite-dimensiomaisg. This latter result were
derived in Section 5 for the AIC in the i.i.d. case. A similaiadysis can clearly be carried
out for the AIC applied to time series models or for MallowW’s criterion.
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Appendix: detailed proofs.

Proof of Theorem 3 in the case (C-FRecall that, in the case (C-2), we sbt= RP and
D = ¢*°(T,RP). By Theorem 1.5.4 in Van der Vaart and Wellner [1996], to shibat u
admits a version iD with w,, ~ @ in D, it is sufficient to show that the finite-dimensional
distributions ofu,, converge to those ai and that(w,,) is asymptotically tight. The con-
vergence of the finite-dimensional distributions followsm the case (C-1) that we already
proved. Hence to conclude the proof in the case (C-2), it cenyains to show thdtu,, ) is
asymptotically tight. In the following we show that this forim tightness is inherited from
that of (IL,,) in ¢>°(K x T). Asymptotic tightness follows from an equicontinuity eribn.
The proof has now two steps. In Step 1, we construct a mginic T based on a metrig
that maked.,, asymptotically uniformly equicontinuous. In Step 2 we use metricp to
prove an equicontinuity criterion fai,,.

Step 1. By successively applying Lemma 1.3.8 and Theorem 1.5.7 mdéxr Vaart and
Wellner [1996], Condition (i) implies that, for any compast X' C RP, IL,, is asymptoti-
cally tight in¢>° (K x T) and there exists a semi-metpion K x T such tha{ K x T, p) is
totally bounded and.,, is asymptotically uniformlyp-equicontinuous in probability. This
means that, for any, « > 0, there exist$ > 0 such that

lim sup P* ( sup  |Lp(u) —Ly(u)| > Oé) <e, (40)
(u,u')eSs(K)

where

Ss(K) = {((¢.t), (¢, 1) € (K xT)* = p((¢,t),(¢',t)) <5} .

Clearly, the semi-metrip can be assumed to be bounded and not to depend on the compact

set K without loss of generality; in other words, a bounded seratrim p can be defined
on R? x T so that(R? x T, p) is totally bounded and.,, is asymptotically uniformly
p-equicontinuous in probability oK x T for any compact sek’. We shall use this semi-
metric in the following to show that,, is asymptotically uniformlyp-equicontinuous in
probability, whereg is the semi-metric defined ¢h by

ﬁ(t,t,) = Sllp p(((:b?t)? ((:bat,)) .
PERP

By [Van der Vaart and Wellner, 1996, Theorem 1.5.7], the gstpiic uniformp-equicontinuity
in probability implies tha{u,,) is asymptotically tight.

Step 2. It now remains to show thdtu,,) is asymptotically uniformlyp-equicontinuous
in probability. Letn ande be two arbitrarily small positive numbers. By Condition) (i
and (iv), we may choose a compdctC R? such that

P(B)<e and limsupP*(B,) <e€, (41)
where
B={u(t)e Kforallt e T} and B, ={u,(t) € Kforallt € T}" .

Using Condition (ii), we may findv > 0 arbitrarily small such that

P (ggg [inf {L(¢pt) : ¢ € K, & —a(t)] > n/2} — L(@(t),t)] < 4a> <e. (42)
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We further choosé > 0 so that Inequality (40) holds, that is

limsup P*(E,) <e€, (43)
where
E, = { sup ‘Ln(u) - Ln(u,)‘ > a} :
(u,u’)eSs(K)
Finally, Condition (v) gives that
limsup P*(C,) =0, (44)
where

teT
On B¢, we notice that(u, (t'), t), (u,(t'),t')) € S5(K) for every(t, t’) such thap(t,t') <
0. Hence, onBS N Ef, we have

pt,t") <= Ly(u,(t),t) < Ly(u,(t),t) +a. (45)
Suppose for a moment that we are on the set

Cn = {Sup {Ln(ﬁn(t),t) - éggan,t)L > a} .

