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1 Introduction

A major role in quantum physics is played by the nonlinear Schrodinger
equation )
h _

%Y = AV~ f ), (1.1
where m and h are positive constants, the wave ¢ : Rt x RV — C, N > 3,
V is a potential which is bounded below, and f = f(z, [¢|)% is a nonlinear
function, for instance in the classical cubic approximation f = |¢)|*¢. One of
the questions to which huge attention has been given during the last twenty
years is the existence of stationary states (see (1.2) below) for small values
of h, which appear due to the geometry of the potential.

This paper is devoted to the corresponding question of existence of so-
lutions of some systems of Schrodinger equations. Systems of nonlinear
Schrédinger type have been widely used in the applied sciences but mathe-
matical study of standing wave solutions was undertaken only very recently,
prompted in particular by the discovery of the importance of these systems
as models in nonlinear optics (see for instance [4], [9], [26]) and in the study
of Bose-Einstein condensates (see [26], [39]). As in the large majority of other
papers on the subject we consider here systems of two equations.

So we suppose 1) is a vector function, 1) = (11, 1), and satisfies a system
of equations like (1.1), with f = (f1, f2) and fi = >, fus(, [¥1], [12])1h;. We
will be interested in soliton (standing wave) solutions of these systems, that
is, solutions in the form
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Y;(t,z) = ei(E/h)tuj (x). (1.2)
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Substituting (1.2) into (1.1) and setting b(x) = V (z) — E leads to the system
of real elliptic partial differential equations (we write u = u1,v = us)

{ —h?Au+b(x)u = fi(z,u,v) inRY,

(Sh) —h2Av + b(x)v = fo(z,u,v) in RY.

We suppose this system is in variational form, that is, it is the Euler-Lagrange
system of some energy functional. This happens when f;, f5 are the deriva-
tives of some function H(x,u,v). There are two types of such systems, La-
grangian - when f; = H,, fo = H, (the above mentioned examples are of
this type), and Hamiltonian - when f; = H,, fo = H,. The simplest ex-
ample of a Hamiltonian system is the widely studied Lane-Emden system
- when f; = P, fo = u? in (S). Even for this system important open
questions subsist (see [15]). Hamiltonian systems are very usual in biology,
more specifically in models in population dynamics (see [27]) whose station-
ary states verify systems of type (Sz), for instance with f; = v(u® + g1 (v)),
fo = u(v* + g2(u)). An important difficulty in the study of Hamiltonian
systems (as opposed to Lagrangian) is the fact that the energy functional is
strongly indefinite, that is, its leading part is respectively coercive and anti-
coercive on infinitely dimensional subspaces of the energy space - we refer to
[3] for a general discussion. The present article is devoted to this case. Our
goal is to get a general existence result for small & in the case of a superlinear
and subcritical Hamiltonian system with a well potential.

As in many applications, we consider trapping (or ”well”-type) potentials,
the standard example being b(z) ~ |z — x¢|* in a neighbourhood of some
xo € RY. A particular case of our result will be the existence of soliton
waves thanks to a global well structure of b, that is,

0 = inf b(x) < liminf b(z). (1.3)
zERN |z|—00
Notice that inf,cgny b(x) = 0 can always be achieved through the choice of F
in (1.2).

Unfortunately, as of today PDE theory lacks the means to tackle the exis-
tence question under hypothesis (1.3) only, even in the scalar case. However,
it turns that we can show that (Sp) has a solution provided the constant &
is sufficiently small. Note that in practice h, the Planck constant, is a very
small quantity, so it makes sense to study problem (S;) at the limit & — 0.

Here are the precise statements. We assume H (z,u,v) is differentiable
and strictly convex in (u,v) € R? for all x € RN, H(z,0,0) = 0 and

(H1) there exist constants p, q, ag, Or > 1, such that

1 i 1 >N—2 Q. ﬁk
p+1 q¢q+1 N p+1 q+1

=1, (1.4)
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and for some ¢y, dy > 0, Cj, > 0, Dy > 0 we have for z € RV (u,v) € R?
colul? < [Hy(,u,0)| < Colul? + Y Crlul™ ol ™,

k=1
m

dolv]? < |H,(w,u,0)] < Dofol + Y Diful™[v]*".
k=1

(H2) There exists o > 2 such that for all x € RY and (u,v) € R?\ {(0,0)}

uH,(x,u,v) +vH,(z,u,v) > aH(z,u,v) > 0.

