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Online Multi-task Learning with Hard Constraints
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Abstract

We discuss multi-task online learning when a de-
cision maker has to deal simultaneously with
tasks. The tasks are related, which is modeled
by imposing that thel/—tuple of actions taken by
the decision maker needs to satisfy certain con-
straints. We give natural examples of such restric-
tions and then discuss a general class of tractable
constraints, for which we introduce computation-
ally efficient ways of selecting actions, essentially
by reducing to an on-line shortest path problem.
We briefly discuss “tracking” and “bandit” versions
of the problem and extend the model in various
ways, including non-additive global losses and un-
countably infinite sets of tasks.
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the commercial offer that would have been best for him. Ba-
sic marketing considerations suggest that offers givense c
tomers with similar age should not be very different, so the
company selects a batch of offers that satisfy such a con-
straint. Additional budget constraint may limit furthereth

set of batches from which the company may select. After the
offers are sent out, the customers’ responses are observed
(at least partially) and new offers are selected and sent. We
model such situations by playing many repeated games si-
multaneously with the restriction that the vector of action
that can be selected at a time needs to belong to a previously
given set. This set in determined beforehand by the budget
and marketing constraints discussed above. The goal of the
decision maker is to minimize the total accumulated regret
(across the many games and through time), that is, perform,
on the long run, almost as well as the best constant vector of
actions satisfying the constraint.

The problem of playing repeatedly several games simul-
taneously has been considered by [Men07] who studies con-
vergence to Nash equilibria but does not address the issue

Multi-task learning has recently received considerakinat
tion, see [DLS07, ABRO7, Men07, CCBGO08]. In multi-task
learning problems, one simultaneously learns severabktask

that are related in some sense. The relationship of the task . SR . .
has been modeled in different ways in the literature. In our we consider minimizing regret simultaneously in paratg,

: . : : nforcing however some hard constraints. As [ABRO7], we
fsettmg,ha ?;[C'S.'()n makker chooses an %Ctlon S'mu?.?neouﬂ%easurgthe total loss as the sum of the Ioss[es suffgred in
or each of M given tasks, in a repeated manner. (To eac

: , each game but assume that all tasks have to be performed at
of these tasks corresponds a game, and we will use inter- ach ?ound. (This assumption is, however reIa>F<)ed in Sec-
changeably the concepts of game and task.) The relatednes lon 8, where we consider global 'Iosses more general than
is accounted for by putting some hard constraints on thesethe su’ms of losses.) The main additional difficulty we face
simultaneous actions. ; . ) oy y

As a motivating example, consider a distance-selling com-'S the requirement that the decision maker chooses from a

; ' . : restricted subset of vectors of actions. In previous models

pany that designs several commercial offers for its numrou estrictions were only considered on the cgmparison class

customers, and the customers are ordered (say) by age. Th%ut not on the wav the decision maker plavs '
company has to choose whom to send which offer. A loss y piays.

of earnings is suffered whenever a customer does not receive  We formulate the problem in the framework of on-line re-

~Susported by the Spanish Ministrv of Sci d Technol gret minimization, see [CBLO06] for a survey. The main chal-
upported by th€ spanish MinIStry ot SCience and 1echnology |enge js to construct a strategy for playing the many games
%,?2; l':/'nzl\é'rzg%&?ggfg oaréget%éhe PASCAL Network of Excel- simultaneously with small regret such that the strategy has
9 ' a manageable computational complexity. We show that in
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of computational feasibility when a large number of games
is played. On-line multi-task learning problems were also
s'studied by [ABRO7] and [DLSO07]. As the latter reference,
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in which the goal of the decision maker is to perform as The decision maker aims at minimizing his regret, de-
well as the best strategy that can change the vector of acfined by the difference of his cumulative loss with respect to
tions (taken from the restricted set) at a limited nhumber of the cumulative loss of the best constant vector of actioss, d
times. We also consider the “bandit” version of the problem termined in hindsight, among the set of allowed vectdrs
when the decision maker, instead of observing the losses ofFormally, the regret is defined by
all actions in all games, only learns the sum of the losses of . .
the chosen actions. .

Finally, we also consider cases when there are infinitely Rp= U(Xpy1) = xmgﬁzf(xa ye) -
many tasks, indexed by real numbers. In such cases the deci- t=1 =1
sion maker chooses a function from a certain restrictedclas |n the basicfull information, version of the problem the de-

of functions. We show examples that are natural extensionscision maker, after choosin¥,, observes the vector of out-

of the cases we consider for finitely many tasks and discusscomesy;,. In the banditsetting, only the total los&X,, y)
the computational issues that are closely related to th@yhe  pecomes available to the decision maker.

of exact simulation of continuous-time Markov chains. Observe that in the case 8f = 1 task, the problem

We concentrate on exponentially weighted average fore- requces to the well-studied problem of “on-line prediction
casters b_ecause, when compared to its most likely competi-yith expert advice” or “sequential regret minimizationges
tors, thatis, follow-the-leader-type algorithms, theyéibet-  [cBL06] for the history and basic results. This is also the
ter performance guarantees, especially in the case ofbandicase whenls > 2 but A = XM, since the decision maker
feedback. Besides, the two families of forecasters, ad@din  cqy|d then treat each task independently from others and
out by [ABRO7], usually have implementation complexities maintain)/ parallel forecasting schemes, at least in the full-

of the same order. information setting. Under the bandit assumption the prob-
. lem becomes the “multi-task bandit problem” discussed in
2 Setup and notation [CBLO9], which is also easy to solve by available techniques

