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Introduction

Version francaise

Les objets centraux de la these sont les formes modulaires de Siegel et les
algebres de Hecke opérant sur eux. Les objectifs principaux sont notamment
la mise au point de calculs explicites en utilisant les séries génératrices des
opérateurs de Hecke et le calcul des valeurs spéciales des fonctions L (certains
produits d’Euler, attachés aux formes modulaires). Ma these s’attache égale-
ment a étudier I'application aux projets cryptologiques de certaines structures
algébriques attachées aux algebres de Hecke (comme les ensembles finis de
classes a gauche et les variétés projectives sur les corps finis). Enfin, le but de
la these consiste encore a étudier les avancées algorithmiques en matiere de
cryptologie (en particulier I'utilisation des modules de Drinfeld en cryptologie
selon les schémas de Gillard, Leprevost, Pantchichkine et Roblot [GLPRO3]).

Le résultat principal dans le travail présenté est le calcul explicite de la
série génératrice des opérateurs de Hecke dans 1’algebre de Hecke locale pour
les groupes symplectiques de genre 3 et 4. L’algorithme est basé sur I'isomor-
phisme de Satake, qui permet de réaliser toutes les opérations dans ’algebre
des polynomes a plusieurs variables. A I’origine, Shimura a conjecturé en
1963 la rationalité de la série de Hecke des groupes symplectiques. Il est a
noter que dans les cas des genres 1 et 2, la forme explicite de la fraction
rationnelle était déja connue. La conjecture de Shimura a été prouvée par
Andrianov pour un genre arbitraire dans sa série de travaux a la fin des an-
nées 1960. Dans la présente these, le théoreme sur la série génératrice pour
le genre 4 fournit la forme explicite des polynomes rationnels pour la somme
de la série génératrice de Hecke dans le groupe Sp,. C’est la premiere fois
que cette expression est calculée pour le genre 4. Le résultat est publié dans
« Mathematical Notes » (vol. 81, 2007) [Van07] et « Mathematical Research
Letters » (vol. 14, 2007) [PV07].

Pour obtenir le résultat principal, une méthode de calcul symbolique a
été développée. Cette approche algorithmique s’applique a d’autres types
de séries de Hecke. En particulier, nous formulons et prouvons un analogue
du Lemme de Rankin pour le genre 2. Nous avons aussi calculé les séries
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génératrices des carrés symétriques et des cubes symétriques. Ces résultats
seront publiés dans « Progress in Mathematics » (vol. 269-270, 2009) [PV09).

Se basant sur nos résultats nous formulons une conjecture de modularité
pour les convolutions des fonctions L-spineurs associées aux formes modu-
laires de Siegel. Nous considérons d’autres conjectures importantes liées aux
formes modulaires de Siegel et a leurs fonctions L. En particulier, nous trai-
tons de Fio, une forme parabolique de Siegel de degré 3 et de poids 12, qui
a été construite par Miyawaki. Miyawaki a calculé certains facteurs d’Euler
locaux des fonctions L associées et il a formulé des conjectures tres intéres-
santes du relevement de ces fonctions. Une partie de ces conjectures a été
prouvée récemment par Ikeda et Heim. Nous utilisons ces constructions pour
calculer les facteurs algébriques rationnels aux valeurs critiques de la fonc-
tion L-spineur attachée a Fi5. A notre connaissance c’est le premier exemple
d’une fonction L-spineur de forme parabolique de Siegel de degré 3, dont cer-
taines valeurs spéciales peuvent étre calculées explicitement. Le résultat est
vérifié numériquement de fagon indépendante en utilisant le script de PARI
« Computels » créé par Dokchitser (inclus dans le logiciel mathématique
SAGE).

Finalement, nous appliquons la théorie des algebres de Hecke exposée
au cours des deux premiers chapitres pour construire des cryptosystemes
algébriques sur ensembles finis de classes a gauches dans 'algebre de Hecke.
Nous utilisons une relation entre les classes a gauches et les points sur certains
variétés algébriques projectives.

La these contient quatre chapitres. Dans le premier chapitre sont énoncé
des généralités sur les algebres de Hecke et les formes modulaires de Siegel.
Nous définissons ’algebre de Hecke pour le groupe symplectique GSp,, et pour
le groupe général linéaire GL,,. Ensuite nous décrivons ’application sphérique
de Satake, qui fournit une correspondance entre ’algebre locale de Hecke et
une certaine algebre de polynémes. Une introduction courte sur les fonctions
symétriques est incluse dans le premier chapitre. Les formes modulaires de
Siegel et les formes modulaires classiques, ainsi que leurs fonctions L associées
sont discutées a la fin de ce chapitre.

Dans le deuxieme chapitre nous étudions la série génératrice des opéra-
teurs de Hecke. Soit p un nombre premier. L’opérateur de Hecke T(p?) est
défini comme la somme formelle des classes doubles

TMT C GSpH(Q) = {M € Mo (Q): M J'M = p(M)J, u(M) >0}

avec le facteur scalaire fixé pu(M) = p°. Ici J est une matrice antisymétrique
de taille 2n : J, = (_O}ln éz ) et M est la matrice transposée de M. Le groupe
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I est le groupe modulaire de Siegel de genre n :
I'=Sp,(Z) ={M € GSp,(Q) N Mon(Z) : p(M) =1}.

Le théoreme principal de la these donne l'expression rationnelle poly-
nomiale pour la somme de la série génératrice des opérateurs de Hecke du

groupe Sp,.
Théoreme sur une solution explicite de la Conjecture de Shimura
en genre 4 (théoreme 2.1, page 53) :

~ Ey(X)
- Fu(X)’

ot By(X) = 32 en X* est le polynome de degré 14 et Fy(X) = 30,0 fi, X"
est le polynome de degré 16 dont les coefficients ey et £, sont décrits au
théoreme 2.1.

La preuve du théoreme 2.1 est obtenue en utilisant ’application sphérique
de Satake injective

Q:Q[T(p), Th(p?),...,Tn(p*)] — Qlxo, 21, ..., 20|,

ot {T(p), T1(p?), ..., Tn(p*)} est la base canonique de I'algebre de Hecke.
Comme une conséquence facile de la preuve du théoreme 2.1 nous obte-

nons une relation entre les coefficients polynomiaux K de I'image du numé-

rateur sous 'application sphérique de Satake :

théoréme sur I’équation fonctionelle des coefficients de I'image sphé-

rique Q(E4(X)) (théoreme 2.2, page 61) :

K14—k(p7 Xo, X1, T2, X3, '/1“4) -

1 1 1 1 1
—6/,.2 T—k
=P ($0$1I2$3$4) Ky, (—,$0$1I2$3$4;—;—>—7— )
b T1 Tp T3 T4

k=0,... 14.

Plus généralement, ’équation fonctionnelle vérifiée par I'image du nu-
mérateur E(xg,z1,...,2,, X) = Q(E,(X)) pour un genre arbitraire n est
formulée dans la Conjecture 2.3 (page 61) :

2 2\2n—11
et (@2 XP) i 1
E(CL’O,Il,...,CL’n,X)—( 1) pr(n=1)/2 E(:L’O"”?:EN7X '

Grace aux théoreme précédent, cette égalité est donc satisfaite pour n = 4.
De la on peut montrer que c’est aussi le cas pour n € {1, 2, 3}.
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Nous pouvons simplifier et factoriser le polynome Q(E,, (X)) en appliquant
a ses coefficients I’homomorphisme « du degré » v. L’homomorphisme v cor-
respond au choix des parametres de Satake (zg,x1,...,2,) = (1,p,...,p")
(cet homomorphisme décompte le nombre des classes & gauche dans une classe
double). Pour le genre 4 nous énongons la Proposition 2.6 sur la facto-
risation du numérateur dans le cas spécial du Théoréme 2.1 (page
63) :

QL (Ey(X)) = (1 -pX) (1 -p*X) (1 -p°X)* (1 - p'X)
X (1+p°X)(1-p°X)* (1 —p°X)* (1 —p'X) (1 - p°X)
X (1+pX +p*X +20° X + p* X +p° X +20°X +p" X + p®X +p°X?).

Il est plus simple d’obtenir des résultats de ce type dans le cas de genres
inférieurs. En particulier, la Proposition 2.7 (page 63) formule la proposi-
tion précédente pour le genre 3. Nous considérons ’homomorphisme v cor-
respondant aux parametres de Satake (zg,x1, T2, 3) = (1, p, p?, p?). Alors le
polynéme Q(E;) prend la forme suivante :

O (E3(X)) = (1 - pX) (1 = p*X) (1 - p°X) (1 - p*X)
x (14 pX +p*X +p*X +p*X +p°X?).

Il faut noter que cette méthode de calcul est applicable pour n’importe
quel genre fixé. En utilisant cette approche nous calculons la série génératrice
des opérateurs de Hecke pour le groupe Sp;. Le théoréme sur la conjecture
explicite de Shimura pour le genre 3 [PV07, théoreme 2.1, page 178§]
présente ce résultat. Ainsi nous avons retrouvé par une méthode différente la
formule de Miyawaki et de Andrianov :

DO (X) = =2

1—p* (To(p®) + (p* —p+ D)(®* +p+ 1)[ply) X> +p*(p + [, T(p) X*
— " [pl; (T2(p?) + (0 — p+ 1)(p* + p+ 1)[pl;) X* + p[p]; X°,
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F3(X)=1-T(p)X
+p (Ti(@®) + (0 + DTa(0) + (0 + 1)°[pl,) X
—p* (T2(p?) + [p;) T(p)X?
+ % (T2(p) + [Pls(T(p)* — 20T1(p%) — 2(p — )T5(p?)
—(P*+2p = 1)(p* —p+H(P* +p+1)[p)) X"
= P[Pl (T2(p°) + [pl;) T(p) X°
+ 0[Pl (T1(0°) + (0 + T2 (p®) + (0 + 1)°[p];) X°
— PP T(p) X7 +p*p]"X°.
Ce résultat concorde avec celui obtenu pour le genre n = 4 apres I'application

de la projection x4 = 0, autrement dit, apres I'action de 'opérateur de Siegel
de Sp, vers Sps.

La méthode développée s’applique aussi a une plus grande gamme de
séries génératrices. Le théoréme sur ’analogue du Lemme de Rankin
en genre 2 (théoreme 2.8, page 64) fournit pour le genre 2 la résolution
des séries génératrices des convolutions des opérateurs de Hecke. Le résultat
prend la forme d’une fraction rationnelle de polynomes :

ZT(pcS) ® T(pé) X(S _ (1 — P [p] ?(E%X )R(X) ;

5=0
OUR(X) =141 X+ +rpX2et S(X)=1+8X+---+8;X" sont des
polynomes de degré 12 et 16 dont les coefficients sont donnés aux théoreme
2.8. Notez que r; = ry; = 0. Ce résultat répond a la question de Proffeseur
S. Friedberg posée en septembre 2006 lors du colloque « Fonctions zéta » a
Moscou.

Dans la preuve du théoreme 2.8 une étape intermédiaire consiste a établir
Iexpression de Qg)(T(p‘; ), image sphérique de I'opérateur de Hecke T (p°).
Proposition sur I’image de ’opérateur de Hecke T(p’) (proposition
2.9, page 69) :

ng)(T(p‘;)) = — ((1 — 1 2) (pr — 12) xl(éﬂ) + (1 =21 m) (11 — pan) x2(5+1)
1.6

1 — 1) (p—m xz)) P

x (1 =) (1= ) (1 - 2) (31 xg))_l.

— (21— 1) (1 — pay ap) (31 22) OV — (

A Taide de la proposition ci-dessus nous déduisons le Théoréme sur
I’image sphérique du produit des séries génératrices (théoreme 2.10,
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page 72), qui donne le résultat correspondant de la convolution suivante :

i QT () - AP (T (")) X°.

6=0

S’ensuivent quelques remarques concernant la forme explicite de la convo-
lution des séries génératrices. Tout d’abord vient la remarque sur le déno-
minateur (remarque 2.11, page 73) : le dénominateur commun du théoréeme
2.10 est un polynome de degré 16 dont la forme factorisée particulierement
¢élégante :

(1= 209X) (L =2 yo 2 X) (1 — 2090 1n X) (1 — 20 9o 72 X)
X(1—2yy2X) (1 —ayozy1 X) (1 — 20 yo 11 22 X)
X(I=zyom1X)1—mypnnX) (-1 1y2X)
X(I—2mywnpX)1—cywounnnX)d— 1y zpypX)

X (1—zyor 2 y2 X) (1 — 20 yo y1 1292 X) (1 — 2o yo 11 91 22 o X).

Vient ensuite la remarque sur la comparaison avec le genre 1 (remarque
2.12, page 73). Pour le genre 1, I'expression rationnelle est similaire a celle
du genre 2. Le numérateur de genre 2 contient le facteur 1 — z2y2 @ y1 72y X2
de degré deux et il est similaire structurellement au numérateur de genre 1.
Les deux dénominateurs son similaires structurellement :

Y " al(TR") - AT (R)) X°
6=0
1_953?/31'191)(2

(1 —204X) (1 — 2yom X) (1 — 2oyotn X) (1 — Zoyoz1in X)

La troisieme remarque concerne ’équation fonctionelle du dénomi-
nateur au théoréme 2.8 (remarque 2.13, page 74) qui établit un lien entre
les coefficients s; du dénominateur S(X) :

si6-i = (p° [p] @ [p])* s .

Finalement, vient la remarque sur la comparaison avec le genre 1
ol nous utilisons directement des opérateurs de Hecke (remarque
2.14, page 74). Dans le cas du genre 1, la convolution des séries génératrices
peut s’écrire de la facon suivante en utilisant directement des opérateurs de
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Hecke :

i T(p’) ® T(p’) X°
60=0

= (1 -’ T1(p?) @ T1(p°) XQ) (1 —T(p) ® T(p) X+

(pT(p)* @ T1(p*) + pT1(p*) @ T(p)* — 20> T1(p°) ® T1(p)) X*

— P2 T(p)T1(p?) @ T(p)T1(p?)X> + p' T, (p°)° ® Tl(p2)2X4> -

A la fin du chapitre 2 nous présentons les résultats sur le calcul des images
sphériques des séries carrés et cubiques des opérateurs de Hecke de genre 2.