A typical example of a function satisfying these hypotheses is H(z,u,v) =
ag(z) [ulP™ + 3T ai(@)|ul®|v]% + anpi () |07, under (1.4).

We suppose that the continuous potential b(x) satisfies b > 0 in RY and

a;

(b1) there exists zo € RY (say x¢ = 0) such that b(z) = 0;

(b2) there exists A > 0 such that the level set G4 = {z € RY : b(z) < A}
has finite Lebesgue measure.

Note that the conditions (b1)-(b2) include (1.3) as a particular case. We shall
also suppose that b(x) is bounded. This condition is made for simplicity, since
it is irrelevant to the goal of our paper, which is to use the well geometry of
the potential. Actually it is even easier to consider potentials which are large
at infinity (then there is no restriction on ), since the energy space embeds
compactly into Lebesgue spaces, see for instance Theorem 4 in [37].

Note also that (H1) means the problem is superlinear and subcritical,
in other words, the couple (p,q) is under the critical hyperbola (given by
the inequality (1.4)). In particular, one of the nonlinearities in (S;) can have
growth larger than the exponent (N +2)/(N —2), provided the growth of the
other is smaller enough to compensate (note that when p = ¢ (1.4) reduces
top < (N +2)/(N —2)). In this case the functional associated to (Sp) is
not defined for u,v € H'(RY). Tt is nowadays well-known that (1.4) is the
right notion of subcriticality for a Hamiltonian system with power-growth
nonlinearity, see [7], [21], [35], [36].

The following theorem contains our main result.

Theorem 1 If fy = H,, fo = H,, and (H1)-(H2), (b1)-(b2) are satisfied
then (Sk) has a nontrivial solution for small h.
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We now quote previous works related to this result. There is a huge
literature for the scalar case — we refer to [2], [5], [10], [14], [17], [19], [20],
(23], [28], [29], [32], [38], [41] and to the references in these papers. Some
types of Lagrangian systems with well potentials were studied in [1], [26],
[30]. Existence results (for any &) for radially invariant Hamiltonian systems
in RY were established in [16] and [37]. A result similar to Theorem 1 can
be found in [33] (see also [34]) in the particular case when H = F(u) + G(v),
that is, the right-hand side of the system is independent of x and has no
cross-terms in w,v. This restrictive hypothesis is due to the method used
in these papers, which extends to systems the arguments in [14]. Finally, in
the recent paper [11] a fairly general result was proved on system (.S), but
under the hypothesis that both p,q are smaller than (or in some cases equal
to) the scalar exponent (N +2)/(N — 2). The method in [11] is based on an
application of a linking theorem to the energy functional associated to (Sy).

The starting point for our work is [38], where the scalar version of The-
orem 1 was proved. The method in [38] extends readily to Lagrangian sys-
tems, since then the energy functional has the same geometry as the scalar
one, but the situation appears to be considerably more involved for Hamil-
tonian systems. We have used a dual variational structure, relying on the
Legendre—Fenchel transformation, which allows us to transform the problem
into a new one, to which the Mountain Pass Theorem (without the Palais-
Smale condition) applies. However, then one of the key observations — that
the generalized mountain pass value tends to zero as h — 0 — turns out to
be rather delicate to prove, and the method of proof in [38] fails. We have
found a way to deal with this problem by Fourier analysis, a tool that is
seldom encountered in this branch of the calculus of variations. Our method
will hopefully be useful in other situations as well.

So the main interest of Theorem 1 is twofold — first, it extends and joins
together previous existence results of this type, giving an optimal range for
the growth of the nonlinearities involved ; and second, its proof is based on a
new idea, namely the use of Fourier transforms in the study of the behaviour
of generalized critical values.

