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Central limit theorems for eigenvalues of deformations of
Wigner matrices*

M. Capitaine, C. Donati-Martin* and D. Féral®

Abstract

In this paper, we explain the dependance of the fluctuations of the largest eigenvalues of a
Deformed Wigner model with respect to the eigenvectors of the perturbation matrix. We exhibit
quite general situations that will give rise to universality or non universality of the fluctuations.

1 Introduction

In a previous paper [C-D-F], we have studied the a.s. behaviour of extremal eigenvalues of finite rank
deformation of Wigner matrices and in the particular case of a rank one diagonal deformation whose
non-null eigenvalue is large enough, we established a central limit theorem for the largest eigenvalue.
We exhibit a striking non-universality phenomenon at the fluctuations level. Indeed, we prove that
the fluctuations of the largest eigenvalue vary with the particular distribution of the entries of the
Wigner matrix. Let us recall these results. The random matrices under study are complex Hermitian
(or real symmetric) matrices (My )y defined on a probability space (2, F,P) such that

My = & + Ay (1.1)

VN
where the matrices Wy and Ay are defined as follows:

(i) Wy isa N x N Wigner Hermitian (resp. symmetric) matrix such that the N? random variables
(Wa)iis V2Re(Wn)ij)i<i, V2Im((Wn)ij)i<; (vesp. the w random variables %(WN)%,
(Wn)ij, © < j) are independent identically distributed with a symmetric distribution p of vari-
ance o2 and satisfying a Poincaré inequality;

(ii) Ap is a deterministic Hermitian (resp. symmetric) matrix of fixed finite rank r and built from
a family of J fixed real numbers 6; > --- > 6; independent of N with some jp such that
0, = 0. We assume that the non-null eigenvalues 8; of Ay are of fixed multiplicity k; (with
> jzio ki =7) ie. Ay is similar to the diagonal matrix

diag(@llkl, e ,Hjo,llkjofl,ON,T, 9j0+11kj0+17 ceey QJIk‘,). (12)

The Poincaré inequality assumption was fundamental in the approach of [C-D-F]. In the present paper,
we only rely on the results of [C-D-F| without making use of the Poincaré inequality. Hence, we refer
the reader to [C-D-F] and the references therein for details on such an inequality. Nevertheless, note
that the Poincaré inequality assumption implies that g has moments of any order (cf. Corollary 3.2
and Proposition 1.10 in [L]) and this last property will be used later on.

In the following, given an arbitrary Hermitian matrix M of size N, we will denote by A; (M) > --- >
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AN (M) its N ordered eigenvalues.
As the rank of the A x’s is assumed to be finite, the Wigner Theorem is still satisfied for the Deformed
Wigner model (My )y (cf. Lemma 2.2 of [B]). Thus, as in the classical Wigner model (A y = 0), the
spectral measure % sz\il dx;(My) of My converges a.s. towards the semicircle law 5. whose density
is given by
dpise 1

dx (z) = 2mo?
Nevertheless, the asymptotic behavior of the extremal eigenvalues may be affected by the perturbation
Apny. When Ay = 0, it is well-known that the first largest (resp. last smallest) eigenvalues of the
rescaled Wigner matrix Wy /v/N tend almost surely to the right(resp. left)-endpoint 20 (resp. —20)
of the semicircle support (cf. [B]). This result fails when some of the 6,’s are sufficiently far from
zero. Define

402 — 22125 20)(T). (1.3)

0,2

pg]. = 9j + 9— (14)
J

Observe that pg, > 20 (resp. < —20) when ; > o (resp. < —0) (and pp, = +20 if 6; = £0).
For definiteness, we set k1 + ---+ kj—q1 := 0 if j = 1. In [C-D-F], we have established the following
universal convergence result.

Theorem 1.1. (A.s. behaviour) Let Ji, (resp. J_.) be the number of j’s such that 0; > o (resp.
6‘]‘ < —0’).

(1) V1<j<Jio, V1 <i<kj, Meygoir;1+i(Mn) — pg, a.s.

(2)  Merthy, +1(My) — 20 as.

(3)  Neytotky s (My) — =20 a.s.

(4) Vi>J—=Jo+1,V1<i<kj, Mytoir;_+i(Mn)— po, a.s.

In the particular case of the rank one diagonal deformation A y = diag(6,0,--- ,0) such that § > o,
we investigated the fluctuations of the largest eigenvalue of My (with Wy satisfying (i)) around its
limit pg. We obtained the following non-universality result.

Theorem 1.2. (CLT) Let Ay = diag(6,0,---,0) and assume that 0 > o. Define

62 t ymy — 30 t ot
R and 9 = Z( 02 ) 202 — o2 (15)
where t =4 (resp. t = 2) when Wy is real (resp. complex) and my := [ z*du(z). Then
ce\/N(Al(MN) - pg) £, {u *N(o,vg)}. (1.6)

Remark 1.1. The strong assumption on the distribution p (Poincaré inequality) of the entries of
Wy is a technical assumption we needed to prove the a.s. result, Theorem 1.1(we conjecture it is true
under more general assumptions, cf. [C-D-FJ]) but the proof of the fluctuations of Theorem 1.2 only
requires standard assumptions (existence of the fourth moment) once we know the a.s. convergence.

On the other hand, in collaboration with S. Péché, the third author of the present article has stated in
[Fe-Pe| the universality of the fluctuations of some Deformed Wigner models under a full deformation
A defined by (An)i; = 0/N forall 1 <4,j < N (see also [Fu-K]). Thus in the non-Gaussian setting,
the fluctuations of the largest eigenvalue depend, not only on the spectrum of the deformation Ay,
but also on the particular definition of the matrix A .

In this paper, we try to explain this dependance of the fluctuations of the largest eigenvalues of
the Deformed Wigner model M with respect to the eigenvectors of the matrix A . We investigate
two quite general situations for which we exhibit a phenomenon of different nature.

First, when the eigenvectors associated to one of the largest eigenvalues of Ay, say 6; > o, are
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not “spread” namely belong to a subspace generated by a fixed number K; (independent of N) of
canonical vectors of CV and are independent of N, we establish that the limiting distribution in the
fluctuations of /\k1+...+;€j71+i(MN), 1 <@ < kj, around pg, is not universal and we give it explicitely
in terms of these eigenvectors and of the distribution of the entries of the Wigner matrix.

Secondly, if K; defined above depends on N, if there is no “leading” direction among the eigenvectors
associated to 0;, we establish the universality of the fluctuations of Ag,4...4x,_,+i(Mn), 1 <@ < kj.
We detail these results in the following section. Actually, we assume that the eigenvectors associated
to the largest eigenvalues 61, ...,0;,  of Ay belong to a subspace generated by k(= k(IN)) canonical
vectors of CV. In our approach, we need to isolate a N — k x N — k Deformed Wigner matrix My _y
where the eigenvalues of the perturbation are all smaller than o; we use several well known limiting
results when N — k tends to infinity involving My _j. Hence, our study does not include the full
deformation case of [Fe-Pe] where k = N. Moreover for technical reasons we have to assume that
k < v/N but we conjecture that our result still holds if £ < N.

The same kind of questions has been previously studied for the spiked population models by
[B-Ya2]. The Deformed Wigner matrix model may be seen as the additive analogue of the spiked
population models. These are random sample covariance matrices (Sy)n defined by Sy = %Y]@YN
where Yy is a p X N complex (resp. real) matrix (with N and p = py of the same order as N — o)
whose entries satisfy first four moments conditions; the sample column vectors are assumed to be i.i.d,
centered and of covariance matrix a deterministic Hermitian (resp. symmetric) matrix ¥, having
all but finitely many eigenvalues equal to one. The analogue of Theorem 1.1 was established by J.
Baik and J. Silverstein in [Bk-S1]: when some eigenvalues of ¥, are far from one, the corresponding
largest eigenvalues of Sy a.s. split from the limiting Marchenko-Pastur support. Fluctuations of
the eigenvalues that jump have been recently found by Z. Bai and J. F. Yao in [B-Ya2]: the setting
considered in [B-Ya2] is the multiplicative analogue of the particular case “k finite independent of N7
in our Theorem 2.1; note that they exhibit universal fluctuations (we refer the reader to [B-Ya2| for
the precise restrictions made on the definition of the covariance matrix X,).

Note that the first steps of our approach as well as the approach of [B-Ya2| are in a spirit close to the
one of [P] and [B-B-PJ.

