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MODERATE DEVIATIONS FOR STATIONARY SEQUENCES OF
HILBERT-VALUED BOUNDED RANDOM VARIABLES

SOPHIE DEDE

ABSTRACT. In this paper, we derive the Moderate Deviation Principle for sta-
tionary sequences of bounded random variables with values in a Hilbert space.
The conditions obtained are expressed in terms of martingale-type conditions.
The main tools are martingale approximations and a new Hoeffding inequality
for non-adapted sequences of Hilbert-valued random variables. Applications to
Cramér-Von Mises statistics, functions of linear processes and stable Markov
chains are given.

1. INTRODUCTION

Let H be a separable Hilbert space with norm ||.||g generated by an inner prod-
uct, < .,.>pg, and (e;);>1 be an orthonormal basis of H.

For the stationary sequence (X;);ez, of centered random variables with values
in H, define the partial sums and the normalized process {Z,(t) : t € [0, 1]} by

S —ZX and 7, ( ZX + 75 (= [0 Xy,

7=1

[.] denoting the integer part.

In this paper, we are concerned with the Moderate Deviation Principle, for the
process Z,(.), considered as an element of Cg([0,1]), the set of all continuous
functions from [0, 1] to H. This is a separable Banach space under the sup-norm
|]|co = sup{||z(t)||m : t € [0,1]}. More generally, we say that a family of random
variables {Z,,n > 0} satisfies the Moderate Deviation Principle (MDP) in E, a
separable metric space, with speed a, — 0, and good rate function I(.), if the
level sets {z, I(z) < a} are compact for all & < 0o, and for all Borel sets I of F,

Cinf{I(z);z €T} < liminf a, log P(\/apZ, € T)
< limsup a, log P(ya,Z, €T) < —inf{I(z);z € T'}.
(1.1)

From now, we assume that the stationary sequence (X;);ez is given by X; =
Xy oT", where T : Q — ) is a bijective bimeasurable transformation preserving
the probability P on (€,.4). For a subfield Fy satisfying Fy C T 1(Fp), let
F; =T7F). By ||| X |lzlloc; we denote the LgF-norm, that is the smallest u such
that P(||X||g > u) = 0.
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When H = R, Dedecker, Merlevede, Peligrad and Utev [6] have recently proved
(see their Theorem 1), by using a martingale approximation approach, that:

Theorem 1.1. Assume that || Xo|leoe < o0, and that Xy is Fo-measurable. In

addition, assume that
[E(Sh | Fo)lloo
Z 372 < %0,

and that there exists o> > 0 wzth
)]0

Then, for all positive sequences a, — 0 and na, — oo, the normalized process

Zn(.) satisfies the MDP in Cg([0,1]), with the good rate function I,(.) defined by

I(h) = %/0 (1 (u))* du

if simultaneously o > 0, h(0) = 0 and h is absolutely continuous, and I,(h) = oo
otherwise.

lim HE(

n—aoo

The first aim of this paper is to extend the above result to random variables
taking their values in a real and separable Hilbert space H. Indeed, having as-
ymptotic results concerning dependent random variables with values in H allows
for instance, to derive the corresponding asymptotic results for statistics of the
type fol | Fo(t) — F(t) |* p(dt) where F(.) is the cumulative distribution function
of a strictly stationary sequence of real random variables (Y;);cz and F,(.) is the
corresponding empirical distribution function (see Section 3.4).

On an other hand, since Theorem 1.1 is stated for adapted sequences, the sec-
ond aim of this paper is to extend this result to non-adapted sequences.

To extend Theorem 1.1 to non-adapted sequences of Hilbert-valued random
variables, we use a similar martingale approach as done for instance in Volny
[22] for the central limit theorem. In infinite dimensional cases, the authors have
essentially considered i.i.d or triangular arrays of i.i.d random variables (see for
instance de Acosta [1], Borovkov and Mogulskii [2] [3], Ledoux [13], ...). However
for dependent sequences with values in functional spaces, there are few results
available in the literature. Since our approach is based on martingale approxi-
mation, we first extend Puhalskii [19] results for R%valued martingale differences
sequences to the H-valued case (see Section 4.2). In Section 2.1, we derive a Ho-
effding inequality for a sequence of non-adapted Hilbert-valued random variables.
Section 4 is dedicated to the proofs.

2. MAIN RESULTS
We begin with some notations,

Notation 2.1. For any real p > 1, denote by L} the space of H-valued random
variables X such that || X[, = E(||X|[i) is finite. For example, Ly([0, 1]) is the
H

space of H-valued Bochner integrable functions on [0, 1].
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2.1. A Hoeffding inequality.
Firstly, we start by establishing a maximal inequality, which is obtained through
a generalization of the ideas in Peligrad, Utev and Wu [17].

Theorem 2.2. Assume that ||| Xo||llcc < 00. For any x > 0, we have

72
P( max ||Si|jm > z) < 2veexp (— ) : (2.1)
<19S” ) an(|[l| Xolllloe + CA)*

for some constant C' > 0 and

n

= ng/z(llllE(S | Follullos + 1S5 = E(S; | F)llulloo)-
j=1
2.2. The Moderate Deviation Principle.
Before establishing our main result, we need more definitions.

Definition 2.3. A nonnegative self-adjoint operator I' on H will be called an
S(H)-operator, if it has finite trace, i.e, for some ( and therefore every) orthonor-
mal basis (e;);>1 of H, 2121 < Te, e >p< 0o.

Let
ACo([0,1]) = {# € Cw([0,1]) : there exists g € L([0,1])

such that ¢(t) = /tg(s) ds for t € [0,1]}.
0

Now, we give the extension of Theorem 1.1.

Theorem 2.4. Assume that ||| Xo||u|lec < 00. Moreovefr’, assume that

> 3/2||||E(5 | Fo)lulloe <00 and ) 3/2||||5n—E(5nIfn)HHHoo<007

n>1 n>1
(2.2)
and that there exists Q € S(H) such that
i. for all k, | in N*,
lim H < Sn, er >u< Sn,el >]HI‘ fo)— < Qek, € >H H = 0, (23)
) 1
Jim | “E(IS, ) | 7o)~ 7@ =0, (2.4)

Then, for all positive sequences a,, with a, — 0 and na, — oo, the process Zy(.)
satisfies the functional MDP in Cy([0,1]) with the good rate function,

JEA(@ ) dt if ¢ € ACo([0,1])
o) = (2.5)
+00 otherwise,
where N* is given by:

1
A (z) =sup(<y,z > —= < y,Qy >u ). (2.6)
yeH 2
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As an immediate consequence, we have:

Corollary 2.5. Under the same notations and assumptions of Theorem 2.4, we
have that, for all positive sequences a, with a, — 0 and na, — oo, n~'/2S,

satisfies the MDP in H with the good rate function, A* defined in (2.6).