D, = { sup  ||@n(t) — @ (t')]| > 7]} .

pt,t)<s

Then we may findt,t’) € T? such thats(t,t') < & and||@,(t) — @, (t')|| > n. OnC¢,
we further havel,, (4, (t'),t") < infgea Ly (¢, t') + a. Intersecting withBS N ES and
applying (45), we obtain

Ln(tin(t'), t) < Jnf, Lin(@,t) + 20 < Ln(tin(t),t') + 2a < L (tin(t), t) + 3a
S

where the last inequality is obtained by exchangingith t’ in (45). Applying again that
we are orCy, we havel, (u,(t),t) < infgep Ly (@, t)+a, and thus, with the last display,
we get

max (Ln(un(t)7t)7Ln(un(t )7t)) — (;Ielf{: Ln(¢7t) + 4o — qgrelf{ Ln(¢7t) + da

Since||u,, (t) — u,(t')|| > n andu,(t) andu,, (t') belong toK on B¢, we just proved that
D, N C: N BN ES is included in
F, = {inf inf L,(¢,t),L,(¢',t)) — inf L,(o,t)| <4dap ,
(it g (8.0 100870) = 0] < b
where

By(K) = {(¢.¢) € K% : |lp— | >} .
Using Condition (i) and the continuous mapping Theorem, waeelim sup P*(F,,) <
P(F) ,where

F =< inf inf L(¢,t),L(¢",t)) — inf L(¢p,t)| < 4dap .
{5 | gl o ™o 0001460 - gt L0 < ]
SinceD,, N CE N B, N ES C F,, using (41), (43) and (44), we further obtain

limsup P*(D,,) < P(F) + 2¢.
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Observe that for al(¢, ¢') € B,(K) andt € T, we have|¢ — u(t)|| > n/2 or ||¢’ —
u(t)|| > n/2. Hence, for allt € T,

o o (Ln(8,), L6, )) 2 inf {L(9",6) : " € K, 19/~ a(t)]| 2 /2]

Further, by definition of3, we have om3¢ that for allt € T, infgecx L(¢p, t) < L(u(t),t).
This and the last display show th&tn B¢ is included in

{inf [0 (L(6.0) 5 6 € K.~ @(0)] 2 /2) ~ L), 0)] < 40 |
which, by (42), has probability at mostfor our choice ofc.. SinceK has been chosen so
that P(B) < ¢, we finally get
limsup P*(D,,) < 4e .

This exactly says thdtu,, ) is asymptotically uniformlys-equicontinuous in probability and
the proof is achieved. a

Proof of Theorem 5Let e > 0 and denote by3’ = {¢ : ||¢ — 8| < 2¢} andB = {¢ :
|l — B|| < €} the balls centered & with radii 2¢ ande. We choose small enough so that
B’ C V. We first show that Assumption 3 holds fbf defined on® by

_JA(e) ifpeB,
M(¢) = {A(ﬁ) +a/2 otherwise, (46)
where
a= 1inf A(¢)—A(B)>0. (47)

$EB/\B
The positiveness aft follows from the strict convexity ofA and Assumption 4-(ii). As-
sumption 3-(ii) follows from Assumption 4-(i). Assumpti@i(iii) follows from the strict
convexity of A, Assumption 4-(ii) and the definition @i/ in (46). It only remains to prove
that Assumption 3-(i) holds. By [Rockafellar, 1970, Theur&0.8 ] and arguing as in the
proof of Lemma 3 in Niemiro [1992] for getting the result iretkense of the convergence
in probability, the pointwise convergence in Assumptio()4mplies the uniform conver-
gence on the compact sBt, that is,

sup [M(¢) — A(g)| 0. (48)
PeB’

Let 2’ be a probability 1 set on which/,, is convex and define

A, = { sup | M, (¢) — A(¢)] < a/4} ne.
PeB’

The set4,, is measurable sinckf,, andA are convex or® and thus the sup can be replaced
by a sup on a countable dense subseBb6fvithout changing the definition ofl,,. Let

w € A,. Forall¢ € B'\ Bandt € [0, L], we haveM,,(w, ¢) > A(¢p) — a/4, A(¢p) >
A(B) + a, and, sincgd3 € B', A(B) > M, (w,3) — /4. Hence

inf My (w, @) > My (w, 2.
onh (w, @) (w,B) +af
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By convexity of the function/,,(w, -) and of the sef, the last display implies that

¢ég§BMn(w’¢) 2 Mn(w,,@) + 04/2 :

For allw € A,, using the definition of\/ in (46), we thus have, for alh € & \ B,

{M(¢) — Mp(w,®)}, ={A(B) + a/2 = Myp(w, @)}, < |A(B) + Mp(w,B)| -

Using this with (48) and®(A,,) — 1, we get Assumption 3-(i). We conclude that Assump-
tion 3 holds and we obtain Assertion (a) as an applicationh&cfem 4.
Next we show Assertion (b) and thus assume thats strictly convex. The proof of
Assertion (c) is similar and thus omitted. We set
o

