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APPROXIMATION OF BOUNDARY CONTROL PROBLEMS ON
CURVED DOMAINS. I - THE NEUMANN CASE*

EDUARDO CASAST AND JAN SOKOLOWSKI!

Abstract. In this paper we consider a Neumann control problem associated to a semilinear
elliptic equation defined in a curved domain Q. To deal with the numerical analysis of this prob-
lem, the approximation of € by an appropriate domain ;, (typically polygonal) is required. Then
the same infinite dimensional control problem is formulated in ;. We study the influence of the
replacement of 2 by €;, on the solutions of the control problem. Our goal is to compare the optimal
controls defined on I' = 92 with those defined on I';, = 92, and to derive some error estimates. The
use of a convenient parametrization of the boundary is needed for such estimates.
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1. Introduction. In this paper we study the following optimal control problem

inJ(u)= [ L w(2)) d —
win J(w) = [ Le.p(@)do + / @
subject to (yu,u) € (L*°() N HY(Q)) x L3(T),
a<u(x)<p forae zel,

E

where I' is a smooth manifold, v, is the state associated to the control u, given by a
solution of the Neumann problem

—Ay+a(z,y) 0 in Q,
Oy = wu onl.

(1.1)

We precise later the assumptions about the data of the control problem (P).

The numerical computation of the solution of (P) requires the discretization of
the state equation, typically by using finite elements. If 2 is a polygonal domain,
then it is covered by the union of the triangles of the mesh and I' remains invariable.
Then problem (P) is approximated by a discrete problem (P) and it is possible to
estimate the difference || — || £2(r) between the different solutions of (P) and (Pp),
see for instance [3] or [4]. In the problem that we are considering here, the situation
is more complicated because the numerical analysis with finite elements requires the
approximation of 2 by a new (typically polygonal) domain €},, so that the comparison
between the solutions @ and @y, is more involved because @ € L*(T') and uy, € L?(T'),),
where I'j, is the boundary of ;. This difficulty can be overcome by using convenient
parametrizations of I' and 'y, but there are still some technical difficulties for the
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error analysis. In this paper we do not consider the numerical approximation of (P),
we just analyze what happen if {2 is approximated by a polygonal domain €2, and
(P) is transformed in a new infinite dimensional control problem (Pj)

min Jp, (u) = /Q L(z,ypu(z)) de + g : u?(z) doy, ()

Pr)Y subject to. (ynuu) € (L%(Qn) N H(©Q4)) x LA(Tn),

a<u(zx) < forae x€ly,
where yp, ., is the solution of the problem

{—Ay—l—a(m,y) = 0 in Qp,

(1.2) Oy, y = u only.

In this paper we study the influence of a small change in the domain on the so-
lutions of the control problem. In §6 we prove that the order of the approximation
is h®/3. This order has an interesting consequence. Indeed, to solve numerically a
Neumann control problem, piecewise constant or piecewise linear functions are typ-
ically taken to approximate the controls. In both these cases, the maximal order of
the error estimates is h or h3/2, respectively; see [3]. A consequence of our estimate is
that it is not worthy to consider any better approximation 25, of Q2 than the polygonal
one because it does not lead to any improvement in the order of the convergence of
the numerical approximations. Even, if we follow the procedure suggested by Hinze
in [8], where no control discretization is considered, just the state and adjoint states
are discretized, we cannot improve the order of convergence by using a better approx-
imation €, of €2, unless finite elements of order higher than one are considered to
solve the state and adjoint state equations. However, in the last case the implemen-
tation is much more involved if we do not discretize the controls, the computational
complication being increased by the fact that the control is the Neumann boundary
condition.

The plan of the paper is as follows. In §2 we fix the notation, we introduce the
assumptions, we study the existence, uniqueness and regularity of the state equation
(1.1) as well as the existence of a solution for problem (P). In section §3 the first and
second order optimality conditions for (P) are established, which are the essential
tool to derive the error estimates. The domains 5, h > 0, are introduced in §4.
Beside that, in §4 we define a one-to-one mapping g, : I'y, — I' that allows us to
compare the solutions @ of (P) and @y, of (Pp) in the norm ||@ — @y, o g;1||L2(F). In §5
we prove that problems (Pj,) realize a correct approximation of (P) in the sense that
global solutions of (Pj) converge strongly to global solutions of (P) and the strict local
solutions of (P) can be approximated by local solutions of problems (Pp). A crucial
result in this section is the derivation of the estimates for the differences of states and
of adjoint states defined in 2 and €, respectively. The reader is referred to Theorems
5.1 and 5.2 for the estimates in the spaces H*(Q,), with 0 < s < 3/2. One key point
in this proof is the use of a modification of the Aubin-Nitsche argument to derive
error estimates in the L? norm for finite element approximations. This approach used
in the case of linear equations can be adapted to semilinear problems as it is shown.
Finally, in §6 we derive the error estimates for the controls and the corresponding
states and adjoint states.

In a forthcoming paper we analyze the case of a Dirichlet control problem. The
reader is referred to [5] and [6] for the numerical approximation of this problem.
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2. Assumptions and Preliminary Results. The following hypotheses are
imposed on the data of problem (P).

(A1) 2 is an open, convex and bounded domain in R?, with the boundary T of class
C2. Moreover, we assume that N > 0 and —oco < a < 8 < +00.