The paper is organized as follows. In Section 2, we present the main results of this paper and give
a summary of our approach. In Section 3, we introduce preliminary lemmas and fundamental results
which will be of basic use later on. Section 4 is devoted to the proof of Theorem 2.1 and Theorem
2.2. Finally, we prove some technical results in an Appendix. All along the paper, the parameter ¢ is
such that ¢ = 4 (resp. ¢ = 2) in the real (resp. complex) setting and we let my := [ z*du(z).

2 Main results

As in Theorem 1.1, we denote by Ji, (resp. J_,) the number of j’s such that §; > o (resp. 8; < —o).
Set kyg :=Fki +---+ky,, . We also denote by (e;; i = 1,..., N) the canonical basis of CN.

We introduce k& > ki, as the minimal number of canonical vectors of CV needed to express all the
eigenvectors associated to the largest eigenvalues 01,...,07, of Ay. Without loss of generality, we
can assume that these ki, eigenvectors belong to Vect(eq,...,ex). This follows from the invariance
of the distribution of the Wigner matrix Wy by conjugation by a permutation matrix.

All along the paper we assume that k& < v/N. Let us now fix j such that 1 < j < J,,. We shall
study two cases:
Case a) the orthonormal eigenvectors vf , 1 <4 < kj, of Ay associated to 0; depend on a finite
number K; (independent of N) of canonical vectors among (e, ..., ex) and their coordinates are in-
dependent of N (“The eigenvectors don’t spread out”). Without loss of generality, we can assume
that the v} , 1 <i < kj, belong to Vect(ey, ..., exk,);

Case b) the orthonormal eigenvectors v{, 1 < i < kj, belong to Vect(ey,...,ex,;) where K; =
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K;(N) — oo when N — oo and the coordinates satisfy:
Vi < k¥l < Kj, |(v),e))| — 0 as N — oc.
(“There is no leading direction among the eigenvectors”).

Therefore, we assume that there exists a unitary matrix Uy of size k such that
diag(Uy,, In—)Andiag(Ug, In—k) = diag(0; 1y, , (0ilx, i< 155 ZN—k ) (2.1)

where Zn_j,, is an Hermitian matrix with eigenvalues strictly smaller than 65, .
In the Case b), Uy, satisfies

méf(mdl)d(Uk)iM —0 as N — o0 (2.2)
p—1 i

i

? as vectors in C*9, we define the K x k; matrix

Considering now the vectors v

Uk, xk; = (’U{,...,’Uij) (2.3)
namely Uy, x; is the upper left corner of Uy, of size K; x kj;. It satisfies
Uk, xi, Uk xk; = I, - (2.4)
Example:
Ay = diag(Ap(61), 021k, ON—p—1.)

where A,(61) is a matrix of size p defined by Ap(61);; = 61/p, with 61,02 > o, p < V/N. Then
k=p+ke, k1 =1, K1 =p, Ko = ky. For j =1, we are in Case a) if p does not depend of N and in
Case b) if p = p(N) — 4o00. For j = 2, we are in Case a).

From Theorem 1.1, for all 1 <4 < kj, Ag,4...qk,_, +i(Mn) converges to pp, a.s.. The main results
of our paper are the following two theorems. Let cg; be defined by

02
J
C@]. = 92 — 02. (2.5)
J

In Case a) (which includes the particular setting of Theorem 1.2), the fluctuations of the corre-
sponding correctly rescaled largest eigenvalues of My are not universal.

Theorem 2.1. In Case a): the k;j-dimensional vector
(60, VN bty (M) = 0, )5 1 = 1, Ky )

converges in distribution to (\i(Vi,xk,);i = 1,...k;) where Xi(Vi,xk,) are the ordered eigenvalues of
the matriz Vi, xr, of size kj defined in the following way. Let Wy, be a Wigner matriz of size K;
with distribution given by p (cf (1)) and Hg, be a centered Hermitian Gaussian matriz of size K;
independent of Wi, with independent entries Hy, p <1 with variance

t rmy — 30t t ot
2 4
v = B(HE) = 1 (M) s p =1, K,
' j (2.
Upl = E(|le|2) = m, 1 S p < l S K]
J

Then, Vi, xk; is the kj X k; matriz defined by

ij Xk]‘ - U;{]-)(kj (WKJ +HK]‘)UK]‘><kj' (27)

Case b) exhibits universal fluctuations.
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Theorem 2.2. In Case b): the k;-dimensional vector
(Cej VNNy oty a4 (M) = po,); i =1, kj)

converges in distribution to (Ai(Va,xk;); @ = 1,...k;) where the matriz Vi, xx; is distributed as the

GU(O)E(k; X kj, 7 ).

Remark 2.1. The condition 1 < k < /N is just a technical condition and we conjecture that our
result still holds if 1 < k < N.

Remark 2.2. Note that since p is symmetric, analogue results can be deduced from Theorem 2.1 and
Theorem 2.2 dealing with the lowest eigenvalues of My and the 0; such that 0; < —o.

Before we proceed to the proof of Theorems 2.1 and 2.2, let us give the sketch of our approach
which are similar in both cases. To this aim, we define for any random variable A,

En(N) = co, VN(X = po,) (2.8)

with cp; given by (2.5). We also set l%j_l = k1 + ...+ kj_1 with the convention that ko = 0.

The reasoning made in the setting of Theorem 1.2 (for which k = k4, = 1) relies (following ideas
previously developed in [P] and [B-B-P]) on the writing of the rescaled eigenvalue &x (A1 (My)) in
terms of the resolvent of an underlying non-Deformed Wigner matrix. The conclusion then essentially
follows from a CLT on random sesquilinear forms established by J. Baik and J. Silverstein in the
Appendix of [C-D-F] (which corresponds to the following Theorem 3.2 in the scalar case). In the
general case, to prove the convergence in distribution of the vector ({N(A,;FIH(MN));Z' =1,..., kj),
we will extend, as [B-Ya2], the previous approach in the following sense. We will show that each of
these rescaled eigenvalues is an eigenvalue of a k; X k; random matrix which may be expressed in
terms of the resolvent of a N — k x N — k Deformed Wigner matrix whose eigenvalues do not jump
asymptotically outside [-20;20]; then, the matrix Vi, «x, will arise from a multidimensional CLT on
random sesquilinear forms. Nevertheless, due to the multidimensional situation to be considered now,
additional considerations are required. Let us give more details.

Consider an arbitrary random variable A which converges in probability towards pg,. Then, applying
factorizations of type (3.1), we prove that A is an eigenvalue of My iff x5 () is (on some event having
probability going to 1 as N — o0) an eigenvalue of a k; x k; matrix )v(kjﬁN()\) of the form

ij,N()\)Zij,N‘f'Rkj,N()\) (2.9)

where Vi, v converges in distribution towards Vi, xx, and the remaining term Ry, ~(A) turns out to
be negligible. Now, when k; > 1, since the matrix Xz, y(\) (in (2.9)) depends on A, the previous
reasoning with A = )\,;,71+1.(1\/IN) for any 1 < i < k; does not allow us to readily deduce that the k;

J
normalized eigenvalues &y ()‘fcj,l 4+i(Mn)), 1 < i < kj; are eigenvalues of a same matrix of the form

Vi;,~ + op(1) and then that
En(Ag, M) 1< i< Ey) = (Mi(Ve,w); 1 < i < Kj) + op(1). (2.10)

Note that the authors do not develop this difficulty in [B-Ya2] (pp. 464-465). Hence, in the last step
of the proof (Step 4 in Section 4), we detail the additional arguments which are needed to get (2.10)
when k; > 1.

Our approach will cover Cases a) and b) and we will handle both cases once this will be possible.
In fact, the main difference appears in the proof of the convergence in distribution of the matrix Vi, n
which gives rise to the ”occurrence or non-occurrence” of the distribution g in the limiting fluctuations
and then justifies the non-universality (resp. universality) in Case a) (resp. b)).

The proof is organized in four steps as follows. In Steps 1 and 2, we explain how to obtain
(2.9): we exhibit the matrix ij)N and bring its leading term Vi, n to light in Step 2. We establish
the convergence in distribution of the matrix Vi, y in Step 3. Step 4 is devoted to the concluding
arguments of the proof.
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3 Basic tools

In this section, we fix some notations and recall some basic facts on matrices and some results on
random sesquilinear forms needed for the proofs of Theorems 2.1 and 2.2.

3.1 Linear algebra

For any matrix M € Mxy(C), we denote by Tr (resp. try) the classical (resp. normalized) trace.
||M]| is the operator norm of M and ||M||gs := (Tr(MM*))*/? the Hilbert-Schmidt norm. Spect(M)
denotes the spectrum of M.

For 2 € C\Spect(M), we denote by G ps(z) = (2Iny — M)~! the resolvent of M (we suppress the index
M when there is no confusion).

