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Abstract

We consider a Vlasov-Fokker-Planck equation governing the evolution of the density of interact-
ing and diffusive matter in the space of positions and velocities. We use a probabilistic interpretation
to obtain convergence towards equilibrium in Wasserstein distance with an explicit exponential rate.
We also prove a propagation of chaos property for an associated particle system, and give rates on
the approximation of the solution by the particle system. Finally, a transportation inequality for
the distribution of the particle system leads to quantitative deviation bounds on the approximation
of the equilibrium solution of the equation by an empirical mean of the particles at given time.

Introduction and main results

We are interested in the long time behaviour and in a particle approximation of a distribution fi(z,v)
in the space of positions x € R? and velocities v € R? (with d > 1) evolving according to the Vlasov-
Fokker-Planck equation

O +v-Vaofe — Cxgplfel(z) - Vo fi = Avfr + Vo - (A(v) + B(2)) ft), t>0,z,veR? (1)

ot
x) = /]Rd fi(z,v)dv

is the macroscopic density in the space of positions x € R? (or the space marginal of f;). Here a - b
denotes the scalar product of two vectors a and b in R% and s, stands for the convolution with respect
tox € R%:

where

C % plfil( /Cm— Py dy—/ Cla —y) fily, v) dy dv.

Moreover V, stands for the gradient with respect to the position variable z € R? whereas V,, V,- and
A, respectively stand for the gradient, divergence and Laplace operators with respect to the velocity
variable v € RY.

The A(v) term models the friction, the B(z) term models an exterior confinement and the C(x —y)
term in the convolution models the interaction between positions x and y in the underlying physical
system. For that reason we assume that C is an odd map on R? This equation is used in the
modelling of the distribution f;(x,v) of diffusive, confined and interacting stellar or charged matter
when C respectively derives from the Newton and Coulomb potential (see [10] for instance). It has
the following natural probabilistic interpretation: if fy is a density function, the solution f; of (1) is
the density of the law at time t of the R2?-valued process (X¢, Vi)i=0 evolving according to the mean
field stochastic differential equation (diffusive Newton’s equations)

{ dXy = Vidt @)
dV, = —A(Vy)dt — B(Xy)dt — Cx; p[fi)(Xy) dt +v/2dW;.
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Here (W});>0 is a Brownian motion in the velocity space R? and f; is the law of (X, V;) in R??, so
that p[f;] is the law of X; in R?.

Space homogeneous models of diffusive and interacting granular media (see [4]) have been studied
by P. Cattiaux and the last two authors in particular [14], [19, 20], by means of a stochastic interpre-
tation analogous to (2) and a particle approximation analogous to (4) below. They were interpreted
as gradient flows in the space of probability measures by J. A. Carrillo, R. J. McCann and C. Villani
[11, 12] (see also [26]), both approaches leading to explicit exponential (or algebraic for non uniformly
convex potentials) rates of convergence to equilibrium. Also possibly time-uniform propagation of
chaos was proven for the associated particle system.

Obtaining rates of convergence to equilibrium for (1) is much more complex, as the equation
simultaneously presents hamiltonian and gradient flows aspects. Much attention has recently been
called to the linear noninteracting case of (1), when C' = 0, also known as the kinetic Fokker-Planck
equation. First of all a probabilistic approach based on Lyapunov functionals, and thus easy to
check conditions, lead D. Talay [24], L. Wu [27] or D. Bakry, P. Cattiaux and the second author
[2] to exponential or subexponential convergence to equilibrium in total variation distance. The
case when A(v) = v and B(x) = V¥(x), and when the equilibrium solution is explicitely given by
foola,v) = e~ Y@ =II*/2 ig studied in [16], [17] and [25, Chapter 7]: hypocoercivity analytic techniques
are developed which, applied to this situation, give sufficient conditions, in terms of Poincaré or
logarithmic Sobolev inequalities for the measure e~¥, to L? or entropic convergence with an explicit
exponential rate. We also refer to [23] for the evolution of two species, modelled by two coupled
Vlasov-Fokker-Planck equations.

C. Villani’s approach extends to the selfconsistent situation when C' derives from a nonzero poten-
tial U (see [25, Chapter 17]): replacing the confinement force B(x) by a periodic boundary condition,
and for small and smooth potential U, he obtains an explicit exponential rate of convergence of all
solutions toward the unique normalized equilibrium solution e~ lvI*/2,

In this work we consider the case when the equation is set on the whole R%, with quadratic-like
friction A(v) and confinement B(x) forces, and small Lipschitz interaction C(z): in the whole paper
we make the following
Assumption. We say that Assumption (\A) is fullfilled if there exist nonnegative constants o, o/, 3,
and ¢ such that