Since Tr(Q) < oo, @ is a compact operator. If z € Q(H), then there is z € H,
such that x = (Qz. Hence, the rate function is

1 1
VoeH), A*(z) = 5 < z,Qz >H= 5 < 2T >H -

If © ¢ Q(H), we have A*(z) = 4o00. In particular, if @ is injective, (\;);>1 are
its eigenvalues, and (f;);>o the associated eigenvectors, we can simplify the rate
function,

Vo € Q(H), A*@):%Z%q,ﬁ 52

The following corollary gives simplified co;lditions for the MDP.

Corollary 2.6. Assume that ||| Xo||lu||c < 00. Moreover, assume that

1 1
> WIIIIE(XTL | Fo)llulloe <00 and ) ﬁllllX—n —E(X_n | Fo)llullee < o0,

n>1 n>1
(2.7)
and that for all i, j in N*,
1. for all k, | in N*,
lim [|E(< X;, e, >u< Xj, e >u| Fon) — E(< Xi, e, >u< Xj, e >n)|le =0,
(2.8)

2.

Then, the conclusion of Theorem 2.4 holds, with @) defined by
forallk, 1 >1, <e, Qe >u= ZE(< Xo, ex >u< Xp, €1 >n).
PEZL

2.3. Functional law of the iterated logarithm. .
Throughout this section, let 3(n) = v/2nloglogn, n > 3. Let S,(.) be the process

{Su(t) = X" X, + (nt — [nt]) Xjuger < £ € [0,1]}.

Theorem 2.7. Assume that |||| Xo||m|leo < 00. Assume in addition that (2.2),(2.3)
and (2.4) hold. Then, with probability 1, the following sequence

~

{a0=35},

is relatively compact in Cy([0,1]) and the set of its limit points is precisely the
compact set

K ={¢ € Cu([0,1]), such that 21(¢) < 1}.

Proof of Theorem 2.7. It can be proved by the arguments of the proof of Theorem
3.1 in Hu and Lee [11] ( see also Deuschel and Stroock [9]). O
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3. APPLICATIONS

3.1. ¢-mixing sequences.
Recall that if Y is a random variable with values in a Polish space ) and if F is
a o-field, the ¢-mixing coefficient between F and o(Y) is defined by

¢(F,0(Y)) = sup [Pyr(A) —Py(A)]w-
AeB(Y)

For the sequence (X;)ez, let
¢1(n) = (b(f(], O'(Xn>> and ¢2(n) = SU.S ¢(f0, O'(XZ,X]))
1>)2n
Proposition 3.1. Assume that ||| Xo||ul|lcc < 00 and Xq is Fo-measurable. Then,
for all x > 0, we have

113'2
P( max [|S;||g > z) < 2v/eexp (— : : )
(2 ) ][ Xolls 12, (1 + 6C 01 77261(7))
(3.1)

for the same positive constant C defined in Theorem 2.2.

Proof of Proposition 3.1. Applying triangle inequality and changing the order of
summation, observe that

5 o ES. | Folale <35 =IECK | ol

n>1 n>1

Since E(X,) = 0, we have
B | Fo)llllee < 21l Xollallocdr(n).

Next, we have a Moderate Deviation Principle.

Proposition 3.2. Assume that ||| Xo||||c < 00 and Xy is Fo-measurable. If

Z n) < oo and ¢a(n) — 0,

n—so00
n>1

then the conclusion of Theorem 2.4 holds.

3.2. Functions of linear processes.
In this section, we shall focus on functions of H-valued linear processes,

X, = f(z ci(ak_i)> . E( f(z ci(ek_i)>), (3.2)
ic i€z
where f : H — H, (¢;);ez are linear operators from H to H and (&;);cz is a sequence
of i.i.d H-valued random variables such that ||||eg||m|l < o00.

The sequence { X} }r>1 defined by (3.2) is a natural extension of the multivariate
linear processes. These types of processes with values in functional spaces also
facilitate the study of estimating and forecasting problems for several classes of
continuous time processes (see Bosq [4]).

We denote by ||.|| @), the operator norm. We shall give sufficient conditions for
the Moderate Deviation Principle in terms of the regularity of the function f.
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Let d(g9) = 2inf{|||le0 — z||ul|c, z € H} and define the modulus of continuity
of f by
wy(h) = sup |[[f(z+1) = f(2)]|a

ltla<h, z€H

Proposition 3.3. Assume that

Z lcill Lgeny < oo,

1EL

and that Xy, is defined as in (3.2). If moreover
1 1
3 s (5(50) ; ||ck||L(H)) +3 ol (5(50) S ||ck||L(H)> <0, (3.3)

n>1 n>1 k<—n

then the conclusion of Theorem 2.4 holds.
In particular, if ||¢;||ram = O(p'"!), 0 < p < 1, the condition (3.3) is equivalent

to . 0

wy t

————dt < 0. (3.4)
/0 ty/|logt|

For example, if ws(t) < D|logt|~7 for some D > 0 and some v > 1/2, then (3.4)

holds.

Remark: Under a Cramer type condition, Mas and Menneteau [1& were interested
in the MDP for the asymptotic behavior of the empirical mean of X,, = % oo X,
where for all n > 1, X,, is an autoregressive process: X,, = > "2 p/(g,—;). Here,
(ex)kez s a sequence of i.i.d Hilbert-valued centered random variables satisfying
a Cramer type condition and p is a bounded Hilbert linear operator, satisfying
Yo lP L@ < oo. They gave also the MDP for the difference between the
empirical and theoretical covariance operators.

3.3. Stable Markov chains.

Let (Y,)n>0 be a stationary Markov chain of H-valued bounded random vari-
ables. Denote by u the law of Y; and by K its transition kernel.
Let

Xy = f(Ye) = E(f (Yk)). (3.5)
For all Lipschitz functions g : H — H, let
Lip(g) = sup lg(z) = 9(y)llm
zyer |7 —yllm

We write K(g) and K"(g) respectively for the functions y — [ g(z)K(y,dz)
and y — [ g(2)K"(y,dz) = E(g(Ya) | Yo = y).

Proposition 3.4. Assume that the transition kernel K satisfies Lip(K™(g)) <
Cp"Lip(g) for some p < 1 and any Lipschitz function g. If f is Lipschitz and
X; is defined by (3.5), then the normalized process Z,(.) satisfies the MDP in

Let (Yy)n>o satisfying the equation Y,, = F(Y,_1,&,) for some measurable map
F and some sequence (§;);>o of i.i.d random variables independent of Yj.
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Corollary 3.5. Assume that for all z, y € H, ||||F(z,&)— F(y, fl)||H||L1(R7P§1) <
pllz — yllg with p < 1. If f is Lipschitz and X; is defined by (3.5), then the
normalized process Z,(.) satisfies the MDP in Cy([0,1]).

Proof of Corollary 5.5. The condition: forall z, y € H, |||[F(x, &) —F(y, &) [l g e, ) <

pllz — y|lm with p < 1, implies that, for all f Lipschitz function,

Lip(K(f)) < pLip(f).
Indeed, for all y in H, we get

K(f)(y) = E(f(V) | Yo = ) = E(/(Fy.£)) | Yo = y) = / F(E (y, 2))Pe, (d2).

