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Abstract

We study a class of Markovian optimal stochastic control problems in which the controlled
process ZV is constrained to satisfy an a.s. constraint Z¥(T) € G C R4 P — as. at some
final time T > 0. When the set is of the form G := {(z,y) € R x R : g(x,y) > 0}, with ¢
non-decreasing in y, we provide a Hamilton-Jacobi-Bellman characterization of the associated
value function. It gives rise to a state constraint problem where the constraint can be ex-

pressed in terms of an auxiliary value function w which characterizes the set D := {(¢, Z¥(t)) €
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[0,T] x R¥*L : Z¥(T) € G a.s. for some v}. Contrary to standard state constraint problems,
the domain D is not given a-priori and we do not need to impose conditions on its boundary.
It is naturally incorporated in the auxiliary value function w which is itself a viscosity solu-
tion of a non-linear parabolic PDE. Applying ideas recently developed in Bouchard, Elie and
Touzi (2008), our general result also allows to consider optimal control problems with moment
constraints of the form E [¢(Z¥(T"))] > 0 or P[g(Z¥(T)) > 0] > p.

Key words: Optimal control, State constraint problems, Stochastic target problem, discontinuous

viscosity solutions.
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1 Introduction

The aim of this paper is to study stochastic control problems under stochastic target constraint of

the form
V(t,z) = sup{E[f(Z{.(T))], velUst g(Z{,(T))>0P—as.} (1.1)

where the controlled process Zy, is the strong solution of a stochastic differential equation,

Zi.(s) = z+/ ,LLZ(ZZZ(r),l/T)dT—i-/ Uz(ZZZ(T’),VT)dWr ,t1<s<T,
t ¢

for some d-dimensional Brownian motion W, and the set of controls I/ is the collection of U-valued
square integrable progressively measurable processes (for the filtration generated by W), for some
closed set U C R,

Such problems naturally appear in economics where a controller tries to maximize (or minimize)
a criteria under some a.s. constraint on the final output. It is typically the case in finance or
insurance where a manager tries to maximize the utility (or minimize the expected value of a loss
function) of the terminal value of his portfolio under some strong no-bankruptcy type condition,

see e.g. [16], [7] and the references therein. See also the example of application in Section 4 below.

From the mathematical point of view, (1.1) can be seen as a state constraint problem. However,
it is at first glance somehow “non-standard” because the a.s. constraint is imposed only at t =T
and not on [0, 7] as usual, compare with [9], [13], [14], [17] and [18].

Our first observation is that it can actually be converted into a “classical” state constraint problem:
V(t,z) = sup{E[f(Z{.(T))], veUst Z{ (s)e DP—as. forallt<s<T} (1.2)

where
Di={(t.2) € [0.T) x R™! + g(Z/,(T)) > 0P — as. for some v €U |

is the corresponding wiability domain, in the terminology of [1]. This is indeed an immediate
consequence of the so-called geometric dynamic programming principle introduced by Soner and

Touzi [21] and [22] in the context of stochastic target problems:
9(Z; (T) 2 0P —as. <= (5,2 ,(s) € DP—as. forallt<s<T.

There exists a huge literature on state constraint problems. For deterministic control problems,
Soner [20] first derived the Bellman equation under the appropriate form in order to characterize
the value function as the unique viscosity solution. The main issue is to deal with the boundary
of the domain. One of the important contribution of [20] is to show that the value function is the
unique viscosity solution of the Bellman equation which is a subsolution “up to the boundary”.
Hence, loosely speaking, Soner exhibited a boundary condition ensuring the uniqueness of the

viscosity solution. A rather complete study for first order equations can be found in [9]. See
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also [13]. For stochastic control problems, the study of viscosity solutions with such boundary
condition was initiated in [18] where the volatility is the identity matrix. The results of [18] have
been generalized since then, see for instance [17, 2, 14].

The main difference with standard state constraint problems is that, in this paper, the set D is not
given a-priori but is defined implicitly by a stochastic target problem. We should also emphasize
the fact that we focus here on the derivation of the PDEs and not on the study of the PDEs in
themselves (comparison, existence of regular solutions, etc...). The last point, which is obviously

very important, is left for further research.

In this paper, we shall restrict to the case where (z,7y) € R x R — g(z,y) is non-decreasing in
y, and ZY, is of the form (X},,Y}, ), where (XY, Y} ) takes values in R? x R and follows the

dynamics
Xp(s) = b [ (Xandr+ [ ox (X)W,
t t
Y2 (s) = y+ / py (22, (), o) dr + / (2 (), v0) T AW, (1.3)
t t

In this case, the set {y € R : (t,z,y) € D} is a half-space, for fixed (¢,z). This allows to

characterize the (closure of the) set D in terms of the auxiliary value function
w(t,z) :==inf{ly e R : (t,x,y) € D}.

Assuming that the inf is always achieved in the definition of w, (1.2) can then be written equiva-

lently as
V(t,z,y) = sup{E [f(ZZ%y(T))] y vEU st Y () > w(s, X, (s)) P—as. forallt <s< T} .

We should immediately observe that more general situations could be discussed by following the
approach of [21] which consists in replacing w by w(t, z) := 1—1; .yep, and working with w instead
of w.

As usual in state constraints problems, the constraint is not binding until one reaches the boundary.
We actually show that V' solves (in the discontinuous viscosity sense) the usual Hamilton-Jacobi-

Bellman equation

1
—sup LYV =0 where L%V =0V + (uz(-,u), DV) + §Tr ozoy(u)D?V| |,  (1.4)
uelU

in the interior of the domain D with the appropriate boundary condition at ¢t =T
V(T—,)=f. (1.5)

On the other hand, assuming for a while that w is smooth (and that the inf is always achieved
in its definition), any admissible control v should be such that dY}", ,(s) > dw(s, X{,(s)) when
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(8, XY (5), Y, (8) € 02D :={(t,x,y) € [0,T) x RYxR : y =w(t,z)}, in order to avoid to cross
the boundary of D. Applying [t6’s Lemma to w, this shows that v; should satisfy:

0y (2 2y (8)vs) = ox (X7 (5),vs) T Dw(s, X7o () and  py (274, (s),vs) = Lw(s, X4 (5))

where L% denotes the Dynkin operator of X for the control u. This formally shows that V' solves

the constrained Hamilton-Jacobi-Bellman equation

— sup L%V =0 where U():={ucU : oy(,u)=ox(-,u) Dw,puy(-,u) — L%w > 0}, (1.6)
uel (t,x,y)
on the boundary 97D, where, by Soner and Touzi [22] and Bouchard, Elie and Touzi [5], the

auxiliary value function w is a (discontinuous viscosity) solution of

sup (py (,w,u) — LS5w) =0 , g(,w(T—,-))=0. (1.7)

uel, oy (,u)=cx (-,u) T Dw
This implies that no a-priori assumption has to be imposed on the boundary on D and the
coefficients pz and oz in order to ensure that Zy, can actually be reflected on the boundary. It is
automatically incorporated in the auxiliary value function through its PDE characterization (1.7).
This is also a main difference with the literature on state constraints where either strong conditions
are imposed on the boundary, so as to insure that the constrained process can be reflected, or, the

solution explodes on the boundary, see the above quoted papers.

From the numerical point of view, the characterization (1.7) also allows to compute the value

function V' by first solving (1.7) to compute w and then using w to solve (1.4)-(1.5)-(1.6).

The main difficulties come from the following points:

1. The stochastic control problem (1.1) being non-standard, we first need to establish a dynamic
programming principle for optimal control under stochastic constraints. This is done by appealing
to the geometric dynamic principle of Soner and Touzi [21].

2. The auxiliary value function w is in general not smooth. To give a sense to (1.6), we therefore
need to consider a weak formulation which relies on test functions for w. This essentially amounts
to consider proximal normal vector at the singular points of 9D, see [10].

3. The set U in which the controls take their values is a-priori not compact, which makes the
equations (1.4) and (1.6) discontinuous. As usual, this is overcome by considering the lower- and

upper-semicontinuous envelopes of the corresponding operators, see [11].

We should also note that, in classical state constraint problems, the subsolution property on the
spacial boundary is usually not fully specified, see the above quoted papers. One can typically only
show that the PDE (1.4) propagates up to the boundary. In the case where w is continuous, we
actually prove that V is a subsolution of the constraint Hamilton-Jacobi-Bellman equation (1.6)
on 0zD. Under additional assumptions on the coefficients and w, this allows to provide a PDE
characterization for V(t,z) := V (¢, z,w(t,x)) and allows to replace the boundary condition (1.6)

by a simple Dirichlet condition V (¢, x,y) = V(t,x) on {y = w(t,z)}. This simplifies the numerical
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resolution of the problem: first solve (1.7) to compute w and therefore D, then solve the PDE
associated to V, finally solve the Hamilton-Jacobi-Bellman equation (1.4) in D with the boundary
conditions (1.5) at t =T and V(t,z,y) = V(t,x) on dzD.

Many extensions of this work could be considered. First, jumps could be introduced without much
difficulties, see [4] and [19] for stochastic target problems with jumps. One could also consider
more stringent conditions of the form g(Zy,(s)) > 0 P — a.s. for all ¢ < s < T by applying the
American version of the geometric dynamic programming of [6], or moments constraints of the
form E [g(Z{,(T))] > 0P —a.s. or P [g(Z,(T)) > 0] > p by following the ideas introduced in [5].

Such extension are rather immediate and will be discussed in Section 5 below.

The rest of the paper is organized as follows. The problem and its link with standard state
constraints problems are presented in Section 2. Section 3 contains our main results. The possible
immediate extensions and an example of application are discussed in Section 5 and Section 4. The
proofs are collected in Section 6. Finally, the Appendix contains the proof of a version of the

geometric dynamic programming principle we shall use in this paper.