However, whem is a proper subset &/, interesting com-

In the simplest model studied in this paper, a decision maker X . T X
putational problems arise. The efficient implementation we

deals simultaneously with/ tasks, indexedby=1,..., M. : . F
For simplicity, we assume that all games share the same fi-PrOPOSe requires a condition the seof restrictions needs to
nite action sﬁace\f - [n zn} C R. (Here, we do satisfy. This structural condition, satisfied in severalnal

examples discussed below, permits us to reduce the problem
to the well-studied problem of predicting as well as the best
path between two fixed vertices of a graph.

not identify actions with integers but with real numbers, fo
reasons that will be clear in Section 3.)

To each taskg = 1,..., M there is an associated out- . . S
come spac@’; and a loss functiod?) : X x V; — [0, 1. In order to make the model meaningful, just like in the
Wo domr b7yx - (Ik ” ) the eleménts of;(M most basic versions of the problem, we allow the decision

= Lsee s Thy

maker to randomize its decision in each period. More for-
mally, at each round of the repeated game, the decision maker
determines a distribution oki™ (restricted to the setl) and
draws the action vectd,; according to this distribution. Be-
fore determining the outcomes, the opponent may have ac-
cess to the probability distribution the decision makersuse
but not to the realizations of the random variables.

and call them vectors of simultaneous actions. The tasks
are played repeatedly and at each round 1,2,..., the
decision maker chooses a vecky = (X1;...,Xume) €
XM of simultaneous actions. (That is, he chooses indexes
Kit,...,Kne € {1,...,N} and X;; = g, for all
j =1,...,M.) We assume that the choice Xf; can be
made at random, according to a probability distributionrove
XN which will usually be denoted bpt. The behavior of Structure of the paper
the opponent player among all tasks is described by the vec-
tor of outcomesy; = (yit, - - -, Ynre)- We start by stating some natural examples on which the pro-
We are interested in the loss suffered by the decision posed techniques will be illustrated. We then study the full
maker and we do not assume any specific probabilistic or information version of the problem (when the decision maker
strategic behavior of the environment. In fact, the outcome observes all past outcomes before determining his proba-
vectorsy,, for¢ = 1,2, ..., can be completely arbitrary and  bility distribution) by proposing first a hypothetical sche
we measure the performance of the decision maker by com-with good performance and then stating an efficient imple-
paring it to the best of a class of reference strategies. Thementation of it.

total loss suffered by the decision maker at titig just the We also consider various extensions. One of them is the
sum of the losses over tasks: bandit setting, when only the sum of losses of the chosen
o simultaneous actions are observed. Another extensiomis th
/X _ D (X ). “tracking” problem wh_en, instead o_f pompetlng.wnh the best
(Xt,yt) Zl (XjtsYjt) constant vector of actions, the decision maker intendsito pe
j=

form as well as the best strategy that is allowed to switch a
The important point is that the decision maker has some re-certain limited number of times (but always satisfying the r
strictions to be obeyed in each round, which we also call strictions). We also consider alternative global loss fioms
hard constraints. They are modeled by a subsef the set that do not necessarily sum the losses over the tasks. inall
of possible simultaneous actioas"; the forecaster is only ~ we describe a setting in which there are infinitely many tasks
allowed to play vectorX; in A. This subsef4 capturesthe  indexed by an interval. This is a natural extension of the
relatedness among the tasks. main examples we work with and the algorithmic problem
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has some interesting connections with exact simulation of 4 Exponentially weighted averages

continuous-time discrete Markov chains. .
By considering each element of as a (meta-)expert, we

R can reduce the problem to the usual single-task setting and
3 Motivating examples exhibit a forecaster with a good performance bound that, in
We start by describing four examples that we will be able its straightforward implementation, has a computationat ¢

to handle with the proposed machinery. The examples areproportional to the cardinality ofl.

defined by their corresponding setsc X' of permitted More precisely, for each round > 1, we denote by

simultaneous actions. n
L,(x)= l(x,
Example 1 (Internal coherence) Assume that tasks are lin- n() ; G, y0)

early ordered and any two consecutive tasks, though differ-
ent, share some similarity. Therefore, it is a natural negui
ment that the actions taken in two consecutive games be no
too far away from each other. One may also interpret this as a
matter of internal coherence of the decision maker. To model
this, we assume that the actions are ranked in the actioti set o e . X
according to some logic and impose some maximal dissim- to the distributiorp; on.4 which puts the following mass on
ilarity v > 0 between the actions of two consecutive tasks, eachx € A,

that is, exp(—nLi-1(x))

Pt(x) = )
A= {(xkl Yo ,ka) Vi< M-1, |a:kj —xkjﬂ‘ < 'y} . ZaEA eXp(—nLt,l(a))
wheren > 0 is a parameter to be tuned. The bound follows
Example 2 (Escalation constraint) Once again we assume from a direct application of well-known results, see, for in
that the tasks are linearly ordered and the actions aredanke Stance, [CBLO6, Corollary 4.2].

