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CARLEMAN ESTIMATE FOR ELLIPTIC OPERATORS WITH COEFFICIENTS WITH
JUMPS AT AN INTERFACE IN ARBITRARY DIMENSION AND APPLICATION TO THE
NULL CONTROLLABILITY OF LINEAR PARABOLIC EQUATIONS

JEROME LE ROUSSEAU AND LUC ROBBIANO

AssTRACT. In a bounded domain of R"*!, n > 2, we consider a second-order elliptic operator, A = —6)%0 - V-
(c(x)Vy), where the (scalar) coefficient c(x) is piecewise smooth yet discontinuous across a smooth interface S'.
We prove a local Carleman estimate for A in the neighborhood of any point of the interface. The “observation”
region can be chosen independently of the sign of the jump of the coefficient ¢ at the considered point. The
derivation of this estimate relies on the separation of the problem into three microlocal regions and the Calderén
projector technique. Following the method of Lebeau and Robbiano [LR95] we then prove the null control-
lability for the linear parabolic initial problem with Dirichlet boundary conditions associated to the operator
at - V,‘( ° (C(X)V;().

Keywords: Elliptic equation; Non-smooth coefficient; Transmission problem; Carleman estimate; Microlocal
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1. INTRODUCTION AND NOTATION

The question of the null controllability of linear parabolic partial differential equations with smooth
coefficients was solved in the 1990’s [LR95, FI196]. In the case of discontinuous coefficients in the principal
part of the parabolic operator, the controllability issue and its dual counterpart, observability, are not fully
solved yet. A result of controllability for a semi-linear heat equation with a coefficient that is discontinuous
at an interface was proven in [DOP02] by means of a global Carleman observability estimate. Roughly
speaking, as in the case of hyperbolic systems (see e.g. [Lio88, page 356]), the authors of [DOP02] proved
their controllability result in the case where the control is supported in the region where the diffusion
coefficient is the ‘lowest’. In both cases, however, the approximate controllability, and its dual counterpart,
uniqueness, are true without any restriction on the monotonicity of the coefficients. It is then natural to
question whether or not an observability estimate holds in the case of non-smooth coefficients and arbitrary
observation location.

Recently, in the one-dimensional case, the controllability result for parabolic equations was proven for
general piecewise ¢" coeflicients in [BDLO07a], and for coeflicients with bounded variations (BV) in [Le 07],
which improved the result of [FCZ02]. The proof relies on global Carleman estimates, which moreover

allow to treat semilinear equations. Simultaneously, a controllability result for parabolic equations with
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general bounded coefficients in one dimension was proven in [AEQ7]. The method used there to achieve
null controllability is that of [LR95], which limits the field of applications to linear equations.

In the n—dimensional case, n > 2, a positive answer to the controllability question was given for a
class of discontinuous coefficients, with separated variables, that are smooth w.r.t. to all but one variables,
which includes the case of stratified media [BDLO7b]. The proof relies both on the Carleman estimates of
[BDLO7a, Le 07] in the one-dimensional case and the method of [LR95].

In the present article, in the case n > 2, we achieve null controllability for a linear parabolic equation in
the case of a coeflicient that exhibits jumps of arbitrary signs at an interface. Let Q be a smooth bounded
connected domain in R”. We consider the operator L := V, - (c(x)V,), with possibly additional lower-order

terms, and where c(x) satisfies

0 < cmin £ ¢(x) < Cax < 00,

to ensure uniform ellipticity for L. The coefficient ¢ is assumed smooth apart from across an interface S,
where it may jump. The interface S is the boundary of a smooth open subset Q; € Q, i.e., Q; lies on
one side of §. Let 7 > 0 and set Q7 = (0,T) X Q. We set Q, = Q '\ Q_1 We prove the following null

controllability result.

Theorem 1.1. For an arbitrary time T > 0 and an arbitrary non-empty open subset w C Q and an initial
condition q € L*(Q), there exists u € L2((0, T) x Q) such that the solution qof
0,q—Lg=1,u inQr,
(1.1) q(t,x)=0 on (0,T) x 09,
9(0,x) = go(x) inQ,
satisfies q(T) = 0 a.e. in Q.

We follow the method of [LR95], thus proving local Carleman estimates for an elliptic operator associ-
ated to the considered parabolic problem: we introduce the elliptic operator A := —6)260 — L. The variable
Xo 1s an additional variables in (0, Xj), for some Xy > 0. We provide such a local Carleman estimate for
the operator A in a small neighborhood V of a point (yg, y) of (0, Xo) X S with an “observation” on one side
of §, independently of the sign of the jump of ¢ at (yy,y). We hence treat all possible cases including the
case that can be treated more classically as mentioned above, for which the “observation” is supported in
the region where the diffusion coefficient is the ‘lowest” [DOPO02].

We denote by (., .) the inner product on L>((0, X,)xQ) and by ||.||, the induced norm. In the present article,
we shall make use of techniques from the semi-classical analysis of pseudodifferential operators (¥DOs)
[Mar02]. With & as the small parameter, we set D = '—;8. Accordingly, we shall use the semi-classical
Sobolev norm ||£1; := o< 1D% (fII, k € N.

The Carleman estimate we aim to prove is of the form
hlle? iy + 121"V wlly < CHYlle? flly. Aw = f in (0,X0) X (Q\ §), h > 0,

for h sufficiently small and supp(w) C V, when w is smooth on both sides of the interface.
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The sign of d,¢ at the interface locates the side of the interface on which the “observation” takes place
(see Section 2 for the application of the local Carleman estimate). To achieve such a Carleman estimate we
follow the method of [LR97], in the spirit of the work of [Bel03]. In particular, we separate the interface
problem into three microlocal regions for which partial Carleman estimates are obtained. In some of these
regions we make use of the Calder6n-projector technique.

With this local Carleman estimate at the interface, we can then prove an interpolation inequality that first
yields an estimation of the loss of orthogonality for the eigenfunctions ¢ ;(x), j € N, of the operator L, with
Dirichlet boundary conditions, when these eigenfunctions are restricted to w. We denote by u;, j € N, the

associated eigenvalues, sorted in an increasing sequence.

Theorem 1.2. For any (a;)jen C C we have:

(1.2) Z la* < Cec‘ﬁf Z aje;(x)

HjSp w | HjSH

2
dx, u>0.

Following [LR95], this estimation then yields a construction of the control function u(t, x) in (1.1), by
sequentially acting on a finite yet increasing number of eigenspaces, and we hence obtain the result of
Theorem 1.1. We refer the reader to [LR95] or [LZ98, Section 5, Proposition 2] for the details.

The reader will observe that the proof of the Carleman estimate can be adapted to other elliptic operators
with non-smooth coeflicients across an interface. Beyond the controllability result of interest in this arti-
cle, such Carleman estimates have a wide range of applications, including unique continuation properties
([Hor63, Zui83, Hor85a]. See Remark 2.8 for further details.

The result of this article opens perspectives for future research towards the null controllability of semi-
linear parabolic equations with non smooth coefficient in space dimension » > 2 and towards more com-
plicated geometrical situations, for instance in the case of coefficients with singularities that do not lie on a
smooth interface.

In this article, when the constant C is used, it refers to a constant that is independent of the semi-classical
parameter A. Its value may however change from one line to another. If we want to keep track of the value
of a constant we shall use another letter. We shall use of the notation (n) := (1 + |77|2)%. Let us now introduce
semi-classical yDOs. We denote by S m(R"™! x R™1), §™ for short, the space of smooth functions a(z, £, h),
defined for & € (0, hy] for some hy > 0, that satisfy the following property: for all @, 8 multi-indices, there
exists Cy 3 > 0, such that

FPa, L, h)| < Copd)"™, zeR™, ZeR™, he (0,h].

Then, for all sequences a,,_; € S m=j, j € N, there exists a symbol a € S§” such thata ~ j ha,,_ j» in the
sense that a — Y ;. h'a,,_; € WNS™ N (see for instance [Mar02, Proposition 2.3.2] or [H6r85b, Proposition
18.1.3]), with a,, as principal symbol. We define ¥ as the space of yDOs A = Op(a), for a € S, formally
defined by

Au(z) = 2rh)~ D f f KOz o) () dr de,  we S (R,
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We shall denote the principal symbol a,, by 0(A). We shall use techniques of pseudodifferential calculus
in this article, such as construction of parametrices, composition formula, formula for the symbol of the
adjoint operator, etc. We refer the reader to [Tay81, H6r85b, Mar02]. In the main text the variable z will be
(x0, x) and £ = (£o, ).

We now introduce tangential symbols and associated operators. We set z = (z',z,), 2 = (205 ---»Zn-1)
and ¢’ = (,...,{u—1) accordingly. We denote by S;'E(R”Jr1 x R"), §7 for short, the space of smooth
functions b(z,’, h), defined for i € (0, hy] for some Ay > 0, that satisfy the following property: for all @, 8

multi-indices, there exists C, g > 0, such that

P b L )| < Capl@Y"™, 2 R™, £ €R", he (0, hol.

As above, for all sequences b,,_; € S ;"__j , j € N, there exists a symbol b € § 3’. such that b ~ 3, j hib,,_ s

in the sense that b — 3 ; .y h/b,—; € hNS?N, with b,, as principal symbol. We define W7 as the space of
tangential ¥ DOs B = op(b) (observe the notation we adopt is different from above to avoid confusion), for

b e S, formally defined by
Bu(z) = 2nh)™ f f GO R u(t  z) df A, ue S (RTY.