Notations: For any x € N, we shall use the following notations. Any element of R* is viewed
as a column vector. The Euclidean norm of a vector or a matrix is denoted by |- |, T stands for
transposition, and (-, -) denotes the natural scalar product. We denote by M" (resp. S*), the set of
k-dimensional (resp. symmetric) square matrices. Given a smooth function ¢ : (t,z) € Ry x R* —
o(t,x) € R, we denote by 0y its derivative with respect to its first variable, and by D¢ and D?p
its Jacobian and Hessian matrix with respect to the second one. For a set O C R”, int(O) denotes
its interior, cl(O) its closure and 0O its boundary. If B = [s,t] x O for s < ¢t and O C R", we write
OpB = ([s,t) x 00) U ({t} x cl(O)) for its parabolic boundary. Given r > 0 and z € R", B,(x)
denotes the open ball of radius r and center z. In the following, the variable z € R%*! will often

be understood as a couple (z,7) € R? x R.

2 The optimal control problem under stochastic target constraint

2.1 Problem formulation

Let T > 0 be the finite time horizon and let € denote the space of R%-valued continuous functions
(wi)e<r on [0,T], d > 1, endowed with the Wiener measure P. We denote by W the coordinate
mapping, i.e. (W(w)i)i<r = (wi)e<r for w € Q, so that W is a d-dimensional Brownian motion
on the canonical filtered probability space (2, F,P,F) where F is the Borel tribe of Q and F =
{Fi, 0 <t < T} is the P—augmentation of the right-continuous filtration generated by W.

Let U be the collection of progressively measurable processes v in L?([0,T] x ), with values in a
given closed subset U of R

For t € [0,T], z = (z,y) € R? x R and v € U, the controlled process Z;, := (X{,, Y’ ) is defined
as the R? x R-valued unique strong solution of the stochastic differential equation (1.3) where
(ux,0x) : (z,u) € RT x U = R? x M? and (uy,0y) : (z,u) € R x R x U +— R x R? are assumed
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to be Lipschitz continuous. Note that this implies that sup,<,<r|Z{,| is bounded in L?(Q2), for
any v € U.

For later use, it is convenient to consider pz : R4 x U — R4 and o : R4 x U — M+
defined, for z = (z,y) € R*!, as

wz(z,u) == ( px () ) oz(z,u) = [ ox(z,u) ] .

Ly (2, ) ay(z,u)T

The aim of this paper is to provide a PDE characterization of the value function of the optimal

control problem under stochastic target constraint
(t,2) —sup {E [f(Z{,(T)], velU st. g(Z{,(T)) >0P—as.} ,

which means that we restrict ourselves to controls satisfying the stochastic target constraints
9(Z{ (T)) 2 0P — as.

In order to give a sense to the above expression, we shall assume all over this paper that f,g :
R — R are two locally bounded Borel-measurable maps, and that f has quadratic growth,

which ensures that the above expectation is well defined for any v € U.

For technical reasons related to the proof of the dynamic programming principle (see Section 6.1
and the Appendix below), we need to restrict ourselves at time ¢ to the subset U’ of controls defined

as follows
U' .= {v €U : v independent of F;}.

Our problem is thus formulated as

V(t,z):= sup J(t,z;v) (2.1)
vely, .
where
J(t,zv) = E[f(Z{(T))] forveld
U. = {vel : g(Z/(T)>0P—as.} .

For sake of simplicity, we shall only consider the case where, for every fixed x,
y— g(x,y) is non-decreasing and right-continuous. (2.2)

Remark 2.1. It follows from Assumption (2.2) that Uy D Uy 5, fory >y

Remark 2.2. We have imposed above strong Lipschitz continuity assumptions and integrability
conditions on the coefficients and the set of controls in order to avoid additional technical difficul-
ties. It will be clear from the proofs that these conditions can be relaxed in particular situations

whenever the quantities introduced below are well defined.
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2.2 Dynamic programming for stochastic targets problem and interpretation

as a state constraint problem

Note that the above problem is well-posed only on the domain
D = {(t,z) e [0,T) x R : Uy, # (b} :
and that, at least formally, the control problem (2.1) is equivalent to the state constraint problem
sup {E [f(Z{.(T))], vel st. Z{ (s)e DP—as. Vt<s<T} .

This can be made rigorous by appealing to the geometric dynamic programming principle of Soner
and Touzi [21].

Theorem 2.1. For any (t,2) € [0,T) x R and v € U, we have
ey, st. v=vonl|tl) < (0,Z,,00) €D P—as.
for all [t, T|-valued stopping time 6.

The proof of this result is provided in [21] when the set of controls is the whole set U instead of

Ut. We explain in the Appendix how to modify their arguments in our framework.

This result can be reformulated in terms of the auxiliary value function w defined as follows
w(t,z) :=inf{y € R : (t,z,y) € D} , (2.3)
which, by Remark 2.1, characterizes (the closure of) D.

Corollary 2.1. For any (t,z,y) € [0,T) x R x R, v € U and [t, T]-valued stopping time 6, we

have:

LIfYy, ,(0) >w (0,X7,(0)) P— a.s., then there exists a control U € Uy 4, such that v =10 on
[t,0).

2. If there exists U € Uy zy such that v =1 on [t,0), then Y}, ,(0) > w (0, X7,(0) P— a.s.
Note that the later result allows us to provide a PDE characterization of the auxiliary value
function, see (1.7). A rigorous version is reported in Theorem 3.2 below under strong smoothness

assumptions. The non-smooth case is studied in [22] when U is bounded and in [5] when U is not

bounded, and we refer to these papers for the exact formulation in more general situations.
From now on, we shall work under the following

Standing assumption: w is continuous on [0,7") x R? and admits a continuous extension w0 on
[0, 7] x R? such that g(-,w(T,-)) > 0 on R%.

In the following, we shall write w(T, -) for w(T,-) for ease of notations.
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Note that the previous assumption implies that cl(D) can be written as int,(D) U 0,D with

int,(D) = {(t,z,y) €[0,T) xR¥ : y>w(t2z)} (2.4)
oD = 9zDUIrD '
where
97D = 0DN([0,T) x R = {(t,z,y) € [0,T) x R¥! : y=w(t,z)} (2.5)
orD = 0DN({T} xR = {(t,z,y) € {T} xR : y>w(tz)} . '

3 Viscosity characterization of the value function

Before stating our main result, let us start with a formal discussion.

3.1 Formal discussion

In the interior of the domain. First, it follows from Theorem 2.1 that the constraint is not
binding in the interior of the domain. We can thus expect V' to be a viscosity solution on int, (D)

of the usual Hamilton-Jacobi-Bellman equation
_8t90(ta Z) + H(Z, D‘)O(tv Z), DQSO(ta Z)) =0 )

where, for (z,q, A) € RT1 x R+ x §d+1

{ H(z,q,A) :=inf,cy H*(2,q,A4) , (3.1)

H'(2,q.4) = —(uz(z.0).0) — ¥Tr [(0205)(2,u)A] .

However, since U may not be bounded, the above operator is not necessarily continuous and we
shall have to relax it and consider its lower- and upper-semicontinuous envelopes H, and H* on
R? x R x R4+ x §A+1,

On the time boundary. From the definition of V', one could also expect that Vi(T,z) > f.(2)
and V*(T,z) < f*(z). This will indeed be satisfied and the proof is actually standard. The only
difficulty comes from the fact that U may be unbounded.

On the spacial boundary. We now discuss the boundary condition on dzD. First note that
Theorem 2.1 implies that the process Z;, should never cross the boundary 9z D whenever v € U ..
In view of (2.5), this implies that at the limit, when y — w(t, ), the process Y}, , — w(-, X},)
should have a non-negative drift and a zero volatility. This means that, at a formal level, the

control v should satisfy

O'Y(wvyayt) _UX(‘Tth)TDw(tVI.) = Oa

/"LY(:U?yth) _Lg(t'w(t7m) Z 0
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where L% denotes the Dynkin operator of X; precisely, for a smooth function ¢ € C 1,2,

ool 2) 1= Auplt, ) + (), Doty ) + T [(oxo k), w) DPop(t, )|
Hence, V should satisfy on 07D the following equation
~0up(t, ) + Hin (2, Dip(t, 2), D*(t, 2)) = 0,
where

Hint(tawvyaqa A) = lnf Hu(wvyaqa A)
ueUint (tvava)

and
Uint(t7may7w) = {’U, eU: UY(%%U) - Jx(x,u)TDUJ(t,.’IJ) = 07MY($ay7u) - EuXw(t7$) = 0}

corresponds to controls driving the process inside the domain. Remark that Hy,y > H since
Un CU.

Since w may not be smooth, we need to use the notion of test functions to give a precise meaning

to the above expression. We therefore introduce the set W*(t, z) defined as follows

W*(t,z) = {¢ € CH2([0,T] x RY) s.t. (w — @) < (w — @)(t, ) = 0 in a neighborhood of (¢, z)}.
The set Wi (t, x) is defined analogously:

Wi(t,z) = {¢p € C2([0,T] x RY) s.t. (w — ¢) > (w — ¢)(t,z) = 0 in a neighborhood of (t,z)}.

Our operators are then defined as follows:

0. Relaxation. As in [5], we first need to relax the constraints in Uy. For § > 0, v € R and a

smooth function ¢, we therefore define

N%(z,y,q) = oy(z,y,u)— O'X($,U)Tq ,
Ns(z,y,q) = {uelU : |[N"(z,y,q)| <}
Ué,’y(tvxvyaqs) = {u € /\/’5(:13,3/, D¢(t’x)) : MY(-T,y,U) - Q)L(Qb(t?x) > 7}
and
Fp (2, A) = inf  {=(uz(z0),0) = Tr |(0205) (2 0)4] }

ueU&,’Y (t,Z,¢)

with the convention inf() = co. The set Us,(-,¢) and the operator Fg5 ” will correspond to the

relaxed versions of Uy, and Hiy associated to a test function ¢ for w.

