Fluctuations of energy flux in a simple dissipative out-of-equilibrium system

Claudio Falcón^1 and Eric Falcon^2 1Laboratoire de Physique Statistique, École Normale Supérieure, CNRS, 24, rue Lhomond, 75 005 Paris, France 2Laboratoire Matière et Systèmes Complexes (MSC), Université Paris Diderot, CNRS (UMR 7057) 10 rue A. Domon & L. Duquet, 75 013 Paris, France (Dated: March 28, 2009)

We report the statistical properties of the fluctuations of the energy flux in an electronic RC circuit driven with a stochastic voltage. The fluctuations of the power injected in the circuit are measured as a function of the damping rate and the forcing parameters. We show that its distribution exhibits a cusp close to zero and two asymmetric exponential tails, the asymmetry being driven by the mean dissipation. This simple experiment allows to capture the qualitative features of the energy flux distribution observed in more complex dissipative systems. We also show that the large fluctuations of injected power averaged on a time lag do not verify the Fluctuation Theorem even for long averaging time. This is in contrast with the findings of previous experiments due to their small range of explored fluctuation amplitude. The injected power in a system of N components either correlated or not is also studied to mimic systems with large number of particles, such as in a dilute granular gas.

PACS numbers: 05.40.-a, 05.70.Ln, 05.10.Gg, 84.30.-r

I. INTRODUCTION

Global quantities (i.e., quantities averaged over the boundaries or the entire volume of the system) are of paramount importance to describe the dynamics and the statistics of dissipative out-of-equilibrium systems [1]. For instance, the injected power is necessary to maintain a dissipative system in an out-of-equilibrium regime. A system thus reaches a stationary non-equilibrium state when a balance between the mean injected power and the mean dissipated power is achieved. The usual tools of equilibrium statistical mechanics do not apply to such systems or are reduced to the Fluctuation–Dissipation theorem [2]. Even more, the injected power I is a fluctuating quantity and cannot be only regarded as a constant parameter. Their fluctuations display values that can be several times larger than its average, and their statistics (even averaged over a macroscopic volume) present large deviations [1, 3, 4]. It is thus of crucial interest to study the statistical properties of the energy flux driving a system far from equilibrium, and its relation to its internal energy. In some systems, the energy flux fluctuations can be directly related to the internal energy by means of the Fluctuation Theorem (FT).

The FT is of fundamental importance for microscopic systems far from equilibrium in a stationary state. It was first introduced numerically for a fluid under an external shear [5], then mathematical proof was given [6, 7]. For a nonequilibrium dissipative system, this theorem describes the asymmetry of distribution of a fluctuating global quantity I_τ (energy flux, entropy production rate,...) averaged over a time τ much larger than its typical correlation time τ_c. For systems close to equilibrium or for macroscopic ones, the FT gives a generalization of the second law of thermodynamics, and also implies the Green-Kubo relations for linear transport coefficients when combined with the central limit theorem

[8]. Moreover, it can be applied to nonequilibrium transitions between two different equilibrium states leading to the so-called Jarzynski equality [9]. Its derivation requires the assumption of time reversibility of the system dynamics, ergodic consistency, and a certain initial distribution of particle states. Finally, it does not require or imply that the distribution of time averaged fluctuating quantity I_τ is Gaussian.

Experimental tests of the fluctuation theorem relation have been reported in various systems: in granular gases [10], in turbulent flows (thermal convection [11, 12], swirling flows [13]), in liquid crystals [14], with an electric dipole [15] or a mechanical oscillator [16], in a two-level atomic system [17], and by means of a colloid particle [18] or an RNA molecule [19] in an optical trap. In all these experiments, the fluctuation theorem is found to be verified with good accuracy despite some of these systems do not satisfy the microscopic reversibility hypothesis. Such a good agreement has been also reported in numerical simulations of granular gases [1, 4], turbulence [1, 20], and earthquakes [1]. The reasons of this apparent verification of the FT are two fold: either due to the small range of explored fluctuation amplitude ϵ ≡ I_τ /⟨I⟩ [1, 4, 20], or due to the long averaging time τ needed [1, 4, 21]. Only small relative fluctuation amplitudes (ϵ ≤ 0.8 for τ ≤ 20τ_c) have been reached in the above experiments [10–13]. Very recently, large range of ϵ has been attained, even for τ >> τ_c, by measuring the fluctuating injected power in an experiment of wave turbulence on a fluid surface [22]. This experiment then shows that the FT is not satisfied for high enough ϵ. Such a disagreement was also predicted theoretically in a system described by a Langevin equation [23]. Note that the breakdown of FT has been recently reported numerically [20] or theoretically [24] in other systems.

In this paper, the fluctuations of energy flux in an electronic circuit are measured to test the fluctuation theo-

Typeset by REVTEX rem within a large range of accessible value of fluctuation amplitude (ϵ ≃ 3) even for long averaging time (τ/τ_c ≃ 20). The electronic circuit is a resistor of resistance R in series with a capacitor of capacitance C driven with a stochastic voltage. This circuit can be view as an electronic analogue of the Langevin equation [25] which describes usually the brownian motion of a particle [26]. It is important to notice that in our experiment the dissipation is selected by the system itself. No ad-hoc dissipation or thermostat is introduced to ensure the FT hypothesis (i.e. the time reversibility of the system). The study of the statistical properties of the injected power in such a circuit point out three important results:

First, the probability density function (PDF) of the fluctuations of the injected power in the circuit is studied as a function of the control parameters (damping rate, amplitude of the stochastic forcing). The asymmetry is driven by the damping rate: The more the mean dissipation increases, the less the negative events of injected power occur. This electronic circuit is one of the simplest system to understand the properties of the energy flux fluctuations shared by other dissipative out-of-equilibrium systems (such as in granular gases [10], wave turbulence [22] and convection [12, 28]).

