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VARIABLE DEPTH KDV EQUATIONS AND
GENERALIZATIONS TO MORE NONLINEAR REGIMES

SAMER ISRAWI

ABSTRACT. We study here the water-waves problem for uneven bottoms in a
highly nonlinear regime where the small amplitude assumption of the Korteweg-
de Vries (KdV) equation is enforced. It is known, that for such regimes, a
generalization of the KdV equation (somehow linked to the Camassa-Holm
equation) can be derived and justified [7] when the bottom is flat. We gener-
alize here this result with a new class of equations taking into account variable
bottom topographies. Of course, the many variable depth KdV equations ex-
isting in the literature are recovered as particular cases. Various regimes for
the topography regimes are investigated and we prove consistency of these
models, as well as a full justification for some of them. We also study the
problem of wave breaking for our new variable depth and highly nonlinear
generalizations of the KDV equations.

1. INTRODUCTION

1.1. General Setting. This paper deals with the water-waves problem for uneven
bottoms, which consists in studying the motion of the free surface and the evolu-
tion of the velocity field of a layer of fluid under the following assumptions: the
fluid is ideal, incompressible, irrotationnal, and under the only influence of gravity.
Earlier works have set a good theoretical background for this problem. Its well-
posedness has been discussed among others by Nalimov [26], Yasihara [36], Craig
[8], Wu [33], [34] and Lannes [22]. Nevertheless, the solutions of these equations
are very difficult to describe, because of the complexity of these equations. At this
point, a classical method is to choose an asymptotic regime, in which we look for
approximate models and hence for approximate solutions. More recently Alvarez-
Samaniego and Lannes [2] rigorously justified the relevance of the main asymp-
totical models used in coastal oceanography, including: shallow-water equations,
Boussinesq systems, Kadomtsev-Petviashvili (KP) approximation, Green-Naghdi
equations (GN), Serre approximation, full-dispersion model and deep-water equa-
tions. Some of these models capture the existence of solitary water-waves and the
associated phenomenon of soliton manifestation [17]. The most prominent example
is the Korteweg-de Vries (KdV) equation [21], the only member of the wider family
of BBM-type equations [4] that is integrable and relevant for the phenomenon of
soliton manifestation. The KDV approximation originally derived over flat bottoms
has been rigorously justified in [8, 30, 5, 16]. When the bottom is not flat, vari-
ous generalizations of the KDV equations with non constant coefficients have been
proposed [20, 32, 11, 25, 15, 35, 28, 14, 19, 29]. One of the aims of this article is to
justify the derivation of this Korteweg-de Vries equation with topography (called
KDV-top). Another development of models for water-waves was initiated in order
1
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to gain insight into wave breaking, one of the most fundamental aspects of water-
waves [12]. In 2008 Constantin and Lannes [7] rigorously justified the relevance of
more nonlinear generalization of the KDV equations (linked to the Camassa-Holm
equation [6] and the Degasperis-Procesi equations [10]) as models for the propoga-
tion of shallow water-waves. They proved that these equations can be used to
furnish approximations to the governing equations for water-waves, and in their
investigation they put earlier (formal) asymptotic procedures due to Johnson [18]
on a firm and mathematically rigorous basis. However, all these results hold for
flat bottoms only. The main goal of this article is to investigate the same scaling
as in [7] and to include topographical effects. To this end, we derive a new variable
coefficients class of equations which takes into account these effects and generalizes
the CH like equations of Constantin-Lannes [7]. The presence of the topography
terms induce secular growth effects which do not always allow a full justification
of the model. We however give some consistency results for all the models derived
here, and then show that under some additional assumptions on the topography
variations, the secular terms can be controled and a full justification given.

1.2. Presentation of the results. Parameterizing the free surface by z = ((t, z)
(with € R) and the bottom by z = —ho + b(z) (with hg > 0 constant), one
can use the incompressibility and irrotationality conditions to write the water-
waves equations under Bernoulli’s formulation, in terms of a velocity potential ¢
associated to the flow, and where ¢(¢,.) is defined on Q;, = {(x,2), —ho + b(z) <
z < ((t,x)} (i.e. the velocity field is given by v =V, ) :

rp+ 020 =0, in Q
Onp = 0, at z=—hg+0b,
(1) 0iC + 0,C00p = .0, at 2=,
1
0o+ 5((020)* + (9:9)7) +9C =0 at 2=,

where ¢ is the gravitational acceleration, 0, is the outward normal derivative at
the boundary of the fluid domain. The qualitative study of the water-waves equa-
tions is made easier by the introduction of dimensionless variables and unknowns.
This requires the introduction of various orders of magnitude linked to the physical
regime under consideration. More precisely, let us introduce the following quanti-
ties: a is the order of amplitude of the waves; A is the wave-length of the waves;
bo is the order of amplitude of the variations of the bottom topography; A/« is the
wave-length of the bottom variations; hg is the reference depth. We also introduce
the following dimensionless parameters:

2
a h§

E:h_ov ,u:pv

bo
ﬁ_h_oa

the parameter ¢ is often called nonlinearity parameter; while y is the shallowness
parameter. We now perform the classical shallow water non-dimensionalization
using the following relations:

T =\, z=hoz', (=al,

@) = L AVohoo. b=bol, t=-—2A_¢
So_h_() gnoy , — 0oU, _\/gTo’
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so, the equations of motion (1) then become (after dropping the primes for the sake
of clarity):

pd2o +02p =0, at —14 b < z < &,
0.0 — uBadyb a0 =0 at z=—1+ Bb®),
(3) ag—%(uaamcamswazso):o, at z =<,
1
Orp + 5(5(8190)24— %(8,2@)2)4—(:0 at 2z =¢(,

where b(®)(z) = b(ax). Making assumptions on the respective size of ¢, 3, o, and
w one is led to derive (simpler) asymptotic models from (3). In the shallow-water
scaling (41 < 1), one can derive (when no smallness assumption is made on ¢, 3 and
«) the so-called Green-Naghdi equations (see [13, 24] for a derivation and [2] for a
rigorous justification). For one dimensional surfaces and over uneven bottoms these
equations couple the free surface elevation ¢ to the vertically averaged horizontal
component of the velocity,

1 &
4 u(t, x :—/ Or0(t, x, 2)dz
(1) (52) = T |, o9
and can be written as:

ByC + By (hu) = 0,
5) (1+ %T[h, BN Dyu + 0o + udyu

+pef{ - %&(h%u&ﬁw = (9u)?) + S[h, B V]u} = 0

where h = 1 + ¢ — 6b(®) and

T Th, bW = —%8z(h38xW) + gaz(hanb%W + B2h(0,b')?W,

while the purely topographical term S[h, 8b(*)]u is defined as:

Slh, B0 = %[aw(hz’(uam)?b@)—hQ((uagu)—(amuﬁ)amb@)]

+68% (102 )2b )9, b

If we make the additional assumption that ¢ < 1, 8 < 1 then the above system
reduces at first order to a wave equation of speed +1 and any perturbation of the
surface splits up into two components moving in opposite directions. A natural issue
is therefore to describe more accurately the motion of these two ”unidirectional”
waves. In the so called long-wave regime

(6) p<l, e=0(p),
and for flat bottoms, Korteweg and de Vries [21] found that say, the right-going
wave should satisfy the KDV equation:
3
(7) Uy + Uy + —cuny, + ﬁumm =0,

2 6
and (¢ = u+ O(e, 1)).
At leading order, this equation reduces to the expected transport equation at speed
1. Tt has been noticed by Benjamin, Bona, Mahoney [4] that the KDV equation
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belongs to a wider class of equations. For instance, the BBM equation first used
by Peregrine [27], and sometimes also called the regularized long-wave equation,
provides an approximation of the exact water-waves equations of the same accuracy
as the KDV equation and can be written under the form:

3 ) 1
(8) Uy + Uy + gauux + u(AtUgyy + Bugyt) =0 with  A— B= 5

For higher values of ¢, the nonlinear effects are stronger; in the regime

9) p<l, e=0(\/p),

the BBM equations (8) should be replaced by the following family (see [7, 18]):
3

(10) Ut + Uy + Ul + w(AtUgre + Bugat) = ep(Butipes + Fugtg,)

(with some conditions on A, B, E, and F) in order to keep the same O(u?) accuracy
of the approximation. However, all these results only hold for flat bottoms; for the
situation of an uneven bottom, various generalizations of the KDV equations with
non constant coefficients have been proposed [20, 32, 11, 25, 15, 35, 28, 14, 19, 29).
We justify in this paper the derivation of the generalized KDV equation and also
we show that the correct generalization of the equation (10) under the scaling (9)
and with the following conditions on the topographical variations:

(11) Ba=0(u), po®=0(?) Pac=O0(u),
is given by:
i+ cug + Jesut §eus + p(Atss + Buiga)

where ¢ = \/1 — 3b(®) and A, E, F differ from the coefficients A, E, F in (10)
because of topographic effects:

A = Ac® — Bc®+ Be
. 3 3
E = Ec4—§Bc4+§B
F = Fc4—ch4+2B.
2 2

Notice that for an equation of the family (12) to be linearly well-posed it is necessary
that B < 0. In Sec. 2, we derive asymptotical approximations of the Green-Naghdi
equations over non flat bottoms: equations on the velocity are given in Sect. 2.1
and equations on the surface elevation are obtained in Sect. 2.2; for these equations,
L*°-consistency results are given (see Definition 1). In Sect. 2.3, the same kind of
result is given in the (more restrictive) KdV scaling in order to recover the many
variable depth KdV equations formally derived by oceanographers. Section 3 is
devoted to the study of the well posedness of the equations derived in Section 2.
Two different approaches are used, depending on the coefficient B in (12): §3.1
deals with the case B < 0 (in that case, further investigation on the breaking of
waves can be performed, see §3.2) and §3.3 treats the case B = 0. While secular
growth effects prevent is from proving H*-consistency (see Definition 2) for the
models derived in Section 2, we show in Section 4 that such results hold if one
makes stronger assumptions on the parameters. A full justification of the models
can then be given (see Th. 4).
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2. UNIDIRECTIONAL LIMIT OF THE GREEN-NAGHDI EQUATIONS OVER UNEVEN
BOTTOM IN THE CH AND KDV SCALINGS

We derive here asymptotical approximations of the Green-Naghdi equations over
non flat bottoms in the scalings (11) and (9). We remark that the Green-Naghdi
equations can then be simplified into
(denoting h =1+ ¢ — Bb%):

K

Ug + Cp + ULy = 3h (1% (Ut + eutios — ul)la,

where O(u?) terms have been discarded.

(13)

We consider here parameters ¢, 3, o and p linked by the relations

(14) == O(/f), Ba = O(e), fa = O(u), fo? = O(:2), fas = O(4?)

(note that in the case of flat bottoms, one can take 8 = 0, so that this set of
relations reduce to € = O(y/1)).

Equations for the velocity u are first derived in §2.1 and equations for the surface
elevation ¢ are obtained in §2.2. The considerations we make on the derivation of
these equations are related to the approach initiated by Constantin and Lannes [7].
In addition, in §2.3 we recover and justify the KDV equation over a slowly varying
depth (formally derived in [20, 32, 11]).

2.1. Equations on the velocity. If we want to find an approximation at order
O(p?) of the GN equations under the scalings (14), it is natural to look for u as a
solution of (12) with variable coefficients ,ZL E, E, F to be determined. We prove
in this section that one can associate to the solution of (12) a family of approximate
solutions consistent with the Green-Naghdi equations (13) in the following sense:

Definition 1. Let p be a family of parameters 0 = (g, 5, a, ) satisfying (14). A
family (¢%,u®)ge,, is L*°-consistent on [0, %] with the GN equations (13), if for all
6 € o (and denoting h? =1+ ¢ — b)),

i 0 =

uf + ¢+ euul = [0 (ly + eululy — (u)?)]e + o

with (r§,7§)gey, bounded in L>([0, L] x R).

Remark 1. The notion of L°°-consistency is weaker then the notion of H?-consistency

given in §4 (Definition 2) and does not allow a full justification of the asymptotic
models. Since secular growth effects do not allow in general an H?-consistency, we
state here an L -consistency result under very general assumptions on the topog-
raphy parameters o and 3. H?-consistency and full justification of the models will
then be achieved under additional assumptions in §4.

The following proposition shows that there is a one parameter family of equations
(12) L*°-consistent with the GN equations (13). (For the sake of simplicity, here and
throughout the rest of this paper, we take an infinity smooth bottom parameterized
by the function b).



hal-00354417, version 1 - 20 Jan 2009

6 SAMER ISRAWI

Proposition 1. Let b € H*(R) and p € R. Assume that

1 31 9 23
P P35 2’ "5 2P " 91
Then:

e For all family o of parameters satisfying (14),
e For all s > 0 large enough and T > 0,
e For all bounded family (u®)gey, € C([0, L], H*(R)) solving (12),

the familly (C?,u%)pe,, with (omitting the index 0)
1/ 1 5)
(15) (:=cu+ 3 / Crtt 4 ZuQ + %c‘lum - 5uc4[6uum + Eui],

— 00
is L>-consistent on [0, L] with the GN equations (13).