(A2) L : QxR — R and a:  x R — R are Carathéodory functions of class C?
with respect to the second variable, L(-,0) € L'(Q2), a(-,0) € L>(Q2) and for every
M > 0 there exist a constant Cps such that for almost all € Q and all |y|, |y;| < M,
i =1, 2, the following inequalities hold

2 . .
L Ma
Z{ 6—yj(x’y)‘ + @(I,y)‘} < Cw,
(2.1) =1
9L 0%L 0%a 0%a
a—yg(%yz) - a—yg(I,yl) + a—yg(xva) - a—yg(xvyl) < Cumly2 — 1l

We also assume

da

8—y(x,y) >0 forae z€ andforall yeR,
(2.2)

JE C Q and A > 0 such that |E| > 0 and ?(m,y) > AV(x,y) € ExR.

Yy

We observe that, by our assumptions (A1) and (A2), for every u € L?(T") the state
equation (1.1) has a unique solution y,, € L>(Q) N H(Q2). The proof is standard and
some estimates can be derived

(2.3) lyullzr @) + WllLe) < Cr (lla-, 0l L2y + lullL2(ry) -

Moreover, if u € H'/?(T), then y, € H*(2) and we have an analogous estimate with
the L?(T")-norm of u replaced by the H'/?(T")-norm.

To assure the existence of a global optimal solution of problem (P) we need an
additional hypothesis.

(A3) Either «, 8 € R or the following assumption holds
(24)  L(z,y) > ¥r(x) + Ary?, with oy € LY(Q) and N + 4C% min{0, A} > 0.

where Cg is as in (2.3). Indeed, if we take a minimizing sequence {uy}°, of problem
(P), then either o, 3 € R and consequently {uy}52, is bounded in L*°(T') or

N
J(ug) 2/wL(x)d$+AL/yi(x)d:c+—|\Uk|\%z(r)
Q Q 2
: 2 2 2 N 2
> | wu(o)dr+ 2min{0, AL}CE (JlaC, 0oy + luslaqey) + 5 Nkl
_ E : 2 2
=C+ 5 +2min{0, AL}Cg | lurllzz2(r),

which allows to conclude again that {uj}?, is bounded in L?(T'). The remaining
part of the proof is classical.
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3. First and Second Order Optimality Conditions for (P). In this section
we establish the first and second order optimality conditions for the local minimum of
(P), which are necessary to derive error estimates when approximating (P) by (Pp,).
Since problem (P) is not necessarily convex, then it may have more than one global
solution as well as some local solutions which are not global. The optimality system
for a local solution is stated in the next theorem, where we also establish the regularity
of the local minima.

THEOREM 3.1. Let @ be a local minimum of (P). Then i € C%Y(T') and there
exist elements 4, p € W2P(Q), for every 1 < p < 400, such that

—Ay+alx,y) = 0 inQ,
(3.1) { oy = u onl,
~ Oa o oL _ .
op = 0 on T,

(3.3) /F(c,b(x) + Nu(x))(v(z) — a(x))do(x) >0 for all a<v<p.

Sketch of the proof. First, we note that J : L2(I') — R is of class C! (in fact, it
is of class C?) and

(@) = / ((x) + Na(@)o(z) do(z),

where ¢ € L*°(Q) N H'(Q) is the solution of (3.2) and ¢ is the state associated to
@ and consequently the unique solution of (3.1) in L>°(Q) N H'(Q2). The well known
optimality condition

J(@)(v—u)>0 forall a<wv<}g,

along with the expression of J' lead to (3.3). Now (3.3) implies

(3.4) a(x) = Projja g (—%cp(:v)) = max{a,min{—%@(m),ﬁ}}.

From our assumption (A2) and the boundedness of § we have that

oL oa
3—y(:v,ﬂ(iv))a gy(w,ﬂ(w)) € L=(Q).
Therefore, we can use the elliptic regularity results (see Grisvard [7, Chapter 2]) to
deduce that @ € W2P(Q) for every 1 < p < +o0. Moreover, since W2P(Q) c C*(Q)
for every p > 2, we get from (3.4) that @ is Lipschitz in T'. Finally, from (3.1) and
using again the elliptic regularity results, we conclude that § € W?2P(Q) for every
1 <p < +o0.

Let us observe that (3.3) is equivalent to @ + N = 0 on I' if @ = —o0 and
8 = +oo. In this case &t = —@¢/N € W2~1/PP(T) for all 1 < p < +o0.

We finish this section by stating the second order optimality conditions. Given a
local minimum %, the associated cone of critical directions is defined by

Cy = {v € L*(I) satisfying (3.5) and such that v(z) = 0 if |¢(z) + Na(z)| > 0},
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> if u =
(3.5) v(z) = { 20 %f Z(x)

Then we have the following result.

THEOREM 3.2. If @ is a local minimum of problem (P), then J"(u)v? > 0 for
all v € Cy. Reciprocally, if u is a feasible control for problem (P) satisfying the first
order optimality conditions (3.1)-(3.3) and the coercivity condition

(3.6) J"(@)* >0 Yve Cy\ {0},
then there exist € > 0 and § > 0 such that

.0 _
(3.7) J(@) + S llu =l 2y < J(u)

for every a < u < 3 such that ||u — |2y < e.
For the details, the reader is referred to [2] and [4]. An important fact is that
condition (3.6) holds if and only if

(3.8) 3> 0 and ¥ > 0 such that J” (@)v* > pl|v||72r) Yo € CF,
where
CY = {v € L*(T) satistying (3.5) and v(z) = 0 if |@(z) + Na(z)| > 9}.

