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SOLVING BSDE WITH ADAPTIVE CONTROL VARIATE

EMMANUEL GOBET* AND CELINE LABARTT

Abstract. We present and analyze an algorithm to solve numerically BSDEs based on Picard’s
iterations and on a sequential control variate technique. Its convergence is geometric. Moreover, the
solution provided by our algorithm is regular both w.r.t. time and space.
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1. Introduction. Let (Q,F,P) be a given probability space on which is defined
a g-dimensional standard Brownian motion W, whose natural filtration, augmented
with P-null sets, is denoted (F;)o<t<7 (T is a fixed terminal time). We aim at numer-
ically approximating the solution (Y, Z) of the following forward backward stochastic
differential equation (FBSDE) with fixed terminal time T°

7d}/t = f(thtv }/t; Zt>dt - thWt5 YT = (I)(XT>5 (11)

where f : [0,T] x REx R x R? — R, ® : R — R and X is the R%valued process
solution of

¢ ¢
Xi=z+ / b(s, Xs)ds + / o(s, Xs)dWs, (1.2)
0 0

b:[0,7] x R — R? and o : [0,7] x R? — R%*%, The main focus of this work is to
provide and analyze an algorithm — based on Picard’s iterations and an adaptive
Monte Carlo method — to approximate the solution (Y, Z) of (1.1).

Several algorithms to solve BSDEs can be found in the literature. Ma, Protter and
Yong [20] present an algorithm to solve quasilinear PDEs (associated to forward BS-
DEs) using a finite difference approximation. Concerning algorithms based on the
dynamic programming equation, we refer to Bouchard and Touzi [6], Gobet, Lemor
and Warin [14], Bally and Pages [3] and Delarue and Menozzi [8]. In [6], the authors
compute the conditional expectations appearing in the dynamic programming equa-
tion by using Malliavin calculus techniques, whereas [14] proposes a scheme based
on iterative regression functions which are approximated by projections on a reduced
set of functions, the coefficients of the projection being evaluated using Monte Carlo
simulations. [3] and [8] use quantization techniques for solving reflected BSDEs and
forward BSDEs respectively. Bender and Denk [4] propose a forward scheme which
avoids the nesting of conditional expectations backwards through the time steps. In-
stead, it mimics Picard’s type iterations for BSDEs and, consequently, has nested
conditional expectations along the iterations. This work has some connections with
our approach but it does not handle the error analysis for the conditional expecta-
tions.

Our algorithm works as follows. First, we use Picard’s iterations to approximate the
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solution (Y, Z) of (1.1) by the solutions of a sequence of linear BSDEs converging
geometrically fast to (Y, Z) (see El Karoui, Peng and Quenez [10] for more details).
Then, since we can link linear BSDEs and linear PDEs, we use the adaptive con-
trol variate method proposed by Gobet and Maire [15]. This method approximates
the solutions of linear PDEs, which can be written as expectations of functionals of
Markov processes via Feynman-Kac’s formula. The authors use a control variate,
changing at each step of the algorithm, to reduce the variance of the simulations. The
convergence of this technique is also geometric w.r.t. the iterations (see [15] for more
details). As a consequence, we can guess that combining these two methods in order
to solve BSDEs will lead to a geometrically converging algorithm. As a difference with
previous works, we provide an approximated solution to the semi-linear PDE that has
the same smoothness as the exact solution, which is quite satisfactory and potentially
useful. As another difference with other Monte Carlo approaches, the final accuracy
does not depend much on the number of simulations, but rather on an operator P
used for approximating functions. It means that our algorithm benefits of the ability
of Monte Carlo methods to solve high dimensional problems, without suffering for
their relatively low rate of convergence.

The paper is organized as follows. In Section 1, we give some definitions and no-
tations, and recall the link between BSDEs and semilinear PDEs. In section 2, we
describe the two main ingredients (Picard’s iterations and adaptive control variate)
of our algorithm. In Section 3, we define the norm used to measure the convergence
of the algorithm, and in Section 4, we present the operator P used in the algorithm to
approximate functions, emphasizing the important properties that P should satisfy in
order to make our algorithm converge. We give the main convergence result in Section
5, and its proof in Section 6. We present in Section 7 an example of an operator P
based on kernel estimators. Finally, in Section 8, we expose some numerical results
in the field of financial mathematics.

1.1. Definitions and Notations.

e Let C}"! be the set of continuously differentiable functions ¢ : (t, ) € [0,T] x
R? with continuous and uniformly bounded derivatives w.r.t. ¢ (resp. w.r.t.
x) up to order k (resp. up to order [). The function ¢ is also bounded.

) C;f denotes the set of C*~1 functions with piecewise continuous k-th deriva-
tive.

o CFro « €]0,1] is the set of C* functions whose k-th derivative is Hélder
continuous of order a.

e f, function. Let f, : [0,T] x R? — R denote the following function

folt,x) = f(t,z,v(t, x), (Ozv0)(t, x)),

where f denotes the driver of BSDE (1.1), o denotes the diffusion coefficient
of the SDE satisfied by X and v : [0,T] x RY — R is C! in space.

e Euler scheme. When it exists, we approximate the solution of (1.2) by its
N-time-steps Euler scheme, denoted X*':

Vs € [0,T], dX =b(p(s), X)i,))ds + a(p(s), X)) AW, (1.3)

o(s) :=sup{t; : t; < stand {0 =1ty < t1 < --- <ty =T} is a regular
subdivision of the interval [0, T'.

e Transition density function p(t, z;s,y). If o is uniformly elliptic, the Markov
process X admits a transition probability density p(t, z;s,y). Concerning



SOLVING BSDE WITH ADAPTIVE CONTROL VARIATE 3

XN (which is not Markovian except at times (tx)x), for any s > 0 XN has a
probability density p™¥ (0, x;s,y) w.r.t. the Lebesgue measure.

o U(s,9,91,92, W) and UV (5,9, 91,92, W). We define the two following func-
tions

T
U(s, s g1, g2, W) = / g1 (r, XEV(W))dr + ga(X3Y (W),
S T N
N (s,,91,92, W) =/ g1 (r, XSV (W) dr + go( X ™Y (W),

S

where X*Y (resp. X™*Y) denotes the diffusion process solving (1.2) and
starting from y at time s (resp. its approximation using an Euler scheme with
N time steps), and W denotes the standard Brownian motion appearing in
(1.2) and used to simulate X%, as given in (1.3).

e Constants c; ;(-). For any function ¢ in Cy”7, ¢; j(¢) denotes > =0 10501 Bl oo
For i = j =0, we set ¢o(¢) := co,0(¢).

e Functions K(T'). K(-) denotes a generic function non decreasing in 7" which
may depend on d, u, 3, on the coefficients b and o (through g, o1, ¢1 3(0),
c0,1(010), c1,3(b)) and on other constants appearing in the Appendix A (i.e.
Ka1(T), on, o, ca, Kaa(T) , cas, Kas(T), caa, Kas(T), cas, Kas(T)
and Kp2(T)). The parameter § is defined in Section 2.1, y is defined in
Section 3.2, op and o are defined in Hypothesis 1.

e Functions Ko(7T'). Ko(T) are analogous to K (T) except that they may also
depend on the operator P (through ¢; (K;) and c2(K;), defined in Section 7).