Second, we show that the fluctuations of injected power averaged on a time τ do not verify the fluctuation theorem at large values of ϵ, even for τ >> τ_c. This occurs for values of ϵ larger than the most probable value of the injected power PDF. This electronic circuit thus appears to be a very useful tool to test fluctuation theorem in the different limits of the averaging time and of the fluctuation amplitude.

Third, the injected power in a system constituted by an ensemble of N uncorrelated components is then studied. This mimics a dissipative multi-component system driven out-of-equilibrium without spatial correlation between them. The fluctuations of the time averaged injected power of the N components then verifies the fluctuation theorem for finite time. This bridges the gap between results about the test of the FT for systems with low particle number (such as the ones described by the Langevin equation), and systems with large number of uncorrelated particles (such as in a dilute granular gas). The link between them can be understood as a consequence of the central limit theorem.

It is well known that electronic circuits are very useful analogue experiments to study stochastic nonlinear problems [29]. However, one could wonder their relevance with respect to numerical simulations. Analogue circuits get the advantages that any naturally occurring noise necessarily has a finite correlation time, and thus avoid to pre-select a correlated noise type (Ito-Stratanovivch dilemma) in writing the numerical code [29]. Moreover, the simulation leads to the accumulation of truncation errors, and it takes a longer time to implement and to compute [29].

The paper is organized as follows. Section II explains the experimental setup of the RC circuit. Section III contains the results about the statistical properties of the injected power in the circuit. Some of the experimental results of the Section III are then recovered in Section IV with a simple model based on a Langevin equation with a Gaussian colored noise (the so-called Orstein-Ulhembeck noise) [22, 27]. Section V contains the experimental test of the Fluctuation Theorem for the energy flux in a RC circuit. Finally, Section VI is devoted to the experimental study of the injected power in a system constituted by a set of N uncorrelated components, as well as the test of the Fluctuation Theorem for its energy flux.

FIG. 1: Scheme of the electronic circuit as an analogue of the Langevin equation.

II. EXPERIMENTAL SETUP

The experimental setup consists of a resistor, R, in series with a capacitor, C, driven with an external stochastic voltage ζ(t) as displayed in Fig. 1. The equation of continuity for the voltage V across the resistor R leads to γ^{−1} dV (t) dt + V (t) = ζ(t), (1)

where γ^{−1} = RC. As it will be shown below, the injected power in the RC circuit is I(t) ≡ γV (t)ζ(t). (2) The zero mean Gaussian random noise ζ(t) is generated by a Spectrum Analyzer (Hewlett-Packard HP 35670A). This noise is low-pass filtered at a cut-off frequency λ fixed to 5 kHz, unless specified otherwise. The control parameter is the noise amplitude D defined by the constant value of its power spectral density, as an analogy to the white noise limit. C is fixed to 1 μF , and R can be varied between 200 Ω and 10 kΩ leading to values of γ between 50 Hz and 10 kHz. The output V (t) of the RC circuit is multiplied by the random forcing ζ(t) by means of an analog multiplier (Analog Devices AD540). The resulting voltage V (t)ζ(t) is proportional to the injected power (see below) and is acquired with a Digitalto-Analog Acquisition card (AT-MIO-16X) at 100 kHz sampling frequency for 10 s, with a precision of 0.3 mV.

Equation (1) is the analogue of the Langevin equation that usually describes the dynamics of a Brownian particle of velocity v as [26] dv(t) dt + γ̃v(t) = f(t), (3)

where γ̃ is the inverse of a damping time. f is an external Gaussian random forcing with zero mean and a given autocorrelation function. In the singular limit of zero-correlation time (i.e., for a white noise forcing), this function reads < f(t)f(t^′) >= f_0δ(t − t^′) and the Fluctuation–Dissipation theorem is satisfied with ⟨ v^2 ⟩ = f_0/(2γ), f_0 being the noise intensity [2]. For a non-zero correlation time (as in this study), the system cannot be in equilibrium, and another viscous term different from the one of Eq. (3) must be used to recover the equilibrium state [30]. Multiplying Eq. (3) by v gives d dt [ v(t)^2 2 ] = f(t)v(t) − γ̃v(t)^2 , (4)

meaning that the energy budget of the system is driven by the injected power, f(t)v(t), and the dissipative one, γ̃v(t)^2. This analogy thus shows easily that Eq. (2) is the injected power in the electronic circuit.

The aim is now to study the probability distribution function (PDF) of the injected power in the RC circuit, described by a Langevin equation as the simplest dissipative system driven out of equilibrium by an external force. The objective is to probe the out-of-equilibrium statistical properties of the injected power and its relation with the fluctuation theorem. It is noteworthy to underline that in this simple system the forcing f(t) is not in any case a thermal bath. Due to the non-zero correlation time of the forcing, this system is strongly out of equilibrium and the Fluctuation–Dissipation theorem does not hold [2]. This is mainly due to the non-Gaussian shape of the injected power distribution, in contrast with other experimental devices where the injected power fluctuations are quasi normal [15, 16].