Hence, for all x, y € H, we derive

| K(f)(z) = K(f)(y) | < /If (z,2)) = f(F(y,2)) | Pg (d2)
< Lip(NHIIIF(z, &) — Fy. E)llullu @ e, )
< pLip(f)llz — yllm-

It follows that
Lip(K(f)) < pLip(f),
so that
Lip(K"(f)) < p"Lip(f).
We conclude by applying Proposition 3.4. O

3.4. Moderate Deviation Principle for the empirical distribution func-
tion in L2.

Let Y = (Y;)iez be a strictly stationary sequence of real-valued random vari-
ables with common distribution function F. Set Fy = o(Y;,7 < 0). We denote F,,,
the empirical distribution function of Y:

ViteR, Fu Zlyﬁt

Note that for any probability measure 1 on R, the random variable X; = {t —
ly,<; — F(t) : t € R} may be viewed as a random variable with values in the
Hilbert space H := L*(R, ). Hence to derive the MDP for n(F, — F) we shall
apply Corollary 2.6 to the random variables (X;);>1. With this aim, we first recall
the following dependance coefficients from Dedecker and Prieur [7].

Definition 3.6. Let (2, A, P) be a probability space, let F be a sub o-algebra of
A. Let Y = (Y1,...,Y}) be a random variable with values in R¥. Let Py be the
distribution of ¥ and let Py|r be a conditional distribution of Y given F. For
1<i<kandtinR,let g, ,(x) = 1,<; — P(Y; <t). Define the random variable

/Hgtl ;) Py 7 (dx) /Hgtl ;) Py (dz)

b(f.a}/laayk) = sup

(t1,---,ti ) ERF
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with ]P)Y‘j:(dx) = Py‘j:(dl’l, ceey d:)jk) and ]P)y(dllf) = Py(dl’l, ceey dl’k)
For the stationary sequence (Y;);cz, define the coefficient ¢y, for any integer
k=1, by
¢r(n) = max  sup ||b(Fo, Yiy, ey Yi)) || oo

I<ISE §>..>i1>n

Proposition 3.7. If

3 % (1) < o0, (3.6)

n>1

then {/n(F,(t) —F(t)), t € R} satisfies the MDP in L*(R, u) with the good rate
function,

1
v f € L2(]R> :U“)a [(f) = Sup ( < f’g >L2(R,u) _5 < gan >L2(R,u) )a (37)
geL2(R,u)

where Q is defined as follows, for all (f,g) in L*(R, ) x L*(R, u),

Qf.9) = y f(s)g(t)C (s, t) p(dt)p(ds)
with
C(s,t) =F(tANs)—TF(t)F(s)+2 Z(IP’(YE) <t,Yr <s)—F(t)F(s)).

k>1

If we use the contraction principle in Dembo and Zeitouni [8], with the contin-
uous function f: x +—— ||z|lL2(r ), the Cramér-Von Mises statistics,

1/2

Vil [ () = FO)* u(an)
satisfies the MDP in R with the good rate function,
\V/y 2 07 I,(y) =357Y,

where v = m]?X(Ak), the A\;’s are the eigenvalues of the covariance function Q.

Now we suppose that Y; € [0,1] and u(dt) = dt. Always, by the contraction
principle in Dembo and Zeitouni [8] with the continuous function,

UL2([071]7M) — RY
g9 — llgllLrqo,u,m;

we prove that the Kantorovitch distance v/n||F, — F||r1(,1],,) satisfies the MDP
in R*, with the good rate function,

v Yy e R+7 '](y) = ll'lf{[(f)’ f € L2([07 1]7:“’)7 Y= HfHLl([O,l},u)}‘
We deduce from the proof of Theorem in Ledoux [13] page 274, that
1 y?

vy207 J(y) - 50(2)27
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where Z is a random variable with covariance function () defined in Proposition

24 1/2
3.7and o(Z) = sup (E(fol g(t)Z(t) dt) )
llglleo<1
By using a remark (8.22) in Ledoux and Talagrand [14] page 216, we also have

F,—F
hmsupﬁll oy _ o(2).

n—so0 v2nloglogn
Remark: (3.6) is satisfied for a large class of dependent sequences. For instance,
it is verified for the class of expanding maps as considered in Dedecker and Prieur

7).

4. PROOFS

4.1. Hoeffding inequality’s proof.

4.1.1. Technical propositions.

The proofs of the following lemma and propositions use the same ideas as in the
proof of Theorem 1 in Peligrad, Utev and Wu [17] (see also Mackey and Tyran-
Kaminska [21]).

Lemma 4.1. Let {Zy}rez be a stationary sequence of martingale differences with
values in H. For all integer n > 1 and real p > 1, we have

E(max|Z: + ..+ ZiIZ) < 27 T(p+ 1) w71 21l 2. (4.1)

Proof of Lemma 4.1. We note here, S; = 22:1 Zr. Applying an inequality given
in Pinelis [18] (Theorem 3.5) and using stationarity, we have

E(maXHSZ-H]?f) - / (2p)z2p_1IP’<1I£1a<X||S,~||H22>dz
0 <i<n

1<i<n
2

> z
< 2/ (2p) 2%t exp ( - —) dz.
0 2|l Z1]lallZ

By the change of variable u = vl

-z
1Z11lmlloo?

[e%e) 2 0 2
2p—1 < _p 2 2p—1 u
2P~ exp ( - ) dz=mn HHZIHHHOO/ u?P exp (— —) du.
/o 2(v/nll|Z1lulloo)? 0 (=3)

Next

00 2
/ u?lexp (— %) du = 2°"'T'(p).
0

Therefore, we conclude that
E(max |S12) < 27T+ 1) w21 21 ]2,

1<i<n

O
The next proposition is a generalization of Lemma 4.1 to an adapted stationary
sequence.
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Proposition 4.2. Let n, q be integers such that n > 1, 2971 < n < 27. Assume
that ||| Zo|lm|leo < 00, and Zy is Fo-measurable. Let Z; = (Zy o T")icz. Then, for
all real p > 1,

‘ 2p\ 1/2p 5
+1 1/2 _ _
<1r£1;a<); E Z; > < (2p F(p—l—l)) p\/ﬁ{HHZl E(Zl | f0)||H||oo+ \/EAQ}
(4.2)
where

q—1 1

A=) 572 NIE(S2s | Fo)llszlloo-
§=0

Proof of Proposition 4.2. The proof is almost identical to the proof of the corre-
sponding facts in Theorem 1 of Peligrad, Utev and Wu [17] if we replace everywhere
the absolute value | . | by ||.|lu, and C, is here, C,, = 2?™'T'(p 4+ 1). Also, we work
with the L?HIP -norm. Consequently, we give here, only the crucial inequalities. We
note K = 5/+/2. By triangle inequality, notice that

<
1IHaX||S||H maxHZ (Zk—E(Zk | Fr-1) ’ + max

1<i<n

> E(Z | fk—l)HH- (4.3)
-1
By the inequality for martingale differences (4.1), we get

max
1<i<n

Sz~ Bz | Fe)| |, < CFVAlZ ~EZ | Follal. (44)