HYPOTHESIS 1.

e The driver f is a bounded Lipschitz continuous function, i.e. for all

(t1, 1,51, 21), (b2, 22,92, 22) € [0, T) x R? x R x R4,

|f(t1, 21,91, 21) — ft2, 02,92, 22)| < Ly([t1 — ta| + 21 — 22| + [y1 — yo| + |21 — 22]).

e o is uniformly elliptic on [0, T] x RY: there exist two positive constants g, o1
s.t. for any vector & and any (t,z) € [0,T] x R¢

d

aol¢]? < Z [00*]i (t, 2)6i&; < a1l¢f.

4,J=1
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e & is bounded in C*T*, « €]0,1].
e band o are in Cg’g and Oy is in Cg’l.

1.2. Link with semilinear PDE. According to [21, Theorem 3.1] (see also [10,
Proposition 4.3] and [8, Theorem 2.1]), we can link (Y, Z)— the solution of the BSDE
(1.1) — to u, the solution of the following PDE :

{ Ou(t, z) + Lu(t,z) + f(t, z,u(t, x), (Ozuo)(t,z)) =0, (1.4)

u(T,z) = ®(x),

where L is defined by

Lu(t,z) = % > loo*]ij(t, 2)02,, ult, x) + Z bi(t, z)0p, ul(t, ).

2%
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THEOREM 1.1 ([8], Theorem 2.1). Under Hypothesis 1, the solution u of PDE
(1.4) belongs to Cp*. Moreover, (Yz, Zt)o<t<T — solution of (1.1)— satisfies

vt e [0,T], (Yi, Z) = (ult, X¢), dou(t, Xp)o(t, Xp)). (1.5)

2. Description of the algorithm. As said in the introduction, the current
algorithm is based on two ingredients: Picard’s iterations and adaptive control vari-
ates. We present these ingredients in the following section, before describing the main
algorithm in Section 2.3.

2.1. First ingredient: Picard’s iterations. ;From [10, Corollary 2.1], we
know that under standard assumptions on ® and f, the sequence (Y*, ZF); recursively
defined by (Yo = 0,2y = 0) and

—dYFH = f(t, X, YV, ZRYdt — ZFTaw,, YR = e (Xp)
converges to (Y,Z), dP @ dt a.s. (and in HF, 5(R) x H7, 5(R)) as k goes to +oo,

where HZ, 5(RY) := {¢ € HZ.(R?) such that Ef eﬁt|¢)t|2dt < oo} and f is such that
21+ T)L ¢ < . This sequence of linear BSDESs can be linked to a sequence of linear

PDEs: by writing Y/* = ax(t, X;) and ZF = 8,05 (t, X;)o(t, X;), one has
Opligs1 + Ltpg1 + (- g, Opugo) =0 and  Gpy1 (T, -) = ®(-).

It means that the sequence of solutions of linear PDEs (4, 0,1y ), converges (in a Lo
norm) to (u, dyu), solution of the semi-linear PDE (1.4).

2.2. Second ingredient: Adaptive control variate. In their work [15], Go-
bet and Maire present an adaptive algorithm to solve linear PDEs of type

Ov+Lv+g=0 and o(T, )= ().

Thanks to the Feynman-Kac formula, we know that the probabilistic solution of this
PDE is o(t, #) = By [®(X7) + [ g(s, X)ds] = B(U(t, 2, g, &, W)).
Their idea is to compute a sequence of solutions (vg)i by writing

Vg+1 = vk + Monte Carlo evaluations of the error (v — vy).
The probabilistic representation of the correction term ¢y := v — vy, is
cr(t,x) = v(t,x) —vp(t,z) = E(Y(t, z, g + O + Lok, @ — vi(T,.), W)).

Their algorithm computes iterative approximations (vg)r of the global solution wv.
These approximations rely on the computations of E(¥N (¢, z, §, ®, W)) (for data § and
® possibly different from g+ 8yvy, + Lvy, and @ —vi(T,.)) at some points (t;, ;) 1<i<n C
[0,T] x R%. We briefly recall below their algorithm and the associated convergence
result.

ALGORITHM 1. Begin with vg = 0 and assume that an approximated solution vy
of class Cb1’2 is built at step k.

o Fuvaluate ci(t;, x;) using M independent simulations

(tul’z = Z\II tzawzag"l‘atvk'f'ﬁ vk, Ukan)

m=1

where

LVu(s, ) = 533, ;0073 ((5), )02, u(s, @) + 32, bi(p(s), )0, u(s, ).
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e Build the global solution c!(-) based on the values [cp (t;,x;)]1<i<n by using
a linear approzimation operator: Pyl (-) = Soi, e (t;, x;)wi(-) for some
weight functions w;. Then, get vgr1 = P(vk + CQ/I) (Examples of operator
P: interpolation, projection, Kernel-based estimator...)

The main result of their paper is the following

THEOREM 2.1 (Theorems 3.1 and 3.2, [15]). Define ||v—vg||5 := sup; <<, [E((v—
) (ti, 6))|* + supi <<, Var(vg(ti, 2:)). Then for any k >0, one has

1 1
lo = vkgall3 < pllo = wwllz + Cllo = Poll3(5 + 77)-

where p < 1 (depending on M, N and P) and ||v — Pvl|2 is a suitable norm related
to the approzimation error v — Pv (that we do not detail).

As for Picard’s iterations, the algorithm converges at a geometric rate. Moreover,
there is no need to take N and M large (in practice, in their experiments, they take
M = 10 to get accurate approximations). The final error is strongly related to the
ability of the operator P to approximate well the true solution v. In the following
Section, we present an algorithm combining these two ingredients and leading to the
same features.

2.3. Algorithm. We recall that we aim at numerically solving BSDE (1.1),
which is equivalent to solving the semilinear PDE (1.4). The current algorithm pro-
vides an approximation of the solution of this PDE. Then, by simulating the diffusion
X through an Euler scheme, we deduce from Equality (1.5) an approximation of the
solution of BSDE (1.1). More precisely, let uy (resp. (Y*, Z¥)) denote the approx-
imation of u (resp. (Y, Z)) at step k, and let XV denote the approximation of X
obtained with a N-time-steps Euler scheme. We write

(V¥ ZF) = (up(t, XN, Opur(t, XN)o(t, X)), for all t € [0, T). (2.1)

where X% is described in Section 1.1. It remains to build ug .
Adaptive control variate. As in Algorithm 1, we write

ug+1 = ur + Monte Carlo evaluations of the error(u — ug).

Combining Itd’s formula applied to u(s, X;) and to ug(s, X¥) between ¢ and T and
the semilinear PDE (1.4) satisfied by u, we get that the correction term ¢y := u — uy,
is

en(t,x) =E[U (t,2, fu, @, W) — UV (t,2,— (0 + LY Yup, up(T,.), W) |Gi] -

REMARK 2.2. As we will see later (see Remark 2.3), uy depends on several
random variables. Gy is the o-algebra generated by the set of all random wvariables
used to build ui. In the above equation, we compute the expectation w.r.t. the law of
X and XV and not w.r.t. the law of uy, which is G, measurable.