4. Problem (Pp). In order to define the control problem (Pj) we consider a
N(h

polygonal approximation of Q. We fix a set of points {z; }le) C T, the nodes being

ordered clockwise. We set

hj =lzjp1 —x4l, h= | hj, 1= h—j(xa‘ﬂ —x5),

where we denote xy(p)41 = x1. I'p, is the polygonal line defined by the nodes {z; }jvz(f)
and €, is the polygon delimited by I'y,. Since €2 is convex, it is clear that € C Q.
For every 1 < j < N(h), #;2;+1 denotes the arc of I' delimited by the points z;
and zj41. Then we have that I' = U;V(?)xﬁjtl and I'y, = U;V:(il) [zj,xj41]. For every

1 < j < N(h), v; represents the unit outward normal vector to €, on the boundary

edge (xj,xj41).
Now we introduce a parametrization of I" as follows

1/)j : [O, hJ] — Iﬁj\qu C I' is defined by 1/)J(t) =Z; —+ tTj + ¢j(t)yj7

®; [0, hj] — [0, 4+00) is chosen such that ;(t) € I'. It is evident that ¢; is uniquely
defined. Since Q is convex and T is of class C?, the following properties hold
1. ¢; is of class C? and ¢;(0) = ¢;(h;) = 0.
2. There exists a constant Cr > 0 such that ¢;(t) + h|¢;(t)| < Crh3 < Crh? for
all £ € [0, hy].
Finally, we define

9n U — T gnlie; 2,00 (®) = Gnlie; 200 (@5 +175) = 25 + 175 + 05 (H)vy = ¥;(2).

Clearly g, is one-to-one. We denote by v(z) the unit outward normal vector to T’
at the point z and by 7(z) the unit tangent vector such that {7(x),v(z)} is a direct
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reference system in R?. We can obtain the expressions for these vectors from the
parametrization. If x is a point of the arc Iﬁj\Jrl, then

() = ——(r; + () and v(z) = —————(v; — &}(t)7).
1+ 0, (0)? 1+ 0, (0)?

From these expressions and the properties of ¢; we deduce that

[v(gn(x)) — vj| < \/CEh? +1Crh Yz € [z, 2j41],

the same inequality holds true for |7(gs(z)) — 7;|. Since we are interested in the case
of h — 0, we can assume that A < 1 and then

(41 max{|r(gn(@)) — 7 (@) [(gn (@) — va(@)]} < (CZ+ D ¥ €Ty,

where 7, (z) = 7; and v, (x) = v if © € (2, 2j41).
Given a function v € L!(T'), we have

e

N(h)

Z/ o ()1 + 60 dt

and
N n, NG o,
/F hv(ghm)dah(x):; / o+ 1)t = 3 / o(W; (1)) dt

From these expressions we deduce that
(4.2) / [v(gn(x))| dop (z / |v(x)|do(x) Vv e LYT)
Fh

and

N(h)

Z/ DI — T+ 0 (1)2] dt

(4.3) < Crh? Z/ v(1; (1) |dt<Cph2/|v )| do(z) Vv e LY(T).

We also have
(4.4) /Fv(x) do(x) = /F v(gn(x))|Dgn () - T ()| don(x) Yo € LYT).

In the domain €, defined above we consider the state equation (1.2) and the
associated control problem (P},) described in Introduction. Since we are interested in
the behavior of the solutions of (Pj,) when A — 0, we can assume without any lost of
generality that there exists hg > 0 such that the set E C €2, introduced in assumption
(A2), is also contained in , for every h < hg. Then assumptions (A1) and (A2)
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imply the existence of a unique solution yy, ,, of (1.2) in H(Qy) N L>(Qy) for every
u € L?(T'y). Moreover, the inequality (2.3) can be rewritten as follows

45) Ayl @ + 1Wllz~@u) < Ce (la(,0)llz2@) + lullzaw,)) Yh < ho.

Since €2, is a convex polygonal domain we have that y, ., € H?(Q,) whenever u €
H'/2(T'},); see, for instance, Grisvard [7, Chapter 4].

Arguing as in §2, we can prove that problem (Pj) has at least one global minimum
for every h < hg. Furthermore, we have the optimality system analogous to (3.1)-
(3.3).

THEOREM 4.1. Let uy, be a local minimum of (Pr,). Then @, € HY(T'y) and there
exist elements Gy, on, € H?(Qp) such that

—Aﬂh + CL(:E, gh) =0 mn Qp
(4.6) { O = up only
_ . 0Oa, . OL, _ ,
(@7) —App + 6—y($7yh)<ﬂh = 8_y(x’yh) in Qp
6,,h P = 0 on I'y,

(4.8) /F (@n(x) + Nuap(x))(vp(z) — ap(z)) dop(xz) >0 for all a <wv, <f.