Imagine that tasks correspond to consumers and that therhig . .
the index of the task, the more favorable the conditions fothroposnmn 1 Foralln > 1, the above instance of the ex-

: : tially weighted average forecaster, when run with
the consumer (and the higher the loss of earnings of thePONEN i ,
seller, who is the decision maker). The constraint decision (1/M) v/8(In N)/n, ensures that for alb > 0, its regret is
maker has to satisfy is that higher-ranked costumers need td°°unded, with probability at most— ¢, as

receive better conditions, at least within the same round of
R, <M (\/M—i—\/glnl)

the cumulative loss of the simultaneous actians X', and
ldeﬁne an instance of the exponentially weighted average for
caster on these cumulative losses. That s, at rouad, the
decision maker draws an elemé@t uniformly at random in

A and for each round > 2, drawsX; at random according

(1)

play. That is, the simultaneous actions must form a non-
decreasing sequence in the following sense, 2 0
A= {(Ikl’ i) VIS M1, k< k:jH} . where|.A| denotes the cardinality of..

The computational complexity of this forecaster, in its
Example 3 (Constancy constraint) Assume that tasks are naive implementation, is proportional t@l|, which is pro-
ordered and that the decision maker should not vary its ac-hibitive in all examples of Section 3 since the cardinality o
tion too often. This is measured by the fact that the decision A is exponentially large. For example, in Example 1, if we
maker must stick to an action for several consecutive tasksdenote by

and that he can shift to a new action only at a limited number
m of tasks, which we model by p= min{‘{x/ EX: |lz—2|< 'y}‘: S X}
MY a common lower bound on the numbergifclose actions to
A= @k Try) Z Ly thyny S any action inX’, then
Jj=1

Al = NpMh

Example 4 (Budget constraint) Here we assume that the |, Example 2, by first choosing the actions to be used (in

numberz;, associated to actioh in taskj represents the jncreasing order) and the — 1 corresponding shift points,
cost of choosing this action. The freedom of the decision g5, gets

maker is limited by a budget constraint. For example, one

may face a situation when the decision maker has a constant N N M4+m-—1
budgetB to be used at each round, that is, Al = Z m m—1
m=1
A= (xk Tk ) ixk < B S XN: N M1 S (M—i—l)zv
S e Jj=1 o . - m=1 m (m—l)'/ (N—l)' '

only, thatz;, = k. One should then take fd8 as an integer ~ discussed in Example 3, we have

betweenV/ and N M. For smaller values!t becomes empty M+m .
and for larger valuest = x'V. A = ( m ) N(N—-1)
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(where the lower bound is obtained by considering only the
simultaneous actions with exacily shifts). That is|.A| is of

the order of M N)™ /m!. Finally, with the budget constraint
of Example 4, the typical size o4 is exponential inV/, as

|A] = pM

wherep = | B/M | is the lower integer part aB/M.

5 Efficient implementation with online
shortest path

In this section we show how the computational problem of
drawing a random vector of actiol%, € A according to the
exponentially weighted average distribution can be reduce
to the well-studied online shortest path problem. Recal th

in the online shortest path problem (see, e.g., [TWO04, GL.L04
GLLO5]) the decision maker selects, at each round of the
game, a path between two given vertices @berceand the
sink) in a given graph. A loss is assigned to each edge of the
graph in every round of the game and the loss of a path is

the sum of the losses of the edges. A path can be selected ac-

cording to the exponentially weighted average distribuiio
a computationally efficient way by a dynamic programming-
type algorithm, see [TWO04] or [CBLO6, Section 5.4]. The
algorithm has complexit@)(|£]) where€ is the set of edges
of the graph.

We first explain how the problem of drawing a joint ac-
tion in the multi-task problem can be reduced to an online

whereas for Example 2,
S((mk] g ,:Ekj))

_J ok
R

In Example 3 the underlying hidden state counts the num-
ber of shifts seen so far in the sequence of actions§ se
{0,...,m} and for all sequencery,,...,zx,) of length
less or equal td/, we first define

ifforall i <j—1, xg, < g
otherwise

i1

M—-1

Sl((ka e ’ij)) = Z H{kﬁ%jﬂ}
j=1
and then

S((mk],...,xkj))
:{ S'((mk],...,xkj)) if S’((mk],...,xkj)) <m,

otherwise

Finally, in Example 4, the hidden state monitors the budget
spent so far, thatis§ = {0,..., B},

S’((mk],...,xkj)) = i% ,
i=1

and

shortest path problem in all the examples presented above

and then indicate how to efficiently sample from the distri-
butionp, defined in (1).

5.1 A Markovian description of the constraints

In order to define the corresponding graph in which the on-
line shortest path problem is equivalent with our hard-con-
strained multi-task problem, we introduce a Setf hidden
states The value of the hidden state controls that the hard
constraints are satisfied along the sequence of simultaneou
actions. To this end, denote the state function, which,
given a vector of actions (of length M), outputs the corre-
sponding state .

We also consider an additional stateneaning that the
hard constraint is not satisfied. We denSte= SU{x}. By
definition,

A={xeXxM: S(x)#x*}.

To make things more concrete we now descisbandS on
all four examples introduced in Section 3.