[A(v) = A(w)| < alv —wl, (v —w) - (A{v) - A(w)) = o/|v — w]?,

B(xz) = x4+ D(z) where |D(z) — D(y)| < |z — y|
and

|C(x) = Cy)| < 7]z —yl

for all z,y, v, w in RY.
Convergence of solutions will be measured in terms of Wasserstein distances: let Py be the space
of Borel probability measures p on R?? with finite second moment, that is, such that the integral

/ (|z|*+|v|*) du(z, v) be finite. The space P, is equipped with the (Monge-Kantorovich) Wasserstein
R2d
distance d of order 2 defined by

dp,v)?= inf  E(|X =Y+ |V-W?
()t = ok B(X =Yy - wP)

where the infimum runs over all the couples (X, V) and (Y, W) of random variables on R?? with re-
spective laws p and v. Convergence in this metric is equivalent to narrow convergence plus convergence
of the second moment (see [26, Chapter 6] for instance).
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The coefficients A, B and C being Lipschitz, existence and uniqueness for Equation (2) with square-
integrable initial data are ensured by [21]. It follows that, for all initial data fy in Py, Equation (1)
admits a unique measure solution in Ps, that is, continuous on [0, +o0c[ with values in Ps.

Assumption (A) is made in the whole paper. Under an additional assumption on the smallness of
~ and d, we shall prove a quantitative exponential convergence of all solutions to a unique equilibrium:

Theorem 1. Under Assumption (A), for all positive o, and (3 there exists a positive constant c
such that, if 0 < 7,8 < ¢, then there exist positive constants C and C" such that

d(fi, ) <C'e”d(fo. fo). >0 (3)

for all solutions (fi)i>0 and (ﬁ)t>0 to (1) with respective initial data fo and fo in Pa.
Moreover (1) admits a unique stationnary solution s and all solutions (fi)i>o0 converge towards
it, with
d(fis proo) < C'e=d(fo, poo), =0,

For instance, for & = o/ = (3 = 1, the general proof below shows that the nonnegative v and § with
v+ 4§ < 0,26 are admissible. In the linear free case when v = § = 0, the convergence rate is given by
C = 1/3, and for instance for v and § with v+ § = 0,1 we obtain C' ~ 0,27.

Compared to Villani’s results, convergence is here proven in the (weak) Wasserstein distance, not
in L' norm, or relative entropy as in the noninteracting case - the latter being a stronger convergence
since, in this specific situation, the equilibrium measure e~V (@)=Iv1?/2 gatisfies a logarithmic Sobolev
inequality, hence a transportation inequality. We refer to [1], [18] or [26, Chapter 22| for this and
forthcoming notions.

However our result holds in the noncompact case with small Lipschitz interaction, and can be seen
as a first attempt to deal with more general case. Moreover it shows existence and uniqueness of the
equilibrium measure, and in particular does not use its explicit expression (which is unknown in our
broader situation). It is also not only a result on the convergence to equilibrium, but also a stability
result of all solutions. Let us finally note that it is based on the natural stochastic interpretation (2) and
a simple coupling argument, and does not need any hypoelliptic regularity property of the solutions.

The particle approzimation of solutions to (1) consists in the introduction of a large number N
of R?@-valued processes (XZ’N, V;Z’N)@o with 1 < ¢ < N, no more evolving according to the force

field C =, p[fi] generated by the distribution f; as in (2), but by the empirical measure i) =
N

1 4

~ Z(S(XZ,N,V?,N) of the system: if (VV,Z)Z-21 with ¢ > 1 are independent standard Brownian mo-
i=1

tions on R? and (X¢,V{) with i > 1 are independent random vectors on R?? with law fy in Py and

indepedent of (Wi)z;p we let (Xt(N), Y/;(N))t>0 = (th’N, e ,XtN’N, V;LN, e \/;N’N)t>0 be the solution

of the following stochastic differential equation in (R??)V:
dx;N = v dt

N
. . X 1 . . )
dviN = — ANy dt — B(XPY) dt — ~ dYooxpN - XPNydt+vV2dwi,  1<i< N (4)
j=1
i, N i, N 3 7
(Xo ™, Vo) = (X5, Vo)

1 , ,
The mean field force C *, p[f:] in (2) is replaced by the pairwise actions NC(XZ’N - Xg’N) of

particle j on particle i. Since this interaction is of order 1/N, it may be reasonable that two of these
interacting particles (or a fixed number k of them) become less and less correlated as N gets large.
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In order to state this propagation of chaos property we let, for each i > 1, (X}, V;i)@o be the
solution of the kinetic McKean-Vlasov type equation on R2?