Le troisieme chapitre présente des exemples explicites de formes modu-
laires de Siegel et de fonctions L qui leur sont associées. Le demi-espace de
Siegel de genre n est ’ensemble des matrices complexes symétriques de tailles
n x n dont la partie imaginaire est définie positive :

Y)”:{Z:tZ:X—i—iY:X,YEMn(R),Y>0} .
Le groupe symplectique Sp,,(Z) agit sur ’espace H" de la fagon suivante :
v(Z)=(AZ + B)(CZ + D)™ ",

oty = (48) € Sp,(Z) et Z e H™. Une fonction holomorphe F : " — C
s’appelle une forme modulaire de Siegel de genre n et de poids k sur Sp,,(Z)
si F' satisfait

det(CZ + D) *F(y(2)) = F(Z), Yv € Sp,(Z).

Dans le cas o n = 1, on exige de plus que la fonction F' soit holomorphe en
00. On peut considérer les formes modulaires de Siegel comme des formes a
plusieurs variables, ¢’est-a-dire comme des fonctions spéciales de plusieurs va-
riables complexes. Remarquons que les formes modulaires de Siegel de genre
1 sont les formes modulaires classiques du demi-plan de Poincaré pour le
groupe SLy(Z) = Sp,(Z) et ses sous-groupes de congruence.

Un exemple de sources de formes modulaires de genre n > 1 est le releve-
ment des formes modulaires classiques. Nous discutons de quelques construc-
tions des relevements modulaires et de certaines conjectures. En particulier,
le relevement de Saito-Kurokawa associe aux formes modulaires de genre 1
et de poids 2k — 2, des formes modulaires de genre 2 et de poids k.

Le reléevement d’lkeda donne une méthode de construction des formes
modulaires de genre 2n et de poids k + n a partir des forme modulaires
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de poids 2k, de niveau 1 et de genre 1 (a condition que k et n soient de
méme parité). La méthode d’'Ikeda fournit une formule pour les coefficients
de Fourier de ces formes. Les formes relevées peuvent alors étre étudiées
explicitement.

Les résultats des Sections 2.2 et 2.3 nous permettent de comparer la série

génératrice de Hecke de genre 4 (dans les cordonnés sphériques ug, uy, uz, us,
uy) avec le produit de Rankin de deux séries de Hecke de genre 2 (dans les
coordonnées sphériques g, x1, T2, Yo, Y1, Y2). 1l découle de nos calculs que
les dénominateurs de deux séries coincident. Se basant sur cette égalité, nous
formulons la conjecture suivante :
Conjecture sur un relevement de GSp, x GSp, vers GSp, (Conjecture
3.6, page 82) : soient f et g deux formes modulaires de Siegel de genre 2 et
de poids k > 4 et [ = k — 2. Alors il existe une forme modulaire F' de Siegel
de genre 4 et de poids k avec les parametres de Satake

Yo = P, Y1 = a1, Y2 = o, Y3 = [, Ya = o,

pour un choix approprié des parametres de Satake {«g, a1, an} et {5y, 81, B2}
de f et de g respectivement.

De plus, cette conjecture peut étre généralisée de la maniere suivante :
Conjecture sur un relevement de GSp,,, X GSp,,, vers GSp,,, (Conjec-
ture 3.7, page 83) : soient f et g deux formes modulaires de Siegel de genre
2m et de poids k > 2m et | = k — 2m. Alors il existe une forme modulaire F
de Siegel de genre 4m et de poids k avec les parametres de Satake

Yo = oo, 1= Q1. Y2m = Q2my Vom+l = Bi,. .. y Yam = Bom

pour un choix approprié des parameétres de Satake {ag, vy, ..., a9, } de f et
{507517 cee 7ﬂ2m} de g.

Une conjecture importante a été formulé par Miyawaki en 1992. Il a consi-
déré certaines formes modulaires de Siegel de degré 3. Sur la base de calculs
numériques il a conjecturé 'existence du relevement de certaines formes mo-
dulaires de Siegel de degré r pour obtenir des formes modulaires de Siegel de
degré r + 2n et il a donné une formule pour les fonctions L attachées a ses
formes.

Le résultat principal du troisieme chapitre est le calcul de valeurs spéciales
pour I'exemple de Miyawaki :

Théoreme sur P’algébricité des valeurs spéciales

de fonction L(s, Fis, spin) (théoreme 3.9, page, 100). Pour chaque point
critique s € {12,...,19} la fonction L-spineur associée a forme modulaire
F5 de Miyawaki a ’expression algébrique suivante :

L(s, Fia, spin) = R(s) m® (A, A) (920, 920)
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ou le facteur rationnel R et I'exposant o de 7 sont présentés dans le tableau
3.4.

Les valeurs critiques de la fonction L-spineur L(s, Fia, spin) associée a
F5 sont aussi calculées numériquement de fagon indépendante en utilisant le
script de PARI « Computel » créé par T. Dokchitser. Les valeurs numériques
obtenues par les deux méthodes coincident dans les limites de la précision du
calcul.

Dans la partie finale de la these nous donnons des applications de la théo-
rie exposée au cours des deux premiers chapitres ou nous avons construit des
cryptosystemes algébriques sur les ensembles finis de classes a gauches dans
I’algebre de Hecke. Pour la construction de ces cryptosysteémes nous utili-
sons la relation entre les classes a gauches de certaines classes doubles avec
les points de certaines variétés algébriques. Un exemple d’'une telle variété
est une variété de drapeau sur un corps fini. Dans la construction pratique
de cette correspondance on utilise la forme normale de Smith et la forme
normale d’Hermite des représentantes de classes.

Nous présentons la version projective du cryptosysteme basé sur les mo-
dules de Drinfeld, proposé par Gillard, Leprevost, Panchishkin et Roblot. Les
propriétés projectives assurent une plus grande sécurité pour ce cryptosys-
teme.

La base théorique essentielle de ce travail est présentée dans des ouvrages
fondamentaux tels quels

— Andrianov et Zhuravlev « Modular forms and Hecke operators » [AZ95],

— Martin et Royer « Formes modulaires et périodes » [MRO5],
Miyake « Modular forms » [Miy06],
Serre « Cours d’arithmétique » [Ser77],

— Shimura « Introduction to the arithmetic theory of automorphic func-

tions » [Shi71],

— van der Geer « Siegel modular forms and their applications » [vdGO08],
ainsi que dans quelques articles de Andrianov, Heim, Ikeda, Miyawaki, Pan-
chishkin, Rankin, Shimura, Zagier.

Les résultats principaux de cette these sont publiés dans
— Math. Res. Lett., 14(2), 2007 (cf. [PV0T7]),
— Math. Notes 81 (2007), no. 5-6 (cf. [Van07]),
— arXiv :0805.2114v1 [math.NT] (cf. [CV08]),
— Progress in Mathematics, vol. 269/270 (cf. [PV09)).

Ces résultats ont été présentés au cour de séminaires, dont :
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— a 'Institut Fourier (Grenoble), mai 2006, et
— a I'Institut de Mathématiques de Bordeaux, mars 2007 ;
et au cour de conférences, dont :

— au Colloque International « Diophantine and Analytic Problems in
Number Theory » en I'honneur du centieme anniversaire de Gelfond
a I’Université Lomonossov de Moscou, février 2007,

— au Colloque International « Formes de Jacobi et Applications » (CIRM,
Luminy), mai 2007,

— a la conférence « Grenoble — Clermont 2008 » a 1’Université Blaise
Pascal (Clermont-Ferrand), juin 2008 et

— au Colloque « Weekend de rentrée de I'Institut Fourier 2008 » (Au-
trans), septembre 2008.
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English version

The central objects of the thesis are Siegel modular forms and Hecke
algebras acting on them. Our main objectives are an explicit computation
with generating series of Hecke operators, L-functions (certain Euler products
attached to modular forms) and application to cryptology schemes using
certain algebraic structures related to Hecke algebras: finite sets of double
cosets and related projective varieties over finite fields.

The main result in presented work consists of explicit computation of
the generating power series of Hecke operators in local Hecke algebra for the
symplectic groups of genus 3 and 4. The computation algorithm is based
on the Satake isomorphism allowing to carry out all operations in the alge-
bra of polynomials in multiple variables. Originally, Shimura conjectured in
1963 the rationality of Hecke series of symplectic groups. The explicit form
of polynomials in numerator and denominator was known for two cases of
smallest genus 1 and 2. Shimura’s conjecture was proved by Andrianov in
the series of works at the end of 1960s for an arbitrary genus. In the present
thesis, Theorem on generating series in genus 4 provides the explicit form of
the rational polynomial expression for the summation of Hecke power series
in group Sp,. This is the first time when this expression was computed in
genus 4. The result is published in “Mathematical Notes” (vol. 81, 2007)
[Van07] and “Mathematical Research Letters” (vol. 14, 2007) [PV07].

In order to obtain the main result, the method of symbolic computation
was developed. This algorithmic approach is also applied to other types of
Hecke series. In particular, we formulate and prove the analog of Rankin’s
Lemma in higher genus. We also computed the symmetric squares and sym-
metric cubes generating series. These results are published in “Progress in
Mathematics” (vol. 269-270, 2009) [PV09].

Based on our computational results we formulate a modularity lifting
conjecture for convolutions of L-functions attached to Siegel modular forms.
We review other important conjectures related to Siegel modular forms and
their L-functions. Namely, a Siegel cusp form Fj5 of degree 3 and weight
12, which was constructed by Miyawaki, is considered. Miyawaki computed
some local Euler factors of associated L-functions and he formulated some
remarkable lifting conjectures. Parts of conjectures were proved recently
by Ikeda and Heim. We use these constructions to compute the rational
algebraic factors in critical values of the spinor L-function attached to Fis.
To our knowledge this is the first example of a spinor L-function of Siegel
cusp forms of degree 3, when the special values can be computed explicitly.
The result is verified numerically and independently by using Dokchitser’s
Computel. PARI script within the mathematics software package SAGE.
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Finally, we apply the theory of Hecke algebras to constructions of alge-
braic cryptosystems on some finite sets of left cosets in Hecke algebra. We
use a relation between left cosets and points on certain projective algebraic
varieties.

The thesis contains four chapters. In the first chapter we give the general
information on Hecke algebras and Siegel modular forms. We define the Hecke
algebra for the symplectic group GSp,, and the general linear group GL,.
Then we describe the Satake spherical map, which provides a correspondence
of local Hecke algebra to certain polynomial algebra. A short introduction
on symmetric functions is included into the first chapter. Siegel modular
forms and classical modular forms together with associated L-functions are
discussed at the end of this chapter.

We study the generating power series of Hecke operators in the second
chapter. Let p be a prime. The Hecke operator T(p°) is defined as the formal
sum of all double cosets

TMT C GSp; (Q) = {M € Myn(Q): M J'M = pu(M)J, (M) >0}

with fixed scalar factor u(M) = p°. Here J is the antisymmetric matrix of
order 2n: J,, = (_%L (I): ) and M is the transpose of the matrix M. The group
I is the Siegel modular group

['=Sp,(Z) = {M € GSp,(Q) N Man(Z) : p(M) =1}
The main theorem of the dissertation provides the rational polynomial

expression for the summation of Hecke power series in group Sp,.

Theorem on explicit Shimura’s conjecture for genus 4 (Theorem 2.1,
page 53):

S E,(X)
DY (X) =) T()X’ = =5
0= TN
where Ey(X) = ,3‘:0 ex X" is the polynomial of degree 14 and Fy(X) =

Z,lfzo £, X" is the polynomial of degree 16 with the coefficients ey, and £}, listed
in the theorem.

The proof of the theorem 2.1 is obtained with the use of injective spherical
mapping

Q:Q[T(p), Ty (p?),...,Tn(p*)] — Qlzo, 1, ..., 20|,

where {T'(p), Ty(p?), ..., Tn(p*)} is the basis of the Hecke algebra.
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From the theorem 2.1, the relation follows establishing connection be-
tween polynomial coefficients K}, of the numerator under the spherical map:
Theorem on a functional equation for coefficients of the Satake map
image Q(E4(X)) (Theorem 2.2, page 61):

K14fk(p, $o,x1,x2,x3,x4) =
- - 1 1 1 1 1
= —p (afm1x0w3ms) " K (— ToT1XT3Ty, —, —, — _> ’
P T 1'2 £l33 Ty
k=0,...,14.

More generally, the functional equation for the image of the numerator
QE,(X)) = E(xg,x1,...,Tn, X) corresponding to an arbitrary genus n is
formulated in the Conjecture 2.3 (page 61):

2, .. X2)2"*1—1 1 1 p
E X)) = (1)t T T E(— ..., — L),
(.1'0,1’1, y Ly ) ( ) pn(nfl)/2 xoa 71'717 X

According to the previous theorem, this conjecture is valid in the case when
genus n = 4, and also for n = 1,2, 3.

The polynomial Q(E, (X)) is considerably simplified after applying “the
degree” homomorphism v to its coefficients. The homomorphism v corre-
sponds to the choice of the Satake parameters (xg, z1,...,z,) = (1,p,...,p"),
and it counts the number of left cosets in a given double coset. In the case
of the genus 4 we state the following Proposition 2.6 on special case of
Theorem 2.1 (page 63):

Q,(Es(X)) = (1 = pX) (1 = p*X) (1 = p’X)* (1 = p'X)
X (1+p°X)(1=p°X)* (1= p°X)* (1 —p'X) (1 - p°X)
X (14+pX +p*X +2p° X +p* X + p°X + 20°X +p" X +p°X + p°X?).

It is more simple to obtain the related results for the lower genus. In
particular, the Proposition 2.7 (page 63) formulates the previous proposi-
tion for the genus 3. Consider the degree homomorphism v corresponding
the Satake parameters (zg, z1,Z2,73) = (1,p,p? p®). Then the polynomial
Q(E;3) takes the form

Q,(Bs(X)) = (1 - pX) (1 - p*X) (1 = p’X) (1 - p'X)
x (14+pX +p*X +p°X —|—p4X+p5X2).
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It is worth noting that the developed computation method is applicable
to any fixed genus. Using this method we computed the Hecke power series
for the group Sps;. The Theorem on explicit Shimura’s conjecture for
genus 3 [PV07, theorem 2.1, page 178] formulates the result. Therefore, we
computed alternatively the result of Miyawaki and Andrianov:

3 _
DP¥(X) =2

1—p* (T2(p*) + (P* —p+ V(P> +p+1)[ply) X>+p'(p+ [P, T(p) X®
—p'[pl; (T2(P®) + (0* —p+ 1)(P* + p + 1)[p]y) X* + p"[p]; X,

F3(X) =1-T(p)X
+p (T1(p*) + (° + DTa(p?) + (0 + 1)[p];) X7
—p* (Ta(p 2) [p] ) T(p)X*
6(T2 I5(T(p)* = 2pT1(p") — 2(p — 1) T2(p’)
— (P + 2p - 1)(29 —p+1)@* +p+1)ply)) X"
—9”[ply (T2(p®) + [pl3) T(p)X°
*o5 (T1(0) + (0° + DTao(p”) + (0 + 1)°[p]) X°
— [P T(p) X" + p'[p]' X"
This result agrees with the result for genus n = 4 after applying the projection
x4 = 0 (corresponding to the action of the Siegel operator from Sp, to Sps).

