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Riesz exponential families on
homogeneous cones

I. Boutouria*, A. Hassairi*!

Abstract. In this paper, we introduce, for a multiplier y, a notion of generalized power
function x — A,(z), defined on the homogeneous cone P of a Vinberg algebra A. We
then extend to A the famous Gindikin result, that is we determine the set of multipliers
x such that the map 6 — AX(G*I), defined on P*, is the Laplace transform of a positive
measure I2,. We also determine the set of x such that R, generates an exponential family,
and we calculate the variance function of this family.

Key words: Homogeneous cone; multiplier; generalized power; Riesz probability
distribution; exponential family; variance function.

1 Introduction

It is well known (see Casalis and Letac (1996)) that the Wishart distributions on
the cone of (r,r) positive symmetric matrices or on the symmetric cone €2 of any
Euclidean Jordan algebra E of rank r are the elements of the natural exponential
families generated by the measures s, such that the Laplace transform is defined on
Q by

L, (6) = (det(9))".

3 -1 -1
r }U]%, +o00[. The measure p, is absolutely continuous

1
for p in {5, 1,

S
—1

when p G]TT, +oo[ and is singular concentrated on the boundary of the cone,
3 —

when p € {5, 1, ST TT} In 2001, Hassairi and Lajmi have introduced the

Riesz distribution on €2 as an extension of the Wishart distribution. These authors
have started from the fact that in a Jordan algebra, besides the real power of the
determinant, there is the so called generalized power Ag(z) of an element z of Q,
defined for a fixed ordered Jordan frame of £ and for s = (sq,---,s,) in IR", and they
have used a remarkable result, due to Gindikin (1964), which determines the set =
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of s in IR" such that A,(6~!) is the Laplace transform of some positive measure R
on E. The generalized power Ag(z) is a power function of the principal minors of
x which reduces to (det(z))? in the particular case where s; = so = -+ = s, = p,
and in this case, the measure Rs in nothing but p,. We mention here that Ishi
(2000) has given a more detailed description of the Gindikin set = based on the
orbit structure of 2 under the action of some Lie group. He has also given explicitly
the measure R, for each s in =. In all these works, the definition of the Riesz measure
R, and in particular of the Riesz probability distribution is based on the choice of
a totally ordered Jordan frame which allows the definition of the principal minors
and of the generalized power of an element of the algebra. The fact that the order
is total is a fundamental condition not only for the definition of the distribution
but also in the proof of many results. To define models in which some specified
conditional independencies, usually given by a graph, are taken into account, there
has been an interest in probability distributions on the homogeneous cone of a
Vinberg algebra. For instance, Andersson and Wojnar (2004) have defined a class
of absolutely continuous “Wishart” distributions on an homogeneous cone. These
distributions have been characterized by Boutouria (2005, 2007) in the Bobecka and
Wesolowski (2002) way. They have also been charcterized by Boutouria and Hassairi
(2008) in the way given in Olkin and Rubin (1962) for the ordinary Wishart. The
aim of the present work is to use an approach similar to the one used in the definition
of a Riesz exponential family on a symmetric cone to introduce a Riesz exponential
family on an homogeneous cone. The distributions in these families are defined
for any graph, that is for any order relation not necessary total. Some of these
distributions are absolutely continuous with respect to the Lebesgue measure and
some are singular concentrated on the boundary of the cone. In this connection,
the Riesz distribution on the symmetric cone of a Jordan algebra may be seen as
the particular one corresponding to the particular directed graph with vertex set
{1,---,r} and edges defined by the usual order on integers. We first define for an
element of an homogeneous cone two kinds of principal minors, minors which are
said strict and minors which are said large. We then define for a multiplier y, a
notion of generalized power function x — A, (z). One of our main results is the
determination of the set of multipliers y such that the map 6 — A, (07') is the
Laplace transform of a positive measure R2,. It is a generalization of Gindikin result
with a more elaborate proof adapted to the properties of the Vinberg algebra and
the graph. Concerning the generated exponential families, we give a necessary and
sufficient condition on x in order that R, generates an exponential family and, under
this condition, we determine the variance function of the family.

2 Vinberg algebras and homogeneous cones

In this section, we introduce some notations and review some basis concepts con-
cerning Vinberg algebras and their homogeneous cones. We also introduce a useful
decomposition of an element of the cone.
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Throughout the paper, I denote a partially ordered finite set equipped with
a relation denoted <. We will write ¢ < j if ¢« < 5 and ¢ # j. For all pairs
(i,7) € I x I with j < i, let E;; be a finite-dimensional vector space over IR with
n;; = dim(E;;) > 0. Set

R for 1=
Ay =% E; for  j>i or j <1
{0} otherwise.

and A= J] Ay An element A = (a;;, i,j € I) of A may be seen as a matrix
ijeIXI
and so we define the trace trA = Z a;. We also define
i€l

1
n; = an,n_i = an, ni=1+=(n. +n;),i €l and n, = Zn, (2.1)
p<i i<p 2 iel

Let f;; : Eij — Ejij;, i = j, be involutional linear mappings, i.e., fgl = fi;. They
induce an involutional mapping ( A +— A* ) of A given as follows: A* = (aj;|(i,j) €
I x I), where

Qi for 1=
aj; =4 fijlay)=aj; for  j<i or i<j
{0} otherwise.