dX} = Vidt
dVi = —A(Vi)dt — B(X})dt — C #, p[ve] (X)) dt + /2 dW}, (5)
(X5, Vo) = (X4, Vi)

where v; is the distribution of (X}, V}’). The processes (X}, V;!);>0 with i > 1 are independent since
the initial conditions and driving Brownian motions are independent. Moreover they are identically
distributed and their common law at time ¢ evolves according to (1), so is the solution f; of (1) with
initial datum fy. In this notation, and as N gets large, the N processes (XtZ’N, VtZ’N)go look more and
more like the N independent processes (X}, V;});>o:

Theorem 2 (Time-uniform propagation of chaos). Let (X{, Vbl) for1<i < N be N independent R??-
valued random variables with law fy in Po(R?*4). Let also (XZ’N, VtZ’N)t?o 1<i<N be the solution to (2)

and (X}, V)i=o the solution to (5) with initial datum (X&, V{) for 1 <i < N. Under Assumption (A),
for all positive a, o/ and (3 there exists a positive constant ¢ such that, if 0 < 7,0 < c, then there exists
a positive constant C, independent of N, such that fori=1,... N

sup E <‘XZ’N - X}
>0

N <L

2 . .
| AR 7
+‘ ¢ ¢ N

Here the constant C' depends only on the coefficients of the equation and the second moment of fj.

Remark 3. In particular the law ft(l’N) at time t of any (XZ’N, VtZN) (by symmetry) converges to fi
as N goes to infinity, according to
2 C
<&
N

Propagation of chaos at the level of the trajectories, and not only of the time-marginals, is estimated
in [8] and [21] for a broad class of equations, but with non time-uniform constants.

. _ .12 . _ .
a2 <B (XN - Xi 4 [EN - v

We finally turn to the approximation of the equilibrium solution of the Vlasov-Fokker-Planck
equation (as given by Theorem 1) by the particle system at a given time 7T'.

Since all solutions (ft);>0 to (1) with initial data in P, converge to the equilibrium solution fie,
we let (20, v9) in R?? be given and we consider the Dirac mass O(z0,00) & (0,v0) as the initial datum
fo. We shall give precise bounds on the approximation of zio, by the empirical measure of the particles
(XZ’N, V;Z’N) for 1 <i < N, all of them initially at (zg, vg).

In the space homogeneous case of the granular media equation, this was performed by the third
author [19, 20] by proving a logarithmic Sobolev inequality for the joint law ft(N) of the N particles
at time ¢. In turn this inequality was proved by a Bakry-Emery curvature criterion (see [3]). The
argument does not work here as the particle system has —oo curvature, and we shall only prove a
(Talagrand) T, transportation inequality for the joint law of the particles.

Remark 4. At this stage we have to point out that, for instance when the force fields A, B and C
are gradient of potentials, the invariant measure of the particle system, that is, the large time limit of
the joint law of the N particles, is explicit and satisfies a logarithmic Sobolev inequality with carré du
champ |V f|?+|Vo f|?; however it does not satisfy a logarithmic Sobolev inequality with carré du champ
|Vof|? (initiated by our dynamics), which would at once lead to exponential entropic convergence to
equilibrium for the particle system.
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Let us recall that a probability measure  on R?? is said to satisfies a Th transportation inequality
if there exists a constant D such that

d(p,v)* < D H(v|p)

H(v|p) = /log (%) dv

if v < p and 400 otherwise is the relative entropy of v with respect to u.

for all probability measure v; here

Theorem 5. Under the assumptions of Theorem 1, for all positive a, o and 3 there exists a positive
constant ¢ such that if 0 < v,d < ¢, then the joint law of the N particles (Xéf’N), QEZ’N)) at given
time T, all with deterministic starting points (xg,vo) € R??, satisfies a Ty inequality with a constant
D independent of the number N of particles, of time T and of the point (xg,vg).

It follows that there exists a constant D' such that

2

N
1 iN i N 1 —CT Nr
P~ S nxi vy - >r+ D [ —— e
(N Z':lh( 2V /Rthduoo(h)_r—i- < N+e < exp %

for all N,T,r >0 and all 1-Lipschitz observables h on R??.

Here the constant C' has been obtained in Theorem 1 and the constant D’ depends only on the
point (xg,vg) and the coefficients of the equation.

Remark 6. Such single observable deviation inequalities were obtained in [19] for the space homo-
geneous granular media equation; they were upgraded in [9] to the very level of the measures, and to
the level of the density of the equilibrium solution. The authors believe that such estimates can also be
obtained in the present case.

Remark 7. Let us also point out that if we do not suppose a confinement/convexity assumption as in
(A) but only Lipschitz regularity on the drift fields A, B and C, then Theorems 1, 2 and 5 still hold
but with constants growing exponentially fast with time T.

Sections 1, 2 and 3 are respectively devoted to the proofs of Theorems 1, 2 and 5.