We shall also denote the principal symbol b, by o(B). In the case where the symbol is polynomial in ¢’
and h, we shall denote the space of associated tangential differential operators by &'7. We shall denote by
A’ the tangential DO whose symbol is (¢’)°. The composition formula for tangential symbols, b € S,

b’ €S, is given by

(1.3) (b#r b))z ) = Qrah)™ f f eIy O+ W)L+ 120, h) dE AT

—ih)
= S E by b ey

lal<M @
1
—ih)M*! M+ DA =M [ e
$ C ; )h > f WM =97 )(, ) ff eI bz, ¢+ T ) ALY (2 + stz L h)dl dT ds,
(27h) lal=M+1 @ ‘

and yields a tangential symbol in § ;"_*’”'. In the main text the variable z will be (xg, x’, x,,) and ' = (&, &”).
Following [LR95, LR97], we shall denote by (.,.), the inner product for functions defined on {x, = 0},
ie., (f,8) := [ f(x0,x")g(x0,x")dxp dx’. The induced norm is denoted by ||y, i.e., IfI% = (f, f)o. For
s € R we introduce |f]; := |A®fl,.
The outline of the article is as follows. In section 2, we prove the announced local Carleman estimate
at the interface for the elliptic operator A. In Section 3, we prove the interpolation inequality that implies
(1.2). The controllability result then follows from [LR95].

2. LocAL CARLEMAN ESTIMATE AT THE INTERFACE

In the neighborhood of a point (yy,y) of (0, Xp) X S, we denote by x, the variable that is normal to the

interface S and by x’ the remaining spacial variables, i.e., x = (x/, x,,). In particular y = (y’, 0). The interface
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is now given by § = {x; x, = 0}. The transmission conditions at the interface we shall consider are
(TC) Vx0, X', Wy,=0- = Wlg,=0+ + 6, €Oy, Wly,=0- = ¢y, Wly,=0+ + O,

i.e., the continuity of w at the interface as well as the continuity of the normal flux, modulo some error terms
6 and @. It should be noted that for a function satisfying these transmission conditions we may not have Aw
in L? in the neighborhood of (y, y). It will however be in L? on both sides of the interface. Error terms like
6 and O will be useful in Section 3 where the Carleman estimate proven in this section is used to achieve
the null controllability result of Theorem 1.1.

In a sufficiently small neighborhood V c R” of (yy, ¥), we place ourselves in normal geodesic coordinates
(w.r.t. to the spacial variables x). For convenience, we shall take the neighborhood V of the form (yy —
g,Y0 + &) X Vy X (—¢, &), where V,, is a sufficiently small neighborhood of y’. In such coordinate system,
the principal part of the differential operator A takes the following form [H6r85b, Appendix C.5] on both

sides of the interface:
Ay = =0% - c(x) (82, = r(x, 0, /i),
with r(x, &) a x,-family of second-order polynomials in & that satisfy
2.1) r(n&)eR, and CilE' <r(x,&) < Cilé'?, xeVyx(-ge), & R,

for some 0 < C; < C, < oo. Note that the transmission conditions (TC) remain unchanged in this change
of variables.
We set

R™! = {(x0, x), x, < O}, EI_HI = {(x0,x), %, <0}, R™ = {(x0, %), x, > 0}, ﬁTl = {(xg, X), x, > 0},

VE=VAR™!, vi=ynR",

For a compact set K of V we set K¢ = {(xg, x) € K, x,, <0} and K% = {(x0, x) € K, x,, > 0}. We then denote
by € (K?) (resp. €.°(K?)) the space of functions that are ¢ in ﬁiﬂ (resp. ETI) with support in K¥ (resp.
K%).

We let ¢ be a (weight) function in all variables. We shall “observe” the solution of the elliptic equation
Aw = f on the side x,, > 0 and thus choose 9, ¢(x, x’, x, = 0%) > 0. We shall consider three cases in order

to treat the general case:

Case 1: ¢(¥/,y,=07) <c(y,y, =07),

Case 2: c(y/,y, =07) =c(y,y, = 0"),

Case 3: ¢(¥/,y,=07) > c(y,y, = 07).
Recall that Case 3 is the case for which controllability and global Carleman estimates were obtained in
[DOP02].
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On both sides of S we define A, = h?e?"A,e~¢", Considered as a semi-classical differential operator

we denote by a,, its principal symbol, which is given by
a, = (€0 +i0,9)* + c(x) (&) + 10,0 + r(x. & +i0v0)).

We make the following assumption.

Assumption 2.1. The weight function ¢(xg, x) is in € (V) and Pl € ¢~ (W) and satisfies |V x, o¢l > 0

inV. We assume

Vxo, X', Ox,0(x0, X', x, = 0%) >0, 05, 0(x0, X', %, = 07) — 8, (x0, %", x, =07) 2 C > 0,

(22) (€0, @) (X0, X', X, = 07) = (€0, ) (x0, X', X, = 07) 2 0.
The function ¢ satisfies the sub-ellipticity condition
2.3) Y (xp, x,&0,&) € W X R”“, ay(xp, x,60,6) =0 = {Rea,, Imay}(x, &) > 0.
Case 1: The neighborhood V is chosen sufficiently small such that
(X, x, =0") = c(¥,x,=07)2C>0, X' €V,.
Moreover we assume

Q24) Vxo,x,  (8y,0(x0, ¥, 3, = 09) = (3, 0(x0, X, x5, = 07))
1 1
cx',x, =07)  c(x,x,=0%)

= (Oxp(x0, X', X = 0))2( ) >C>0.

Case 2: The neighborhood V is chosen sufficiently small such that |c(x’, x, = 07) — ¢(x’, x, = 0%)| is
itself sufficiently small.
Case 3: The neighborhood V is chosen sufficiently small such that

(X x, =0") —c(¥,x, =07) < -C <0, X' € V.

Moreover we assume

(c(x', x, = 0))*

’ N2
c(X', x, = 0_) (6x,,‘,9(x(),x s % =0 ))

— (X', x, =07) r(x', x, = 0,0y (x0, X', x, = 0)) > K,

(2.5) Vxo,x,

where K is some positive constant and

, (X', x, = 0*))( 1 1 )
2.6) Vxo,x', Ci|1- -
(2O Hox, G ( @20 = 0)){ (0, 9)(x00 ¥ 20 = 00 ((cOn.0)(0s X'+ 5r = 07))°

>0,

x,=0*

_ 2 2 ’ _ 1 _ 1 :
C20u) 0, ¥ 10 = 0) ((c(axw) oo tn = 07) (@, 0)%) (X0 X2 2y = o+>)

where Cy and C, are the constants in (2.1).
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Note that ¢ is chosen continuous across the interface. In particular, we have

axo‘Plx,,:O’ = axo‘P|x,l=0*, ax"p|x,l=0’ = ax’()olxn=0*a

which we shall simply write 0,,¢lx, =0+ and 9 ¢|,,=o+ respectively in the sequel.

The conditions we impose on the weight function ¢ will make sense in the course of the proof of Propo-
sition 2.7 below. In Section 3 we shall construct a weight function that satisfies the properties listed in
Assumption 2.1.

From the assumption made on the weight function ¢ we shall obtain the following local Carleman esti-

mate.

Theorem 2.2. Let K be a compact subset of V. Let the coefficient c(x) satisfy Cases 1, 2 or 3. With the
weight function ¢ satisfying Assumption 2.1 in V, there exist C > 0 and hy > 0 such that

2 2 2 3 2 2
Q.7)  hlle M wliy + B!V oWl + hle? Wl =02y + 1e?" Dry Wl =0t Iy + B1e" 0, W, =0,
2 2 2 2
< C(h“llewh Flb + Hle? 0 + Hle*/a,, L 0lf + h3|e¢/”®|o), 0<h < h,

for w satisfying (TC), W|ﬁn+l € W:O(K%) and where f = Aowin V\ S.

Remark 2.3. This Carleman estimate yields the same estimate for the operator A making use of the insen-

sitivity of such estimates to changes of variables and to additional lower-order terms.
The remainder of this section is devoted to the proof of Theorem 2.2.

2.1. Preliminaries. We assume that the function w satisfies (TC) and A,w = f. Following [Bel03], we
shall consider the transmission problem as a system of two equations on V¥ coupled at the boundary x,, = 0*.

We thus make the change of variables x, to —x, in V4. This yields the following system in V¢:

28 (—ms @ = @, — 8,00 [) w8 = FS = L= 72,
2.8) (cos 2 — (@, = (. D i) W = F = Sl fd
cd(x) 7 Xo Xn »Ux S
with
(TC*) ngxn:0+ = Wd|x,,:0+ +6, Cgax,,Wg|xn:0+ + Cdax"wdh”:m =6,

where for a function ¢ defined in V, we set z//d = Ylya and Y8 (X', x,) = Y(x', —x,) for x, > 0. In particular,
we have r8(x, 0, /i) = r(x',—x,,0y /i), and r¥(x,0y /i) = r(x,0y/i) for x, > 0. If there is no possible

confusion, we shall now write ¢ = {(y¢, y). From Assumption 2.1 we have

(2.9) 0,05 (X0, 8, %, = 0) <0, 0,0 (x0, X', X, = 0) > 0,
and
(2.10) 80y, % (x0, X', x, = 0) + cdﬁxngod(xo, x,x,=0)>0.