Let%:{AE<CLZ’j)EA, Vi,jE[:iﬁjéaij:()},’ﬁ:{flz(aij)E.A, V’i,je
I:jAi=a;=0}andH ={Aec A, A* = A} denote respectively the set of upper
triangular matrices, the lower triangular matrices and the Hermitian matrices. The
sets of upper and lower triangular matrices in P with positive diagonal elements are
respectively denoted by 7% and 7,". The sets of diagonal matrices and of diagonal
matrices with positive entries are denoted by D and DV, respectively.

The space A is equipped with a bilinear map called multiplication and denoted
by (A, B) — AB, using bilinear mappings A;; x A, — A, denoted by (a;;, bjx) —
a;;bji, such that AB = C' = (¢;4[(i,5) € I x I) Wlth Cij = Zaw i

nel
The multiplication is required to satisfy the following properties:

i) VA€ A; A# 0= tr(AA*) >0

i) VA, B € A; (AB)* = B*A*

i) YA,B € A; tr(AB) = tr(BA)

i) VA, B,C € A; tr(A(BC)) = tr((AB)C)
v) YU,S, T €T; (ST)U = S(TU)

vi) YU,S,T € T;; T(UU*) = (TU)U*.

An algebra A with the above structure and properties is called a Vinberg algebra
(For more details, we can refer to Andersson and Wojnar (2004). Define the inner

3
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products (.,.); on Eyj, i = j by || ai; ||7;= ai; fij(ai;), a;; € Ey. Thus instead of
specifying the bilinear form (a;;, b;;) — a;;b;; on E;; one can specify an inner product
(.,.)ij on Ejj, i > j. It can be established that the following two conditions also
must hold:

L. Y ai; € Eij, bj € Ejie || asbie [15.=1 aig 1151 0w G + =<5 <4,

and

2. If a;, € Eik7 bjk c Ejk7 with £ < J =<1 and (aikacijbjk>ik = 0 for all Cij € Eij7
then (dj;a, cijbjk )i, = 0 for all 1 € I with ¢ < [, and all ¢;; € Ej;, and dj; € Ej;.

We consider the element (a;;|(4,j) € I x I) of D such that a; =1, Vi € I as the
unit element of A and we denote it by e. We also define Ejy, = (d;;)ijer € D with
dyr = 1 and d;; = 0 Vj # k. It is clear that ZEk = e.
kel

Vinberg (1965) proved that the subset P = {TT* € A, T e T,'} C HC A
forms a homogeneous cone, that is the action of its automorphism group is transitive.
Let G be the connected component of the identity in Aut(P); the group of linear
transformations leaving P invariant. We recall that y : G — IR, is said to be a
multiplier on the group G if it is continuous, x(e) = 1 and x(g192) = x(g91)x(g=2) for
all g1, g2 € G. Consider the map 7 : T € 7,7 — 7(T) € ©(7;") C G such that for
X=Vv*eP, Vel"

7(T)(X) = (TV)(V*T). (2.2)

Andersson and Wojnar (2004) have shown that the restriction of a multiplier y to the
(lower) triangular group 7;", i.e., Yo m : T;” — IR, is in one to one correspondence
with the set of (A4 € I) € IR’. We will then describe a multiplier x by its
corresponding point in IR? and we denote X = {y : ;" — R, }.

If <°PP is the opposite ordering on the index set I, i.e., i <°PP 5 & 5 < 4. The
Vinberg algebra A°P? = [ A, where

ijelxI
R for 1=

AGP =4 Ej for j=°Pqi or j <P
{0} otherwise,

differs from the Vinberg algebra A only in the ordering of the index set I. Vinberg
(1965) proved that P<oe» = {T*T € A, T € 7,7} is the dual cone of P. The inner
product (A, B) — tr(AB) on H identifies H with its dual H* i.e.,

H < H~
A — (B~ tr(AB)),

and this isomorphism identifies P<opp with the dual cone P* of P.

4
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Now, for ¢ € I, we denote Ix; ={j€l; j=i}and I,x={j€I; i < j} and we
say that j separates iy and iy if j € I;;< N I;,< and j & {i1, i2}. In this case, j is
called a separator. We denote S; = {j € I;<; j is a separator} and S = U S;.

i€l
If T = (tij)ijer is in 7;, we define the element T, of 7; by
Ti< = (ti;)ijer, with ty =t if i < j, k and t}; = 0 otherwise, (2.3)
and the element T, of 7; by
Tiz = (ti;)ijer, with ty =t if i < j, k and ¢}, = 0 otherwise. (2.4)
If X =TT, we denote
Xiz =TT, Xi<x =TT (2.5)