1 Long time behaviour for the Vlasov-Fokker-Planck equation

This section is devoted to the proof of Theorem 1, which is based on the stochastic interpretation (2)
of (1) and a coupling argument. It uses the idea, also present in [24] and [25], of perturbing the
Euclidean metric on R?? in such a way that (2) is dissipative for this metric.

If Q is a positive quadratic form on R?? and p and v are two probability measures in Py we let

dQ(:U'a V)2 = (X,Vi)r,l(fY,W) E(Q((X,V) — (Y, W)))

where again the infimum runs over all the couples (X, V) and (Y, W) of random variables on R?? with
respective laws p and v; so that dg = d if @ is the squared Euclidean norm on R24. The key step in
the proof is the following

Proposition 8. Under the assumptions of Theorem 1, there exist a positive constant C and a positive
quadratic form Q on R%*¢ such that

dQ(ft’ﬁ) <e_CtdQ(fO’f(])a t>0

for all solutions (ft)i>0 and (fi)i=o to (1) with respective initial data fo and fo in Pa.



hal-00392397, version 1 - 7 Jun 2009

Proof of Proposition 8. Let (fi)i>0 and (fi)t>0 be two solutions to (1) with initial data fo and fo
in Py. Let also (Xg, Vo) and (Xg, Vo) with respectively law fo and fp, evolving into (Xy,V;) and
(X;, Vi) according to (2), both with the same Brownian motion (W;);>o in R%. Then, by difference,
(x4,v) = (X — Xy, Vi — V;) evolves according to

dl’t = Ut dt
{ dvy = —(A(V) = A(Vy) + By + D(Xy) — D(Xy)) dt — (C 4 plfi)(Xs) = C %4 p[fil (X2)) dt.

Then, if ¢ and b are positive constants to be chosen later on,

alz >+ 2z v +b|u]?) = 2azy - v + 2]
=2z - (A(Vy) — A(Vy) + Bz + D(Xy) — D(Xy))
—2bvg - (A(V) — A(V) + By + D(Xy) — D(Xy))
=2 (2t + buy) - (Cxq plfe)(Xe) — C xq p[fi)(X2)).

By the Cauchy-Schwarz inequality and assumptions on A and D, the first four terms are bounded
by above by

!

2(a = bf)xs - vy + 2(a + bd) || [vr] — 2 (ba’ = 1)Jvg]> = 2(8 = ) ||

Let now m; be theflaw of (X, Vi; X, V}) on R24 x R24 : then its marginals on R24 are the respective
distributions f; and f; of (X3, V;) and (X4, V;), so that, since moreover C is odd:

—2Ez; - (C g pfi](Xi) — C 0 pfi)(Xy))
= —2/de(Y —Y)- (C(Y —y) = C(Y —9)) dmi(y, w; g, w) dmy (Y, W; Y, W)

- /RSd (Y —y) =Y =9) - (C(Y —y) = C(Y =) dri(y, w; §, w) dmy (Y, W; Y, W)
S {(Y—y)—(Y—ﬂ){zdm(y,w;y‘,u‘))dm(l/, WY, W)
/RSd

2
- 27[/ |y—ﬂl2d7rt(y,w;§,w)—‘/ (y—ﬂ)dﬂt(y,w;ﬂ,@)‘ }
RA4d R4d

2y E|z |2

N

In the same way, and by Young’s inequality,
—2Ev; - (C#; plfi)(X2) — C x0 plfil (X0))
~ 9 / LW W) (O —y) = OF — ) dmaly, w5, @) dm (Y, WY, )
R

_ /R (W W) () - (O — 9) — CF — ) dry(y. w2 5.0) d (V. W ¥, W)

N

3 L0V W) = = ) + (¥ =¥ = (= D) drl w5, 0) dre(V. WY )
R8d

< YE[al + v ).

Collecting all terms leads to the bound

d
EE (a\xt]2 + 2z vy + b\vt]2) < 2(a—0B)Exy - v+ 2(a + ) E|y| vy

2(8 -5~y L )Blf? ~2(a'b~ 1 - L )Eju?

for every positive ¢, and then (with a = bg3) to

d 2 2\ o~ _ o~ 2 _ R 2
th(bB[xt\ + 22 v+ bv]®) < — (20 —2n—e —nb ) E|xy] (2a/ —n)b —2 . E|v
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by Young’s inequality, where n = v + 4.
If 4 —48b% < 0, that is, if b > 1/4/B3, then Q : (z,v) — bB|x|? + 22 - v+ bjv|? is a positive quadratic
form on R??. Then we look for b and ¢ such that

Oé2

26 —2n—e—nb>0 and (20/—77)b—2—?>0, (6)

in such a way that

d
EE Q(xt, 1) < —CEU%P + \%’2]

holds for a positive constant C.
Necessarily < 2/, which is assumed in the sequel. Then, for instance for ¢ = 3, the conditions
(6) are equivalent to

2+ a? —2
M <b< u, n < 20/.
20/ —n n
2+ a? —2 2
We look for 7 such that 2+/a /8 < g 77, that is, 2n? — n(2 + % + B+ 4a’) + 24/30. This
a =

polynomial takes negative values at n = 2/, so it is positive on an interval [0, 79[ for some 79 < 2¢/.