Remark 3.1. Remark that the fact that Us.(t,z,¢) C U implies in particular that, for all
(t,z,q,A), we have
Fy (t,2,q,A) > H(z,q, A) (3.2)

for any smooth function ¢.
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1. Supersolution. We first relax the supersolution property by classically considering the upper

semi-relaxed limit F'%* of the family of functions (F{;ZS ﬁ/)M. We recall that it is defined as follows

FO*(t,2,q, A) == lim sup Fgf’,y,(t',z',q',A’) ,
(t',2',q",A") — (t,z,q, A)
(6',7") =0

for ¢ € W*(t,z) and (t,2,q, A) € [0,T] x R? x R+ x S+1,

Note that, when w € C12, ¢ € W*(t,z) implies that dw(t,z) < yé(t,x), Dw(t,z) = D(t,x)
and D*w(t,z) < D?¢(t, ), which leads to Us (-, ¢) C Us(-,w) and therefore

if we CM?, then Vo € W'(t,x), Fy (t,2,q,4) > F(t,2,q,A). (3.3)
Also note that
Fo(t,2,q, A) := lim sup F(;by,(tngjq/? A, (3.4)
(t/,z',q’,A’) — (t,z,q,A) ’
¥ 10

since Uy, C Us, for 6 > 0 and v < 4. Moreover, it follows from (3.2) that F ?* is the upper-

semicontinuous envelope of

HO(t,2,q, A) = H*(z,q,A) %f (t,2) € int,(D)
Fo(t,z,q,A) if (t,2) € 9,D

on 0, D which is consistent with Definition 7.4 in [11].

2. Subsolution. In order to relax the subsolution property, we consider the lower relaxed semi-limit
F? of (Ff7)577. We recall that

FO(t,z,q,A) := lim inf Fgf (2 q A, (3.5)
(tl,zl,q/,A/)H(t,Z,q,A) 7’y
(8',7) =0
for ¢ € W*(t,z) and (t,2,q, A) € [0,T] x R? x R+ x S+1,
As above, we can note that, when w € C%2, ¢ € W,(t,z) implies that duw(t,z) > (¢, z),
Dw(t,x) = Dé(t,z) and D>w(t,z) > D?¢(t, ), which leads to

if we CM?, then Vo € Wilt,z), FY (t,2,q,A) < FP (t,2,q, A). (3.6)
However, (3.2) implies that FY > H,. Hence,

{ H.(z,q,A)  if (t,z) € int,(D)

H% (2,4, A) ==
Bz 0, 4) FP(t,2,q,4) if (t,2) € 9,D

may not be lower-semicontinuous. Since, according to [11], the subsolution property has to be
stated in terms of the lower-semicontinuous envelope ﬂf of H?®, we can not a-priori state the
boundary condition in terms of F?. This will be possible only under additional assumptions on

the coefficients; see Proposition 3.1 below.

In order to alleviate notations, we shall simply write below F®*(t, z) for F®*(t, z, Do(t, 2), D?¢(t, 2)),
and similarly for Fo(t, 2), Hep(t, 2), H*o(t, z), HO@(t, 2), H?p(t, z) and HEo(t, 2).

10
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Finally, since the value function V may not be smooth, we can only provide a PDE characterization
in the discontinuous viscosity sense. We therefore introduce its semicontinuous envelopes: V(t, z) €
cl(D),

Vil(t, z) == lim inf V(2 , Vit z2) = lim sup V() .
(¢/,2")€intp(D)—(t,2) (t',2")€inty (D) —(t,2)

3.2 Main results

We shall appeal to the following weak version of continuity assumption on Ny made in [5] (it will be
strengthened when discussing the subsolution property on the boundary, see (ii) of Assumption 3.3
below).

Assumption 3.1. (Continuity of Ny(z,y,q)) Let ¢ be Lipschitz continuous function on [0,T] x
RY and let O be some open subset of [0, T] x R such that No(z,y,(t,z)) # O for all (t,z,y) €
O. Then, for every e > 0, (to,zo,y0) € O and ug € Ny(xo,yo, ¥ (to, o)), there exists an open
neighborhood O of (to, zo,y0) and a locally Lipschitz continuous map 4 defined on O’ such that
|i(to, zo, yo) — uo| < e and a(t,x,y) € No(z,y,¥(t,x)) on O'.

Remark 3.2. As we shall see in the statement of the following theorem (and as it will be clear

from its proof), Assumption 3.1 is only required to get the supersolution property on 0zD.
We can now state the main result of this section.
Theorem 3.1 (PDE characterization of the value function). The following holds:

1. If Assumption 3.1 holds, then the function Vi is a viscosity supersolution on cl(D) of

(=Owp+ H p) (t,z,y) 20 if (t,2,y) € inty(D) (37)
Vo e WH(t,2), (0o + F) (t,,y) 20 if (t,x,y) €9zD '
o(T,z,y) = fu(x,y) if (t,x,y) € 0rD, (3.8)
y>w(T,z), Ho(T, z,y) < o0 . '
2. The function V* is a viscosity subsolution on cl(D) of
(=0 + Hyp) (t,z,y) <0 if (t,z,y) €int,(D)UdzD (3.9)
o(T,z,y) < f*(x,y) if (t,,y) €0rD and Hyp(T,z,y) > —oco. (3.10)

The proof will be provided in Section 6 below.

Remark 3.3. Note that the above theorem does not provide the boundary condition for Vi on the
corner {(T,z,y) : y = w(T,x)}. However, particular cases can be studied in more details. For
instance, if U is bounded, one easily checks, by using the Lipschitz continuity of uz and oz, that
Z{r, (T) — zy in L) for any sequence (tn, zn,Vn)n € D X U such that v, € Uy, -, for all n

tn,zn

and (tn,zn) — (T,20). Since, by definition, V(tn,2,) > E [f(Z{", (T))], the quadratic growth
assumption on f implies liminf,, oo V(tn, 2n) > fi(20). A more general result will be stated in

Proposition 3.2 when w is smooth.

11
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To conclude this section, we now provide an equivalence result between subsolutions of —dyp +
H.p = 0 and subsolutions of —0:;p + F? @ = 0 for any ¢ € W, under the following additional

assumption:

Assumption 3.2. One of the following holds:
o FEither U is bounded
o or|oy(x,y,u)| — 400 as |u] — +oo and

(@, y, w)| + |px (@, w)| +|ox (z, w)[?
2

lim sup =0 for all (z,y) € R (3.11)

|u|—o0, ueU \ay(:v,y,u)
and the convergence is local uniform with respect to (x,vy).

Remark 3.4. Note that the above assumption implies that Ns(x,y,q) is compact for all (x,y,q) €
RdJrl X Rd.

Remark 3.5. This condition will be satisfied in the example of application of Section 4.

Proposition 3.1. Let Assumption 3.2 hold. Let v be a upper-semicontinuous function. Assume
that for all smooth function ¢ and (t,x,y) € 0zD such that (t,z,y) is a strict mazimum point on

cl(D) of v — ¢, we have

Then, for all smooth function ¢ and (t,x,y) € 0zD such that (t,z,y) is a strict mazimum point
on cl(D) of v— ¢ and all ¢ € W, (t,z), we have

The proof will be provided in Section 6.3 below.
This allows to rewrite the spacial boundary condition for V* in terms of the more natural con-

strained operator Ff instead of H,.

Corollary 3.1 (Boundary conditions in the classical sense). Let Assumption 3.2 hold. Then, V*
is a viscosity subsolution on cl(D) of
(—Owp + Hup) (t, 2, y) 0 if (t,x,y) € inty(D)
Vo € Wi(t, o), (—8t<p+Ff’s0) (tx,y) < 0 4f (t,z,y)€dzD. (3.12)

IN

3.3 Dirichlet boundary condition when w is smooth

Recall that the boundary 0z D corresponds to the point (¢, z,y) such that y = w(t, z). It is therefore
tempting to rewrite the boundary condition on 0z D for V as V(t,z,y) = V(t,z) := V (¢, z,w(t, x)),

and try to obtain a PDE characterization for V by performing a simple change of variables.

In this section, we shall assume that w is smooth and that ANy(z,p) admits a unique argument

which is continuous in (z,p). This assumption is made precise as follows:

12
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Assumption 3.3. (i) The map w is CV2([0,T) x R%).

(i) There exists a locally Lipschitz map @ : R x R? — R such that

Remark 3.6. Note that Assumption 3.1 is a consequence of Assumption 3.3
Under the above assumption, it follows from [5] and [22] that w is a strong solution of (3.13) below.

Theorem 3.2 ([5] and [22]). Let Assumption 3.3 hold. Then, No(-,w, Dw) # 0 on [0,T) x R? and

w satisfies
0 = min {My(-,w,zl) —L%w 1ﬁeint(U)} on [0,T) x R, (3.13)

where

@ := (-, w, Dw) .

Moreover, for all z € R% and smooth function ¢ such that x reaches a local minimum of w(T, )=,
the set No(z,w(T, z), Dp(x)) is non-empty.

Remark 3.7. Theorem 3.2 is proved in [5] and [22] when the set of controls is U in place of U*,
as a consequence of the geometric dynamic programming principle of Soner and Touzi [21]. Even
if the formulation is slightly different here, the proofs of the above papers can be entirely reproduced
for U' in place of U by appealing to the version of geometric dynamic programming principle stated

in Theorem 2.1 and Corollary 2.1 above.

Also observe that the first assertion in Assumption 3.3 combined with the discussion of Section 3.1
(see (3.3) and (3.6)) implies that the boundary condition on 97D can be simplified and written
in terms of F (;7”7. Using this simplification and computing the derivatives of V in terms of the
derivatives of V' and w, we deduce from Theorem 3.1, Corollary 3.1 and Theorem 3.2 that, at least
at a formal level, V is a solution of (3.14)-(3.15) below.