We also denote by Pi< (resp Pi<) the set of X<z = T,<T5 (resp Xz = T;.T7)
corresponding to T € 7. Tt is easy to see that P;< and P, are respectively the
homogeneous cones of the Vinberg subalgebras of A defined by A;< = H Ay and
kel
Al = H A We denote by e; and é; respectively, the unit element of A;< and
kel

A;~. We also define the rank of P, (resp the rank of P;<) the cardinal of the set
{j € 1,i =% j} (resp the cardinal of the set {j € I,i < j}). Finally, if we denote
po={iel; I, #0 and I; = 0} and if we set, for X € P,

Xij—Zij if ZG@

SES;
Xi=1\ X it ies (2.6)
0 otherwise,

then, we have the following decomposition of X

X=X, (2.7)

i€l
3 Riesz measures on an homogeneous cone

The definition of a Riesz measure on the symmetric cone of a Jordan algebra relies
on the notion of generalized power of an element of the cone which is a power
function of the so-called principal minors. In order to define a Riesz distribution on
an homogeneous cone, we need to extend all these things to a Vinberg algebra.

3.1 Generalized power

We first introduce a notion of determinant. For X = TT*, with T = (t;;) € 7;, we
define the determinants

detX =[] £ det=X<; = [[ ¢, and det"X.; = [[ &3

i)
el Jel<; Jel<;

5
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For X =T7T* with T' € 7;, we define the strict principal minor of order k£ of X as

AL(X) = { det<(1X<k) i iz ig (3.8)
and the large principal minor of order k£ of X as
Ap(X) = det=(X<p). (3.9)
Definition 3.1 Let x = {\;,i € I} be a multiplier and X € P, then the map defined
by
X = A (X) = ]};[I(ijzgi)% (3.10)

is called the generalized power function corresponding of x.

We also denote
A (X)

AVX) =TI (m

kJEI,’j

)M (3.11)

Note that, if \; = A\, ¢ € I, then A (X) = (det X)*. Tt is easy to verify that
Aty (X) = AyX)Ay(X), where x + X' ={ N+ X}, i € I}

Example 3.1 Let us consider [ ={1,2,3,4} and the poset defined by
1<3, 1<4, 2<3.

For X = TT* € P, with T = (t;) € T, we have A (X) = det™(X<) =
11, Ax(X) = det™(X<o) = 13y, Axu(X) = det™(Xzu) = 1], and A(X) =
det=(Xz3) = t3,t3,t2,. Hence, for x ={\ =1, i € I},

1y 15,y 113,15

A (X) = = 1215, 15,12,
X 1 1 t%l t%ltgz 11%22%33%44

3.2 Orbit decomposition of the closure P of P

For i € pUS, we denote by &’ the set of maps v defined from I into {0, 1} as follows:
If i € p, ¥ is such that ¥(j) = 0, when j € I;< or j € S, and if i € S, 9 is such
that ¢(j) = 0, when j & I,<. Similarly, we denote by &' the set of maps ¢ defined
from [ into {0,1}. If i € p, ¥ is such that ¥(j) = 0, when j & I,5 or j € S, and
if i € S, 1 is such that ¥(j) = 0, when j & I,-. With these notations, we define
fori € pUS and ¥ € &', e, = diag(y)) = diag(¥(j),j € I) € D and we denote by
T, ey = {Te,T*, T € T,"}. We also consider the two elements of A

i €; in .Al'j i é; in Ai<
E _{ 0 elsewhere , and B _{ 0 elsewhere .

Next, we state and prove a fundamental result. It is a decomposition of P in orbits.
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Theorem 3.1 1)

P = Pi<- (3.12)
1€EpUS
ii) Leti € pUS, then B
Pij = U 7;+.6¢. (313)
Peet

Proof i) Let Z € P, then there exist a sequence {Z™},cy in P such that Z(™ —

Z as n — oo. Since {Z™M},cn is in P, using the decomposition (2.7) we write
Zm = Z Zi("), where Zi(") € Pi<. Hence Z = Z Z;, where Z; € P;< and (3.12) is
proved_ el el

i) We will prove (3.13) by induction on the rank of the cone P;<. It is obvious
that (3.13) holds for i € p U S such that rankP,< = 1. Suppose that (3.13) holds
for any ¢ € p U S such that rankP;< < [ and let us show that it holds for 7 such
that rankP,<x = [. Consider the set M; = {j € I, I;; = {i}}. Then using the
decomposition defined by (2.6) and (2.7) for an element of the cone P;<, we easily
see

= > Pjx (3.14)

JEM;

As rankP;< = [, we have that rankP;x = [ — 1 and it follows that rankP;< <1 —1,
Vj € M;. Using the induction hypothesis, we can write

Pi<= U T" ey, J €M

Peed

Now, let e% = )" &/, then we obtain

JEM;
ﬁH = Z ﬁjj Z U T+ 61/, U T+ €y - U T+ €y (315)
JEM; JEM; +peei PEet= Peet

To conclude, we will verify that for Z € P,<, there exist ¢ € " and T € 7, such
that Z = T.ey. Let Z € P,<, then there exists a sequence {Z)), en in Pix such

that Z(") — Z asn — oo. As Z™ € P2, there exists Ui(g) = (ugz))mg in 7; such
that Z(" UZ(Z (UZZ )* (see (2.3) and (2.5)). In particular, we have

A = W)+ 30 w12 (3.16)

j=k

for £ € I,5. This implies that the sequences (U/(;;?)neN and (u,(g))neN are bounded.