BVB
1+2v3’
0 <7 <no.

Hence there exists a constant 79, depending only on «, o’ and 3, such that, if v + & < 19, then
there exist a positive quadratic form @ on R?? and a constant C, depending only on «a, o/, 3,7 and §
such that

We further notice that ny < so that there exists b with all the above conditions for any

d
EE Q(xt, 1) < —CEU%P + \%’2]

for all t+ > 0. In turn, since Q(z,v) and |z|> + |v]? are equivalent on R??, this is bounded by
—CEQ(x¢,v;) for a new constant C, so that

EQ((X:, Vi) — (Xi, Vi) < e “"EQ((Xo, Vo) — (X0, Vo))

for al_l t > 0 by integration. We ﬁr_lally optimize over (Xo, V) and (X'o, VO) with respective laws fj
and fo and use the relation dg(ft, fi) < EQ((X¢, Vi) — (X¢, Vi) to deduce

dQ(ft7 ft) < e*Ct dQ(f07 fO)
This concludes the argument. O

Remark 9. This coupling argument can also be performed for the (space homogeneous) granular media
equation, for which it exactly recovers the contraction property in Wasserstein distance given in [12,
Theorem 5], whence the statements which follow on the trend to equilibrium.

We now turn to the

Proof of Theorem 1. First of all, the positive quadratic form Q(z,v) on R?? given by Proposition 8 is
equivalent to |z|? + |v|?, so there exist positive constants C” and C’ such that

d(fhft) < C”dQ(ftht) < C”e_CtdQ(foa.fO) < C, e_Ct d(f07f0)7 2> 0

for all solutions (f;)i>0 and (fi)i>0 to (1) by the contraction property of Proposition 8: this proves
the first assertion (3) of Theorem 1.

Now, if @ is the positive quadratic form on R?? given by Proposition 8, then /@ is a norm on R?¢
so that the space (P2,dg) is a complete metric space (see [7] or [26, Chapter 6] for instance).

Then Lemma 10 below (see [13, Lemma 7.3] for instance) and the contraction property of Propo-
sition 8 ensure the existence of a unique stationary solution po, in Py to (1):
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Lemma 10. Let (S, dist) be a complete metric space and (T(t))i>0 be a continuous semigroup on
(S, dist) for which for all positive t there exists L(t) €]0, 1] such that

dist(T(t)(x), T(t)(y)) < L(t) dist(x,y)

for all positive t and x,y in S. Then there exists a unique stationary point oo in S, that is, such that
T(t)(T0) = Too for all positive t.

Moreover all solutions (f;):>0 with initial data fp in P2 converge to this stationary solution i,
with
dQ(ftaMOO) < eict dQ(fO,Noo)a t>0.

Finally, with fo = ieo, (3) specifies into

d(fta/j/oo) g C,e_Ctd(f07MOO)7 t 2 0

which concludes the proof of Theorem 1. O

2 Particle approximation

The time-uniform propagation of chaos in Theorem 2 requires a time-uniform bound of the second
moment of the solutions to (1).

Lemma 11. Under Assumption (A), for all positive a, &’ and (3 there exists a positive constant ¢ such

that sup/ (|z|* + |[v|?) fi(z,v) dx dv is finite for all solutions (fi)iso to (1) with initial datum fo in
t>0 JR2d

Py and 7,9 in [0, c).

Proof of Lemma 11. Let (ft)¢>0 be a solution to (1) with initial datum fy in P, and let a and b be
positive numbers to be chosen later on. Then

d

7 oas (a |a:|2 +2x-v+0D |v|2) df(z,v)
R

= 2bd + 2/ v (az +v) — (z +bv) - (A(v) + B(z) + C *, p[fi](x)) dfi(z,v)
RQ
where, by Young’s inequality and assumption on A, B and C,
—2z-A(v) = =2z - (A(v) — A(0)) — 2z - A(0) < 2 |z| |v] — 2z - A(0),

—22-B(z) = =2z (Bz+ D(z) — D(0) + D(0)) < —(28 — 26)|z|* — 2z - D(0),
—2bv - A(v) = —2bv - (A(v) — A(0) + A(0)) < —2ba/[v]* — 2bv - A(0),
—2bv - B(z) = —2bv- (Bz + D(z) — D(0) + D(0)) < —2bBv -z + 2b6 |v| |z| — 2bv - D(0),