We finally remark that in the scalar case it has recently been established
that standing wave solutions of (1.1) can be shown to exist for nonlinearities
which grow supercritically - see [6], [12], [13]. In the light of these results, we
expect that our hypotheses on the growth of f;, fo at infinity can be relaxed,
at least for some type of nonlinearities.

The paper is organized as follows. The next section is preliminary - we
describe the variational setting we use. The main frame of the proof of
Theorem 1 is to be found in Section 3. Finally, the core result — the fact
that the mountain pass values (and hence the norms and the energy) of the
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solutions we find tend to zero as h — 0 — is proved in Section 4.

2 The dual variational formulation

We start by recalling some facts which permit us to set up the variational
framework for solving system (Sp).

Lemma 2.1 Let V be bounded and nonnegative function satisfying (b1) and
(b2). Then, for every g € L*(RY), 1 < s < oo, and h > 0, the problem

~Au+V(hz)u=g in RY

possesses a unique solution u € W23(RYN). In addition, there exits a constant
K >0 (which may depend of h) such that

|l w2s@yy < Klg|ps @

Proof: Denote Vi(x) = V(hz). For s € (1,00), consider the operator R :
W25(RY) — L*(R) defined by

Rou = (—A+Viu for u € W**(RY).
It follows for instance from Theorem 1 of [31] that
(i) Ker(Rs — M) = Ker (Ry — \I), for every s € (1, 00).
(i) L*(RY) = Ker (Rs — M) @ Im (R, — \I).

Since Vi € L>®(RY), it is known (see for example Lemma 3.10 in [40]) that
the spectrum o(Rsy) C [A,00) and Ay € o(R3), where

Ay = inf{/(yw|2 + Vi(z)u?) | u € Hl(RN),/u2 = 1}.

It follows from Lemma 1 in [38] that Ay > 0. Therefore 0 € o(Ry).
Consequently Ker (R;) = Ker (Ry) = {0} and

L*(RY) = Ker (R,) + Im(R,) = Im(R,).

Thus, R, : W25(RY) C L*(RY) — L*(RY) is a isomorphism. Note that R,
is continuous thanks to the immersion W?2*(RY) c L*(RY). So, there exists
a positive constant C' such that for all u € L¥(RY)

IR, uflwes@yy < Cllu

bt
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1 1 N -2
Given p, ¢ > 1 such that + >
b p+1 q+1~ N

, we define the operators

Rp: L% (RY) » W25 (RY),  Sp: L' (RY) — W' (RY),

by B B
Ry, =5, = (—A + bh])_l,

where by(x) = b(hx). It follows from Lemma 2.1 that the operators Ry, and
Sy, are well defined and continuous. Since 1/(¢+1) > p/(p+1) —2/N holds,
we have the continuous Sobolev embeddings

1 1
i W2 (RY) - LTYRY), gy WA (RY) - LPU(RY),
consequently Ry =iy o ]3%, Sp =190 §h are linear continuous operators.

So we can define the linear operator

Tp: L'v RY)x L% (RY) — LTRY) x LPHY(RY), T = ( %ﬁ é%ﬁ ) ,
that is, for all f,¢ € LT (R), g,p € L7 (RY),

(Tww,n) = ¢Rng + @Snf, V1= (,9), Vw = (f,g).
Let X = L' (RN) x L%(RN) be the Banach space endowed with the norm

[wl]] = \/Hf”%lj gl w=(f9) €X,

P

from now on || || and [ hdz will denote the L*—norm in RY and [y h(z)dz,
respectively.
The dual functional " : X — IR is defined by

1
Uh(w) = /H*(:c,w) dx — 5 /(Thw,w> dx, we X,

where H* is the Legendre-Fenchel transform of H, that is, for all x € R and
w = (wy,w;) € R?,

H*(l', w) = Sup{wltl + U)th - H(fE,t)}
teR?

Lemma 2.2 The functional " is well defined and C* on X*. Its Fréchet
deriwative is given by

(UMY (w)n = /H:;(m,w)n dr — /(Thw,m dr, VneX.