Observe also that condition (2.3) is preserved since {Re a,, Ima,} is invariant under a change of variables
[Hor63, Section 8.1, page 186].
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We denote by p% the symbols of the operators acting on w¥ in (2.8). We set P(x,x, D,,,D,) =
Op(diag(p?, p?)) and @ := diag(¢?, ¢9). We set v = [{(v%,v?). For v = ¢®"w, the entries of v satisfy

the following boundary condition

(TCy) V=00 = Vilgor + 85, Dy, + i3, ¢Vl 20 + (D, + i, 0 WV =00 = O,
where
/h h o
(2.11) 6, ="M, 00 and O, = ~e*"|, 0.
1

We define the following conjugated operator P, = h*¢®"Pe®/" which we shall, in the sequel, treat as a
second-order semi-classical differential operator, with / as the small parameter. The principal symbol of P,

is given by
Pe(x0, X, &0, &', &) = diag(pi(x0, x,€0,€', &0), Po(X0, X, €0, €0)),
with
P05 80, 60) = o b 00V + (6 + 0 g+ A+ D)

For the sake of concision, we shall often omit the time and spacial variables in the functions ¢ and gﬁﬂ
as we have just done, when there is no possible confusion. Separating the real and imaginary parts of the

principal symbol, we write ng’ = Z]Z“ + icﬁ’, and following [LR95] we set

B =& +dy, a7 =20,¢"6+2q),

with
1

CSZI

1 , o, ,
q" (x0, x,&0,¢') = Eaxogo%’go +Fi(x, &, 0,0"),

g \2 2 , )
gl (x0. x,&0.8") = — (9, 6") + (gg—(amﬂ') )+r%(x,§)—r%(x,8x'so%),

where #%(x, &, n') are the symmetric bilinear forms in &, 1’ associated to the real quadratic forms % (x, &').

2.2. Signs of the imaginary part of the two roots of pZ“ . Atx, = 0%, the polynomials (in &,) pf{;’ (x0, x,&0,&, &)
have two complex roots. Depending on the signs of the imaginary parts of the two roots of the two poly-
nomials, we shall adopt different strategies for the proof of partial Carleman estimates. By “partial” we
actually mean that the resulting estimate will only hold in some microlocal region. Once collected together,
the partial estimates will yield the result of Theorem 2.2.

Following [LR97], we set

(4} (xo0, x. &0, f’))2

2.12 U(xo, x, £0, &) = ¢ (x0, X, £0, &
(2.12) K (X0, %, £0,€7) 2= g5 (X0, X, £0,67) + (@s,%)°
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and define
EW = {(x0, X, £0,€) € VI X R 1 (xg, x,£0,€) > O},
EM = {(x0, X, £0,€7) € VX R y¥(xg, x,£0,€7) < O},

5 = {(x0, 0, £0.8) € VX R, ¥ (xg, x,£0,€) = 0).

Remark 2.4. The regions &% and (}Vd are bounded. Hence, for |(&, £')| sufficiently large, say [(&o, &)| >
R, then (xo, x,£0,&) € €% N E4*, with dist((xo, x, &0, &), 7%) > C > 0.

The following lemma is proven in [LR97, proof of Lemma 3].

Lemma 2.5. In the region &%*, the polynomials pff;’ have two distinct roots p** and p%~ that satisfy
Imp™* > 0 and Imp*~ < 0. In the region €%, the imaginary parts of the two roots have the same sign

as that of =0,,¢%. In 3%, one of the roots is real.

Hence, for the polynomial p¢, for |(&,£")| > R, there are two roots, p** and p*~ with Im p** > 0 and
Imp?~ < 0. As the value of u¢ decreases, the root p%* moves towards the real axis, and crosses it in the
region (‘)“i"d . In the region ¢~ the two roots both have negative imaginary parts.

For the polynomial pi, for |(&y, £')| > R, there are two roots, p&* and p$~ with Im p8* > 0 and Im p$~ <
0. As the value of u8 decreases, the root p%~ moves towards the real axis, and crosses it in the region (‘;?fg.
In the region ¢ ¢ the two roots both have positive imaginary parts. The “motion” of the roots of p{, and pi

is illustrated in Figure 1.

Remark 2.6. From the proof of Lemma 3 in [LR97], we see that u% > C > 0 is equivalent to having
Imp%* > C’ > 0and Imp“~ < -C’.

With the choice of weight function ¢ made in Assumption 2.1 we have the following proposition.

Proposition 2.7. The properties of the weight function ¢ imply €4+ c €¢*, and dist( €4, 58 =C>0,
if the neighborhood V,, of y is chosen sufficiently small.

The result of the proposition implies that the root p%* crosses the real axis before the root p#~ does, as u“
decreases from positive to negative values. This is illustrated in Figure 1. We enforce this root configuration
because of the techniques we shall use to prove partial Carleman estimates.

In the case where the roots of the polynomial are separated by the real axis, or in the case where they
are both in the lower open half plane, we can apply the Calderén-projector technique to the associated
differential operator. The first case occurs for PZ;I in regions ¢%*. The second case can only occur for Pi
in the region ¢“~. In such regions, the Calderén-projector technique in fact yields an additional boundary
condition at x,, = 0*.

In fact, the choice of weight function ¢ we have made excludes the situation in which Im p%* > 0 and

the root p®* may cross the real axis. In such a case, the Calderén projector technique cannot be used for
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Pd Pd
P[é Imé&,y . d+ 4 Im¢, ¢ Im¢&,
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Re ¢, /4 Re ¢, J ol Reg,
xpd,, xpd,— xpd,—
14
Pe mey Poo gy Pe mey
xp¥: xp® %"y
. Reg, i Reéy P Reé,
Pl
() Root configuration in ¢4+, u? > 0; (b) Root configuration in 5d, ud =0; (¢) Root configuration in ¢%4~, u? < 0.

Figure 1: The root p®* crosses the real axis before the root p%~ does, as u decreases.

Pi or PZ. The classical Carleman technique then yields a quadratic form for the traces of v and its normal
derivative D, v which is of unknown or negative sign, which prevents the derivation of a proper Carleman

type estimate.

Proof of Proposition 2.7. The result is clear in the case |(£y, &) > R by Remark 2.4. We shall thus only
consider the case |(£y, &) < R. We set W = {(xg, X',&0,&) € [s—&,5 + €] X X_/y/ X R% (&0, &) < RY. A

sufficient condition to prove the result is then

(213) ﬂg(x()’ X, f();‘f’)'xn:o*' _ud(-x()s X, §09 é‘:/)lX”:O* > C> Oa (-XO’ -x,, fo’ f’) e W

In fact, since W is compact, by choosing V sufficiently small in the x,-direction, this inequality remains
valid in V¢ x R" N {|(&,¢")| < R} and the result follows.
We first treat Case 1. Observing that

(%, 00 @200 = (X, Ox ¥)]s,=0+»
;(X, 5,9 6}("/’)')@,:0* = Fd(-xv 5,9 ax"/’d)lx,,zm = ?g(-xr §,7 (')X")Dg)bc,,:(rr 5

we obtain

1 1

W = 1)(x0, X, €0, =00 = B, 11,2007 = (O, 1,200 + (£ = (Oxoli=0+)°) (—g - —d)
C C

x,=0%

L 2 . 2
+ (cigé:()axo‘Plx,,:O* + F(x, &, ax"ﬁ))|x,,:0+ (Cldé:()axoﬂx,,:m + F(x, 6/, 6x",9))|x,,:()+
ax,ﬁpghﬂ:o* 8xn‘10d|xn:0+ ’
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which, after expansion, we write

1 1
2.14) @ = p)(x0, %, €0,y = @5, 81,207 = O, 91,20 = (Bngpli,=0)? (L_g - ;)
1 1
2
+%UE‘9)

1 1
~ , /’ ax/ 2 =0 _
+ (F(x, &, 0v @) |x,=0 ((axn‘pg)z (3xn90d)2]

x,=0*

1 1
+ ax |x,1= * 2 -
(0u °)hﬁmw¥ (wmyﬂJ

x,=0* ]

X, =0"

x,=0%

1 1
2& F(x, €', 0x ) Oyl ~or )
+2 &0 F(x, &', v ) Ox,plx,=0 (cg (G e (6xn90d)2]

x,=0%
The first line in (2.14) is larger than some positive constant by (2.4) in Assumption 2.1-Case 1. The last
three lines in (2.14) can be viewed as a quadratic form in & and 7(x, &', 0y ¢)lx,=0+. The determinant of the
associated symmetric matrix is given by
1 1 1 1 1
— e 0. D = (0, ¢ — (00 [ — - —
(Cg Cd) (02,90) (9x,9%)° (( A =0y = Ot \ 5~

and is thus positive by (2.4). Since the coefficient in front of 7(x, &, 0y ¢)ly,=0+ in (2.14) is itself positive

s

x,=0%

by Assumption 2.1, we find that the quadratic form is nonnegative. The sufficient condition (2.13) hence
follows.

We now treat Case 2. We write

(2.15) (@ = uD(x0, X, €0, ENlvy=0r = (O, 1r=0+)* = (O, % 1y=0+)°

2
1 1 1
+ [ —=&00, @l =0+ + F(x, &, 0 @)y =0+ -
(cdfo o Plx,=0r + F(X, &, ©))x, =0 ) ((3xu<ﬁg|xﬂ0+)2 (3x,,<pd|x,,—o+)2)
1 1
e @)

(é‘(% - (6xo()9|x,,:0*)2 + 2506x0‘;9|x,,=0+ (7()@ f/’ ax")p))|x,,=0+ +
x,=0*
1 1)?