III. STATISTICAL PROPERTIES OF THE INJECTED POWER

The probability density function of the injected power, I(t), is shown in Fig. 2 for different values of the noise amplitude D, and the damping rate γ. For all values of D and γ, the PDFs exhibit two asymmetric exponential tails and a cusp near I ≃ 0. Note that this typical PDF shape has been also observed in various more complex systems (granular gases [10], wave turbulence [22] and convection [12, 28]). As shown in Fig. 2, the PDF skewness increases strongly with γ at a fixed D. Moreover, the extremal fluctuations increase strongly with D at a fixed γ.

At a fixed value of γ, the PDFs of I are plotted in Fig. 3 for 9 different noise amplitudes. As shown in the inset of

FIG. 2: (Color online) Probability density functions of the injected power I for two different noise amplitudes: D = 1.56 × 10^{−3} V^2_{rms}/Hz [(a) and (b)], D = 0.75 × 10^{−3} V^2_{rms}/Hz [(c) and (d)]; and damping rates: γ = 200 Hz [(a) and (c)], γ = 2000 Hz [(b) and (d)].

FIG. 3: (Color online) Probability density functions of injected power, I, for D = 0.06 to 1.56 × 10^{−3} V^2_{rms}/Hz (see the arrow) for γ = 200 Hz. Inset: Probability density functions in the rescaled variable (I − ⟨I⟩)/σI .

Fig. 3, all these PDFs collapse on the same curve when plotted in the centered-reduced variable, (I − ⟨I⟩)/σ_I , where σ_I is the rms value of I, and ⟨I⟩ its mean value. Such a collapse means that all the moments of I scale as σ_I . As shown in Fig. 4, σ_I (as well as ⟨I⟩) scales linearly with D. This linear dependence with D of the PDF of I can be recovered by dimensional analysis. Thus, since the slopes of the exponential tails scale as D^{−1}, when the noise amplitude D is doubled, the largest injected power fluctuation reached is doubled.

FIG. 4: (Color online) Mean ⟨I⟩ and standard deviation σI of the injected power as a function of the noise amplitude D. γ = 200 Hz.

FIG. 5: (Color online) Mean ⟨I⟩ and standard deviation σI of the injected power as a function of the damping rate γ. D = 0.75 × 10^{−3} V^2_{rms}/Hz. (−): linear best fits of slopes 1.9 V and 1.59 V, respectively.

The noise amplitude D is now fixed in order to take into account the effect of the damping rate γ on the injected power fluctuations. For different values of γ, ⟨I⟩ and σ_I are plotted in Fig. 5. Both moments scale as a power law of γ with two different exponents. Therefore no collapse occurs when the PDFs of I are plotted in the centered-reduced variable. However, as displayed in Fig. 6, both the exponential tails of positive and negative values of I show power law dependences with γ. The slope of the positive exponential tails scales as ∼ γ^{−1.65±0.05}, whereas the negative one scales as ∼ γ^{−1.33±0.05}. This means that the probability of having negative values of injected power decreases faster than the probability of having positive ones as the system becomes more and more dissipative.

FIG. 6: (Color online) Scaling of the PDFs of the negative values (left) and the positive values (right) of injected power I, for 9 values of D, and 10 values of γ.

Taking into account both the effect of D and γ, the PDF of the positive values of I behaves, far from the cusp at I ≃ 0, as

P_+(I) ∼ exp ( −α_+ I Dγ^{1.65} ) . (5)

Similarly, the PDF of the negative values of I behaves as

P_−(I) ∼ exp ( α_− I Dγ^{1.33} ) (6) where α_± are two constants. As shown below in Sect. IV, an explicit formula of the PDF of I can be computed [22], that can capture the properties of the distribution found here: a cusp close to zero and asymmetric exponential tails (see Sect. IV).

Both D and γ are now fixed in order to study the effect of the random noise cut-off frequency λ on ⟨I⟩ and σ_I . As shown in Fig. 7, when λ is varied from 3 kHz to 40 kHz, the mean injected power is roughly found independent of λ with our experimental accuracy, whereas σ_I scales as the square root of λ.

Finally, to summarize all the experimental results, the two first moments of injected power behave like

⟨I⟩ ∼ Dγ^{1.90} and σ_I ∼ Dγ^{1.59}λ^{0.50}. (7)

Note that all the previous exponents are experimentally measured with an accuracy of ±0.05. Thus, the noise amplitude D is found to drive the scale of the injected power fluctuations whereas the damping rate γ controls the asymmetry of the PDF of I.

FIG. 7: (Color online) Scaling of the mean ⟨I⟩ and standard deviation σI with the cut-off frequency λ. (−): linear best fit of slope 0.11 V and 0.56 V, respectively.

IV. LANGEVIN-TYPE MODEL WITH AN ORSTEIN-ULHEMBECK FORCING

Using a simple model that has been recently presented in Ref. [22] and will be discussed in details in another paper [27], let us try to recover the above experimental results: The shape of the injected power distribution, and the scaling of its first cumulants (⟨I⟩ and σ_I ) with the parameters D, γ and λ.