Moreover, if we start by writing, n = 2m or n = 2m + 1, we have

21
)ZE(Zk | Fis)

> E(Z | Fior)
k=1

max max
1<i<n 1<i<m
+ Olgl‘dX |E(Zouz1 | Fa) HHH
and
max |B(Zavor | Fo)ls|, < (m+ 0B | F)lslle (1.6)

For the first term of (4.5), we proceed as in the proof of Peligrad, Utev and Wu
[17], to get:

2

| e Al [, < G v{aE ) F
FEV2(A, ~ [[E(Zy | Fo)loo) }- (4.7)
Consequently, combining (4.3)-(4.7), we obtain the bound (4.2). O

The next proposition is the main tool allowing us to extend Proposition 4.2
to non-adapted stationary sequences of H-valued random variables.
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Proposition 4.3. Let n, q be integers such that n > 1, 2971 < n < 29, Assume
that ||| Zo|lm||ce < 00, and B(Zy | F_1) = 0. Then, for all real p > 1,

: 2p\ 1/2p 2
+1 1/2
E ((max > 2 ) s @rre+) V(B | Follle + 7584}
(4.8)

where

q—1 1

Ay = " 5571152 = E(Sar | Foo)lalloe-
j=0

Proof of Proposition 4.3. Here also, the proof is widely inspired by the proof of
Theorem 1 in Peligrad, Utev and Wu [17] and we note always C, = 2P T'(p + 1).
We prove (4.8) by induction on n. For n =1, ¢ = 1, we clearly have

1 Z1llll2p < NIE(Zy | Fo)llelloo + A7

Then, assume that the inequality holds for all n < 297!, Fix n such that, 297! <
n < 29. By triangle inequality, we obtain that

i
E ZkH < max

H ~ 1<i<n
k=1

Xi: (Zx —B(Z | 7)) HH

) (4.9)
Since E(Zy | F-1) = 0, we can use the inequality (4.1) for martingale differences,

max

1<i<n 1<i<n

SE(Z | ]—“k)HH + max
k=1

max
1<i<n

Sz B[, < vAllIEZa | Folale (4.10)
k=1

Now, as in Peligrad, Utev and Wu [17], we write n = 2m or n = 2m + 1, for the
second term in the right-hand side in (4.9),

> (2 —E(Z: | i) HH <  max

1<i<m

max
1<i<n

S (4w R,
k=1

+0T§2>;||Z2l+1 — E(Zos1 | Farsr)||m,

(4.11)

and
- 2
olgl%};HZmH —B(Zas1 | Furr) | < 12_0 H221+1 — E(Za111 | -7:2l+1)H]§- (4.12)

For the first term in the right-hand side in (4.11), we apply the induction hypoth-
esis to the stationary sequence, Yy = Zy — E(Zy | Fo) + Z_1 — E(Z_1 | F_1), for
all jin Z, Y; = Yy 0 T% | the sigma algebra Gy = Fy, and the operator T?. Notice
that the new filtration becomes {G; : i € Z} where G; = F5;. Whence, we have

l
> Voo
k=1

max
1<I<m

max
1<I<m

2p

H 2p‘

&(zk-wk 7).
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Since m < 297 and E(Y; | G_1) = 0, we obtain by the induction hypothesis,

l
2
k
max | ZY T [, < G TVRINES | Go)llall + 75804 (V). (4:13)
But, }HE(YO | go)HHHOO < Zo —E(Zy | Fo)llr||so and rewriting,

3.0 = gl Sv-e(Xwl)|,).

q—2 1
= Z WHHSQ]HH - E(ng+1 | f2j+1>HHHoo
7=0
= V2(A, = [l11Z0 — B(Zo | Fo)llszll), (4.14)

we derive that

max
1<i<m

l
S voor| || < orrvmR(INZ — B | Flslle + 28
k=1

=220 — E(Zo | Fo)llull)-

Consequently, we conclude that

>z,

max
1<i<n

2 !
< C;/% (\/EHHE(ZO | Fo)llmlloo + \/Qm—Aq)
2p V2

N
GVI(IIE(Zo | Fo)lall + Z5A)-

IA

Now we give, the main proposition.

Proposition 4.4. Assume that ||| Xo|lul|« < 00, then, for allp > 1,

E(max1S:%) < 270+ e (11Xollalle + DD 57 2IIECS; | Fo) sl

- L 2p
+D 7518~ B(S; | F)lslo) (4.15)
j=1
where
7D = 40vV2 +27 and 7D = 24v/2 + 12.

Proof of Proposition 4.4. We set K = %, K = % and C, = 2P (p+1). Let n
and ¢ be integers such that n > 1 and 297! <n < 29. Let

O = 25y 3 PINES; | Folllelleo, 07 = 32523 522I11S; — (S | F)lleelloos

ANy = YT 272 |E(Sy | Folllulloe, A = 39252797282 — E(Sy | Foi)llalloo-

=0
We shall prove a slightly stronger inequality,

HE(max I5ill) H2p < CYa([[I1X) — (X | Fo)llilloo + KA+ K'AL). (4.16)

1<i<n
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Note first that V,, = ||||E(S,. | Fo)|lull is a sub-additive sequence as proved by
Peligrad and Utev [16] in Lemma 2.6 (replace the L%-norm by the LgP-norm). The
sequence (V},)n>o verifies for all i, j in N*

Vig; < VitV
Whence, using Lemma 5.1 in Appendix with Ci=0C,= 1, we get

V2
Aq_(47 7)5”'

On an other hand, the sequence V! = ||||S, — E(S, | F)|lu||eo verifies for all 4, j
in N*,

Vi < IS — E(Sivy | Firg)llulloo
< IS = E(Si | Fi)llalloo + ISis — Si = E(Sir; — Si | Firs)llmlloo
+ES: | Fi) — E(S: | Firs)llmlloo
< [1Si = E(S: | Fi)llmlleo + 1S5 — E(S; | Fj)llalloo
+EWS; —E(S; | Fi) | Firi) lmlloo
< 2V 4V

Whence, using Lemma 5.1 in Appendix with Cy =2 and Cy = 1, we have
6\/
Al < ( )5'
T\ 7 7
Setting ki = 4‘[ + 2 16 and ko G\f + , we get
Xy = EX | Fo)llmllee + KA+ K A; < X lfmlloo + (Kki + 1)6, + K'k26,,.