+ _—
(axn ‘pg|x,l:0+ )2

With |(&, &)| < R, we see that the last two terms in the previous expression can be made as small as desired

axo‘p|x,l =0+ ‘,’;:0 ))

Cd|x,1:0*

(€00, Pl =0+ €0)*

by choosing the neighborhood V;, sufficiently small, which implies |c(x’, x, = 07) — ¢(x’, x, = 0*)| small.
The sum of the first two terms in (2.15) is larger than some positive constant by the properties of ¢ in
Assumption 2.1, which yields the conclusion.

We finally treat Case 3. Then c#|, —o+ > Cd|xn=0+- In particular, note that
(2.16) 05,9 =0 2 €405, 8°) 1,207
from Assumption 2.1. Observe that in this case we have

g5 (X0, X, £0,Ew,=0r = Axo, X', &0, &), gl (xo, X, €0, € =0+ = Ax0, X', &0, &),
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where

Xp=0" - Cgr(-x9 ax"ﬁ)lxn:w .

Axo, X', £0,€) = & = (05,9 = @4, 07|, g, + ¢'r(x,€)

Let K be the constant appearing in (2.5). In the case A(xg, x’, &, &’) > K/2, then locally, for x,, > 0, |x,|
small, this remains valid with K/2 changed into K/4. Locally, we thus have y8 > K/(4cmax) > 0 and
,ud > K/(4cmax) > 0, from the definitions of ,ug/d in (2.12). In the region A(xq, x’', &y, &) > K/2 the result is
hence clear.

We now treat the region A(xg, X', &p,¢&") < K/2. By choosing the neighborhood V sufficiently small,

arguing as above, it is now sufficient to prove that

l‘lg(-xo’ -x’ 60’ g,)lx,,:o* _/'ld(-x(ﬁ xa §O9§I)|x,,=0+ Z C > 07 (X(), -xlv §07 é‘:,) € W7

where W = Wn{(xo, X', &0, &"); A(xg, X', €0, €") < K/2} which is compact. From Assumption 2.1, we observe

that we have

((’j)c,l‘;‘)‘ll)c”:O*)2 - (a)cngagl)c”:O")2 > (Cd)z (i + l) (i - l) (aXn‘pd|xn:0+)2'

cd 8 f\cd 8 -
With A(xo, ¥, &, &) < K/2 in W, we then obtain
(2.17) (1 — u)(x0, X, &0, E =0+ = Q + & (Oxylu,=0 )2( 1 1 ]
. s Ay s x,=0" — 0 xo ¥ 1x,=0" -
(Cgaxn‘ﬁg)z (Cdaxnéod)z x,=0*
(0.8 000))) [ : 1 ]
G s Uy x,=0% -
(6x,,99g)2 (axnéod)z x,=0*
F 26 F0.E Dy g) Dyl ( : 1 ]
01X, &, OxP) OxyPlx,=0+ -
' 8 (05,99 (009 )], o

where

(00,610 ) + (&)

x,=0%

2
(<)
x,=0* 8

(K/2 + r(x, f’)|x,,:o+) > (l - l)

cd 8

x,=0% - cgr(X, ax’§0)|x’l=0+ - K/2}

(K72 + Ci(ly=00)IEP),

x,=0%

>1 1
> o=

by (2.5) in Assumption 2.1 and where C is the uniform-ellipticity constant appearing in (2.1). As we have

x,=0*

[F(x, &, 0x @)lx,=0+| < C2l&" 10 ¢l =00,
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with C; also appearing in (2.1), we obtain

(2.18)
W — 130,360, o (ld - i) K2+ & @ulo ) [ S— ]
" C c® X, =0* ' (Cgaxn(pg)z (Cdaxn‘pd)z X, =0"
11 ,
+C cd(c—d - E) -, €'
_ 2C2|axn¢|xn:0+| |(9x'(p|xn:()+| |§0| |§:’| ( ! 7 1 2]
c8 (6)(’1(,08) Cd (6)(’7(/)‘1) X, =0*

since the third term in the r.h.s. of (2.17) is nonnegative by Assumption 2.5. Next, we consider the last three
terms in (2.18) as a quadratic form in |¢’| and &). The coefficients associated to 53 and |¢'|> are nonnegative.
The result of the proposition follows if the quadratic form is nonnegative, that is, if its determinant is itself
nonnegative. The determinant is given by

Cd
(axn<;0|x,l:0+)2 {Cl (1 - _)

c8

s
a0\ (c805,08)" (4D, ¢7)

x,=0%

2
1 1
—C5 (0 ly,=0+) ( - ) ,
2 ¢ (05,00) @09 ) |, o

and is nonnegative by (2.6) in Assumption 2.1-Case 3. ]

Remark 2.8. Because of the controllability result we aim to prove in this article, we have considered the
elliptic operator A := —8)2(0 — L, with the additional variable xy. The Carleman estimate of Theorem 2.2 also

holds for the operator L = V. - (¢(x)V,)). In this case, we simply assume that the weight function satisfies
VX(), -x,v 6X/,<p(x0, xl, Xn = Oi—) >0, ax,,‘;o(xo’ )C,, Xn = 0+) - aX,,‘p(XO, x/’ Xn = O_) >C>0.

In fact, in this case, after dividing by c(x) on both sides of the interface S as above, the symbols q;/" and qi/d

reduce to
2
qr (&) = = (05,0") + 7106 E) = F(x,000"),  ql(nE) = PU(xE, g,

‘We then have

F(x’ é:/’ 8)6"#)2|)(,1=0+ )

g,’x*"_d,’x**: ax dx*"z_ax gx*"z 1+
HE (5 E =00 = 1 E =00 = (O, 9%1,=0%) <.n¢|n_o>)( RIS W

>C>0

with the assumptions on ¢ we just wrote. We can then use the same argument as in the proof of Propo-
sition 2.7 and prove that the result of this proposition also holds in this case. The rest of the proof of
Theorem 2.2 below remains unchanged. More generally, for other elliptic operators, the result of Theo-
rem 2.2 holds if we can choose a weight function that yields the result of Proposition 2.7.

In particular, the Carleman estimate in Theorem 2.2 provides a quantitative result for the unique contin-

uation property across the interface S (See for instance [Hor63] or [Zui83]).
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2.3. Estimate in the region ¢%*. With a microlocal cut-off, we place ourselves in the region region €%,
hence in ¢¢* by Proposition 2.7, and finitely away from 7 (and thus 3). Making use of the Calderén-

projector technique we shall prove the following partial Carleman estimate.

Proposition 2.9. Let K be a compact subset of V. Let x*(xg, x,&,&) € S f]’. with a compact support w.r.t.
(x0, X) contained in 'V, such that in the support of x* we have u®(xo, x,&,&) = C > 0. With the weight
function ¢ satisfying Assumption 2.1, there exist C > 0 and hy > 0 such that

(2.19) lopCx Il + A2 [op(x* W0+ ]y + A2 0p(x)Dy, vls,=0y
< C(IPVly + hllVIly + 21Dy, V], =0t by + h216,1, + 7210, ).

for0 < h < hy, and for v =8, v?), v8, v € € (K) and satisfying (TC)).

The proof we give follows that of Lemma 4 in [LR97] and the notation used therein. We reproduce some
of the arguments of [LR97] to have a self-contained proof of Proposition 2.9. Note that the first term in the
partial estimate (2.19) differs from the equivalent term in the Carleman estimate (2.7) by a factor hs. Here,
a “better” estimate is actually obtained because we have restricted ourselves microlocally to an ellipticity
region of the symbol p,. The Carleman estimate (2.7), for the second-order operator A;, in fact corresponds

to a sub-elliptic estimate.
Proof. In supp( x*), we have
Imp“* >C >0, Imph <-C<0,

: e ol
by Lemma 2.5 and remark 2.6. Moreover, x*p%* and y*p%~ are in S ..

We set u = op(x*)v. Then, P,u = g with g = op(x*)Pyv + [Py, 0p( x )] v. In particular, we have
———

ehy!
(2.20) gl < € (I1Pvlly + AllvIly)
The transmission conditions satisfied by «¢ and u? are
(TC.) U] =00 = Ulg=0r + Opyrs  X(Dy, + 10,5l =0+ + ¢ (Dy, + iy, 0|y, =0r = G,

with GL/,,XJr = Op()(+)9¢|x,l:0+ and

G = [¢5(Dy, +i0,,¢%), 0p( X )] VEl,=0+ + [¢X(Dy, + iy, ¢7), 0p( x50+ + 0p(x)Oly, =0

enyy ey

that satisfies
(2.21) IGily < Chpvly,=0+|y + ClO,.

We denote by ¢ the zero-extension of a function ¢ € €~ (V¥) to R™!. We then have

, h
Pyu=g=yo@) o + = (y10) = 0p(gy) o) 8. y0w) 1= ly=0v. 1) 1= D=0,
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where 6V = (%)j 8,0, and g, = diag(p®~ + p&*, p%~ + p®*) since p¥t + ph~ = ~2i, p%. Setting
(2.22) wi i=7yo(w), and  wo =yi(u) —op(gp) yo(w),
we write
2 / h
(2.23) Pou=g—hwi o + <wpo.
- l

We now choose y(xo, x, &, &) € S equal to one for sufficiently large |(&, £)| as well as in a neighborhood
of supp(x*) with moreover supp( y) N det(p‘,,)’1 ({0}) = 0. These conditions are compatible from the choice
made for supp( x*) and Proposition 2.7. From the ellipticity of p,, on supp( x), for large M, there exists a
DO Ej; = Op(e), with e € S 72, of the form e = Z?’io hiej, with e; € S727/ and e X/pg/d that satisfies

EpyoP,=0p(x)+h""'Ry, Rye¥ '™

Note that the parametrix construction yields the symbols e’j{", j=0,..., M, in the form of rational functions
for large |&,], with p%* and p%~ for only poles.