From Eq. (1) of the electronic circuit, and the fact that the stochastic forcing ζ(t) is low-pass filtered at frequency λ, one can write the following coupled linear equations dV (t) dt + γV (t) = γζ(t) (8) dζ(t) dt + λζ(t) = ξ(t) (9)

with V (t) the voltage, γ^{−1} = RC the damping parameter, ζ(t) the colored random forcing, and ξ(t) the Gaussian white noise with < ξ(t)ξ(t^′) >= Dδ(t − t^′), D being the noise amplitude. Note that if we only used a Gaussian white noise in Eq. (8), then one find ⟨I⟩ ∼ σ_I ∼ D but with no dependence with γ [2] contrarily to the experimental results [see Eq. (7)]. A dependence with γ is obtained when using an colored type of noise for ζ(t), such as the Orstein-Ulhembeck (OU) one of Eq. (9) [2]. The colored noise indeed introduces a typical frequency needed to simulate the frequency cut-off λ experienced by the low-passed filtered Gaussian white noise in the experiment.

As shown in Sect. II, the injected power in the circuit writes I(t) = γζ(t)V (t). Using the fact that both variables V (t) and ζ(t) are Gaussian with zero mean, the PDF(I) can be written in an explicit way [22]. Let us rapidly recall the main points of its derivation. First, the stationary joint PDF(V ,ζ) writes as a Gaussian bivariate which depends only on the correlation coefficient r ≡ ⟨ζV ⟩ /σ_V σ_ζ between both random variables [31], where σ_ζ = √ D/(2λ) and σ_V are the rms values of ζ(t) and v(t), respectively. Second, by means of a change of variables, the PDF(Ĩ ≡ ζV = I/γ) then is computed as [22]

P (Ĩ) = √ 1 − r^2 πc exp [ rĨ c ] K_0 [ |Ĩ| c ] (10)

where c = (1 − r^2)σ_V σ_ζ , and K_0[·] is the zeroth order modified Bessel function of the second kind. One have also r = √ γ/(γ + λ) [22], meaning that, at fixed λ, r is directly related to the damping coefficient γ. Eq. (10) then is determined once r is known, i.e. when ⟨I⟩, σ_V and σ_ζ are known. Since these quantities are measured, we can compare the theoretical PDF(I) of Eq. (10) with the experimental one with no adjustable parameter. This is shown in Fig. 8 for two different values of γ (or r). The computed PDFs display a cusp at I = 0 and exponential asymmetrical tails for large values of I in good agreement with the experimental shapes. As shown in Fig. 8, increasing the damping rate γ leads to PDF more and more asymmetrical with less and less negative events. The asymmetry then increases when the damping rate γ increases. The asymmetry or the skewness of the injected power distribution is then controlled by the damping parameter γ (or the correlation coefficient r at fixed cut-off frequency λ).

FIG. 8: (Color online) PDFs of I/ ⟨I⟩: Comparison between experiment (−) and theory [(− · −) from Eq. (10)] for two different values of the damping rate γ = 2000 Hz (r =^{<I>}_{σV σζ} = 0.45) [black line] and γ = 200 Hz (r = 0.15) [red (light gray) line]. The cut-off frequency λ is fixed to 10 kHz.

For other dissipative out-of-equilibrium systems showing energy flux fluctuations, an analogue of the parameter γ can be found. For instance, in an experiment of wave turbulence on a fluid surface [22], the distribution shapes of the injected power I by the wavemaker resemble to the ones found here: When the fluid used is mercury, the PDF(I) is strongly asymmetrical whereas with water, it is much more symmetrical. This is due to mean dissipation which is different for each fluid. The analogue of the γ parameter for wave turbulence experiment is indeed related to the inverse of a typical damping time of the wavemaker which is linear with the fluid density [22].

With the Langevin-type model of Eqs. (8 – 9), one can also calculate the first cumulants of I(t). By solving the linear part of Eqs. (8 – 9), the first cumulants of I(t) in the stationary limit read [31] ⟨I⟩ = γ^2 Dλ λ + γ , (11)

σ_I = γ^2 Dλ λ^{1/2}γ^{1/2}

. (12)

In the limit γ/λ << 1, Eq. (11) yields

⟨I⟩ ∼ Dγ^2λ^0, (13)

which does not depend on the cut-off frequency λ, and Eq. (12) yields

σ_I ∼ Dγ^{3/2}λ^{1/2} (14)

The range of γ used experimentally is between 50 and 2000 Hz, and the frequency cut-off λ is in the range from 3 kHz to 40 kHz. This leads to γ/λ ∼ 0.1 in the worst case. The first two cumulants of Eqs. (13) and (14) derived from the OU process thus are in good agreement with the experimental results of Eqs. (7).

V. RELATION WITH THE FLUCTUATION THEOREM

The smoothing average of the injected power I_τ is computed from the previous data of I as

I_τ (t) = 1 τ ∫_{t+τ} t I(t^′)dt^′, (15)

where τ stands for the time of average of the signal, which is several times the correlation time τ_c of the injected power I. For our experiment, the correlation time τ_c is the inverse of the cut-off frequency, 1/λ, which is now fixed to 10^{−4} s.