Since (4.16) implies (4.15), it remains to prove (4.16).
By triangle inequality, we obtain that

> x| > (X —E(X | 7))

max
1<i<n

max
1<i<n

ZE (Xk | Fr) (4.17)

max
1<i<n

Applying Proposition 4.2, we derive

max
1<i<n

SE | F)| [, < O VRIER: | F) X | F)llale+ KA;)

(4.18)
where

22 i/2

B(3 e 7)), -
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On the other hand, Proposition 4.3 gives

3 (X-E(X, | F) HHH% < OV ||[E(Xo—E(Xo | Fo) | Fo)llilloc+ K ALY

max
1<i<nl| &=
(4.19)
where
q—1 27
Ay =2 | 3 (X~ (X | F)}-E(Xu—E(Xa | F) | F))|| || =
=0 k=1
Combining (4.18) and (4.19) in (4.17), (4.16) follows. O

4.1.2. Proof of Theorem 2.2.
Now, assume that p is an integer, and p > 1.
Let

n n

1 , 1
B = [ Xolsll (D 3 = IIECS; | 7o)l t D' S 25 M5 —ECS; | el

j=1 j=1

for some constants D > 0 and D’ > 0 defined in Proposition 4.4. We can use the
approach of the proof of Theorem 2.4 in Rio [20], because

E(maxusiuﬁf) < or+ip| By

1<i<n

< 2(2p — DN(2nB?)P.

Consequently , if we use the notation of the proof of Theorem 2.4 in Rio [20], the
constant A is here,

SL’2

A= ——
4nB?’
and with the estimation given in Rio [20] (page 42),

P( max [Sils > @) < 2v/Eexp(~A).
Taking C' = max{D, D'}, we obtain exactly Theorem 2.2. O

4.2. MDP for martingale differences.
Our main proposition is a generalization of a result of Theorem 3.1 in Puhalskii
[19] to H-valued random variables.

Proposition 4.5. Let a,, be a sequence of positive numbers satisfying a, — 0 and
na, — —o0o. Letk, be an increasing sequence of integers going to infinity and

n—oo

{d;jn}1<j<k, be a triangular array of martingale differences, with values in H, such
that

V1<j<kn [|dinllie < Buv/na, with 3, — 0. (4.20)

n—aoo

Assume that, there exists Q@ € S(H) such that:
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1. for all k, l in N* and 6 > 0,

n—-—uoo

(4.21)
1. for all o >0,

kn
S Eldallh | Fio1) = THQ)| > 6) = —00.  (422)

S|

limsup a, logP (’

n—aoo

Then {W,(t) = ﬁ Zg’;"f} djn + ﬁ(l{:nt — [knt])dp,g41,0 2 t € [0,1]} satisfies the

MDP in Cy([0,1]) with speed a,, and the good rate function,

SEAS( () dt if ¢ € ACo([0,1])
¢) = (4.23)

oo otherwise

where A* is defined by

1

A (z)=sup(<y,z>n —= <y,Qy >u ). (4.24)
yeH 2

Proof of Proposition 4.5.

Firstly, we need some notations.

Notation 4.6. For all integer m > 1, let P™ be the projection on the first m
components of the orthonormal basis, (€;)1<i<m, in H then

where [ is the identity operator.

Let {d;n}1<j<k, be a H-valued triangular array of martingale differences. We
start by proving that {d7}, }1<j<,, which is a R™-valued triangular array of mar-
tingale differences satisfies the conditions of Theorem 3.1 of Pulhalskii [19] (see
also Djellout [10], Proposition 1).

The conditions (4.20) and (4.21) imply conditions ¢) and 4i) of Proposition 1 in
Djellout [10].

Consequently, {Wi(t) = <=3 dr, + Z=(knt — [kat])dil 0, < £ € [0,1]}
satisfies the MDP, with the good rate function, I,,(.),

Jo s (' (1)) dt if ¢ € ACo([0,1])
[m(¢) =

oo otherwise,

* 1ce
where AY is:

1
VeeH, A (x) = sup( < Py, Pz >y ~3 < Py, QP™y >n )
yeH

k
1 n
limsup (07 1ng<‘— E E(< djm,ek >u< djm,el >]HI| fj—l,n)_ < Qek,el >u ‘ > (S) = —00,
n
Jj=1
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By using Theorem 4.2.13 in Dembo and Zeitouni [8], it remains to prove, that
for any n > 0,
>n) =

1 I 1 IP & H
im sup limsup a,, log lg;zggn Zrkn

m——00 n—aoo

Notice that, for all n > 0,
o log B max \[77| Z% =)
1
m (|2
<a, log (B({ max /% Zrkn >npn{|- > E(IrEl | Ficrr)
o 1 7L o0
- Y <Qepeyu ‘ < 5})+P<‘5 SR Fron)— > < Qeprey >k ‘ > g))

p=m+1 k=1 p=m+1

where € > 0.
With the notations

A(n7m7777€> : 12}%}; H H Zrkn > 77}
1
m{‘gz (il | i) = 32 < Qepey >u| <)),
k=1

p=m+1
and
1 kn 0o
B(n,m,e) i=P(| = Bl | Fiorn) = Y. <Qepe,>u | > ).
J=1 p=m-+1
we derive
<
aylog P 12%’11/ H Zrkn > n) anlog {A(n,m,n,e) + B(n,m,e)}.
Now notice

< aplog {P(|1 325 B(lldjnll | Fi-1n) — TR(Q)] > §)

‘I‘P(}% Z?il E(Hd;nnn]%l | Fj-1n) — Z;nzl <Q ep,ep>m } > %)}
Using (4.21) and (4.22), it follows

lim sup limsup a, log(B(n,m,c)) = —o0.

m—->00 n—auoOo



hal-00280709, version 2 - 21 Jan 2009

MODERATE DEVIATIONS FOR H-VALUED STATIONARY SEQUENCES 17

With the notations

Clnmn) = { mas [ HZ%

>n}

and

Do) Z{\—ZEH S B = Y <Qeney>a| e},

p=m+1
applying Theorem 5.1 (inequality (5.2)), in Kallenberg and Sztencel [12] or The-
orem 3.4 in Pinelis [18] to the martingale difference,
Ui = 10 i Bl 175 10)<n(e+ 55201 <Qeprep>i)}

we obtain that

an log P(C(n,m,n) N D(n,m,¢))

< a,1og(2) + a,1og (exp ( il )
n n X - 00
- & &P 2a,, (ne + ny i <Qepep>u )+ %anﬂn,/nan\/ﬁ\/’;_n

,02

26 +23° 11 < Q epyep >u 26

Since @ has a finite trace, it follows

< ap log(2) —

2
lim lim lim — ES ! 2 -
m—oo n—oo e—0 Qg 4 2 Zp:erl <Q ep,ep >m +355um

Consequently, we conclude by Theorem 4.2.13, in Dembo and Zeitouni [8] that
{n=1/2 Z[k”t] djn + f(k: t — [knt])dpgt1n = t € [0,1]} satisfies the MDP in
Cu([0,1]). The rate function is the same that the i.i.d gaussian random variable
with mean 0 and covariance @, therefore equal to

1
VaeH, A(x) :sup( <y, x>g—— <y, Qyu >H).
yeH 2

4.3. MDP for stationary sequences.

4.3.1. Proof of Theorem 2.4.

The proof of Theorem 2.4 uses the same arguments as in the proof of Theorem
1 in Dedecker, Merlevede, Peligrad and Utev [6], but for a H-valued non-adapted
sequences.