The developed method is also applicable to a wider range of generat-
ing series. The Theorem on analog of Rankin’s Lemma for genus 2
(Theorem 2.8, page 64) provides the resolution of generating series of convo-
lutions of Hecke operators in genus 2. The result is formulated in terms of
the rational polynomial fraction:

= 1—pf XHR(X

ZT(p5> ® T(pé) X6 _ ( p [p] ® [p] ) ( ) ’
S(X)

=0

where R(X) = 1 + 11X + -+ + r15X'? is the polynomial of degree 12 and

S(X)=1+sX+ - +816X' is the polynomial of degree 16 with the coef-

ficients ry and s, given in the Theorem. Note, that ry = r;; = 0. This result
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responds to the question raised by Prof. S. Friedberg during the conference
“Zeta Functions” in September 2006 in Moscow.

As an intermediate step to prove the Theorem 2.8, the expression for the
spherical image of Hecke operator T(p?) is derived.
Proposition on the image of the Hecke operator T(p°) (2.9, page 69):

QECQ)(T(p‘s)) = — <(1 — 1 %) (pr; — 12) $1(6+1) +(1—z13) (11 — pan) x2(5+1)

—Cﬁ—@ﬂl—pM@ﬂmwﬂ””—Cﬁ—@ﬂp—M@Dp%%

X ((1 —2) (1 —2) (1 — 2 22) (11 — 3:2)>1.

With the help of the above proposition we derive the Theorem on
spherical image of generating series product (Theorem 2.10, page 72),
which gives the related result for the following convolution:

3 QO(T(R) - Q(T(R’) X°.
6=0

There are few remarks related to the explicit form of the power series
convolution. First, Remark on the denominator (Remark 2.11, page 73):
the common denominator in the theorem 2.10 has a clear and simple factored
form of the following polynomial of degree 16:

(T =20 9%X) (1 =20 yo 21 X) (1 — 20 yo 11 X) (1 — 20 0 22 X)
X(I=mywpX)I-—mypunnX)1—1xynnX)

X (T=ayom 2 X) (1 — 2090y 22 X) (1 — 20 yo 1 y2 X)
X(1—2ypxy2 X) (1 — a0 yox1 y1 12 X) (1 — 2 Yo 21 y1 12 X)

X (I —=moyom mys X) (1 — 2090 y1 2292 X) (1 — 20 yo 71 91 22 42 X).

Second, Remark on comparison with genus 1 (Remark 2.12, page 73).
In the case of genus 1, the rational expression is similar to the genus 2. The
numerator of genus 2 contains the factor of degree two (1 — 2y 111129 X?),
which is structurally similar to the numerator of the genus 1. Both denomi-
nators are structurally similar:

> al(TE’))  o)(T(R’) X°
6=0

1_553%2351?11)(2

(1 —204X) (1 — 2yom X) (1 — 2oyotn X) (1 — Zoyozin X)
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Third, Remark on the functional equation for denominator of
Th.2.8 (Remark 2.13, page 74). There is an obvious functional equation for
the coefficients s; of the denominator S(X):

si6—i = (p° [p] @ [P])*'s; .

Finally, Remark on comparison with genus 1 in terms of Hecke
operators (Remark 2.14, page 74). In the case of genus 1, the Hecke power
series convolution is written in terms of Hecke operators as following:

T(p’) ® T(p°) X°

NE

(=%}
I

0
= (1-P" ") © Tu(?) X2) (1 - T(p) © T(p) X+

(pT(p)* @ T1(p*) + pT1(p*) @ T(p)* — 20> T1(p°) ® T1(p*)) X*

— PP T(p)T1(p*) @ T(p)T1 (p)X* + p' Ta(p?)" ® Tl(p2)2X4) -

At the end of the chapter 2 we present the results of computing the

spherical images of symmetric squares and cubes of the Hecke operators in
genus 2.

The third chapter presents the explicit examples of Siegel modular forms
and L-functions attached to them. The Siegel upper half space in genus
n is the set of all n x n complex symmetric matrices with positive-definite
imaginary part:

' ={Z="7=X+iV:X,Y € M,(R),Y >0} .
The symplectic group Sp,,(Z) acts on the space H" as
v(Z)=(AZ+ B)(CZ+ D)™ ",

wherey = (4 8) € Sp,(Z) and Z € $H™. A holomorphic function F' : " — C
is called a genus n Siegel modular form of weight k on Sp,,(Z) if F satisfies

det(CZ + D)™*F(y(2)) = F(Z), Yy € Sp,(7Z).

In the case of n = 1, it is also required that F' is holomorphic at co. Siegel
modular forms can be thought of as multivariate modular forms, i.e. as special
functions of several complex variables. On the other hand, Siegel modular
forms of genus 1 are classical modular forms on the upper half plane for the
group SLo(Z) = Sp,(Z) and its congruence subgroups.
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One source of modular forms of higher genus is lifting from classical mod-
ular forms (of genus 1). We discuss several modular lifting constructions and
conjectures. In particular, the Saito-Kurokawa lifting provides the source of
modular form of degree 2 and weight k, which are lifted from genus 1 modular
forms of weight 2k — 2.

The Ikeda lifting provides the constructive source of degree 2n modular
forms of weight k + n, where 2k is the weight of some classical modular form
(with condition of the same parity k& and n). Ikeda’s method gives a formula
for the Fourier coefficients, therefore the lifted form can be studied explicitly.

Our results from Sections 2.2 and 2.3 make it possible to compare the

Hecke series of genus 4 (in spherical coordinates ug, uy, ug, us, us) with the
Rankin product of two Hecke series of genus 2 (in spherical coordinates xy,
x1, T2, Yo, Y1, Y2). It follows from our computation that the denominator of
one series coincides with the denominator of the other one. On the basis of
this equality we formulate the following conjecture:
Conjecture on a lifting from GSp, x GSp, to GSp, (Conjecture 3.6, page
82): Let f and g be two Siegel modular forms of genus 2 and of weights k > 4
and [ = k — 2. Then there exists a Siegel modular form F' of genus 4 and of
weight k with the Satake parameters

Yo = o, V1 =i, Y2 = o, Y3 = Bi, Y4 = o,

for a suitable choice of Satake parameters {ag, a1, as} and {5, B1, B2} of f
and g correspondingly.

Moreover, this conjecture can be generalized as follows:
Conjecture on a lifting from GSp,,, x GSp,,, to GSp,,, (Conjecture
3.7, page 83): Let f and g be two Siegel modular forms of genus 2m and of
weights £ > 2m and | = k — 2m. Then there exists a Siegel modular form F'
of genus 4m and of weight k£ with the Satake parameters

Yo = apBo, T = A1, Yom = Q2m,y VYom4l = B, - y Vam = Bom,

for a suitable choice of Satake parameters {ag, a1, ..., as,} of the modular
form f and {By, 51, - .., Pom} of the form g.

The important conjecture was made by Miyawaki in 1992. He considered
certain Siegel modular forms of degree 3, and on the basis of some numerical
calculations, he suggested the lifting from Siegel modular forms of degree r to
Siegel modular forms of degree r + 2n and provided formulae for L-functions
attached to such forms.

The main result of this chapter is related to the computation of special
values for Miyawaki’s example.
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Theorem on algebraic expression for L(s, Fiy, spin) (Theorem 3.9, page
100). For each critical point s € {12,...,19} the value of the spinor L-
function associated to Miyawaki’s modular form Fi, is given by the following
algebraic expression

L(s, Fia, spin) = R(s) m® (A, A) (920, 920)

where the rational factor R and the corresponding power « of 7 are listed in
the Table 3.4, page 101.

The critical values of L(s, Fi2, spin) are also computed numerically and
independently using Dokchitser’s PARI scrip Computel. within the mathe-
matics software package SAGE. The numerical values in both methods coin-
cide within the computing precision.

The final part of the dissertation is devoted to applications of the first two
chapters to the construction of algebraic cryptosystems based on the finite
sets of left cosets in Hecke algebra. In order to construct this cryptosystems
we use the relation between the left cosets of certain double cosets with the
points on some algebraic varieties, such as a flag varieties over final fields. For
the practical construction of this correspondence, one has to use the Smith
normal form and the Hermite normal form of the matices representing the
cosets.

We provide a projective version of the cryptosystem based on Drinfeld
modules, which was proposed by Gillard, Leprevost, Panchishkin and Roblot
[GLPRO03]. The projective properties provide an additional security to the
cryptosystem.

The essential theoretical background for the presented work is given by
the fundamental books

— Andrianov and Zhuravlev “Modular forms and Hecke operators” [AZ95],
— Martin and Royer “Formes modulaires et périodes” [MRO5],

— Miyake “Modular forms” [Miy06],

Serre “Cours d’arithmétique” [Ser77],

Shimura “Introduction to the arithmetic theory of automorphic func-
tions” [Shi71],

— van der Geer “Siegel modular forms and their applications” [vdG08],
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as well as by the several articles by Andrianov, Heim, Ikeda, Miyawaki, Pan-
chishkin, Rankin, Shimura, Zagier.

Main results of the Thesis are published in
— Math. Res. Lett., 14(2), 2007 (cf. [PV07]),
— Math. Notes 81 (2007), no. 56 (cf. [Van07]) and in

arXiv:0805.2114v1 [math.NT] (cf. [CV08]),

Progress in Mathematics, vol. 269/270 (cf. [PV09]).

These results were presented at several seminars and conferences:
— seminar of the Fourier Institute in Grenoble in May 2006,
— seminar of the Institute of Mathematics in Bordeaux in March 2007,

— International Conference “Diophantine and Analytic Problems in Num-
ber Theory” for the 100th anniversary of Gelfond at Moscow State Uni-
versity in February 2007,

— International conference “Jacobi forms and Applications” in CIRM, Lu-
miny, in May 2007,

— Workshop “Grenoble—Clermont—2008" at the University Blaise Pascal
in Clermont-Ferrand in June 2008 and

— the conference in Autrans “Weekend de rentrée de U'Institut Fourier
2008” in September 2008.



28 Introduction




tel-00349767, version 1 - 4 Jan 2009

Notations

N ={1,2,...} is the set of natural numbers;
7 is the ring of rational integers;

Q is the field of rational numbers;

Q" =Q\ {0}

R is the field of real numbers;

C is the field of complex numbers;

C =C\{0};

I,, is the identity matrix of order n;

. . . : n In
J, is the antisymmetric matrix of order 2n: J,, = <_OI 0 );
M is the transpose of the matrix M;
Tr(M) is the trace of the matrix M;
M > 0 means that M is a positive definite matrix;

M, (K) is the set of n x n-matrices with entries in K

The group of positive symplectic similitudes:
GSpH(Q) = {M € My, (Q) : M JM = pu(M)J , u(M) >0 };

Siegel modular group of genus n:

Sp,(Z) = {M € M,(Z) : M JM = J};

The general linear group of degree n over K:
GL,(K) is the group of n X n invertible matrices with entries in K;
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Notations

The special linear group of degree n over K:
SL,(K) ={M € GL,(K) : det(M) = 1};

(M ) = I'MT is the double coset modulo the group I’

The upper half plane:
H={2€C:J(z) > 0};

The Siegel upper half space:
N ={Z="7=X+iY : XY € M,(R), Y > 0};
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Chapter 1

Preliminaries on Hecke algebras
and Siegel modular forms

1.1 Hecke algebras

For any subgroup I' of a semigroup S consider the Q-vector space formally
generated by all left cosets I'M of M € S

Lo(0,8) = { D a;(TM;) : M; €8, a; € Qf (1.1)

Let us assume, that any double coset (M ) = ['MT C S consists of a finite
union of left cosets of elements M; of I'MT', modulo T’

K(M)
(M) = \J TM;  (K(M) = #{I\[MT}), (1.2)
also we write
(M)= > TI'M;. (1.3)
M;er\I'MT

We define the abstract Hecke algebra Lo(T,S) = Lg(T, S)' as Q-vector space
of elements of Lg(I',S) fixed by the action of I' to the right. Double cosets
(M ) representing I'\S/T", form the basis of Lg; we define their product as
K(M) K(N)
(M) - (N) = > (M) Y (TN;) = D (TM.N;), (1.4)

i=1 j=1 %,J

which can be written as Z,i(:(iVLN) ay (Tk) for suitable double cosets (Tk),
coefficients ay are integer numbers > 1. Due to bilinearity this product
belongs to Lo(I', S).
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1.1.1 Hecke algebra for Sp,

We denote by I,, the identity matrix of order n, and by .J,, the antisymmetric

matrix of order 2n
Jo=( O I (1.5)
m\ -1, 0, ) ’

Let us consider the group of positive symplectic similitudes
S = GSp, (Q) = {M € My,(Q) : 'MJ, M = p(M)J,, u(M) >0}, (16)

where ‘M is a transpose matrix of M. The rational number u(M) > 0 is
called the scalar factor of the similitude M.
Let
I'=Sp,(Z)={M €SN My, (Z): (M) =1} (1.7)

be the Siegel modular group of genus n. We denote double cosets by
(M) =TMTI CS (for M €8). (1.8)

The following proposition allows us to introduce a useful parametrization
of the symplectic factors.

PROPOSITION 1.1 (LEMMA 3.6 [AZ95]) Each double coset (M) = TMT,
where M € S contains a unique representative of the following diagonal ma-
triz form

sd(M) = diag(dy,...,dn;€1,...,65),
and di,e; € Ly, die; = pu(M) (i,5=1,...,n), di|---|dnlen] -~ |e1-
We call the object sd(M) the matriz symplectic factor of the matrix M and
the numbers d; = d;(M) and e; = ¢;(M) for all i = 1,...,n the symplectic
factors of the matrix M.