To describe the asymmetry of time-averaged injected power I_τ distribution, the quantity ρ(ϵ) is computed as ρ(ϵ) ≡ lim_{τ →∞} τ_c τ ln [ P (ϵ) P (−ϵ) ] , (16)

where P (ϵ ≡ I_τ /⟨I⟩) is the probability to have a ϵ equal to a certain value I_τ /⟨I⟩. ρ(ϵ) is usually called the asymmetrical function [23]. Equation (16) is called the Fluctuation Theorem which states that, for times τ larger than τ_c, this function depends only on ϵ [5, 7, 8]. In a certain limit, Eq. (16) takes the form

ρ(ϵ) = βϵ (17)

where β is a dimensionless constant. It means that the probability ratio to have a positive value of injected power (ϵ) with respect to its negative value (−ϵ) increases exponentially with ϵ at large τ. Note that a similar relation called the Gallavotti–Cohen relationship has been derived under specific conditions [6]. The hypotheses for deriving Eq. (17) are three: the system should be microscopically reversible, dissipative and the dynamics on the phase space should be chaotic [5, 7, 8]. For our dissipative system, the reversibility condition is obviously not fulfilled. However, let us try to test the relation of Eq. (17) with our experimental data of injected power.

FIG. 9: (Color online) PDF of Iτ /⟨I⟩ for various values of τ /τc = 0, 5, 10, 50, 100 and 200 at a fixed value of γ = 2000 Hz. The straight line (−) correspond to Iτ /⟨I⟩ = 0 and the dashed line (−−) to Iτ = ⟨I⟩.

Figure 9 displays the PDF of time-averaged injected power I_τ /⟨I⟩ when τ/τ_c is increased. Several features appear. First, the negative injected power events decrease with increasing τ until they disappear for τ ≳ 5τ_c. Second, when τ/τ_c is increased, the PDF shape for negative values of I_τ /⟨I⟩ change from an exponential shape to a Gaussian one, whereas the exponential shape of the positive part is quite robust. Only when τ >> τ_c, the PDF shape close to the maximum tends towards a Gaussian, as one would expect from the central limit theorem. In Fig. 9, when τ/τ_c increases, the PDF most probable value ϵ^∗ (i.e., where the PDF amplitude is maximum) increases slowly from I_τ /⟨I⟩ = 0 to 1 (the mean value of the injected power). This dependence of ϵ^∗ is shown in Fig. 11 as a function of τ/τ_c. This dependence will be of fundamental importance when probing the FT (see below).

FIG. 10: (Color online) Same as Fig. 9 for γ = 200 Hz.

The Large Deviation Function (LDF) f(ϵ) is generally defined as f(ϵ) ≡ lim_{τ →∞} τ_c τ ln [P (ϵ ≡ I_τ /⟨I⟩)], (18) and Eq. (16) thus leads to ρ(ϵ) = f(ϵ) − f(−ϵ). (19) The LDF describes the probability of very large and uncommon events of ϵ. It is consequently very hard to measure it. The computed LDF as in Eq. (18) approaches its theoretical limit only for large values of τ/τ_c. With our experimental data, one can probe large values of τ/τ_c and therefore calculate a very accurate estimate of the LDF. Developing Eq. (19) up to first order in ϵ, that means, regarding only the terms ϵ ≃ 0, thus leads easily to verify Eqs. (16) and (17). This was first conjectured by Aumaître el al. [1] and then predicted in a particular system by Farago [23]. But, what would happen if ϵ was far from zero?

The experimental values of the asymmetrical function ρ(ϵ) are shown in Figs. 12 and 13 for two different values of γ, as a function of ϵ with 0 ≤ ϵ < 3. For small ϵ, ρ(ϵ) increases linearly as expected, then ρ(ϵ) saturates when ϵ is increases further. For each value of τ/τ_c, the beginning of the saturation occurs for a critical ϵ value called ϵ_c < 1. Thus, the linear prediction ρ(ϵ) ∼ ϵ is valid at finite τ only for ϵ < ϵ_c. It is important to notice that the saturation value ϵ_c of Figs. 12 and 13 corresponds to the maximum value ϵ^∗ of the PDF (see Fig. 11). The fact that ρ(ϵ) ≁ ϵ for values of ϵ greater than ϵ_c = ϵ^∗ is due to the different shapes of the PDF(ϵ) for ϵ < −ϵ^∗ and for ϵ > ϵ^∗ (see Figs. 9 and 10). By extension to non finite τ, this thus means that the FT relation of Eq. (17) does not hold for values of energy flux greater than its most probable value ϵ^∗.

FIG. 11: (Color online) Most probable value ϵ^∗ of PDF(Iτ /⟨I⟩) as a function of τ /τc for γ = 50, 100, 200, 500 and 1000 Hz. For ϵ < ϵ^∗, the relation ρ(ϵ) ∼ ϵ is verified at finite τ , whereas it does not hold for ϵ > ϵ^∗ (see text).

When τ/τ_c increases, it is predicted that the most probable value ϵ^∗ of the PDF converges to 1 slowly as a power-law of τ/τ_c [24]. This power-law dependence is not found experimentally with our data (not shown here), and Fig. 11 clearly shows the convergence of ϵ^∗ to 1 as a consequence of the convergence of the computed f(ϵ) towards the LDF. An analytical prediction for the LDF of the injected power distribution has been derived for a Langevin equation either with a white noise [23] or with a colored noise (OU) forcing [30]. At high τ/τ_c, the shape of our experimental PDF roughly tends towards a Gaussian (see Figs. 9-10 at τ/τ_c = 200) contrarily to the asymmetrical prediction of the LDF with a white or a colored noise. However, we have to be careful during this comparison due to our low statistics at very long averaged times (see the vertical range in the Figs. 9-10 at τ/τ_c = 200).