Remark 2. If we take b = 0 -i.e if we consider a flat bottom-, then one can recover

the equation (7) of [T] and the equations (26a) and (26b) of [18] with p = —7 and

p= % respectively.

Proof. For the sake of simplicity, we denote by O(p) any family of functions (f%)ge,,
1

such that — £ remains bounded in L ([0, L], H"(R)) for all 6 € g, (and for possibly

different values of ). The same notation is also used for real numbers, e.g e = O(u),

but this should not yield any confusion. We use the notation Op~ (u) if — f¥ remains
1w

bounded in L>([0, £] x R). Of course, similar notations are used for O(p?) etc. To
alleviate the text, we also omit the index # and write u instead of u?.

Step 1. We begin the proof by the following Lemma where a new class of equation
is deduced from (12). The coefficients A, B, E, F in this new class of equations
are constants (as opposed to A, E and F in (12) that are functions of z).

Lemma 1. Under the assumptions of Proposition 1, there is a family (Re)eep
bounded in L>°([0, L], H"(R)) (for some r < s) such that (omitting the index 6)

(16) wp + cug + %cmu + %suuw + pc® Aty + 1By (tugy)
= epct Butigpy + <€,u%F(c4u)mum + <€,u%FugC(c4u)m + 1i2R.

Proof. Remark that the relation a8 = O(x) and the definitions of A, B, and E in
terms of A, B, E and F imply that

3 3
pw(—=Bc® + Be)ugps + 5/1(—5304 + §B)uumm

(e D T (G D

= —pBI,(c(c* —1)0ug) — guEBax((c4 —1)0: (uuy))
— _uBo, [(04 — 1) (cuy + gauux)} +Oo(u?)
= /LBaz((C4 - 1)uxt) + O(,u2),
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the last line being a consequence of the identity u; = —(cus + Zeuug) + O(n)
provided by (12) since we have

1
lcoulmr = | — %ﬂabgf‘)u‘lﬁ < Cst aﬂ‘amb(a)|w[r]+1,m|u|Hr =0(fa) =0(p)

where [r] is the largest integer smaller or equal to . The equation (12) can thus
be written under the form:

uy + cug + %czu + %5uum + pc® Aty + 1B, (rugy)
= epc* Butiypy + 5;L%F(c4u)zum + 5;L%Fum(c4u)m +0(u?),

which is exactly the result stated in the Lemma. 0
If w solves (12) one also has

(17) ut—i—cum—i—gauum = —%cwu—i—O(u)
= O(p),

Differentiating (17) twice with respect to z, and using again the fact that ¢, f =
O(Ba) = O(u) for all f smooth enough, one gets

3
It is then easy to deduce that
5 4 3 4 a2
CUppy = —CUppt — 50 €0 (uuy) + O(p)
3
= —0u(ctug) — §5c4(uumx + 3ugtigs) + O(p)

so that we can replace the c®u,,, term of (16) by this expression. By using Lemma
1, one gets therefore the following equation where the linear term in u,,, has been
removed:

3 3
(18) U + cuy + 5 Cat + Ul + pctatger = epctleutiy, + du?l, + O(u?)
witha=B—-A, e=E+ 3A, d=3(F+3A-E).
Step 2. We seek v such that if ¢ := cu + ev and u solves (12) then the second
equation of (13) is satisfied up to a O(u?) term. This is equivalent to checking that

w4 [cu+ev), +euu, = p(1 — B0)ed, (cu)up + %((1 — BV + ecu) g

+%u(1 - ﬁb(a))2(uumm - ui)r + O(U2)
2 4
= Lt + 6u(c3umumt + S P Ut + = (Ut — Ui)m)
3 3 3
+O(u?),
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where we used the relations O(e?) = O(p), O(Ba) = O(u) and the fact that
¢ =1 — (b, This condition can be recast under the form

3 3
ez + [ur + cuy + o Catt + o EUls + pctatigrr — epct leuniy, + du?l,]

1
= —cy,u+ Euuw + uc4(a + =) Ugat

2 2 3
3 2 1 1 9 9
+euc (uzumt + guumt + c[(g — €)Ulyy — (g + d)um]m) +O(p*).
Since morever one gets from (17) that uy = —cuge + O, €) and Ugpt = —Clggse +

O(p, €), one gets readily

3 3 4 5
evy + [ug + cu, + gcmu + §5uuz + pC Uy — Epfeutyy + duy]y)

1 € 1 1 1
= 5Cat + o Ula + pct(a + §>umt —epct((e + g)uum + (d+ i)ui]x +0>?).

From Step 1, we know that the term between brackets in the lhs of this equation is
of order O(p?) so that the second equation of (13) is satisfied up to O(u?) terms if

1 1 1 1
(19) Vg = §Cmu+guum+MC4(G+g)uwmt_gﬂc4[(e+§)uumm+(d+ 5)”i]$+0(ﬂ2)

At this point we need also the following lemma

Lemma 2. With u and b as in the statement of Proposition 1, the mapping
(t,x) — [*_ couda is well defined on [0, L] x R.
Morever one has that

" d} < Cst by )
[ e 1], oy < CVATIDla s

Proof. We used here the Cauchy-Schwarz inequality and the definition ¢ = 1—3b(®)
to get

/ cpu dz < Cst af](by) @ ]2|uls < Cst VaB|by|a|ulz < .

— 00

It is then easy to conclude the proof of the lemma. (]

Thanks to this lemma there is a solution v € C([0, £] x R) to (19), namely

1 /7 € 1 1 1
(20) ev= 5 / CpU + Zuz + ,uc4(a + g)umt - a,uc4[(e + g)uum + (d+ E)ui]

Step 3. We show here that it is possible to choose the coefficients A, B, FE, F

such that the first equation of (13) is also satisfied up to Or(u?) terms. This is
equivalent to checking that

(21) [cu + ev]y + [(1 + e(cu + ev) — Bb)u], =0

Remarking that the relations O(Ba) = O(u), O(Ba?) = O(u?), and O(Bas) =
O(p?) imply that
1

* 1
5 /700 CpUp = —§CCI’UJ+ OLco (‘uz)7
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one infers from (20) that

1 [ € 1 1 1
evy = 3 / Cplly + guut + pct(a + g)uztt - a,uc4[(e + g)uum + (d+ §)ui]t

— 00

3 1 3
= e - %u(cuz + guuz + pctatiget) — pct(a + g)ait(cugﬁ + E§uuz)

1 1
+epc((e + 3utter + (d+ F)uzle + O(1*) + Or= (1)

1 1 3 1
= —50CU = 5 CUly — 52Zu2uw — pla+ g)c5umt

) )
+euc®[(2a + e + g)uum + (Za +d+ 1)), + O(u?) + Ope(u?).