Therefore there exists a subsequence of positive integers (n,,) such that (u,ﬁZM’)m

and (ukj ))m converge. Let Uy, = liril u"™ and U = 1113 u,(gj ). Then
hr}rl U = ~Z‘j, so that Z = UHU< = (2kj)kjer- As z; > 0, we will con-

sider separately the case z;; = 0 and the case z;; > 0.

7
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Suppose that z; = 0. Then @ = (2:)"/%2 = 0, so that z; = Uglig; = 0, i < k. Thus
7 = Z;i, € P, and the result follows according to (3.15).
If z;; > 0, we consider the elements of A;<

~ ﬁ~” 0 di — 1 ~0
u' = G e and u; = 0 U )

where 62 = Zﬁﬂ and (72‘_< = (ﬁjk)j,kEIH' Then ﬁij = ’Ijlﬁl and ’Ij“ = (Zii)1/2 > 0.
i<j

Let WTl arli T5 in ’ZT’, such that 73 = @' in A< and T, = w; in A;<, we have
Ty.E' € PiL. By induction hypothesis, there exists a unique ¢, € e such that
1 (i) = 0 and there exists T, € 7;" such that T5.E* = Th.ey,. Let ¢ € €', such that
Po(i) = 1 and 19(j) = 0 Vj # i and put ) = ¢ + 1y € et and T = 1Ty € T,".
Then we have

= TlEZ + jé.@wl

= (TlTQ).ew

= T.e¢,

and (3.13) is proved. O

3.3 Gamma functions

We use the generalized power function to introduce a generalized gamma function
on an homogeneous cone.
Forie pUS, ¢ ectand y; ={\;, j€; \; =0,Yj & I,<}, we set

X)) ={xie X | \; =0, for all j € I,5 such that ¢(j) = 0}. (3.17)
For every x; € X(¢), we define a generalized power function on 7;*.e, by
AY (T.ey) = AN(TT™), VI €Tt (3.18)
where AW(TT*) is defined by (3.11). We also define n¥ = (nf,j € I) by
ng =y (k) Vj € Ii<. (3.19)
k<j
When ¢ # 0, we introduce the measure v, on 7;".e, defined by
d(T.ey)) = AY(TT* dty, 3.20
nld(Tiey)) = ALTT) [ dng, (3.20)
i<j=<k
P(j) =1

PN
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where X! = {)\; € R,j € I, such that \; = —(j)(1 + nt)/2, if j € Iiz and \; =
0ifj & Lix}, and T' = (tjx)jkes € 7,7 Finally, we denote by v be the Dirac measure
at 0.

Theorem 3.2 Letic pUS and x; ={)\;, j€l; \; =0,Vj & [} € X(¢). The
integral

Tre., (i) = /T . o=} (Z)(a2) (3.21)
converges if and only if x; € X () satisfies the following condition:

Vj €1 such that ¥(j) = 1. (3.22)

)\>_J
J 2

Moreover, under this condition, one has

Tpo ., () =27 Wla= 02 T Ty = ), (3.23)

where || = Z ¥(j) and [n¥| = Z n;

Jeli< Jeli<

Proof If ¢y = 0, the integral (3.21) reduces to 1. Thus (3.22) and (3.23) hold
trivially. If ¢ # 0, then writing Z = U.ey, where U = (u;i)jrer € 7,7, the integral
(3.21) can be written

20 —nt —1
L7t e, (i) = /T+ exp{—( > (uj; + > llwe l5))} I wyy’ 7 duysduy
L b(j)=1 =<k i<j<k
¥(j) =1

For j € I;<, let

Cj = (Sim)iner € Cl = Z Eyj, with s;; =w; if j <1 and s, = 0 otherwise. (3.24)

i<k

It is clear that || C; ||°= Y || uk; |17, and dC;j = [[ dus;. Hence

J=k j=k
+oo a2 2\—ni -1 e
Lo, 06) = 11 /0 ep S " ] /C LexptIal ac,
1=J i<
¥(j) = b(j) =
Therefore the convergence condition is reduced to the one corresponding to the
ordinary gamma functions, that is A\; > % Vj € I such that ¢(j) = 1. O
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Remark 3.1 From Theorem 3.2, we have, for i € I, a relation between FTl+_ew(Xi)

and Up(x). In fact, if we denote by 1; the element of €%, such that ¥(j) =1, V j €
Iix\'S, if i € p and such that (j) =1, V j € I,<, ifi € S, then it is clear that

P = Z ,];4_.61”

1€EPUS

and using (2.1), for x =Y xi € X, where x; = {\;, j € I; \; =0,Vj & I,<}, we
iel
have

II Trvey, (i) = ) = 271100 (y)-

1€EPUS iel

3.4 Riesz measures

For the definition of the Riesz distribution, we need to introduce some other nota-
tions. Let i € pUS and x; = {);, 7 € I; \; =0,Vj & I,<} and introduce for ¢ € &'
and w € &', the following sets

;.

