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Abstract

This paper is devoted to the asymptotics of eigenvalues for a Schrö-
dinger operator Hh = −h2∆ + V on L2(Rm), in the case when the
potential V does not fulfill the non degeneracy condition : V (x) →
+∞ as |x| → +∞. For such a model, the point is that the set defined
in the phase space by : Hh ≤ λ may have an infinite volume, so that
the Weyl formula which gives the behaviour of the counting function
has to be revisited.

We recall various results in this area, in the classical context (h = 1
and λ → +∞), as well as in the semi-classical one (h → 0) and
comment the different methods. In section 3, 4 we present our joint
works with A Morame (*),where we consider a degenerate potential
V(x) =f(y) g(z) , where g is assumed to be a homogeneous positive
function of m variables , smooth outside 0, and f is a smooth and
strictly positive function of n variables, with a minimum in 0.

In the case where f(y) → +∞ as |y| → +∞, the operator has a
compact resolvent and we give the asymptotic behaviour, for small
values of h, of the number of eigenvalues less than a fixed energy .

Then, without assumptions on the limit of f, we give a sharp es-
timate of the low eigenvalues, using a Born Oppenheimer approxima-
tion. With a refined approach we localize also higher energies . In the
case when the degree of homogeneity is not less than 2, we can even
assume that the order of these energies is like the inverse power of the
square of h.

Finally we apply the previous methods to a class of potentials in
Rd, d ≥ 2, which vanish on a regular hypersurface.
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1 Introduction

Let V be a nonnegative, real and continuous potential on Rm, and h a
parameter in ]0, 1]. The spectral asymptotics of the operatorHh = −h2∆+V
on L2(Rm) have been intensively studied. More precisely it is well known [16]
that Hh is essentially selfadjoint with compact resolvent when V (x) → +∞
as |x| → +∞ (we shall say that V is non degenerate). Moreover, denoting by
N(λ,Hh) the number of eigenvalues less than a fixed energy λ, the following
semiclassical asymptotics hold, as h→ 0 :

N(λ,Hh) ∼ h−m(2π)−mvm

∫

Rm

(λ− V (x))
m/2
+ dx . (1.1)

In this formula, vm denotes the volume of the unit ball in Rm, and the
notation W+ means the positive value of W .

Let us note that the classical asymptotics are also given by the formula
(1.1), provided we let h = 1 and λ→ +∞.

In both cases, the result points out the asymptotic correspondance be-
tween the number of eigenstates with energy less than λ and the volume in
phase space of the set {(x, ξ), f(x, ξ) ≤ λ}, where f(x, ξ) = ξ2 + V (x) is the
principal symbol of Hh.

In this paper we propose a review of results concerning the degenerate
case : the potential V does not tend to infinity with |x|, so that the volume
in phase space of the previous set may be infinite.

2 The Tauberian approach

Let us explain how the problem of the degenerate case came from the non
degenerate one.

In 1950 De Wet and Mandl ([3]) proved the formula (1.1) in its classical
version, provided V (x) ≥ 1 and two more conditions on V :

1) a smoothness condition : V differentiable and |∇V | = ◦(V )

2) a Tauberian type condition : let Φ(V, λ) =
∫
Rm(λ− V (x))

m/2
+ dx; it is

assumed that there exists c and c′ such that :
cΦ(V, λ) ≤ λΦ′(V, λ) ≤ c′Φ(V, λ).
The first condition is local and the second is global. This last condition

was needed to use a Tauberian technique, which consists on studying the
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asymptotic behavior of the Green’s function of the operator H1 and applying
a Tauberian theorem.

Refinements were done by Titchmarsh, Levitan and Kostjucenko,([23],
[11], [12]) and then Rosenbljum ([18]) proved that the formula (1.1) holds
with “maximal” weakening conditions on V :

1) the smoothness condition is replaced by a condition on the “L1-modulus
of continuity” on unit cubes and by the following assumption : V (y) ≤
C ′V (x) if |x− y| ≤ 1 .

2) the Tauberian type condition becomes : σ(2λ, V ) ≤ Cσ(λ, V ) (for
large λ), where σ(λ, V ) denotes the volume of the set {x ∈ Rm;V (x) < λ}.