Increasing now γ, at fixed τ/τ_c, leads decreasing available values of ϵ necessary to probe the Fluctuation Theorem (see Figs. 12 and 13). It comes from the fact that when γ is increased, the number of negative injected power events, ϵ < 0, decreases (γ controls the skewness of the PDF at a given τ_c ∼ 1/λ). We stress the fact that the damping rate γ, and therefore the mean dissipation, is not chosen in this simple experiment in an ad-hoc manner to satisfy time-reversibility. The smoothing of the signal around ⟨I⟩ also decreased the number of available negative events.

In most of the previous experimental test of the Fluctuation Theorem [10–13] the limit of Eq. (17) is well followed, because of the small range of explored ϵ ≤ 0.8 at high τ/τ_c ≤ 20. However, very recently, large range of ϵ has been measured experimentally [22] the Fluctuation Theorem was not satisfied. In our experiment,

FIG. 12: (Color online) Asymmetrical function ρ(ϵ) = τc τ ln [_{P (ϵ)} P (−ϵ) ] as a function of ϵ for different integration times τ /τc = 1 (⋆) to 31 (+) at fixed γ = 100 Hz and D = 1.56 mV^2_{rms}/Hz.

FIG. 13: (Color online) Same as Fig. 12 for γ = 50 Hz.

large range of ϵ (up to 3) are also available even for high τ/τ_c ≃ 20. This, thus allows us to test deeply the Fluctuation Theorem. As explained above, the FT works only for ϵ values smaller than the most probable value ϵ^∗ (see Fig. 11). Above this value saturation occurs, due to the different behavior of the PDF: for values larger than the most probable value, the PDF remains exponential, whereas for values smaller than ϵ^∗ it is smoother. Thus, large events of injected power are not well described by the FT, and lead to the observed saturation of ρ(ϵ).

VI. ON THE INJECTED POWER CORRELATIONS

Dissipative stochastic systems driven out-of-equili-brium are generally constituted of several components (e.g., in granular gases [1, 10]) that may display correlations in space and time. One can wonder how these spatio-temporal correlations change the PDF of the injected power. Even more, it is important to study their relevance in the fulfillment of the Fluctuation Theorem.

The correlation time of the injected power into our simple experimental system can be tuned as a control parameter. To wit, the averaged injected power signal I_τ (t) is expressed as a sum of correlated variables where their temporal correlations mimics the spatial correlations in extended high-dimensional systems (see §VI A). One can also look at the sum of N independent random variables distributed as I(t) (see §VI B). These two kind of signal processing are performed to understand if a set of statistically dependent or independent components has an effect over the fulfillment of the FT (see §VI C).

A. Correlated components

For a single electronic circuit, the smoothing average I_τ of the numerically sampled injected power I(t), defined in Eq.(15) can be written as the discrete sum over N points,

I_τ (t) = 1 N N∑ k=1 I(t + kΔt), (20)

with τ ≡ NΔt and Δt the inverse of the sampling frequency. In our experiment, Δt is fixed at 10 μs. Since the correlation time of the injected power, τ_c ≃ 1/λ = 100 μs, is greater than Δt, the elements of the sum above have a nonzero temporal correlation.

This smoothing average can be also viewed as a sum of N statistically dependent components as

I_τ (t) = 1 N N∑ k=1 I(t + kΔt) ≡ 1 N N∑ k=1 I_k(t), (21)

where I_k (t) corresponds to the injected power of the kth correlated component.

B. Uncorrelated components

Let us now focus on the case where correlations between components are neglected. That is to say each component losses its memory of the effect of the rest of the system faster than its internal dynamics, such as the case of a dilute granular gas where every particle dissipates its energy by collisions. After each collision, due to the low density of the gas, the particle losses its memory of its initial conditions decorrelating the injected power events in time.

We study N statistically independent variables each distributed as I(t). For each time t, each injected power I_i(t) of the ith non-correlated component is summed to obtain the ensemble average of the injected power, I_N (t) defined as

I_N (t) = 1 N N∑ i=1 I_i(t) , (22)

with I_i(t) distributed as Eq. (10). This ensemble average I_N (t) should have different statistical properties than the smoothing one I_τ (t). Indeed, I_N (t) results from the sum over N statistically independent components [see Eq. (22)], whereas I_τ (t) comes from the sum over N statistically dependent or correlated components [see Eq. (21)].

C. Results

The statistical properties of the injected power into both systems described above display striking differences. Figures 14 show the computed LDFs of I_τ and I_N respectively defined by^{τc}_τ ln [P (I_τ /⟨I⟩)] (see Eq. (18)) and by^1_N ln [P (I_N /⟨I⟩)]. These LDFs describe how the fluctuations of both averages with respect to the mean ⟨I⟩ behave when the number of variables taken into account in the each sum, N or τ/τ_c, becomes larger and larger. The computed LDF of I_τ (t) is always asymmetric with exponential tails whatever τ >> τ_c, whereas the computed LDF of I_N (t) tends towards a parabola when N increases.

For the system of statistically dependent components, the LDF of the injected power is not parabolic (as it should be if its PDF was a Gaussian) as shown in Fig. 14a. The convergence to its asymptotic shape is slow, depending strongly on the number of components of the system (i.e., of the durations of the time averaging, τ/τ_c). Moreover, when τ/τ_c increases, Fig. 14a shows also that the PDF’s maximum slowly tends towards the mean value ⟨I⟩, as already noticed in the previous section (Fig. 11). As it has been already shown in Fig. 12 in this case the Fluctuation Theorem is not satisfied.