To be more precise, the viscosity solution property will be stated in terms of
Vi(t,x) = Vi(t,z,w(t,z)) and V*(t,z):=V*(t,z,w(t,z)) ,

for (t,x) € [0,7] x R?. Since w is continuous, V, (resp. V*) is lower-semicontinuous (resp. upper-
semicontinuous).

Our proof of the subsolution property will also require the following additional technical assump-
tion:

Assumption 3.4. The condition (3.11) holds. Moreover, for all sequence (t,xy)y in [0,T) x RY
such that (tn,zn) — (to,zo) € [0,T) x R? such that 0(to, o) € int(U), we have

liminf inf [n (LS5 w(tn, Tn) — py (Tp, w(tn, Tn),uw)) + nQ\N"(xn,w(tn,xn),Dw(tn,xn))IQ] > —00.

n—oo uclU

13
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We can now state the main result of this section.

Proposition 3.2. Let Assumption 3.8 hold, and assume that V and w have polynomial growth.
Then, V, is a viscosity supersolution on [0,T] x R? of
(—L% ) Laempwy =0  on [0,T) x R
o(T,) > f.(w(T,-)  if limsup |a(t,2)] < oo and W*(T,) #0. (3.14)
(t!a")—=(T,")

t<T

Moreover, if in addition Assumption 3.4 holds, then V* is a viscosity subsolution on [0,T] x R? of

(—L%0) gy =0 in [0,T) x RY,
@(Tv ) < f*("w(T’ )) if W*(T7 ) 7é 0.

See Section 6.4 for the proof.

(3.15)

Remark 3.8. (i) Note that 1ciney = 1 if U = Re. Even if U # R%, the PDE simplifies whenever
w solves

py (w, ) — L%w =0 on[0,T) x R?. (3.16)
It will be clear from the proof of Proposition 3.2 that in this case Vi is a viscosity supersolution
on [0,T) x R? of —£ﬂX<,p = 0 . Similarly, V* is a viscosity subsolution of the same equation if
Assumption 3.4 holds without the condition u(ty,zo) € int(U). We refer to [8] for situations
in Mathematical Finance where w is actually a viscosity solution of the above equation, although
U # R4,
(i) The Assumption 3.4 will be satisfied in our example of application of Section 4. Note that it
also holds in our general framework when pz and |ox|? are locally Lipschitz in u, locally uniformly

in the other variables, and
|Nu(£[,‘,y,q) - Nu ('T’yv q)|2 Z pl(l‘ayvq’uvul)‘u - U/P - /)2(55,%(], ’LL,U/)

for some locally bounded maps p1,pa such that p1 > 0 locally uniformly. Indeed, in this case, we
have U(ty, xn) — u(to, zo) € nt(U) and Theorem 3.2 implies that

n (LYw(tn, n) — py (Tn, w(tn, T0),u)) + n2|Nu(xm w(tn, ), Dw(ty, xn))|2

W(tn,xn)

=n (LSw(ty, xn) — py (T, w(ty, Tp),uw)) —n (EX W(tn, Tn) — py (Tn, w(ty, Tn), ﬁ(tn,xn))>

+n2’Nu($m w(tm-rn)a Dw(tmxn)) - Nﬁ(tn’xn)(xmw(tm xn)wa(tmxn)”z
02
> —nC|u — U(tn, zn)| + n2Colu — @(ty, z,) > — C3 > —ﬁ —Cs
2

for some constant C1,Cy,Cs > 0. In view of (i), it also holds without the condition u(ty,xo) €
int(U) when w solves (3.16).

(iii) If the map G is locally bounded, then the condition limsup{|a(t',2")|, (t',2") — (T,-), ¢’ <
T} < oo holds when x — limsup{|Dw(t',2")|, (t',2") — (T, z), t' < T} is locally bounded.

14
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Under the above assumptions, we can then replace the boundary condition of Theorem 3.1 and
Corollary 3.1 by a simple Dirichlet condition V (¢, z,y) = V(t,z) on 97D, where V can be computed
by solving —L%p =0 on [0,7) x R? with the corresponding terminal condition at t = T

Obviously, the construction of the associated numerical schemes requires at least comparison results
for the corresponding PDEs which are a-priori highly non-linear and not continuous. We leave

this important point for further research.

4 Example of application in mathematical finance

In order to illustrate our results, we detail in this section an application to the problem of terminal

wealth maximization under a super-replication constraint.

4.1 The optimization problem

Namely, we consider a financial market consisting of a riskless asset, whose price process is nor-

malized to 1 for simplicity, and one risky asset whose dynamics is given by
Xiols) = o+ [ XalXoa)du+ [ Xea(o(Xeaw)dW,

where z € [0,00) — (zp(x),zo(z)) is Lipschitz continuous and
oc>¢ and |p/o| <e ! for some real constant € > 0 . (4.1)

The control process v corresponding to the amount of money invested in the risky asset is valued
in U = R. Under the self-financing condition, the value of the corresponding portfolio Y is given
by

S dX . S S
}/tl/:p y(s) = y+ / Uy t77(u> = y+ / Vu,u(Xt,w(u))du + / VuU(Xt,x(u))qu .
o t Xia(u) t t

We consider a fund manager whose preferences are given by a C? increasing strictly concave utility

function U on R satisfying the classical Inada conditions:
U'0+)=+cc and U'(+00)=0. (4.2)

We assume that his objective is to maximize his expected utility of wealth under the constraint that
it performs better than the benchmark (or super-hedge some European option’s payoff) ¢ (X; »(T)),

with ¢ a continuous function with polynomial growth.

The corresponding optimal control problem under stochastic constraint is given by:

V(t,z,y) == sup E[UYv,,(T))]

Ueut,z,y

with

Up,zy = {1/ eut, Yy (T) > (X1 2(T)) P— a.s.} .

15
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4.2 The PDE characterization

Note that under the condition (4.1), we simply have
Ns(z,y,q) ={u €R : |uo(z) —zo(x)q| < 0} = {wq+d¢/o(z), [(| <1} . (4.3)
Moreover, the function w is given by
w(t,z) = B3 (X 0(T))] (4.4)

where Q; , ~ P is defined by

dQt 1T T .
%; = exp <—2/t \)\(Xm(s))st—/t A(Xt,x(s))dws> with A := /o,

see e.g. [15], and is a continuous viscosity solution on [0,7") x (0, 00) of

0 = —0Owp(t,z)— %x202(az)D2cp(t,:U)
1
= sup (uu(w) = Oup(t, x) = ap(w) Dp(t, w) — Sato () D2p(t, x))
uENy (z,0(t,x),De(t,x))

with the terminal condition w(T,-) = .

Also note that Assumptions 3.1 and 3.2 trivially hold in this context. It then follows that we can
apply Theorem 3.1 and Corollary 3.1.

Moreover, if u and o are smooth enough, it follows from standard estimates that w € C12([0,T) x
(0,00)). If 9 is also Lipschitz continuous, then |Dw| is locally bounded and so is (¢, z) — u(t,z) =
xDw(t,x), recall (4.3). The conditions of Assumption 3.4 are also satisfied, see (ii) of Remark
3.8. It then follows from Proposition 3.2 that V, and V* are viscosity super- and subsolutions on
[0,T) x (0,00) of

1
0=—-0wp(t,z) — xu(x)Dp(t,x) — §x202(m)D2<p(t,x) ,
with the terminal condition, assuming that ¢ € C?,
p(T,x) = U((z)) .
Standard comparison results and the Feynman Kac formula thus imply that
Vil(t,z) = V'(t,2) = E[U(W(X12(T)))] = V(t,2) ,
which provides an “explicit” Dirichlet boundary condition for V on {y = w(t, x)}.
Summing up the above results, we obtain that Vi is a viscosity supersolution of
—0o(t,z,y) + Ho(t,z,y) >0 if t<T, y>wtz)
o(t,z,y) > V(t,z) if t<T, y=wtx)
(T, z,y) 2U(y) if y=i(z),

16
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and that V* is a viscosity subsolution of

—8tQD(t,$,y> + H*QO(t,ZE,y) <0 if t< T, y> ’lU(t,.’L‘)
w(t,m,y) < V(t,l‘) it t< T7 Yy = w(t,x)
o(T,z,y) <U(y) if y=>i(x),

where

H(w,y,0,4) := inf (—u<x><<j >,q>—;a<xm v

4.3 Explicit resolution

In order to solve the above PDE explicitly, we proceed as in [5] and introduce the Fenchel-Legendre

dual transform associated to V* with respect to the y variable:

V*(t,x,y) = sup  {V*(t,x,y) —yv}, (t,x,v)€[0,T]x (0,00) xR,
y€E[w(t,x),00)
where we use the usual extension V*(t,z,y) = oo if y < w(t, z). Note that V*(t,z,v) = oo if v < 0
since V is clearly non-decreasing in y. The main interest in considering the dual transform of the
value function is to get rid of the non linear terms in the above PDE. By the same arguments as
in Section 4 in [5], we indeed obtain that V* is an upper-semicontinuous viscosity subsolution of
[0,T] x (0,00) x (0,00) of

—Lxp +ao(z)yA(z) 5 M) 5a5p <0 if t<T, 88790(&:6,7) < —w(t,z)

o(T.xy) <UT()V (@) —AI() Vi) i =T, gso(Tm) < (),

where I := (U’)~! and where we used (4.2) to derive the boundary condition. Let us now define

Vi(t,z,7) == E[U[I(Ttaqy(T)) V(Xea(T))]] = E[Ltany (T) {I(Tean(T)) V o (Xeo(T))}
(4.5)

where I'; ; 4 has the dynamics

Ft,z;y(s) = v+ /;S )\(Xt,m(u))Ft,q,(u)qu .