Lemma 3.1. Let M be an Hermitian matriz and x € R such that x > A\ (M); we have

1

For Hermitian matrices, denoting by A; the decreasing ordered eigenvalues, we have the Weyl’s
inequalities:

Lemma 3.2. (¢f. Theorem 4.5.7 of [H-J]) Let B and C be two N x N Hermitian matrices. For any
pair of integers j, k such that 1 < j,k < N and j+ k < N + 1, we have
Njk—1(B+C) < X\;(B) + A\ (0).
For any pair of integers j, k such that 1 < j,k < N and j +k > N + 1, we have
Ai(B) + X (C) < Njyr-n(B +C).
In the computation of determinants, we shall use the following formula.

Lemma 3.3. (¢f. Theorem 11.3 page 330 in [B-S2]) Let A € My(C) and D be a nonsingular matriz
of order N — k. Let also B and 'C be two matrices of size k x (N — k). Then

det ( ar ) — det(D) det(A — BDC). (3.1)

3.2 Results on random sesquilinear forms
In the following, a complex random variable z will be said standardized if E(x) = 0 and E(|z|?) = 1.

Theorem 3.1. (Lemma 2.7 [B-S1]) Let B = (b;;) be a N x N Hermitian matriz and Yn be a vector of
size N which contains i.i.d standardized entries with bounded fourth moment. Then there is a constant
K > 0 such that

E|Y3BYy — TrB|?> < KTr(BB*).

This theorem is still valid if the i.i.d standardized coordinates Y (i) of Y have a distribution depending
on N such that supy E(|Y (i)]?) < oo.

Theorem 3.2. (c¢f. [B-Ya2] or Appendiz by J. Baik and J. Silverstein in [C-D-F] in the scalar case)
Let A = (a;j) be a N x N Hermitian matriz and {(x;,y;),i < N} a sequence of i.i.d centered vectors
in CK x CK with finite fourth moment. We write x; = (x1;) € CK and X(I) = (211,...,mn)T for
1 <1< K and a similar definition for the vectors {Y(1),1 <1 < K}. Set p(I) = E[Znnyn]. Assume
that the following limits exist:

(i) w=lmy oo & Y1y a2,

(ZZ) 0= limN_,oo %TFA? = th—»oo % ij:l |aij|2,

2

T 1 T 1 1 N
(iii) T =limy o xTrAA" =limy oo 5 Zm:l az;.
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Then the K-dimensional random vector ﬁ(X(Z)*AY(l) - p(l)TrA) converges in distribution to a

Gaussian complez-valued vector G with mean zero. The Laplace transform of G is given by
1
Vee CK, Elexp(c' Q)] = exp(icTBc),

where the K x K matriz B = (B(l,1")) is given by B = By + Bz + B3 with:

Bi(l,l") = wE[Znynziy] —p)p))
Bo(L,1) = (0 —w)E[znyn]Ezriyn] (3.2)
Bs(l,I') = (7 —w)E[Zznzr|Elynyi].

4 Proofs of Theorem 2.1 and Theorem 2.2

As far as possible, we handle both the proofs of Theorem 2.1 and Theorem 2.2. We will proceed in
four steps. First, let us introduce a few notations.

For a m x ¢ matrix B (or B) and some integers 1 < p < m and 1 <1 < g, we denote respectively by
[B];\Xl7 [B]p/;l, [B]p/xl and [B]p\xl the upper left, upper right, lower left and lower right corner of size
p x 1 of the matrix B. If p = [, we will often replace the indices p x [ by p for convenience. Moreover
if p =m , we may replace /" or \, by — and " or \_ by «. Similarly if [ = ¢, we may replace / or
by T and  or \ by |.

For simplicity in the writing we will define the k& x k, resp. N —k x N — k, resp. k X N — k matrix
Wiy, resp. Wy—_g, resp. Y, by setting

(W Y
wo (M2 ) w

Given B € My(C), we will denote by B the N x N matrix given by

~ . * ] B B -
B := diag(Uy, Iy ) B diag(Uy, In 1) = < va kxch vaxi k >
— kX —

One obviously has that BN_k = BN k-

In this way, we define the matrices My, Wy and Ay. In particular, we notice from (2.1) that

. . A Apsen—
AN = diag(0lx,, (Olk, i<, 1#js ZN—ki ) = < fll;v o AZX]Z g ) (4.2)
Cix _

Note also that since Ay_g is a submatrix of Zy_j,, all its eigenvalues are strictly smaller than o.
Let 0 < 0 < (pg, — 20)/2. For any random variable A, define the events

Qg\})()\) = {)\1 <—\/% +dlag(Uk,IN_k)dlag(OkM,ZN_k+U)d1ag(Uk,IN_k)> <20 +0; A > py; — 6},
Whn—
@ = {)\1 (%’“ +AN_k) < 2a+5},
and —_ oW (2)
Qv(N) = Q' (V)2 (4.3)

On Qn (), neither X nor py, are eigenvalues of My _j, := W\Z/vﬁ’k + An_1 and the resolvents é()\) =

(Mpy_ — My_j)~* and @(pgj) := (po, IN—r — Mn—_1)~* are well defined. Note that from Theorem
1.1, for any random sequence Ay converging towards py, in probability, limy . o P(Qn(An)) = 1.
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STEP 1: Let A be a random variable. On Qn(\),

det(My — My) = det(My — Ay)
— det ( My = My Myxcn—k )
MN—kxk MN—k— AN

= det(MN,k — /\IN,k)det (Mk — M, + kakaG(/\)Mkaxk) .

The last equality in the above equation follows from (3.1). Since on Qn()), A is not an eigenvalue of
Mpy_j, we can deduce that A is an eigenvalue of My if and only if it is an eigenvalue of

Q. (A) 1= My, + Mixn £ GN) My k- (4.4)

Now, note that we have also from (3.1) that
~ N
w
det [—N + ZNhy — NNk,
N—k}+d

VN

= det (VV\;\IN]C + [ZkaJro]]\\?—k — )\INk> x det ([Qk N( )]k ko )\kak+a) .

1N\
The matrix {%] Nk, +ZN—k,, is a submatrix of W Vi X 4 diag(Ok,, , ZN—k,,) whose eigenvalues are
(on Qx(A)) smaller than 204-4. So, since on Qn(A), A is greater than pg, — > 2040, we can conclude
IR N
that A cannot be an eigenvalue of [%} + ZN_k,,, and then neither of [Qk,N()\)]k\,k“- Thus,

N—kyio
we can define

Bk = (1QuvO, —Mik) (4.5)

Moreover on (), one can see using (3.1) that if Ag is an eigenvalue of [Qk7N()\)]k\_k+U — My,
then A is an eigenvalue of

W1\
a ZN_t,, — diagMolp_k..,0Nn_&).
{\/N}N—kw—i_ N—ky, — diag(Nolk—r,,ON—k)
Hence, )
Wr1\
ven (B2, a)en
= \/N N—k+a+ N—kto +| O|
and then
[Xo| > po, —6 — 20 — 6,
so that finally
1
Rt e 7 4.6
L o

Using oncemore (3.1), we get that on QN()\) A is an eigenvalue of Qk ~(A) if and only if it is

ko [Qk N( )]k+c,><k kto D k+a( ) [Qk N( )]k ko X ko or equivalently if
and only if {5 (\) is an eigenvalue of

co, VN ([Qk N(A )] —po,Ix,, — [Qk,N(/\)]k/Jrgxk—kJM, Lh—kyq (M) [QkﬁN()‘)]k/fluaxlua) '

Now using

an eigenvalue of [Qg (A )]

)

(\) = Glpe,) = —(X — po,)Glps,)G(N),

one can replace G(\) by é(pg].) + [—()\ - pgj)é(pgj) (@(pej) (A= pgj)é(pgj)é(/\))] and get the
following writing

YONY" = =Y Glon )V + En D () - vV —

I (4.7)

1
\/—_ Vil
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where

1 S 1/~ .
o, Din(N) = (A= p,)Y GG (po,)?Y" — < (YG(pgj)2Y* — o2 TrG(pgj)2Ik)
N —k ~ 1
—0? (trN—k G(po,)* — m)fk-
J
Then
N 1 . 0.2 N
C(-)].\/N ([kaN(/\)]k+g — p9j1k+a) = oy, [U]: <Wk + \/—N (YG(pej)Y* — (N — k)e_lk)> Uk}
J k+(r
+VNdiag (O, (01 — )y, L =1,..., 4o, L # 5)
k o2 o2 En(\) k
* N MO N N
FENn () [Ug Die, v (MU TN Iy, + T2 o L
2
ag