6
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If w = (f,g) is a critical point of ¥", then (u,v) = Thw is a solution of
the system (obtained by (Sp) through the change x — hx)

—Au+ b(hz)u = H,(hz,u,v) in RY, (S
—Av + b(hx)v = H,(hx,u,v) in RN, h

Proof: The proof of this lemma is known, for instance we can employ the
arguments given in [8] (see Lemma 4.3 there, and also [22]). Let us sketch it
for completeness.

The derivative of the second term in Wy, is simple to get, by the relation

/(n,Tﬁw)da: = /(w,Thn) dr, VnweX.
Consider the functional
H(z) = /H(az,z) dr, H:X*=L"RY)x LFPYRY) - R,

where z = (u,v). From the hypotheses on H it follows that H is well-defined
on X* and is a C'-functional. The Legendre-Fenchel transform of H is given
by

H* (w) = /H*(m,w) de, H": X —R.

Since H is strictly convex the gradient H, : R? — R? is a homeomorphism.
Thus, H' is a bijection from X* to X, which is continuous and bounded.
Furthermore, H* is Gateaux differentiable, (H*)'(w) = (H')~!(w) for every
w € X (this is a characterization of the Legendre-Fenchel transform), and

(MY (w)y = / He (2, w)nde,  Viw e X,

Thus, (H*) : X — X* is continuous and bounded, which implies that H*
is Fréchet differentiable. Now, if w is a critical point of ", it follows that
z = (u,v) = Thw is a solution of (S}). In fact, we have

(H*)(w) — Thw =0 in X*
that is
(H)Yw)—2=0 in X*.

As a result,
2 qg+1

Tz — (H)(2) =0 in W2% x W>,
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-1 . . . 9. b+l 9. atl ptl atl
because T}, !'is an isomorphism between W> » x W> ¢« and L'» x L« .

Thus, (u,v) = z = Tpw is a solution of system (.S}). O
We say that w = (f,g) is the dual solution associated to (u,v). By
making the change of variable z — h~'z in RV, system (S}) becomes

—h2Au+ b(z)u = Hy(x,u,v) in RV, (Sh)
—h2Av + b(z)v = Hy(2,u,v) in RY. 4

3 Proof of Theorem 1

We start with the following simple fact.

Lemma 3.1 The functional " has a “mountain pass geometry” on the
space X, in the sense that there exist p,a > 0 and w € X such that
U op, > a, ¥Mw) <0 and ||w|| > p.

Proof: 1t is easy to see that (H1) and (H2) imply that there exist positive
constants ¢; — ¢4 such that

al fI7 + ealglPt < Hz,w) < el fI7 +ealglP™, w = (f,9).
From properties of Legendre-Fenchel transformations, we have
41 41 41 41
AIf)T +dalglT < H*(w,w) < dolf|™ +dalgl T, (35)

for some positive constants d; — dj.
By using the Holder inequality and the boundedness of Ry and S}, for all
w=(f,g) € X we easily get

Jw T < COflsalgles + lgllen )
Cllgles + 1) = Clloll, (3.6)

IN

Then, from (3.5) and (3.6) we get

P

q+1
Hw) > C(|fllods + lgll.

+~s‘+

)= O + o)
Thus, since (p+1)/p < 2 and (¢ + 1)/q < 2, for each A > 0 there exist
constants p, a > 0 such that \Ifh\aBp > .
Now, we claim we can find w € X such that U"(w) < 0 and ||w| > p. In
fact, there exists wt = (f*,¢") € X such that [(Tpw",w*) > 0 (indeed, it
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is sufficient to take fT = g+ € C>*(RY)). By using (3.5) we obtain, for all
t >0,

p+1
\If(tw)<C'tQ/|f|q + Ot /|g| ——/Thw w?

for some positive constant C. Since 1%1, % < 2, the claim follows for t > 0
sufficiently large. O

Set
Up= {7 €C([0,1],X) : 7(0) =0, ¥*(y(1)) < 0}

and

_ 3 h
cn= inf mmax ¥ (v(t))-

Standard critical point theory implies that for each A > 0 we can find a
sequence {w}%, C X such that
Uhwh) — ¢ and (U™ (w') -0 as n— . (3.7)

Our goal will be to show that for sufficiently small values of A each of
these sequences possesses an accumulation point, which is nontrivial solution

of (Sh)

h

Lemma 3.2 For h > 0 fized, the sequence wl' = (f7, g") is bounded in X.