The first two examples are the simplest as all the infor-
mation is contained in the current action; their hiddenestat
spacesS is reduced to a single stat&. For Example 1, for all
sequencefzy,, . .., xy, ) of lengthl < j < M, one defines

S((xkl,...,xkj))

_J ok ifforalli <j—1, |z, — x| <7,
*  otherwise

S((zkl,...,xkj))
:{ S'((mk],...,xkj)) if S’((mk],...,xkj)) < B,

* otherwise

In view of these examples, the following assumption on
S is natural.

Assumption 1 The state function is Markovian in the fol-
lowing sense. For alj > 2 and all vectors(zy,, . ..,z ),

the stateS((xkl, . ,xkj)) only depends on the value of

a1, and on the state“((:ckl, Ty, ))

We further assume that there exists a transition function
T that, to each paifz, s) (corresponding to some tagl
formed by an action: € X and a hidden state € S*,
associates paifg’, s’) € X x S (to be used in task + 1).
Put differently,T’((z, s)) is a subset oft x S* that indicates
all legal transitions. We impose that when the prefix of a
sequence is already in the dead end state x, the whole
sequence stays in that is, for allx € X,

T((z, %) = X x {x}.

Once again, to make things more concrete, we desgtioe
the four examples introduced in Section 3.
Example 1 relies o = {ok} and the transitions

T((z,0K)) = (X N[z -, x+7]) x {ok}
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forall x € X. Example 2 can be modeled with= {ok}
and the transitions

T((z,0K)) = [&,2n5] x {0k} .

forallz € X.
For Example 3, the transition function is given by

T((:v, s)) ={(z,s)} U ((X \ {x}) x {s+ 1})

foralls=0,...,m—1and

T((w,m)) = {(@m)} U (2 {2}) x {+})

fors =m.
Finally, the one of Example 4 is given by

T((z,5)) _{ Xxfoe)

if s+x < B,
if s+ x > B.

5.2 Reduction to an online shortest path problem

We are now ready to describe the graph by which a con-
strained multi-task problem can be reduced to an onlingshor
est path problem. Assume that is such that there is a
corresponding state spack a state functiornS satisfying
Assumption 1, and a transition functidh We define the

cumulative Iosseiﬁlj) suffered in eachtask =1,..., M
between rounds= 1 andn as follows. For alke € X,

L) (z) = Zf(j)(x,yﬁ) .
t=1

Of course, with the notation above, for al > 1 and all
X = (Ikl,...,l‘kj),

M

L,(x) = ZLSf)(xkj) .
j=1

In the sequel, we extend the notation by conventionte 0,
by Lo =0 andL(()J) =0 forall j.

Then, for each round= 1, ...,n, we define a directed
acyclic graph with at mosi/ N|S| vertices. Each vertex
corresponds to task-action-state trigfexy, s), wherej =
1,....,M,k =1,...,N,ands € S. Two verticesv =
(j, xk, s) andv’ = (j', x4, s') are connected with a directed
edge if and only ifj’ = j + 1, and (zx/, ') € T(xg,s),
thatis,(zy, s) — (z1, s') is a legal transition between tasks

cumulative loss of the correspondidd—tuple of actions.
Generating a legal rando —tuple according to the expo-
nentially weighted average distribution is thus equivaten
generating a random path in this graph according to the ex-
ponentially weighted average distribution. This can beedon
with a computational complexity of the order of the number
of edges defined above, see, e.g., [CBLO6, Section 5.4]. In
our case, since edges only connect two consecutive tagks, th
number of edges is at most- M N?|S|%. In Section 5.3.1

we discuss the number of edges and the related complexity
on the examples of Section 3.

Since edges only exist between consecutive tasks, the
above implementation by reduction to an online shortest pat
problem takes a simple form, which we detail below for con-
creteness. It will be useful to have it for Section 8.2.

5.3 Brief recall of the way the efficient implementation
goes

In order to generate a randahi—tuple of actions according
to the distributionp;, we first rewrite the probability distri-
butionp, in terms of the state functiofi and the cumulative

Iosseg;gﬂ)l suffered in each tasik To do so, we denote by
b the Dirac mass o = (wy, ..., 2k, ), thatis, the prob-

ability distribution overX that puts all probability mass on
x. The definition (1) then rewrites as

Pt =
M j
5 [{s(x)24) €xP (—77 St L (a, ))

Ox -
M j
x€XN Dacan I{s(a)zx} exp(—n Zj:l Lz(sj—)l (ak].))

(@)

Before proceeding with the random generation of vectors
X, according top;, we introduce an auxiliary sequence of
weights and explain how to maintain it. For all rourtds 0,
tasksj € {1,..., M}, actionse € X, and states € S, we
define

Wt,j,x,s =

> ew <—n (Li%) + Z L (a:ki)>>

ThoyyesThy_ g €X

XH{S(’Lkl ..... ikjil,m):s} ’

jandj + 1. The loss associated to such an edge equalsNote that we do not consider the stathere.

Lgﬂ(zk/), the cumulative loss of actiomg in taskj’ in

the previous time rounds. We also add two vertices, the
“source” nodeug and the “sink”u; as follows. There is

a directed edge betwean, and every vertex of the form
(1,z,s)with k = 1,..., N ands # «. Its associated losses

equaILgl_)1 (xr). Finally, every vertex of the forriM, =y, s)
with k. = 1,..., N ands # * is connected to the sinig
with edge los9.