BRI
so thatL,, — oo by assumption ow,,(3) andtJ,(8) < a/4forallt < L,. Letw €
A,. Then, for all¢p € B'\ B andt € [0, L,], using thatA, (v, ¢,t) > M, (w, ) and
My (w,B) = Ap(w, B,t) — tJ,(B) > Ap(w, B) — /4, we obtain

. f 1 f An bl ,t EAN s 7t 4
tel[(l)len] ¢'€HB}’\B (w d) ) (w B )+Ot/

Since J,, is strictly convex, so is the functioN,,(w, -, t) for t > 0. By convexity of the
set®, the previous display implies that for alle [0, L,,], the minimum ofA,, (w, ¢, t) on
¢ € P is attained withinB. By strict convexity of.J,,, this minimum is unique fot > 0
and we Ietﬁn(w,t) be this unique minimum fot € (0, L,]. Forw € A¢ ort > L,, we
defineﬁn(w,t) = ¢, Whereg, is any fixed point of®. As fort = 0 andw € A4,, we
define

B.(w,0) = liminf B, (t) € B,

where thdim inf is defined component-wise in a given coordinate system dEtltidean
space containinge. Since the minimum of\,,(w, ¢,t) on ¢ € & is attained within the
compact setB, by continuity of J,(¢) and M, (w, ¢) in ¢, En(w,o) is a minimizer of
An(w,¢,0) ong € ®. Thus, we have defined a r\8, (-, t) for anyt > 0, for which
Property (b1) holds.

To conclude the proof, we show that Property (b2) holds. Tmicuity on(L,,, co) for

w € A, and onR, for w € AS directly follows from the definition of3,,(w, t). Let us
now prove thaﬁn(w, -) is continuous on0, L,,] for all w € A,,. SinceJ, is convex, it is
bounded omB and since3,, (w, t) € B, we havesupge o, 1., Jn(B,,(w, 1)) < sup Jo(B) <
oo. Lett andty be in(0, L,,]. We have

An(B(w,t),t0) < An(B(w,t),t) + [to — t| sup J,(B)
< A (B (W, t0), t) + [to — t| sup J,(B)

< An(ﬁn(u),to),to) + 2|tg — t| sup Jn(B) .

~ ~ ~ ~

SinceA,(3,,(w, to), to) < An(B,,(w, t),tg), we getthat\,,(3,,(w,t),to) — An(8,,(w,to), to)
ast — to. Since, by strict convexity af,,, ﬁn(w, to) is an isolated minimum af,, (-, to),
this implies that3,,(w, t) — 3, (w, to) ast — to. The continuity of3,,(w, -) on (0, Ly,]
follows and the proof is achieved. O
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Proof of Proposition 1.Lete > 0 and define
a=inf | it A0~ B0
By (iii), we havea > 0. Denote
A= {sup (B (0).8(6) > ¢ < 0.
teT

~

For allw € A, there existg € T such thatd(3,,(w, t), 3(t)) > ¢/2, and thus for which

~

A(B,(w,t),t) — A(B(t),t) > . Hence, for allw € A,,, we have

sup [A(Bn(w,t),t) - A(ﬁ(t),t)} >a.
teT

Now we write, for anytg € T,
A(Bu(t0). t0) = A(B(to), to) = { A(B,(t0). to) — Au(B,(t0), to) }

+{8u(Bn(t0),t0) — An(Blto). t0) } + {An(B(to). to) — A(B(to). o)}

< sup sup {A(¢;t) — An(,t)}
ped teT

#5up {A0(B,(£),6) = Au(BE).0) ] +sup[A(B(8). ) ~ AB(1). )]

teT teT
Taking thesup in to € T we obtain thatd, < AY U AP U AP, where AV =
{supges supger {A(d5t) — An(¢,t)}, > a/3}, and whered?” and A} are defined
accordingly by using the last 2 lines of the last display. K P*(4,,) < P*(A%l)) +
PH(AD) + P+(AD), (i), (ii) and (iv), we thus get (26), which achieves the droo O
Proof of Theorem 4We apply Proposition 1 with,, defined by (1)A(¢,t) = M(¢) and
B(t) = 3 for all t. Let us check the conditions in Proposition 1. Sioges non-negative,

{A(d)?t) - An(d)?t)}-q- < {M(¢) - Mn((:b)}-q- )

and Condition (i) follows from Assumption 3-(i). Conditidm) follows from Assumption 3-

(i) and J,,(8) — 0. Conditions (iii) and (iv) directly follow from AssumptioB-(iii) and
Eq. (12), respectively. Hence (13) follows from (26). O