//\ //\

—2/ z - Cxg plfil(z) dfe(z,v) = _/ (z —y) - Clz —y) dfe(x, v) dfe(y, w)
R2d R4d

S 7/1R4d |x_y|2dft(x’v)dft(y’w)

< 29[ leP o)
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and

_2b/R2dv - Coxg plfe](z) dfi(z,0) = —b/RM(v —w) - C(x —y) dfy(x,v) df; (y, w)

N

bV/RM v —w| |z — y|dfi(z,v) dfi(y, w)

b
< % Rid (|’U — w|2 + |$ — y|2) dft(x,v) dft(y,w)
< by [ (e 4 oPdGeo)

Collecting all terms and using Young’s inequality we obtain, with a = 8b and n = v + 4,

% 2d(ﬁb|x|2+2x-v+b|v|2)dft(x,v)
< 2bd+(2a+2b6)/|x||v|dft(x,v)+ [by + 2y — 28 + 26] /|x|2dft(x,v)
+[2+’yb—2a’b]/]v[Qdft(x,v) — 9(A(0) + D(0)) - (/xdft(x,v) —i—b/vdft(x,v))
< 2bd + (g + %‘2) |A(0) + D(0) 2

—[26—277—8—776]/]w\zdft(aﬂ,v)— [(204 -n) b—2—— /\v\ dfi(z,v)

for all positive €.

Now, as in the proof of Proposition 8, with « replaced by 2a, we get the existence of a positive
constant 79, depending only on «,a’ and 3, such that for all 0 < v+ ¢ < g there exist b (and €) such
that Q(z,v) = Bb|z|?> + 2z - v+ b|v]? be a positive quadratic form on R?? and such that

d

— Q(z,v) fi(x,v)dxdv < 01—02/ (| >4 [v|?) fr(z,v) dz dv < 01—03/ Q(z,v) fi(x,v)dx dv
dt Jped 2d R2d

for positive constants C;. It follows that

sup Q(x,v) fr(xz,v)drdv < +o0
t>0 JR2d

if initially / Q(x,v) fo(x,v)drdv < 400, that is,
R2d
sup/ (|| 4 [v]?) fi(z,v) dz dv < +oo
t>0 JR2d
if initially fo belongs to Ps. This concludes the argument. O
We now turn to the

Proof of Theorem 2. For each 1 <i < N the law f; of (X}, V}}) is the solution to (1) with fy as initial
datum and the processes (Xt, Vi )t>0 and (XN, V) N)@0 are driven by the same Brownian motion.

In particular the differences xi = Xt — X} and v} = Vf’N — V! evolve according to

det: = vldt

=

v = —(A(VPN) = AV + Bai+ DX - = 2 (COXPN = XP%) = C o pl£i](

X0)
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with (z§,v}) = (0,0).
Then, if ¢ and b are positive constants to be chosen later on,
d i i i i i i i,N i i iN i
a(a|$t|2 +2z v+ b|vt|2) = 2am;- v+ 2|Uzt|2 — 2 (A(Vt ) — A(VY) + By +D(Xt ) — D(Xt))
~2bvj - (A(V;"™) = A(V)) + Baf + D(X;™) = D(X]))

N
2k + bol) - (COG™ = XPY) = O LKD),
j=1

By the Young inequality and assumptions on A and D, for all positive € the third and fourth terms
are bounded by above according to

—2a} - (A(VY) = AV) < 202 AV = AV < 2] of] <

—2a} - (D(X]Y) = D(X])) = —2b(X{ — X{) - (D(X;) = D(X})) < 26 |,
—2bv) - (A(V;Y) = A(V)) = =20(V;"Y = Vi) - (A(VY) = A(V) < —2balof]?

and
—2bv} - (D(XPY) = D(X})) < 2b6vf] |2f] < b(|2i]” + [v] ).
Hence, with a = 30,
2

d . o A A 9 .
S(BHi + 205 v + Bluif) < (5—2ﬁ+26+6b>|x;|2+(2+%—2a’b+6b)|v§|2

Z xt—f—bvt (XZ’N_X?N)_C*I P[ft](XZ))
=1

Moreover, by symmetry, E|zi|?, Ex! - ¢, ... are independent of i = 1,..., N, so that, by averaging
on 17,
2
SR[Bblat 2+ 22} v + bl ?)] < —(28—20— g — Gb)E|z}2 — ((20/ — 6)b—2 — i)ﬂ«:yv,}\?
€
N
2 ST E[ (@ 4 bui) - (XY — X3V — ¢ X} 7
N2 (x} + Ut)'( (X7 = Xi) = Coxa plfel( t)) (7)
ij=1