Similarly, one gets
3 1
e2[vul, = E2ZU2UI —epc®(a + g)[uum]m +O(1?) + Op= (1?),

so (21) is equivalent to

cuy 4 v + g + 2ccpu + 2ecun, + 2 vul, = Ope (4?).

1
Multiplying by —, we get
c

3 3 L1
Up + CUy + o Catt + e5UUs — pe (a+ §)u“t

1 )
= euctl—(e+a+ §)uum - (Za +d+ 1)), + Op (p?).

Equating the coefficients of this equation with those of (18) shows that the first
equation of (13) is also satisfied at order O« (u?) if the following relations hold:

1 1 19

a=—=, e=——=, d=——,

6 6 48
and the conditions given in the statement of the proposition on A, B, F, and F
follows from the expressions of a, e and d given after (18). O

2.2. Equations on the surface elevation. Proceeding exactly as in the proof of
Proposition 1, one can prove that the family of equations on the surface elevation

3 3

1 3 2,2 33
Gt +cCp + 2Cm<+ QCECCQC 8036 (7 + 16055 ¢ Ca
(22) +1(ACzx + BCrat) = eptECCoza + €pt (3x(§C)sz =+ Czaz(EO)a
where
A = Ac® — B + Be
B o= EF-1pe + 35
2 2c
- 9 9
F = Fé - =B+ —B,
2 2c

can be used to construct an approximate solution consistent with the Green-Naghdi
equations:
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Proposition 2. Let b € H*(R) and q € R. Assume that

1 3 1 9 5
A=gq, qu—g E=——qg— =

Then:

e For all family o of parameters satisfying (14),
e For all s > 0 large enough and T > 0,
e For all bounded family (¢”)ocy € C([0, L], H*(R)) solving (22),

the familly (C?,u%)pe,, with (omitting the index 6)
2

(23) u::1(<+ ¢ (_%/w c_mg—ié2—ic3+3€3§4

c ?+eC e

1., ol 15 ))
/1*60 Cﬂat + gpc [GCCmm + 48<m]
is L>-consistent on [0, L] with the GN equations (13).

Remark 3. If we take b = 0 -i.e if we consider a flat bottom-, then one can recover
the equation (18) of [7].

Remark 4. Choosing q = 11—2, o =c¢ and B = p*/? the equation (22) reads after

neglecting the O(u?) terms:
1 3 3 5.9 3 4.3
G+ ey + 2cmC+ 28{@ =€ 3y + T6¢ e
K __T
(24) + 12 (szz Cmct) = 245/L(<<mmc + 2<I<I$)7

it is more advantageous to use this equation (24) to study the pattern of wave-
breaking for the variable bottom CH equation (see §3.2 below).

Proof. As in Proposition 1, we make the proof in 3 steps (we just sketch the proof
here since it is similar to the proof of Proposition 1).
Step 1. We prove that if ¢ solves (22) one gets

(25) Gt + o + 3Catt 4+ 260l — 525673 e + 125833 + pctaloat

= epc’leClen + dZla + O(1?)
witha=B—-A,e=FE+3A,d=1(F+3A-E).
%(C + ev) and ¢ solves (22) then the first

equation of (13) is satisfied up to a Ope(u?) term. Proceeding as in the proof of
Proposition 1, one can check that a good choice for v is

2 +eC L[ ¢ e o &2 5 33,
(26) ("= )5“—‘5/,00?4‘@4“ “5a% st
+,cha<mt - E,UCQ [GCCm + dCf]

Step 3. We show here that it is possible to choose the coefficients A, B, E, F' such
that the second equation of (13) is also satisfied up to Ore(u?) terms. Replacing

Step 2. We seek v such that if v :=

1
u by —(¢ + ev) with v given by (26), one can check that that this condition is
c
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equivalent to

IS JOSEE BV B
Ct + CCLE + 2CIC+ 2CECC$ 8C3€ C CI + 16C5€ C CLE /’LC (a’+ 3)<LELEt
1 7 1
= epc’—(e+a-— E)CCLEI - (Za+ d+ g)Ci]m + Op~(p?).

Equating the coefficients of this equation with those of (25) shows that the second
equation of (13) is also satisfied at order O (u?) if the following relations hold:

1 1 1
= —— = — — d —_—
T T 18’
and the conditions given in the statement of the proposition on A, B, F, and F
follows from the expressions of a, e and d given after (25). O

2.3. Derivation of the KdV equation in the long-wave scaling. In this sub-
section, attention is given to the regime of slow variations of the bottom topography
under the long-wave scaling ¢ = O(u). We give here a rigorous justification in the
meaning of consistency of the variable-depth extensions of the KdV equation (called
KdV-top) originally derived in [20, 32, 11]. We consider the values of ¢, 3, @ and
1 satisfying:

(27) e=0(u), af=0(), o3=0(.
Remark 5. Any family of parameters 6 = (g, 3, a, ) satisfying (27), also satisfies

(14) .

Neglecting the O(u?) terms, one obtains from (13) the following Boussinesq
system:

28

( ) U + CLIJ + euuy, = §C4ummt7

where we recall that h = 1 + ¢ — 6b(® and ¢ = 1 — $b(®. The next proposition
proves that the KdV-top equation

3 1 1
(29) Gt +cCz + %Eéfm + EMCSCIII + 5%( =0,
is L°°-consistent with the equations (28).

Proposition 3. Let b € H*(R). Then:

e For all family ¢’ of parameters satisfying (27),
e For all s > 0 large enough and T > 0,
e For all bounded family (¢%)pey € C([0, L], H*(R)) solving (29)

the familly (¢?,u%)peyr with (omitting the index 6)

Ll 1 [T e, e, 1, )
u.—C(C 2/ c 402< +M6C<”

— 0o

. . T . .
is L>°-consistent on [0, <] with the equations (28).