B(i, ) = {Xi eX; \y=0forj €Iz, N\ = > when j € I,5 and ¥(j) = },(3.25)

>/ . ni‘ . .
B(1,w) = {Xi eX;v;=0forj &I, 0= TJ when j € I, and w(j) = 0} , (3.26)

i

=(i, ) = {Xi € B(i, ), \j > % when j € [;< and ¢(j) = 1}, (3.27)

i

=(1, w) = {Xz B(i,w) \; > % when j € ;5 and w(j) =17, (3.28)

——

=(i) = U'E(i, V), =) = | 23, w), == ‘Z =(i)- (3.29)

For every x; = {);, j €I} € X, let

i

It is clear that if x; € B(i, ), then x; € X (¢).
In what follows, we denote the Laplace transform of a positive measure i on the
cone P by

L(0) = /P exp{—tr(02)}u(dZ), 0P (3.31)

10
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Theorem 3.3 There exists a positive measure R, such that the Laplace transform
is defined on P* and is equal to A (671) if and only if x € E.

The proof of Theorem 3.3 relies on the following proposition.

Proposition 3.4 Let i € o US. Then there exists a positive measure R, such
that the Laplace transform is defined on P* and is equal to A@(@‘l) if and only if

Proof <) Let x; € Z(i). Then there exists ¢ € &’ such that x; € Z(i, ©). It is clear

that x; defined by (3.30) satisfies (3.22). We will show that the Laplace transform
of the measure

1

R (dZ) = ————AY(Z)1,+ , (Z)vy(dZ)
X F’Zﬁ.ew(xl) X Tmew v
is defined on P* and is given by
1 4
L 9:7/ —r(02)YAL (Z)vy(dZ) = AD(07Y).
8 0= Ty e, P EODI (Znta2) = 007

In fact, as 6 € P*, then 60,< defined by (2.5) is in the dual cone P}, of P,<, and
there exists 7' in 7" such that 0, = T*.FE’. Let Y = 7(T)(Z), where 7 is defined
by (2.2). As Z € T,".ey, there exists S € T, such that Z = S.e;. This with (3.20)
imply that

vy(dY) = vy (d(7(T)(2))) = A;ﬁ}, (0)r(d2), (3.32)
where ¥¥ = {\, € R,j € I such that \; = (1 —@Z)(]))%, ifjelixand0if j & I,<}.
Since x; € X (¢), then

AL(Z) = AL(r H(D)(Y))

Xi

= AL(T ley)AL(Y)
= AD@EHAL(Y). (3.33)

Xi

Using (3.30), (3.32) and (3.33), we get

AL (YV)vy(dY) = AD(O)AL (Z)wy(dZ). (3.34)
Then
Ln () = f—c7 fr. . el-un(En (D )IALE DAL () (ay)
= Agg(@l)ﬁ /T+.ew eXp{—trY}A%i(Y)%(dY)
AP,

11
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=) Suppose that there exists a positive measure R,, such that the Laplace transform
is defined on P* and is equal to A (#~!). Our aim to show that x; € Z(i).

For this y; and a 9 in &, consider the generalized positive Riesz measure which
we also denote R,, defined for ¢ in the Schwartz space S(.A) of rapidly decreasing
functions on A by

Ry, (p) = ; /T

Cre o, (%) 7t P(Z2)AL (Z)vy(dZ). (3.35)

—_
—

We will prove by induction on the rank of the cone P,< that x; € (¢, ). Suppose
that rankP;< = 1. Then we have either cardinality of p equal to 1 or cardinality of
S equal to 1. Thus R,, coincides with the Riesz measure p) on |0, +o0o| given by

o) = g [ el (3.36)

This implies that x; = A and A > 0 which means that the result is true when
rankP;< = 1. Now, suppose that the claim holds for any ¢« € p U S such that
rankP;< < k — 1, and let us show that it also holds for ¢ such that rankP;< =
k. Consider ¢+ € o US such that rankP;< = k. Then rankP,. = k — 1 so that
rankP;j< < k —1, Vj € M;. Using the induction hypothesis, we have that Vj € M;,
={0eR, lel, =0 Vl¢gI<}isinZ(j). Let Re, be a Riesz measure
defined as in (3.35) on the cone P;< for some 1 in &/ and let & = Y & = {B; €
JEM;

R,jeI;58;,=0for j ¢ I,x}. Then from (3.14), the measure Rg = H Ry, where

JjeEM;

H is the convolution product, is concentrated on P;,. Consider the sets
;i={NeR,jel;\;=0for j &I},

W ={6€R, k€ I;B=mnyforkecl,and B3 =0fork¢&I.},

and
M) ={ag, ke l},
where
A for k=1
ap =4 5 for kel
0 otherwise.