The proof of this theorem is the same as of Theorem 3.1 with the only one
difference concerning the regularity of (@p, Jn, n). This difference is due to the lack
of the regularity of T'j,, which is not C''! and thus the regularity results used in
Theorem 3.1 are not valid. However, taking into account that €2 is convex, we can
deduce that ¢, € H%(Qy); see Grisvard [7, Chapter 3]. Moreover, we have

_ da, _ oL,
I@n sy < C <|6—y<x,yh>|mh> ; ||a—y<x,yh>|mh>> ,

where C' is independent of h. Hence from (4.5) and assumption (A2) it follows that
(49) ”@h”H?(Qh) < M’U«hv
where My, is a constant depending on |4l z2(r,). Using (4.8) we get

(4.10) up(z) = Proji, g (—%@h(x)) = max{q, min{—%@h(x),ﬂ}},

which implies that 4, € H'(T';), hence g, € H*(Qy,) and

(4.11) 190l m2 0,y + lltnll e,y < Kay,

where once again Ky, is a constant depending only on [|ip||z2(r,) and independent
of h.
If —oco < a < 8 < 400, then

22 ey < max{lal, |B]}T|"? < max{|a], |B[}T["/2.

If « = —00 or f = +00, then by (2.4) and the same argument as used at the end of
§2 we get for all u;, € L*(T;,) with o < up, < 3

N . _ _
C+ <5 + 2m1n{O,AL}C%> Huh||%2(ph’) < Jn(an) < Jn(up).
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If @y, is a global solution of (Pp), then we can take up = ¢4, 3, with a constant
a < ¢, < B3, and deduce from the above inequality, in view of (4.5), the boundedness
of {||@nl|z2(r,) th<ho- In any case, by (4.9) and (4.11) there is a constant K > 0 such
that

(4.12) 1]l 2 (2) + (120l 2 (00) + N80l (0)) < K VR < ho.

When {un}nh<n, are just local minima of problems (P), the inequality (4.12)
remains valid for —oco < a < < +o0 or for a bounded sequence {Jy(ap)}h<ngs
which is true provided {||4n||r2(r,)}rh<n, is bounded (cf. (4.5)).

5. Convergence Analysis. The goal of this section is to prove the convergence,
in a sense to be defined later, of the solutions @y, of (Pp,) to the solutions @ of (P). We
also analyze the approximation of local minima of (P) by local minima of problems
(Pr). In order to carry out this analysis, first we compare the solutions of (1.1) and
(1.2).

THEOREM 5.1. Let u € HY?(T') and uj, € L*(T}), with

(5.1) max{{|ul[ L2y, [lunllz2o,} < M.

Let y, € H?(Q) and yn., € H3/?(Q) be the corresponding solutions of (1.1) and
(1.2), respectively. Then there exists a constant Cpy > 0 independent of h such that
for all0 < s < % the following estimate holds

_ 6-2s
(5:2) 1y = v sy < Car (llu = wn o g nary + T+ Jullosar] )

Proof. Let us introduce the intermediate problem

(5 3) _Ayh + a’(x7 yh) = 0 in Qhu
' Ov,yn = wogp only.

Then we have

(5.4) 19 = Ynun Lo @) < v = Ynllzen) + 1y = Ynun 522 @0)-

Let us estimate the second term of the right-hand side in (5.4). We set ¢, = yn—Yn,u), -
By substraction of the equations satisfied by y; and yp_,, and using the mean value
theorem, we get

da

—Adp + 9

(5'5) (x,wh)¢h = 0 in Qh

Oy, dn = wogy—up only,

where w, = yp + On(Yn,u, — yn) and 0 < 0 < 1. From (5.5) and assumption (2.2) it
follows that

6nlla () + IénllLe@n < llue gyt —unllLar,)-

In view of (5.1), we can apply (2.3) and (4.5) to obtain that

da
Ha_y(xawh)”LOO(Qh) <O
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for some constant C; depending on M (cf. Assumption (A2)). Then we get

lnll 320y < Ca (1AG I L2020y + w0 gn — unllL2(r,))

< Cy (Cillpnll2n) + lluwo gn — unllr2r,)) < Cslluo gn — unllL2(r,),

see [9] for the first estimate. Now (4.2) combined with the above inequality lead to

_ 3
(5.6) lyn = Ynoun e () < Csllu—up o gy M2y forall 0<s< 3

The remaining part of the proof is dedicated to derivation of the inequality

6-25 3

(5.7) 9w =yl 0y < Ch= [lull iz +1) forall 0<s <2,

where C' depends on the constant M given in (5.1). Thus (5.6) and (5.7) imply (5.2).
The proof follows some steps. First, we consider the case s = 3/2, then by using
the Aubin-Nitsche duality method we deduce the estimate for s = 0 and finally an
appropriate interpolation inequality completes the proof.

Case 1: s = 3/2. Let us use again the letter ¢; to denote ¢, = y, — yn. By
substraction of the equations satisfied by v, and y;, and by an application the mean
value theorem we get

da

—Ao¢p + 9

(‘Ta wh)¢h = 0 in Qp
8Vh¢h = auhyu —uogp On Fh.

(5.8)

Using once again [9], we get

Pnll msr2 () < Csll0u,yu — wo gnllLz(ry)
< C3 {IVyu - v — (Vyuogn) - vallL2r,)
+ 1(Vyuogn) - v — (Vyuogn) - (v ogn)l2n }

< Cs {IVyu — Vyu o gnll2r,) + 1Vyw 0 gull L2 lvn — v o gnll Lz, } -
From [1, Lemma 1] we have
(5.9) lw —wognllrer,) < Ch"||w||grq) forall 1<r<2.