J

The following proposition (adding an extra matrix A for future computations) readily follows:

Proposition 4.1. For any random variable A and any ki, X ki, random matriz Ay, , on Qn(N),
X is an eigenvalue of My + diag(Ag,,,0) iff En(N) is an eigenvalue of Xy, n(N) + VNA,  where

XkZ+07N()\) = [UI:B]C,NU/C];U + \/Ndla'g (iju (9l - ej)Ikzu i=1,..., J+aal 7é .7) + §N()‘) [U;DR7N()‘)U/€]IC\+U

o2 A o *
n (9;.702 Ex ) & _ %E) Tiiy = 2Thy ok kye NSk by VT ko ki, (V)T (48)

Co;
where
B Wi 4+ — (Y@( W (N -k ) (4.9)
kN = Wi+ — Po; —(N —k)—1Ix), .
VN 0;
ngDka()\) :TN()\)+¢N+’(/JN with (410)
1 ~ o~
™) =5 A= po,)Y GN)G(po, )2 Y™
1 ~ ~
on =~ (YGlpo,)?Y" = 0* T Glpa, )11
N —k PN 1
_ 2 2
YN =—0 N (tI“N—k G(pe;)” — m)fk,
and
Fk+a><k7k+g (/\) = TN()\) + Ak+a ()\) with (4.11)

/

1 N
Ty = |UE(Ws + v GOy )]
Ak, (\) = [UFYG(V)A g
k+a( )_ [ k ( ) Nﬁkxk}k+gx(kfk+a)'

Moreover, the k — ki X k — ki matriz Xg_p, , (N) defined by (4.5) is such that

k+(,- X (k_k+n‘)

124y, VI < 1/(p0, — 20 — 26).

Let us make some comments on our approach in order to explain why we proceed in two steps
namely we apply twice a factorization of type (3.1) to deal with a k x k matrix and then with a
kio X kyo matrix. This approach makes the accommodating resolvent of the Deformed Wigner matrix

% +An_j arise. A single application of a factorization of type (3.1) to go from a N X N to kys X k4o

matrix would require to deal with the matrix [Wy/vN ]J\\?—Ma + ZN_k,, whose limiting spectral
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behaviour is a priori unknown. Moreover, the independance of the matrix [Wy /v/N ]k/xN_ p and

WZZ\’V*’C + A _ arising from our two steps approach will be of fundamental use in the following, whereas

their analogues in a single step approach are [WN/\/N]k/Lafokﬂ and [WN/\/N]Efk“ + ZN ks
which are not independant.

Throughout Steps 2 and 3, Ay denotes any random sequence converging in probability towards
po,;- The aim of these two steps is to study the limiting behavior of the matrix X, n(An) as N
goes to infinity.

STEP 2: We first focus on the negligible terms in Xy, n(An) and establish the following.

Proposition 4.2. Assume that k < VN. For any random sequence Ay converging in probability
towards pg;, on Qn(AN),

X N(AN) = Vi, v + VNdiag (O, (00— 0;) Ik, L =1,..., Jpo L # 5) + (1 + [En(An)])0p(1),
(4.12)
with Vi, N given by
Vieyoon = (Ui BN UKL - (4.13)
The proof of this proposition is quite long and is divided in several lemmas. Although our final

result in the case k infinite holds only for k < v N, we will give some estimates for k¥ < N once this
is possible.

Lemma 4.1. Let k < N. Then, on Qn(An),
(U} Diex (AU, = os(1). (4.14)

Proof of Lemma 4.1: We refer to Proposition 4.1 for the definition of Dy xv(An), Tn, ¢n and ¢¥y.
Let K = diag(IkJrg,Ok,kJrg). On QN(AN),

1 -~ ~ ] o 1
IUzn Ul s = ~ AN = oo, {Tr(KULY G(AN) G po, )Y URKURY Glpo, )*G(AN)Y UK } 2

IN

1 ~ ~ * * 1 * * 1
TN = 00, 11G oo IPIGANY U KUY [ #{Te(KULY Y Up )}

< %V\N—pej|Hé(Pej)||2HG(AN)HTY(KU;YY*UkK)
< %|AN—P9j|mTY(KU§YY*UkK)-
We have,
1 1 N-kkio k
FTEUYYUK) = & > U)LiWikipWanrtp (Uk)gsi
p=1 i=1l,q=1
kyo 1 Nk

k
Z (Ur)t,iWik4pWaketp (Uk)g.i
i=1 p=1 l,q=1,l#q

kio

“k ok
+Z - ZZ| Uil Wikp |-

i=1 p=1 |=1

M

Since {Zﬁq:L#q (Uk)t,iWik+pWak4p Uk)gi;1 <p < N — k} are i.i.d random variables with mean
zero and such that the second moments are bounded in N, we can deduce by the law of large numbers
that J%, Z El = 1 1 (U)1,iWi k+pWaktp (Uk)q,i converges in L? to zero and thus in probability.
2

Similarly, since {El UL P Wikspl?1 < p < N — k} are iid random variables with mean o
and bounded (in N) second moments, by the law of large numbers + Z Zl U)W kesp]?
converges in L? towards o2 and thus in probability. It follows that when N — 400,

1
S I(EURYY ULK) L ko2 (4.15)

10
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Hence [UfnUsl, = o02(1).

It follows from Lemma 5.1 in the Appendix that

) N—k ~ 1
Ui Uiy, = o N {th—k G(ps,)* = m]fk+a = op(1).
J

Now, we have

E (Il [Tz on UL, towoanlis) < E (I UienU, oo s )
k}+d 1
< >0 B () Clon,Ula) — 7 Tr Glpn, 80Pl )
P,q=1

where for any p = 1,..., k4o, we let U(p) = [(Y*Uk)1p,---» (Y Ur)N—kp]. We first state some
properties of the vectors U(p).

Lemma 4.2. Let U denote the N — k X ki, matriz [Y*Uk]kig. Then, the rows (U; ;i < N — k)

are centered i.i.d vectors in CF+e | with a distribution depending on N. Moreover, we have for all
1 < p,q < k-l—a"

E(lxﬁpl:{lq) = pyqa2 with E(Uiplhg) =0 in the complex case,

B

t
B[y 2 Wig ) = (1+ 58p0)r" + [E(Was]) - 13 U I Ul (4.16)
=1

Since Zle |(Uk)ip|* < 1, the fourth moment of Uiy, is uniformly bounded.

We skip the proof of this lemma which follows from straightforward computations using the indepen-
dence of the entries of Y and the fact that Uy is unitary.
Then, according to Theorem 3.1 and using Lemma 3.1,

1 ~ K ~
E (JU(p) oo, ?U(p) = 0> Tr Glpo, P layinn ) < B (brn Glos,) 1o )
< E (I8 1)
K 1
s N (po, — 20 — 6)*

Besides for p # ¢, using the independence between (U(p),U(q)) and é(pgj), we have:

N—k
(|Z/[( ) (p9 )2]/[( )|21Q§5)> = E zyujqulp(G2)lmZ/_{quQ§5)]
i,7,l,m
N—k
= E[uwuaqulp mq] [(G2)1J(G2)lm <2)]
i,7,l,m

where we denote by G the matrix é(pg].) for simplicity. ;From Lemma 4.2, for p # ¢, the only terms
giving a non null expectation in the above equation are those for which:

1) i=1,7=mand i # j. In this case,
ElUipUjUiplUhq) = EllhipUiy |EU;U;q) = o
and
N—k
P .;é_E[(GQ)Z—j(GQ)ile%)] < ]ETr(G‘l]Qg)).
1,9, F]

11
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2) i=j =k =1. In this case, using (4.16), there is a constant C' > 0 such that

E[gipuiquipgiq] = E[|uip|2|uiq|2] <C.

Moreover
N—k )
> ]E[Gfinilﬂg)] < ET‘r(G4IQ§5)),
i=1
Therefore,
2 (IU(p)*G(pej)QU(q)IQIQm) < (C+0*) ETr(G(po,)"12)- (4.17)
N N
Hence,
1 * A 2 2 C+ot ~ 4 C + ot 1
— _ < | - |
NzE(IU(p) G(po;)U(q)| lﬂgvz)) < E(||G(p91)|| 1955)) S R ey T

Thus

. k2, 1
B (10U, Plavan) S (C+oh32 oy
J

The convergence in probability of [U}¢n Uk]k\“ towards zero readily follows by Tchebychev inequality.
Lemma 4.1 is established. O

For simplicity, we now write
E(AN) = Zppp, (An).

Let us define
k 02 02 gN(AN) k 1

— 7 I, ——
UNG TS o NN

R n(AN) = — Ty xk—tyg (AN)E(AN)T ko xk—kio (AN)™.