For each scalar factor p (which is a strictly positive integer), we define
the ensemble SD,, (i) of the following integer positive marices

SD,, (p) = {diag(dy,...,dp;e1,...,e,)} (1.9)

where dy|---|dy,|e,| - |e1, d;, e; € Zy, such that die; = p (4,5 =1,...,n).
We denote by T'(u) the Hecke operator

T(p)= Y. (M). (1.10)
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PROPOSITION 1.2 (LEMMA 3.10 [AZ95]) The operator T'(j) can be pre-
sented as a finite union of the left cosets

T(p= ) (TM).

MeT\S
w(M)=p

The following proposition gives a practical form for explicit computation
of the sum, which appears in the Proposition 1.2 (one can factor the number
1 by the powers of primes; then for each factor the sum of elements of the
corresponding local algebra can be written).

PROPOSITION 1.3 (LEMMA 3.11 [AZ95]) Each left coset T'M, where M €
S contains a unique representative of the form

A B\ (wuMD*' B
0 D) 0 D )’
where the left coset of D modulo GL,, depends only on the double coset (M) =
I'MT and B belongs to the fixed residue class of D
B(D)={B € M,(Z) : 'BD ="DB}

B=B" (mod D)< (B—-B)D™* e M,(7Z). (1.11)

The double coset with the fixed representative diag(dy, ..., dp; €1, ..., €,) =
sd(M) we denote by

T(dy,...,dp;er,... e,) = (diag(dl,...,dn;el,...,en)) = (sd(M)), (1.12)

as the particular Hecke operator.
Let p be a prime. The local Hecke algebra over Z (a commutative ring)

L.z = Z[T(p), T1(p*), ..., Tpn(p?)] (1.13)
is defined by the following n + 1 Hecke operators

T(p):=T(,...,1,p,...,p),
S—— ——

2 " " 2 2 , (1.14)
T.(p?):=T{,....,L,p,...,p,0°...,p°p,...,0),i=1,...,n,

n—i % n—i i

which form the basis of the algebra. We use the common notation [p], (or
just [p] if the context of n is clear) for the scalar Hecke operator T, (p?)

Pl = [pl, = Ta(p®) = (pl2n).
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For the above introduced basis Hecke operators the matrix representations
are as follows:

T(p) =T ( o p(]’n > r, (1.15)
and fori=1,...,n
Ini 0 0 0
T,(p?) =T 8 pé" pQ?M 8 I. (1.16)

1.1.2 Hecke algebra for GL,,.

Let G = GL,(Q) and A = GL,(Z). We define the correspondent local Hecke
algebra for general linear group Ho(A,G) = Lo(A,G)*. This algebra is
generated by n basis operators:

T =mi(p) = (diag(1,...,1,p,...,p)), 1 <i<n. (1.17)
PROPOSITION 1.4 (LEMMA 2.7 AND EQUATION (2.36) [AZ95]) FEach left
coset Ag (g € G) contains a unique representative of the form

01

p Ci2 '+ Cin

o2 ...
O p 62" , where &y,...,0, €Z and 0 < ¢y < p% . (1.18)
0 0 --- pdn

Here it is necessary to introduce other elements of the algabra Ho(A, G),
in relation to the product of generators m;(p), and which we use (cf. §1.2.2) in
the definition of the spherical mapping below for Sp,,; these elements appear
in the formula for the product of generators ;.

[nfafﬂ 0 0
Top = Tap(P) = 0 pla 0 . (1.19)
O O p2[5

Actually, the development in the Hecke algebra for GL,, the product of two
generators m; and 7;, where 1 <7, j < n, is written as:

Patij—b(P)
7Ti7T' = —Waﬁ"*b,b , (120)
: ogg_j va(P)pj-s(p)
0Oy

a+b=1
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where

or(v)=@w—-1)0w*=1)---(v"—1) forr > 1 (1.21)
and ¢o(v) = 1.

1.2 Spherical map

There are several methods for constructing the map of the Hecke algebra to
the polynomial ring. Here, we refer to the classical and fundamental book
by Andrianov and Zhuravlev [AZ95] (or its first edition [And87]), where the
Hecke algebra is represented in terms of double cosets and their decomposi-
tion to the left cosets. The spherical map is a very effective research tool in
the Hecke algebras. It allows us to perform the copmutation in the polyno-
mial ring, where the operation of multiplication is much simpler in realization
than in the ring of the matrix double cosets.

1.2.1 The case of the general linear group

In the case of the group GL,, the spherical map
w : Ho(A,G) = Q[zy,. .., 2, (1.22)

is defined for the representatives of the left cosets of the form (1.18) as

n

w(rg) = [ [z, (1.23)

i=1

so the image of an arbitrary element t = Zf(t) a;(Ag;) € Hg(A, G) is given
in the form of finite linear combination of the left cosets Ag; which is written
as

w(t) =Y aw(Ag) =Y a; [ Jxip™)". (1.24)
J J =1
This map is injecting since the diagonal (p°,...,p°") of the matrix (1.18) is
defined uniquely by the left coset due to the Proposition 1.4.
The Lemma 2.21, Chapter 3 in [AZ95] gives explicit formule for the images

of basis elements (1.17) under the spherical map in the case of the Hecke
algebra for GL,,:

_ i+

w(m(p)=p 2 elzy,...,x,) (1<i<n), (1.25)
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where

ei(Ty, ..., xy) = Z Toy * Lo, (1.26)

1< < <a;<n

is the i-th elementary symmetrical polynomial (see the section 1.3).

1.2.2 The case of the symplectic group

The definition of the spherical map in the case of the symplectic Hecke algebra
Sp,, is based on the definition of the spherical map in the case of the group
GL,. Let us consider an arbitrary element (a double coset) T' € L,z as a
finite linear combination of the left cosets:

T =) b;(TM;), with p(M;)=p%. (1.27)
J
We can choose the representatives for the left cosets according to the Propo-
sition 1.3: 5
_ (p¥D; B
I'M; = ( 0 Dj) , (1.28)

where D} = tDj_1 and the matrix D, is an upper triangular:

p%j *
Y25
R (129
0 Ce 0 p’Ynj
The spherical map €2 is defined as follows:
AT) =Y bzgw(AD;). (1.30)
J

Using Andrianov’s method (see page 146 of [AZ95]) one can obtain the
principal formulae for spherical images of basis Hecke operators::

n

Q(T(p)) = Zmoei(a:l, cy Ty) = T H(l +x;),

= (1.31)
QUTi(p*) = Y P00 — i, a)xdw(man(p))
a+b<n
az>i

where the coefficient [,(r, a) gives the number of symmetrical marices of the
size a X a and rank r over the field of p elements. This coefficient can be
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computed using the recursive formula (6.79) in [AZ95] (page 214, Chapter 3,
§6):

(o ©a(p)
bira) = b, )sor(p)%_r(p)’ (1.32)

(the function ¢,(v) is given by the formula (1.21)).

1.3 Symmetric polynomials

Due to the spherical map, manipulations with elements of the Hecke algebra
can be carried out in the polynomial ring. Here we recall the basic definitions
and properties of symmetric functions. The theory of symmetric functions
of several variables is described in the book “Symmetric functions and Hall
polynomials” by Macdonald [Mac95]. Most of the definitions were taken
from there. In the theory of symmetric functions, the number of variables is
usually irrelevant, provided only that it is large enough, and it is often more
convenient to work with symmetric functions in infinitely many variables.

The symmetric group S,, is a group of n! permutations of the final set of
integers {1,2,...,n}. For all n > 0, the group S,, can be injected into S,, for
any m > n since one can consider S,, as a subgroup of S,, by adding to all
parmutations 7 € S,, fixed points n + 1,7 + 2,..., m. Bearing in mind this
injection S,, < S,,, one can define the group S, of all permutations of the
set of all positive integers, which permutes the finite number of them:

i>0

Let us consider the ring of polynomials Z[z1,...,x,] of n independent
variables with integer coefficients. The symmetric group S, acts on polyno-
mials of n variables f € Z[z1,...,x,] by permuting the variables x1,..., z,:
of(x1,...,20) = f(To@)s- - To(m)), Where o € S,,.

The polynomial f € Z[xy,...,x,] is symmetric if f is an invariant under
the action of the group S,,, or Vr € S,, = «nf = f.

The symmetric polynomials form the subring A,, = Z[x, ..., z,]5".

Let x = {1, xs,...} be a set of commutative variables, which we call an
alphabyte.
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1.3.1 Elementary symmetric polynomials

The elementary symmetric functions e.(x) are defined via the following gen-
erating series (¢ being another variable):

Ey(x) =) te,(x) = [J(1 +:t). (1.33)

r>0 i>1
If the number of variables is finite, say n, then e, is zero for all » > n, and
the previous formula takes the form

n

> e (x) =[]+t (1.34)

i=1

Similar remarks will obviously apply to many subsequent formulae and will
be omitted. For example, if x = {21, z9, x3} one has

e1(x) = x1 + x2 + 3,

e2(X) = T1x9 + 1173 + Tox3,
e3(X) = 117973,

eq(x) =0.

1.3.2 Complete symmetric functions

The complete symmetric functions h,(x) are defined via the generating series:

Hy(x) = t"hy(x)=[J(1—at)". (1.35)

r>0 i>1

For example, if x = {x, 29, 3}, one has

hl(X) = T =+ T2 +ZL‘3,
hQ(X) = .%% + l’% + iE?)) + 21T2 + T1X3 + T3,

3 3 3 2 2 2 2 2 2
hs(x) = a7 + x5 + o5 + 270 + 2703 + X105 + T5x5 + X105 + Tk + T1TaTs .

In particular, hg = 1, hy = e;.

1.3.3 Power sums

The power sums p,(x) are defined via the generating series:

Px) =Y t"'p(x) = > w1 —ait)". (1.36)

r>0 i>1
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For example, if x = {x1, 25, x3}, one has

p(X) =21 + 29 + 3,

pa(X) :w%+x§+w§.

A partition is a sequence of ordered positive integers (called “parts of
the partition”) A = {A;, Ao, ..., A Ay = Ao = -+ > A}, We also write
A= (121292 ) where ¢; is a number of parts A\, which are equal to i. The
weight of X is |A| := >, A\x and its length is the total number of the parts
U(N) =r.

With each partition A = (1*12%2 .. .) we associate the following elements:

— p%1 02
ex=ej'ey’ ...,

hy=h{'hy? ...,
Pa=pIpst. ...

1.3.4 Monomial symmetric functions

For each a = (o, ..., a;,) € N* we denote the monomial z{* - -z by x®.
If A ={A1, A2, ..., A\, } is a partition of the length n, the monomial symmet-

ric function my(x) is defined as the sum of all permutations of monomial

variables x* =z} - - 2

ma(x) =Y x"V. (1.37)

TI'ESn
For example, if x = {x1, 29, 23},

le(X) = T129 + 173 + T3,
ma(x) = @i + 23 + a3,

2 2 2, 2 2 2
mao1(X) =TTy + Tix3 + 1105 + T53x3 + T105 + Toxs

1.3.5 Schur functions

Let us consider a finite number n of variables, x = (xy,...,x,). Let A =
(A1,...,Ar) € Z" be any (not necessary a partition) r-tuple of nonnegative
integers. Consider the monomial x* = xi\l ---x and the polynomial a,,

which is obtained by antisymmetrizing x*, that is:

o = ao(T1,.. ., ) = Y £(w) - w(x), (1.38)

L/JESn
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where ¢(w) is the sign (£1) of the permutation w. The polynomial a, is
skew-symmetric, i.e. w(a,) = €(w)a, for any w € S,; in particular, therefore
a, vanishes if there are two a; = o (i # j). Hence, we may also assume that
ap > g > ... > a, = 0. Then @« = A 4 6§, where )\ is a partition of length
not greater then n, and § = (n — 1,n —2,...,1,0). Finally, a, = a)ys can
be written as a determinant:

Ayys = Ze(w) w(xM0) = det(a:jﬁn_j) , where 1 <i,7<n. (1.39)
w€eS

Since a, changes sign when the variables z; and z; are interchanged, a,
vanishes at x; = x; and is therefore divisible by x; —x; for all ¢ # j. Therefore
a,, is divisible by the Vandermonde determinant

[T @i—=))=det(@!)=as. (1.40)

1<i<j<n

So a,, is divisible by as, and the quotient

Sx :s,\(xl,...,xn) = CL)\+5/CL5 (141)

is symmetric and is called the symmetric Schur function.

Each Schur function sy can be expressed as a polynomial in the elemen-
tary symmetric functions e,, and as a polynomial in the complete symmetric
functions h,.:

sx = det(ex—i4j)1<ij<m » (1.42)
where m > ¢()\'), and
sx = det(ha,—itj)1<ij<n ; (1.43)

where m > (()\), hy =0 for k < 0.

1.4 Siegel modular forms

1.4.1 Classical modular forms

First, we recall the basic definitions. The complex upper half-plane is denoted
by
H={2€C:3(2) > 0}. (1.44)

The modular group

SLy(Z) = {(Z Z) ca,b,c,d € Z,ad — bec = 1} (1.45)
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acts on the upper half plane $) via linear fractional transformations as follows.
Consider v = (24) € SLy(Z). For any z € § we put

az+b
&)=, €9 (1.46)

Now consider a congruence subgroup of SLy(Z). Congruence subgroups
play an important role in the theory of modular forms. A congruence sub-
group of a matrix group with integer entries is a subgroup with congruence
conditions on the matrix entries.

DEFINITION 1.5 (PRINCIPAL CONGRUENCE SUBGROUP OF LEVEL N)

Let N be a positive integer. The principal congruence subgroup of level
N is

T(N) = {(Z Z) € SLy(Z) : <Z Z) = (é (1)) (mod N)} .

DEFINITION 1.6 (CONGRUENCE SUBGROUP OF LEVEL N)
A congruence subgroup I of SLy(Z) is any subgroup of SLe(Z) that con-
tains T'(N) for some positive N € Z, in which case T is a congruence subgroup

of level N.