Solomyak ([22]) makes the following remark :

Lemma 2.1 Let V be a positive a-homogeneous potential :
V (x) ≥ 0; V (tx) = taV (x) for any t ≥ 0 ( a > 0).
If moreover V (x) is strictly positive (V (x) 6= 0 if x 6= 0) the spectrum of

H1 is discrete and the formula (1.1) takes the form :

N(λ,H1) ∼ γm,aλ
2m+am

2a

∫

Sm−1

(V (x))−m/adx

(γm,a is a constant depending only on the parameters m and a.)

From that lemma comes out naturally the idea of investigating the spec-
trum whithout the condition of strict positivity (and thus in a case of degen-
eracy of the potential) ; the two main results are ([22]] :

Theorem 2.2 The formula of Lemma 2.1 still holds for a positive a-homogeneous
potential such that J(V ) =

∫
Sm−1(V (x))−m/adx is finite.

The second result deals with a case where J(V ) is infinite :
let V (x) = F (y, z), y ∈ Rn, z ∈ Rp, n + p = m, m ≥ 2, such that

F (sy, tz) = sbta−bF (y, z) (with 0 < a < b) and F (y, z) > 0 for |z||y| 6= 0.
Denote by λj(y) the eigenvalues of the operator −∆z+F (y, z) in L2(Rp) and
let s = 2b

2+a−b
, then :

Theorem 2.3

If
n

b
>
m

a
N(λ,H1) ∼ γn,sλ

2m+am
2b

∫

Sm−1

Σ(λj(y))
−n/sdx

if
n

b
=
m

a
N(λ,H1) ∼

a(a+ 2)

2b(a− b)
γm,aλ

2m+am
2b lnλ

∫

Sn−1Sp−1

F (y, z)−m/adx.
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The proof is based on variational techniques and spectral estimates proved in
([18]).But on a heuristic level the result can be understood in the framework
of the theory of Schrödinger operators with operator potential.

This last approach can be found in ([17]) where D.Robert extended the
theory of pseudodifferential operators in the form developped by Hörmander
to pseudodifferential operators with operator symbols. It was thus possible
to study cases where the operator has a compact resolvent but the condition
lim∞ V (x) = +∞ is not fulfilled. As an example it gives the asymptotics of
N(λ,H1) for the 2-dimensional potential V (y, z) = y2k(1 + z2)l, where k et l
are strictly positive. The asymptotics are the following :

Theorem 2.4

If k > l N(λ,H1) ∼ γ1λ
l+k+1

2l

if k = l N(λ,H1) ∼ γ2λ
2k+1

2k lnλ

if k < l N(λ,H1) ∼ γ3λ
2k+1

2k .

The constants γi depend only on k and l, but the first one γ1 takes in
account the trace of the operator (−∆z + z2k)−(k+1)/2l in L2(R).

In the 2-dimensional case let us mention the results of B.Simon ([20]).
He first recalls Weyl’s famous result : let H be the Dirichlet Laplacian in a
bounded region Ω in R2, then the following asymptotics hold :

N(λ,H) ∼
1

2
λ|Ω|

and then he considers special regions Ω for which the volume (denoted by |Ω|)
is infinite but the spectrum of the Laplacian is still discrete. These regions
are of the type : Ωµ = {(y, z); |y||z|µ ≤ 1}.

Actually the problem can be derived from the study of the asymptotics of
Schrödinger operators with the homogeneous potential : V (y, z) = |y|α|z|β .

In order to get these “non-Weyl” asymptotics, he uses the Feynman-
Kac formula and the Karamata-Tauberian theorem, but the main tool is
what he calls “sliced bread inequalities”, which can be seen as a kind of
Born-Oppenheimer approximation. More precisely let H = −∆ + V (y, z)
be defined on Rn+p, and denote by λj(y) the eigenvalues of the operator
−∆z + V (y, z) in L2(Rp). (If the z’s are electron coordinates and the y’s
are nuclear coordinates, the λj(y) are the Born- Oppenheimer curves). He
proves the following lemma :
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Tre−tH ≤ Σje
−t(−∆y+λj(y))

(when the second term exists).
Thus he gets the two following coupled results :

Theorem 2.5 If H = −∆ + |y|α|z|β and α < β, then

N(λ,H) ∼ cνλ
2ν+1

2 (ν =
β + 2

2α
)

Corollary : if H = −∆Ωµ
(µ > 1), then N(λ,H) ∼ cµλ

1

2µ+1 .