We decompose the last term in (7) according to
COGN = XPN) = Coa pUAI(X]) = O™ = XP) = C(X] = X)) + C(X = X]) = C o plf(X7)

which leads to estimating four terms:

10
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1. By symmetry and assumption on C,

.MZ

N
=S E[d - (0 - XN - exi - X)) = -

i,j=1 0]

E (XN = X)) - (o - xPN) - o(x] - X))
1

E[((N - xP) - (%) - 7))

I
ol
:MZ

1

2y
(e - xPN) - o(xi - X))

N N i i
E|(Xp™ = X)) — (X - X))

N
B2
:MZ

1

)

5J

E|(x;N - X)) — (XN - X))

I
N[22
:MZ

1

%]

N o2
= ’YZE‘%’Q—’YE‘Z xN - X7
1,j=1
< ’YN%Ut‘-
2. By assumption on C' and the Young inequality,
N | N
; i, N N i o ; j i, N N i v
=D Ev- (N =X 0K - X)) = -5 D E[) - o) (O - X7 - (X - X))
2
ij=1 ij=1
5 N
; j '7N ‘7N & J
< 25T E[e - ofl [N - XY~ (5 - )]
i,j=1
7 v c i1 |2
< IS E[Ghi -l gl - (N - X
i,j=1
< SNZE(of [ + [} ?).

3. For each ¢ =1,..., N, and again by the Young inequality
N . _ 4 2
2 [} 3" (C(Xi - X))~ Coaplf(XD)) | < INE Jaif*+ - Z (C(Xi =) - Crupl (%))
j=1
for any positive constant L, where the last expectation is
N . - . 2 — . . —_ . —_ . — —_ .
> E|C(Xi=X])~CnplF (XD + Y E | (C(XS = X))~ Corapl i) (K1) (C(Ki = XF) = Corapl £ (X)) ]
=1 i#k

First of all, C' is odd, so C(0) = 0 and hence |C(z)| < 7 |z|. Then, for each j =1,..., N,

E|C(X] - X)) = Cx, plfJ(XD]? < 2E|C(X] = X))|* + 2E|C %, pf)(XD)|?

< 272 [E‘XZ—XI?{Q%—/M |y—ﬂ:|2ft(x,v) fi(y,w) dx dv dy dw
R
< 897 [P o) dodo
R2d
< M

11
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for a constant M, provided v and § are small enough for the conclusion of Lemma 11 to hold. The

constant M depends on the initial moment / (|3:|2 + |v|2) fo(z,v) dx dv and the coefficients of the
R2d

equation, but not on t or N.
Then, for all j # k,

E|(C(X{ = X]) = C e plf(X) - (C(X] = XE) = C e pl£(X7)) |

— Ex;|(Egy [C(Xi = X0) = C 20 plRI(XD)]) - (B [C(Xi = XE) = € w oK) )]
=Eg[0] =0

since X7 and XF are independent and have law p[f;].
To sum up,

N

: . B "

~2) E {mi (C(Xf—X])—Cxy p[ft](XZ))] < LN?Ejz}2 + M
17]:1

4. In the same way for any positive L’ we obtain the bound

N
7 i = .y M
_QMZ,Z:IE {vt . (C(Xt —X7) = Cx*, p[ft](Xt))] < I N?EJo)? + FN-

2

Collecting all terms and letting for instance L = % and L' = b&’ it follows from (7) that there
€

exists a positive constant ¢ such that for all v, in [0, ¢) there exists a constant M such that

d
DR [gbjal ? + 20} - v} + bl 7]

40 M /2 eb?
12 / 12
<—(28—e—2n—nb)Elz;|* — ((2¢/ —n)b—2 — T)E\vt\ + N(g + ﬁ)
for all positive ¢,b and e, where n = v + 4.

Now, as in the proof of Proposition 8, with « replaced by 2a, we get the existence of a positive
constant 79, depending only on a, ¢’ and (3, such that for all 0 < v+ § < 1y there exist b (and ) such
that Q(z,v) = Bb|z|> + 22 - v+ b|v|? be a positive quadratic form on R?? and such that

d Co
ZEQ(at,of) < ~Cy B[t + ] + 2
for all t > 0 and for positive constants C7 and Cs, also depending on fy through its second moment,

but not on N. In turn this is bounded by —C3E Q(x},v}) + WQ’ so that

Cy
sup EQ(xy,v;) < N
£>0
and finally o
supE [, — X2+ VY - VP <
>0

where the constant C' depends on the parameters of the equation and on the second moment of f,
but not on N. This concludes the proof of Theorem 2. O

12
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Remark 12. One can prove a contraction property for the particle system, similar to Proposition 8
for the Viasov-Fokker-Planck equation: if fo is an initial datum in Po we let ft(l’N) be the common
law at time t of any of the N particles (Xti’N, Vti’N). Then there exists a positive constant ¢ such that,
if 0 < 7,0 < ¢, then there exist a positive constant C and a positive quadratic form Q on R?*¢ such
that

do(f ), ) < e g (1Y, F) = e dg o, fo)

for all t and all initial data fo and fo in Ps. Here the form Q and the constants ¢ and C depend only
on the coefficients of the equations, and not on N. From this and Remark 3, and following [14], one
can recover the contraction property of Proposition 8, whence Theorem 1.