(4.18)
To get Proposition 4.2, it remains to prove that if k < v/N,

R n(An) = (1 +[En(An)])op(1). (4.19)
Once k < VN, we readily have that

k o? 0% En(AN) E
NG e T Nc(9 ) ke =1+ [En (An)])?op(1).
J 7 J

Hence, (4.19) will follow if we prove
Lemma 4.3. Assume that k < vV N. On Qn(Ay),

\/LNF;HUX;C_;HU (AN)E(AN)Fk+(,><k—k+U (AN)* = (1 + |§N(AN)|)201F’(1)- (4.20)

For the proof, we use the following decomposition (recall the notations of Proposition 4.1):
Drpoxktpo (AN)S(AN) ey, xk—kpy (AN)
=TNETN + TNEA, , (AN)" + Ak (AN)EAL,, (AN)" + Ak, (AN)ET . (4.21)
where (using (4.7))
1 . /
Ty :=Tn(Ay) = |Ui(Wi + \/—NYG(AN)Y*)U;C o)
= (UBiNUE nr,, + ENAN) [UEDe N (AU s

kio

and we replaced 3(Ax) by X. We will prove the following lemma on T .

12
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Lemma 4.4. If k < V/N,
¥ 1
U7 Dion (ANURL e, s = oB(NH). (4.22)

* 1
1 [U7 B, n (AN)URIE i, s = 0p(NT). (4.23)

and therefore, for k < /N, )
TNl = 0p(NT)(1 4 [En (AN)I)-

Proof of Lemma 4.4: To prove (4.22), we use the decomposition
co, U Dk N (AU e = WURTNURIL, ks + URONURIL ki, -

As in the proof of Lemma 4.1, we have

kk 1
* /! 2 4 +o
2 (0N U iy, firstonian) < (€405 o

so that, for £ < N and using Tchebychev inequality, we can deduce that
U ONURE.  shis, IHs0g (an) = 0B(1).

Let K = diag(Ix,,,0) and L = diag(0, Ix—t,,). On Qn(An),

1 N N N N
VRN UK ki, s = ~ AN = oo, {Tr (KUY G(AN) G po, )Y URLUSY G po, ) G(AN)Y " U K) }

1 A A * * 1 * * 3
< /A =0, G pa) PG (AN)INY ULLURY |2 {Te(KUF YY" UL K)} 2

N=

1 P~ A * * 1 * * 1
< 5N = 0, G (o) IPIGAN) {Te(LURY YU L)} 2 { T (KUY Y UL K) } 2

< i|A — |;
= NN TP 20 — 20)8

According to (4.15), \/—%{Tr(KU,: YY*U,K)}2 converges in probability towards +/k;40.

k k
1 - 1 [T W
N LUYY'URL) = ._Z Y UiiWigsy Worsp Ui)g,i

k k
e Y WP Wi

=1 i=kyo+11=1

iS]

{Z ot th 1 #q Uk LiWiktp Wokap (Uk)qi, 1 < p < N —k} are 1.i.d variables with mean zero
such that

2
U)LiWikap Warip Uk)gi| | <Ok —kio)?.
i= k+n+1l7q 1 liq
for some constant C. Hence
N—-k k k 2
1 — T (k = kio)?

E Z Z leVl Jotp Waktp (Uk)qyi < CTv

p:1 i=kyo+11,q=1,l#q

so that the first term in the previous sum converges in L? towards 0 and thus in probability.

Moreover, since Ef:k“H ﬁ Zle |(U)1,i|?|Wi k+p|? are i.i.d random variables with mean o2

and
bounded second moments (in V), there exists some constant C' such that

lek k
E N; >

2

B

219

{Tr(LU;YY*Up L)} {Te(KU;YY* U, K)}2 .
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so that + E;\;k Zf:k+a+1 ﬁ S U)Wk pl? converges in L2 towards o and thus in
probability. It follows that & Tr(LU;Y'Y*Uy,L) = Op(k) and then that under the assumption k < VN,

).

Bl

HURTNURE ks, s = 0p(VE) = op(N
Note that we also have for k < N,

VRN UK ki, s = 1En(Vlos (1),
and therefore
Uz Din (ANURL e, s = (14 [€n(An)])op(1).

Thus, (4.22) is established.
For (4.23), recall that [U,;‘B,C,NU;C],{+ ke, = [U;WkUk]k{ ket
Since

S UY Glpo, )Y UL hoiy-
E (WU, xnm, s ) < soko®

one has that

P (||[U;WeUs]{ N3 < ok
(EWAUAL, aon, llms > eNF) < 2
Hence, as k < VN, we can deduce that ||[U;f Wi Uys]{ = i

) ’ EVk k]k+a><k—k+g||H5_0P(N4)'

Now, let us prove the same estimate for the remaining term. Using the same proof as in 4.17, one can
get that for p # ¢, for some constant C' > 0,

E (JU(p)*Glpa, U(a) P10 ) < CETH(Glps,)* 1)
N N

and then that for some constant C' > 0,

1

El (oo, 20—

1 *17 *
||\/—N[UkYG(p9;)Y Uk]k/jrgxkfk+a ||%‘ISIQ§5)] < Ckk-i-a

Then using that

1 * Y * 1 1 1 *x *
P (I 0¥ Con)Y U aayNirstgy > N ) € Bl U2V Gl )Y I i, s
we deduce since k < v/N that
1 *\ 7 * e 1
||\/—N[UkYG(p9j)Y Uk]k+gxk—k+g ||HSIQ§5) = OIF’(N4)'
Thus (4.23) and Lemma 4.4 are proved. O
Using that
1
< ————— 4.24
one can readily notice that Lemma 4.4 leads to
1
S TNET = (L+ v (An) ) Poe(1). (4.25)

We now consider the remaining terms in the r.h.s of (4.21). We first show the following result where
we recall that Ak+g (pg].) = [U]:YG(pgj )AN,ka]/

k?+d ><k7—k7+d :

Lemma 4.5. J_lﬁTNEAk+U(P0;')*7 \/LNAIHU (po;) XAk, (pg;)" and ﬁAk” (po, ) =T, are all equal to
some (1 + |Ex(An)])op(1).

14
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Proof of Lemma 4.5 : We will show that, on Qn(Ay), for any u > 0,
Ak+g (pgj) = OP(NM). (426)

One can readily see that this leads to the announced result combining Lemma 4.4, (4.24) and (4.26).
First, using the fact that U;Y is independent of 1,2 G/(pp;) and that for any p, the random vector
N

2. one has that

Up) =" [(Y*Uk)1ps-- -, (Y*Uk)N—k,p) has independent centered entries with variance o
E(IQN (AN) Tr Ak+a (pej )Ak+a (p9j )*) < E(lgg\?) Tr Ak+(r (pej )Ak+a (p9j )*)

kio0E {1Q§5> Tr (G2 (0, ) AN —kxh—by0 AN _kh—ky, ] }

< ko0 B { 1o [ Gloo ) 1P Tr An-rrmir, AR s, |
k+ ag
7 Tr A3
(pej — 20— 6)2 N
J
k.;,_o-O'
k6
(po, — 20 — 0)? ; o

Therefore, P(1g, (ax) || Ak, (o, | zs > eN*) < e 2N 2E(lg, (ay) | Ak, (po,)ll3rs) goes to zero as

N tends to infinity. Hence (4.26) holds true on Qx(Ay) and the proof of Lemma 4.5 is complete. O
Let us now prove that

Lemma 4.6. Ay, (An) = Ap,,(po;) + Op(|En(AN)]).