With such a parametrix Ej; we obtain
h
(2.24) u=Eyg+Ey (—h2w1 5+ —.woa) +g1, g1 = (Id—0p(x)u— " Ryu.
= i
We have the following lemma.

Lemma 2.10. Let 0(z,{", h) € S7L and X(z,{, h) € S such that supp(c-) N supp(X) = 0. Then

op(c) o Op(Z) € ﬂ NN and  Op(T)oop(o) € ﬂ AL
NeN NeN

Proof. We use the idea of the proof of Theorem 18.1.35 in [Hor85b]. From the remark preceding Theorem

18.1.17 in [Hor85b], adapted to semi-classical operators, we observe that
op(cr) 0 Op(D)e“OM" = op(er) (/" 2z, D.r, £, W) = 541" (op(or) 0 2z, D, £y 1)) €51,

where X(z, D, {,, h) denotes the tangential operator op(X(z, {, {», h)) with {, as a parameter. Since ({’) <
(), we indeed observe that, for all N € N, X(z, ¢, £, h) is bounded in § ;.N uniformly w.r.t. £, € R". We set
Az, ¢, &y, h) = o #5- X as given in the composition formula (1.3), with ¢, as a parameter. We hence have
op(0) 0 Op()e’ @O/ = DAz, £, h).

With supp(c) N supp(X) = 0, for all M € N, we find

Az, ¢ h) = Cin™ lh)M+l f (M + 1)(1 - S)Mff it ) /h
(2 h)” lal=M+1
X 83,02, + 7, W) 0LE(Z + st 20, ', Ly, h) d dT'dis.
Note that for all j € N, 8/, 8% 0(z, ', h) is in S and that, for all M’, M”, j, k € N, ()" 81, 0% 02 %(z, £, h)
is bounded in S'}M” uniformly w.r.t. ,, in R. It follows that (gn)M'@-zfn @k Azl h) e hNS N forall M. N, ke
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N. Since (£) < ('){,), we see that A(z, £, h) is a symbol in all variables and is in NyenAYS V. We thus
have /9" A(z, £, h) = Op(2)e“>9'" and therefore find

op(c) o Op(2)e’“O/" = Op(2)e=a)/h, for all £ € R"*!.

Since both sides are continuous in %’ (R"*!) and linear combinations of exponential functions are dense in
&', we obtain op(c) o Op(Z) = Op(A).

To treat the other case, i.e., Op(Z) o op(c), we prove that op(c)* o Op(X)* € NyenA”PN. We denote by
o* and " the symbols of op(c)* and Op(X)*. They are of the form

0 =6 +00, GFESI, TweNyenh"S7N, and T =S+, ZeS5%, Z,enynh"SV,
where & and £ can be chosen such that supp(6) N supp(Z) = @ from the ¢DO calculus. This yields
op(@)” 0 Op(E)” = 0p(6) © Op(E) + 0p(F) © OP(Ew) + 0P(T'e) © OP(Zes) + 0p(0°0) © Op(E).
The first term is treated as above. The other terms can be treated similarly with formula (1.3) for M = 0:

for the second and third terms we use that for all M’, M”, j k € N, <gn>M’agna’;”2m(z, ., h) is bounded in

w’'s .;.M” uniformly w.r.t. ¢, in R; for the fourth term we use that for all j,N € N, 8 0w(z,{’, h) is in
hVS N and ({,I)Mlﬁéﬁfni(z, £, h) is bounded in SV uniformly w.r.t. £, in R, for all M, N, j k € N. n

Continuation of the proof of Proposition 2.9. With Lemma 2.10, we have (Id —Op( x)) o op(x*) €
NyenAY¥P~V. Noting that u = op( x*) v, we obtain

(2.25) lgill, < CH |Vl

Next, we compute the action in the region x, > 0 of the parametrix Ej; on the terms defined on the
interface in (2.24). We find

I’l —n i((xo— x -7 & 2~ ’ ’ ’ 4
Enr (Fw00) G ) = @)™ [[ X 0omos i 0, v o oo, a0, ) diéon €,

Ey(=i*w8") = 2rh)™" f f M o=200 =L NG, (0 x, &0, € W1 (20, 2)d (20, 2) d(&o, &),

where

2 / 1 ix, 2 ’ 1 ix, h
tO(an X, é:()a‘f ) = E f € ’lfn/he(x(), X, 607 é‘:) dfn’ tl(x07 X, §07§ ) = ﬁ f € wnlh e(-xO’ X, gO’ g)fn dfn
R R

Note that the integral defining 7 is absolutely converging. The integral defining 7, is however to be under-

stood in the sense of oscillatory integrals [Hor90, Section 7.8]. Note that we have

~ ’ 1 i
(2.26) B (x0, %60, €)= 3-Dx, | € wbnlle(x, x, &, €) dé,
R

Zn=Xn

The choice we have made for the cut-off function y makes the symbol e(xo, x, &, £) holomorphic for large

€], € € C. In x,, > 0, we thus obtain

~ ’ 1 X,
(2.27) fo(x0, %, £0,&") = 5= f el (xo, x, &0, €) déy,s
Y



hal-00193885, version 2 - 27 Mar 2009

CARLEMAN ESTIMATE FOR NON SMOOTH COEFFICIENTS 17

where 7y is the union of the segment {&, € R; |&,| < Col(&, )|} and the half circle {&, € C; |&,| =
Col(€o, €)l, Imé&, > 0}, where the constant Cy is chosen sufficiently large so as to have the roots p#* inside

the domain with boundary y (recall that y*p%* is in S ). From (2.26), we obtain similarly

~ ’ 1 X,
(2.28) o, % 60, ) = 5 f el (x, 3, E0, E)En dEn > 0.
Y

The expression (2.27) and (2.28) above are valid in x, > 0 but admit a trace at x,, = 0*. In particular, we

note that we have

(2.29) 1D, 000t 131 < Caprl@, €NV, 20, j=0,1, [eN.

(x0.x"

We now choose y(xg, X, &, &) € S 0, satisfying the same requirement as y*, equal to one in a neighborhood
of supp( x*) and such that the symbol y be equal to one in a neighborhood of supp( x1). We set t; = x1i,,
j=0,1and g = op((1 — x1)i)wo + op((1 — x1)f1)w1. This yields

(2.30) u= EMg + op(tp)wo + op(t)w; + g1 + 2.

From the composition formula of tangential operators (1.3), noting that it does not involve derivations w.r.t.

the variable x,, and estimate (2.29), we obtain

(231) ligally < CR*(IVly + 1D, VL, =0t o),

since supp(1 — 1) N supp( x*) = 0, by making use of the following trace formula [LR97, page 486]
(2.32) W0+, < Ch™2 W01 j €N

We now observe that the symbols e(xy, x, &, &) is holomorphic w.r.t. &, in the support of y;. We can then

write

1

(233) 1 =diag(t}, ), /(0. %, 60, €) = x1(x0, %, €0, ) 5~ f et x, b0, O de j=0.1,
S

where yg/d is a direct contour surrounding the roots p** in the region Im&, > co|(&, &), for ¢y > 0.

We note that in supp( y1) we have

g 1 1 1 1
T % T D — gl Ut - |
py PO PTG —plt & —p

The residue formula then yields

(pg/d.‘*')j

: . o
1m+h/ﬁd’ j=0,1, /lg/dGST-*—J.

_ix,

ix,pdth Si _

(2.34) e tj =x
It should be noted that it is crucial to have Im p%* > C > 0 and Im p%~ < —C < 0 here. From (2.33) we

obtain the estimate

(D)% 3 il < Cypge 0NN (g gy 1HBHL x>0,

XXV éo.&



hal-00193885, version 2 - 27 Mar 2009

18 JEROME LE ROUSSEAU AND LUC ROBBIANO

again by the residue formula, which yields e“*/"(D, )'t; bounded in S (;: t+ uniformly w.rt. x, > 0. It

follows that

2 ocox cox 2
(2.35) IA" o op(t)wlly = f el op(e™ i pwif; () dx, < Chiw;f,
x,>0
and
—2C0 X, C0oX, 2
(2.36) D, op(t))wjll} = f 20 |op(e /" Dy 1w () dxy < Chiwf3.
x,>0

From (2.30), and estimates (2.20), (2.25), (2.31), (2.35), (2.36) we obtain
(2.37) llly < € (IPVlly + AlIvIly + 22 (wolo + Iwily) + B21Dy, vl =o'y ) -

We shall now address the boundary terms wy and wy. We take the trace at x,, = 0" of (2.30) which gives
(2.38) Yo(u) = op(a)yo(u) + op(b)y1(u) + G,

where a € § 9r andbeS 7’_1, with principal symbols

g/d —
ao = diag(af,af), with a}f = - (Xl W)

1
b_y = diag(h®,b?)), with b* = (Xl —)

by (2.34) and (2.22). Note that the symbols a and b are diagonal. The function G, is given by G, =

(Emg + 81 + 82)lx,=0+. From the trace formula (2.32), we write
_1 _1
(2.39) (Galy < CH™¥|Eyg + g1 + gall, < CH™¥ (1Pl + AlIVIL + F2IDy vls0ry)

since Ey € Y2 and making use of estimates (2.20), (2.25) and (2.31).