Picard’s iteration. The correction term c; cannot be used directly: we have to replace
u and J,u (unknown terms) appearing in f by uy and 9,uk, as suggested by Picard’s
contraction principle:

et ) =E [V (t,2, fu,, @, W) = UV (t,2,— (0 + LY Jug, w, W) |Gr] - (2.2)



hal-00373350, version 1 - 4 Apr 2009

6 E. GOBET AND C. LABART

We still have to replace the expectation by a Monte Carlo summation, and ¥ by
WY Then, the algorithm computes iterative approximations of (u)y of the global
solution u at some points (t¥, 2%)1<;<, € [0,T] x R, which may change over the
iterations.

ALGORITHM 2. We begin with ug = 0. Assume that an approzimated solution uy
of class C*2 is built at step k.

o Fualuate ék(tf,xf) using M independent simulations

M
1 .
é%(tfazf) - M E [\IJN (tiﬂzi’fuk +(8t+£N>uk,q)*Uk7Wm’k’l)} )
m=1

e Build the global solution ¢} (-) based on the values [} (tF, x¥)]1<i<n by using

a linear approximation operator:

n

Pre) = 3 clth, b)), 23)

i=1

k

where (w;

step k+1

)i are some weight functions. Deduce the approzimation of u at

ug+1(t, x) = Pk(uk + éljcw)(tﬂ z), (2.4)
where (P*);, satisfies Hypothesis 2 (defined later in Section 4).

REMARK 2.3. Since ugt1 s computed by using (2.4), ur+1 is a random
function depending on the random wvariables needed to compute wy and W™,
1<m< M,1<1i<n, appearing in the computation of é{cw Moreover, P* may be
random. In such a case, ugp,1 also depends on the random variables used to build P*.

DEFINITION 2.4 (Definition of the o-algebra Gi). Let Gr11 define the o-algebra
generated by the set of all random variables used to build uyy1. Using (2.4) yields

Grr1 =G V o(Ak, Sk),

where Ay, is the set of random points used at step k to build the estimator P*, Sy, :=
{W’"’k’i, 1 <m < M,1<i<n}, the set of independent Brownian motions used to
simulate the paths X™ N (2¥) and Gy is the o-algebra generated by the set of all
random variables used to build uy,.

3. Choice of the norm to measure the convergence. The choice of the
norm to measure the convergence is not harmless. To prove the convergence of the
algorithm we combine results on BSDEs stated in a norm leading to the integration
w.r.t. e?%ds (see [10]), and results on the bounds for solutions of linear PDEs in
weighted Sobolev spaces (leading to the integration w.r.t. e **ldz), coming from
[5], and recalled in Theorem B.2. Although rather technical, this section is crucial in
order to analyze the convergence of the algorithm and it is interesting for itself.

3.1. Norm of the convergence.
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DEFINITION 3.1 (Definition of Hp(R?)).  For any 8 > 0, we define

(HE(R?), || - l,.6) the set of processes V' : Q2 x [0, T] x R? — RY that are Pr @ B(R?)-
measurable (where Pr is the o-field of predictable subsets of Q x [0,T]) and such that

T
/ / 5|V, (z)|2e Mol dads
0o Jre

We use this norm to measure the error (Y —Y*, Z — Z¥), corresponding to the error
we make at step k of the algorithm. Using (1.5) and (2.1), we get

2
Vs :=E < .

2
IY —Y*||,s=E

T
/ / e |u(s, X¥) — uk(s,Xév’I)Fe“lxld:cds] , (3.1)
o Jra

and | Z — Z¥|} ;= E [fOT Jou €55 (Dpuc) (s, XT) — (Dpuror)(s, va*””)Fe*“'I'd:cds}
Since u, Ug, Oz and Ozt are bounded (see
Theorem 1.1 and Hypothesis 2 defined later),

IY = Y*||? ; and || Z — Z*|, , are finite.

REMARK 3.2. We point out that the expectation appearing in the above definition
of |Y* —YHZ,E and || Z% — ZHi,ﬁ is computed w.r.t. the law of X, X" and all the
possible random variables used to compute uy,.

3.2. Some other useful norms. The following Definitions introduce two norms
strongly related to || - |, 5. They will be useful in the proof of the main result.

DEFINITION 3.3 (Space H;""). For anym <2, 8> 0 and pp > 0, let Hy""
define the space of functions v : [0,T] x R? — R such that

T
||U|\§{gw :/0 el /Rd e~ Hlal Z |0F (s, 2)|?dzds < oc.

k<m
For m =0, we set Hg’“ = Hg
DEFINITION 3.4 (Function v/},). For any s,t € [0,T] and any z,y € R? such that
t < s we define v/,(s,y) := [ga e Melp(t, s s,y)dx, where p is a positive constant.

DEFINITION 3.5 (Space H;n;f;) For any m < 2,8 > 0,u > 0 and any diffusion
mop

process X, 0<s<T starting from x at time 0, let HB %
v:[0,T] x R* — R such that

T
Il = [ [ e Y Bioku(s, X Paods < oo

k<m

define the space of functions

_ O,n m . .. 9 .
For m =0, we set H,@,)‘( = Hg,)"(' By using the definition of v, we also get HUHHZ,X =

T gs
Jo €% Jravp(s,y)|v(s, y) Pdyds.
REMARK 3.6. We can interpret ||[v||3,.  as fOT P E|v(s, X1)|?ds where (XH)g
B, X
stands for (Xy)s starting at time 0 with a random initial law having a density propor-
tional to e =M=l

REMARK 3.7. In the above definition of ||v]| we compute the expectation

m,p
H" >
B,X

w.r.t. the law of X. If v is a random function, [v]|3;m.s is random too.
B8,X
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3.3. Norm equivalence results. The following proposition gives a norm equiv-
alence result between ||-|| nt  and Il - It can be compared to Bally and Matoussi|2,
Proposition 5.1].

PROPOSITION 3.8 (Norm equivalence). Assume that the coefficients o,b are
bounded measurable functions on [0,T] x R%, Lipschitz w.r.t. x and that o satis-
fies the ellipticity condition. There exist two constants ¢ > 0 and ¢ > 0 (depending on
T,d, 11, Ka1(T), a1, az) s.t. for every v € Lo([0,T] x R%, ePtdt @ e=+*ldz)

ellolZ < ol | < ellol.

Proof. Proving Proposition 3.8 boils down to showing that there exist two con-
stants ¢;,7 = 1,2 depending on pu,d, oy s.t. Vy € R?