For the N uncorrelated or statistically independent systems, the computed LDF of I_N shown in Fig. 14b has exponential tails whatever the value of N as expected from the distribution of I_i(t) [see Eq. (10)]. When N is increased from 2 to 10, the center of the LDF becomes more and more parabolic (its PDF becomes more and more Gaussian) as shown in Fig. 14b. This is due to the central limit theorem which can be seen as a quadratic expansion of the LDF around the mean of the distribution. At higher N > 10, no deviation from a parabola is observed in the inset of Fig. 14b due to the small fluctuation values probed. Indeed, if larger fluctuations could

FIG. 14: (Color online) (a) Computed large deviation functions^{τc}_τ ln [P (Iτ /⟨I⟩)] of τ /τc correlated variables with τ /τc = 3 (□) to 50 (⋆) for γ = 100 Hz. (b) Computed large deviation functions^1_N ln [P (IN /⟨I⟩)] of N uncorrelated variables with N = 2 (□), 4 (∘), 6 (+), 8(∗) and 10 (▷) for γ = 100 Hz. Inset: same with N = 10 (▷), 20 (∘), 30 (+), 40 (∗) and 50 (□). The dashed lines show the mean injected power ⟨I⟩.

be accessed, one should expect exponential tails in the distribution.

Let us finally test the FT for an ensemble of N independent variables. The smoothing average of I_N (t) over a time τ is defined as

I_{N τ} (t) = 1 N τ N∑ i=1 ∫_{t+τ} t I_i(t^′)dt^′. (23)

The asymmetrical function ρ(I_{N τ} /⟨I⟩) of the N independent variables (10 ≤ N ≤ 100) is plotted in Fig. 15 for 10 different integration times τ/τ_c. Whatever the value of N and τ/τ_c, ρ(I_{N τ} /⟨I⟩) increases linearly with I_{N τ} /⟨I⟩. Thus, for the system of N uncorrelated variables (e.g.

FIG. 15: (Color online) Asymmetrical function ρ(IN τ /⟨I⟩) of N independent variables, for different integration times τ /τc = 1 (⋆) to 31 (+). N = 10 to 100 with a 10 step.

a system without spatial or temporal correlations), this means that the asymmetric function ρ(ϵ = I_{N τ} /⟨I⟩) satisfies the Fluctuation Theorem as soon as N > 10 [see Eq. (16)]. However, one should be careful with this statement. Our range of accessible fluctuations ϵ decreases with increasing N and τ/τ_c. Consequently, one can only probe the Gaussian part of the PDF(ϵ), but not the exponential tails, leading to the linear behavior observed for ρ(ϵ). Larger ϵ values should be reached in order to observe the effect of the exponential tails on the validity of the FT.

VII. CONCLUSION

In conclusion, we have studied the statistical properties of the instantaneous injected power I(t) in one of the simplest dissipative out-of-equilibrium system: an electronic RC circuit submitted to a stochastic voltage. The probability distribution function (PDF) of I(t) is measured for different values of the forcing amplitude and of the damping rate γ. It displays a cusp near I ≃ 0 and asymmetric exponential tails. This typical PDF shape has been observed in more complex dissipative systems (such as in granular gases [10], wave turbulence [22] and convection [12, 28]). The relevant parameters of the system can be easily changed in our simple experiment. This leads to an heuristic understanding of the features of the injected power PDF by means of a Langevin-type model. The system response V (t) and the forcing ζ(t) are indeed described by two Orstein-Ulhembeck random variables that follow linear coupled Langevin equations [22, 27]. Their correlation coefficient r = ⟨V ζ⟩/σ_V σ_ζ (related directly to the mean injected power) is the only control parameter driving the asymmetry of the distribution of I(t): The larger the damping rate γ, the larger r, and the larger the asymmetry of the PDF. Moreover, from this model, the scaling of ⟨I⟩ and σ_I are found in good agreement with the experimental measurements.

The fluctuation theorem (FT) has then been probed by measuring the asymmetrical function ρ(ϵ) with ϵ = I_τ /⟨I⟩, and I_τ the smoothing average on a time lag τ. Contrarily to previous experiments, the range of available fluctuation amplitude is large (ϵ ≃ 3) even for long averaging time (τ/τ_c ≃ 20). This experiment thus allow to probe the FT in the limit of large ϵ and large τ/τ_c. We have found out that the FT is only satisfied for values of ϵ smaller than the most probable value, ϵ^∗ (i.e. the maximum of the PDF of ϵ). For values larger than ϵ^∗, the asymmetrical function is no more linear with ϵ but saturates. Thus, the FT does not hold for the large available values of ϵ even at large τ/τ_c. This disagreement is not particular of this electronic system, but seems to be generic to other systems. It has been also recently observed with a wave turbulence experiment [22]. This model experiment thus appears as a useful tools to probe the FT in different limits of averaging time and fluctuation amplitudes.