The transmission conditions (TC,) give
(2.40) You®) = yo) + 0y, Y1) = —-By1(u?) + kyo’) + G

where 8 = (cd/cg)lxnzm, k = —i(0y,¢|x, =0+ +,8c')x”<pd|xn:0+) and G, = —i0y, @0, + Cg; G with

[p=0+

(2.41) IG1lo < ChlVlg,=0+ly + C(16,ly + 1Ogly),

by (2.21). From (2.38) we thus obtain

Yolu') + aw) — op(b) (—/3 1) + kyo?) + GH) ‘G,

ad“’p("))( Yolul) i)

We thus have

1d—op(a®) — op(¥) ok op(®¥) o B\ (yo(u®)\ _ . [op(a®) - 1d op(b%)\ ~
( 1d - op(a?) —op(bd))(m(ud))‘G”( 0 )9””( 0 )G1

where 8 and k stand here for the associated multiplication operators. We thus obtain a system of the form

Yow?) \ _ ~
2.42) op(k) A_')q ) = G + op(m)f,,,+ + opdDG1,
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where « is a 2 X 2 matrix with entries in S 9r with principal symbol
‘o = (1 —ag— kb B0, € bg_l)’
1 —af ~((&0,EN b,
and m and IT are 2 X 1 matrices with entries in S (7). and § ,}1 respectively, with principal symbols
as -1 b¥,
Ty = and I, = .
0 0

We now choose y»(xo, X, &, &) € S 0, satisfying the same requirement as x*, equal to one in a neighborhood

of supp( x*) and such that the symbol y be equal to one in a neighborhood of supp( x2). In supp( x2), we

obtain
pg,+ B ’ 1
e~ pi B{(0,&")) prEpr
Kolsupp(x2) = dt 1
- {&0.&)) =
Pt —pte Pt = pt o
This yields

(G0 ENEST +Bp™ — k)
05 = pE ) =) |, g

Since we have Im(p$* + B p%*) > C{(&,&')) > 0 in supp( x2), and since

det(KO)lsupp(Xz) =

Im(—k) = (%0, ¢% + 10,00+ 2 0,

Cg|x,l:0‘r
by (2.10), we find that | det(«o)lsupp( vyl = C > 0. It follows that « is elliptic in supp( x2). Then, there exists
Iy € S°, such that

op(ly) o op(k) = op( x2) + KM 'Ry,
with Ry € W'~ for M € N large. This yields

d d
(708 ) = OPCLIG + 0Dt 0D+ 00t 0BG + (op ) = ' Rur) 101 ).

From the /DO calculus, since supp(l — x2) N supp(x™) = 0, and making use of the trace formula (2.32) we

obtain
(2.43) ol + ®ly < C(1Galy + 001, + 1Gilo + WMy + A2IDy, vl 0+1y)
’ _1 1 3
< C (2 IPvlly + A2 Wl + 72 1Dy, V=0t ly + 16,1, + 1Ol

by (2.41) and (2.39). From (2.40), the same estimate holds for |yo(u®)|; + |y1(u®)ly, and also for [woly + [w1 ],
by (2.22):

1 1 1
(2.44) h2(fwol + wil) < C(IIPWIIO + AlVIly + KDy V=00l + B710, ], + hzl(%lo)-
Observing that

D,, op(x*v) = op(x")Dy,v + [Dy,,op( x )] v,
——————

enyy
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we have
1 1
245) 22 (lopOy W=ty + 10pO D, Vl,=0+lg) < Ch? (lulg,=o¢ |y + 1Dl 0+l + AVl =01y
1 1
< C(IIPVlly + Allvlly + WDy, Vs, =0rly + B2 10, + h21Ogl,)
from the previous inequalities and the trace formula (2.32). We conclude the proof by combining estimates

(2.37), (2.44) and (2.45). ]

2.4. Estimate in the region ¢%~. With a microlocal cut-off, we place ourselves in the region €%, finitely
away from 5‘1 Making use of the standard techniques to prove Carleman estimates for both P and Pg, we

obtain the following partial Carleman estimate.

Proposition 2.11. Let K be a compact subset of V. Let x~(xg, x,&9,&’) € S 2. with a compact support w.r.t.
(x0, X) contained in V, be such that in the support of x~ we have u?(xo, x, &y, &) < —C < 0. With the weight
function ¢ satisfying Assumption 2.1, there exist C > 0 and hy > 0 such that

(2.46) AllopCy W + Al op(x W07 + Al op(x Dy, V=04l < C (IPVI + W IIVIE + 76,1} + hIO,[)

for0 < h < hy, and forv = t(vg, v), v v8 € Wf(Kd) and satisfying (TC,).

Proof. We set u = op(x~)v. Then, P,u = g with g = op(x7)P,v + [Py, op( x)]v. In particular, we have
(2.47) glly < C (1Pl + ANy
The transmission conditions satisfied by u and u? are (TC,) —see the proof of Proposition 2.9— with Opy =
op( ¥ )b,lx,—0+ in place of 6, ,+ and with G, here given by

G1 = [¢4(Dy, + i05,9%), 0p(X IVl =0+ + [¢"(Ds, + 05,0, 0P(X V1,20 + 0P IOyl =0
and satisfying
(2.48) Gily < Chivl,=oly + CIO,l,.

We apply the Carleman method to the operators P} and Pi. By Assumption 2.1, and in particular by (2.3),
and by Lemma 2 in [LR95], we then have

(2.49) hll |} + Re (hBHH) + 1 (D + L), 2or, L¥u¥l,, o), ) < Clig™Il,
for / sufficiently small, where L € @), L' € P9 The quadratic forms 4% are given by

20,4 BUA™! )( Y1) ) ( Y1)

P —
@50 # “”)‘((A—IB‘;AI' ATBE A \Ayow) \ATyow)

)) s Yo) = Yly,=0t V1Y) = Dy, Yl =0+
0

Bliew).
where Bgl/" , Bi/‘“ € 91, with O'(Bi/") = o-(Bgf") = Zq?" and Bg’ € Y7, with O'(BZ“) = —26)(,190%(]?. Observe
that we have

‘ 2 g2
2.51) 2D + L)oo, Lm0 ) | < CH (n@ + o™ ).
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The tangential yDOs B% defined in (2.50) are of order 0 and their principal symbols are

20, ¢ 2q(&, €))7 )
29" (&0, &N =205, q (&0, € 7)

We find det(o(B%)) = —4(d,,¢")*((&, &)y ™2 ¥, with p¥ as defined in Section 2.2; it follows that in
supp( x~) we have det(c(B%)) > C > 0. Since 8, ¢? > 0 it follows that o-(B?) is positive definite.

o (B = (

‘We now make use of transmission conditions (TC,) and write

y1(uf) B k/\_])( y1(u?) ) ( G )
2.52 = + ,
(2.52) (Alyo(ug)) ( 0 1 [\ Alyou®)) " \A'6,,-
N’
Cs
where B = (¢! /c®)l,=0s k = ~i(0x,¢8l,=0+ +BIx,¢"l,=00) and G = i), 9%6,,- + z— G\ that satisfies
(2.53) Gilo < ChZ[Ivlly + C(l, + 1941,

by (2.48) and trace formula (2.32). We obtain

d
,y;gmg):(iag( 1) )( i) )) + Ut ), yo(u?), 6,,-,G1),
0

Alyoh) "\ N yo(u)
where o(B) = [o(C8)a(B)o(C?) € S L, which gives
~ d d
(2.54) ‘(Bg () Ayl‘y(o“(ul)))o < (o + bt

and where we have
. d G G )
U d’ dag 7’G = Bgcg )/I(M ) )’( 1 )) +(Bg( 1 )’Cg( 71
(71 (M ) 70(” ) (5% l) ( (A],yo(ud) AIHSO,X’ o AIHQD,X’ Al’)/()(l/td) 0

G G
¢
iz i )

~ 2 2
(2.55) U1 (u®), you®), 8,,-,G1)l < C(b’o(ud)h + @l + AIVIE + 16,17 + |®¢|§).

which from (2.53) satisfies

For any K > 0, with @ > 0 sufficiently large, we can enforce o (B?Y) + o(B%) > K > 0. Hence, with
(2.54), (2.55) and Garding’s inequality [Tay81, Mar(02] we obtain

(2.56) aRe Bu?) + Re B8u®) > g (lyo(u"’)lf + Iyl(ud)lf)) - (hIIvII? + 160,17 + |®¢I§),
for K sufficiently large and for % sufficiently small. The transmission conditions (2.52) give
2.57) o + 1 Ge < € (IyouY; + sy + 10,8 + 10,13 + i),
Recalling that

D,, op(x"v) = op(x )Dy,v + [Dy,, 0p(x )] v,
N’
enyy
with the linear combination (2.49) + (2.49)% and estimates (2.47), (2.51), (2.56) and (2.57) we obtain the

sought partial Carleman estimate, by choosing ¢ and % sufficiently small. [
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Remark 2.12. As an alternative proof of Proposition 2.11, we could also use the Calderén projector tech-

d,+

nique for PZ. In supp(x™) the two roots p“* of pg have negative imaginary part. With the notation and

the argumentation of the proof of Proposition 2.9 above, the operators tg and t‘f vanish in x, > 0. The

counterpart of (2.30) is then
(2.58) ud = EMgd + g‘f + gg, for x,, > 0.
We then obtain (see (2.37))
(2.59) lully < € (P9l + AVl + 221D, =0y -
We take the trace at x, = 0* of (2.58),

Yo?) = G§ = (Eng” + g{ + &9le,=0+
which, by the counterpart of (2.39), gives
(2.60) 2 yo®ly < C(IPVlly + Al + 21Dy, vl =0ty -

From (2.58) we also have
D, u' =D E Mgd +D, g’ +D, g%, for x, > 0.