In the graph defined above, choosing a path between the

source and the sink is equivalent to choosing a lagatuple
of actions in the multi-task problem. (Note that there is no
path betweeni,y andu; containing a vertex withs = *.)

Now, for all roundst > 0, actionsz € X, and states
s € S, one simply has

We,1,0,5 = XD (—nLﬁl)(I)) Ls@)=sy -

Then, an induction (of) using Assumption 1 shows that for
all1<j < M-1,actions’ € X, and states’ € S,

Wt,j+1,2",s" =

41
Wt,j,2,s H{(z’,s’)ET((m,s))} exp (_T]Lz(fj-‘_ )(I/)) .

®3)

rzeX,seES

The sum of the losses over the edges of a path is just the
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We now show how to use these weights to sample from Ex. Efficient Naive

the desired distributiop,, for ¢t > 1. We proceed in a back- 1. MN?Y > NpM-1
wards manner, drawing first »; ;, then, conditionally to the 2.  MN? > (M +1)N/(N -1)!
value of X ., generatingXs_1,+, and so on, tillX; ;. 3. MN?*m > (MN)™/m!
To draw X s+, we note that equation (2) shows that the 4. MN?*B > (B/M)M
M—th marginal induced by, is the distribution ove®’ that
puts a probability mass proportional to 6 Tracking
Z Wiy Mks In the problem otracking the best expeast [HW98, Vov99],

the goal of the forecaster is, instead of competing with the
) ) best fixed action, to compete with the best sequence of ac-
on each action: € X. It is therefore easy to generate a {jgns that can switch actions a limited number of times. We
random elemenk’,; , with the appropriate distribution. We  may formulate the tracking problem in the framework of

seS

actually need to draw a paitX ¢, Sar,e) € X x S dis- multi-task learning with hard constraints. In this caset ju
tributed according to the distribution o x S proportional  |ike before, at each time, the decision maker chooses an
to thews—1 a1 k,s- M—tuple of actions from the sed of legal vectors. How-

We then aim at drawing the actions (and hidden states) ever, now regret is measured by comparing the cumulative
corresponding to the previous tasks according to the (con-jgss of the forecasteér_, £(X;.y;) with

ditional) distributionpy (- | Xaz+, Sar¢) on (X x S)M~1, M
Again by using the Markovian assumption 8nit turns out min Z o )
that the(M — 1)—th marginal of this distribution o&” x S (150030 €5 ¢ (A) s Yt

is proportional, for all pairgz, s) € X x S, to =1

whereX i (A) is the set of all sequences of vectorsbfthat

W, M—1,2,5 L{(Xpse,500.0)€T((2,5))} - may switch values at modt’ times (i.e., the time interval
1...,n can be divided into at mogt + 1 intervals such that
over each interval the samdé—tuple of actions). In this case
itis well known that exponentially weighted average over th
classX i (A) of meta-experts (see [CBLO6, Sections 5.5 and
5.6] for a statement of the results and precise bibliog@phi
references) yields a regret

This procedure, based on conditioning by the future, can be
repeated to draw conditionally all the actialis ;, X2+, . . .,
X+ and hidden state spacés:, Sa ¢, - . ., St In partic-
ular, we use, to dravX ; , and.S; ;, the distribution on¥’ x S
proportional to

Wt s (X 410,85 41.0)€T((,5))} - (4) n n
The realizationX; = (X1, Xa, ..., Xar,:) Obtained this Zé(xt’Yt) T Q%QEK(A) ZZ(X“”)
way is indeed according to the distributipp. t=1 e t=1
5.3.1 Complexity of this procedure for the considered =0 M\/n (K In|A|l+ K In ﬁ) +M nlnl
examples K 1)
The space complexity is of the order of at mGXtM N|S|),  which holds with probabilityl — §. Moreover, the complex-
since weights have to be stored for all ask-action-staiesi ity of the generation of thé/—tuples of actions achieving

The computational complexity, at a given task, for perform- the regret bound above is bounded, at rounty O(tQ 4
ing the updates (3) for all’ ands’ is bounded by the number MN?|S[2 Kt).

of pairs(z’, s') times the maximal number of paifs, s) that

lead to(z', s'). We denote by’ this maximal numberof 7 \Myti-task learning in bandit problems

transitions. Then, the complexity of performing (3) for all

tasks is bounded b@(MN|S|Tmax)- The complexity of In this section we briefly discuss a more difficult version of

the random generations (4) is negligible in comparisomesin  the problem when the decision maker only observes the to-

it is of the order ofO (M N|S]). tal loss¢(X;,y:) suffered though thé/ games but the se-
We now computd,., for the four examples described quencey; of outcomes remains hidden. This may be consid-

in Section 3 and summarize the complexity results (both for ered as a “bandit” variant of the basic problem.