Proof: From properties of the Legendre-Fenchel transform and (H2) we have

H (e wf) 2 (1= ) Hja ul) [+ (L= D H (e ulgh (39)

Now
/H* z,wh _1 /(Thw wly + Uh(wh)
= ) - ;«\vh) 45 [ Hiw
Setting A = 5ty < 1, from (3.7) and (3.8) we obtain

(1= [ H(wul) < en+ onD]l0lx 39)

where 0,(1) is a quantity which tends to zero as n — oco. By combining (3.5)
and (3.9) we get for some k, K > 0

+1

klwpllx < ||fh|| e T ||gn|| bn < Ko+ on(Dllwg]lx, (3.10)
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with v = min{1 + 1/p,1 + 1/q} > 1. This trivially implies that {w"} is
bounded in X, for A > 0 fixed. O

With the help of Lemma 3.2 for each A > 0 we can extract a subsequence
of {w”} which converges weakly in X to a function w” = (f", g"). We affirm
that w is a critical point of W”. First, for each A > 0 the sequence z, = Tj,w!
is clearly bounded in X*, since T}, is bounded. Another way of writing (3.7)
is

Ty o — (H)(20) = 04(1)
(see the proof of Lemma 2.2). Since up to a subsequence we have z, — z in

+1 +1
W25 x W' we see that the limit function z is a weak solution of (Sy).

This implies that T,z € X and w = T},z is a critical point of ¥

It remains to show that w” is not identically zero. We claim that for
small 7 this is the case. The proof of this claim will be carried out through
several steps. First, let u” and v" be the functions given by

= Rpgh e W% (RY)  and  of = Spff € W7 (RY),  (3.11)
that is,

—Aul + b(hx)u = g  and  —AvM 4+ bRzl = fh 2z e RN, (3.12)
Next, we note that (1.4) permits to us to choose s,¢ such that 0 < s,t < 2,
s+t=2and

N N  N(p-1 Ag+1) = N(g—1
P N (-1 _, AMatD-Ng-1)

2’ 27 2(p+1) 2(¢+1)

(3.13)

Then p+1

N 2 , which implies

p+1

W25 H® s L9 and W2 < H' < Ians
where H*®, H' are the usual fractional Sobolev spaces over R .

Lemma 3.3 There ezists a constant > 0 (independent of h) such that for
each h > 0 we can find R = R(h) > 0, for which

q+1 (q++11)p h
oy < B+ Bl

+1
Hu | ?JS(BR) +On(1)a

(p+1)g
Iy < Bent™ + Bl kg, + on(1).

10
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Proof: We shall need some functional analysis. For s € (0,1) let Hp ) be
the space of the functions u such that

b%(hx)u € L*(RY) and M c L*(RY x RM).
|z =yl

One can also define H y by interpolation between the spaces

Li(m) = {u : /b(ﬁx)u2 < oo} and Hbl(m) ={ue Lz(m) : /|Vu|2 < o0}

Since b € L>°(RY), the inclusion H* C Hy( ) holds. On the other hand it is
standard to check that Hy,, (RY) is embedded into H*(Bg), for any s > 0
and any ball Bg. Once more through Lemma 1 in [38] (see also the argument
used in the proof of this lemma) we can prove that H*(RY) = H, b(he) (RM)
under hypotheses (bl) and (b2).