The most important congruence subgroups are

;(3 :) (mod N)}, (1.47)

where * means any integer, and

Ty (N) = {(‘C‘ Z) € SLy(Z) - (‘é Z) = (é ‘{) (mod N)} C(148)

Obviously,
['(N) CT'1(N) CTh(N) C SLe(Z). (1.49)

Let k be an integer. Define the weight k right action of SLy(Z) on the set
of all functions f : $§ — C as

(flen)(2) = (cz + d) ™ f(4(2)), where v = (¢ ) € SL2(Z) . (1.50)

DEFINITION 1.7 (MODULAR FORM) A modular form of integer weight k
of level N for a congruence subgroup I' is a holomorphic on $ U oo as well
as at all cusps of T function f : $ — C such that flyy = f for ally € T.
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We denote the space of modular forms of weight k for I' by My (T') . Every
element f of My(I") has a Fourier expansion

[e.9]

f(z) = Zan e?minz (1.51)

n=0

with complex coefficients a,. Often it is more convenient to write these series
in terms of “g-expansion” with ¢ = e?7*

F2)=> anq". (1.52)

DEFINITION 1.8 (CUSP FORM) A cusp form is a modular form that van-
ishes at oo, i.e. the Fourier coefficient ag = 0.

We denote the space of cusp forms of weight k for I' by Si(T).
More generally, for a positive integer k£ and a Dirichlet character y modulo
a positive integer N such that x(—1) = (=1)*, the holomorphic modular form
f(z) satisfy
F(1(2)) = x(d) (cz + d)* f(2) (1.53)

for all v = (¢}%) € . We denote the space of such forms by M (T, x).

1.4.2 Siegel Modular Forms

We turn now to the case of higher genus. The Siegel upper half space in genus
n is the set of all n x n complex symmetric matrices with positive-definite
imaginary part:

' ={Z="7=X+iV:X,Y € M,(R),Y >0} . (1.54)
The symplectic group (1.7)

Sp,(Z) = {M € My (Z) : M J'M = J} for J, = (_O; é") (1.55)

acts on the space H" as
v(Z)=(AZ + B)(CZ+ D)™, (1.56)

where v = (4 5) € Sp,,(Z) and Z € $H™. For such v we define the weight k €
Z right action of Sp,(Z) on the set of all functions F': ™ — C similarly to
(1.50) as

(Flex)(Z) = det(CZ + D) *F(1(2)) (1.57)
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DEFINITION 1.9 (SIEGEL MODULAR FORM)
A holomorphic function F : H™ — C is called a genus n Siegel modular

form of weight k on Sp, (Z) if F' satisfies
(Fliy)(Z2) = F(Z), Vv €Sp,(Z). (1.58)
In the case of n = 1, we also require that F' is holomorphic at co.

REMARK 1.10 The holomorphy condition is required only for forms of genus
n =1, since for n > 2, this condition is a consequence of the definition due
to the Koecher principle [vdGO08, Theorem 2]. The theorem states that if F
is a Siegel modular form of weight k and degree n > 1, then F' is bounded
on subsets of §" of the form {Z € H™ : X(Z) > el,.}, where e > 0. Corollary
to this theorem 1is that Siegel modular forms of degree n > 1 have Fourier
expansions and are thus holomorphic at infinity.

We denote the vector space of Siegel modular forms of weight k£ with genus
n on Sp,(Z) by My(Sp,(Z)).

Siegel modular forms can be thought of as multivariate modular forms,
i.e. as special functions of several complex variables. On the other hand,
Siegel modular forms of genus 1 are classical modular forms on the upper
half plane which transform under SLy(7Z).

In the formal Fourier expansion of a Siegel modular form

F(Z)=> a(N)¢" (1.59)

NeB
the symbol
g = 2miTNZ) (1.60)
is used, where
B={MeM,(Q): M="M, M >0, M half-integral } (1.61)

and Tr(M) means the trace of the matrix M; a symmetric n X n-matrix
M € GL,(Q) is called half-integral if 2M is an integral matrix with the even
diagonal entries.

1.5 Satake parameters, L-functions

1.5.1 Hecke L-functions

The space of modular forms M(T") is a finite dimensional vector space over C
upon which various linear operators act. In terms of characterizing modular
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forms, the Hecke operators are an important family of such operators. In
the genus 1 case, the Hecke algebra consists of operators T'(n) for all positive
n € 7.

Suppose that f(z) = Z a(m) g™ € My is an eigenvector of all the Hecke
m=0
operators T'(n), i.e.

fIeT(n) = A f - Vn (1.62)

for some complex numbers \,,. Then this modular form f can be normalized
in such a way, that its Fourier coefficient a(1) = 1. We call a modular form
satisfying this condition a Hecke form, or a normalized Hecke eigenform. The
important property for such modular forms is that the sequence of Fourier
coefficients {a(n)} is multiplicative, i.e. a(1) = 1 and a(nm) = a(n)a(m)
whenever n and m are coprime.

The natural way to investigate a multiplicative function n — a(n) is to

form the Dirichlet series Z a(m)m™°, the point is that the multiplicative
m=1

property implies that a(pi*---p;') = a(pl')---a(p;') and hence that this

Dirichlet series has an Euler product H (Z a(p”)p™"*

p prime \r>0

DEFINITION 1.11 The Hecke L-series of a modular form f with Fourier
expansion f(z) =>""_,a(m)q™ € My is

L(s,f) =) % (1.63)

If f is a Hecke eigenform we have an Euler product

s T (14420 )

p prime

because the coefficients a(m) are multiplicative. In the section 2.1 below we
shall see that the summation ) -, a(p") p~" resolves into the polynomial
fraction, therefore the Euler product for the Hecke eigenform of weight k
takes the following form:

L(s.f)= ][ 1_a(p)p_ls+pk_1_28. (1.65)

p prime

L-series converge in a half plane and define functions with useful analytic
properties, such as functional equation and growth estimation of the coeffi-
cients.
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For Siegel modular forms of genus n = 1 (classical modular forms on
SLy(Z)) which are simultaneous eigenforms of all the Hecke operators, the
associated L-function determines the form up to a constant multiple. It is
unknown if such an L-function exists for similar forms of genus n > 2.

1.5.2 Satake parameters

A study of spinor and standard zeta functions naturally leads to a study of
Satake p-parameters, an invariant related to Siegel modular forms. There are
several important facts related to the definition of the Satake parameters, see

[And77] for details:

> The Hecke algebra for symplectic group (see Section 1.1.1) can be pre-
sented as a direct product of local p algebras L,, over all primes p.

> There is an isomorphism Homg (L, C) = (C*)"*1 /W, where W is the

Weyl group.

> The Weyl group W has an action on (n + 1)-tuples (xq, z1,...,z,) €
(C*)"*! which is generated by all permutations of n elements 1, ..., z,
and by maps (2o, T1,...,Ti,...,T,) +— (Toxs,T1,...,2; ..., 1,) for
1 =1 ton.

> For a given simultaneous eigenform f of all Hecke operators T € L,
with respective eigenvalues A;(T), the map T +— Af(T) is an element
of Home(L,, C).

DEFINITION 1.12 (SATAKE PARAMETERS)

The Satake p-parameters associated to the eigenform f € My (Sp, (7))
are the elements of the (n + 1)-tuple, (g, sy, ..., a,) € (C)" /W, which
is the image of the map T +— A¢(T') under the isomorphism Home (L, C) =
(CHm /W

Note, these parameters depend on prime p but in order to simplify the nota-
tions we do not express this relation directly (by placing p as an indice, for
example) since in most cases we will fix the prime p and consider the local
factor.

The Satake parameters satisfy the relation

Q2o -y, = prrn /2 (1.66)

Examples:
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1. If f is the Siegel-Eisenstein series of weight k& genus n then the Satake
p-parameters are: g =1, oy =p* fori=1,...,n.

2. If f = > 70" a(n) ¢" € Sp(SLy(Z)) is a normalized Hecke eigenform

and if we write a(p) = [+ [ with ﬁ_ﬁ = ph-1 then the choice of Satake
parameters could be ag = 3, oy = 3/ or ag = 3, ay = 3/[5.

1.5.3 L-functions of Siegel modular forms

For Siegel modular forms of genus n > 2, many complications arise concern-
ing the Hecke theory and L-functions. Specifically, the basis of the Hecke
algebra grows; the analogous T'(p) operators are no longer sufficient to gener-
ate the associated Hecke algebra. Thus, it is unclear if the Hecke eigenvalues
Ar(p) will characterize the associated eigenform for genus n > 2. Instead,
we examine the Satake parameters because they contain information about
all the Hecke eigenvalues. In particular, the Satake p-parameters completely
determine the eigenvalues A\g(p). Moreover, for eigenforms of genus 1, know-
ing the Satake p-parameters is equivalent to knowing the eigenvalues Ag(p).
Therefore, genus 1 eigenforms are determined up to a constant multiple by
their Satake p-parameters for almost all primes p.

Our comments on L-functions of Siegel modular forms of arbitrary genus
are, as next. Primarily, the Fourier coefficients of Siegel modular forms of
genus n > 2 are attached to matrices (rather than integers) making it difficult
to embed the Fourier coefficients into an L-function. Thus, there are spinor
zeta function and standard zeta function that are defined by an Euler product
construction instead of a Fourier coefficient construction. While in general
it is difficult to determine if these L-functions characterize the associated
eigenform, we do know that the spinor and standard zeta function in genus
1 determine the associated eigenform up to the normalization.

Let F' € M(Sp,,(Z)) be a simultaneous eigenform for all Hecke operators
in £,, and {ay,...,a,} be the Satake p-parameters of F. Define

QrpX)=1-aoX) [ JI - 00 X). (1.67)
r=1 1<i1 < <ir<n
The spinor L-function attached to the Siegel modular form F is
-1
L(s, Fyspin) = T[] (Qrolr™)) (1.68)
p prime

For simultaneous eigenforms f of genus 1, the spinor L-function is the usual
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Hecke L-series:

Thus, we may consider the spinor L-function as generalized factored form of
the Euler product of the genus 1 L-function. The analytic continuation of
the spinor zeta function is only known for the cases of genus 1 and 2.

There is also a standard L-function which is given by

L(s, F,stnd) = [ (Rﬂp(p—S))l, (1.70)

p prime

where
n

Rpp(X) = (1-X) [J(1 — ;i X)(1 - ;' X). (1.71)

i=1
In the case of genus 1, the standard L-function is not equal to > a(n)n=*,
but is related to the Rankin zeta function L(s, F, stnd) = D(s, F'), that is to
the Fourier coefficients a(m?). Indeed, for the normalized Hecke eigenform

f € My, of genus 1 one has (see [And77, (3.3)]):

D(s—k+1,f)=TJ+ ]ﬁ)—l i a(n)

/n/S

(1.72)

p n=1

The standard zeta function is also related to the symmetric square L-function.

Many properties are proved for the standard L-function, including the
analytic continuation for any genus, see [AK79, B6¢85]. However, the stan-
dard L-function does not contain the «g parameter in its definition. As a
consequence, the standard zeta function may not carry the full information
about the attached modular form.
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Chapter 2

Generating series in Hecke
algebras

In this chapter we study the following generating series of operators T (p°)

D,(X) = i T(p")X° € L,2[X]. (2.1)
0=0

Shimura stated in 1963 (see [Shi63], p. 825) the following conjecture:

“In general, it is plausible that D,(X) = E(X)/F(X) with poly-
nomials E(X) and F(X) in X with integral coefficients of degree
2™ — 2 and 2", respectively”

(i.e. with coefficients of both polynomials E(X) and F in the Hecke algebra
Ly =Z[T(p), Tl(p2)> s 7Tn—1(p2)7 [p]n])

The existence of such rational polynomial representation E(X)/F(X) was
proved by Andrianov in the series of works [And67, And68, And69] for an
arbitrary genus n. However, the explicit form for the numerator polynomial
was not known for the genus n > 3. We present the algorithm for computing
these polynomials. It was applied in order to obtain the new explicit result
for the case of genus n = 4.

2.1 Generating series in genus 1 and 2

For genus 1 and genus 2 the results were given by Hecke and Shimura (see
[Hec37], [Shi63, Theorem 2]):

1

D, () = 1—-T(p) X +plp], X?

(2.2)




tel-00349767, version 1 - 4 Jan 2009

50 Generating series in Hecke algebras

and

D?)(X) = 1 —p*[p], X° (2.3)
l—g X+ X2 —¢X3+q XY

where
q1 = T(p) )
@ =pTi(p*) +p(*+1)[p,,
g =p’ [pl, T(p),
Qs = p6 p;-

(2.4)

Indeed, in the case of genus 1 the operators T'(n) act on the spaces of
modular forms My, of the weight k, and the following relations hold:

T(m)T(n)
T(p) T(p")

T(mn), if (m,n)=1,
(™) + 9 T, for primepand n> 1. (26)

o0

Consider the product P(X) = ( T(P") X" | x (1-T(p) X +p" ' X?).
0

The coefficient of X is T(p) — T'(p) = 0; the coefficient of X" for n > 1 is
T(p"™) —T(p) T(p") +p* 1 T(p" ') = 0 due to (2.6). Therefore, P(X) =1,
which verifies (2.2).

In the case of genus 2 we compute the generating series (2.3) by demon-
strating the method of Andrianov without the use of computer. From the
definition of the Hecke operator (1.10) and the Proposition 1.2 and 1.3, we
have the expression for each term in the summation series D, (2.1) of genus

” -y (1(77 5)).

where D € A\Adiag(p™,...,p)A and 0 < &, < --- < 5, < 0, B €
B(D)/mod D (1.11), A = GL,(Z). The number of elements of the set
B € B(D)/mod D for a matrix D with elementary divisors dy,...,d, de-
pends only on the elementary divisors and is equal to ddy ' ---d,. There-
fore, by the definition of the spherical map {2, we obtain the formal identity:

=Y X R ™) (X))
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where

tp™,....p") = (diag(p™,...,p"")) € Ho (2.8)

is an element of the Hecke algebra for the group GL,,.