Proof of Lemma 4.6: We have

Ak, (AN) = Ak, (po,) = —(Ax = po,)[UFY Glpo, ) G(AN) AN kxif, ki,

Let us define Vy, = [U;YG'(pgj)G(AN)AN_kxk]/

Tepoxhehoss Then for some constant C' > 0 depend-

ing on the matrix Ay _kxk,

IN

Tr(Vi,, Vi,.) C||G(po,)|I*|G(AN)II> Tr@UU)

C

< =
N (p0j — 20 — 25)4

Tr(U*U)

where we denote as before U = [Y*Uy|;, . Thus letting ¢ := Cce_f,

1 1

1850 (AN) = Ax o, lzs < O En (AN 0 —5 55

T (U U).
It follows from (4.15) that

1 N P

N Tr(U*U) — kypo?
implying that [|Ag , (An) = Ak, (pe,;)lzs = Op(|En(AN)]). O

We are now in position to conclude the proof of Lemma 4.3. Indeed, writing
Ak, (AN)ETY = (Ak+a (AN) = Ay, (po; )) TN + Ak, (po;) YTy
and

Ay, (AN)EAL, (AN) = Ag,,(po,)EAk,, (po;)"
+ (Aky, (AN) = Apy, (po;)) Bk, (po;)"
+ Ak, (AN) = Dy, (p9,)) S (Aky, (AN) — Ay, (po,)
+Ak,, (p0,) (Dky, (AN) = Ak, (pe,))"

15
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we deduce from Lemmas 4.4, 4.6 and (4.24), (4.26) that
are both equal to some (1 + [{n(An)|)op(1). Using also

L
VN

which gives (4.20) and completes the proof of Lemma 4.3. O

\/L—A (AN)ETX[ and ﬁAk+a (AN)EAk+U (AN)*
(4.25

5), we can deduce that

Dhyoshimto (AN)ET ko xk—ky, (AN)™ = (14 €3 (An)])?0p(1) (4.27)

Combining all the preceding, we have established Proposition 4.2. We now prove that provided it
converges in distribution, with a probability going to one as N goes to infinity, {n(Ayn) is actually an
eigenvalue of a matrix of size k;.

Lemma 4.7. For all u > 0,
IViso.n 1S
Nu

Proof: Straightforward computations lead to the existence of some constant C' such that

= O[P(l).

E (|| (U WUy, , ||HS) <C.

The convergence of || [UW;Uy] ey |I/N* in probability towards zero readily follows by Tchebychev
inequality. Following the proof in Lemma 4.1 of the convergence in probability of [U}®nUj] o
towards zero, one can get that

A (C+oh)k3,

) P~ , * 2 ~ . 2 < S o
(| [Uk\/_ Q()(YG(pej)Y o TrG(PGJ)Ik>UkL+U [ lslN(AN)> = (s, —20—-0)%’

and the convergence in probability towards zero of the term inside the above expectation follows by
Tchebychev inequality. Since moreover according to Lemma 5.1,

\/Lﬁlgg\? <T1“@(Pej) - (V- k)%) = op(1),

we can deduce that

2

N

—u * 1 ~ * g

N7Y| [Uk\/—ﬁlﬂg? (YG(pgj)Y (N - k)7lk)Uk} g = op(1).
+

The proof of Lemma 4.7 is complete. O

o

Proposition 4.3. Let Ay, be an arbitrary k;j x k; random matriz. If {n(An) converges in distribution,
then, with a probability going to one as N goes to infinity, it is an eigenvalue of X, , n(An) +
diag(Ag;,0) iff En(An) is an eigenvalue of a matriz )v(kij(AN) + Ay, of size kj, satisfying

ij,N(AN) = ij,N + 0[{»(1) (428)
where Vi; N is the kj x kj element in the block decomposition of Vi, N defined by (4.13); namely

Vi,

'R

N = Ul*(j xkj [Bk,N]ijKijj
with Uk xx; and By n defined respectively by (2.3) and (4.9).

Proof of Proposition 4.3: Since {y(Ax) converges in distribution, we can write the matrix
Xy, . N(An) given by (4.12) as

Xy N (AN) = VNdiag(On, (61 = 05) Ik )15) + iy v (AN)
where Ry, n(An) := Vi, ~ + op(1). Let us decompose Xy, , n(Ay) in blocks as

X, X, ks
Xkyo,N(AN) = < ki N Ky X ko ks, N )

X]i}+(,-—k}j ij,N 'X]C+(,-—k}j,N

16
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We first show that {x(An) is not an eigenvalue of Xk, n. Let a = inf;4; [0 — 6;] > 0. Since,

Xiy oy, = VNdiag(((61 — 0;) Ik, )i15) + R,y —k; N

if p is an eigenvalue of Xy, x;, then

lul/VN > a — ||Rk+afkj,N||/\/N.

Now, using Lemma 4.7,

Rk, Nl/VN = 0p(1).
Hence £y (An) cannot be an eigenvalue of Xy, _x, n. Therefore, we can define

X, v = Xiy N — Xy xhyo—ky N Xy oty N — ENAN) Ty o — ;) Xy o — ey ey N

= Viyv = Bisho—k; N (Xnyo by N — ENAN) Ty k) Ry —ky iy N+ 08(1).
To get (4.28), it remains to show that
||Rkj shyo—kj N(Xbyo—k;N — §N(AN)Ik+Ufkj)71Rk+gfkj xk;,N|| = op(1).
This follows from the previous computations showing that (for some constant C' > 0)
(X —ryv = EN AN Tk —y) I < (C + 08(1)) /VN,

combined with the definition of Rk,  n(An) and Lemma 4.7. The statement of the proposition then
follows from (3.1). O

STEP 3: We now examine the convergence of the k; X k; matrix Vi, y = U;;jxkj [Bk,N]kj Uk;xk; In
the two cases: K; independent of N and K; — oc.

a) K; and the matrix Uk, xk; are independent of N

Proposition 4.4. The Hermitian (resp. symmetric) matriz [Bk7N]>j converges in distribution to-
wards the law of Wk, + Hy,; where W, is a Wigner matriz of size K; with distribution given by p
(c¢f (i)) and Hg, is a centered Gaussian Hermitian (resp. symmetric) matriz of size K; independent
of Wk, with independent entries Hyy, p <1 with variance

t rmy — 30t t ot
Upp:E(Hzp):Z(T> §m7p:17"'7Kj7
2 j (4.29)

(o
ﬁ,1§p<l§Kj.

o = E(Hpl?) = o
J

The proof follows from Theorem 3.2 and is omitted. We shall detail the proof of a similar result in
the infinite case (cf. below the proof of Lemma 4.9).

b) K;(= K;(N)) — oo and Uk, xk,(= Uk, xk,;(N)) satisfies (2.2)

Proposition 4.5. If ltnaLx];j:1 mau)cilij1 |(Uk)ip| converges to zero when N goes to infinity then the k; x k;

: * . C g 6252
matriz Uk . [Bk,N]kj Uk, xk; converges in distribution to a GU(O)E(k; x kj, 9517—002)

We decompose the proof into the two following lemmas.

Lemma 4.8. If max];j:l maxfijl |(Uk)ip| converges to zero when N goes to infinity then the k; X k;
matriz Uk . [Wk]kj Uk, xk, converges in distribution to a GU(O)E(k; x kj,0?).

Proof of Lemma 4.8: First we consider the complex case. Let o,y € C, 1 < p < g < k; and
app € R, 1 <p < kj, and define

Ly(a) = Z (pq (Ug WiUs ) pg + 0pq (Ui Wi Uk )pq) + Z 20p (U Wi Uk ) pp-

1<p<qg<k; 1<p<k;

17
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We have

K
@)=Y DiWn)a+ »,  Ra(V2Re(Wn)a))+ D Ta(V2Sm((Wn)a)),

1<i<I<K; 1<i<I<K;

where

Di_2§Re< > apq(Uk)quip),

1<p<qg<k;

Ry = \/§§R€< Z QPQ((Uk)lqmip + (Uk)iqmlp)),

1<p<qg<k;

=3 ( 3 (T, (U~ T, 0) )
1<p<q<k;
Hence Ly(a) = 27{? 21 B, N®m where ¢, are i.i.d random variables with distribution g and G, N
are real constants (depending on the cy,4) which sat1sfy max " 1 |Bm,n| — 0 when N goes to infinity.