We take the trace at x, = 0* and obtain

Y1) = (Dy, (Eng + g + 89,0+
From the trace formula (2.32) we then have

i@l < Ch2 1D, (Ewg” + i + gl < Ch*1Eng + g1 + g3l
and, by the counterpart of (2.39), this yields
(2.61) Wyl < C(IPVlly + Al + 21Dy, vl =0vly) -
From (2.60) and (2.61) and transmission condition (TC,), we obtain
@62) Kyl + Ryl < C(IPvlly + hllvil + R21D vl =00l + h¥ By, + H¥1O,]y).
Finally with (2.59), (2.62), (2.51)8, and (2.49)% we can also achieve the result of Proposition 2.11.

2.5. Estimate around the region 37”. With a microlocal cut-off, we place ourselves in a neighborhood of
the region (‘7", i.e., where |u“| is small, while staying in the region €¢* away from the region 5°¢. Making

use of the techniques of Calderén projectors for P$ and standard techniques to prove Carleman estimates

for Pg, we obtain the following partial Carleman estimate.

Proposition 2.13. Let K be a compact subset of V. Let ¢ satisfy Assumption 2.1. Let x°(xo, x,&),&') €
S 2. with a compact support w.r.t. (xo, x) contained in V and be such that in the support of x° we have

/Jg(-xOv X, 507 6/) > C > O and

(2.63) (0, ¢% + 105, 0" |i,=0r — () 1y=0+ = C" >0, in supp(x°).
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Then, there exist C > 0 and h; > 0 such that

2 2 2
2.64)  hllopCx" )l + Alop(x "y, =o+l; + Al opCx) D, Vi, =0ty

< C (PG + WPV + Dy V=0 + HIO,IT + hIO)
for 0 < h < hy, and forv = t(vg, v, vd v8 e ’(550(1(‘1) and satisfying (TC,).
Proof. Condition (2.63) can be obtained from the properties of the weight function ¢ listed in Assump-
tion 2.1. In supp( x°), we have
Impe** >C >0, Imp* <-C<0.

We set u = op( x°)v. Then, Pyu=gwith g = op(XO)Pwv + [Py, op( x")]v. In particular, we have
(2.65) lIg¥lly < € (IPEV¥ I, + Rl ).

The transmission conditions satisfied by u¢ and u® are (TC,) —see the proof of Proposition 2.9— with Opp0 =

0p(x")0,lx,=0+ in place of 6,,,+ with G; given here by

G = [c4(Dy, + i0,,0%), op(X )Vl =0+ + [/ (Dy, + i, "), op(X )WLy, =0+ + 0P(X*)Opls, 0
and satisfying
(2.66) IGilo < Chlvly,=0+ly + ClOy,.

We start by applying the method of Calderdn projectors to the operator Pi and to u8. We follow the same

notation as in the proof of Proposition 2.9. We thus obtain an estimate of the form of (2.37), namely,
1
(2.67) a1l < € (IPSVElL, + Rl + B3 (vl + oG]y + B1D, vy

where yo(u®) = u8|,,—o+ and y(uf) = D, u®|, —o-. We also have the following trace equation, of the same
form as (2.38),

(2.68) Yo(uf) = op(a®)yo(u®) + op(b¥)y1(u®) + G3,

with a8 € § 2, and b8 € S,}‘, with principal symbols

al = - R b = _r
(U X1 pg,+ _pg,_ e ’ -1 = X1 pg,+ _pg,_

where y1(xo, x, &, &) € S, satisfies the same requirement as x°, and is equal to one in a neighborhood of

s
x,=0*

supp( x*). The function Gg satisfies

(2.69) le

_1 2
|, < Ch™> (IPEVE I, + Al + B2ID ., L or ) -

We now use relation (2.68) in connection the transmission conditions (TC,). With (TC,), we write
op(B*)y1(u®) = = op(B*)By1(uh) + op(b*) (ko)) +op(B*)G1, o) = You?) + 6,0,
where 8 = (¢?/c8 MNy,=0+» k = =i(0yx, 55, =0+ + Baxncpd|xn:0+) and G| = —i0,,p%0,,0 + ﬁ G that satisfies

(2.70) IG1lo < Chlvlg,=0+ly + C(16,ly + 1O4ly),
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by (2.66). From (2.68), we obtain

(Id — op(a®) — op(b*) 0 k) Yo(u?) = — op(B*)(By1(u)) + op(b*)G + (op(a®) — 1d),,0 + G5,

:=0p(k)

where k stands here for the associated multiplication operator.

Let y2(xo0, x,&0,&") € S,?_ satisfy the same requirement as XO, and be equal to one in a neighborhood of
supp( x°) and be such that the symbol y; is equal to one in a neighborhood of supp( x2). In supp( x2), the
principal symbol of « is given by

P —k
pET = poT
In supp( x2) we have Imp®* > C > 0 and Im(—k) > 0 by Assumption 2.1, we see that « is elliptic in

_ 0
Kolsupp( ) = €Sy

supp( x2). Hence, there exists / € SO withl = ZinO hjlj, with[; € S,}j and ly = y2/ko, such that
op(lu) © op(k) = op( x2) + K" 'Ry,
with Ry, € ‘P,}I’M , for M large. We thus obtain
2.71) Yo(u?) = = op(l) 0 op(B)(By1(u)) + G,
with
G3 = op(l) 0 op(b) G + 0p(l) © (0p(a¥) = 1d) b0 + 0p(1) G5 + (I1d = op(x2)yo(u") = K Ryryo(u®).
From the /DO calculus, since supp(1 — x») N supp( x°) = 0, we obtain
2.72) Galy < C (A2 1IPSVElly + h2 Ivlly + 72Dy v =0t ly + 1801, + 10,1,
by (2.70) and (2.69) and making use of the trace formula (2.32). We thus have
(2.73) oy < C (i@l + B2 IPSIly + 2 IVl + 73 1Dy v, —0rly + 8p0l, +10,1).

We now apply the Carleman method to the operator Pg and to u?. By Assumption 2.1, and in particular
by (2.3), and by Lemma 2 in [LR95] we have

(2.74) Bl + Re (h 82w + B (D + Lfu) =0, Litl,=01),) < CUPLuly,
for h sufficiently small, where L9, Lg, and ¢ are as given in the proof of Proposition 2.11. For any & > 0
we have
2 2
(275) I (D + L, L) | < 12 (oY + Iya ).

With (2.71) we obtain
By = (M* 0 B! o My (), y1 (")), + Uy (u), Gy),

with

— 1 0
M= (—/\1 o op(l) o op(b®) oﬁ) € ¥,
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with 8 standing here for the associated multiplication operator, and where
0 0 0 0
d _ | pd d d d d

U(Vl(u )’ G3) - (B ° M?’l(“ )’ (A]G3))O + (B (A1G3) 7M71(14 ))0 + (B (A1G3) > (A]G3))0 .
With Young’s inequality we obtain
276) UGGl < € (nuDlyIGsly +IG3h)

2 - 2
< elyr )y + Ce (RIPEVEIlG + VI + 31Dy, V¥l =0+ Iy + 16,0 + 10415)

by (2.72).
In supp( ), the principal symbol of M* o B o M isin S 9r and given by

T=0(M oBoM)

_’( 1 )( 20,,¢¢ 24, &N )( 1 )l
G0 obE B\ 2g (&0, €))7 =20, ¢ (0. €))7\ 0. D) IobE B) |,
(20:,6" - 4418 Re(lobt ) - 26 b , 0, ¢4t

X, =0%

In supp( x") we have

_ 2
(2.77) o1 P lam0r = [ Leymor = A" = (Rep™ P+ (mpt* + 0y, 0 + B e™)

x,=0%
Re(lph® ) lloh® 171,20+ = Re p** 1, =+

‘We then obtain

5 =28 llgh? P, ¢ (672 lob", 172 = 2417 (@, 6%) " Rep* — g3

x,=0%

2
= 282 lob* 2., ¢ (/3-2 (1105172 = Re p#*)?) = u* + (g (05, ") " = 7" Rep*™) )

X=0*
> 2% b Pl (70,0 + B, ") —pt')| = C >0,
by (2.63) and since
lob Ploo = C >0, llob®, 00 = Rep* )y o0 = (3,0 + B0, )l
as [p%*| remains bounded in supp( x°) and by (2.77). Hence, Garding’s inequality yields [Tay81, Mar02]
(2.78) Re (M 0 B' o My, yih), 2 Cly u),

for h sufficiently small and C > 0.
Combining (2.74), with (2.65), (2.73), (2.75), (2.76) and (2.78), for and f and ¢ sufficiently small we

obtain

2 2 2
@279 Alllly + kb @l + Blyo@y < C (IPllg + WM + A1D, vE Ly, 20+ + RIOL; + RIOL).
Note that the transmission conditions (TC,) give

2 2
o + by )R < C(b’o(ud)h WO+ 16, + 10,2 + hnvn%).



hal-00193885, version 2 - 27 Mar 2009

26 JEROME LE ROUSSEAU AND LUC ROBBIANO
Recalling that

D,, op(x°v) = op(x")D,,v + [D,, op( x)] v,
— e

ehyy.
we see that an appropriate linear combination of (2.67) and (2.79) then yields the sought partial Carleman

estimate for 4 sufficiently small. ]

2.6. Proof of Theorem 2.2. We choose y*, y~ and x° with values in [0, 1] that satisfy the properties listed
in Propositions 2.9, 2.11 and 2.13 respectively and furthermore y* + y~ + x° = 1 in a neighborhood of
K x R", which can be achieved by Proposition 2.7.