In particular, for genus n = 2, we have

QDP(X) = Y PR ) (20X)’. (2.9)

0<61 <926

Using the multiplicative properties of the Hecke operators we write t(p’t, p°2) =
(ma(p))2t - t(1, p®2701), since the double coset m(p) consits of the single left
coset. Therefore,

w(t(p™,p)) = w((m(p))™ - t(1,p™""))
= (P w122)” w(t(1,p™ 7)) (2.10)

With the substitutions dy = 6 + @ and § = 9, + 3 = d; + a + 3, the sum
(2.9) can be rewritten in the form

QD (X))
= 3 P () w1, p) (X )
a,,61 20
— Z (20 X)? Z (zoz129X)% Z w(t(1,p%)) (preX)~ (2.11)
820 6120 a0
= (1= 2X) 7 (1 — zom2o X)) w(t(1,p)) (proX)”.

a>0

The last sum can be computed with the help of the Proposition 1.3 by taking
the set of the form

p* 0 1 a . o (P2P b . 3
{(0 1),(0 pa)wmhamodp ,< 0 with b mod p” and ptb
(2.12)
as a set of representatives of the left cosets modulo A contained in the double
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coset A (é ]?a) A. Hence, by definition of w, we obtain

> w(t(1p) (proX)* = ((@ip ™) + p* (22

az>0 a>0

+ 3 0 ) P e )?) (proX)°

0<fB<a

— Z PP (2p™") (2ap2)? (proX)PH (2.13)

Byy=0

—p S P (e ) (e 2)? (o X))
Byy=1

= (1 — 2oz X) 1 (1 — 2022 X) " (1 — p lafa 122 X?) .
Thus

1 —pladziz X?
(1 — $0X) (1 — .T()[L'lX) (1 — Jﬁol'gX) (1 — l’o.’ﬂleX)

QDP(X)) =

b . (2.14)
The result (2.3) can be easily verified now by computing the spherical images
of the basis Hecke operators and substituting them into coefficients ¢;(p)
(2.4):

QUT(p)) = zo (1 +21) (1 + 22)
QUT(pY)) =p P a2y 2y (p® — 1) +p L a2 (w1 + 22) (1 + 2129) (2.15)
Q[p)) =p g x1 7y

2.2 Explicit solution to Shimura’s conjecture
for Sp; and Sp,

It is practically impossible to conduct computations on the paper by hands,
similarly to the case of genus 2, because the explicit decomposition of the
double cosets into the sum of left cosets becomes very large. Andrianov
obtained the expression for genus 3 using the multiplication table of Hecke
operators in [And67]. This result was recomputed by Miyawaki in [Miy92] in
order to find some local factors in Euler product for an L-function associated
to some explicit Siegel modular form (see Section 3.1.3). No explicit results
for higher genus were known due to an enormous complexity of the Hecke
algebra manipulations. Recently the author together with Panchishkin devel-
oped a formal calculus approach using a computer. We were able to compute
more directly the generating series in Shimura’s conjecture for genus 3 (see
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[PV07]), and then to explore the case of genus 4. Below is the result for
genus 3, where coefficients in p are factorized into irreducible polynomials:

DY (X) = (2.16)

where E3(X), F3(X) € Lz1x) and

)+ @ —p+ 1)@ +p+1)[ply) X*+p*(p+ 1)[pl;T(p) X°
To(p?) + 0> —p+ 1)®* +p+ 1)[ply) X* + p*°[pl; X°,

OJ
T V]

F3(X)=1-T(p)X
+p (T1(p%) + (P* + 1) T2 (p?) + (0* + 1)*[pl,) X2
—p* (Ta(p 2) + [p] ) T(p)X*
P (T2(p?) + [pl3(T(p)* — 2pT1(p*) — 2(p — 1) T2 (p?)
— (P + 2p - 1)(p —p+1)(* +p+1)[ply)) X*

The formal calculus algorithm for a given genus g was developed based on
Andrianov’s theory of spherical map and the new explicit result for the genus
4 was obtained.

2.2.1 Explicit expression for genus 4

THEOREM 2.1 (EXPLICIT SHIMURA’S CONJECTURE FOR GENUS 4) For genus
g =4 the summation of Hecke power series D,(X) resolves explicitly to the
following rational polynomial presentation:

S E,(X)
DV(X) =Y TP )X’ = 52,
=2 FX)
where Ey(X) = 14 oexX¥ is the polynomial of degree 14 and Fy(X) =

Ziﬁzo £, X* is the polynomzal of degree 16 with the coefficients e, and £y listed
below:
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e =1,

e =0,

es = —p*((0° +1° + 20" + 20* + Dp] + 0 +p+ 1)(P* — p+ DT (p?)
+ Ty(p )) )

es=p'(p+ (P> +1)®* —p*+ 1)[p] + T3(p*)) T(p),
es=p (P +p+ )" —p+ 1)@ +3p" + 9" +20* +p— 1)[p)’
+ @ +p+ 1)@ —p+1)(2p° +p — 2)Ts(p?)[p]
— (PP +p+ )P~ p+ VT3 + (20" + 2p° +p? + p — 1)To(p?) ]
pl)

—Tz( )Ts(p°) + pp” +p+ 1)Ta(p*)[p] — (0 + p + DT (p)’[p]
PP+ (P + D" —p° —p* = Dlpl - (0° + 1)Ts5(p?)
- T2(p2))T(p) [p],
eg = p"*((p" 2p14—3p12—5p1°—8p8+p7—8p6—5p4—4p2—1)[1)]3
+ (p™2 p° = 5p° +2p" — Tp® — 6p* — 8p* + p — 2)T3(p*)[p)?
+<p7 —4p® + 2p = )T5(p*)’[p] + pTs(p*)
- (2p° +3p +p' —p* +3p" + p+ 1)T2(p?)[p)?
— (30" + p+ 1)To(p") T5(p*)[p] — (0° — p* + )T1(p*)[p)”

— T:(p")Ts(p")[p] + P*(P* +p — 1)T(p) [p]z)
er =—p (p— D+ (P +p+ )" —p+ 1)+ 1)[p]
+ (P +p+1)(p —p+1)T3(p”) + T2(p*))T(p)[p)*
P ((p* —3p'® — p” — 9p* — 8p° — Tp* — 5p* + p — 1)[p]
+ (p O —p® —4p® —6p° — 8p' — 9p” + 3p — 2)T5(p?)[p)’
- (' + 4p — 3p+ 1)T3(p*)[p] + pTs(p*)°
— (0 +2p° — p° + 2p" +p* + 4p” + 1)T2(p”) [p]
— (p° +3p° + )T (p”) Ts(p*)[p) + (#° — p* — DT (p”) [p)”
— T1(p")T3(p*)[p] — p(p* — p* — T (p)°[p]")[p] .
eg =p®(p+ )((0* + D — 2p* — [p] — (0" + DT3(p°) — T2(p))T(p)[p)°,
e =—p((P* —p+ D> +p+1)°+ 2" +p° +3p° + p— 1)[p)?
— (@ =p+ D)@ +p+1)®° = 3p° —p+2)Ts(p)[p]
— (P —p+ )P +p+ DT + (0" + 39" + p* + p — DTa2(p*)[p)
— T2(p")T5(p°) + p(p* + p + )T1(p*)[p] — (0> + p + DT (p)*[p]) [P’ ,

1

2
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en = —p" (p+ (" + 1)(° —p* + 1)[p] + Ts(v")) T(p)[p)"

e = p((20° + 20" +2p* + 1)[p] + (P> —p + (P’ +p + D)T3(p?)
+T2(p)[p)°
e;3 =0,

€y = —p64[l3]7 )

f,=1,

f, = —T(P) )

f = p((p® + 2p° + 2p" + 2p* + 1)[p] + (0" + 2p° + 1) T5(p)
+ (p* + 1)Ta2(p?) + T1(p%))

fs = p*((p" — p° — p* —p* — 1)[p] — T3(p*) — T2(p*))T(p),

£, = —p°((p* +1)°(p° — p* + 29" — 20 + 2p — 1)[p]”
+20* —p+ 1) + (" +2p° + p* +p — 1)T3(p°)[p]
+ (= p+ )P +p+ D) +2p — 1)Ts(p?)
—2(p° —p+ 1)(p" + 1)T2(p?)[p] + 2(p — 1) T2(p*) T3 (p?)
— To(p*)” + 2p(p" + )T (p*)[p] + 20T (p*) T5(p*) — T(p)°[p)
— T(p)*Ts(p)) .

f5 = p((p" + p'® + 4p° + 2p" + 3p° + 3p* + 2p* — 1)[p)°

+(2p" +2p° + 3p* + 297 — 29 T5(p*)[p] — T5(p*)” + (0" + 3p* — 1)To(p?) p)
— T5(p*) T3(p?) + 3p°T1(p°)[p] — pT(p)*[P)) T (p),
—p"((p* + 1)(P* + 1)%(2p* + 20" + 20° + 2p° + 2p — 1) [p]*
+ (p* +1)%(2p° + 2p" + 4p° — 2p* + 2p° + 4p — 3)T3(p”) [p]
— (P + 120" = 20+ 3)T5 (") [p) — (* + 1)°T5(p*)’
+(p? + 1)(20° + 47 + 4p° + 4p® + 4p — )T (0 [p)?
+2(p* + 1) (p° +2p — 1)T2(p2)T3(p2)[p] (p2 + 1)T2(p2)T3( ’

2

+2(p — DTy (pP)T3(p?)[p) — T1(p?) Ta(p?)” + 2pT1 (p°) T
— P+ D@+ =P+ TR P+ (- 1) +p+1
—T(p)*T2(p*)[p]) ,
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PP+ p+1)p)
2

f7 — _p17((2p13 _|_p12 + 3p10 +p9 +p8 + 2p6 _p5 +p
+ (p° +2p° — 2p° + 2p* — 2p* + 3p + 2)T3(p°)[p]
— (0 —p" +p* = 3p— D)T3(p*) [p] + pT3(p?)’
+(0° + 20" = 20" + )T (0) p]” — (2" — )T (p*) Ts(p”) [p]
+ (2" + DTu(p”)[p)” + T1(»*) T3(p*) [p] — p*T(p)*[p]*) T(p)
f8 — p22<<p18 + 4p17 + 3p16 + 8p15 + 12p14 + 8p13 + 14p12 + 12p11 + 20p10
+ 4p° 4 20p° + 16p° + 10p* — 4p® + 5p° + 1)[p]"
+2(2p" +2p° + p* + 6p” + 4p° + 8p* — 6p° + 6p” + 1)(p* + 1)T3(p*)[p]
+ (p® + 4p° + 8p* — 12p° + 10p* + 1)T3(p>)°[p)?
—4p*(p — )T3(0*)°[p) + p* T3 (p?)"
+2(2p" +3p° + 2p° + 5p* — 2p° + 3p7 + 1) (p" + 1) T2 (p%)[p)
+ (20° + 4p° + 10p* — 8p° + 6p + 2) Ta(p*) T3(p) [p)”
— 4p*To(p”) T () [p] + (39 + 20" + D To(0)’
+2(20° + p* + 20° + 10" + DT (p*)[p)
+ (4p° + 2p" + 4p” + 2)Ta (0") Ts(p*) [p]” + 2(p° + 1) T (p*) T2 (p*) [p]”
+ T () [p)” — (0° + 20" + 29° + 2p* + 29° + 2p — )T (p)°[p)’
—2(p* + p — VT (p)*Ts(p?)[p)* + T(p)*T5(p*)"[p] — 2pT(p)* T2 (p*)[p)°)

and the higher degree coefficients f; are obtained from the following relations:

3

~—

p’

fo =17 'pw[l)], fio =15 'pzo[P]Q; fu==% ‘pgo[P]?), fio=1, 'p4O[P]47
fiz =15 'p5O[P]5, fia=1 'p60[P]6a fis =1 'p70[P]77 fie = fo 'p8O[P]8-

This expression was obtained in two steps. First, the spherical image of
the generating series (2.1) was computed as well as the images of all basis
Hecke operators. Then, at the second step, the inverted spherical image was
found using the method of undetermined coefficients.

2.2.2 Practical implementation

The algorithm was programmed and the results were computed using the
Maple system. We found more practical and suitable for direct programming
the formulae for spherical mapping in the article [And70]. Notice that the
notation €2 in that article indicates the spherical mapping of the Hecke algebra
for general linear group. It corresponds to our mapping w defined above
with substitution of all x; by z;/p for i = 1,...,n. Therefore we used the
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formula (1.7) on page 432 of [And70] and then performed the substitution.
This formula gives a direct expression for images of elements t of type (2.8)
including images of m,s5(p) (1.19). In our notation it can be written as

w(t(p(‘”) = p~ (P % 7 (2.17)

where

Qz) = ) (wz)Ve(wa),

wES,
1—p (@)
C(ZL’) - H 1 o (.CE)(O‘) )
acy
P(k)(v) _ Py (U) s kat(v)
p1(v)" 7
the function ¢, (v) was defined in (1.21), the notation (z) is used for the
n-tuple (21,29,...,2,), then (2)(® = 2$'25%-.- 2% and the action of a
permutation w is (wz)® = xi}(l)xfj@)---xi"(n). The set ¥ = {(o)} =
{(aq,a9,...,an)} ={;, 1 <@ < j < n}, where ; is defined with putting of

1 and —1 within the set of n zeros a;; = (...,0,1;,0,...,0,—1;,0,...) € Z™

1 i—1 i i+1 J=1 3 j+1 n

a;=0,...,0,1,0,...,0,=-1,0,...,0).

The element of Hecke algebra for the general linear group is denoted by
t(p®) is t(p®, ..., p’). Numbers (k) = (ki, ..., k) denote the quantities of ¢
distinct elements in the set of integers (0) = (d1, ..., d,), that is, the number
91 occurs in (0) exactly ki times, the next number following d; in the ordering
of (9) and distinct from §; appears there ky times, etc. Note, that all k; > 0
and k1 +---+ k= n.

Let n = 4. In this case, the set ¥ consists of 6 elements:

> ={(1,-1,0,0), (1,0,—1,0), (1,0,0, 1), (2.18)
(0,1,-1,0),(0,1,0,—1), (0,0,1,—1)}. (2.19)

Then the expression for ¢(z) takes the following explicit form

co(z) = (prs — 21)(prs — 1) (Prg — 21) (P23 — T2) (P4 — 22)(p24 — 23) .

PS(x0 — x1) (w3 — 1) (24 — 1) (23 — T2) (T4 — T2) (T4 — 3)
(2.20)
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Recall the formula (1.31) for the spherical images of base Hecke operators.
The elements 7, ;(p) correspond to t(p?) with values §; from 0 to 2. More
precisely,

{(6)} =1{(0,0,0,1),(0,0,1,1),(0,0,1,2),(0,1,1,1),(0, 1, 1,2),
(0,1,2,2),(1,1,1,1),(1,1,1,2),(1,1,2,2), (1,2,2,2)}.