1

_ = —wlylea(s—t t d co(s—t) —

2dK(T)e Hlylger(s=t) < v, (s,y) <2°K(T)e e HYl, (3.2)
The r.h.s. (resp. the Lh.s.) of the above inequality ensues from Proposition A.1 and
Lemma C.1, with ¢ = ﬁ (resp. ¢ = i) Moreover, we have ¢; = i@, 1=1,2.0

PROPOSITION 3.9. Assume o is uniformly elliptic and b and o are in CS’Q. For
every v € Ly([0, T] x RY, ePtdt @ e~ #Ieldz) it holds ||v||%, < K(T)|v||%n
B8, xN B8,X
Proof. Since HUH%M .= fOT efs Jga e Kzl Jga v2(s,)pN (0, 2; 5, y)dydxds, we ap-
B8,X

ply successively Propoéition A5, Lemma C.1 and the Lh.s. of (3.2). O
The following Proposition bounds the solution of a linear PDE in norm | - || HE

PROPOSITION 3.10. Assume o is uniformly elliptic, o € Cbl’l, b is C%' and
bounded, and g € Ly([0,T] x R%, eP'v)(t,y)dt ® dy). We also assume that v satisfies
the linear PDE (0y + L)v(t,x) + g(t,x) = 0, with a terminal condition v(T,-) = 0.
Then,

Ioll2 + 1000l . < Kool lgls
where Ks.10(T) depends on Kpo(T), B, ¢, ¢ and T.

Proof. Let G(t, ) := e®*/?v(t,z). Using the PDE satisfied by v, we get
_ _ B_ st _
—0yu(t,x) — LO(t,x) + Ev(t, x)=ez2g(t,z), v(T,z)=0.

Then, we apply Theorem B.2 to ¥ to obtain HU||§1M + 10|13 < K(T)]|g||3;:, where
s s s

K(T) denotes a constant depending on Kp o(T) and on 3. Proposition 3.8 (applied
to v and its derivatives) ends the proof. O

4. Approximation operator P. P denotes the sequence of approximation op-
erators (P¥); satisfying the following Hypothesis. In Section 7, we give an example
of such an operator P, based on kernel estimators.

HyporHESTS 2 (Hypotheses on (PF)i). Let ¢;(P),i = 1---4 denote some con-
stants depending on P and tending to 0 when the parameters of P tend to infinity.
For any k, the random operator P* satisfies the following properties.
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1. Measurability and linearity. P* is linear and it writes (see (2.3))

n

Pkc()zz (tfﬂ z) z( )

i=1

As said in Definition 2.4, the points (t¥,z¥); are o(Ay)-measurable and Ay, is
independent of A; for k # j. In addition, the weights w¥(.) : @ x[0,T] x R
R are measurable w.r.t. o(Ay) x B([0,T] x RY).

2. Regularity. For any function v : [0,T] x R — R, P*v € C1? (equivalently,
the weights (wF); are CY2 w.r.t. (t,z)).

3. Boundedness. For any bounded function v : [0,T] x R? — R, P*v, 9,(P*v),
0:(P*v) and 92(P*v) are bounded by a constant depending on co(v) and on
the parameters of the operator P* (the explicit form of the bounds is not
needed).

4. Approzimation. P* approximates well a function and its spatial derivatives.
Let v be a CY2 random function, independent of Ay, from [0, T]xR?® in R. We
also assume that v and dyv are bounded (by co1(v)) and Vt,t' € [0,T],Vz €

RY, [0,0(t,2) — Opv(t', )| < c1/2(v)\/[t —t]. Then,
Bllo — Aol + EI0r0 — 0u(PHo) s | < ex(PIElol 2 + BNy )
+ €2 (fp)(cf/z(v) + 03,1(7}))-

5. Let v be a Cp* function from [0,T] x R in R. Then E|v — Pk””%{g +
X
E0,0— 0,(P0) [y < ea(P)a(0) + e 5(0))

6. Stability and centeriﬁg property for random functions. For any random func-
tion v from [0,T] x R? in R, one has E[|P*v||%. + E[|0,(P*v)||%. <
B,X B, X
ca(P)E|v[|3. , where c4(P) is a constant depending on P. If E(v(t,x)) =0,
8,X
k.12 k 2 < 2
one has B[PRol3, + B0, (POl | < ea(PIBoly

5. Main result. The following Theorem states the convergence of (Y*, Z*);
defined in (2.1) towards (Y, Z) in the || - ||2 norm. See Section 6 for a proof of it.

THEOREM 5.1. Assume that Hypotheses 1 and 2 hold. We also assume that f
is a bounded Lipschitz function and ® € C“o‘. Then, there exists a constant K(T')
such that

02 u
IY = Y*2 5 +11Z — Z¥||% 5 <Sk + K(T)%(), where Sy, < 1Sk_1 + € and

n=K(T

) <4(1+# + e1(P)K3.10(T)L7 + 64(7))) )

e = K(T) <63<7>>ci2<u> +a(P) + sl + L B ) ¢ Cg@”) |

COROLLARY 5.2. Under the assumptions of Theorem 5.1, for 3 and P-parameters
large enough so that n < 1, we have

0(2J,2(U)
N

. €
fim sup 1Y =Y*I5 5+ 12 = 2"} 5 < T K(T)
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REMARK 5.3. Using a sequential Monte Carlo method leads to an error of %
appearing in the contraction term n. If we had implemented a non adaptive method
(i.e. wusing only Picard’s iterations), M~' would have appeared in € and this would
have led us to choose a much larger M, while practically M = 100 does the trick. A
quick analysis of the form of € shows that it is sufficient to take M and N of the
same magnitude (taking N = M = 100 gives usually small related errors). Then,
the final algorithm accuracy relies heavily on the quality of the operator P, through
the convergence rates e2(P) and e3(P). These rates are related to those obtained in
the approximation of a function v and its first partial derivative d,v, when roughly
speaking the function v is Cg 2 and 8,v is %—H'dlder in time.

6. Proof of Theorem 5.1. In this section, we assume that Hypotheses 1 and
2 hold.

We want to measure the error ||Y — Yk||i st 12— Zk||i 5- To do so, we split
the different sources of errors: Euler scheme apbroximation, Picard’s approximation,
approximation operator P and Monte Carlo simulations. We prove Theorem 5.1 by
combining Proposition 6.1, Equation (6.2), Propositions 6.3, 6.4 and 6.8.

6.1. First source of error: Euler scheme approximation.
PROPOSITION 6.1. It holds

2 2 K(T) <2 =2
1Y = Y*Il, 5+ 12 = Z*1], 5 <o) == + KUY =Y, 5412 = 28], 5),

where (YF, Z5) := (up(s, Xs), (Opuro) (s, Xs)).

Proof. We start from (3.1) and we introduce
+u(s, XNo) in lu(s, X2)  —  ug(s, XN®)]. We get
(s, X2) — ui(s, XV0)P < 2fuls, X7) — u(s, XN0) + 2fuls, X%) — up(s, X2,
Since u is a C’;’ function (see Theorem 1.1), we bound the first term by
2¢§ 1 (u)| X? — XN"1? and we use the well known strong error bound for the Euler

scheme to get ||Y — YkHiﬁ <c 1(u)$ + 2E ||u — uk||§{u .- The same technique
k) ? B’X

enables to bound |Z — Zk||iﬁ. Finally, we apply Proposition 3.9 and use the

equality E ||u — ukH?{gx =Y — Yk”ig (see Remark 6.2) to end the proof. O

REMARK 6.2. We recall that the expectation appearing in the definition of
|y — f/k”i,ﬁ is computed w.r.t. the law of X and all the variables used to com-
pute ug, whereas the one appearing in the definition of || - Hi;x is computed w.r.t.
the law of X, that’s why we have ||Y — }N/kHiﬁ =E|u-— ukHiIgX ||u— Uk”?_]gx is
Gr.-measurable.