the efficient and the naive implementations) in the table be- ~ Then our problem becomes an instance obatine lin-

low. In Example 1, in addition to the parameteintroduced ear optimizatiomproblem studied by [AK04, MB04, GLLOQ?7,

in Section 4, we consider a common upper bound on the DHK08, AHR08, BDH"08, CBL09]. For example, since the

number ofy—close actions to any action i, dimension of the underlying space is given by the number of
edges, in number always less than- M N?|S|?, the re-
9 — max{‘{x/ eX: |r—d'|< 7}‘1 e X} . sults of [DHKO8] imply that a variant of the exponentially
weighted average predictor achieves an expected regret of

Then, Ti.x = ¢. In Example 2, the valu@,,.. = N is the order

satisfactory. In Example 3, onlf,.x = N pairs(z, s), of n . n

the formz = 2/ ands = s’ orz # 2’ ands’ = s + 1, can E Zﬁ(Xt,yt) —mink Zé(xv yt)

lead to(z’, s’). A similar argument shows that in the case t=1 t=1

g:‘SI(E)xample 4, onlyl,.x = N such transitions are possible -0 (M (M3/2N3|S|3 + N|S|\/M1n |A|) \/ﬁ) _
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[BDHT08] proved that an appropriate modification of the
forecaster satisfies this regret bound with high probabilit
As the predictor of [DHKO08] requires exponentially weigthte

averages based on appropriate estimates of the losses, it ca

be implemented efficiently with the methods described in
Section 5. More precisely, it first computes, at each round
t, estimates of all losse&’) (x,y;,;), whenz € S andj =

1,...,M and then can use the methods described in Sec-

tion 5. The computationally most complex point is to com-
pute these estimates, which essentially relies on comgputin
and inverting an incidence matrix of size bounded by the
number of edges. This can be done in tiMEM2?N*|S|*).
Details are omitted.

8 Other measures of loss

In this section we study two variations of the multi-taskipro
lem in which the loss of the decision maker in a round is
computed in a way different from summing the losses over
the tasks. consisting in computing in a different manner the
total loss incurred within a round on the tasks. [DLS0Q7]

measure losses by different norms of the loss vector across

tasks but they do not consider the hard constraints intrediuc
here.

8.1 Choosing a subset of the tasks

In our first example, at every round of the game, the fore-
caster chooses: out of the M tasks and only the losses

over the chosen tasks count in the total loss. For simplic-
ity we only consider the full-information case here when the

Examples include for instance the max-loss or the min loss,

7UM}
Sup) = min{ug, ..

(u1,...,up) = max{usg,...
or 1/)(u1,.. .,UI\,[},

whenever one thinks in terms of the best or worst perfor-
mance.

We make a Markovian assumption on the losses. More
precisely, we assume that they can be computed recursively
as follows. There exists a functignon R? such that, defin-
ing the sequencis, ..., vy ) as

vy = @(ur,ug) and vy = @(vs_1,u) fort >3,

one has

vy = Y(ur, ..., un) .
This means that if the values are added as a hidden state
spaceV, and if the latter is not too big, computation of the
distributionsp; defined, for all rounds > 0 and all simulta-
neous actions € A, by

exp (—77 Yo A, Yt))
> acA €XP (—n Sl l(a, yt)) 7

can be done efficiently (a statement which we will be made
more precise below). In addition, it is immediate, by reduc-
tion to the single-task setting, that a regret bound as ip&ro
sition 1 holds, where one simply has to replddewith the
supremum norm of over the losses.

We only need to explain how and when the results of
Section 5.3 extend to the case considered above. The state

pi(x) =

decision maker has access to all losses (not only those thad’ of possible values for the possible sequences should

correspond to the chosen tasks).

Formally, we add an extra action which means that
the decision maker does not play in this task. Of course,
¢Y)(—,y) = 0forall j andy € );. We model this by

A:
o M
(xkl,...,ka) S (XU{—}) : Z]I{wk]#_} =m
j=1

Since an element ofl is characterized by the: tasks
(out of M) in which it takes one among th€ actions ofX,

we have
A = ( M )Nm.
m

Here again, the bound of Proposition 1 applies and an effi-

not bee too large and the update (3) has to be modified, in the
sense that it is unnecessary to multiply by the exponeritial o
the losses; the global loss will be taken care of at the lagt st
only, its value being tracked by the additional hidden space
The complexity is of the order of at mast(M N2|S|*|V|?).
Examples of smallV| include the case when the global loss
is a max-loss or a min-loss and the case when all outcome
spaceg); and loss functioné?) are identical. In this case,

|[V| = N.

Note that here, in addition to this change of the measure
of the total incurred in a round, additional hard constmint
can still be considered, since the base state sfSaisede-
signed to take care of them.

9 Multi-task learning with a continuum of
tasks and hard constraints

cient implementation is possible as in Section 5, at a cost of |, this section we extend our model by considering infinitely

O(MNQmQ).

many tasks. We focus on the case when tasks are indexed by

Of course, additional hard constraints could be added in the[o7 1] interval. We start by describing the Setup' then pro-

this example.

8.2 Choosing a different global loss

This paragraph is inspired by [DLS07] where a notion of
a “global loss function” is introduced. The loss measured
¢(X¢,y:) in around is now a given functiop of the losses
¢Y) (X, 4, y;.) incurred in each task which may be differ-
ent from their sum,

é(Xtv Yt) = w(g(l)(Xl,ta yl,t)v cee 7€(M)(XM¢, ?/M,t)) .

pose an ideal forecaster whose exact efficient implementa-
tion remains a challenge. We propose discretization idstea
which will take us back to the previously discussed case of a
finite number of tasks.