Let m,, = o(\/nay), and k, = [n/m,] (where, as before, [x] denotes the integer
part of x).

We divide the variables in blocks of size m,, and make the sums in each block,

Xi,mn = Z Xj, 7 Z 1.
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Then, we construct the martingales,
kn,

M = ST (E (X, | Fon) = By | Fimtymn)

i=1

kn,
= : : Divmn?
=1

and we define the process {M,g’?")(t) 1t €0,1]} by

mn mn 1
Now, we shall use Proposition 4.5, applied with d;,, = D,,,,., and verify the
conditions (4.21) and (4.22).

We start by proving (4.21). By stationarity, it is enough to prove that, for all
k1> 1,

lim sup H—E(< Dimsser >u< Dy e >u| Fo)— < Qew, €1 > H — 0. (4.25)

1
n—soo 1My 0
But, we notice
E(< Dym,,ex >a< Dim,,e >u| Fo)
= E(<E(Xim, | Finn)sex >a< E(Xim, | Fm.) e >ul Fo)
— < E(Xim, | Fo)er >u< E(X1m, | Fo), e >mu,
thus
IE(< Dimy,» ek >u< Dim,, € >u| Fo)— < Qex, €1 >u ||l
< HE(< E(Smn ‘ fmn)7 €r >H< E(Smn ‘ fmn)? € >H‘ ~7:0)_ < Qeg, e >m ||oo
+ || < E(Sm, | Fo)ser >a< E(Sm, | Fo), e >u ||co-

By triangle inequality and Cauchy-Schwarz inequality, we have

e e}

1
| =—E(< ESm, | By e >u< B (S, | Fan,) 0 >ul Fo)= < Qen e > |

1
< S, | Fna) - 1

2
o MECSma | Fma) = SmnHHIIwH\/E(IISmnH% | Fo)llo

1
+ Hm—E(< Smn,ek >a< Smn,el >]HI| fo)— < Qek,el >H H

e ¢}

By using Lemma 5.1 in Appendix, and the hypothesis (2.3), we deduce (4.25).
Now, to prove (4.22), by stationarity, we have to verify

21 F) - T(Q)_=o. (4.26)

o0

1
lim supH—IE(HDl,mn
My,

n—aoo

Notice that
E([| D1, I3 | Fo) < E(|Sm, I | Fo) = 1E(Sm,, | Fo)lli,
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thus
| BUDum | FD)=T@)|_ < =B e | F)=T(@)||_ 72 MBS, | Fo)

By using Lemma 5.1 in Appendix, and the hypothesis (2.4), we deduce (4.26).
To finish the proof, it remains to prove, that for all § > 0,

lim sup a, logP’(, [4n sup ||S[m] [%m§)||H > 5) = —00 (4.27)
n—->00 N te [0,1 "

and

. Qp,
timsup a, log (/= sup || (kut—[knt]) Dy 1., (1t =[] Xpuial | > 6) = —o0.

n—r00 t€[0,1]

(4.28)
(4.28) holds since m,, = o(,/a,n) and the random variables are bounded. We turn
now to the proof of (4.27). Notice that

[nt]

U Sy = M I < sup | Y i+mﬂ§jzm— (Xim, | Fm) |
t€[0,1] tejo, )" . t€[0,1] H
i=[kntlmn+1
[knt]
+ sup E E t, My, fz 1 mn ‘
te[0,1] | ) H

iuwrmmmmmwﬂ

1=

< o(y/na,)+ max

1<j<kn

+ max
1<5<kn

(4.29)

Xim fi—m
| (1>n)H

For the last term of the right-hand side in (4.29), we use the same arguments as in
the proof of Theorem 1 in Dedecker, Merlevede, Peligrad and Utev [6], so we give
only the proof of the non-adapted term, i.e. the second term of the right-hand
side of inequality (4.29).

We apply Theorem 2.2 to the stationary sequence, Yj ., = Xom, — E(Xom, |
Fo), and Y 1, = Yo, o T Notice that the new filtration becomes {G;,i € Z}
where Gy = Fy, and G; = T~0m)(Gy).

Consequently, we have

a, logIP’(1 [ — max
n 1<j<kn
=a, logIP’< max
\/ n 1<j<kn

&2
< an log(2v/e) — 1ZE(n, 07

3t 300 70 2

Zym > ))

(4.30)
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where

1] oo

=1
E(n,6) = [|||Sm, —E(Sm, | Fm) il +CZ ij 1Simn —E(Sjmn | Fjm.,)

=1

with C' is the positive constant defined in Theorem 2.2.
We conclude by using Lemma 5.1 in Appendix, and the inequality (4.30) con-
verges to 0, when n — oo. U

4.4. Proof of Corollary 2.6.

The proof of Corollary 2.6 uses the same arguments as in the proof of Corollary
2 in Dedecker, Merlevede, Peligrad and Utev [6] but for a non-adapted stationary
H-valued sequence.

By triangle inequality and changing the order of summation, (2.7) implies (2.2).

4.4.1. A technical lemma.

Lemma 4.7. Assume that ||| Xo|lulls < 0o. Let n be a diadic integer, n = 29.
Then

1 1.,
IESalli | Follooe < nCIBNXE | Follloo + 580+ 549)° (431

2
< nAL

where A, A} are, respectively, defined as in Proposition 4.2 and in Proposition
4.3 and

1 1
Ao = [BUX N [ Fo)lloo + 586 + 54

Proof of Lemma 4.7. As in the proof of Proposition 2.1 in Peligrad and Utev [16],
we prove Lemma 4.7 by induction on q.

Obviously, (4.31) is true for ¢ = 0. Assume now, that (4.31) holds for all diadic
integers n < 2971,

Writing Ss¢ = Sae—1 + Sa¢ — Saq-1, notice that

||qu||]%1 - ||52q71 ||I2HI + ||52q - qufl ||]%I + 2 < Squl, qu - qufl >]HI .
By stationarity, we have
(]S4 1 | Fo)lloo
< 2||E(||Saa-1||E | Fo)lleo + 2||E(< Saa—1 — E(Sye1 | Foa1), Saa — Saa1 >u| Fo)lloo
+ 2||E(< E(Soe-1 | Faa-1), Soa — Saa-1 >u| Fo)llco- (4.32)

The last term in (4.32) can be treated as in the proof of the corresponding facts
in Proposition 2.1 of Peligrad and Utev [16], if we replace everywhere the product

in R by < .,. >g, and the L?norm ||z|| by the infinite norm. Consequently, we
derive

JE(< E(Soa-1 | Faa-1), 20 — Soa-1 >u| Fo)lleo
< \/ IE(|Sz0-1 17 | Follloo 29772(Ag — Aga). (4.33)
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{111 the same way, since [||[Sa—1 — E(Sae-1 | Foer)||mllec = 207V2(AL — AL_,), we
ave

JE(< Sge-1 = E(Sa-1 | Foa-1), S2a — Saa-1 >u| Fo)l|oo

< VIE(ISz-1 = E(Sar-1 | Fao) 12 | Fodlloe/ IE(ISzr — Son1[13 | Foll

< 1St — E(Sar-1 | Fors) oo/ IE(ISors 13 | Foll

< VIES2r-1 2 | Fo)llso 207972(A, = A, ). (4.34)

By induction and combining (4.33) and (4.34), we conclude that
IE( S0 1 | Fo)lloo

<2} P BN | Fo)llo+ 580 + 24,
25 QO (B(IIR | Follloe + 5 gmr + 5A)1) X 202(8, — A1)
25 Q0P (E(IX | Follo + 5 Bgmr + 584G 1) x 20°02(8) — A )
< (BN Xl | Fll + 58, + A7)

1 1
< n(EXE [ Fo)lloe + 520 + 547)°

4.4.2. Proof of Corollary 2.6.
The proof splits in two parts, and uses the same arguments as in the proof of
Lemma 28 in Dedecker, Merlevede, Peligrad and Utev [6].