Let us now work on the remaining term ||Y — Y/k”i,ﬁ +1Z - Zk||iﬁ.

6.2. Second source of error: Picard’s approximation. We
2 ~ 2
aim at bounding ||Y — Yk||#ﬁ +1Z - ZkH#ﬁ. To do so, we consider the sequence

(Yk,7k)k21, where (?k,7k) is the solution of the linear BSDE

T T
?f:(l)(XT)Jr/ f(s,XS,f{Sk’l,Zf’l)dsf/ Zraw,. (6.1)
t t
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. k)2 Sk . . —k —k
We split [|Y —Y*"[|, 5 and ||Z — Z%||, 5 by introducing Y and Z":

~ 2 ~2 —k, 2 —k 2
1Y =Y* s +1Z = 2511, 5 <201Y =Y |l 5 +11Z = Z71,, 5)
ko2 ko, 2
+2(1Y" = YE|, 5+ 127 = 25|, ). (6.2)
k2 k2 S
Let us stéldy Y=Y, s+1Z-2",s  The study of [|Y" —Y"|, ; and
H?k — Z~k|\#ﬂ is postponed to the next step.

PROPOSITION 6.3. For any 8 > 0 and any p > 0, it holds

2

2(1+T)L%
p

where (Yk,7k) is the solution of (6.1).

— k.2 —k 2 ~ 112 S 12
1Y =Y )+ 12 = 2], < (I =751+ 12 = 25715 ,)

Proof. Let us do the proof for the error on Y. Using
a priori estimates (see 10, Proposition 2.1]) and the
standard BSDE  (1.1) leads to fOTeﬁsIEHYS - 7§|2|Qk71]ds <
[y e El|f(s, Xa, Ve, Z4) - F(s, X, VI, ZE1)2|Groi ) ds.
Since f is  Lipschitz, T PR [|YS Y \gk,l} ds <
2TL%

3 fOT PR {|YS —YE2 4|2z, - Z§*1|2}gk,1} ds. By integrating w.r.t. e *l*ldg
and taking the expectation, the result follows. O
It remains to measure the error || — Yk||#ﬂ and ||Z° — Zk||#ﬁ.
6.3. Third source of error: approximation operator P. In this part, we

split the remaining errors H?k - ?kHiﬁ and H?k - Z~k|\iﬁ in three error terms (see
(6.4) for the decomposition of Y'). The first two are approximation errors connected
to P and the last one is studied in the next section.

PRroPOSITION 6.4. It holds

=k k2 =k sk2 ~ 112 1012
Y™ =Y 5 +11Z" = 25|, < n(lY =Y M, 5+ 12 = 257, 0)
1/~ “ 2 1A “ 2
P e — el F3E@IE [0:P s — L)y e

where 1 = 3e1(P)K3.10(T) L} and € = K(T)(e3(P)cf 5(u) + (€2(P) + e3(P))c5(f))-
Before proving Proposition 6.4, we introduce two sequences () and (Hy)g.

DEFINITION 6.5. Vk > 1, g denotes the solution of the linear PDE
(O + L)ug(t, z) + fu,_,(t,2) =0, Tp(T,z) = O(x).

Then, Wt € [0,T], (Y),Z)) = (@(t, Xy), 0sT0)(t, X1)), where (Y, Z )i is the
solution of BSDE (6.1).

DEFINITION 6.6. Vk > 0, Hy, denotes the solution of the linear PDE

(O + L)Hi(t, ) + fu, (t,x) — fu(t,z) =0, Hi(T,z)=0. (6.3)
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Clearly, one has uy = u+ Hi_1 for any k > 1.

_ .2

Proof. [Proof of Proposition6.4] Let us work on ||Yk - YkHM 5 =E|[u — ukH?{g I

Using (2.4) gives Uy, — up = U, — P¥ Y up—y + &ML )) = U, — PP L(ug—1 + éx—1) +
PE=1(ep_q — eM ). Since ug_1 + éx—1 = U = u+ Hy_1 (see (2.2)), we get

T —up = (u— P ) + (Heoy — PP Hy ) + PN (e — &), (6.4)

Then, since u and its derivatives are bounded and since Hj_; satisfies PDE (6.3), we
combine Lemma 6.7 and the features of P! (see Hypothesis 2) to get

E e — unlys | < 3es(P)(e o) + ¢ o(w) + 36 (PYE | Hia gz +E [0cHi 13 )

1/~ “ 2
+3€2(P)(cF o (Hi-1) + €5 1 (Hye-1)) + BE[|P*H (é-1 — CkM—l)HHE o (6.5)

We bound the second term on the r.h.s. by wusing Proposition 3.10:
E|[Hy-1llgz +E [0 Hr 1l = < Ks.lO(T)EHfukfl—fu||zgx- Since f is

ko~ 2

Lipschitz, the result follows. The proof is similar for HZk -7 .50 €xcept that (6.5)

contains ¢3(0)E |9, PF 1 (ép—1 — épL I3y (and not E[[PF(é_y — e |7, ).
B8,X B8,X

Lemma 6.7 (resp. Proposition B.3) enables to replace constants

cijo(Hi-1) + c§ 1 (Hy-1) (resp. ¢ ,(w)) by K(T)c5(f)- (vesp. K(T)(c3(f) + 3(2))).

Since ®(-) = u(T,-), we get ¢3(P) < ¢f 5(u) and the result follows. O

LEMMA  6.7. For all k, Hy and 0,Hy are bounded by a
constant of the form K(T)co(f). Moreover, for dall t,t' € [0,7],

100 Hy (¢, ) — 0 Hyo(t,7)] < c1/2 (Hio) /T — 1] with ¢ /o(Hy,) = K (T)co(f)

Proof. [Proof of the lemma] First, we prove that Hy and 9, Hj, are bounded. Us-
ing Feynman-Kac’s formula yields Hy(t,2) = E UtT(fuk (8, X1%) — fu(s, Xﬁ’z))ds|gk} )
Since f is bounded, we get that H is bounded by 2Tco(f). To prove that d,Hj is
bounded, we write Hy(t,z) = ftT Jza fe(s,y)p(t, z; s, y)dyds, where p denotes the
transition density of X and fy := fu, — fu. We differentiate Hy w.r.t.  and we use
Proposition A.2 to get |0, Hy(t,z)| < 2K(T)co(f) tT \/% Jza e " di’)% . Our

statement on 9, Hy, readily follows.
The second assertion ensues from Proposition B.3. 0

6.4. Fourth source of error: Monte Carlo simulations. In this section, we
. . 2 R . 2
study E ||P* (¢ — CQ/I)HHE . and E ||0,P* (¢, — CII{:M)HHSX-

PROPOSITION 6.8. Let Acy denote ¢, — ékM It holds

2 2 K(T) ~ 2 -
E [P (Aci) 35 | +E 1025 (Ae) 35 | <ealP) (N ~ PRI +12 - 2412 )

PO 3 atw) + ea(P) )

+ea(P) (i (f) + (@)
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Proof. We split Acy, into two terms: the bias and the noise
P (Acy) = PF(E(Ack|Gr)) + PF(Ack — E(Ack|Gr)) := PH(E(Ack|Gr)) + PF(en),
where ), := Acy, — E(Ack|Gr) = ¢ —E(¢M|Gr). The same decomposition holds for
0:P¥(Acy). It remains to apply Propositions 6.9 and 6.10 to end the proof. O

6.4.1. Bias terms P*(E(Ack|Gr)) and 0, P*(E(Ack|Gr))
PRrOPOSITION 6.9. It holds
E|PHE(Ac|G)IFy | +El0:PHEAIG)IFy < calP) 5

Proof. First, we use the properties of P (see Point 6, Hypothesis 2) to get
B[P E(Ack|Gi)F  +EN0P* (B(Ack|Gi)) T - < ea(P)IE(Ack|Gr) 3 - Then,

we define A(Sﬂ y) = @(Xéyy) - (I)(ijyy&y) + fST(fuk (Tﬂ X1§7y) - fuk (Ta Xi\hs’y))dr' We
have

E(Ack|Gr) = ér — E(&'|Gr) = E(A|G).