Theorem 2.6 If H = −∆ + |y|α|z|α, then N(λ,H) ∼ 1
π
λ1+ 1

α lnλ
Corollary : if H = −∆Ωµ

(µ = 1), then N(λ,H) ∼ 1
π
λ lnλ .

The constant cµ depends only on µ, and the constant cµ takes in account
the trace of the operator (−∆z + |z|β)−ν in L2(R).

3 The min-max approach

The result presented in this section is based on the method of Courant and
Hilbert, the min-max variational principle. It turns out that this method
can be applied to operators in L2(Rm) with principal symbols which can
degenerate on some non bounded manifold of T ∗(Rm). It is the case for
the Schrödinger operator with a magnetic field H = (Dx − A(x))2, which
degenerates on {(x, ξ) ∈ T ∗(Rm); ξ = A(x)}. If the magnetic field B = dA

fulfills the so-called magnetic bottle conditions (mainly : lim∞‖B(x)‖ = ∞)
the spectrum is discrete ([1]) and the classical asymptotics were established
by Colin de Verdière ([2]) using the min-max method. The semiclassical
version of the result is given in ([24]).

In ([14]), the min-max method is performed to get semiclassical asymp-
totics for a large class of degenerate potentials, namely potentials of the
following form : x = (y, z) ∈ Rn × Rp, n+ p = m, m ≥ 2

V (x) = f(y)g(z), f ∈ C(Rn;R∗
+),

g ∈ C(Rp;R+), g(tz) = tag(z) (a > 0) ∀t > 0 , g(z) > 0 ∀z 6= 0. (3.1)

The spectrum of the operator −∆z + g(z) in L2(Rp) is discrete and positive.
Let us denote by µj its eigenvalues. It is easy to make the following remark :
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Remark 3.1 If f(y) → +∞ as |y| → +∞ then Hh = −h2∆ + V has a
compact resolvent.

Of course if f was supposed to be homogeneous, the asymptotics would
be given by Theorem 2.3. Here the assumption on f is only a locally uniform
regularity :

∃ b, c > 0 s.t. c−1 ≤ f(y) and |f(y)− f(y′)| ≤ cf(y)|y − y′|b,
for any y, y′ verifying |y − y′| ≤ 1.

Theorem 3.2 Let us assume the previous conditions on f and g. Then there
exists σ, τ ∈]0, 1[ such that, for any λ > 0, one can find h0 ∈]0, 1[, C1, C2 > 0
in order to have

(1−hσC1)nh,f(λ−h
τC2) ≤ N(λ;Hh) ≤ (1+hσC1)nh,f(λ+hτC2) ∀h ∈]0, h0[

if nh,f(λ) = h−n(2π)−nvn

∫

Rn

Σj∈N[λ− h2a/(2+a)f 2/(2+a)(y)µj]
n/2
+ dy .

Provided some additional conditions on f , the previous result can be
refined as follows :

Theorem 3.3 If moreover one can find a constant C3 such that, for any
µ > 1 : ∫

{y,f(y)<2µ}

f−p/a(y)dy ≤ C3

∫

{y,f(y)<µ}

f−p/a(y)dy ,

then one can take C2 = 0 in Theorem 7:

(1 − hσC1)nh,f(λ) ≤ N(λ;Hh) ≤ (1 + hσC1)nh,f(λ) ∀h ∈]0, h0[

Remark 3.4 If moreover f−p/a ∈ L1(Rn) and g ∈ C1(Rp\{0}), then the
formula (1) holds.

The proof of Theorem 3.2 uses a suitable covering of Rn, so that the
min-max variational principle allows to deal with Dirichlet and Neumann
problems in cylinders for the restrained operator (with a fixed y). The proof
of Theorem 3.3 is based on an asymptotic formula of the moment of eigen-
values of −h2∆z+g(z), which is again obtained using the min-max principle.