Lemma 4.8. Assume that ||| Xo||u|lec < 00.
i. Under (2.2) and (2.8), (2.83) holds.

ii. Under (2.2) and (2.9), (2.4) holds.

Proof of Lemma 4.8.The proofs of (i) and (ii) are quite similarly, so here we prove
only (i7).

Firstly, as in the proof of Lemma 28 in Dedecker, Merlevede, Peligrad and Utev
[6], we prove by diadic recurrence (2.4). Let S,;, = S, — S,. Denote, for any ¢
integer,

Avx = IEQISE | Foi) — EQISUZ) .

By stationarity, we have

Asie = E(Sal% | For) = E(ISorl2)lloc
< 2EISE | F-i) — E(IS2) oo
+2||]E(< St, St,Zt >H| f—k)”oo + 2 | E(< St, St72t >H) | .
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Moreover by Cauchy-Schwarz inequality and Lemma 4.7, we get that
Agrre < 244 +4\/IIE(||5t||]%1 | Fo)llsc IIECS: | Fo)llexll o

+4[|[15: = E(S: | E)IIHHoo\/HE(HStH% | Fo)lloo
< 2Ac + 4PAINES: | Fo)llzlloo + I11Se = E(Se | Fo)lazlloc -

With the notation
By = 27" [E([|Sor |l | F-r) = E([[Sr [E) oo = 27" Aor g,
by recurrence, for all » > m and all £ > 0, we derive

By < Brag+277 Ac{|ll[Sor1 = E(Sart | Fort) alloo + [IE(Sar1 | Fo)llloc}

< Bup+2A {Zzﬂ/znnsy E(Sy | Follelloo + 3 27 2IE(Sy | Fo)lllee |

j=m
< Bm,k + QAOO{Am,OO =+ A/mpo}v
where
Amoo =D 27 IE(Sys | Fo)llulloo and A5, o = 3 27/2[[ Sy —E(Ss | Fos)lltlloc-
j=m J=m

By stationarity and triangle inequality,

IE(Sar (1% | Fo) = E(S2r[13) loe

<|[E(]1S2 15 — 1Sk ks2r 15 | Fo)lloo + NENS2r I3 | F-i) — E([|Sor15) o5
we have, for all integer r > m + 1,
27| E(||Sor 17 | Fo) — E(||Sor [17)[loo

B + 200 (Ao + AL, o0) + 27 PPEE(IX 1 | Fo)lIXAs

Consequently,
limsup 27" [|E(||So (| | Fo) — E([S2 1) lloc

r—>00

< Bk + 280 (Amos + A, )
Letting k& — oo, and using condition (2.9), it follows that k&anm,k = 0. Next
letting m — oo, and using condition (2.2), we then derive that

i 2B S | Fo) — B [3) o = (4.35)

To finish the proof, we use the diadic expansion n = ZZ;E 2%ay, where a,_; = 1
and a € {0,1}, as the proof of Proposition 2.1 in Peligrad and Utev [16] in order
to treat the whole sequence S,, for 2"~! < n < 2". We then use the following
representation,

nj

-1 j
S, = Znga] where Ty = Z Xi, n; = ZQkak, n_; = 0.
k=0

r
7=0 1=n;_1+1
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Notice that

1

ISl | Fo) = ECSul2) o

r—1

1
< > i |E(1Sx 17 | Fo) — E(1S2 1)l
§=0

r—1
1
+ = > aia;|B(< To, Ty >m| Fo) — B(< Tor, Ty >5)]|oo- (4.36)
i#5=0

For the first term of the right-hand side in (4.36), we treat it as a diadic integer,

r—1

1
m > 4 |E(ISw [ | Fo) = E(|1Ss 1) oo = 0-
j=0

Suppose that ¢ < 7 < r, we then have
HE(< TQj,TQi >H| f(]) - E(< TQj,TQi >H)Hoo

<|E(< Ty — E(Tyi | Fo,), Tos >l Fo) — B(< Toi — E(Tyi | Fo,)s Tor >1)|oo
VE(< E(Ty | Fo,), Tos >u| Fo) — E(< E(Ty | F ), Tos >u)|leo. (4.37)

For the first term in the right-hand side in (4.37), we have by Cauchy-Schwarz
inequality,

|E(< T — E(Ts | Fu,), Toi >m| Fo)lls

1=0 j=i+1
r—2 r—1
< 11T = BT | Fu) il oo 1B Tos [ | Fo) 1227
i=0 j=i+1
By (4.35),
IE([[S2r [1E | Fo)ll£2 = O@2"7).
Hence, we get
r—2 r—1
SN IE(< Ty = B(To | Fu), T >l Fo)loo
i=0 j=i+1
r—2 r—1
<C1 Y T = B(Ty | Follmlloe Y, 2772
i=0 j=i+1

]HIH002T/27

r—2
<Cy Y Ty — B(Tws | F,)
=0
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where C and C5 are positive constants.
Therefore, for all 271 < n < 2", we obtain

r—2 r—1

1
=N IB(< Ty = B(To | Fy), Ty >l Fo)llso
[y
r—2
/241 N /2 1 1S2 — E(Sai | Foi)|[m|oo
<Cy2 Z; 2 2 .
As
o 82 — By | For)lllloc
Z 2i/2 < 09,
i=0
we conclude by Kronecker lemma that
r—2 r—1
1
Jim ZO ’ZH IE(< Ty — B(Ty | Fr,), Tos >u| Fo)lloo = 0. (4.38)
=0 j=i

For the second term of the right-hand side in (4.37), we use the same arguments as
in the proof of Proposition 2.1 in Peligrad and Utev [16] by replacing the product
in R, by < .,. >y and the L2norm by the infinite norm. Consequently, we get

.1
lim — Z |E(< E(Ty:i | Fo,), Toi >u| Fo)—E(< E(Tyi | Fr,), Toi >m)leo = 0.

n—oon, =
0<i<yj<r—1
(4.39)
Combining (4.38) and (4.39), we conclude
‘ 1 r—1
Jim — > ail[E(< Ty, Ty >u| Fo) — E(< Ty, Ty >a)lloo = 0.
i#§=0
This proves (2.4). O