Remark 6. Similarly, one can prove that a family (Ce,ue)gep/ with u® solution of
the KDV-top equation

3 1 3
(30) U + CUy + §5uuz + 6u05umx + PGt = 0,
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and ¢? given by

1 x
(31) ¢:=cu+ 5/ cpu + ZuQ - %c‘sum,

is L°°-consistent with the equations (28).
Proof. We saw in the previous subsection that if (¢?)pe,, is a family of solutions of
(22), then the family (¢?, u%)pe,, with u? is given by (23) is L>-consistent with the
equations (13). Since 6 = (e, 3, a, 1) € ¢’ C  then by taking ¢ = , we remark that
the equations (22) and (29) are equivalent in the meaning of L*-consistency and
the systems (13) and (28) are also, so it is clear that (¢?,u%)pe,s is L>°-consistent
with the equations (28). O

3. MATHEMATICAL ANALYSIS OF THE VARIABLE BOTTOM MODELS

3.1. Well-posedness for the variable bottom CH equation. We prove here
the well posedness of the general class of equations

(32) (1- ,um[)i)ut + cuy + kezu + Z Ejfjujux + pUGUzs
JjeJ
= ep|hutyes + O (hot) gy + uz(ﬁ(hzu)} ,
where m > 0, k € R, J is a finite subset of N* and f; = f;(c), g = g(¢), hi = hi(c)
and hg = ha(c) are smooth functions of c. We also recall that ¢ = \/1 — 8b(e).
Example 1. Tuaking

)

m = —B, k=3 J={1}, file) =

3 3
g(c) = Ac® — Bc® + Be, hi(c) = *E — §Bc4+§B,

w
| W

Fc' — $Bc' + §B
hg(C): 22 2 ,

the equation (32) coincides with (12).
Example 2. Tuoking

1
m=-B, k=3 J={1,23},
3 3 3
file) = o f2le) = — g5, fs(€) = 165
g(c) = Ac® — Bc® + Be, hi(c) = E — chg + ;B,
c

F—2BA + 2B
hQ(C) - 2 2 2c )

the equation (32) coincides with (22).

More precisely, Theorem 1 below shows that one can solve the initial value
problem

(1- um(’“)i)ut + cuy + kepu + Z <€jh)“jujuE + UGUps
jeJ
= et h Wy 4 Op (hot) gy + 02 (hgu)} ,

_,0
U|t:0 =Uu

(33)
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on a time scale O(1/¢), and under the condition m > 0. In order to state the result,
we need to define the energy space X° (s € R) as

X5 R) = H¥H(R) endowed with the norm |f|5.1 = | f|3s + pm|0s f 13-

Theorem 1. Let m >0, s > 3 and b € H>®(R). Let also p be a family of parame-
ters 0 = (g, B8, o, 1) satisfying (14). Then for all u® € H51(R), there exists T > 0
and a unique family of solutions (u’)gey, to (33) bounded in C([0,L]; X**1(R)) N
([0, Z); X7 ().

Proof. In this proof, we use the generic notation
C= C(E,/,L,Oé,,8787 |b|H")

for some o > s+ 1/2 large enough. When the constant also depends on |v|xs+1,
we write C(|v]|xs+1). Note that the dependence on the parameters is assumed to
be nondecreasing.

For all v smooth enough, let us define the “linearized” operator L(v,d) as

L(v,0) = (1—umd?)0; + cOy + ke + & f;070, + ugd:
—ep [hlvag + (hov) 02 + (hgv)mam];

for the sake of simplicity we use the convention of summation over repated indexes,
> jes € fjv? =€ fjv’. To build a solution of (32) using an iterative scheme, we
have to study the problem initial value

(34) { L(v,0)u=ef,

—,,0
u‘tzo =Uu-.

If v is smooth enough, it is completely standard to check that for all s > 0, f €
Ll (Rf; H*(R,)) and u® € H*(R), there exists a unique solution u € C(R*; H*+1(R))

loc

to (34) (recall that m > 0). We thus take for granted the existence of a solution
to (34) and establish some precise energy estimates on the solution. These energy
estimates are given in terms of the |- |yxs+1 norm introduced above:

uleeir = [ul}ye + pmldgul?..

Differentiating 1e~**|u|%.., with respect to time, one gets using the equation (34)
and integrating by parts,

1
—eMOy (e M |ul% o) = _%|u|§(s+1 — (A®(cOpu), Au) — k(A®(udyc), Au)

2
+e(A*f, ASu) — &7 (A*(fjv7 0pu), A*u) — (A% (gd3u), A*u)
—ep(A* (h1vd2u), A*u) — ep(A®((hav)Opu), A*Opu),

where A = (1 —92)'/2. Since for all constant coefficient skewsymmetric differential
polynomial P (that is, P* = —P), and all & smooth enough, one has

(A°(hPu), A°u) = ([A®, h|Pu, A°u) — %([P, h]A%u, A®u),
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we deduce (applying this identity with P = 9, and P = 9?),
1

— EA s s
565”@(6 HMulZen) = —7|U|§(s+1 +e(A°f, Au)

1
—([A®, cJOzu, A®u) + 5((8956)/\511,, Au) — k(A®* (udypc), A%u)
, , J 4
—&T ([A®, fv7])0,u, A%u) + %(am(ij])Asu, Au)
—n([A®, g]OZu — ggmAsawu — gua N u, A*Opu) — p([A®, g2]02u, A%u)

—su([AS, hiv]0%u — g(hlv)wAsawu — (h1v)zaAu, Asamu)
(35) —epn([A%, (h1v)4]02u, A*u) — ep (A% ((hov)20pu), A°Opu).
Note that we also used the identities
[A®, h]03u = 9, ([A®, h]OZu) — [A®, hy]OZu

and

1
i(hmx/\su, ANu) = —(hepe Nu, Auy).

The terms involving the velocity ¢ (second line in the r.h.s of (35)) are controled
using the following lemma:

Lemma 3. Let s > 3/2 and (g, 3, o, ) satisfy (14). Then there exists C > 0 such
that

(36) [([A%, )0pu, A%u) | < eClul%en
(37) [((0z)A*u, Au)| < eClul)omm
(38) [(A*(udpe), A*u)| < eClulbusn.

Proof.  Estimate of |([A*, c]0,u, A®u)|. One could control this term by a standard
commutator estimates in terms of |c,|gs-1; however, one has |c;|gs—1 = O(v/af)
and not O(af) as needed. We thus write

([A%, JOpu, A%u) = (([A%, ] — {A®, c})0pu, A°u) + ({A®, c}O,pu, A%u),
where for all function F'; {A*, F'} stands for the Poisson bracket,
{A*, F} = —50,FA*20,.