Therefore the cumulants of Ly(«) are given by e = Zm:l Br.nCn(p) for any n € N* where
Cy (1) denotes the n-th cumulant of p (all are finite since p has moments of any order). In particular

CiN) = 0. We are going to prove that the variance of Ly («) is actually constant, given by

K;
=>"DI+ > RE+ D> =2 ) el 4 D oyl (4.30)
=1

1<i<j<K; 1<i<j<K; 1<p<q<k; 1<p<k;

Let us rewrite the Lh.s as

ZD2+ > R oo o=

(]

;o
p,q;p »,9q

1<i<I<K; 1§i<l§K1 1<p<qg<Ek
1<p <q <k
where
o o A
D o o) 0 T
+ Z Jte (apq((Uk)lqmz‘p + (Uk)iq(U—k) )) Re (O‘ ! ’((Uk) (Uk)ipl + (Uk)iq,mlpl))
1<i<I<K;
i Z Sm, (apq((Uk)[q(Uk)’ip — (Uk)iq(Uk)lp)) Sm (ap/q/((Uk) (Uk) = (Uk)y (Uk )lp/)) )
1<i<I<K;
So that
Moot = 30 {Re (0na(URT8)s, + Ua)ia00),)) Re (0 (Ui Talyr + Un)yy Ty
1<iI<K;
+3m (apq((Uk) m - (Uk)iq(Uk)lp)) Sm (a q ((Uk) (Uk) " (Uk) (Uk)lp,)>}
_ 2H(1) L, + H(2)
where
Hijt)lﬁp'yq' - Z {%e (am(Uk)lqmip> Ree (Oép/q' (Uk>lq/mip/>
1<iI<K;

+3m (O‘pq(Uk)lqm> Im (ap’ q (U’f)lq'm>}

= %e{apqoepq Z (Uk)ip'mip([]k)[qmlq/}

1<6,I<K;

2
= lapg|"0p,0), 60" ')
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and

H(z) = Z {%e (apq(Uk)lqmip) Fe (ap’q’ (Uk)z‘q’ (Uk)lp’)

p.a.p’,q’
1<i,I<K;
—Qm (Oépq(Uk)lq(Uk)ip) Sm (O‘p'q/ (Uk)iq (Uk)lp')}

= %e{apqap/q/ Z (Uk)iql(Uk)ip(Uk)lq(Uk)lp/}
1<i,I<K;

2
= lappl"0( ). ") Op.a

Then (4.30) readily follows. In the following, we let const = Ziil B2 N

2
Since |C’7(1N)| < const maxijzl 1B N |2 |Cr ()], iy converges to zero for each n > 3. Thus we

can deduce from Janson’s theorem [J] that Ly (a) converges to a centered gaussian distribution with
variance 0(2301 <<y, [0pgl? + 4301 <y, [opp|?) and the proof of Lemma 4.8 is complete in the
complex case. T

Dealing with symmetric matrices, one needs to consider the random variable

Ly(a) := Z g (U WUk )pq + Z pp (U WiUg)pp

1<p<q<k; 1<p<k;

for any real numbers a,q, p < ¢. One can similarly prove that Ly («) converges to a centered gaussian
. . . . . 2 2 2
distribution with variance 0%(232; <, o<p, @pg + 22 1<p<p, Opp)- O

Remark 4.1. Note that Lemma 4.8 is true under the assumption of the existence of a fourth moment.
This can be shown by using a Taylor development of the Fourier transform of Ln(a).

kj
p=1

~ N
k; matriz J—lﬁU}}jxkj KYG(POj)Y* — (N - k)‘;—jlk)}Kj Uk, xk; converges towards a GU(O)E(k; x

Lemma 4.9. If max ma:)(iK:j1 |(Uk)ip| converges to zero when N goes to infinity then the k; x

4
[ed
by 7o)

Proof of Lemma 4.9: We shall apply a slightly modified version of Theorem 3.2 (see Theorem 7.1
in [B-Ya2]) but requiring the finiteness of sixth (instead of fourth) moments. Let K = k;(k; + 1)/2.
The set {1,... K} is indexed by | = (p,q) with 1 < p < ¢ < k;, taking the lexicographic order. We
define a sequence of i.i.d centered vectors (z;,v;)i<n—k in CX x CK by z;; = Uip and yy; = Uyq for
I = (p,q) where U is defined in Lemma 4.2. The matrix A of size N — k is the matrix é(pgj) and is
independent of U. Note that we are not exactly in the context of Theorem 7.1 of [B-Ya2] since the i.i.d
vectors (z;,¥;); depend on N (and should be rather denoted by (x; n,¥: n)i) but their distribution
satisfies:

L. p(l) = E[znyn] = 6p,q0° for | = (p, q) is independent of N.

2. ElZnyi] = dpg0?if L= (p,q),l' = (p',q') (see By in (3.2)).

3. Complex case: E[Z;1Z11]) = Elynyr1] =0if i = (p,q), ' = (p',¢') (see Bz in (3.2)).
Real case: E[1Zy1] = 026, and Elyjyii] = 02644 if L = (p,q),I' = (P, ).

4. (see By in (3.2))

ElZnynzriyn] = 0*(6pq0p ¢ + 5p,q’5p}<,q)+
[E(|Wia]*) — 20%] Ei:jl(Uk)i,q(Uk)i,p(Uk)iﬁq’ (Ulc)i,p’ in the complex case,

ElZnynZiiyn] = 0*(0pgdp.q + 51),11’517}(,11 + Op,pr Og,q' )+
[E(|Wiz|*) — 30%] Zi:ﬁ(Uk)i,q(Uk)z‘,p(Uk)i,q' (Uk)i,p/ in the real case.
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Under the assumption that maxlgjzl maxf{:jl |(Uk)i p| converges to zero when k goes to infinity, the last
term in the r.h.s of the two above equations tends to 0.

It can be seen that the proof of Theorem 7.1 still holds in this case once we verify that for € > 0 and
for z = x or y, for any [,

E[|Z“|41(|211|261\71/4)] — 0 as N — oo. (4.31)

We postpone the proof of (4.31) to the end of the proof. Assuming that (4.31) holds true, we obtain
the CLT theorem 7.1 ([B-Ya2]): the Hermitian matrix Zy = (Zn(p, q)) of size k; defined by

1 _ A ~
Zn(p,q) = —=—=I Z UipG (po, )i Uirg — 8p,g0” Tr(G(pe,))]
N—k ii'=1,..N—k

converges to an Hermitian Gaussian matrix G. The Laplace transform of G (considered as a vector
of CK | that is of {Gpq, 1 <p < q < kj;}) is given for any ¢ € CK by

1
Elexp(c’' Q)] = exp[gcTBc]
where the K x K matrix B = (B(l,1")) is given by: B = limy B;(N) 4+ B2 + B3 with

Bi(N)(I,I) = wEZnynZiny] — pl)p(l)),
By(l,1) = (0 —w)E[Znyn|E[Zriyn]
Bs(l,l') = (7 —w)E[ZnZi]Elynyi]

and the coefficients w, 8,7 are defined in Theorem 3.2. Here A = é(pgj) so that w = 1/67 and
0 =1/(67 — 0*) (sce the Appendix).
(From Lemma 4.2,

By(l,1") = (0 = )08y, 0pr,q = (0 = w)0 Lpmgmpr =g -

Moreover in the complex case, B3 = 0 and in the real case,
Bs(1,1') = (6 — w)o*s, .

(From 4. in the real case,
lim Bi(N)(,I) = & pwot(1+6,,),

N—o0

and in the complex case,

Jim By (N)(I, 1) = 01 pwotd, .

It follows that B is a diagonal matrix given by:
B(,l)=(1
B(l,1) = 0p,q0

)

+6p.9)00% = (1+ 5107‘1)9]2.0——402 in the real case,
4
o

4 .
= Op.qgr—pz in the complex case.
J

In the real case, the matrix B is exactly the covariance of the limiting Gaussian distribution G. It
follows that G is the distribution of the GOE(ki, X ki4,0%/(65 — 0?)).

In the complex case, from the form of B, we can conclude that the coordinates of G are independent (B
diagonal), G, has variance o /(05 — 0?) and for p # ¢, Re(G)py) and Sm(G),) are independent with
the same variance (since B(l,1) = 0 for p # ¢). It remains to compute the variance of Re(Gp,). Since
the Laplace transform of Re(Zn(p,q)) and Sm(Zn(p,q)) can be expressed as a Laplace transform
of Zn(p,q) and Zn(p,q), we shall apply Theorem 7.1 to (Zn(p,q), Zn(p,q)) that is to the vectors
z; = (Uip,Uiq) and y; = (Uiq,Uip) in C2. We denote by B the associated ”covariance” matrix of
size 2. The variance of Re(Gpq) is given by %limNHOO Bis (since Bi1 = Bsy = 0 from the previous
computations) with } } } }

By = Blg(l) + 312(2) + 312(3)

where here Bj5(3) = 0,

Bus(1) = WE[[Uhy[*thgl?] = wo'  and  Bi2(2) = (6 — w)E[|Us,[*|E[th|*] = (6 - w)a™.
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Thus, var(Re(Gpq)) = 00* /2 = 0% /(2(67 — 62)). We thus obtain Lemma 4.9 by using that Tr(@(pgj)) =

~ ~

(N — k) tI‘N,k(G(pgj)) and tI‘N,k(G(pgj)) — 1/9J

It remains to prove (4.31). The variable ay = |z11|41(|Zl1|26N1/4) tends to 0 in probability. It is
thus enough to prove uniform integrability of the sequence oy, a sufficient condition is given by
6/4

supy E[ay "] < oo. It is easy to see that for any 1 < p < kj, supy E[[U1,[°] < oo since the Wigner
matrix W has finite sixth moment and Uy, is unitary. This proves (4.31) and finishes the proof of
Lemma 4.9. O

STEP 4: We are now in position to prove that

(v O, N, O (M) =5 (Vi) My (Ve i) (4.32)

To prove (4.32), our strategy will be indirect: we start from the matrix V; y and its eigenvalues
(Ai(Vi,;,nv); 1 < i < kj) and we will reverse the previous reasoning to raise to the normalized eigen-

values §N(/\fcj,1+i(MN))’ 1 <i < k;. This approach works in both Cases a) and b) as we now explain.