One easily checks that V' is a continuous viscosity solution of the above PDE satisfying V (T, z,v) =
V() Vip(@)] = U(I(7) V ¢(x)) and, recalling (4.4),

0 -

%V(tvfcm) = —E[Lu1(T) {I(Try (1) V(Xp(T))}] < —E%= [1( X0 (T))] = —w(t,z) -

We then deduce from standard comparison results, see e.g. [11], that

V*(t,z,y) < V(t,z,7) . (4.6)
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This leads to

Vi(t,z,y) < inf {V(t,z,7) +yv}
= I {EUI(Toen (T) V (Koo (D)]] = B [Loioy (T) {I(Crian(T)) V4 (Xea(T)H + 97} -

Computing the optimal argument (¢, z,y) in the above expression, recall (4.2), we obtain that

y = E% (I 500 (T)) V (X (T))] (4.7)

and therefore

Vit,y) < VoA 2,9) +yitey) =E[UT(Cyms0 (1)) V(X (T))]]

Furthermore, (4.7), the martingale representation theorem and (4.1) ensure that we can find some

P — a.s.-square integrable predictable process , independent of F; such that

Y;‘,l?y,x (T) - I(Ft,'?/(t,x,y) (T)) v w(Xt@ (T)) :

In particular, this implies that Y;’y(T) > P(Xi2(T)) so that v € Upzy if I(Ty 52, (T)) €
L*7£(Q,Q) for some € > 0, recall that 1 has polynomial growth so that ¥(X;.(T)) € LP(Q2,Q) for

any p > 1. Therefore, under the above assumption, the value function is given by

V(t7 xz, y) = E [U[I(Ft,x,’y(t,x,y) (T)) \ w(Xt,aC (T))H (48)
withy = E% [I(Ty0s00)(T) Vo (Xea(T))] -

This is the result obtained in [16] via duality methods in the case of a European guarantee.

Remark 4.1. The condition I(Ty 4 50124 (T)) € L?*2(Q,Q) is satisfied for many examples of
applications. This is in particular the case for U(r) :=rP for 0 < p < 1. In the case where it does
not hold, one needs to relax the set of controls by allowing v to be only P — a.s.-square integrable.

The proofs of our general results can be easily adapted to this context in this example.

Remark 4.2. We have assumed that 1 € C?. If this is not the case, we can always consider
sequences of smooth functions (Yy,), and (yn)n such that ¢ <1 < Y and Y, p — 1 pointwise.

Letting V.., Vy, be the value functions associated to ®.; Uy, instead of 1, we clearly have V,, <V <
Vy.. Letting n — oo and using (4.8) applied to V., V,, shows that (4.8) holds for V too.

5 Possible extensions

5.1 Constraints in moment or probability

In this section, we explain how the results of the Section 3 can be adapted to stochastic control

problems under moment constraints of the following form

V(t,zip) == sup E[f(Z7.(]))] , (5.1)

VEZ/{uz,p
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where
U.p={veld : Elg(Z/.(T)] >p} ,peR. (5.2)

The main idea consists in adding a new controlled process P, as done in Bouchard, Touzi and
9.

Elie [5] for stochastic control problem with controlled loss.

Namely, let A denote the set of F—progressively measurable R?—valued square integrable processes
and denote by A’ the subset of elements of A which are independent of ;. To a € A! and initial
conditions (t,p) € [0,T] x R, we associate the controlled process Py}, defined for t < s < T by

Py(s) =+ [ aldw, (53)
t

and introduce the set U ., of controls of the form (v,a) € U x A! such that
9(Z{ (T), P2,(T)) 2 0P — aus.
where g(Z, P) := g(Z) — P.

Lemma 5.1. Fiz (t,2z,p) € [0,T] x R¥™! x R and v € U' such that g(Z},(T)) € L*(Q). Then,
Ve L~{t7z,p if and only if there exists o € At such that (v, ) € Z/_{t,ZJ).

Proof. Fix v € Uy ,,. Since 9(Z¢,(T)) € L*(Q) and is independent of F;, we can find o € A
such that g(Z{,(T)) = E[g(Z{.(T))] —p + P2/(T). Since E [g(Z{.(T))] > p, it follows that
9(Z¢ 7(T), P£,(T)) > 0. The converse assertion follows from the martingale property of P, for
all (v, ) € Uy, p. O

This readily implies that V = V where

V(t,z,p) == sup E[f(Z.(T))] . (54)
I/Eut,z,p

Proposition 5.1. Fiz (t,z,p) € [0,T] x R"™™ x R, and assume that g(Z{ (T)) € L*(Q) for all

velUt. Then, V(t, zp) = V(t,z,p).

Remark 5.1. (i) If g has linear growth then the condition g(Z{ (T)) € L*(Q) is satisfied since
the diffusion has Lipschitz continuous coefficients and, by definition of U, v is square integrable.
(ii) Note that, if U is bounded, then the condition (3.11) holds for the augmented system (ZY ,, Py,

when looking at Py, as a new Y component and the former Z;, as a new X component:

{ 1z u)| + oz () } { |z, u)| + oz, u)? }

= lim sup sup
|a| =00 uelU

lim sup
|(u,a)| =00, (u,a)€UXR

on R locally uniformly.
(iii) Under the integrability condition of Proposition 5.1, the PDE characterization of Section 3
can thus be applied to the value function V ="V.

19



hal-00373306, version 1 - 3 Apr 2009

One can similarly apply the results of the preceding section to problems with constraint in proba-
bility of the form

V(t,zp) = sup E [f(Zt”Z(T))] with Uy, = {ve ut - P [g(ZZZ(T)) >0] >p},

veUlt,z p

by observing that
P[9(Z.(T) 2 0] =E [Lyz0 iy)50)] -
In this case, we obtain

V(t,z;p) = sup {IE [f(ZL(T))] . (v,o) eU' x A st l{g(ZEZ(T))ZO} —P7(T) > 0P~ a.s.} )

Remark 5.2. Following [5], we could restrict ourselves to controls o such that Py, evolves in [0, 1],
which is the natural domain for the p variable. Note that, in any case, one should also discuss
the boundary conditions at p = 0 and p = 1, as in [5]. We leave this non-trivial point to further

research.

5.2 Almost sure constraints on [0, 7]

An important extension consists in considering a.s. constraints on the whole time interval [0, T7:

Vit,z) = sup E[f(Z7.(T))] . (5.5)
veus ,
where
U, ={veu : g(z;,(s)) >0vselt,T|P—as.} . (5.6)

This corresponds to a classical state constraint problem on the spacial domain
0= {Z e R g(z) > O} .

This case can be treated exactly as the one considered in the present paper, after replacing D and
w by D?* and w? defined by

D?* = {(t,z) € [0,T] x R 9(Z{ () 20V s €[t,T] P~ as. for some v € th}
w(t,z) :=inf{y e R : (t,z,y) € D*} .

This is due to the fact that the geometric dynamic programming principle of Theorem 2.1 and
Corollary 2.1 can be extended to D* and w?®, see Bouchard and Nam [6]. Repeating the arguments
of Section 6 then allows to extend to V? the results of Section 3.2 and Section 3.3.

We should note that the PDE characterization of w® has been obtained in Bouchard and Nam [6]
only for a particular situation which arises in finance. However, it would not be difficult to derive
the PDE associated to w® in our more general framework by combining the arguments of [5] and

[6]. We would obtain the same characterization as in [5] but only on the domain g, (z, w®*(t,z)) > 0
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for the subsolution property, and with the additional inequality ¢*(z,w?(¢,z)) > 0 on the whole

domain, i.e. w®* would be a discontinuous viscosity solution of

min Sup (/J“Y(')wauu) - g{wa) ) g('>wa) = 0 in [OaT) X Rd
ueNp (-,wd, Dw?)

g(,w*(T,)) = 0 inR?.

As already argued in the introduction, it is important to notice that our approach would not
require to impose strong conditions on O and the coefficients in order to ensure that Z;, can
actually be reflected on the boundary of O. The only important assumption is that D?® is non
empty. By definition of D* and the geometric dynamic programming principle, this condition will

be automatically satisfied on the boundary of D* C O.

We think that this approach is more natural for state constraint problems and we hope that it will

open the door to new results in this field. A precise study is left for further research.

6 Proof of the PDE characterizations

6.1 Dynamic programming principle
As usual, we first need to provide a dynamic programming principle for our control problem (2.1).

Theorem 6.1 (Dynamic Programming Principle). Fiz (t,z) € int,(D) and let {6”, v € U} be a
family of stopping times with values in [t,T]. Then,

V(t,z) < sup IE[f*(thZ(HV))lgu:T+V*(9”,ZEZ(0”))IOV<T] ,

veUr,z (6.1)
V(t,2) > sup E[f(Z2(6")1grr + Vi(0”, ZY,(60") Lgv <7

l/Eut,z

where V, (resp. V*) denotes the lower-semicontinuous (resp. upper-semicontinuous) envelope of

V.

Proof. In this proof we denote by w” := (wiar)i<7 the stopped canonical path, and by T, (w) :=
(Ws4r — wy)s<T—r the shifted canonical path, r € [0,T]. For ease of notations, we omit the depen-
dence of ¥ with v and simply write 6.

1. We start with the first inequality. To see that it holds, note that, by the flow property, for any
veU,:

E [f(Z;.(T))]

/ / / <Z0V<(f;2j<§>g<($>>w<T>(“9(“’) +T9<w>(‘7j))) AW)P(E)
= [B[7 (001 20" + Ty ()] P

where @ € Q — (W@ + Tp()(@)) is viewed as a control in Uy(,) zv_(9)(w) for fixed w € Q. Since
J <V*and J(T,-) = f, it follows that

E[f(Z.(T)] < E[V*(0,27.00) Lor + f(Z.(T))1o-7]
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and the result follows from the arbitrariness of v € U ..