We can then use the following commutator estimate ([23], Theorem 5): for all F
and U smooth enough, one has

Vs > 3/2, |([A%, F] — {A*, F})Uly < Cst [02F|g-|U
Since |02¢|ys = O(aB) = O(¢), we deduce
[(([A%, ] — {A®, e})Opu, A%u)| < CBalul¥.r < Celu

2
Hs—2 .

2
Xs+1-

Morever
[({A®, c}Opu, A%u)| < [—s0(ch) A 202ulo|u| xorr < C|O(ch)|so|ul5es < eClu
and (36) thus follows easily.

e Estimate of |((0y¢)A%u, A®u)|. Since |u|gs < |u|x:+1, one has by Cauchy-Schwarz
inequality

2
X s+l

(((%cC)ASUvASU) < |8xc|m|u|§(s+1;
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therefore, by using the fact that [0,¢/ec < Cst a3]0,b|o and a8 = O(e), one gets
easily

((Oz)A%u, A*u) < eClul5asr.
e Estimate of | (A®(ud,c), A*u)|. By Cauchy-Schwarz we get

[(A®* (udyc), Au)| < |udyc|

’LL|HS.
We have also that
[udyc| e < |Opc|pyisit oo [U] xs+1

where [s] is the largest integer smaller or equal to s (this estimate is obvious for
s integer and is obtained by interpolation for non integer values of s.) Using this
estimate, and the fact that Sa = O(g), it is easy to deduce (38). O

For the terms involving the f;, (third line in the r.h.s of (35)) we use the controls
given by:

Lemma 4. Under the assumptions of Theorem 1, one has that

(39) g7 (A%, f07)0pu, A%u)| < eC(Jv] x o) ulern

(40) &7 (02 (f07 )N u, A*u)| < eC(|v|xess)|ulfosn

Proof. e Estimate of &7 ([A*, f;v7]0,u, A*u). By Cauchy-Schwarz we get
|7 ([A®, fi07]0,u, A®u)| < 7|[A%, f07]0ula|ul o+

Let us recall here the well-known Calderon-Coifman-Meyer commutator estimate:
for all F' and U smooth enough, one has

Vs > 3/2, |[AS,F]U|2 < CSt|F|Hs

Ulgs—1;

using this estimate, it is easy to check that one gets (39).
e Estimate of &7 (9, (f;jv7)A%u, A®u). It is clear that

(00 (507 YA, A%)| < 104 (507 ool
Therefore (40) follows from the continuous embedding H* C Wb (s > 3/2). O

Similarly, the terms involving g (fourth line in the r.h.s of (35)) are controled
using the following lemma:

Lemma 5. Under the assumptions of Theorem 1, one has that
s 2 3 s s s
(41) | = (8%, 91020 = S, A*0pu — gunhu, A*O,)
—u([Aigz]@iu,ASU)‘ < eCluf3osr.

Proof. Since |u|gs < |u|xs+1 and \/p|0pu|gs < \/_%|U|Xs+l , by using the Cauchy-
Schwarz inequality and proceeding as for the proofs of Lemmas 3, 4 one gets directly
(41). O

Finally to control the terms involving h;, (fifth and sixth lines in the r.h.s of
(35)) let us state the following lemma:



hal-00354417, version 1 - 20 Jan 2009

16 SAMER ISRAWI

Lemma 6. Under the assumptions of Theorem 1, one has that

(42) | — su([AS, hiv]0%u — %(hlv)mASBwu — (h10) 22N u, Asﬁmu)
—epn([A%, (h1v)4]02u, A*u)| < eC([v]xor)|ul5esr,

(43) | — EM(AS((hgv)meu),Asamuﬂ < EC(|U|XS+1)|U|§(S+1.
Proof. We remark first that
|1 (1) a A, A0pu) | < 10 (/10 (h10)) oo |ul5o 11
since s — 1 > £, so by using the imbedding H*~*(R) C L>=(R) we get
102 (v/102(h1)) |00 < C(J0]x041).

Proceeding now as for the proof of Lemma 5 one gets directly (42) and (43). O

Gathering the informations provided by the above lemmas, we get
MO (e M |ul3rein) < e(Clv]xerr) = N [ulkers + 26| f] ot |l xotr.
Taking A = Ar large enough (how large depending on sup,¢jo 1 C([v(t)[xs+1) to

have the first term of the right hand side negative for all ¢ € [0, g], one deduces

T
vt € [0, —], Dp(e™ A % oi1) < 22 Y f ot |ul st
5

Integrating this differential inequality yields therefore
T ¢ /
Vee[0,=],  Ju(t)|xerr < e et + 25/ e 4y ()] e dt’ .
€ 0

Thanks to this energy estimate, one can conclude classically (see e.g. [1]) to the
existence of

T= T(|UO|XS+1) > 07

and of a unique solution u € C([0, Z]; X*T1(R?)) to (33) as a limit of the iterative
scheme

L(u™, )u"tt =0
up=u", and VneN, { u’gz‘tl’:)SO, ;
t=0

Since u solves (32), we have L(u,d)u = 0 and therefore
(A1 — pmd?)Opu, A1 0pu) = — (A M(u, 8)u, AL dpu),
with M(u,d) = L(u,d) — (1 — pmd?)d;. Proceeding as above, one gets
|0su| x5 < C(|u®|xot1, |ulxot1),

and it follows that the family of solution is also bounded in C*([0, £]; X*). O
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3.2. Explosion condition for the variable bottom CH equation. As in the
case of flat bottoms, it is possible to give some information on the blow-up pattern
for the equation (24) for the free surface.

Proposition 4. Let b € H*®(R), ¢y € H3(R). If the mazimal existence time
T > 0 of the solution of (24) with initial profile (0,-) = (o is finite, the solution
¢ e C(0,T); H3(R)) N CL([0, Ty); HA(R) is such that

(44) sup  {|¢(t, 2)[} < o0
te[0,T,), z€R
and
(45) sup {Cu(t, @)} Too as ¢ 1T
x€R

Remark 7. It is worth remarking that even though topography effects are introduced
in our equation (24), wave breaking remains of ’surging’ type (i.e the slope grows
to +00) as for flat bottoms. This shows that plunging breakers (i.e the slope decays
to -00) occur for stronger topography variations then those considerd in this paper.

Proof. By using the Theorem 1 given (o € H?(R), the maximal existence time of
the solution ¢(t) to (24) with initial data ((0) = (o is finite if and only if [((¢)| g3 (w)
blows-up in finite time. To complete the proof it is enough to show that

(i) the solution ((t) given by Theorem 1 remains uniformly bounded as long as
it is defined;

and
(i) if we can find some M = M((y) > 0 with
(46) Glto) <M, z€eR,

as long as the solution is defined, then [((#)| () remains bounded on [0, T5,) .
Remarking that

[l + gestictn = = [ [(€0)s¢ - Gest?ldo == [ (e, + 5eati]do,

we can deduce

1
(47) [t + 3001 =0,
We have also that
(48) Jlceiqan =0, view

Item (i) follows at once from (47), (48) and the imbedding H'(R) C L>(R) since
multiplying (24) by ¢ and integrating on R yields

(19) o [+ g0 [ i) =0

To prove item (ii), as in [7] we multiply the equation (24) by (yzes and after
performing several integrations by parts we obtains the following identity:

60 o [+ g0 [ Glde) =15¢ [ Gt = T & [ Clrtirede

9 15 7
+—¢’ / Cg dx + e / CSCmmCmmm dx + ~ ME/ ngéﬁzz de + 1+ J.
16 Jg 8 R 4 R
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Where,