Let us bound E(A|Qk) First, we work on the first term: E[®(X}Y) —
B(X Ns,y f]Rd p(s,y; T,y )—p (s T, y'))dy' By using Proposition A.4, we

get]E[ (X3 >f<1><Xé“y>1 VT =5 oo 12(0) g exo (- C“T‘#)dy
Then, |E[® ( SV — XN < (@ )ngT)\/ —s.  The same proof

holds for f (fuk(T’X:’y) - fuk(T’Xa{v7s’y))dr: E'fuk(ra X;7y) - fuk(T’Xa{v7s’y)| <

K](\[T)mc (f). Integrating both sides w.r.t. r between s and T leads to

[E[A(s,y)|Gk]| < #x/T — 5(co(®) + (T — s)co(f)), and the result follows. O

6.4.2. Noise terms P*(¢;) and 9,P* ().
PROPOSITION  6.10. It holds E|P*(en)ll%.  + El0:P*(ex)l%n
8.x 8.x

K(T) (¢g.2(w)
er(P) K@ (22l 4y _yE|® )z 28 ).

Proof. Since E(er|Gr) = 0, the properties of P (Point 6, Hypothesis 2) give
B(IPAerlyy 160 + E(0P % 160 < Bl (G

Since <Hak||2 100 = T R ekl ) PG dsdy =
65‘5 ACKT Var ek (s,y)|Gk)dsdy, it remains to bound
R

1
Var(ex (s, y)|Gr) = MVar(\I/N(s,y,fuk (0 + LN Yup, ® — ug, W)|Gr).

By applying 1t6’s formula to u(r, XV) between s and T and to uy(r, X¥) between s
and T, we get UV (s, v, fu, + (0 + LY Yug, ®—up, W) = (u—ug)(s ,y +fT fur (r, XN+

Oy + LN Yu(r, XNYdr + Tamur,XﬁV — Opur(r, XN ))o(o(r), dW,. Then,
s ‘P(T)

T 2
Var(eu(s,1)IG0) < 7B (/ ka<r,XﬁV>+(at+cN>u<r,XﬁV>dr> 2

+E ( [ @t X2) = Dt X2t ¢<r>>dw> G
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To bound the first term, we introduce =+f,(r, XN). Since f is Lipschitz
continuous with constant Ly and w satisfies (0; + L)u + f = 0, we get
| fu (r, XY) + (0 + LY )ulr, X < Ly (fuk — ul(r, X¥) 4+ |0zuro — Opuo|(r, X7V)) +
Sy XY) i) X e, X+ ST ool X
[o0*]i5 (o(T), w(r))H i, u(r, XN)). Since b, o and w are bounded with
bounded derivatives, we get |fu.(r,XN) + (0 + LN)u(r,X}N) <
Ly(Ju = ur|(r, X¥) + [0auro — dpuo|(r, X}V)) + K(T)eoa(u)(F + [ XN — XJ]).
Thus,

2, (u T
Var(ex(s,y)|Gr) < % (%() +/S E(O(r, va)|gk)dr> ,

where O(r, z) = |u — ug|?(r, 2) + |Oxu — Opug|?(r, z). Finally, it remains to compute
fOT ePs Jza V2(S,y> LT E(O(r, XN)|Gy)drdyds. To do so, we write E(O(r, XN)|Gk) =
Jza dzO(r, z)pN(s,y;r,z) and we use successively the r.h.s. of (3.2), Proposi-
tion A.5, Lemma C.1 and the lhs. of (3.2). We get E(Hskﬂf{gxgk) <

K(T) (62w 2 2 .
% (% +E(||lu — UkHHEX |Gr) + E(||0zu — azukHHg’X |gk)). It remains to use
the ellipticity condition on ¢ to end the proof. O

7. An example of operator P based on kernel estimators. In
this Section we present an operator satisfying Hypothesis 2. It is based on a non
parametric regression technique called local averaging. We refer to Gyorfi et al [16,
Chapter 2] and Hardle [17] for more details on non parametric regression.

DEFINITION 7.1. We approzimate a function v(t,x) by

Tk Xz
Pottn) = LT g0t B) 1,0, )

where . X . v _ A
o mu(t, @) = g 2imy Ke(- ) K (0 )o(T7, X)),

k
o i) = e X, m(%mz(%),
e the points (TF, XF)1<i<n are uniformly distributed on [0,T] x B where B :=
[7‘7” a]d;
e \(B) = (2a)¢,
e g is such that

0 ify<0,

9(y) = 1 ify>1, (7.2)
-yt +2y% ifyelo,1].

o The kernel function K, is defined on the compact support [—1,1], bounded,
even, non-negative, Cz and fR Ki(u)du = 1.

e The kernel function K, is defined on the compact support [—1,1]%, bounded,
and such that V' y = (y1,--- ,yq) € RY, K.(y) = Hd 1K(y)), wher@ forj =
1,---,d KJ : R — R is an even non-negative 02 functwn and fR (y)dy =
1.

® 0y denotes hd, and TA(B)é, << 1.

e h, << a and h; << % Since we study the convergence when hy and h, tend
to 0, we assume in the following that hy <1 and h, < 1.
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REMARK 7.2. Since we want to solve the PDE on [0, T] x R, we have to choose
the interval [—a, a] large enough. Besides, g(27t T X(B) f¥(t,x)) is nothing more than

rfb(t,x)

a reqularizing term. If we had defined P*v(t,z) as OOk PFu(t, ) would not have

satisfied the regularity property of Hypothesis 2. Now, let us check that P* satisfies
the properties of Hypothesis 2. Since we pick new random points at each iteration,
the required measurability property is easily satisfied (with Ay := (TF, XF)1<i<n)-
The linearity property ensues from the definition of r,, and the regularity property
comes from the definition of g (see Remark 7.2). Concerning the boundedness, the
following Proposition holds

LEMMA 7.3. For any bounded function v, P*v, 0,P*v, 02P*v and 0,P*v are
bounded by some constants depending on hi, hy, co(v), c1(Ky), co(Ky), T and A\(B).