9.1 Continuum of tasks with a constrained number of
shifts

Assume that tasks are indexed §ye [0, 1]. The decision
maker has access to a finite sét= {x1,...,zx} of ac-
tions. Taking simultaneous actions in all games at a given
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roundt is now modeled by choosing a measurable function
It:ge [0,1]»—>It(g) eX.

The performance of this forecaster may be bounded as fol-
lows. Note that no assumption of continuity or convexity is
needed here.

The opponent chooses a bounded measurable loss function

¥ 1 [0,1] x X — [0,1]. The loss incurred by the decision
maker is then given by
> d.

ft(m:/ i (9, Ii(9)) dg =
[0,1] TeX I"_I}

Theorem 2 For all n > 1, the above instance of the expo-
nentially weighted average forecaster, when run with

) \/S(m +1)In(N/n) 7

n

As before, we require that the action of the decision maker ensures that for alp > 0, its regret is bounded, with proba-
satisfies a hard constraint. One case that is easy to forenulat bility at most1 — ¢, as

is, thatl, must be right-continuous and the family of actions
taken simultaneously,

(It(g))ge[o,l]
must contain at most a given numberof shifts, where by
definition, there is a shift at if for all £ > 0, the setl, ([g —

£,9]) contains more than two actions. We denotebshe
set of such simultaneous actions. Actually, any element of
can be described by its shifts (in number at majtdenoted
by g1,...,g9m/, Withm’ < m, and the actions taken in the
intervals[g;, g;4+1[ forall j = 0,...,m’ — 1 wheregy = 0,
and on[g,,, 1].

The aim of the decision maker is to minimize the cumu-
lative regret

where thel, are picked fromA.

9.2 Anideal forecaster

We denote by, the distribution ond induced by the uniform
distribution ont™ "1 x [0, 1]™ via the mesurable application

(Ikn-'-aka+1agla-'-7gm)

Z I[[g(j—l) .90 [Tk +]I[g(m+1) ATk g1
Jj=2
(5)

,g(m)) the order statistics of

= ]I[0=9<1) [Thy T

where we denoted bfgy), . . .

thegs, ..., gm- (Itis useful to observe for later purposes that
if G1,...,G,, are i.i.d. uniform, then the vector
V(G1,...,Gm)
= (G, G2y = Gy -+ Gy = Gm-1), 1 G(m))(e)

is uniformly distributed over the simplex of probabilitysdi
tributions withm + 1 elements.)

For allt > 1, the ideal forecaster uses probability distri-
butionsp, over.A, defined below, and draws the application
1; giving the simultaneous actions to be taken at rotiad-
cording top;. Fort = 1, we takep; = u. Fort > 2, we
takep, as the probability distribution absolutely continuous
with respect tq: and with density

exp (—n P fs(f))
Lyexp (=100 6()) du()

dp: (1) = du(l) . (7)

R, < Vi 1+\/(m+1)ln(]\7\/ﬁ) \/ﬁl 1
2 J
Proof: By the Hoeffding-Azuma inequality, since thg
take bounded values i, 1], we have that with probability
at leastl — 4,

Z/ﬁt )dp: (I

We denote, for alt >

Wt:/exp< nZe )

(with the conventiori?y, = 1). The bound on the differ-
ence in the right-hand side of (8) can be obtained by upper
bounding and lower bounding

In W, il Wt X

The upper bound is obtained, as in [CBL06, Theorem 2.2],
by Hoeffding’s inequality,

Wt 7’]2 2
<— I)dp.(I
ngre < [ e deu(n +

A lower bound can be proved with techniques similar to the
ones appearing in [BK97], see also [CBL06, page 49]. We
denote byl* the element of4 achieving the infimum in the
definition of the regret (if it does not exist, then we take an
element of4 whose cumulative loss is arbitrarily close to
the infimum). As indicated in Section 9.1} can be de-
scribed by the (ordered) shifting times, ..., g5, and the
corresponding actionsy:, . . . sk, - We denote by the
Lebesgue measure. We consider the set of the simultaneous
actions! that differ fromI* on a union of intervals of total
length at most > 0, for some parameter> 0,

A ={I: MI#I'} <e}.

A.(I*) contains in particular thé that can be described with
the samen + 1 actions ad™* and for which the shifting times
g1, ..., gm are such that

m
> o —gi] <e,
j=1

i.e., thel for which the corresponding probability distribu-
tionV (g1, ..., gm) asdefined in (6) is—close in/!—distance

~ jnt Zet g % 8)

1
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to V(gi,....9;5,). Because: induces by construction, via  where, forg < ¢/,

the applicationl/, the uniform distribution over the simplex g

of probability distributions ovem + 1 elements, we get, by w;(k,g,9') = exp (-77/ ©i_1(u, ) du) 7
taking also into account the choice of the fixed- 1 actions g

of I*, Exact simulation fromir;_; is feasible when the state-space

u(AE(I*)) > ﬁ . of Z is finite, and consists, e.g., in the same type of dynamic

Here, we used the same argumentas in [BK97], based on Ob_programming approach discussed in Section 5. However,

; b ; this is not the case here, since the second componefit of
serving the fact that the uniform measure of thaeighbor- : L o )
hood of a point in the simplex of probability distributions takes values ifD, 1]. Approximating the state-space 8fby

over d elements equals?!. In addition, because the, a grid is a possibility for an approximate implementatiaut, b

. . it will be typically less efficient than the approximation we
tsaielvalues in0, 1], we have, for alll € A.(I*) and all advocate in Section 9 3.