Define L = —A + b(hz) : H> C L? — L* (L is a positive operator) and
A = (VL)%, so that A® : Hyhey — L? is a isomorphism between Hy )
and L2. This is standard functional analysis, for details and references see
[16], pages 224-226, where the case b = 1 was considered. We observe that

||| iy = = ||A%u||g2. Then the weak formulation of the first equation in

(3.12) is
/ASUZAtgp— /gf{go, Ve H". (3.14)

Putting ¢ = A7t A*u” into (3.14), we obtain

sh2 h A—t As, R
b = [ AP = [ gl

So there exists a positive constant independent of A such that for all R > 0

17

(e gl e A= A% | e

<
b(hx )( N) -

IN

Cllghl esa sl

HS(RN\BR)} . (315)

On the other hand, hypotheses (bl) and (b2) imply that we can find ¢ > 0
such that for any h > 0 there exists R = R(h) for which

[[]

This inequality (particularly easy to check under (1.3)) follows from Lemma 3
in [38] where the case s = 1 was studied, and from an interpolation argument.

= Cligall s [llupllrssy + gl

H;(hz)

&) 2 clwllmeysry, YW € Hypy(RY) = HY(RY).

11
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Since 22 < a + bxr,x > 0 implies x* < C(b + /a) we get from (3.15)

h h h
bl < Cllgll et + Cliblecay, (3:16)

for some positive constant C' independent of A. Similarly,

lonllareeayse < CILN w1 o+ Cllvglla ) (3.17)

(RN)

Recall we already proved (Lemma 3.2 and (3.10)) that there exists a positive
constant C' independent of A for which

Hgn|| el < C’Cp+1 + on(1) and ||f H at1 < ch+l +o,(1). (3.18)

By combining these with (3.16) and (3.17) we get Lemma 3.3. O
The final and basic ingredient of the proof of Theorem 1 is the following

Lemma 3.4 We have
lim ¢, = 0. (3.19)
h—0
The proof of this lemma will be given in the next section. We shall now
proceed to the proof of Theorem 1.

Proof of Theorem 1. Since H*(w) is a convex function on R? we have
(VH*(w),w) > H*(w) for all w € R%. Hence

cn = lim [W*(wy) — (T") (wy), wy)]

n n n

1 1
< —lim [ (Tw! wh) = 3 lim [ f"Rpg" + g"Suf"

< timsup (IS ass I Brglll s + 11901 oss [Snfill o) -

n—oo

By the Holder inequality for each € > 0 there exists C' = C'(¢) > 0 such that

e < Ehmsup(Hth aa lgnll p+1) + C'limsup(|| Ragpl| 75t + [1Sufill700),

n—oo n—oo

so by using (3.18) and by choosing ¢ sufficiently small we get by the Sobolev
embedding and the boundedness of Ry, Sy that

e < Climsup (|| BagyllTiis + [Snf2ll750)

n—oo
< Climsup [[ul ][4, + C limsup [0l ][5,
n— o0 n—0o0

12
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Therefore, by the previous lemma,

q+1

h||p+1
H*(BR)

HY(Bg)

+ C'limsup ||v
n—oo

n—oo

(g¢+Dp (p+1)q
cn < (ch”“ + ¢, ) + C'lim sup ||u”|

2 gt+1

+1
Note the embeddings w5 s H s W*« < H' are compact on bounded
domains, so {u}, {v"} converge strongly on Bg as n — oo. Hence for the
limit functions u”, v" we get

pq—1
h ?{ttBR + thHp+1 > |: 15( p+1 —|—Cq+1 )] )

]

However the last quantity is strictly positive for small A (since ¢; — 0), which
means that the limit functions are not identically zero. Note that of course
(f" g™ = (0,0) if and only if (u",v") = (0,0). O]

4 Proof of Lemma 3.4.

We start by observing that

< inf U (tw) = inf max Ut
NS i SR ) = g )

where we have set £ = {w € X | [(Tw,w) > 0}. An explicit computation
(see Appendix I) shows that for any w € E we have

max U"(tw) < const. (%) , (4.20)

>0 Trhw,w

p+1 q+1
_ p q
¥ = max Q_Iil’g_ﬂ .
p

q

where

So to prove Lemma 3.4 it will be enough to establish the following claim:

w]®
111}1611; T, w) — 0, ash—0. (4.21)

In order to verify this, we observe that

el 1

— in _—
web [(Thw,w)  weE: |ul=1 [(Thw,w)

Thus, (4.21) is equivalent to the following result.