4.5. Proof of Proposition 3.3.
Let €’ be an independent copy of ¢, and denote by E.(.) the conditional expec-
tation with respect to €. Define

Y, = Zci(en_i), Y,; = Zci(d@—i)’ Ly = Z Ci(En—i), Z;L = Zci(géz—i)'

<n <n >n >n
Then, taking F; = o(g;,1 < 1), we have

HEX | Fo)llallee = MELf(Yn + Zn) — f(Yy + Z0)] |

< wi(llleo — eollilloe Y llerll)
k>n
and
X = EX_p [ Fo)llulle = NE(fYon+ Z-n) = f(Zon +Y) Il
< wy(lllleo — ehllmllon D lekllzem)-

k<—-n
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Then the condition (2.7) is satisfied as soon as (3.3) holds.
As the proof of (2.8) is quite similar of the proof of (2.9), we only prove (2.9).
We have for all integer p > 0,

IE(< Xi, Xigp >n| Fo) — E(< Xi, Xigp >n)lleo

< fwr(llleo = chllalloo 3 Nl

k>i

(1o = cllallee 3 Nerlaen ) (4.40)

k>i+p

where C' is a constant.
By (3.3) and Corollary 2.6, Proposition 3.3 holds. O

4.6. Proof of Proposition 3.4.
Firstly, we give a technical lemma,

Lemma 4.9. If Lip(K™(f)) < Cp"Lip(f), then
IE(f(Ye) | Yo) = E(f(Ye)lloo < 20[YollulloeCp Lip(f). (4.41)
Proof of Lemma 4.9. As

E(f(Y;) | Yo = y) — E(f(Yh)) = / (KM (1)) — K*(F) () uld2),
we deduce

IEC (Ye) | Yo = y) = E(f (Y)) |zl

IA

| [1540)0) - K4 o)

Lip(K*(f H / Iy~ ellep(a)|

VAN

< crLinth) || [ - lanta)|
(4.42)

Observe that
| o= slantaa)]| < || [ Qo+ lalhnta]|_ < 2i¥allslle (243

Consequently, combining (4.42) and (4.43), we have

HNEC (V) | Yo =y) = E(f (Vi) llelleo < 2[YollellCp Lin(f).

O
Proof of Proposition 3.4. We apply Corollary 2.6 to the following random variables,

X =f(Ye) —E(f(Yk)), V k=>0.

Since (Y,,)n>0 is a Markov chain, we have to prove that

> fllllE (Xi | Fo)lla]lee < 0.

k>1
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By Lemma 4.9, we derive

> = INECES | Fo)lil < 2¥olallCLip() 3 < oo

k>1 k>1

The proof of (2.8) is quite similar of the proof of (2.9), so we only detail (2.9). If
k > [, by triangle inequality

|IE(< Xk, X; >n| Fon) — E(< Xk, X >5)||oo

<[[E(< f(Yk), f(Y1) >u| F_n) — E(< f(Ya), fF(YD) >0)l|s
+ [[E(< f(YR), E(f (YD) >m| Fon) = E(< f(Y), E(f (Y1) >n)lls
+ [[E(< E(f(Ye)), f (V) >u| Fn) = E(< E(f(Y2)), f (Y1) >5)]|oo-

Using Lemma 4.9, we get

[E(< f(Ya), E(f (V1)) >u| Fon) — B(< f(Ya), E(f (Y1) >8) oo
<IHEC YO elloo [NECS (Ye) [ Fn) = E(f (Ye)) oo
<2C|E(f (Yo) lmlloo 1Yo [l Lin(f) o — 0,

and for k > [,

IB(< f(Y2), (V) >m| Fon) = E(< f(Ya), F(Y) >E) ]l
=|E(< E(f(Yz) | F0), f(Y1) >m| F-n) —E(< E(f(Ys) | F), f(YD) >0) [l
=[E(< K*'(/)(VD), F(V) >l Fon) = E(< K¥'(H)N), (YD) >8) |
=[|K* (< KN, £ ) (Yon) — n(KH(< KO0, () >8) (Yon) s
<2C||[[YollallseLip(< K51 (£)(), £() >m)p"™" — 0.

Hence (2.9) holds. O

4.7. Proof of Proposition 3.7.
We apply Corollary 2.6 to the random variables X; = {t — 1y,<;—F(¢) : t € R}.
Since

1 - 1
Z %qb(n) <00 = Z %%(n) < 00,

n>1 n>1

the condition (2.7) holds.
As the proofs of (2.8) and (2.9) are quite similar, we only detail the proof of
(2.9).
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By Fubini, we have, for any i < 7,
||E(< XZ',X]' >L2(R,H)‘ f(]) — E(< XZ',X]' >L2(R,u))||oo

:HE(/(lYigt —F(t))(1y,<: — F(t)) u(dt)‘}"(])
_ E(/(lYi<t —TF(t))(1y,<. — F(1)) u(dt)) H

/ IE((Ly<e = F(8)(Qy;<e = F(#)) | Fo) = B((Lyvice = F(1))(Lyy<e = F(#))) oo pu(dt)

<[[6(Fo, Y5, Yy)lloo < G2(i).
Since >, n~2¢y(i) < 00, o) .~ 0, all the conditions of Corollary 2.6 are

true.

From Dedecker and Merlevede [5], the L?(R, u1)-valued random variable /n(F,,—
IF) converges stably to a zero mean L?(R, u)-valued gaussian random variable G,
with covariance function @), given in Proposition 3.7.

We deduce that /n(FF, — F) satisfies the MDP in L?(R, i), with the good rate
function

o0

1
Ve L2(R7 w), I(f) = sup (< f,9>L2@®u D) < 9,Q9 >L2rp))-
g€ELZ(R,p)

5. APPENDIX
Lemma 5.1. Let (Uj);>0 be a sequence of positive reals such that Uy = 0 and
Uz+g < ClU + CQU Let C = C1 + Cg Then
1. Forn, and r integers such thatn >1,2""1 <n < 2", andp > 1,
r—1 -1

1 1
> 5l < 1_2ka— (5.1)
j=0 k=1
2. If 302 k7PUR < 00 for ap > 1, then
1 1
—Uj, — 0. (5.2)
mp—1 ,]p m—-s00
Jjz1
In particular,
Un
% O

Proof of Lemma 5.1. Firstly, we prove (5.1). With this aim, we note that
Ur < CiUy, + CoUr—y,

SO

T
(T+1)Ur <CY Uk
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Thus, for n > 2"~! we get

r—1 or—1 n
Ugj 1 C Uk
Z 2j(p—1) < CZ U Z (27 4 1)2i(—1) < (1—2-7) kp

1 U - 1 — U
v 2 g SOXU X Gy SO0 2 G

jp
k=1 Jigm>k k=1

by the Fatou lemma since Uy(k +m)™ | 0 as m — oo. Here, ¢, is a positive
constant depending on p. O
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