Then it is easy to verify that M(\;) € B(i,1;), where ¢ € &' such that (i) = 1,
and ¥, (j) = 0 Vj # 4. Also we have y; — M(\;) = X; — & € B(i,w), where B(i,w)
is defined by (3.26).

Using the Laplace transforms, we obtain that

sz' = RM(N) * R Al - (337)

Xi—7%

12
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Proceeding as in the proof of Theorem 3.2, and using (3.23), we get

_ dimc?

2r7 " 2

L)

where U € 7,7, U.ey, = (uji);jrer and C; is defined by (3.24). On the other hand,
it is easy to verify that

U.ey, = ug B +uuCi + Y | ugi |5 E;.

1<7J

Ry () = /T+ew @(U-ewl)U?zAi_lduiidCu
1 1

Hence, if we define
Qi : CZ X CZ — ./4@'<
(Ci,Ci) — Q(C,C) = Z | wji ||?z Ej,

i<j
then we have
U.ey, = uzE; + uuCi + Q(Cy, C).
Setting uy; = /v, we get

di

271-7 rgCi +OO . .
R () = TOo /0 /C (B + VoG + Q'(Ci, Gy))dCi™ v

This, using (3.36), becomes

Raron () = 755 oo ([ @(0E: + ViCi + Q(Cr, C))dCo),. (3.38)
As for \; = 0, pg is the Dirac measure at v = 0, we get
Ruo () = Rus () =735 [ o(Q(Cy, C))dC. (3:39)
Using (3.37) and (3.38), we obtain
Role) =7 o0 ([ R s (plvE: + VoCi+ (G, C1) +Y))ydC))y, (3:40)

Denote by C2° the set of C'° functions with compact support and consider the
functions of the form

p(Z) = ¢1(211)92(Zi<)
where Z = (2i5)ijer € A, Zix € Az, v1 € CX(R) and ¢y € CX°(A;<). Then by
(3.39) and (3.40), we have

_ dimc?

Rulp) = 75 p(e) [ By u (0a(Q'(Ci.C) + Y))rdC,

i Xi— g

= )Ry xRy _ye)(e2)

n®
2

= o) Ry (22). (3.41)

13
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For a suitable choice of non-negative ¢; € C°(IR), we have py,(p1) > 0. If ¢ > 0,
then using (3.40) and the positivity of R,,, we get Ry.(2) = (p, (¢ )) 'R, () > 0.
Thus Rx is positive and the induction hypothesis ensures that ¥; € Z(z, w)

Now, fix a non-negative @y such that R -(4p2) is strictly positive. Then using again
(3.40), we get py, (1) > 0 for any ¢ > O Therefore p,, is positive and we deduce
that \; > 0. If \; = 0, then choosing a 9 in €’ such that (i) = 0, we get x; € Z(i, ).
To study the case \; > 0, we first observe that the map

]O, +OO[XCZ X .AZ'< — {X eA x> O}
(v,Ci,Y) — vE; +uC;+ Q(C;,C)) +Y

is a diffeomorphism whose the inverse is given by

r = (211, 5511 ZXkla Ti< — —Qz Zxklazxkl

1<k 1<k 1<k

For a functions the functions ¢ € C°(A) of the form

o(Z) = { wl(v)soz(OCi)ws(Y) Eji 28;

with ¢, € C2°(]0, +00[), w2 € C°(C") and @3 € C(A;<), by (3.40), we have that

dlmCz
Ry(p)=7""2 py(e)R, _.i(ps / P2(C,

2

Since A\; > 0, the positivity assumption of R,, yields that RX »i 1s positive. This

by the induction hypothesis implies that y; — % € Z(i, w). Finally, choose a 1 in
' such that

o) ={ P o

where w € ¢. Then, as \; — "— € Z(1, w), for j € I,5, we have that Aj = % if

w(j) =0and \; > %zL if w(y )—1 As \; > 0 and ni =0, then )\; > “&. This means
that for such a v, we have that x; € Z(i, ). Hence Xi € Z(i) and Proposmon 3.4

is proved. O
Proof of Theorem 3.3 (<) Let x = Y x; € Z, where y; € Z() and let
1€EPUS
II R.. (3.42)
1€EpUS

14
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R, is the positive measure defined from Proposition 3.4. Then, for 6 € P*

Lg (0) = H Lin(e)
1€EPUS
= II aPe™

1€EPUS

— A(Z) 971
ZM( )

1€EpUS

= Ax(eil)'
(=) We have Lg (0) = A, (07!), then using the fact [] ASZ(@’I) = A (07,

1€EPUS

Proposition 3.4, and putting R, = ][] Ry, such that for § € P, Lg, (0) =
1€EPUS
A@(Q*l), we get x; € 2(i). Therefore y = Y x; € Z. O
1€EPUS

Following the terminology used in the paper by Hassairi and Lajmi (2001) in the
case of symmetric matrices, we call the measures R, , defined above in terms of their
Laplace transforms, Riesz measures on the homogeneous cone. These measures are
divided into two classes according to the position of y € Z. A class of measures
which are absolutely continuous with respect to the Lebesgue measure on P and a
class concentrated on the boundary 0P of P.