Proof. 1t is sufficient to note that x —— % is bounded with bounded deriva-
tives up to order 2. To get more details on the bounds, we refer the reader to [18,
Proposition 11.8]. O

The convergence rates are proved in the companion paper [13] and are stated in
the next theorem.

THEOREM 7.4. Assume that the coefficients o,b are bounded measurable functions
on [0,T] x R, Lipschitz w.r.t. = and that o satisfies the ellipticity condition. The
sequence (P*)y satisfy the Hypothesis 2 with:

e1(P) = Ko(T)(h? + h2 +

62(7)) = KO(T)(ht + 67“‘1? + e_u_c:i + LB;)(S”),
e3(P) = e1(P) + e2(P),
P = Ka(D) ey = FE

8. Numerical results.

8.1. Choice of the parameters a,n,h,,hs;, M and N and
complexity of the algorithm. By wusing the operator P described in
Section 7, the constants 7 and e defined in Theorem 5.1 become

noo= (KM Ko(T)(1+ Kaao(T)L3) (8 + 2 + P02 (14 M)
and ‘ - Ko(M)(alw) — + () +
2(®)) (ht +h2 4+ DBV (1 4 (MN)~) 4+ <58 eV + N;hi). From this, we

deduce the assumptions to be imposed on the coefficients to get a converging
algorithm: h? < 1, h2 < 1, TA(B)d,, < h2, N=? < h2, a large enough and M as
small as we want. In particular, it means n > TA(B)h; *h; 472

The complexity of Algorithm 2 is of order K,q.nM(n + N), where K4, denotes
the number of iteration steps. Numerically, one can choose N < n, then the
complexity is equivalent to K,,..Mn?. We don’t need to choose M large, however
getting an accurate approximating operator requires a quite large value of n. The
limiting factor of the complexity is undoubtedly n.

8.2. Application to financial problems. In this Section we present two
applications of Algorithm 2 to financial problems. As presented in [10], BSDEs
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appear in numerous financial problems, like the pricing and the hedging of European
and American options.

First, in order to check the convergence of the algorithm, we consider a problem for
which the exact solution is known. Let us consider the BSDE (1.1)-(1.2) in dimension
d = 1 and with the following parameters: b(t,x) = po — "—;, o(t,z) =0, f(t,z,y,2) =
—ry — 2= > and ®(z) = (¢* — K)T. Although the driver and the terminal condition

o
are not bounded and ® is not C?T®, it seems that the convergence of our algorithm

still holds.

We explicitly know the value of the solution (Y, Z) of the BSDE: Y; = F(t,eXt)
and Z; = 0, F(t,eXt)oeXt, where F is the price function of a standard call option in
the Black and Scholes model.

To bring out the result of Theorem 5.1, we compute in Table 8.1 an

approximation of ||Y—Yk||iﬁ (denoted e(Y — Y*)) and ||Z—Zk|\iﬁ (denoted

e(Z — Z%)) when k increases: e(Y* —Y) = fOT i u(s,y) — un(s, y)|Pe”1¥dyds,

where e~ = 90, e”+ = 120, § = 0 and pu = 1. The option parameters are pg = 0.1,

0c=202,r=0.02 T =1and K = 100. The algorithm parameters are n = 2500,

N =M =100, hmzz h; = 0.1 and 2a = 1.2. We use a truncated Gaussian kernel, i.e.
1

K(z) = \/%6_55” 1j;<6. We notice that e(Y* —Y) (resp. e(Z* — Z)) is almost

e(YF=Y) [ e(Z2F - 2)
k=1 | 0.0743476 | 0.0265350
k=2 | 0.0014802 | 0.0104687
k=3 | 0.0010029 | 0.0082452
k=4 | 0.0008865 | 0.0076881
k=5 | 0.0008373 | 0.0075321

FIG. 8.1. Evolution of e(Y* —Y) and e(Z* — Z) w.r.t. k

divided by 100 (resp. by 4) between the first and the fifth iterations. The huge
difference between the two reduction coefficients is due to the fact Z is linked to the
“derivative” of Y: it is well known that a function is always better approximated
than its derivatives. Moreover, the errors drastically decrease between the first and
the second iterations. From iteration 2, the algorithm does not improve so much the
result anymore. Figure 8.2 represents the level-sets of the pointwise error on Y at
iteration 10. Time goes from 0 to 1 and space varies between 4.5 and 4.81 (which
means that the starting point for eX belongs to [90,120]). We notice that the error
is quite small, except around the point ¢ = 1 and e® = 100. This corresponds to the
fact that at maturity time, the solution Y7 is equal to ®(Xr), which is continuous
(but not C') in (1, K).

Second, let us consider the pricing of a basket call option in dimension 3 in the
Black and Scholes model with the following parameters: b(t,z) = rz, o(t,z) = ox,
[ is kept the same as above, and ®(z) = (B+&+2 — K), . We aim at computing
the price at time 0 and for Xy = (100, 100, 100). The reference price is given by the
approximated formula given in [7]. The option parameters are ug = r = 0.02, 0 = 0.2,
T=1,0=0and g = 1. The algorithm parameters are N = M = 100, K4, = 10
and 2a = 127 for each space component, i.e. we solve the BSDE on [0, T] x [55, 182]°.
As above, we use a truncated Gaussian kernel. Figure 8.3 shows the evolution of Yj
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space

time

F1a. 8.2. Ewolution of the pointwise error on' Y

(i.e the price of the option at time 0) w.r.t. the number of iterations k, when n = 250,
n = 500, n = 1000 and n = 2000. The values of h; and h, depend on the value of
n. They are computed with the following formula: hy = (£)1/% and h, = 2a(£)'/3.
We notice that the larger is n, the better is the approximation and the faster is the
convergence.

This algorithm also enables to price and hedge contingent claims with constraints

5.5 T T T T T T T T
1 2 3 4 5 6 7 8 9 10

ref price ~—— app. price n=1000

app price n=250 app price n=2000

app price n=500

Fic. 8.3. Ewvolution of Yo w.r.t. the iterations

on the wealth or portfolio processes. For example, we can use it to hedge with higher
interest rate for borrowing, which boils down to solving a non linear BSDE. We can
also deal with the pricing and hedging of American options by using a penalization
method. Since pricing American options is equivalent to solving a reflected BSDE,
we approximate the solutions of the RBSDEs by a sequence of standard BSDEs with
penalizations (see [9] for more details). We refer to [18, Chapter 15] for more precisions
on these applications, and for other financial applications.

Appendix A. Properties of the transition density of a diffusion process.
PROPOSITION A.1 (Aronson [1]). Assume that the coefficients o and b are
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bounded measurable functions and that o is elliptic. There exist positive constants
Ka1(T), a1, ag s.t. for any s,t € [0,T)(s > t) and any =,y € R?

-1 2 s
_BanT) B gt sy < — B gt
d = )y 9y = E]
(2mon(s —t))2 (2man(s — t))3

The constant K4 1(T) depends on d and on the suprema of the coefficients o,b, and
a1 and oo depend on oy and o7.

PROPOSITION A.2. [Ladyzenskaja et al. [19], pages 876-377] Assume that o
is uniformly elliptic and that the coefficients o,b are bounded, Hélder continuous of
order o« in T and in t. There exist two positive constants cao (depending on
00,01) and Ka2(T) (depending on d,a and on the suprema of o,b), s.t. for any
5,t €[0,T] (s > t) and any z,y € R?