2. We now turn to the second inequality. It follows from Lemma A.2 in the Appendix that the set
L ={(t,2,v)€0,T] xR xU : v €U} is an analytic set. Clearly, J is Borel measurable and
therefore upper-semianalytic. It thus follows from Proposition 7.50 in [3] that, for each € > 0, we
can find an analytically measurable map ¢ such that J(¢, z; 0°(t, 2)) > V(t,2)—e and 0°(t, 2) € Uy .
on D. Since analytically measurable maps are also universally measurable, it follows from Lemma
7.27 in [3] that, for any probability measure m on [0,7] x R we can find a Borel measurable
map o5, : (t,2) € D — U, such that J(t,z;05,(t, 2)) > V(t, z) —e > Vi(t,z) — ¢ for m-a.e.

element of D. Let us now fix vy € Uy, », for some (tg, 29) € int,(D). Let m be the measure induced

by (0, Z;) ., (6)) on [0,T] x R9*+1. By Theorem 2.1, (6, 7 ,(0)) € D P —as. so that
(0,21, (9)) € uf’,ZtVOl,zO(@) and J(0, 2, . (0); 05,0, Z;" . (0)) > Vi(0, Z;! ,,(0) —¢ P —as.

Moreover, it follows from Lemma 2.1 of [21] that we can find 5 € U such that

vilim) = Um0, Zig 2,

(9))1[6,T] dt x dP — a.e.

This implies that v° := v11y, g) + V519 7] € Uy, 2, and

B 12y (T | 0,230 (6| = 0. 200,075,620, (00) 2 Vo0, 200, (0)) — = P = s
and therefore
Vioz) > B|B[1(Z5 o)1 0.25.,0))]
> E V(0,27 (0)locr + f(Z1) . (T)lo=1] — € .
The required result then follows from the arbitrariness of vy € Uy, ., and € > 0. O

6.2 The Hamilton-Jacobi-Bellman equation in the general case

The proof of Theorem 3.1 follows from rather standard arguments based on Theorem 6.1 except
that we have to handle the stochastic target constraint.

6.2.1 Supersolution property for ¢t < T

Proof. [Proof of Eq. (3.7)] Let ¢ be a smooth function such that (¢o, 29) € int,(D)UdzD achieves
a strict minimum (equal to 0) of Vi — ¢ on cl(D). We also consider ¢ € W*(t¢, o).

Case 1: We first consider the case where (to, 29) € int,(D). We argue by contradiction and assume
that

(=Owp + H"p) (to,20) <0 .

Since the coefficients pz and oz are continuous, we can find an open bounded neighborhood B C
int,(D) of (to, 20) and @ € U such that

—L% <0onB. (6.2)
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Let (tn, zn)n be a sequence in B such that V(ty, z,) — Vi(to, z0) and (t,, zn) — (to,20). Denote
ARES z -, Where 4 is viewed as a constant control in U*» and let 6,, denote the first exit time of
(s, 2™(5))s>t, from B. Since (6,, Z"(6,)) € B C int,(D), it follows from Theorem 2.1 that there
exists a control v™ € Uy, -, such that v = u on [ty,0,). We now set 2" = (X", Y™) := Z{ and
observe that Z" = Z" on [tn, 0] by continuity of the paths of both processes. It then follows from

Itd’s Lemma and (6.2) that, for n large enough,
p(tn; 2n) <E[p(0n, 2"(0n))] < E[Vi(0n, 2"(60))] = C

where

= i Ve — >0.
¢ o oo SVe—9)

Since (¢ — V) (tn, zn) — (@ — Vi)(to,20) = 0 as n — oo, this contradicts Theorem 6.1 for n large

enough.

Case 2: We now turn to the case where (¢g,29) € 9zD. As above, we argue by contradiction and

assume that

lim sup inf  (=L%p(t,2)) <0,
(t,2)—(to,20),710  u€Uo,~(t,2,9)

recall (3.4). Note that this implies that Ny(t, z, Do (¢, x)) # () for (¢, z) in a neighborhood of (tg, 2¢).
Using Assumption 3.1, we then deduce that there exists an open neighborhood O of (tg, zp) and a
Lipschitz continuous map 4 on O such that for all (¢,2) € O

L3 o(t,2) < 0
py (z,a(t, 2)) — L9t 2) >0 o . (6.3)

a(t, z) € No(z, Do(t, ))
Let (tn, zn)n be a sequence in O Ninty,(D) such that V(t,, z,) — Vi(to, 20) and (tn, 2,) — (to, 20)-
Let Z" = (X™, Y") denote the solution of (1.3) for the Markovian control 7 associated to @ and
initial condition z, at time t,. Clearly, 7" € U®. Let 6, denote the first exit time of (s, Z™(s))s>t,,

from O. It follows from It6’s Lemma and the two last inequalities in (6.3) that
Y7(0n) > ¢(0n, X"(0n)) + Yo — 6(tn, 2n)

Since w — ¢ achieves a strict maximum at (¢g, o) and (w — ¢)(to, z¢) = 0, we can find k > 0 such
that w — ¢ < —k on JO. Since, by definition of 6, Z”(Gn) € 00, it follows from the previous
inequality that

Y™(0,) = w(0n, X (0,)) + K + yn — d(tn, T) -

Using the fact that y, — ¢(tn, xn) — yo — w(to,zo0) = 0, recall (2.5), we thus deduce that, for n

large enough,
Y™(0n) > w(l,, X™(6,)) .
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In view of Corollary 2.1, we can then find a control v € Uy, ., such that v = 0" on [t,,6,).
Let us set Z" = (X", Y™) := Z{"_ and observe that on Z" = Z" on [tn,0,] by continuity of the
paths of both processes. We can now appeal to the first inequality in (6.3) to obtain by the same

arguments as in Case 1 above that
V(tny zn) <E [V:k(env Zn(en))]
for n large enough. Since v" € U, ., , this contradicts Theorem 6.1.

Remark 6.1. The relazation in (3.4) is used in the above proof to ensure that (6.3) holds on a
neighborhood of (to, zo). In the case where the function w is smooth and the assumptions of Theorem
3.2 hold, it is not required anymore and we can replace of F®* by F§'y in the supersolution property

of Theorem 3.1. Indeed, in this case,
_8t<)0(t07 Zo, w(t()y 1’0)) + F(’)Lt](]go(t()? Zo, w<t0a CU[))) <0

implies that
_‘Cé(to’xO)(p(t(b xo0, w(t07 xO)) <0

where U(t, x) := u(z,w(t,x), Dw(t,z)) by Assumption 3.3, where, by Theorem 3.2,
py (z,w(t, z), it z)) — L85 w(t,2) > 0 and a(t, z) € No(z, w(t, z), Dw(t, z)) . (6.4)
Since @ is Locally Lipschitz, it follows that
—LYD ot 2, y) < 0 (6.5)

on a neighborhood of (to, xo,yo). Now observe that (6.4), Ité’s Lemma, the fact that y, > w(t,, xy)
and a standard comparison result for SDEs show that

\ > w(-,X,Z:%) on [tn, T

tnax’nvyn -

were U™ is the Markovian control associated to 4 and initial conditions (tp,xy,), i.e. defined by
op = at, X", (1) for t > tn. In view of our Standing assumption g(-,w(T,-)) > 0, this shows
that O™ € Uy, 2, .y, Tecall that g is non-decreasing with respect to its second argument. Using (6.5)
instead of the first inequality in (6.3) then allows to show by the same arguments as in the above

proof that
V(tn, 2) < E[V(bn, 27 (6,))

for some well chosen stopping time 0, and n large enough.
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6.2.2 Subsolution property for ¢t <T

Proof. [Proof of Eq. (3.9)] Let ¢ be a smooth function such that (g, z0) € int,(D)UJdzD achieves
a strict maximum (equal to 0) of V* — ¢ on cl(D). We argue by contradiction and assume that

the subsolution property does not hold at (¢o, zo) for ¢, i.e.
—0p(to, 20) + Hup(to, 20) > 0.

Since the coefficients pz and oz are continuous, we can then find an open bounded neighborhood
O of the form (tg — ¢, tg +¢) X O of (to, 20) such that O NIrD = P and for all u € U

—L%p(t,z) >0on O. (6.6)

Let (tn, zn)n be a sequence in O Nint, (D) such that V(t,, z,) — V*(to, 20) and (¢, z5,) — (to, 20)-
For each n, since (¢, z,) € D, there exists a control v € Uy, ... Hence we set Z" := Zt”nn’zn and we
let 6,, denote the first exit time of (s, Z"(s))s>¢, from ON(int,(D)U0zD). Note that, by definition
of U, -, and Theorem 2.1, (s, Z"(s)) € int,(D) U0z D on [t,,T) and therefore (6, Z2™(6,)) € 0,0.
Applying 1t6’s Lemma and using (6.6), we then obtain

P(tn, 2n) = E[p(0n, Z"(0n))] = E [V (0n, Z"(6n))] + ¢
where, since (g, z0) achieves a strict maximum,

—( = V¥ —¢)<0.
Ci=  max (V7 =)
Since (¢ — V) (tn, zn) — (¢ — V*)(t0, 20) = 0 as n — oo, this contradicts Theorem 6.1 for n large

enough.

6.2.3 Terminal condition

The proof of the boundary condition at ¢t = T follows from the preceding arguments and the usual
trick of perturbing the test function by adding a term of the form ++/7T —¢. We only prove the
supersolution property for zp = (zg,y0) such that yo > w(T,z9). The subsolution property is
proved similarly by combining the arguments below with the arguments of Section 6.2.2; it turns
out that it is easier to handle.

Proof. [Proof of Eq. (3.8)] Fix zp := (xo,y0) satisfying yo > w(T,z¢) and ¢ be a smooth
function such that (T, z) achieves a strict minimum (equal to 0) of Vi — ¢ on cl(D) and such that
H*¢(T, zp) < o0.