Proposition 3.5 Let x = {\;, i € [} € X. Then R, is absolutely continuous if
and only if \; > %=, i« € I. In this case

R(dZ) = wr—~Ayix(2)1p(2)dZ. (3.43)

Ip(x)

where X = {—n;, 1 € I} and T'p(x) =7 2

ST - ).

el

Proof =) We have P = Z 7, .e1,, then ¥; defined by (3.30) is equal to ;.

1€EPUS
From (3.42), we have R, = [[ R,,. Writing Z = UU* € P, U € T,*, then
1€EPUS
Z =Y Z; where Z; is in 7, .eq,, and using the proof of Proposition 3.4, we have
el
1
Ry (dZ;) = =——— A\ (Zi)v(dZs),
X FT;+.€1i (XZ) X
where Al = A\ and v(dZ;) = 11,(dZ;) = Agi(Z) 11 duy;.
L iz =2k
P(j) =1

15
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Then v(dZ) = Ay (Z)dU, where

1+le.
2

x = {—( ), j€ 1} and dU = H H duy;.

1€EPUS i < j k

w(j) =1
Using the fact that the mapping U € 7," — UU* € P is a diffeomorphism, we have
that dU = 27 WA (Z)dZ, where ¥ = {—Hzn'j, Vj €I} Asnj =1+ 3(n;+n;), we
have

DN

R(dZ) = =~ A(Z) AU 2) AU 2)AZ = =~ Avix(2)dZ,

Ip(x)

n. \I\

where X = {—n;, j € I} and I'p(y) =21 ] Lree, [Iro — =
1€EPUS i€l
Moreover, the condition \; > % i € [ is easily deduced from Theorem 3.2.

<) It suffices to verify that for X such that \; > %, ¢ € I, the Laplace transform

of the measure |

Ip(x)

is equal to A (671), V8 € P*. In fact, let § € P*, then there exists T = (¢;;) in
7," such that @ = T*T. Let Y = n(T)(Z), where  is defined by (2.2). Then
dZ = det 7= 1(T)dY and

Ayi3(2)1p(Z)dZ

Ari(2) = Dz (m (DY) = A (071Y) = Ay (07 Ayag (V)
From Andersson and Wojnar (2004), we have

det 71 Ht_zm =A_4(07Y),

el

where —x = {n;,7 € I}. Writing Y = ZYi, where Y; is in 7;".eq, , then as

el

P00 =2 TT Ty O) = 20 T [ exp{=ui) Al (Vu,(dY))

icpUS i€pUS

= [ exp—{trY}A5(1)aY;
P

we obtain that

1 o
FP(X)AQXP{_U(QZ)}AM(ZMZ = A0 )m/pexp—{trY}Am(Y)dY

= Ax(eil)-

16
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4 Riesz exponential families

In this section, we study the natural exponential family generated by a Riesz mea-
sure. We first review some basic concepts concerning exponential families and their
variance functions and introduce some notations.

For a positive measure on A, we denote

O©(p) = interior{ € A*; L,(0) < oo}

k, =1logL,

where L, and k, are respectively the Laplace transform and the cumulant generating
function of pu.

The set M(.A) is now defined as the set of positive measures u such that p is not
concentrated on an affine hyperplane of A and ©(u) is not empty. For g in M(A),
the set of probability

F = F(u) = {P(6, 0)dX = exp{—tx(9X) — k,}u(dX); 0 € O(u)}

To each € M(FE) and 0 € O(u), we associate the probability distribution on A
PO, p)(dX) = exp ({0, X) — ku(0)) u(dX).
The set
F=F(u) ={Pn); 0 cO(n)}

is called the natural exponential family (NEF) generated by u. We also say that u
is a basis of F'. Note that a basis of F' is by no means unique. If p and v are in
M(A), then it is easy to check that F'(u) = F(v) if and only if there exist a € A
and b € IR such that dv(X) = exp({a, X) + b)du(X). Therefore, if p is in M(A)
and F' = F(u), then

Br ={ve M(A); F(v) = F} ={exp({a, X) + b)u(dX); (a,b) € A x R}
is the set of basis of F.

The function k, is strictly convex and real analytic. Its first derivative k;, defines a
diffeomorphism between ©(x) and its image Mp. Since k), (0) = /XP(@,u)(dX),

Mp is called the domain of the means of F'. The inverse function of k; is denoted
by 1, and setting P(m, F') = P(¢,(m), 1) the probability of F' with mean m, we
have

F={P(m,F);me& Mp},

which is the parametrization of F' by the mean.
If 1 and v = exp((a, X) + b)p are two basis of F', then for all § € D(v) = D(u) — a,

ko (0) = k(0 +a) + b (4.44)

and for all m € Mp,

Py(m) = Yu(m) — a. (4.45)

17
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Now the covariance operator of P(m, F) is denoted by Vr(m) and the map defined
from Mp into L(A) by m —— Vp(m) = kj;(¢,(m)) is called the variance function
of the NEF F'. It is easy proved that Vp(m) = (¢/,(m))~" and an important feature
of Vi is that it characterizes F' in the following sense: If F' and F’ are two NEFs
such that Vgr(m) and Vi (m) coincide on a nonempty open set of Mp N Mg, then
F = F'. In particular, knowledge of the variance function gives knowledge of the

NEF.