Further, we shall see that in order to compute the series (2.7) we need an
expanded set {(d)} with components §; < 14. Fortunately, we can drastically
reduce the amount of different #(p°) elements by normalizing double classes
by the common multiplier p°* and placing it outside of the matrix. There-
fore, we need to compute 680 primitive elements of the form #(1, p%, p%, p®)
eliminating the variable 01, where 0 < 95 < 03 < 64 < 14. Note, that in the
case n = 3 it is necessary to compute just 28 images w(t(l,p‘sQ,p‘si’*)).
Below are some examples of the values of these images:

w(t(1,1,1,1)) =1,

w(t(1,1,1,p)) = p~ ' (21 + 2 + 23 + 24)

w(t(1,1,p,p)) = p (2129 + 2123 + 2124 + ToT3 + ToTy + T324)

w(t(1,p,p,p)) = p~* (212223 + L1224 + T1T3T4 + T2T3T4)

w(t(1,p,p,p*)) = 9(px§x2x3 + priTony + PpriTIT, — TIT3T3 + PTITIT3
— a:fx%m + p$1:v2354 + pr:@xg — x%:@azg — 3:):%$2:E3x4 + 3p:vfx2x3x4

2, .2 2, .2 2,2 2,2 2, .2 2, .2
+ PriToxy — T]ToTy — TIT3T4 + PLIT3T4 + PTITIT, — TIT3Ty

+ priTaTs + pxlxgm — xw%x% + PT1T5T; + IPT1T5T3T, — BT T3T3T

+ pxlxgxi x1x2x4 + px1x2x3 3x1x2x3x4 + 3px1x2x3x4 + 3px1x2x3xi
— 3x1x2x3x4 + px1x2x4 + px1m3x4 + px1x3x4 — x1x3x4 -+ px1x3xi

+ DTHT3Ty + PTITITY — THT3T4 — ToT3T] + DTFTITT + PToTaTy

2 2 2 2 3
+ ProrsTy — ToT3TY + PTITITY)

These expressions are symmetrical polynomials as expected. The written
form becomes very long when the degree of p increases. In order to present
intermediate results preserving the structure of these polynomials we use the
monomial symmetrical polynomial of four variables m;,;,:,:, (see the Section
1.3.4), namely

Miyigiziy = Z w(xlllx?x?l‘ZL )

weSy/ Stab(ac1 :1:;213390 4)

where the sum is normalized by Stab(z! 222%2%!) so the resulting coefficient
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is equal to 1 and i1 > iy > 13 > 14 > 0. For example,

Migo0 = L1 + T2 + T3 + Ty,

Mi1100 = T1X2 + T1T3 + x4 + T3 + Xoxy + T3y ,

Mao110 = $%SB21'3 + :B%xzzm + ZL’%I’gZL‘z; + $1x§$3 + :vla;%:m + :161:1:2:)33
+ xlexi + x1x§x4 + I‘ll'g.fi + x§x3x4 + x2x§x4 + x2x3xi ,

_ 3,333
3333 = LT3y -

Using this notation the previously listed examples of w(+) images become the
short expressions:

w(t(1,1,1,1)) =1 = mgooo ,

w(t(1,1,1,p)) = p~'maooo ,

w(t(1,1,p,p)) = p~"miioo

w(t(1,p,p,p)) = p~*mano,

w(t(1,p,p,p*)) = p(pmsii0 + (p — 1)masio + 3(p — 1) ma11) -

Finally, using formulae (1.31) and (2.17) we obtain the images of basis
Hecke operators for the symplectic group (1.14), which we present here in
terms of Miiigisia-

Q(T(p)) = zo (M1111 + Ma110 + M1100 + Maooo + 1),

QT (p?)) = 2ip*((p— 1)*(p+ 1)(4p" + 3p° + 3p° + p+ 1) muna
+p*(p — 1)(3p* + 2p + 1) (ma111 + mar10)
+p°(p — 1)(p + 1)(maz11 + mario + m1ie0)
+ p"(maza1 + Masio + Ma100 + Miooo)) »

QTa(p?) = 2gp*((p — 1) (4p* +3p° + 3p° + p + 1) main (2.21)
+p*(p— 1)(p* + p+ 1)(ma111 + Mmi110)
+ PS(QOl + Mar10 + M1100)) 5

UT3(p?)) = 250~ (0 — D+ D@ + 1) mun
+ p*(main1 + mano)),

Qp]) = xﬁp‘m miiia -
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2.2.3 Spherical image of Hecke power series

Similarly to manipulations with the series in the Section 2.1 we introduce the
following substitutions:

52:(514‘(5;,

5y = 61+ 0, 0.22)
54:51—’—5:17

d=0+0,+0,

where 0 < 05 < 05 < ) < ¢ and § > 0. Continuing the formula (2.7) with
the use of the above substitutions we obtain for n = 4

QD,(X)) =) ATE"))X’

oo
_ 461 +302+203+0. & 1 0. 4 4
= > prorTR TR T Gt (p™, p7, p™, p™)) (10 X)
0=0  0<01<62<03<64<0

01
= ) (apX) IO 20 4oy (—x1x2x3$4) w(t(1,p%,p%, p™))

10
6120, 820 p
0<8 <34 <3,
_ 5 Sy 8L Sh\Y, 304284+, 5
= 5 (zox1292324 X )% (20 X)Pw(t(1, p°2, p’s, p°4))p2 205 0% (0 X)% |
6120, 820
<8, <84 <5,

(2.23)

In the last formula we can separate the terms containing d; and 3 variables
and perform an independent summation. These two series result in

1
X))o = 2.24
%(ﬁol’lwgfﬂglq ) 1 — xpr1200324 X ( )

and

EX%XW———L—— (2.25)

n 1 —l'oX )
820

In the rational representation of series D,(X) = E(X)/F(X) the degree of
the numerator E4(X) for n = 4 is equal to 14. Moreover, the spherical image
of the denominator F,(X) is explicitly known

QFL(X)) =1 —2¢X) (1 — zgz1X) (1 — 2z X) (1 — zox3X)

X (1 = zoz4X) (1 — zoz122X) (1 — zoz123X)

X (1 = zor124X) (1 — zo2023X) (1 — Tox224 X) (2.26)
X (1 — xox3xsX) (1 — xor12973X ) (1 — T 12074 X)
X (

1-— $0£E1$3$4X> (1 — x0x2x3x4X) (1 — I0$1.T2.§63$4X) .
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Therefore we obtain

Q(E4(X)) = D w(t(L, p%,p%, ph))p*e s (1 X))
0<8, <64, <5,
X (1 —zox1X) (1 — 2922 X) (1 — zo23X) (1 — 2924 X) (2.27)
X (1 = zor122X) (1 — zor123X) (1 — o124 X) (1 — ToX223X)
X (1 — $0[E21’4X) (1 — $0[E3J}4X) (]_ — Iol’ll‘gl’gX)
(

X (1 — zor12024 X)) (1 — zox12324 X ) (1 — 2222324 X) .

In order to obtain an explicit expression for the image of the numerator
E4(X) we compute all (w(t(1, p%2, p%, p%))p*%2+295+% (2, X)%) up to &) < 14,
add them together and perform the multiplication of terms in (2.27) consid-
ering only resulting powers of X up to 14. These expressions are very long,
it took days and hours of processor time to compute all sums and products.
Intermediate results fill hundreds of pages of paper. However, the final re-
sult is quite short (see Appendix A and [Van07]), showing some interesting
properties of this polynomial (e.g. a functional equation). Namely, we no-
ticed a very interesting symmetry property of the coefficients K. Knowing
this relation in advance, one can limit computation of coefficients just up to
degree 7, skipping the most time consuming higher degree coefficients.

THEOREM 2.2 (FUNCTIONAL EQUATION FOR COEFFICIENTS OF Q(E4(X)))
Polynomial Q(E4(X)) has the following functional relation between its coef-
ficients Ky, k=0,...,14:

K14—k<p7 Lo, L1, T2,T3, I'4) —

1 1 1 1 1

—6/,..2 T—k
=D (%xﬂﬂsm) Ky, (—7$0$1$2l’3$4,—7—7—7—
p T1 T2 T3 T4

CONJECTURE 2.3 (FUNCTIONAL EQUATION FOR Q(E,(X)))
Let QE, (X)) = E(xo,x1,...,2,,X). It is suggested that this functional
relation is true for all n in the following form:

2. .. X2)2"—1—1 1 1 p
E L X) = (1)t T T E{— ..., — L),
($0,I’1, y L,y ) ( ) pn(nfl)/Q 51707 7xn7 X

REMARK 2.4 The obtained result for genus n = 4 is in a full agreement with
the result of the earlier work [PV07] for n = 3 after applying the projection
x4 = 0 (corresponding to Siegel operator acting from Sp, to Sps).
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2.2.4 Inverting the spherical image

In order to obtain the result of the theorem 2.1 we apply the method of
undetermined coefficients to each coefficient of Q(E4(X)) and Q(F4(X)).
Let us take, as a reference, the variable zg. In expressions for Q(E,(X))
and Q(F4(X)) this variable has the same degree as X for each summand.
The expression for Q(T(p)) (see (2.21)) includes the variable xy of degree
1, other images of basis Hecke operators (T;(p)) include xy of degree 2.
Therefore, to reconstruct the particularly given coefficient of degree k of the
polynomial E4(X) or Fy(X) we need to construct all possible products of
T(p), T1(p?), T2(p?), T3(p?) and T(p), so that the resulting degree of gy in
the spherical image will be equal to k. For example, consider the coefficient
of degree 3 in polynomial E4(X). Its image was computed in [Van07]:

Qes) = z5p°(p 4 1) (p (3222 + Misoa1 + Mzzny
+ Mmg111 + Magao + Magio + Mar10 + Mi110)

+ (p* + 4p + 1) (manaz + magar + mooi1 + mar11 + mun)) -

All possible products of generators of the Hecke ring with xy of degree 3
under the spherical mapping are: T(p)T;(p?), T(p)T2(p?), T(p)T3(p*) and
[PIT(p). Then

Q(e3) = KiQ(T(p)) AT (p*)) + KT (p)) (T2 (p?))
+ K3Q(T(p)QATs(p%)) + KaQ(T(p))2((p]) -

Expanding these products we can construct a linear system of K; variables by
comparing the coefficients of appropriate monomial symmetric functions (or
x;x; - - - monomials). This system resolves uniquely due to the fact that the
spherical mapping constructed on basis Hecke operators is an isomorphism.
In the above example we find that K; = 0, Ky = 0, K3 = p*(p + 1) and
Ky =p*(p+1)(p*+1)(p® — p* +1). In practice, for higher degree there exist
many choices of products of generators and the expansion of them becomes
not a trivial task. In the most complicated case, it took almost 80 hours of the
processor time to construct and resolve the linear system for the coefficient
of degree 8 of the denominator. Fortunately, there is a functional equation
for coefficients of the denominator F4(X) due to the symmetric structure of
the spherical image polynomial:

fi = flﬁfi : (plo[p])i78 y 1= 0, ey 16.

Therefore, we used the approach of undetermined coefficient for only lower
degree f;, where ¢ = 0,...,8. The same computational problem exists for
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the higher degree coefficient of the numerator. To avoid the unnecessary
manipulations and blind guessing of the T—product combination we take
advantage of the fact that it is possible to lower the degree of the equation
for the particular coefficient e; for ¢« > 7 by dividing this equation by the
factor Q([p]) = xZp °x1297374 in appropriate degree and using the same
products (with non zero coefficients) of T(p) T(p)>T(p)*T(p)“T(p)* as in
already computed eq4_;.
This final step complets the computation.

2.2.5 Remarks

REMARK 2.5 The result of the Theorem 2.1 is fully compatible with the result
of the earlier work [PVO07], where the same method was applied for the case
of genus g = 3. Considering the projection from genus g = 4 to g = 3
corresponding to Siegel operator acting from Sp, to Sps in Hecke algebra by
taking [p], to zero, T (p) to T®(p), and TV (p?) to T (p?) fori =1,2,3,
we obtain the exact formula of generating power series (2.16). All formulae
(1.14) for the images of basis Hecke operators transform to the exact formulae
for lower genus as well. The spherical image Q(Dj(f)) under a projection
x4 = 0 transforms into Q(D](D?’)). This genus lowering procedure is valid for
g=2and g=1 as well.

For the special choice of the Satake parameters x;, the spherical image of
the numerator E(X) can be considerably simplified.

PROPOSITION 2.6 (SPECIAL CASE OF THEOREM 2.1)
Let genus n = 4. Consider “the degree” homomorphism v corresponding the

Satake parameters (xg, x1, T, 3, 24) = (1,p, 0%, 0>, p?). Then the polynomial
Q(Ey) takes the form

Ql,(Bg(X)) = (1 - pX) (1 = p*X) (1 - p"X)* (1 - p'X)

< (1+p°X)(1-p°X)* (1 - p°X)* (1 - p"X) (1 - p°X)

X (14+pX +p*X +2p° X +p* X + p°X + 20°X +p" X +p°X +p°X?).
PROPOSITION 2.7 ([PV07], SECTION 5) In the case of genus n = 3, the
similar to the Proposition 2.6 statement holds. Namely, consider the homo-

morphism v corresponding the Satake parameters (zo, x1, T2, 23) = (1, p, p?, p?).
Then the polynomial Q(E3) takes the form

Q(Bs(X)) = (1 -pX) (1 -p*X) (1 -p*X) (1 - p'X)
x (14+pX +p*X +p°X +p*X +p°X?).
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2.3 Rankin’s Lemma for higher genus and ten-
sor products

2.3.1 Statement of the result

The theory of spherical mapping allows one to compute explicitly some other
series in the Hecke algebra. In particular, we formulate and prove the analog
of Rankin’s lemma (see Remark 2.12 on page 73 and Lemma 3.8 on page
86) in genus two for generating series with coefficients in a tensor product of
local Hecke algebras.

THEOREM 2.8 (RANKIN’S LEMMA FOR GENUS 2) For genus n = 2 the fol-
lowing equality holds:

= 1 —pf XHR(X

ZT(pé) ® T(pé) X<5 _ ( p [p] ® [p] )R( ) (2.28)

5=0
where R(X) = 1 + 1, X + -+ + 1o X2 is the polynomial of degree 12 and

S(X) = 1+ s X + -+ + 516X'® is the polynomial of degree 16 with the
coefficients ry, (note, that ry =11y =0) and s, € Loz ® Loz presented below:

:0,
=p* ((2p—1)(»* +1) [p] @ [p]

— (p* —p+1) (T:(p*) @ [p] + [P] @ T1(p?))