As a conclusion, let us notice that if there is some information on the
growth of f , then the asymptotics can be computed in terms of power of h:
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Remark 3.5 If there exists k > 0 and C > 0 such that
1
C
|y|k ≤ f(y) ≤ C|y|k for |y| > 1, then

if k > a N(λ,Hh) ≈ h−m

if k = a N(λ,Hh) ≈ h−m ln 1
h

if k < a N(λ,Hh) ≈ h−n−
pa
k

4 Born-Oppenheimer-type estimates

In last section we have investigated the asymptotic behavior of the number
of eigenvalues less then λ of Ĥh = −h2∆ + f(y)g(z).

Theorem 3.2 gives us a hint of what should eigenvalues of Ĥh look like.
This can be done using Born-Oppenheimer-type methods.

We assume as in last section that : g ∈ C∞(Rm \ {0}) is homogeneous
of degree a > 0 , and assume the following for f :

f ∈ C∞(Rn), ∀α ∈ N
n, (|f(y)| + 1)−1∂αy f(y) ∈ L∞(Rn)

0 < f(0) = infy∈Rn f(y)
f(0) < lim inf |y|→∞ f(y) = f(∞)
∂2f(0) > 0

(4.1)

∂2f(0) denotes the hessian matrix in 0.

4.1 Using homogeneity

By dividing Ĥh by f(0) , we can change the parameter h and assume that

f(0) = 1 . (4.2)

Let us define : ℏ = h2/(2+a) and change z in zℏ; we can use the homogeneity
of g (3.1) to get :

sp (Ĥh) = ℏ
a sp (Ĥℏ) , (4.3)

with Ĥℏ = ℏ
2D2

y + D2
z + f(y)g(z) .

Let us denote as usually the increasing sequence of eigenvalues of D2
z +

g(z) , (on L2(Rm) ) , by (µj)j>0 .

The associated eigenfunctions will be denoted by (ϕj)j :

7

ha
l-0

03
50

06
1,

 v
er

si
on

 1
 - 

5 
Ja

n 
20

09



By homogeneity (3.1) the eigenvalues of Qy(z,Dz) = D2
z + f(y)g(z) ,

on L2(Rm) ) , for a fixed y, are given by the sequence (λj(y))j>0, where :
λj(y) = µj f

2/(2+a)(y) .
So as in [15] we get :

Ĥℏ ≥
[

ℏ
2D2

y + µ1f
2/(2+a)(y)

]
. (4.4)

This estimate is sharp as we will see below.
Then using the same kind of estimate as (4.4), one can see that

inf spess(Ĥ
ℏ) ≥ µ1f

2/(2+a)(∞) . (4.5)

We are in the Born-Oppenheimer approximation situation described by A.
Martinez in [13] : the ”effective ” potential is given by λ1(y) = µ1 f

2/(2+a)(y),
the first eigenvalue of Qy, and the assumptions on f ensure that this potential
admits one unique and nondegenerate well U = {0}, with minimal value equal
to µ1. Hence we can apply theorem 4.1 of [13] and get :

Theorem 4.1 Under the above assumptions, for any arbitrary C > 0, there
exists h0 > 0 such that, if 0 < ℏ < h0 , the operator (Ĥℏ) admits a finite
number of eigenvalues Ek(ℏ) in [µ1, µ1 + Cℏ], equal to the number of the
eigenvalues ek of D2

y + µ1

2+a
< ∂2f(0) y, y > in [0,+C] such that :

Ek(ℏ) = λk(Ĥ
ℏ) = λk

(
ℏ

2D2
y + µ1f

2/(2+a)(y)
)

+ O(ℏ2) . (4.6)

More precisely Ek(ℏ) = λk(Ĥ
ℏ) has an asymptotic expansion

Ek(ℏ) ∼ µ1 + ℏ ( ek +
∑

j≥1

αkjℏ
j/2 ). (4.7)