Using this inequality with » = 1 and w = Vy in the above estimate for ¢; along with
(4.1) we get

(5.10) lyu = ynllor2,) < Cahllyull a2 ) < Cshlllullga/zr) + 1,

where C5 depends on the L?(Q)-norm of g—;(x, Yu)Yu. By using (2.3) and assumption
(A2) we get that the norm can be estimated by a constant depending on M, which
implies that C5 depends on M as well.
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case 2: s = 0. Let us define the function u;, € L*>(Qy,) by

a(x7yu(x)) —a(x,yh(;[;)) .
pn(x) = Yu(2) — yn(2) if yu(z) # yn(x)
0 otherwise.

Let f € L?(Qy) be arbitrary. We extend f and pj to Q by zero and we define
z € H*(Q) and 2z, € H*(Q4) as the solutions of the problems

—Az+pp(z)z = f inQ,
(5-11) { O,z = 0 onl,
and
—Azp 4+ pp(x)zn, = f in Qp,
(512) { Ov,2n = 0 onl}y,.

Taking the difference of the equations (5.11) and (5.12) and arguing as above we get

12 = znll z3/2(0,) < CollOvy 2l L2(ry) = CollVz - v — (Vz o ga) - (v o gn)l L2y,

S Cﬁ {HVZ — VZ o thLQ(Fh) =+ ||VZ o gh”Lz(Fh,)HVh — VO thL?(Fh,)}

(5.13) < Crhl|zl|m20) < Cshll fllzzy,)-

Now multiplying equation (5.12) by y,, — yn, integrating by parts and using the
equations satisfied by ¥y, and y, we get

; f(yu = yn) de = A {Van(Vyu = Vn) + [a(2, yu) — a(z,yn)]zn} do

=, {(Vzn = V2)(Vyu = Vyn) + [a(z, yu) — alz, yn)l(zn — 2)} da

—I—/ {V2Vyy, + a(x,y,)z} do —/ {VzVyn + alz,yn)z} dx
Qh, Qh,

< Yo — 221 oy 9 — vl sy — /\ (VaVyu + a(e,yu)2} da
h

(5.14) —|—/uzda—/ (uogp)zdoy,.
r Tn

From (5.10) and (5.13) we obtain

(515)  llzn = zlmr @ lyu = yall @i < CsCsh?[lull ey + Ul ) -
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To estimate the second term on the right-hand side of (5.14) we use the inequality
(see [1, Lemma 2])

(5.16) lwllL2@@\0n) < Chllw|| g (o)

On the other hand, recalling that 0 < ¢,(t) < Crh? for every 1 < j < N(h), we get
the well known estimate

(5.17) 1Q\ Q| < Ch%
From (5.16) and (5.17) we get

/ (V¥ + a(z, )} do
\Qp

< HVZHLQ(Q\Q)L)HVyUHLZ(Q\Qh) + ||G(£Ua yu)”L?(Q\Qh)HZ”L?(Q\Q;,,)
< OR?|| 2|l 2@ |yl 2) + VIQ\ Qnllla(@, yu)ll L @ Chll 2] 1 o
(5.18) < Coh?[[lyull 2 (@) + Ul fll L2y < Croh?[[lull ey + I F |22

where Cyo depends on the constant M given by (5.1)
Finally, we estimate the last term of (5.14) by using (4.2), (4.3), (5.1) and (5.9)

/uzda—/ (uogp)zdoy,
r Ty

< lwo gnllrzwmllz 0 gn — 2l 2, + Crh?llull L2y Izl L2y

§/ |(uogh)(zogh—z)|dah—|—C’ph2/|uz|do
T r

(5.19) < Cul?|lull |2 ) 20y < CraMB2||fll L2(@u)-
Now, from (5.14), (5.15), (5.18) and (5.19) we deduce
(5.20) 9w = ynll 2y < CR[lull gy + 11,

where C' depends on M, but it is independent of h.

Case 3: 0 < s < 3/2. This case can be obtained from Case 1 combined with Case 2
and the following interpolation inequality

__2s
(5.21) [wll s (e,) < ellwllgsrzq,y + Ke 372

w||L2(Qh)

which holds for any £ > 0; see [7, Theorem 1.4.3.3]. By setting ¢ = h(3=29)/3 in (5.21)
and using (5.10) and (5.20), we deduce (5.7). O

The next step in our analysis is comparison of the adjoint state equations corre-
sponding to y,, and yp, 4, . More precisely, we introduce the adjoint states o, € H>(Q)
and @, , € H?(Qp,) as the solutions of the equations

oa oL )
(522) _A<P“+a_y(x7yu)</7u = a—y($7yu) in €,

av@u - O on F,



hal-00392722, version 1 - 8 Jun 2009

12 E. CASAS AND J. SOKOLOWSKI

and

oa oL .
(5'23) _A@hyuh, + a_y(xa yh,uh)@hyuh = 8_y(xvyh7uh,) in Qp,

Oy, Chou), = 0 onI'y.

Then we have the following estimates.