We recall that v = e®"w. Since 1 — y* + x~ + x° = 0 in a neighborhood of supp(w), we have
|Dan|x,l=0+ |0 < |0p(X+)Dx”V|xn:O+|() + |0p(/\/_)Dan|xn=0+ |0 + |0P(X0)Dan|x,l=0+ |0 + Cthan|xn=0+ |0s
|V|x,l:0*|1 < |0P(X+)V|x,,:0+|1 + |0P(X_)V|x,,:0+|1 + |0P(X0)V|x,,:0+|1 + Chlle,,:0+|1,
and

Ivlly < [lopCy Il + ITopCx Wl + Top(x vl + Chllvll;.
These three inequalities together with (2.19), (2.46), and (2.64) then yield

RV + Alvle,=o+ [} + AIDy, vl =0+15 < C (IPVIG + A6, I} + RIOL ).
for h sufficiently small. Observing now that we have
le™" Do wily < 1Dy, (" w) I, + 11, ® e/ wil,,

and similar inequalities for the norms at the interface {x, = 0*}, and recalling the forms of 6, and ®, in

(2.11), we can conclude the proof of Theorem 2.2. [ |

3. APPLICATION TO NULL CONTROLLABILITY

In this section, we prove an interpolation inequality from the Carleman estimate proven in the previous
section. This will then yield the controllability result of Theorem 1.1.
With @ € (0, Xo/2), we set X = (0,X0) X Q, Y = (a, Xo — @) X Q.

Theorem 3.1. There exist C > 0 and 6 € (0, 1) such that for u € H'(X) that satisfies (TC) and

uloxoxa, € HX((0,Xo), HX(Q1)) and  ulox,xa, € H*((0, Xo), H* (X)),
u(xo, X)|xeaq = 0, xp € (0,Xp), and u(0,x)=0, x€Q,

we have

. 1-5
3.1 el vy < Clallys o, (Ml 20y + 105,100, Dl 2,,)) -
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X0, X'

Figure 2: Level sets for the weight functions ¢ and ¢ = e in local normal geodesic coordinates. The
Carleman estimate of Theorem 2.2 can be applied in a region V close to (yg,y’,0) (represented with a
dashed line).

Before we sketch the proof of Theorem 3.1 we first indicate how the result of Theorem 1.1 follows.

Let ¢, j € N, be the eigenfunctions of the operator L on Q, with Dirichlet boundary conditions, and let
the associated eigenvalues be uj, j € N, such that O < puy < pp < -+- <y < ... Weletu > 0 and we
apply the interpolation inequality (3.1) to the function w(xo, x) = 2, <, aj%‘gxo)qﬁj(x), for (a;)jen C C.
This yields Theorem 1.2, following for instance the proof given in [LZ98, Proof of Theorem 3]. This in
turn yields Theorem 1.1 by the control construction method introduced in [LR95] (see also [LZ98, Section
5, Proposition 2] or [Mil06, Proof of Theorem 2.4 in Section 4.2]). As a consequence of Theorem 1.1, we

have the following observability result.

Corollary 3.2. There exists a constant Cops > 0 such that the solution y to
-0;y-Ly=0 in Q,
qg=0 on (0,T) X 09,
q(T) = gr in Q,

with g € LA(Q) satisfies lg(O)IEs gy < Covsllal 0,110y

Remark 3.3. With the technique used in [FI96], i.e., enlarging Q in the neighborhood of part of 0Q, we
obtain a similar controllability (resp. observability) result for a localized boundary control (resp. observa-

tion).

3.1. Proof of the interpolation inequality. We first prove a local version of the interpolation inequality in

a small neighborhood of a point (yy,y’, 0) of the interface (0, Xp) X S.
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We place ourselves in normal geodesic coordinates, as in Section 2, in a neighborhood W of (yy, y, 0) and

first construct a weight function  in W. We start by defining the following anisotropic distance in R"*!:
1
dista (a0, @), (bo, b)) = (@0, @) = (bo. )| +lan = bP)* . @ > 0.
Let (z9,2) = (Yo,Y’,z,) be a point in W away from the interface. We suppose (zo,z) € W¢, i.e., z, > 0 (for
consistency with Section 2). For y > 0, we set

— dist,((xo, x), (29, 2)) if x, >0,
—disty((x0, X', ¥X4), (20,2)) if x, <O.

Y(xo, x) = {
We note that ¢ is continuous across the interface {x, = 0} and that
3, p(x0,3) = (o = 2) W0, 1) ifx, 2 0, and By ¥(xo, X) = Y72, — 2)W(x0, 1) if x, <0,
which yields 0, ¥ly,=0- = Y0x,¥lx,=0+. We also have
8y, W(x0, X',0) = a(x; — 2))W(xo. X', 007", j=0,...,n—1.

Note that |x; — z;| is bounded in W and that we can choose the parameter « sufficiently small to have
0y ¥lx,=0l, j = 0,...,n— 1 small as compared to |0, ¥lx,=o+|. We thus choose @ and y sufficiently small to
have y satisfying the properties' listed in Assumption 2.1 in a sufficiently small neighborhood V of (yo, y),
V c W, apart from the sub-ellipticity condition (2.3). Clearly (zo,z) ¢ V. Level sets for the function ¢ are
represented in Figure 2.

We now note that the weight function ¢ = e, A > 0, also satisfies those conditions, possibly with
different constants, from the homogeneity of the formulae in Assumption 2.1 w.r.t. to the weight function.
The proof of Lemma 3 in [LR95, Section 3.B] then yields that ¢ furthermore satisfies the sub-ellipticity
condition (2.3) for A sufficiently large (see also Theorem 8.6.3 in [Hor63, Chapter 8] and Proposition 28.3.3
in [Hor85a, Chapter 28]). The local Carleman estimate of Theorem 2.2 then follows, with the weight
function ¢, for a possibly reduced neighborhood that we still denote by V (see Proposition 2.7).

We choose 0 < 51 < 57 and 0 < o < ¢ such that
U’ = {(x, x0); [I(x0,x") = 0o, YOIl < 57, |xal <0} C V.

We also set
U = {(x, x0); [I(x0, x") = (o, Yl < 1, oxal < o}
We now choose r| < 7| < ry <¢(yo,y) <1} <r3 <rj, such that
Ci = {(x0,x) € R""; y(xo,x) =1} and  C} = {(x0, x) € R*™; y(xo,x) = 1}
satisfy C; N R c U, C; N R™! N U # 0, which is equivalent to having
—(as% + zi)% <r,
and finally Cg NU" c {x, < o}. We illustrate these choices in Figure 3. We set R; = evi, R} = e,

j=1,2,3.

]depending on the case (1,2, or 3) satisfied by the considered point (yp, y).
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A ,

J
oo /
S| rnln?nl;

\J

Xn

Figure 3: Neighborhoods around the point of interest for the proof of the interpolation inequality.

Following [LR95], we introduce
Vji={(x0,x) € U's rj <y(xo,x) <13}, j=12,3.

and we further set

Viss = {(x0,x) € U; 7] < ¢(xo,x) <73}, Vi = {(x0,%) € U5 11 < (x0,x) <13}

W3 =V3U (Vi3 \U).
The region Wj is represented shaded and stripped in Figure 3. With the choices we have made above, the
region W3 is contained in R'i“ and is finitely away from the interface § = {x, = 0}. We also choose
W, c V, such that W, € U. The region W, contains (yg,y’, 0) and is represented shaded in Figure 3.

We choose { € WL‘,’O(R"“) such that £ is equal to one on V.3 and vanishes outside V|_,,. Then V, .
vanishes outside V|_,,, \ V1.3 which is the stripped region in Figure 3. For u € H 1(W) that satisfies (TC),
we set w = {u. Then w satisfies the following transmission conditions

Vo, X'y Wl,=0- = Wle,=0+  €0x, Wly,=0- = €0y, Wls,=0+ + ©,
where O = (cly,=0+ — Clx,=0-)(# 0x,{)lx,=0. Note that ® is supported in {x, = 0} N V.
From the Carleman estimate of Theorem 2.2, after division by 13, we have
21wl + (e, oWl < c(hlnew”Aunﬁ R e A, Ll + |e9"/’1®|§), 0<h < h.
Note that [A, {] of order one and supported in V{_,, \ Vi3. We thus have

h R /h R /h R, /h R /h
lle?’"[A, Qully < C5 ™ ull gy + CEMlull v,y < C Ml ) + CR M a1 -
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We also have
le#"®ly < Cefi/Mull ),
by the trace formula. We thus obtain
(32) M ullgp vy < CeX Ml + CE5 (Il + 1Aullzny) . 0 < < ho.
Optimizing w.r.t. to /& as in [Rob95] we obtain y € (0, 1) such that the local interpolation inequality
(3.3) letllzr ey < Cllalyy, (Wl + Aullzz o,
. H\(W,) = HI(W) H'(W3) L*(W)

holds for 0 < u < . This inequality can be read as the “observation” of the H' norm of u in the
neighborhood of any point of the interface by the H' norm of u in a neighborhood away from the interface

and the L2 norm of Au

Remark 3.4. As pointed above the region W5 is contained in R"*!'. The case W3 ¢ R™"! can naturally be

obtained by changing x,, into —x,, in W.

Now that we have obtained such a local interpolation inequality at the interface, we can apply the pro-
cedure described in [LR95, pages 353-356] and prove the sought global interpolation inequality (3.1). See
[LZ98, Proof of Theorem 3] to obtain the term [|d,u(0, X)||,, in the r.h.s. of (3.1). This concludes the
proof of Theorem 3.1.

(w)
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