3 Transportation inequality and deviation result

This final section is devoted to the proof of Theorem 5. It is based on the idea, borrowed to [15], of

proving a T5 transportation inequality not only for the law f:(FN) at time T, but for the whole trajectory
up to time T'; this transportation inequality will be proved by means of stochastic calculus, a coupling
argument, a clever formulation of the relative entropy of two trajectory laws and a change of metric
as in the previous sections; it will imply the announced transportation inequality by projection at
time 7.

We only sketch the proof, emphasizing the main steps and refering to the previous sections and
to [15] for further details.

We equip the space C of R?*N_valued continuous functions on [0, T'] with the L2 norm and consider
the space P(C) of Borel probability measures on C, equipped with the Wasserstein distance defined
by the cost [|y1 — 72|32 for v1,72 € C.

We write Equation (4) on the particle system (Xt(N), V;(N))t?o in the form
dx™, vy = o™ ™ Va4 (v ar

for some coefficients o) and (V).

Let P € P(C) be the law of the trajectory (X)) V(M) = (Xt(N), V;(N))Ogth of the particles, all
of them starting from the deterministic point (zg,v) € R??,

The transportation inequality for IP, which it is sufficient to prove for laws Q absolutely continuous
with respect to P, will obtained in two steps.

Step 1. Following [15, Proof of Theorem 5.6], for every trajectory law Q € P(C), there exists
(Bt)eelo,r) € L2([0,T], R?*N) such that H(Q,P) = %EQ fOT |3¢|2dt; moreover

d(x;™ V) = oM™ v aw™ + M e v de + o™ o V) gt

. t
under the law Q, where Wt(N) = Wt(N) - / Bsds is a Brownian motion under Q. We now build a
0

coupling between Q and P by letting (XV), V(M) = (Xt(N), f/t(N))ogth be the solution (under Q) of
d(Xt(N), ‘;;(N)) — U(N)(th(N), %(N))th(N) + b(N)(Xt(N), f/t(N))dt,

whose law under Q is exactly P.

Step 2. In order to prove the T5 inequality, and as in the previous sections, we change the
metric induced on C by the L? norm and consider an equivalent positive quadratic form Q(z,v) =
alz|? + 22 - v+ bjv|2. We control the quantity

EQQ((x{™), vy — (XM v (My)

13
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by proving the existence of a positive constant D, independent of N and T, such that

EQ[alz|? + 22 - vg + blug|*] < —D/Ot EQ[|zs|? + |vs[*]ds + /Ot EQ[VQ(xs,vs) - o™ (XM VI 5, ]ds

in the notation x; = Xt(N) — Xt(N) and vy = V;(N) — ‘z(N). Then we bound the last term by
o[BS+ uulas + £ [ B9 s

and the transportation inequality for the trajectory law P follows again by Gronwall’s lemma, with a

new constant D independent of T.
The transportation inequality for the law f}N) at time T finally follows by projection at time 7.

We now turn to the deviation inequality in Theorem 5. First of all, if A is a 1-Lipschitz function
on R%¢ then

N N
2 : 1, 1, 1 2 :
N X N V N /R2dN N h(xi,vi) dfj(«N)(.%'l,. .o ,UN)

/hdMOOJr/hdMoo—/hdfT+/hdfT—/hdfél’N)

/ hdjiso — d(f7, oo) — d(fr, F5N)

ZIH ZI

i

by exchangeability. But, by Theorem 1 with fo = d(40.,), there exist two constants C' and c’,
depending only on the coefficients of the equation, such that

d(f1, poo) < C'e™ T d( fo, pioc)

where fr is the solution at time T' of Equation (1) with initial datum fy = d(z0,v0)- Moreover, by
Remark 3, there exists a constant C”| depending only on the equation and on (zg,vo), such that

C/l

d(fr, f52)) <

2

where D' = max(C"d( fo, ttoo), C") depends on (zg, vp).
Now the law f}N) satisfies a Th inequality on R?¥ with constant D, hence a Gaussian deviation

1 1
inequality for Lipschitz functions (see [6]); moreover the map (z1,...,vy) — N Z h(x,v;) is —=-

VN

Lipschitz on R?#V | so the probability on the right-hand side is bounded by

Nr2
exp | — Y5}

for all » > 0. This concludes the proof of Theorem 5.

14
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