THEOREM 5.2. Let (u,yy) and (up, Yn v, ) be as in Theorem 5.1. Let o, € H*(Q)
and pp., € H*(Q) be the corresponding solutions of (5.22) and (5.23), respectively.
Then there exists a constant Cpy > 0 independent of h such that for all 0 < s < % the
following estimate holds

6—2s
3

(5:20) 0w = Praun (@) < ot (Iu=un 0 g oy + 05 [+ ull o)) -

Proof. We follow the steps of the proof of Theorem 5.1, with some simplifications
because now the equations are linear and the boundary conditions are homogeneous.
To estimate @, — @p, 4, We use estimates (5.2). Let us consider ¢, € H?(2,) given
by a solution of

da oL .
a_y(xvyu)@h = a_y(xvyu) in Qp

Ov, o0 = 0 on Iy,

(5.25) —Aen+

From assumption (A2) and estimates (5.2) we deduce the existence of a constant
C1 > 0 depending on M such that

OL OL Oa Oa
”a_y(x’y“) - 6—y(17ayh,uh)||L2(Qh) + ”[a_y(“”y“) - 6—y($7yh,uh,)]@h,uh,Hm(Qh)

(5.26) < Cillyu — Ynun llz2(0n) < Co (Jlu = un 0 gj, 2y + P21+ lull gz oy)) -

From (5.23), (5.25) and (5.26) we obtain

lon — onunllmsrza,) < CsllA(en = @hu,)llL2(@n)

(5.27) <Oy (Hu — U} O g;1||L2(p) + h2[1 + HUHH1/2(F)]> .

The remaining part of the proof is devoted to the derivation of the following
estimate

6—2s
(5.28) lpu — enllas(0,) <Ch =,

since (5.27) and (5.28) imply (5.24).
We start with the case of s = 3/2. To this end, we define ¢y, = v, — ¢p. From
(5.22) and (5.25) we get

da .
(5.29) ~Adnt g @p)én = 0 i@,

aI/h d)h = 81/h @u on Fh .
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Then we have

(5.30) lew = nllasr2,) = llonllgzr2,) < CillOv,eullL2r,) < Cah,

where the estimate for 0, ¢, is obtained in the same way as for 9,, z in (5.13).

Now, we prove (5.28) for s = 0. To apply the Aubin-Nitsche duality method
we define for every f € L?(Q) vanishing in Q \ ), the functions z € H?(Q) and
2, € H?(S2,) given by solutions of the problems

da )
(5.31) —Az+ 8—y(w,yu)z = f inQ,
auz = 0 onlI.
and
da )
(5.32) —Azp + a—y(:v,yu)Zh = f inQ,
auh,zh - 0 on Fh-
As in (5.13) we get
(5.33) Iz = znll gsr2(any < ChIfllL2gon)-

The same arguments as in the proof of Theorem 5.1, in view of (5.30) and (5.33), lead
to

(5.34) leu — enllL2a,) < CR?,

where C' depends on M.
Finally, (5.28) is proved for 0 < s < 3/2 in the same way as in Theorem 5.1, using
the inequality (5.21) with ¢ = h(3=29)/3 along with inequalities (5.30) and (5.34). O
COROLLARY 5.3. Under the assumptions of Theorem 5.2 the following inequality
holds

(5:35)  llew = enanllzzn < Car (lu—un o g7 lnaqy + b1+ [l graqry))

for a constant Cy; depending on M but independent of h.
Proof. Using the function ¢, defined in (5.25) and inequality (5.27) we get

lpu = ehunllzz@n) < low — @rllzz@,) + lon — Onu L2,

(5.36) < llpw = @nllzzee,) + C (lu = un o g M zaey + B[+ [[ullgrry)) -
According to 7, Theorem 1.5.1.10] we have

(530 low—enlae, < K {21900 — 01 B + 2 low = onlaa )
Taking s = 1 in (5.28) and & = h*/3 in (5.37) it follows

(5.38) lpu = @nllzzr,) < ChY2.

Finally (5.36) and (5.38) lead to (5.35) O
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The remaining part of the section is devoted to the study of the convergence of
solutions of (P},) to the solutions of (P) with h — 0. First, we prove that the solutions
of (Py,) converge to solutions of (P). Since (P) is not convex, we are also interested in
an inverse property: if a given local minimum of (P) can be approximated by local
minima of problems (Pj). This question is positively answered in this section. Let us
start with a theorem which provides a precise meaning for the convergence of controls.
We recall that problems (Pj,) admit at least one solution for each h small enough (see
the comments before Theorem 4.1).

THEOREM 5.4. Let @y be a solution of problem (Pp) for h < hg. Then {uy, o
95 " Yo<h<ny is a bounded family in HY(T'). If u is a weak limit for a subsequence,
denoted in the same way, i.e. Up o g,?l — @ weakly in HY(T) with h — 0, then 4 is a
solution of problem (P). Moreover

lim 19 = Ynllzsr2,y =0 and lim In(un) — J(w),

where § and §p, denote the solutions of (1.1) and (1.2) corresponding to 4 and up,
respectively.

Proof. The boundedness of {uj o g;:l}o<h§h0 is an immediate consequence of
(4.12). Let us prove the convergence of {Jy(ap)}. We denote by g, and 7 the states
associated to 4y, and @ respectively. Once again (4.12) implies that ||ap || 2r,) < K
for every h < hg. Then we can use the estimates (5.2) with s = 3/2 to get for h — 0

15 = nll zror2 (o) < Cnr (16— tn 0 g, L2y + BIL + lull sz qry]) — 0.