An interesting alternative is to resort to sequential Monte
Lo(I) LI+ MI AT} < Us(I) + €. Carlo methods (broadly known as particle filters, see for ex-
ample [DAFGO1] for a survey). This is a class of meth-
ods ideally suited for approximating Feynman-Kac formu-
InW,, lae; a concrete example is the computation of expectations

of bounded functions with respect to the lafis ; defined
ln/ exp( 772@ )

Putting things together, we have proved

above. This is achieved by generating a swarm of a given
large number of weighted particles. The generation of parti
cles is done sequentially in=1,...,m + 1 by importance
In (u(As(I*)) exp <_77 (an + Zes([*)> )) sampling, and it involves interaction of the particles attea
step. This generates an interacting particle system whase s
1 bility properties are well studied (see, for instance, [D§)0
—n Z 0y(I%) — (m In-+(m+1)InN + ngn) . Resampling a single element from the particle populatien ac
€ cording to the weights gives as an approximate sample from
m—1, hence from (9). The total variation distance between
the approximation and the target is typicallfm + 1)/ K,
for some constan€ depending on the range of the inte-
grands. In the most naive implementation in this context,
one might thus have thdt is exponentially small irt/m.
The idea of an on-going work would be to makendepen-
dent oft by carefully designing the importance sampling at
each step taking into account the characteristics ofthe.

WV

WV

Comblmng the upper and lower bounds lariV,, and sub-
stituting the proposed value fgrconcludes the proof. W

Efficient implementation in this context requires exact
simulation of a step function according to (7), that is, from
the distribution

1
dpi(1) o exp <—n /0 ¢t1<g,f<g>)dg) (1) (9)

Below we use a simple discretization and apply the tech-

for the functions defined, for eache X, as niques of previous sections to achieve approximate samplin
from (7).
pr-1( Z bs(-52) 9.3 Approximate generation by discretization

. . Here we show how an approximate version of the forecaster
which take values irf0,¢ — 1]. One could simulate from  4ascribed above can be implemented efficiently.

(9) by rejection sampling proposing from the probability The argument works by partitioning, 1] into intervals

of acceptance is bounded below by something of the order of ;o _ 0,1/, G* = [1/e,2/z], ..., GM= of lengthe (ex-
~V%,inview of the value of;. Therefore, the computational  cept maybe for the last interval of the partition), for some

COSt of such an algorithm, although only lineaminand N, fixede > 0, and using the same action for all tasks in each

would be typically exponential ity hence unappealing. G’. Here, we aggregate all tasks within an inter@idlinto

Note that the problem (at each roundcan be repre-  a super-task. We haveM = M. = = [1/¢] of these super-
sented as a discrete-time Markov model. The Markov chain tasks and will be able to apply the techniques of the finite
Z is given by the pairs formed by the shifting times and case.

their corresponding actions;; = (G(;), K;41), for j = More precisely, we restrict our attention to the elements
0,...,m and with the conventiot ) = 0. Letw denote  of 4 whose shifting times (in number less or equakbtpare

the law of this Markov chainwhen the timés, ..., G,, are  starting points of somé&?, that is, are of the fornj /e for
i.i.d. uniformover0, 1] and the actionindex€s, ..., K,v1 0 < j < M.. We call them simultaneous actions compati-
are takeni.i.d. uniformid1,..., N}. Then simulating ac- ble with the partitioning and denote 8, the set formed by
cording to (9) is equivalent to simulatirig according to the  them. The loss of super-tagkat timet given the simulta-
distribution neous actions described by the elemérg 5. is denoted

m+1 by

e O = [ alo16/e)
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Note that these losses sat|$‘ﬁ§/)
By the same argument as the one used in the proof of

€ [0,¢].

Theorem 2, we have

. _,
Juf 2 0D < ok

n

Dbl + 5

This approximation argument, combined with Proposition 1

and the results of Section 5 leads to the following. (We use

here the fact that there are not more than

( % >Nm < (MoN)™

elements ins..

Theorem 3 For all £ > 0, the weighted average forecaster
run on the M. super-tasks defined above, under the con- [DdFGO01]
straint of not more thamn shifts, ensures that for a proper
choice ofy and with probability at least — §, the regret is
bounded as

n\

In addition, its compIeX|ty oflmplementanor(Ds( (Nm) 2/a).

The choice of= of the order ofl/\/n yields a bound

comparable to the one of Theorem 2, for a moderate compu-

tational cost oD (y/n(Nm)?)
These results can easily be extended to the bandit setting,
when, is only observed through as

0(1,) = /[0 il 1o .

This is because whenevaris compatible with the partition-

|ng the latter is also the sum of the losses of the actioretak
in each of the super-tasks. The techniques of Section 7 carlGLLOS)]
then be applied again.
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