Proof of Proposition 2.Denote the left-hand side of (32) by, and the left-hand side
of (29) byV,,. Lets > 1 and defined,, = {U,, > ¢}. Then for allw € A,,, we have

sup Gn(,@n(t),t)‘ <2 tstUzv,. (49)
teT

By (iii), using the assumed uniform®*-consistency (26), there exist non-negative random

sequences,, andW,, such thatw,, = op-(1), W,, = Op~(1) and

Visup | Ru(B,().0)] < (Un w + W)
teT

hence, for allv € A4,

n sup {d(B, (6), B) [Ra(B(4),6)[ | < Un (U wn + Wa) < UZ (wn +Waf5)
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Denote the left-hand side of (27) I8},. The last display, (49) and (28) imply that, for all
we A,andallt € T,

H(B,(t),t) < S+ U2 n~" {267 Viy + w, + W, /5}

DefineB,, = {supier d(B,,(t), B(t)) > €} wheree is the positive number in Condition (ii)
and denote the left-hand side of (30) dywhich is positive. Then, for alb € BS, a U2 <

~

n supget H(B,(t),t), and, using the previous display, if moreouee A,,,
aUZ<n S, +U2 {267V, + wp + Wy /6 .

Using thatP*(B,,) — 0, nS, = Op«(1), V,, = Op+(1), w, = op«(1) andW,, = Op-(1),
we easily get thalim sup P*(A,,) can be made arbitrarily small by takisgarge enough.

Hence (32) holds. O
Proof of Theorem 7Let us definei,, = /n(83,, — B8) and
Lu(@,t) = n {Au(8(6) + 0™ /26,¢) = A,(B(t).1) | - (50)

We will apply Theorem 3 with these definitions (in the case2jfand thus now proceed
in checking the conditions of Theorem 3 successively. Kelbe a compact subset @.
Using (28), (37) and (50), we get

Lu($,t) = Gu(@,t) + nH (B(6) + 17 2p,t) + Vi@l Ry (B(t) +ne,¢) .
Observe that by (34) and (35), as functiongoft),
nH (ﬂ(t) n n—1/2¢,t) ¢ T(t)¢ in (K x T,RP).
Applying (36), we obtain
sup Vgl [Ra (B(t) + 072, t) | = 0p- (1),

(p,t)eKxT
Hence using tha@n ~ G in (> (K x T,RP), the three last displays yield,, ~~ L in
(> (K x T,RP). Sinced is tight in ¢>°(K x T,RP) by assumptionlL also is and thus
Condition (i) holds. Conditions (ii) and (iii) hold by asspiion. Applying Proposition 2,
we obtain (32) and thus Condition (iv) holds. Using (33) vitib above definitions, we get
that Condition (v) holds. O

Proof of Theorem 6We shall apply Theorem 7 fak,, given by (1) and with3(t) = 3 for

all t € T. Let us check that the assumptions of this theorem hold sxdbntext. Condi-
tion (33) and the uniformP*-consistency (26) hold by assumption. The decompositi8in (2
holds with

Gn(p,t) = (¢ — B) P A+t (Ju(d) — Ju(B)) Ll — B < 1),
H(¢7t) = Pg(7¢) - Pg(aﬁ) - (¢ _B)TPA y
Ru(e,t) = n " Puur(, @)+t — B (Ju(e) — Ju(8) Ll — Bl > 1) .

Using (P-1) and (P-3), we havg}_, A(&) = Op(n'/?) and, using (18), we get that
Condition (i) in Theorem 7 holds. Observe ttfaf¢, t) does not depend anand, by (P-3),
we have

H(¢,t) = M(p) — M(B) -
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Integratingx with respect taP in (16) and using (P-4), we get that the first derivativelof
atg3is zero and, by (P-2),
H($,t) = (¢~ B)'T(¢~B) +o (o8I .
Hence Condition (ii) in Theorem 7 holds.
We have, for any sequence of positive (&) such that-,, £, 0,

~1/2 ) 1+\/ﬁrn { ’Vnr('7¢)’ }
|¢-SE|1|D<M{‘" ()]} < Vi lessien \ 1+ Vallé — 0

= op(n™?) + op(ry)

where the last equality follows from (P-4). Observing ttat,||¢ — 3|| < r, andr,, < 1
the second term defining,, vanishes, we obtain Condition (36) in Theorem 7.

Defining @n as in (37) gives
Col(,t) = ¢7 (VAPA) +t [0 Ju(B+n7/26) = n Ju(B)] .