If Ek(ℏ) is asymptotically non degenerate, then there exists a quasimode

φℏ

k(y, z) ∼ ℏ
−mke−ψ(y)/ℏ

∑

j≥0

ℏ
j/2akj(y, z) , (4.8)

satisfying

C−1
0 ≤ ‖ℏ

−mke−ψ(y)/ℏak0(y, z)‖ ≤ C0

‖ℏ
−mke−ψ(y)/ℏakj(y, z)‖ ≤ Cj

‖
(
Ĥℏ − µ1 − ℏek −

∑
1≤j≤J αkjℏ

j/2
)

ℏ
−mke−ψ(x)/ℏ

∑
0≤j≤J ℏ

j/2akj(x, y)‖ ≤ CJℏ
(J+1)/2

(4.9)
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The formula (4.7) implies

λk(Ĥ
ℏ) = µ1 + ℏλk

(
D2
y +

µ1

2 + a
< ∂2f(0) y , y >

)
+ O(ℏ3/2) , (4.10)

and when k = 1 , one can improve O(ℏ3/2) into O(ℏ2) . The function ψ is
defined by : ψ(y) = d(y, 0) , where d denotes the Agmon distance related
to the degenerate metric µ1 f

2/(2+a)(y)dy2.

4.2 Improving Born-Oppenheimer methods

We are interested now with the lower energies of Ĥℏ . Let us make the change
of variables

(y, z) → (y, f 1/(2+a)(y)z) . (4.11)

The Jacobian of this diffeomorphism is fm/(2+a)(y), so we perform the change
of test functions : u → f−m/(4+2a)(y)u , to get a unitary transformation.

Thus we get that
sp (Ĥℏ) = sp (H̃ℏ) (4.12)

where H̃ℏ is the self-adjoint operator on L2(Rn × R
m) given by

H̃ℏ = ℏ
2D2

y + f 2/(2+a)(y) (D2
z + g(z))

+ℏ
2 2

(2+a)f(y)
(∇f(y)Dy)(zDz)

+iℏ2 1
(2+a)f2(y)

(|∇f(y)|2 − f(y)∆f(y)) [(zDz) − im
2
]

+ ℏ
2 1

(2+a)2f2(y)
|∇f(y)|2[(zDz)

2 + m2

4
]

(4.13)

The only significant role up to order 2 in ℏ will be played actually by the
first operator, namely : H̃ℏ

1 = ℏ
2D2

y + f 2/(2+a)(y) (D2
z + g(z)) .

This leads to :

Theorem 4.2 .
Under the assumptions (3.1) and (4.1), for any fixed integer N > 0 ,

there exists a positive constant h0(N) verifying : for any ℏ ∈]0, h0(N)[, for
any k ≤ N and any j ≤ N such that

µj < µ1f
2/(2+a)(∞) ,

there exists an eigenvalue λjk ∈ spd (Ĥℏ) such that

| λjk − λk
(
ℏ

2D2
z + µjf

2/(2+a)(z)
)
| ≤ ℏ

2C . (4.14)
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Consequently, when k = 1 , we have

| λj1 −

[
µj + ℏ(µj)

1/2 tr((∂
2f(0))1/2)

(2 + a)1/2

]
| ≤ ℏ

2C . (4.15)

4.3 Middle energies

We can refine the preceding results when a ≥ 2, g ∈ C∞(Rm) and f(∞) =
∞. We get then sharp localization near the µj ’s for much higher values of
j’s. More precisely we prove :

Theorem 4.3 . Assume the preceding properties, and consider j such that
µj ≤ ℏ

−2 ;
then for any integer N , there exists a constant C depending only on N

such that, for any k ≤ N , there exists an eigenvalue λjk ∈ spd (Ĥℏ)
verifying

| λjk − λk
(
ℏ

2D2
y + µjf

2/(2+a)(y)
)
| ≤ Cµjℏ

2 . (4.16)

Consequently, when k = 1 , we have

| λj1 −

[
µj + ℏ(µj)

1/2 tr((∂
2f(0))1/2)

(2 + a)1/2

]
| ≤ Cµjℏ

2 . (4.17)