1
R 2 R

One can use the Caushy-schwarz inequality to get

1 3 3
51 I =- T z)rex — T F 1112__ zxSeaxle — 3 RN AN
G1) [ lctdane = =5 [ eaao? =5 [ caatonte = 5 [ cotiunst
1 3 3
< Ml (§|CI|2|<LE|2 + §|sz|2|<m|2 + 5'<mmm|2|€m|2)a

and

(52) J=-1 /R CeaCare — 3 /R €aCeCona

1 1
< Ml(§|<|2|<zzz|2 + §|<z|2|<zzz|2);

for some My = M;(|c|ws.) > 0. If (46) holds, let in accordance with (49) My > 0
be such that

(53) [C(t, x)| < My, r eR,

for as long as the solution exists. Using the Cauchy-Schwarz inequality as well as
the fact that p < 1, we infer from (49), (50), (51) , (52) and (53) that there exists
C(My, My, M, e, i) such that

atE(t) S C(MO; Mla Ma g, ,U) E(t)v
where
1 1
— 2 - 2 2 - 2

(Note that we do not give any details for the components of (50) other than I and
J because these components do not involve any topography term and can therefore
be handled exactly as in [7]). An application of Gronwall’s inequality enables us to
conclude. O

Our next aim is to show as in the case of flat bottoms that there are solutions to
(24) that blow-up in finite time as surging breakers, that is, following the pattern
given in Proposition 4.

Proposition 5. Let b € H®(R). If the initial wave profile (o € H3(R) satisfies

2 28 . 1 a1 B
Stelﬁ{cb(:r)}’ > T O 5y g

7 8 4
+§ o M_1/2 + 3 Cé/z c N_3/4 et 3 Cé/z o M_3/4 5_1,
where
1
Co = /[Cg + E/L(C(/))2] de >0, Ci= |C|W1,oo >0
R
then wave breaking occurs for the solution of (24) in finite time T = O(%)

Proof. One can adapt the proof of this Proposition in the same way of the proof of
the Proposition 6 in [7], and we omit the proof here. O
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3.3. Well-posedness for the variable bottom KDV equation. We prove now
the well-posedness of the equations (29), (30). We consider the following general
class of equations

U + cug + kcgu + eguuy, + %uc5uxm =0
_ .0
u‘tzo =u-,

(54)

where k € R, g = 3 for (30) and g = 5= for (29). This class of equations is not
included in the family of equations stated in §3.1 because m = 0 (here there is not
020pu term).

Theorem 2. Let s > 3 and b € H*(R). Let also ¢' be a family of parameters

0 = (e,8,a, p) satisfying (27). Assume morever that

Jep >0, VO € ¢ c(z) = 4/1 — bl (z) > .

Then for all u® € HT1(R), there exists T > 0 and a unique family of solutions
()ocp to (54) bounded in C((0, Z]; H(R)) 1 C1((0, L, H*(R)).

Proof. As in the proof of Theorem 1, for all v smooth enough, let us define the
“linearized” operator L(v,d) as:

1
L(v,0) = 0O+ cOy+ key +egud, + 6”6563
We define now the initial value problem as:
L(v,0)u = e,
(55> { Ul—g = u.

Equation (55) is a linear equation which can be solved in any interval of time in
which the coeflicients are defined. We establish some precise energy estimates on
the solution. First remark that when m = 0, the energy norm | - |xs defined in the
proof of Theorem 1 does not allow to control the term gu,,, (for instance). Indeed,
Lemma 5 requires m # 0 to be true. We show that a control of this term is however
possible if we use an adequate weight function to defined the energy and use the
dispersive properties of the equation. More precisely, inspired by [9] let us define
the “energy” norm for all s > 0 as:

E*(u)? = [wA*ul3
where the weight function w will be determined later. For the moment, we just
require that there exists two positive numbers wi, wy such that Vo € R

wy < w(r) < ws,

so that E®(u) is uniformly equivalent to the standard H*-norm. Differentiating
2e M E*(u)? with respect to time, one gets using (55)
eA

%esAtat(efsAtEs(u)z) = —7Es(u)2 — ([A%, JOzu, wA*u) — (cON*u, wA®u)

—k(A*(udyc), wA®u) — e([A®, gv]Opu, wA*u) — £(guA*u, wAu)
—%u([AS, 05]82u,wASu) - %N(C5B3Asu,w/&su) + E(Asf, wAsu).

It is clear, by a simple integration by parts that
(56) le (guoA*u, wA*u)| < eC(|v|yr.e, w0 ) ES (1)
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Let us now focus on the seventh and eighth terms of the right hand side of the
previous identity. In order to get an adequate control of the seventh term, we have
to write explicitly the commutator [A*, ¢®]:

[A%,®103u = {A%, P }20%u + Q103u,
where {-,-}2 stands for the second order Poisson brackets,
{A%, Yo = —50,(c®)A*20, + %[585(05)/&5_2 — s(s — 2)0%(c®)A 107
and Q1 is an operator of order s—3 that can be controled by the general commutator
estimates of (see [23]). We thus get
|(Q102u, wA®u)| < CeE®(u)”.

We now use the identity A? = 1 — 92 and the fact that a8 = O(g), to get, as in
(56),

|([585(c5)A572 — 5(s — 2)02(°)A* 192 03u, wASu)| < eC(|wlyr,00 ) E* (u)?.
This leads to the expression

%ILL([AS,C5]83U,’LUASU) = %u(865A582u,wAsu) + Qa2

where |Qa] < eC(|w|w1. )E*(u)?. Remarking now that
%u(ac5A582u,wAsu) =
—%u(@(@(of’)w)Asau,Asu) - %u(@(of’)w, (A*0u)?).
The control of the eighth term comes in the same way:

%,u(c583ASu, wA*u) = —1—12,u(83 (Pw)A*u, A%u)

1 1
—Zu(82(w05)A58u,Asu) - Zu(@(wc5)ASu, A*6%u)
similarly:
—%u(a(wc‘r’)Asu,ASaQu) =
iu(82(05w)A58u, A*u) + iu(@(of’w), (A*0u)?).
We choice here w so that

(57) (0w, (A 0w)?) + iu(@(cf’w), (A*0u)?) = 0

2s

therefore if one take w = ¢°(5 ~1) we get eaisly (57). Finally, one has

%u([AS, P103u, wA*u) + %M(C563Asu, wA®u)

=Qy — 2u(6(8(05)w)A58u,A5u) - %u(ag(éw)Asu,Asu)

1 1
—Zu(32(05w)1\58u, APu) + Zu(82(c5w)A58u,Asu),
using again the fact that a8 = O(e) one can deduce

Moy (e M E* (u)?) < e(C(E*(v)) — A) E*(u)® + 42E° (f) E* (u).
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This inequality, together with end of the proof of Theorem 1, easily yields the
result. O