We argue by contradiction and assume that Vi (T, z9) < f«(20). It follows that we can find r,n > 0
such that

¢ < fe =n on ({T'} x Br(20)) Nel(D). (6.7)

Let (tn,2n)n be a sequence in int,(D) such that V(t,,z,) — Vi(T, 2) and (t,,z,) — (T, 20).
As usual we modify the test function and introduce ¢ : (t,2) — ¢@(z) — (T — t)%, so that
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T, zy) is also a strict minimum point of V., — @. Since H*¢(T,2y) < oo by assumption and
12 2

—0ip(t, z) = —Oyp(t, z) — 5(T — t)_%, where (T — t)_% — o0 as t — T, we can choose r > 0 small

enough and @ € U such that
—L%5 <0 onVy:=[T—rT)x B(2). (6.8)
Since w is continuous and yo > w(T, xg), we can choose r > 0 small enough so that
cd(Wo) c{(t,2) e D : y>w(t,x)+r/2} CD.

Set Z" := thfl 2, Where @ is viewed as a constant control in U and let 0,, denote the first exit
time of (s, Z2"(s))s>t, from Vy. Since (6, Z"(6,)) € &y C D, it follows from Theorem 2.1 that
there exists a control v" € Uy, ., such that v™ = @ on [t,,6,). Using (6.8), we then deduce that

@(tn, zn) <E[G(0n, Z"(0))]

where Z" := Z7" . Since (T z) is a strict minimum point for V, — @ and (V, — ¢)(T, z0) = 0,
we can then find ¢ > 0 such that V., —( > @ on {(¢,2) € MWy : ¢t < T}. Recalling (6.7) and the

previous inequality, it follows that

P(tn,zn) < E [(f*(Z"(On)) - n)l{en:T} + (Vi(On, 27 (0n)) — 4)1{0n<T}] .

Since v € Uy, -, and @(tn,2n) — V(tn,2n) — 0 as n — oo, the above inequality contradicts

Theorem 6.1 for n large enough.

6.3 Subsolution property in the continuous boundary case

In this section, we provide the proof of Proposition 3.1. We divide it in several Steps. From now
on, we let ¢ be a smooth function and (g, z9) € dzD be such that (¢g, z9) is a strict local maximum

point of v — ¢, where v is as in Proposition 3.1. We also fix ¢ € Wi (to, xo) where (zq,y0) = 20.
Lemma 6.1. There exists u € No(z0, Do(to, xo)) such that —LY%p(to, z0) < 0.
Proof. Given n > 0, we define
on(t, z) = @(t, 2) + fy(t, 2)
where, for z = (z,7) € R? x R,
Fofts2) = £y = 9(t.2)) =y = 9(t.2)*

Observe that yo = w(to,z0) = ¢(to,z0) while y > w(t,z) > ¢(t,z) on int,(D) U dzD, since
(to,20) € Oz D and w is continuous on [0,7) x R?, recall (2.4)-(2.5). Observe also that f,(t,2) >0
for 0 <y —¢(t,z) < 77%
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It follows that (to, z0) is a strict local maximum point of v — ¢, on a neighborhood of (%o, 29) on
which 0 <y — ¢(t,z) < 77% We then deduce from the subsolution property of v that

—Bhpn(to, 20) + He(20, Dipy(to, 20), D*py(to, 20)) <0 .
For all £ > 0, we can then find (2, g, 4c) € cl(D) x R x §¥+1 and ! € U such that
‘(Zsa Ge, AE) - (ZOa D@n(to, ZO)’ Dz(pﬂ(t(]a ZO))‘ <e (69)

and, recalling that yo = ¢(to, o),
1
~Oup(tos 20) + LOi(to,z0) + H" (2,¢-, Ac) < ¢ (6.10)

Using (6.9), the definitions of ¢, and H*, we thus obtain

1 1
{~anpttn,z0) = wzlrut) - Dittn, 0) = 5T [0 () D2, 20)] | + Bt a0
o+ H (22, D fy(to, 20), D fy (t0, 20)) < (1 + (e, )| + oz (e w) ). (6.11)

Now straightforward computations show that
2
HU? (267 Df?](t07 Z0)7 DQfT](t()) ZO)) = 7] (UY(Z€7 "U«g) - O-)T((‘,I’.&W Ug)be(th xO))
1 1
+ " <ux(a;5,ug) - Do(to, zo) + i(axa})(ajg,ug)Dzﬂto,xo) - ,uy(za,ug)> (6.12)

(recall that yo = @(to,x0)). We now use Assumption 3.2 in order to deduce that (ud).c(o.y) is
bounded for ¢ small enough. Indeed, either U is bounded or the right hand side of (6.11) is con-

trolled by the first term of H"? (2., D fa(to, z0), D% f,(to, z0)). We thus get a converging subsequence

ul, — ul with €, — 0. We then deduce from (6.11) and (6.12) the following inequality

ull 1 2
— L ¢(to, 20) + Eaﬂﬁ(to, zo) + 1 (UY(ZO, u) — ox (o, uf) Do(to, 360))

1

+ p (Mx(xoa ug) - Do(to, xo) + %(UXU)T()(CUO,US)D%@O@O) - MY(Zo»ug)> <0.

We now use Assumption 3.2 and the continuity of the coefficients again to obtain the required

result by sending n — oo.

Lemma 6.2. For all u; € No(z0, Dd(to,x0)) and v > 0 there exists uy € No(zo, Do(to,x0)) such
that

—L7 o(to, 20) — v [y (20,w) — LY b(to,20)] (v (20,up) — LY d(to, 20)) < 0.
Proof. For v > 0, define ¢, (t,2) := p(t,2) + £,(t, z) where, for z = (z,y) € R? x R,
Gy (t, 2) i= 7y [y (20, ui) — LY ¢(to, 20)] (y — ¢(t, ) .

Since £ (t,z) > 0 when y > ¢(t,x), we conclude that v — ¢, achieves a strict maximum point of
v — ¢y on cl(D). We thus can apply Lemma 6.1 to ¢ = ¢, and get us € No(z0, Dé(to,x0)) such
that —sz ©~(to,20) < 0. Direct computations imply the required result.
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Proof. [Proof of Proposition 3.1] Given n > 0, it follows from Lemmata 6.1 and 6.2 that we can
find a sequence (u)y in No(zo, Dé(to, z0)) such that for all k > 1

" u) uy,
L o1, 20) — 1 [MY(zo,uZ) - £Xk¢(to,xo)} <MY(ZO7UZ+1) - £Xk+1¢(t07$0)> <0.

Since Ny(z0, Dg(to, x0)) is compact under Assumption 3.2 (see Remark 3.4), it follows from the
continuity of the coefficients that, for all > 0, we can find u, € Ny(z0, Dé(to, o)) such that

_ﬁZLngo(to,zo) +n ([My(z(),un) — ﬁg(n(p(to’xo)],)Q <0.

Sending n — oo and using once again the fact that Ny(z9, Dé(to, o)) is compact leads to the

required result.

6.4 Boundary condition when w is smooth

In this section, we prove Proposition 3.2 .

6.4.1 Supersolution property in the domain

We assume that g := u(to, zo) € int(U), recall Theorem 3.2. Let ¢ be a smooth function and
(to, o) € [0,T) x R? be a strict minimum point for Vi — ¢ such that (Vi — ¢)(to, z0) = 0. We can
assume without loss of generality that ¢ has polynomial growth. Set yo := w(to, x¢) and define ¢,
by n(t, z,y) = ¢(t,x) —n(y —w(t, z)) —(t, x,y) with (¢, z,y) := [ —z0[* + |y — yo|*P + [t — to|?,
n > 1, for some p to be chosen later on. Since V' and w have polynomial growth, for p > 2 large
enough, Vi — ¢, admits a local minimum point (¢,, z,,) on cl(D). We note z, = (zn, yn). Writing
that

(Vi = 9)(to,z0) = (Vi = ¢n)(to, 2o, w(to, z0))
- (V* - (pn)(tm Zn)
(Vi = &) (tn, 2n) + n(yn — w(tn, zn)) + P (tn, Tn, Yn)

Vv

we deduce from the growth condition on V' that, after possibly passing to a subsequence, (¢, Ty, yn) —
(oo, Too, Yoo = W(tsos Too)) for some (too, Too) € [0,T] x RZ Tt follows that

(V* - ¢)(t0,l’0) > limsup ((V:k - qb)(tna Zn) + n(yn - ’(U(tn,l'n)) + "Z}(tnal'myn))

> nint (Ve — 6)(fns 20) + 105D (031 — 0(ts 20)) + ¥t 7, 1)

> (Ve — 0){tas ocs wltoes 80) + 50D 151 — (ts 50)) + (Es s )
> (Ve = 6){tmes s 0ltoes ) + B0 2y — (0 0) + s s )
> (V= B)ltoerine) = (V2 — 6)(t0, 0

which implies that
(tna Tns Yn, ‘/:k(tn7 Zn)a n(yn - w(tna mn))) - (th Z0, Yo, Qb(th .TQ), O) . (613)
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In particular, ¢, < T for n large enough. Moreover, it follows from Theorem 3.2 that Ny(zy,
W(tn, Tn), Dw(ty,xy,)) # 0. Set 4y, := u(ty,x,) and note that 4, — tg € int(U), by Assumption
3.3. It follows that a, € int(U), for n large enough.

We have two cases:

1. If y, = w(ty, zy), then it follows from Remark 6.1 that

~LF"¢n(tn, Tn, yn) 2 0. (6.14)

2. If yp, > w(tn, zn), then (t,,zn,yn) € inty(D) and it follows Theorem 3.1 that (6.14) holds too.
In both case, we thus have, by replacing ¢, in (6.14),

R S (uy(wm Yn» n) — L w(ty, x”)) LG T, n) 2 0.