This convergence imply also that [|7 — ¥nlc(@) — 0. Then we have by assumption
(A2)

/Qh L(:c,y(:c))d:c—/ L g ()

Qp

< [ o) - po)]do 0.
Qp
On the other hand, it is obvious that

lim L(z,y(x))dx = 0.
h—0 \Q

Finally, from (4.3) and by the strong convergence y, o ggl — @ in L*(T") we obtain

/F @*(z) do(z) — / @2 (z) doy, (z)

Iy

< +Ch? = 0.

/F a(x) do(x) / a2 (g7 M (z)) do(x)

Collecting all these estimates we deduce the convergence Jy, (ap) — J(@).

Let us show that @ is a solution of (P). First we select an element v € H'/2(T")
such that o < u < 8 and we prove that J(a) < J(u). Indeed, it is clear that u o g,
is a feasible control for (Pp,), consequently Jy(ap) < Jp(u o gp). Furthermore, if we
denote by y;, the state associated to u o g, then (5.2) implies that

1Y = ynll gs/2(0,) < CRIL+ [Jull gr/zm)-
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This along with (4.3) imply the convergence Jj (u o g) — J(u). Thus, we have

J(u) = }llln}) Jp(ap) < hm Jn(wogp) = J(u).

Finally, let us take u € L*(T'), with o < u < 3. There exists a sequence {uy}72; C
H'/2(T") such that uj, — w in L*(T"). Setting i, = Projj, g(uk), we have that {a}32,
is still strongly convergent to u in L?(T") and 4y € H'/?(T) is a feasible control for
(P) for every k, then J(u) < J(uy) for every k. Now passing to the limit we obtain
J(@) < J(u). Since u is an arbitrary feasible control of (P), this completes the proof.
a

Now we consider the approximation of local minima of (P) by local minima of
problems (P,). First let us say that whenever we speak about a local minimum it
must be understood as a local minimum in the sense of L2, more precisely it is the
minimum among all feasible controls in a L2-ball centered at the specific solution.

THEOREM 5.5. Let @ be a strict local minimum of (P), then there exists a family
{an} such that each iy, is a local minimum of (Py,) and upog; ' — @ weakly in H*(T).

Proof. Let € > 0 be such that @ is the only global solution of problem

minJ(u):/QL(x Yu(T dx—i——/
(Pe) subject to (yu,u) € (L*(2) N HY(Q)) x L3(T),

a<u(r)<p forae xel and [u—aulrr) <e.

Now for every h < hg we consider the problems

min Jp, (u) = /Q L(z,ynu(x)) dz + g : u?(z) doy, ()

(Pre) | subject to (ghwsu) € (L(Qn) 1 HY Q) x L2(Th),

a<u(z)<B forae xely and |uog, ' —allper) <e

It is obvious that @ o gy is a feasible control for every problem (Pj.), therefore, there
exists at least one solution upe of (Ppe). Let us prove that upe o g,jl — @ weakly in
HY(T) with h — 0.

Since {une 0 gy, ' Yo<n<h, is bounded in L?(T'), we can take a subsequence, denoted
in the same manner, and an element @ € L%(I') such that upe o g, ' — @ weakly in
L?(T") with h — 0. Let us denote by yue € H?3/? (Q,) the state associated to up. and
consider an extension of ype to €2, still denoted by ype, such that

ynellzrsr2 ) < Cliynellmsrza,y Vh-

The boundedness of {upe o g; '}o<h<n, in L?(T') implies that {ysc} is bounded in
H3/? (©). Therefore, by taking a subsequence, we can assume that

Yne — 7 in H¥?(Q) and upc0g, ' —a in L*(T).

Using the compactness of the imbeddings H3/2(Q) ¢ H'(Q) and H3/2(Q) C L>=(9Q),
it is easy to prove that ¢ is the solution of (1.1) associated to the control @. On the
other hand, each . o g,?l is a feasible control for (P.) and the set of feasible controls
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for this problem is convex and closed in L?(T"), consequently @ is also a feasible control
for (P.). From (5.2), the strong convergence yp. — ¢ in L>°(£2), the weak convergence
Upe og,;1 — @, (4.3) and the fact that up. is a solution of (Pp.) and ﬂog,;1 is feasible
for (P.) we get

J (i) < lim inf n(une) < lim inf Jj (@og,") <limsupJy(wog,') = J(u).
The fact that u is the unique solution of (P.) and the above inequalities lead to @ = u
and Jp (upe) — J(@), which implies

lim up () doy, () = / w?(z) do(z).

h—0 Fh T

Using once again (4.3) we have

i [ (0. (o) doto) = [ (@) dota),

This identity and the weak convergence imply the strong convergence upe o g,?l —
@ in L?(T). A first consequence of this strong convergence is that the constraint
[wo gy, = r2ry < e is not active for the elements . if h small enough. Therefore,
upe is a local minimum of problem (Pp,) for h small enough. Since {|unc|r2(r,)} is
bounded, then we can use (4.12) and conclude that {uj. o g; '} is bounded in H*(T)
and hence up. 0 g; ' — @ weakly in H'(T') with h — 0. O

6. Error Estimates. In this section we assume that u; is a local minimum of
(Pr,), for every h < hg, such that @, o g, ' converges weakly in H'(T') to a local
minimum @ of (P) with ~ — 0; see Theorems 5.4 and 5.5. The goal of this section
is to derive estimates of ||@ — @y, o g,:l||L2(F), which are established in the following
theorem.