4.4 An application

We can apply the previous methods for studying Schrödinger operators on
L2(Rd

s) with d ≥ 2 ,
P h = −h2∆ + V (s) (4.18)

with a real and regular potential V (s) satisfying

V ∈ C∞(Rd ; [0,+∞[)
lim inf |s|→∞ V (s) > 0

Γ = V −1({0}) is a regular hypersurface.
(4.19)

Moreover we assume that Γ is connected and that there exist m ∈
N
⋆ and C0 > 0 such that for any s verifying d(s, Γ) < C−1

0

C−1
0 d2m(s, Γ) ≤ V (s) ≤ C0 d

2m(s, Γ) (4.20)

( d(E,F ) denotes the euclidian distance between E and F ) .
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We choose an orientation on Γ and a unit normal vector N(s)
on each s ∈ Γ , and then, we can define the function on Γ ,

f(s) =
1

(2m)!

(
N(s)

∂

∂s

)2m

V (s) , ∀ s ∈ Γ . (4.21)

Then by (4.19) and (4.20), f(s) > 0 , ∀ s ∈ Γ .

Finally we assume that the function f achieves its minimum on Γ on
a finite number of discrete points:

Σ0 = f−1({η0}) = {s1, . . . , sℓ0} , if η0 = min
s∈Γ

f(s) , (4.22)

and the hessian of f at each point sj ∈ Σ0 is non degenerate.
Hess(f)sj

has d− 1 non negative eigenvalues

ρ2
1(sj) ≤ . . . ≤ ρ2

d−1(sj) , ( ρj(sj) > 0) .

The eigenvalues ρ2
k(sj) do not depend on the choice of coordinates. We

denote

Tr+(Hess(f(sj))) =

d−1∑

ℓ=1

ρℓ(sj) . (4.23)

We denote by (µj)j≥1 the increasing sequence of the eigenvalues of the

operator −
d2

dt2
+ t2m on L2(R) .

Theorem 4.4 Under the above assumptions, for any N ∈ N
⋆ , there exist

h0 ∈ ]0, 1] and C0 > 0 such that, if µj << h−4m/(m+1)(2m+3) ,

and if α ∈ N
d−1 and |α| ≤ N ,

then ∀ sℓ ∈ Σ0 , ∃ λhjℓα ∈ spd(P
h) s.t.

∣∣∣ λhjℓα − h2m/(m+1)
[
η

1/(m+1)
0 µj + h1/(m+1)µ

1/2
j Aℓ(α)

] ∣∣∣

≤ h2µ
2+3/2m
j C0 ;

with Aℓ(α) =
1

η
m/(2m+2)
0 (m+ 1)1/2

[
2αρ(sℓ) + Tr+(Hess(f(sℓ)))

]
.

(αρ(sℓ) = α1ρ1(sℓ) + . . . αd−1ρd−1(sℓ) ) .
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pseudo-différentiels sur R

n. Comm. in P.D.E., 7(7),(1982),p.795-882.

[6] B. Helffer, D. Robert, Comportement semi-classique du spectre
des hamiltoniens quantiques hypoelliptiques. Annales ENS Pise IV,
9,(3),(1982),p.405-431.

[7] B. Helffer, J. Sjoestrand, Multiple wells in the semi-classical limit. I.
Comm. in P.D.E., 9, (4), (1984), p.337-408.

[8] B. Helffer, J. Sjoestrand, Puits multiples en mecanique semi-classique.
VI. Ann. Institut H. Poincaré, Phys. Theor., 46,(4),(1987),p.353-372.
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49,(3),(1989), 239-257.

[14] A. Morame, F. Truc, Semiclassical Eigenvalue Asymptotics for a
Schrödinger Operator with Degenerate Potential. Asymptotic Anal.,
22(1), (2000), 39-49.

[15] A. Morame, F. Truc, Accuracy on eigenvalues for a Schrödinger Oper-
ator with a Degenerate Potential in the semi-classical limit. Cubo, A
Journal of Mathematics, 9 (2),(2007), 1-14 .

[16] M.Reed and B.Simon, Methods of Modern Mathematical Physics IV,
Academic press, New York, 1978.

[17] D.Robert, Comportement asymptotique des valeurs propres
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