Using (P-1) and (P-3), we have thgi P, A converge in distribution t&” and, by (19), for
any compact C RP G, ~ G in (*(K x T,RP), whereG(¢,t) = ¢" W + t Joo ().
This definition of G and (38) gives (20). Hence Theorem 7 yields (21). O

Proof of Lemma 1We have, for alkp € RP,

p p
ookl =D 18

k=1 k=1
whereC only depends o and~y > 0. The bound (23) follows directly foy > 1. For
~v < 1, one obtains

J(@) - @) < ¢ ((Valle - B +n72l¢ - Bll) .

and (23) follows by oberving that” < 1 + a for a > 0, andn?/2 < n'/2.
Relation (24) is easily obtained by using the Taylor expamsialid forz # 0, |[z+y|7 =
|z| + v|x[""Lsgn(x) y + O(y?), which concludes the proof. a

<C(le-BI"+Ilée—-8I),

n

Proof of Theorem 1As ¢ — M,(¢) = L >°7'_ (yx — x{ ¢)? is a convex function, we
apply Theorem 5. In fact, by Assumption 1-(i}/, is strictly convex forn large enough,
and hence the more precise Assertion (c) applies. We now ghatwAssumption 4-(i)
holds.

My(§) = Mo(B) = (6~ ) Cal — ) — <X, (6— ) (51)
wheree,, = Y,, — X,,3. Since
E|Xlen|?> = E [Tr(ef X, X1e,)] = Tr [X, XL = O(n),
by Assumption 1-(j), it comes-2e1X,,(¢ — B) = Op(n~'/2). And furthermore, by
Assumption 1—(i) :
My (@) — My(B) —p (¢ — B) C(¢ —B) = Ao) -

SinEeC is positive-definite A is strictly convex and Assumption 4-(ii) holds. By definitio
of 3,,(t), (12) holds. Finally, the conditiod,,(3) — 0 holds, as the penalty is defined
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by J.(8) = A\n 8|1, with || - ||; denoting the/* norm. The uniform consistency on every
compact set follows as an application of Theorem 5. O

Proof of Theorem 2We apply Theorem 7 witA® a compact subset @& . By definition
of 3,,(t), condition (33) holds. We just obtained uniform consisieimcTheorem 1. Us-
ing (51), we have the decomposition (28)/0f(¢, t), with

Gn(,t) = =20 2UL (¢ — B) + tA, (101 — 1181)
H(¢p,t) = (¢ — B)'C(¢p— B) andRy,(,t) = ¢ — B (¢ — B)"(C — C) (¢ — B) ,

wherelU,, = n~1/2X"¢, and\, = n~'/2, by Assumption 2-(iii).

The sequencéU,,} converges in distribution t&/ ~ N(0,0%C) by the Lindeberg-
Feller theorem and Assumption 2. We have, forg@lle R? andt € T, n|Gy(¢,t)| <
ViUnll® = Bl + tv/nll|@lls = [IBl11] < ll¢ — BI(Op(v/n) + cv/n), wherec is a positive
constant. Hencér,, satisfies (29).

Conditions (34) and (35) o/ are immediately verified by taking(t) = C, for all
t € T and using Assumption 2-(i).

Observe thatR,,(¢,t)| < p(C,, — C) || — B wherep(C,, — C) is the spectral radius
of (C,, — C). SinceC,, = C, p(C,, — C) = op(1) and
sup{Rn(¢,t),¢ € ®,|¢p — B|| < rn} = op(ry). Condition (36) onk,, follows.

As in (37), we define

Go(,t) =Gy (B+n7"2,t) = —2UT ¢+ tn'/? zp: {|8:+ 07205 = 181} -
j=1

For any compack’ C R?, let f mapu € RP to f[u] € ¢>°(K x T), defined byf[u](¢,t) =
u” ¢. The mapf is continuous and by the continuous mapping theorgf#,,) converges
to f(U) in ¢=(K x T). From this and (24) withy = 1, it follows thatG,, converges ta”
in (K x T), where

p
G(¢,t) = —2UT¢ +t Z {¢j sgn (ﬂj) Il{ﬁj;éo} + ‘¢j‘l{ﬁj:0}} .
j=1
By Assumption 1-(i) one hak(¢,t) > c1]|@||? + c2||@|| for all ¢ € RP andt € T, with
c1 > 0 andcy a finite random variable. Sinde(0,t) = 0, we get0 > L(u(t),t) >
c1]|a(t)|)? + col|la(t)|| thusa(t) < —¢2. Condition (ii) of Theorem 3 follows immediately
and so does Condition (iii) of Theorem 3, observing thép, t) is continuous in(¢, t) and
strictly convex ing. The convergence (6) follows as an application of Theorem 7. O
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