13
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Lemma 4.1 We have

sup /(Thw,w> dr — 400 as h— 0. (4.22)

wekE : ||lw||=1

To facilitate the task of the reader, we first describe the idea behind the
proof of (4.22). The point is that if p, ¢ are under the critical hyperbola and
s,t are chosen as in (3.13), then it is possible to find (explicitly) a function

g€ Lprl(RN ) such that if u satisfies
—Au(z) = g(r), =eRY,

then u does not belong to the fractional Sobolev space H*(RY), and respec-

tively a function f € Lq%l(]RN ) such that the solution of —Awv = f is not in
H'. We recall that a function w is in H*(RY) if and only if w € L*(RY) and
its Fourier transform @(¢) is such that |£]*@(§) € L*(RY). Then, assuming
(4.22) does not hold we show we can perturb and cut off the functions f,
g, to construct a sequence wp = (fp,gn) such that ||wy|]| = 1 and we can
control the corresponding Rpgn, Skfrn in a way which yields a contradiction
for small .

Proof of Lemma 4.1. Let us suppose (4.22) does not hold, that is, there exists
Co > 0 such that

/(Thw,w> dx < Cy, for each w € E with |Jw| = 1.

We start by giving some results from the theory of Fourier transforms, which
we shall use. The next theorem is a standard fact from the theory of Fourier
transforms of distributions.

Theorem 2 Suppose the function uy has slow growth, that is, there exists

m € N such that p
/ |uo(2)|dx < 0. (4.23)
ey (1+ [z])™

Then the Fourier transform u exists and belongs to the class of tempered
distributions S'. In addition if p € C=(RY) is such that ¢ =1 in By, ¢ =0
in RY \ By and we set ¢,(x) = ¢p(x/n) then ¢pu — @ in S'.

We shall use the Fourier transform of the function

1
o) = T

14
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and its powers. It is a well-known fact from Fourier analysis that for any

a > 0 we have . N
wi (§) = C(N, ) [€]*7 7 Kx_([€]), (4.24)

(this is for instance formula (3.11) in [24]) ; here K, (z) is the modified Bessel
function of the second kind, given by

() = INUESEY e /°° cos(t) i = T(v+3) /oo cos(sz) s
e o (L2422t vrlzlY oo (14 syt
Standard analysis shows that K, (z) > 0, K,(z) € C*°(R\{0}), K decays

exponentially as |z|] — oo, and, most importantly, K,(z) ~ const.|z|™" as
z — 0. Hence

wi(§) ~ C(N, @)l as [¢] — 0. (4.25)
We now fix p’ > p and ¢’ > ¢ such that p’, ¢ are still under the critical
1 1 2
h bol >1— —. We set
yper Oa’p’+1+q’+1 N e se
Np' N¢
o= "7—, ﬁ = 57 A
2(p +1) 2(¢' +1)

so that in particular
wde L% (RY),  wlelLl' RY).
Let ug, vy be the solutions of
—Aug = kyws,  —Avg =k  in RY, (4.26)

where k1 = ki(p,q, N) = |wg||l;h, k2 = ka(p,q, N) := |w)||7L. By stan-

dard PDE theory uy and vy are functions which belong to some Lebesgue
spaces over RY (see for instance Theorem 10.2 (i) in [25]), which in particu-
lar implies that they have slow growth, as in (4.23) (by the Hélder inequality).
Hence Theorem 2 applies, and, by taking the Fourier transform on both sides
of the equations in (4.26) we get

W(€) = kil Pwf(€),  W(8) = kal€l 2wl (©). (4.27)
Note that g, 0y are positive.

Lemma 4.2 We have

| ePau©ae de = .
RN

15
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Proof. By (4.24) and (4.27) we have
(€170 (€)T(€) ~ C(N,a, BN as ] — 0.