Finally, this electronic experiment can be extend to mimic the behavior of a more complex out-of-equilibrium systems. To wit, we have studied the injected power fluctuations in i) a system of N statistically independent components and ii) a system of N statistically dependent components. This latter can be viewed as an archetype of a dilute granular gas of uncorrelated particles. The Fluctuation Theorem (FT) for the time-averaged injected power has then been tested for the case of the correlated and uncorrelated systems. In the presence of non-zero correlation between components the FT is not satisfied, whereas it is satisfied for the uncorrelated system for finite average time τ. In this last case, the fulfillment of the relation is just a consequence of the central limit theorem. Finally, this work also points out that the agreement with the FT relation is dependent on how the averaging process is performed (non overlapping bins of duration τ > τ_c [10] or overlapping ones are two different processes related to respectively statistically independent or dependent components of the system under study).

Acknowledgments

We thank S. Fauve for suggesting us this experiment. We acknowledge S. Aumaître, J. Farago, S. Fauve and F. Pétrélis for fruitful discussions. This work has been supported by CONICYT and by ANR Turbonde No. BLAN07-3-197846.

[1] S. Aumaître, S. Fauve, S. McNamara and P. Poggi, Eur.

Phys. J. B, 19 449 (2001); S. Aumaître, PhD thesis, Ecole Normale Supérieure de Lyon, March 1999 [2] N. G. Van Kampen, Stochastic Processes in Physics and Chemistry, Academic Press, New York (1992).

[3] S. Ciliberto, S. Douady and S. Fauve, Europhys. Lett.

15, 23 (1991); R. Labbée, J. F. Pinton and S. Fauve, J. Physique II 6, 1099 (1996); S. Aumaître, S. Fauve and J.F. Pinton, Eur. Phys. J. B 16, 563 (2000); S. Aumaître and S. Fauve, Europhys. Lett. 6, 822 (2003) [4] S. Aumaître, J. Farago, and S. McNamara, Eur. Phys. J.

B, 42 255 (2004) [5] D. J. Evans, E. G. D. Cohen and G. P. Morriss, Phys.

Rev. Lett. 71, 2401 (1993) [6] G. Gallavotti and E. G. D. Cohen, Phys. Rev. Lett. 74, 2694 (1995) [7] D. J. Evans and D. J. Searles, Phys. Rev. E 50,1645 (1994); D. J. Evans and D. J. Searles, Adv. Phys. 51, 1529 (2002) [8] D. J. Searles and D. J. Evans, J. Chem. Phys 112, 9727 (2000) [9] J. C. Reid, E. M. Sevick and D. J. Evans, Europhys. Lett.

72, 726 (2005), and references therein.

[10] K. Feitosa and N. Menon, Phys. Rev. Lett. 92, 164301 (2004) [11] S. Ciliberto and C. Laroche, J. Phys. IV (France) 8, Pr6- 215 (1998) [12] X.-D. Shang, P. Tong and K.-Q. Xia, Phys. Rev. E 72, 015301(R) (2005) [13] S. Ciliberto et al., Physica A 340, 240 (2004) [14] W. I. Goldburg, Y. Y. Goldschmidt and H. Kellay, Phys.

Rev. Lett. 87, 245502 (2001) [15] N. Garnier and S. Ciliberto, Phys. Rev. E 71, 060101(R) (2005) [16] F. Douarche, PhD thesis, Ecole Normale Supérieure de

Lyon, November 2005; F. Douarche et al., Phys. Rev. Lett. 97, 140603 (2006) [17] S. Schuler et al., Phys. Rev. Lett. 94, 180602 (2005) [18] G. M. Wang et al. Phys. Rev. Lett. 89, 050601 (2002); D.

M. Carberry et al., Phys. Rev. Lett. 92, 140601 (2004); V. Blickle et al., Phys. Rev. Lett. 96, 070603 (2006) [19] D. Collin et al., Nature 437, 231-234 (2005) [20] T. Gilbert, Europhys. Lett. 67, 172 (2004) [21] A. Puglisi et al. Phys. Rev. Lett. 95, 110202 (2005); P.

Visco et al., Europhys. Lett. 72, 55 (2005) [22] E. Falcon, S. Aumaître, C. Falcón, C. Laroche and S.

Fauve, Phys. Rev. Lett. 100, 064503 (2008) [23] J. Farago, J. Stat. Phys. 107, 781 (2002) [24] R. J. Harris, A. Rákos and G. M. Schütz, Europhys. Lett.

75, 227 (2006); P. Visco, J. Stat. Mech. P06006 (2006); A. Giuliani, F. Zamponi and G. Gallavotti, J. Stat. Phys. 119, 909 (2005) [25] R. Labbé in Instabilities and Non Equilibrium Systems IX, pp. 207-219, Editors O. Descalzi, J. Martínez and S. Rica (Kluwer Academic Publishers, Amsterdam, 2004) [26] P. Langevin, C. R. Acad. Sci. (Paris) 146, 530 (1908); for an english translation, see D. S. Lemons, and A. Gythiel, Am. J. Phys. 65, 1079 (1997) [27] S. Aumaître et al., in preparation (2008) [28] X.-D. Shang, X.-L. Qiu, P. Tong and K.-Q. Xia, Phys.

Rev. Lett. 90 074501 (2003) [29] For instance, see the review D. G. Luchinsky, P. V. E.

McClintock and M. I. Dykman, Rep. Prog. Phys. 61, 889 (1998); D. G. Luchinsky and P. V. E. McClintock, Nature 389, 463 (1997).

[30] J. Farago, Physica A 331, 69 (2004) [31] H. Risken, The Fokker-Planck Equation (Springer- Verlag, Berlin, 1996)