THEOREM 6.1. Let w and uy be as above and let us denote by y,yn and @, pp
the states and adjoint states associated to u and up, respectively. Let us assume that
the second order sufficient optimality condition (3.6) is fulfilled. Then there exists a
constant C' independent of h such that the following estimates hold

(61) H’a — Up 0 g}leLQ(F) < Ch5/3,

N W

(6.2) 17 — Tnll o) + 18 = Pullme(a,) < CA™MPE23 0 for il 0 < s <

Proof. By taking v = iy, 0 g; ' in (3.3) and vy, = @ o gy in (4.8) we get

(6.3) J'(a)(ay, 0 g ' — @) :/F(¢+Na)(ahog;1 —a)do >0
and
(6.4) Jp (ap) (o gp, — i) = /F (pn + Nug)(uo gn, — up) dop, > 0.

We rewrite inequality (6.4) as follows

(6.5) J'(unogy Y u—unogy )+ [Jh(un)(wogn—un)—J' (unogy ') (@—1tnogy )] > 0.
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From (6.3) and (6.5) we obtain
[T (an o gy, ") = I (@)(an o g, ' —u) < Jy(an)(@ogn —an) = J'(anogy ) (@—anogy").

By applying the mean value theorem we obtain the existence of an element v, =
U+ 0p(uy, 0 gt — u) such that

(6.6) J”(vh)(ﬂh o g,?l — ﬁ)2 < J,’l(ﬂh)(ﬁ ogn —up) — J/(ﬁh o g,:l)(ﬂ —up 0 g;l).

This inequality plays the central role in the derivation of (6.1). The proof is divided in
two parts. First we use the second order optimality condition (3.6), or more precisely
its equivalent formulation (3.8) to estimate the left hand side of (6.6) from below.
In the second part we estimate the right-hand side in terms of h from above. The
inequality (6.2) is an immediate consequence of (6.1) combined with the estimates
(5.2) and (5.24).

Lower Bounds for (6.6). Let us prove that @y o g;l —a € CY for every h small
enough. Indeed, @ o g, 1 _ @ satisfies obviously conditions (3.5). Let us check that
(i 0 g, ' — w)(z) = 0 at the points » where |¢(z) + Nu(x)| > 9. First, we observe
that the weak convergence 1, o g, ' — @ in H'(T') implies the strong convergence in
C(T"). On the other hand, from (5.24) with s = 3/2 we get

16 = @nlle@,) < Cille = @nllasian)

(67) < Oy {H’l_l, — Up 0 g}:1||L2(F) + h[||ﬂ||H1/2(F) + 1]} — 0 with h — 0.

This inequality implies the strong convergence ¢y o ggl — @ in C(T"). Therefore,
there exists hy > 0 such that

_ B _ B B 9
(6.8) 1(@nogy' +anog,") = (+ Nullor < 5 forall h<h.

Thus, if (¢ + Na)(z) > 9, then (@y 0 g, " + @p 0 g, )(x) > 9/2 for every h < hy.
Using the identities (3.4) and (4.10), we have that @(z) = @y, 0 g;, ' () = «, therefore
(@(z) — ap 0 g;, ") (z) = 0. Analogously we can prove that (¢ + Nu)(z) < — leads to
u(x) = uy 0g, '(z) = B and then (u(x) — 1y 0 g; ')(z) = 0 as well. This proves that
iy 0g, " —u € CY and hence (3.8) implies

(6.9) J"(@)(tn 0 gt —u)? > pllun o gyt —allfary  forall b < hy.

For the elements vy, in (6.6) we have that v;, — 0 in C(T') with A — 0. On the
other hand, the mapping .J is of class C? in L?(I"), therefore there exists 0 < hy < hy
such that

HJ”(@) — J" (vp)(tan 0 gy, * — ﬂ)2’ < gﬂah og, ' — ﬁ||2L2(F) for all h < hs.
This inequality combined with (6.9) leads to

(6.10) J" (vp)(@p 0 g+ —u)* >

o=

[an 0 g;* = all72 -
Upper Bounds for (6.6). Let us define y, p € H?(Q) as the solutions of the equations

{ Ay +a(z,y) = 0 in Q,

(611) 6uy = ay Og;I on 1—\7
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and
Oa oL

A - = — in (2

(6.12) vt g, V)¢ oy Ty
aVSD = 0 on F
Then we have
(6.13) J'(@pog, )@ —1tpog;") = /(go + Napop, M) (@ — @y, 0 gj, H)do.
I

From (6.3) and (6.13) and taking into account (4.2), (4.3) and (5.9) we get

|J4 () (@ o gn — an) — J'(up 0 g;, ') (@ — 0 g )|

/ ((Z)h—i—Nﬂh)(’aogh—ﬁh)dO'h—/(gD—f—Nﬁho‘q;l)(a—aho‘q;l)dU
'y r

< / (@n + Naw) — (90 g + Naw)||a o gn — anldon
I'n

+Ch2/ o+ Nty o g |a — @ 0 g Vdo
T

<Allen — ellrzwny + le o gn — ellp2ny } 1o gn — @nll 2,
+Ch?||l¢ + Ny, o 9{1||L2(F)||ﬂ —Up o 9;1||L2(r)

(614) < C(h5/3 + h2)||’(7, — Up © g;l||L2(p) < Ch5/3||’(7, — Up © g;1||L2(F),

the last estimate being a consequence of (5.35).
Finally (6.6), (6.10) and (6.14) lead to (6.1), which completes the proof. O
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