Let o(X) = §(X) + v be an affine transformation on A, where § € GL(A) and
v € A and let F' be some NEF, generated by p we denote by p, = ¢ * u the image
measure of 1 by ¢, then for all § € O(u,) = 6* (O(n)),

B (6) = (6°(6)) + {6,7) - (4.46)

The following theorem gives a necessary and sufficient condition on x so that R,
generates a natural exponential family.

Theorem 4.1 Let x = {\;, i € I} be in Z. Then the Riesz measure R, is in M(A)
if and only if \; #0, fori e pUS .

Proof (<) Suppose that x = {\;, ¢ € I} is in Z such that \; # 0 Vi € pUS.

We have O(R, ) is not empty since it contains P*. We need to show that R, is not

concentrated on an affine hyperplane of A. Write x = > x; where x; € Z(4) (see
1€EPUS

3.29). Then Ry, = [[ R, and it suffices to show that for any i € pU S, R,, is
1€EPUS

not concentrated on a affine hyperplane of A;<. In fact suppose that there exists

i € pUS such that R,, is concentrated on a affine hyperplane H of A,z. Then

there exists 1 € ¢’ such that 7;*.e;, C H. On the other hand, there exist an element

a € A;< and an hyperplane H, of A;< such that H = a + Hy. Write
Aij - HO + ]];{X,

where X & H,. Let (efj)lgkgmj be a basis of A, (1,j) € Li<x x I;<.
As Aix = H A;j, we can write

(g)eli<x1I;<

X=3 > Bel

l,jelij 1§k§nl]

where for [,j € I;< and 1 < k < nyj, ﬁfj, is a real number. Thus, we can write

Aix=Ho+ > Y ]Refj.

l,jEI 1§k§nl]

Since the dimension of Hj is equal to dim(A;<) — 1, then there exist [, j € [;<, and
1 <k < ny; such that
Aij = Ho + IRG;CJ

18
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Let us consider the vectors

A= efj + Zz/}(j)e}j and Ay = 26@ + Zw(j)e}f

i=j 1=J

It is clear that A; and Ay are in 7,".e,, C H. Using the fact that for i € p U S,
Ai # 0, we have necessarily (i) # 0, and we get Ay — Ay = efj which is an element
of Hy. This is in contradiction with the fact that X ¢ Hy. Thus for any i € p U S,
R, is not concentrated on a affine hyperplane of 4,5 and Thereoem 4.1 is proved.
(=) Suppose that \; = 0,Vi € p US. As the support of R, is P, thus R, is not an
element of M(A). O

Next, we give the variance function of the Riesz exponential family F'(R,) generated
by R,. For X and K in A, we define the quadratic representation P(X) by

P(X)K = X(KX)-
It is symmetric, since we have (P(X)K, L) = (P(X)L, K).
Theorem 4.2 For any m € P,

Vet (m) = 32 - (Plmiz) = Pmi) = X - P(P(m))

iel i€l 7

For the proof of this theorem we were led to establish the following intermediary
result

Lemma 4.3 The map

p: X —-X1P — IR
Y — ir(X7Y)

is differentiable and its differential is
¢ (X)(K) = (X7)(K) = —P(X")(K),

that is

Proof We have
lim %((X R = XTY(Y) = g%% (X + LK) (X = (X + tK)X~1)Y)
= - %i_r)%% tr((X +tK) N (KX 1)Y)
= —(XTHEXTH)(Y)
We now show that

(X+K)?' =X+ XY KXY =0o(K)

19



hal-00393964, version 1 - 10 Jun 2009

| (X +EK) P = x4+ XY KXY =

(X + K)THX = (X + K) + (X + K)(XTK) X |
= I( (

II(

II(

(
X+K) (X -(X+K)+(X+EK)X )XY
(X +K)" (KX TTK)X ) |
X+K)7 X K2
Then

(X HK)) = -X"HEX") = —P(X")(K).
O

Proof of Theorem 4.2 For 6 € P*, we have Ly, (0) = A (0~"). Then using (3.10),
we get

ke, (0) = =Y Ai(log Az () —log A, (6))-

el

Therefore

K (0) = =3 Ail(02) 7" = (0<:) ),

el

and from Lemma 4.3, we get

ki (0) = 3 N(P((0=) ") = P((00) ™))
It is easy to see that (6<;)™' = (67')<; and (A<;) "' = (671);, then
kp (0) = — ;A@((@‘l)ﬁ — (071 <)

For m € P, such that m = k%, (0), we have

971 e — Z y<m-<z m<z),
icl 7\
then
_ 1 _ 1
(07 )ix = s (07)i< = VLS
Therefore
1
Viry(m) =)  —(P(mi<) — P(mi<))
icl 7\

O

Note that, in the particular case of the Wishart NEF, that is when x = {\,Vi € I},
we have
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