First, for any 1 <+¢ < k;, we define Ag\i,) such that
En(AY) = Xi(Vi ),

that is Ag\i,) = po; + /\i(ij,N)/Cej V/N.

Since Vj, .. converges in distribution towards Vi, xx;, i (Vi " ~) also converges in distribution towards
Ai(Vie; ;). Hence &n (Ag\i,)) converges in distribution and Ag\i,) converges in probability towards pg,.
Let XIS) = ij7N(A§\i,)) = Vi,; .~ +op(1) as defined in Proposition 4.3. This fit choice of Ag\i,) gives that

)‘l(Xlgj)) = fN(Ag\Z])) + €5, with €; = Op(l).

Hence, ¢ N(Ag\i,)) is an eigenvalue of X ,53)

- eiij .
According to Propositions 4.1 and 4.3, on an event Qy whose probability goes to one as N goes to

infinity, there exists some [; such that

i € .
Ag\/) = )\li (MN — \/—Ndlag(lkj,ON_kj)>.

The following lines hold on Q. By using Weyl’s inequalities (Lemma 3.2), one has for all i €
{1, ey /{J} that

€ .. |€1|
A (Mpy — —=diag(I.,0n k) ) — A, (Mpy)| < .
(M - diag(Zh,, 0v-)) = M m‘ v
We then deduce that
(&n On M) v, (M) ) = (M (Vi) o (Vi) +02(1) (4:33)
and thus .
(gN()‘h (Mn)), - .- afN()\lkj (MN))> - ()‘1 (ij ij)v SRR /\kj (ij ij))' (4.34)
Now, to get (4.32), it is sufficient to prove that
]P’(li:ffj_l—i—i;i:l,...,kj)—>1, as N — oo. (4.35)

Indeed, one can notice that on the event {I; = I%j_l +i;¢=1,...,k;} the following equality holds
true

(En O,y M) v Oy, MND)) = (O, (M) 6 O, (M) ). (4:36)

Hence, if (4.35) is satisfied then (4.36) combined with (4.34) imply (4.32).
We turn now to the proof of (4.35). The key point is to notice that the k; eigenvalues of Vi, xy;
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have a joint density. This fact is well-known if Vi, xx, is a matrix from the GU(O)E and so when
K is infinite (Case b)). When Kj is finite (Case a)) and independent of N, we call on the following
arguments. One can decompose the matrix U;;jxkj Hg Uk, xk; appearing in the definition (2.7) of
Vi,, in the following way

U}k{jxijKj Uk;xk; = Qr; + Hg,

with ﬁk]. distributed as GU(O)E (using the fact that U}“(j wk; Uk, xk; = Ir;) and Qy; independent from
H k;- Hence, the law of Vi, is that of the sum of two random independent matrices: the first one

being the matrix H, k, distributed as GU(O)E associated to a Gaussian measure with some variance 7
and the second one being a matrix Zj; of the form U}*(jxkj Wi, Uk, xk; + Qk;- Using the density of

the GU(O)E matrix H, k, With respect to the Lebesgue measure dM on Hermitian (resp. symmetric)
matrices, decomposing dM on Uy x (RY)< (denoting by Uy the unitary (resp. orthogonal) group),
one can easily see that the distribution of the eigenvalues of H, k; + Zy; is absolutely continuous with
respect to the Lebesgue measure d\ on R™ with a density given by:

4 N
F(A1, ..., ANn) = exp( ——Z)\Q H i —)\j)tIE(exp{—ETTZ,%]_}I(()\l,...,)\N),ij)> d\

i<j

where I((A1,...,An),Zk,) = [exp(ZN Tr(Udiag(Ai,...,An)U*Zy,)) m(dU) denoting by m the
Haar measure on the unitary (resp. orthogonal) group.

Thus, we deduce that the k; eigenvalues of Vi, «x; are distinct (with probability one). Using Port-
manteau’s Lemma with (4.34) then implies that the event

Qy = {éN(/\ll(MN)) > En (A, (My)) }ﬂQN
is such that limy P(Qy) = 1. By Theorem 1.1, we notice that the event
Nﬁv = {)\fcj-fl (MN) > po; +6 > )\ll(MN)} ﬂQNﬂ {)\lkj (MN) > po; — 6> A];j71+kj+l(MN)}

also satisfies limy P(Q) = 1, for § small enough. This leads to (4.35) since Q C {l; =i + lgzj,l, i=
NS

The proof of Theorems 2.1 and 2.2 is complete.

5 Appendix

We recall the CLT for the empirical distribution of a Wigner matrix.

Theorem 5.1. (Theorem 1.1 in [B-Yal]) Let f be an analytic function on an open set of the complex
plane including [—20,20]. If the entries (W) )i1<i<i<n of a general Wigner matriz W n of variance
o? satisfy the conditions

(i) fori#1, E(|(Wn)al*) = const,

(i) for any 0> 0, o e 3, B [0Vl 00,50 =0

then N(trN(f(\/—lﬁWN)) — f fd,usc) converges in distribution towards a Gaussian variable, where jisc

is the semicircle distribution of variance o2.

We now prove some convergence results of the resolvent G used in the previous proofs.
Let 1 < j < Ji, and k such that N — k — oo.

Lemma 5.1. FEach of the following convergence holds in probability as N — oo:

i) VN (trN_k C(po,) — 1/9j) 0
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i) try_k éz(pej) — [ Wdlusc(x) = 1/(9? —0?),

i) g ST Gl ) — (f 2e2)” = 1762,

Proof of Lemma 5.1: We denote by G the resolvent of the non-Deformed Wigner matrix

Wy—r/VN.
i) By Theorem 5.1, one knows that VN (trN_k G(po,;) — f ?:_—sz)) converges in probability towards
0. Now, we have f d”“(m) 9%_ (see [H-P] p. 94). It is thus enough to show that

tryv_g G(p(.)j) —try—g G(pej) = O[p(l/\/N).

Let then Uy _ := U (resp. Dy_) be a unitary (resp. diagonal) matrix such that Ay_, = U*Dyn_U.
Then, one has

ltry—k Gpo,) — try—k G(pe,)| = |trn_i (G(p 0, ) An—1G(ps,))|
= |trn—k (Dn—rU*G(po,)G(po ) )l
= [try—g (Dn-rA(po;))| < (r/(N = k) Dn—xl[ [ A(po,) |

where 7 is the finite rank of the perturbed matrix Ay _.
One has | Dy_k|| < ||An]| := ¢ (with ¢ = max(61,]6;]) independent from N). Moreover on the event

On = Q0 N {[Wy_x/VN]| < 20 + 6}, [[A(ps,)|| < (ps, — 20 — 6)2 (use Lemma 3.1) so that we
deduce that

. re -
| trn—k(Glpo,)) = tra—i(Glpo,)) g, < 57— (po, =20 =0)7% = 0.
Using Theorem 5.1 and the fact that P(Qx) — 1, we obtain the announced result.

ii) It is sufficient to show that try_g GQ(pgj) —trN_k GQ(pgj) — 0 in probability since, by Theorem
5.1, one knows that try_x G?(pg) converges in probability towards Ik ﬁdusc(x).
J

Using the fact that Tr(BC') = Tr(C'B), it is not hard to see that

trvk G2(p0,) = trv-k G2(p0,) = trn—k ((Clpa,) + Glp0,))(Glpn,) = Glpn,)))
= ek (Gl ) An k(o) + oo, )G p0,) )
= trv—i (Dn-rUG(pa,)(Glpo,) + Glp,))Glpa,)U”)
= trv—k (Dn-kA(ps,))

where the matrices Dy and U have been defined in i). We then conclude in a similar way as before
since on the event Qu, [|A'(pg, )| < 2(ps, — 20 —8) 2.

For point iii), we refer the reader [C-D-F]. Indeed, it was shown in Section 5.2 of [C-D-F] that the
announced convergence holds in the case £k = 1 and for G instead of G. It is easy to adapt the
arguments of [C-D-F] which mainly follow from the fact that, for any z € C such that Sm(z) > 0,

e Zfi_lk(é' (2)ii)? converges towards g2(z). But this latter convergence was proved in Section 4.1.4
of [C-D-F]. O
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