NI

~—

_ (d+2r4q) |z—
3

. y|?
|07 0dp(t, z; 8,4)| < Kao(T)(s—1t) e~ A2 where 2r + q < 2.

The following Corollary bounds 92,p(t,z;s,y). It ensues from a result bounding
m—+a Qb . — 3
otedp(t, x;s,y), 0 < la| + [b] < 2,m = 0,1, stated by Friedman (see [11, page
261]). We refer to [18, Proposition 6.9] for a detailed proof.

COROLLARY A.3. Assume that o and b are in C’;’Q and that o is uniformly
elliptic. It holds for any s,t € [0,T) (s > t) and any x,y € R?

g2
02,p(t,335,9)| < Kas(T)(s — )~ F emono 2,

where ca 3 depends on og,01 and K4 3(T) depends on d and on the suprema of o,b .

PROPOSITION A.4 (Gobet and Labart [12]). Assume o is uniformly elliptic, b
and o are in Cb1’3 and 0,0 is in Cl?’l. Then, V(s,z,y) € [0,T] x R x RY, there exist
two positive constants ca.4 and Ka.4(T) s.t.

K 4(T)T caqlr —y|?
d+1 eXp(f )

4
Ns 2 S

|p(0,1‘;s,y)pr(0,£C;S7y)| S )
where ca 4 depends on og,01 and K 4(T) depends on the dimension d, on the upper
bounds of o,b and their derivatives.

PROPOSITION A.5 (Gobet and Labart [12]). Assume o is uniformly elliptic and
b and o are in 05’2. Then, for any xz,y € R?, s € [0,T], there exist two positive
constants ca5 and Ka5(T) s.t.

KA'S(T)e*CAj \m—smz

pN(O,SC,S,y) S W ’

where ca 5 depends on og,01 and Ka5(T) depends on d, on the upper bounds of b,
and their derivatives.

Appendix B. Bounds for linear PDEs in weighted Sobolev spaces.
DEFINITION B.1 (Space H™* and Ly (0,T; F)).
e For any m < 2 and pu > 0, H™" defines the space of functions v : R — R
s.t.

2

||| g = Z/ e M2k y(x)Pde | < oc.
Rd

k<m

Form =0, H* := HO»,
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e Space Ly(0,T; F). Let (F,| - ||r) be a Banach space. L2(0,T; F) defines the
space of functions ¢ from [0,T] into F s.t. ||¢)||L2(O TF) = fOT l6(t)||%dt < oo.

The following result is a direct application of Bensoussan and Lions [5, Theorem
6.12 page 130].

THEOREM B.2 (Bensoussan and Lions [5]). Assume o is uniformly elliptic, o is
m Cbl’l, b is in CYY, b is bounded and k is bounded from below. We also assume that
g € L2(0,T; H*). Then, the solution © of (0; + L)0(t, x) + k(t, z)v(t,x) + G(t,x) =0,
with terminal condition ©(T,-) = 0, is in L2(0,T; H*") and 0;v € L2(0,T; HM).
Furthermore, we have

1080 Lo 0,710y + 10| o0, 51820y < KB 2(T)Gl Lo (0,7; 1)

PROPOSITION B.3. Let v be the solution of (Oy + L)v(t,z) + g(t,z) = 0, with
terminal condition v(T, ) =1II(-). Assume g € Cg’o, Il € C? and o and b are in Cg’Q
Then, for all t,t" € [0,T], it holds |0, v(t',x) — Ov(t, )| < c1/2(v)\/ [t/ —t|, where
c1/2(v) is of the form K(T)(co(g) + co(IT)).

Proof. First, we do the proof in the special case II = 0. Assume with-
out 1oss of generality that ¢t < . Feynman-Kac’s formula gives v(t,z) =

f ‘ s)ds]. Using the transition density function of X, leads to 0,,v(t,z) =
Jga dyft ,p(t,x;s,y)ds. Then,

T
Oz, 0(t', ) — Oy, v(t, ) :/Rd dy/ 9(s,9) [0z, p(t' 255, y) — O, p(t, 3 5,y)]ds
t/

t
- / g(s,y)@llp(t,x, S,y)dS = Al - A2-
t

Let us establish upper bounds for A; and As.

Upper bound for A, Applying Proposition A.2 yields
_ele= y\2
|Az| < K(T)co(9) [ga dyft ) (M)e =t < K(T)eo(g)Vt' —t.

Upper bound for Al. Applymg Taylor’s formula gives
Op,p(t' w58,y) — Op,p(t,zys,y) = (' — t) fo Zp\t' + (1 — Nt,x;s,y)d).
Then, we use Corollary A.3:

le—y|?
41| < K(T)co(g) fRddyffdst (5= (M +(1=A)1) =2 e E0ra-2m dA <

K(T)co(g)(t' — ft, ds fo s— (M + (1= N\)t))~2dA. Since M’ + (1 — N\t € [t,t'], we
can write (s — (At' + (1 )\)t))_% < ((s = (A + (1 = \)t))Vs —t/)~L. It remains to
prove that [} ds [} ((s — (A + (1 — )V — )" 2dA < K(T)WW&—1 '

f ds _ 2f VTt du _ 2 f\/(ljfﬁ dv
t/ v 0 VAN —t) /0

G- FA-NOWVe—T IO THo?-

Thus, j;/ ds fo (s—(/\t'+(1—>\)t))\/ﬁd)‘ < \/t’,rftfol \/%, and the result follows. In
the general case, we introduce vo(t,x) := wv(t,z) — II(z). wo satisfies the PDE
(Or + L)vo(t,x) + LII(z) + g(t,z) = 0, with terminal condition vo(7,-) = 0. Then,
the first part of the Proposition yields that for all ¢t € [O,T], it holds
|0zv0(t',2) — Opvo(t,xz)] < cija(vo)y/|t' —t|, where c¢i/5(vg) is of the form
K(T)(co(g) + c2(II)). Since Ozvo(t',x) — Ozvo(t, ) = Ipv(t’,x) — Oyv(t, x), we get
the result. O
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Appendix C. Technical results.
LEMMA C.1. Let I = [, dre” plel 1

( )7 eXp( |ZS ytl ), where ¢ > 0. For any
s—t

s,t €[0,T] and any =,y € R? such that t < s, the following assertion holds

d/2 2 d/2
2_1d (I) o~ U (=) gmnlyl < [ < 9d (%) 42 (s—1) g nlyl

Proof. Using a change of variables in [ yields I = (%)d/2 Ele _“‘%Ws”ﬂ"].

Furthermore, e’“‘y‘E[(f“‘ﬁWﬁt‘] < Ele —Hl e We- ) < e—nlviE[e "7 W t'] The
Di<i<a of We_y areiid., then E[e" 72—l < (Rt 7 W) <

components (W?_

24(E[ch(u \/—Wl DD < 2% et . The last term being bounded, we get the upper
bound for I. Since E[eﬂ”ﬁ S’t|] > ﬁ, the same proof gives the lower
Bl V2e "ot
bound. O
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