Since py is Lipschitz continuous, n(y, — w(t,, z,)) — 0 and E%"@Z)(tn, Tn,Yn) — 0, by (6.13), this
implies that

—[,%)qﬁ(to, xo) + liminfn (,uy(xn,w(tn,xn),ﬂn) - ,Cg(”w(tn,xn)> >0.

Since 4, € int(U) for n large enough, Theorem 3.2 implies that py (x,, w(t,, zn), ﬂn)—ﬁg”(”w(tn, Ty) =

0 which proves the required result.

6.4.2 Subsolution property in the domain.

Let ¢ be a smooth function, (tp,z¢) € [0,T) x R% be a global strict maximum point for V* — ¢.
Given € > 0, define for n > 1 the function ¢, by

nlt,z,y) = d(ta) +U(tz,y) +enly —w(t,z) +en’(y — w(t,z))(w(t,z) —y +n7")

with ¥(t, z,y) == |t — to|> + |z — 20|* + |y — v0|?. Let (tn, Tn,Yn)n be a sequence such that, for
each n, (t,, Ty, yn) is a maximizer on {(t,z,y) € (D) : y—w(t,z) <n~"'} of V* — ¢,. Arguing
as in the previous section, one easily checks that, for p > 2 large enough and after possibly passing

to a subsequence,
(tnaxnan(yn - w(tnvxn))) - (thanO) . (6'15)

In particular, we can assume, after possibly passing to a subsequence, that ¢, < T and y, —
w(ty,xy) < n~ ! for all n > 1. It then follows from Corollary 3.1 that, for each n > 1, we can find
u, € U such that

n! > —E%"(pn(tn,In,yn) )
which, by direct computations, implies

n! > —E}"Qb(tn, xn) — 2en? (nil + w(tna l'n) - yn) (HY($7L7 Yn, un) - L;L(nw(tn’ an))
+ 5n2|N“”(xn,yn,Dw(tn,xn))\2 — L7 (tn, Tn,Yn) - (6.16)
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Note that (6.15) implies that
n® (n™' + w(tn, ¥n) — yn) = O(n) . (6.17)

Using (3.11) and the previous inequality, we then deduce that the sequence (uy,), is bounded and
therefore converges, after possibly passing to a subsequence, to some ug € U. It also follows that
n| N (2, Yn, Dw(ty, z,))|? is bounded, so that NU0(zg, w(to, z0), Dw(to, 2¢)) = lim, N (24, Yn,
Duw(ty,x,)) = 0, which by Assumption 3.3, leads to ug = u(to, o). Moreover, it follows from
(6.15)-(6.16)-(6.17), the Lipschitz continuity of the coefficients and the convergence u,, — u(to, o)
that

aln) > —E?((to’xo)dto, o) + 2en? ‘nil + w(ty, Ty) — yn| (E“X”w(tn,a;n) — ,uy(:cn,w(tn,xn),un))

+  en?|N" (zy, w(tn, ), Dw(tn, 2,))|*

where a(n) — 0 as n — oo. In view of Assumption 3.4 and (6.17), taking the limit as n — oo

leads to
. ﬁ(to,xo) .
0 > ‘CX qb(to, SC()) eC

for some C' > 0, which, by arbitrariness of € > 0 proves the required result.

6.4.3 Subsolution property on the boundary

Fix 29 € R? and a smooth function ¢ such that xg achieves a strict maximum of V*(T,-) — ¢
such that V*(T', z) — p(xg) = 0. If W, (T, z¢) # 0, we can find a smooth function ¢ such that z
reaches a local minimum of w(T,-) — ¢ such that w(T,zo) — ¢(xg) = 0. For n > 1, set Pp(2) 1=

o(@) +nly — o(2) + ¥ (2, y) + 1y — ¢())(d(x) —y +n~") where ¥ (w,y) := |z —zo[* + |y — yo|*”
for some p > 2. Arguing as above, we obtain that, for p > 2 large enough, there exists a sequence

of local maximizers (Z,,, Jn)n of V*(T,) — ¢, such that
(Zn, (G — O(Zn)), V(T Eny ) — (0,0, V(T 20)) - (6.18)
For all w € U, we now compute that
—LYGn(zn) = —L%¢(Tn) = 20" (071 + ¢(Tn) = Fn) (y (Tns Gy 1) — L% G(Fn))
+ 0[N (Fn, G, DY(in)|* = LY (Tn, Gn)

In view of (3.11), this implies that H.p,(zn) > —oo. It then follows from Theorem 3.1 that
VAT, ZnyUn) < [*(Zn,Pn) for all n. Sending n — oo and using (6.18) shows that V*(T,xp) <
f*(xo, d(x0)) = f*(x0,w(T, xp)), which concludes the proof. O

6.4.4  Supersolution property on the boundary

Step 1. We first show that for any smooth function ¢ and (T, z) € [0,T) x R? x R, such that yo =
w(to, o), with zo = (x0, o), which is a strict minimum point for V,,—¢ such that (V. —¢)(T, z9) = 0,
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we have

(T, z0) > fe(20) if limsup  Ja(t',2")] < oo (6.19)
(t"x")—=(Tzo), '<T

where 4 := (-, w, Dw).
We argue by contradiction, and assume that ¢(7',20) < f«(20). Then, there exists n,r > 0 small

enough so that
0 < fi—mn on{T} x B.(2). (6.20)

Let (ty, zn)n be a sequence in int, (D) such that V(t,, z,) — Vi(T, 20) and (tn,2,) — (T, 20). As

in Section 6.2.3, we modify the test function and introduce ¢ : (t,2) — ¢(2) — (T — t)%, so

that (T, zp) is also a strict minimum point of Vi, — @. Recalling the right-hand side of (6.19) and
1 1

observing that —0;¢(t, z) = —0p(t,z) — (T —t)"2, where (T'—t)"2 — oo as t — T, we deduce

that we can choose r > 0 small enough such that
—L%5 <0 onVy:=[T —rT)x B(2). (6.21)
In view of Theorem 3.2, w satisfies
py (- w, ) — L% w >0 on [T —r, T) x RY. (6.22)

Set Z" = Zg:Zn where 4" is the Markovian control associated to 4. Since y, > w(t,,z,) a
standard comparison argument combined with (6.22) implies that Y"(T") > w(T, X™(T")). Hence,
" € Uy, . Moreover, (6.21) implies that

Bltns =) < E [3(600, 27(62))] .

where 6, is the first exit time of (s, Z"(s))s>¢, from Vy. Since (T} zo) is a strict minimum point for
Vi—pand (Vi—@)(T, z9) = 0, we can then find ¢ > 0 such that V,.—( > @on {(t,2) € 90Vy : t <T}.
Recalling (6.20) and the previous inequality, it follows that

PtnsTnyyn) < E|(Fo(27(0n)) = 0)Lig,=ry + (Vi(bn, Z7(6n)) — )1y, <1)

Since v" € Uy, 2y, a0d @(tn, 2n) — V(tn, 2zn) — 0 as n — oo, the above inequality contradicts
Theorem 6.1 for n large enough.

Step 2. The proof is concluded by arguing as in Section 6.4.3 above and adapting the test function
as in Section 6.4.1. |

Appendix: Dynamic programming for stochastic targets

This Appendix is devoted to the proof of Theorem 2.1, which is essentially known from [21]. The
only difference comes from the definition of the set of controls. Since the above arguments are
almost the same as the one used in [21], we only insist on the differences and refer to this paper

for some auxiliary results. We start with two important lemmata.
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Lemma A.1. The set {(t,2,v) € [0,T] x R x U : v eU'} is closed in [0, T]| xR x L2([0, T]
Q) and the set T = {(t,z,v) €[0,T) xR xU : v €U} is a Borel set in [0,T] x R x
L3([0,T] x Q).

Proof. Let (t,,v"),>1 be a sequence in [0, 7] x U such that v™ € U'» for each n, and (t,, ") —
(t,v) € [0,T] x L2([0, T] x Q) strongly. Let ¢ be a continuous adapted bounded process. For n > 1,

T T
E [/0 V?fsAtndS] :/0 E [V E [Eont, ] ds

since v is independent on F;, and &, is Fy,-measurable. Sending n — oo and using the

we have

continuity of £, we then obtain

e[ [ weonas| = [ Bilmienas.

By arbitrariness of £, this shows that v is independent on F;. On the other hand, it follows exactly
from the same arguments as in the proof of Lemma 3.1 of [21] that {(¢,2,v) € [0,T] x R x U/ :
9(Z¢.(T)) > 0 P — a.s.} is a Borel set. In view of the previous result, this implies that I' is the

intersection of two Borel sets. O

Lemma A.2. For any probability measure m on (D,Bp), there exists a Borel measurable map

¢m : (D,Bp) — (U, By) such that ¢, (t,2) € Uy . for m-a.e. (t,z) € D.

Proof. Appealing to Lemma A.1 above, the proof follows the same arguments as in the proof of
Lemma 3.1 in [21]. O

Proof of Theorem 2.1. The first assertion follows from the same argument as in the proof of
Theorem 3.1 in [21] by appealing to Lemma A.2 instead of Lemma 3.1 in [21]. We now prove the
second one. Fix (t,2) € [0,7) x R¥*L 9 a [t, T]—valued stopping time, v € U and ¥ € U, , such
that v = U on [t,0). Then, the flow property implies that

1 = P[Q(Zg,ZZZ(G)(T)) 20}

_ L0 /o vn dP(w)dP(&) |
// {Q<Z (¢ )+T0(w)( ))(T)(we(w)+T0(w)(@))> 20}

0(w),2Y ,(0)(w)
where we use the notations w” := (wiar)i<r and Ty (w) 1= (Wstr — wy)s<7—y for r € [0, T]. Viewing
o e w4+ Ty)(@)) as a control independent on Fy(,, for fixed w € €2, this shows that,
for P-a.e. w €, (6,2¢,(0))(w) € D. O
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