4. RIGOROUS JUSTIFICATION OF THE VARIABLE BOTTOM EQUATIONS

4.1. Rigorous justification of the variable bottom CH equation. We restrict
here our attention to parameters e, 3, o and p linked by the relations

(58) e = O(JR), fla = O(), Ba = O(122),
These conditions are stronger than (14), and this allows us to control the secular
effects that prevented us from proving an H®-consistency (and a fortior: a full

justification) for the variable bottom equations of §2. The notion of H*-consistency
is defined below:

Definition 2. Let @1 be a family of parameters 0 = (g,0,«, u) satisfying (58).
A family (¢°,u%)pcy, is H*-consistent of order s > 0 and on [0, L] with the GN
equations (13), if for all 0 € 1, (and denoting h? =1 +¢? — pb()),

¢+ Wl =
1
uf + ¢4+ eulul = B[0Pl + eulul, — e(l)?)]o + %S
with (1§ ,7§)gep, bounded in L>([0, L], H*(R)?).
Remark 8. Since H*(R) is continously embedded in L (R) for s > 1/2, the H*-
consistency implies the L -consistency when s > 1/2.

Proposition 6. Let b € H*(R) and p € R. Assume that

1 3 1 9 23
A=p, B=p—= E=-sp—=, F=—--p—.

Then:

e For all family o1 of parameters satisfying (58),
e For all s > 0 large enough and T > 0,
e For all bounded family (u”)gey, € C([0, L], H*(R)) solving (12),

the familly (¢?,u%)pe,, with (omitting the index 6)

1
(59) ¢:=cu+ Zu2 + %c4um - 5uc4[6uum + %ui],

is H*-consistent on [0, L] with the GN equations (13).

Proof. This is clear by using the same arguments of the proof of Proposition 1 if
we remark that now the term c,u (responsible of the secular growth effects) is of
order O(p?) in L>([0, L], H*(R)). Therefore this quantity is not required in the
identity (19) that defines v. In the proof of Proposition 1 there is therefore no c,u
term and the Ope(u?) terms in Proposition 1 are now of order O(u?). O

In Proposition 6 , we constructed a family (u?,(?) consistent with the Green-
Naghdi equations in the sense of Definition 2. A consequence of the following
theorem is a stronger result: this family provides a good approximation of the
exact solutions (u?, ¢ 9) of the Green-Naghdi equations with same initial data in the

sense that (ge,ge) = (u?,¢?) + O(u?t) for times O(1/¢).
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Theorem 3. Let b € H*(R), s > 0 and p1 be a family of parameters satisfying
(58) with 3 = O(e). Let also A, B, E and F be as in Proposition 6. If B < 0 then
there exists D > 0, P> D and T > 0 such that for all u$ € H*+F(R):
o There is a unique family (u?,(%)pep, € C([0, L]; HSFF(R) x H*FP=2) given
by the resolution of (12) with initial condition ul and formula (59);
o There is a unique family (u®,(%)pep, € C([0,L]; HTP(R)?) solving the
Green-Naghdi equations (13) with initial condition (u, Cﬁzo).

Moreover, one has for all 8 € @1,
T
vt € [0, ;]7 1’ — u®| oo o, xm) + ¢ = Pl poe (0,4 xR) < Cst .

Remark 9. It is known (see [2]) that the Green-Naghdi equations give, under the
scaling (9) with B = O(g) a correct approzimation of the exact solutions of the
full water-waves equations (with a precision O(u*t) and over a time scale O(1/¢)).
It follows that the unidirectional approximation discussed above approzrimates the
solution of the water-waves equations with the same accuracy.

Remark 10. We used the unidirectional equations derived on the velocity as the
basis for the approzimation justified in the Theorem 3. One could of course use
instead the unidirectional approzimation (22) derived on the surface elevation.

Proof. The first point of the theorem is a direct consequence of Theorem 1. Thanks
to Proposition 6, we know that (u?, (?)ge,, is H*-consistent with the Green-Naghdi
equations (13), so that the second point of the theorem and the error estimate follow
at once from the well-posedness and stability of the Green-Naghdi equations under
the present scaling (see Theorem 4.10 of [3]). O

4.2. Rigorous justification of the variable bottom KDV-top equation. In
this subsection the parameters €, 3, o and p are assumed to satisfy

(60) e =0(p), fa=0(e?).
We give first a Proposition regarding the H?*-consistency result for the KDV-top
equation.
(61) c+cg+is<<+lc5c +1cc—o
t T 2% x 6M TTIT ) s — Y

Proposition 7. Let b € H*(R). Then:

e For all family ¢} of parameters satisfying (60),
e For all s > 0 large enough and T > 0,
e For all bounded family (¢*)ocy € C([0, L], H*(R)) solving (61)

the familly (¢?,u%)peyr with (omitting the index 0)

. . T . .
is H*-consistent on [0, =] with the equations (13).

Remark 11. Similarly, one can prove that the solution of the following KDV-top
equations

3 1 3
(63) U + CUy + §5uuz + 6u05umx + PGt = 0,
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on the velocity, with

(64) (:=cu+ ZuQ — %c5um

is H®-consistent with the equations Green-Naghdi equations (13).

Proof. One can adapt the proof of Proposition 3 in the same way as we adapted
the proof of Proposition 1 to establish Proposition 6 (we also use the fact that if
a family is consistent with the Boussinesq equations (28), it is also consistent with
the Green-Naghdi equations (13) under the present scaling). O

The following Theorem deals the rigorous justification of the KDV variable bot-
tom equation:

Theorem 4. Let b € H>®(R), s > 0 and ¢} be a family of parameters satisfying
(60) with 3 = O(e). If B <0 then there exists D >0, P > D and T > 0 such that
for all ¢§ € H*P(R):
o There is a unique family (°,u”)pey € C([0, L]; HSFP72(R) x H*F) given
by the resolution of (61) with initial condition (§ and formula (62);
e There is a unique family (gg,ge)gep/l € C([0,L]; HFP(R)?) solving the

Green-Naghdi equations (13) with initial condition (Cg,uftzo).

Moreover, one has for all 0 € @},
T
vt € [0, ;], u® — u?| Lo 0, xR) + €7 — ¢l po= (0. xr) < Cst ¢

Remark 12. We used the unidirectional equation derived on the free surface ele-
vation as the basis for the approximation justified in the Theorem 4. One could of
course use instead the unidirectional approzimation (63) derived on velocity.

Proof. The first point of the theorem is a direct consequence of Theorem 2. Thanks
to Proposition 7, we know that (u?, Ce)gep/l is H*-consistent with the Green-Naghdi
equations (13), so that the second point follows as in Theorem 3. O
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