However, by the choice of a and 3 that we made

—1—-N
P 1 q+1
1
( )—1—N
p+1 q—I—l
N
(1 )—1—]\7— |
2

and the lemma follows. OJ
We set u, = dpug € C°(RY), v, = ¢,vg € C®(RY), where ¢, is a
function as in Theorem 2, and

a+pf—-1—-N =

o = —Au, + b(hx)uy,,
fn,h = —Auv, + b(hx)v,

Since uy,, v, have compact support and b(0) = 0 for each fixed n we have

Gnp — —Au, in Lpr#, fnﬁ — —Av, in L%l as h— 0.
Clearly
—Au,, — —Auy in L%, —Av, — —Avy in L as n — 00,
and, recalling that we have taken ug, vy so that [[Aug||per = ||Augl|er = 1,

we see that we can find ng such that for each n > ng there exists f,, for which

~ 1 1 :
22> Hgn,hnp—+1 > 9 2> ||fn h” = if A< hn
P 2 2
Now set _
I gn,h f = fnﬁ
’ \/§H§H,EH% ’ ﬂ”fn,h”%l

and Wy = (fon Gnp)- S0 Wy € E and ||wy, x]|x = 1. By the hypothesis we
made

/(Thwn,h7 wn,h> S 007

for all n > ny and all A < h,,.

16
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On the other hand, setting k = 2H§n,hHLp+1 HgnthLPH (by the above
’ P P
knn € (1/8,2)), we have

/<Thwn,ha Wnp) = kn,h/(fl‘i,nRhgmh+§n,h5hﬁz,h)

= kn,ﬁ/un<_AUn) + v (—Auy,) + 2b(hz)u,v,

—

> oo / Ta(CAwy) + 5 (" Duy)
ks / €2 dmun(€) bt (€) de

where we used Parseval’s identity and the positivity of b, u,,v,. Hence
[ eram©an de < 4y (18)

Note that the definition of the Fourier transform implies m(g) — Up(&)
for each £ # 0. Actually (see for instance Theorems 2.16, 5.3, 5.8 in [24])
gb/nu\o = q/b\n * Uy — Ug in any Lebesgue space to which belongs @y, and simi-
larly for vy. Recall we have explicit expressions for ug, vy and know that they
are strictly positive, behave like |£] to a negative power as { — 0 and decay
expglgltially as £ — oo. It is then simple to check that the negative part of
€12 prug (€ )@0(5 ) is bounded by an integrable function independently of n,
so Fatou’s lemma applies to (4.28) and gives a contradiction with Lemma 4.2.
Alternatively, one can prove that Fatou’s lemma applies to (4.2) by notic-
ing that the integrand in this inequality is V(¢,up).V(énv9) and this scalar
product is positive, since ¢,,ug and vy are positive, radial, and decreasing
functions.

This completes the proof of Theorem 1. 0

5 Appendix

In this appendix we verify estimate (4.20), which we used in Lemma 3.4.
First, we note that for w = (f, g)

A B
U (tw) = —t"+ Etﬁ — %ﬁ, (5.29)

where
a=({p+1)/p, B=(q+1)/g,

17
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= 1% 5= [, o= [(hww)

Denoting the right hand side of (5.29) by h(t), it is easy to check that
max{V"(tw),t > 0} = h(?),

for some ¢ > 0 if and only if #/(t) = 0, that is

A B
=1+ =1
¢ teo

This implies that there exists a positive constant K such that

OROR

Then, for some constant K’ > 0,

t<K

1 1. -, 1 1 _
h(t) = A(a 2)t +B(5 §)tﬁ
[Ass  AB*s BAs= BT
< K O + 02% + 5 + 5
i o (C2-a C'2-5
A= B B Ais  BT5
i 2 C'2—5) C2 O22-a C'2-7

By using the Young inequality, we obtain

_a _B_ 2
A B¥s B Are (A>_|_< 5735 )
Ct oxsts O gmoer . N\C? =)
_l’_

Thus,

AT [(BE\*7
h(t) <2K' || — — < 2K’

where v = max{i iﬁ}

18
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