— (T1(p*) @ T1(p*) + T(p)* @ [p] + [p] ® T(p)?),

|+
=p’(p+1) 2P @ [p] + Ti(p?*) @ [p] + [p] @ T1(p*)) T(p) @ T(p),
P’ ((p" + 2" — 2p° + 6p* + p* + 6p* + p + 2)[p)° @ [p]*
(p +1)(° = 3p* —p—3)(T1(p?) @ [p] + [P] @ T1(p*))[p] @ [p]
+(p+4)(° +1)T1(p*)[p] @ T1(p”)[p]
~ (=P = (T @ [pf + [P @ Tu(p?)")
+ (T1(p*) @ [p] + [p] @ T1(p)) T1(p%) @ T1(p?)
—p(p* +2p> = p+2)(T(p)* ® [p] + [p] ® T(p)*)[p] @ [p]
—2p(T(p)* @ T1(p?) + T1(p?) ® T(p)*)[p] ® [p]
+p*(T(p)*T1(p*) @ [p]* + [P]” ® T(p)*T1(p*))
+(p+2)T(p)*[p) ® T(p)*[p)) .

ry =
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p (2(p+1)(2p* —p* +p* — 1)[p] ® [P]
( 1)(p — 2)(T1(p*) @ [p] + [p] ® T1(p?))
—2T,(p*) @ T1(p%)

?)

—p(p+1)(T(p)* ® [p] + [P ]®T( )*))T(p)[p] © T(p)p],

rg=—p' (p(p* + )(p° — 2p* — 8p” — p— 4)[p]’ @ [p]’
—p(p° +4p* +2p° +12p° + p + 6)(T1(p°) ® [p] + [p] ® T1(p*))[p)* ® [p]*

+p(p— 4@+ )T1(p*)[p)> ® T1(p?)[p)’

—p(p+4) P+ 1)(T1(p*)* @ [p]” + [p)* ® T1(»*)")[p] @ [p]
—p(T1(p?) @ [p] + [p] @ T1(p*)) T1(p?) [p] @ T1 (p*)[p]
—p(T:(»)’ ® [p]’ + [p] ® T1 (1))
—(p° = 4p” — p— 2)(T(p)* @ [p] + [p] ® T(p)*)[p)* ® [p]*
+(*+3)(T(p)” ® T1(p?) + T1(p*) ® T(p)*)[p]* ® [p)°
+(T(p)’[p) @ T1(p*)" + T1(p*)” @ T(p)°[p))[p] ® [p]
+(p* + 39> + p+ 1)(T(p)’T1(»*) @ [p]* + [p]” ® T(p)*T1(p*))[p] © [p]
+(T(p)* ® [p] + [P] ® T(p)*) T1(p*) [p] @ T1(p") [p]
+(p2+1)T()[] T(p)’[p*),
= J®

[p
ry B2+’ +p—-1)[p] ® p]
- (p +1)(p* - 2p 4+ 2)(T1(p*) ® [p] + [P] ® T1(p?))
— 2T (p*) ® T1(p?)
— (p+ D(T(p)’ @ [p] + [p] ®T(p)2))T( )[ I>® T(p)[p)*
rs = —p' (p(2p° + 3p° + 6p* — p* + 6p” — p + 2)[p]* ® [p]*

+p(p +1)(p* + 3p? p+3>(T1(p2)®[p]+[p]®T1(p2))[p]®[p]
pp+4) @+ 1)T(p%)[p] © T1(p?)[p]
+p (@ —p+ DT @ [p + [p]° © T1 (p?)")
p(T1(p*) ® [p] + [p] @ T1(p*))T1(p*) @ T (p°)
—p(2p +p* +2p — 1)(T(p)* ® [p] + [p] ® T(p)*)[p] © [p]
—2p*(T(p)* @ T1(p*) + T1(p*) ® T(p)*)[p] ® [P]
+p(T(p)°T1(p*) @ [p)* + [p]° ® T(p)*T1(p*))
+(2p+ )T (p)*[p] ® T(p)’[p))[P]* © [p)°,
rg = p” (p+1) (2[p] ® [p]
+T1(p?) @ [p] + [P ]®T1( ))T(p)[ > ® T(p)[p)’
rip =p* (p* + 1)(p* + 20> —p* — 1) [p] ® [P]
+@° —p = 1)(T(p*) @ [p ] [pl ® T1(p?)) — Ti(p*) @ Ta(p?)
—p*(T(p)* ® [p] + [p] ® T(p)*)) [p]* ® [p]",
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ryp =0,

o =p

“pl°® [p]°.

s1=—T(p) @ T(p),

s, =—p(2p(p° +1)*[p] ® [p] + 2p (p* + 1) (T1(p*) ® [p] + [P] @ T1(p*))
+2pTi(p*) ® T1(p) — (p* + 1) (T(p)* ® [p] + [p] ® T(p)*)
—(T(p)* @ T1(p°) + T1(p") ® T(p)*)),

s3 = p° ((2p" +4p* — 1) [p] @ [p] + (20° — 1) (T1(p°) @ [p] + [p] ® T1(p?))
—T1(p*) @ T1(p°) — p(T(p)* @ [p] + [P] ® T(p)*)) T(p) ® T(p),

sy = p* ((p° + 12p° + 10p* + 4p*> + 1) [p)* ® [p]?

S5

+2(3p +5p* +3p” + 1) (T1(p*) ® [p] + [Pl ® T1(p?))[p] © [P]
+4(p* + 1) T1(p*)[p] ® T1(p”)[p]

+@p'+ 2 + 1) (Ti(?)” @ [p + [p) © Ta(p?)")

+2(p* + 1) (T1(p”) @ [p] + [p] @ T1(p*)) T1(p*) @ T1(p?)
+Ti(p?) @ Ti(p?)°

— 2p(p* +4p* + 1) (T(p)* @ [p] + [p] © T(p)*)[p] ® [P]

—4p(p® + 1) (T(p)* ® T1(p*) + T1(p*) ® T(p)*)[p] ® [p]
—2p(T(p)’[p] ® T2 (p*)” + T1(1*)” @ T(p)*[p])

— 4p® (T(p)*T1(p*) ® [p]* + [p)° ® T(p)*T1(p*))
+(p* +2) T(p)’[p] © T(p)*[p]

+(T1(p*) @ [p] + [p) ® T1(p*))T(p)* ® T(p)*
+p* (T(p)* @ [p)* + [p)* @ T(p)"))

((6p6 +2p" — p* +2) [p)* @ [p]”
( —p* +3) (T1(p*) @ [p] + [p] ® T1(p*))[p] @ [p]
(3p* +4) T1(p*)[p] ® T1(p?)[p]

— 20* - 1)(T.(*)" @ [p)* + [P
+(T1(p*) @ [p] + [p] @ T1(p%))
—p(2p” + 1) (T (p)* @ [p] + [p] [p] ®
—2p(T(p)* ® T1(p°) + T1(p*) [p] ® [p]
+p(T(p)’T1(p*) @ [p)* + [p|* ® T(p)*T1(p*))
+T(p)*[p] ® T(p)’[P)T(p) ® T(p),

+
+

@ Ti(p?)°)
T:1(p*) ® T1(p?)
® T(p)*)[p] @ [p]
© T(p)*)[p]
® 2
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s¢ = —p° (202 (p° + 6p° + 11p* + 8p* +2) [p]* ® [p)°

+2p*(5p* + 12p* + 6) T1(p*) [p]” ® T1(p?)[p)*

+ (3p* +10p* — 1) T(p)*[p)” ® T(p)*[p]*

— T(p)*T1(p*)[p) ® T(p)*T1(p*)[p]
3p°

+2p2(3p° + 11p* + 12p + 4) (T1(p*) ® [p] + [p] ® T1 () [p)’ ® [p)”
+6p2(p* + )2 (T1(p*) @ [p) + [p)* © T1(p*)")[p) @ [p]
+6p2(p* + 1) (T1(p*) @ [p] + [p] ® T1(p%) T1(p*)[P] @ T1 (p*)[p]
+2p° (P + 1) (T1(p*)” @ [p’ + [p)° ® T (#?)")

’®
+20* (T2 (p®)” ® [p)” + [p)° ® T1(p?)") T1(p?) @ T1(p?)
— p(5p° + 13p* + 10p° + 2) (T(p)* ® [p] + [p] ® T(p)*)[p)* ® [p]”
— p(Tp* + 120 + 4) (T(p)* ® T (1) + T1(p?) ® T(p)*)[p)* @ [p]?
—3p(p* + 1) (T(p)°[p] ® T1(p*)" + T1(»*)” ® T(p)*[p])[p] @ [p]
—p(T(p)’[p @ T1(p*)” + T1 ()’ @ T(p)*[p])

(
—2p(3p" +4p" + 1) (T(p) T1(p") @ [p)* + [p)” @ T(p)"T1(p?))[p] @ [p]

—2p(3p° + 1) (T(p)* @ [p] + [P] ® T(p)*) T1(p*) [p] © T1(p") [P]
—p(* + 1) (T(p)°*Ti(p*)’ @ [p)’ + [p) © T()*T1(p*)")
—p(T(p)*T1(p*) ® [p]* + [P ® T(p)*T1(p*)) T (p 2)®T1( ?)
+ (5p* = 1) (T1(p*) @ [p] + [p] ® T1(p*)) T(p T(p)*[p]
+2p°(p" +1) (T(p)" @ [p)* + [p)* @ T(p)")[p
+2p° (T(p)* @ T1(p*)[p] + T1(p*)[p] @ T(p)*)
—p(T(p)* ® T(p)*[p] + T(p)*[p] ® T(p)")[p]
s7=p" (p(5p° — 2p* + 2) T(p)[p)° @ T(p)[p]’

+8pT(p)T1(p*)[p)* ® T(p)T1(p") [p]”
+pT(p)’Ip]* ® T(p)’[p]”
—p(p* = 3) (T1(»*) @ [p] + [P ® T1(p*))T(p)[p]* © T(p)[p]”
—p(T1i(p?)” @ [p) + [p]” ® T1(p?)")T(p)[p] ® T(p)[p]
+2p(T1(p?*) @ [p] + [p] ® T1(p*)) T(p) T1(p?)[p] © T(p)T1(p?)[p]
—p(T1(p*)’ @ [p]° + [P’ ® T2 (p)")T(p) © T(p)

— (3p* = 3p” +2) (T(p)* ® [p] + [p] ® T(»)*)T(p)[p]” © T(p)[p]*
+ (0 = 3)(T(p)* ® T1(p") + T1(p*) © T(p)’

— (T(p)*[p] ® Tu(p T (p*)” ® T(p)*[p))T(p)[p] ® T(p)[p
+(2p* — 1) (T(p)*T1(p°) @ [p)* + [p]* @ T(p)*

— (T(p)* ® [p] + [p] ® T(p)*) T(p)T1(p*)[p] @

)’[p
]

@F
=)

(p)’ ®
Tl(
)+
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ss = p (202(20° + 4p° + 14p* + 1207 + 3) [p]* @ [p]*
+4p*(p° + Tp* + 9p” + 3) (T1(p°) @ [p] + [p] @ T1(p%)) [P’ ® [P’
+16p%(p* + 1) Ty (") [p) © T (p*)[p]”
+2p2(3p* + 10p* + 5) (T1(p°)” @ [p]” + [p)” ® T1(#*)")[p]
+8p2(p* + 1) (T1(p*) @ [p] + [p] ® T1(p*) T1 () [P]” ® T1(p*)[p]”
+4p* Ty (p*)’[p)* @ T1 (%)’ [p)?
+4p*(p* + 1) (T (") @ [P’ + [p)* ® T1(v?)")[p] ® [p]

P (T @ [p]* + [p)* @ T (")

—@@p+ap+4p+¢xT@f®nﬂ+mwwnm%mﬁ®mﬁ
—8p(p* + 1) (T(p)* @ T1(p?) + T1(p*) @ T(p))[p)* @ [p)’
—4p(p* + 1) (T(p)’[p] ® T1(p*)” + T1(p*)” @ T(p)*[p)) [P’ ® [p)*
—4p(p* +4p* + 1) (T(p)°T1(p) ® [p)* + [P)* ® T(p)’T1(p*))[p)* ® [p]”
—8p(p* + 1) (T(p)* @ [p] + [p] ® T(p)*)T1(p*)[P)* ® T1(p*)[p)
—4p(T(p)* ® T1(p*) + T1(p?) ® T(p)*)T1(p*)[p)* ® T1(p?)[p)*

—4p* (T(p)*T1(p*)” @ [P’ + [pI* ® T(p)°T1(#*)") + [p] @ [P)

® [p
+2(5p* + 2p” + 2) T(p)*[p)° ® T(p)*[p)’
+2(p° +2) (T1(p°) @ [p] + [P] @ T1(p*))T(p)*[p]* © T(p)*[p)’
+2T(p)*T1(p”)[p]” © T(p)*T1(p*) [P
+(T1(p%)° @ [p]* + [p]* @ T1(p%)")T(p)*[p] ® T(p)*[p]
i

+(3p* + 20 + 1) (T(p)* @ [p)” + [p)* @ T(p)*)p)* © [p)?
+2(p* + 1) (T(p)* @ T1(»)[p] + T1(p*)[p] @ T(p)")[p)* ® [p)”
+(Tp)' @ T1(p*)" + Ti(?)” @ T(p)")[p)* ® [p)°

—2p(T(p)* ® [p] + [p] ® T(»)*)T(p)*[p)* ® T(p)*[p]*).

The other coefficients sg, . . ., S16 are determined by the functional equation:

S16—; = (p6 [p] ® [p])g_Z S; (Z =0,..., 7) .

2.3.2 Formula for the Hecke operator T(p’) in genus 2

In computations of various series of Hecke operators it is useful to have an
explicit formula for the spherical image of Hecke operator T(p?), but it could
not be found in the literature. Next, we show how derive it.
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PROPOSITION 2.9 (SPHERICAL IMAGE OF HECKE OPERATOR T(p°))
For genus n = 2 the Hecke operator T(p°) is expressed in the spherical coor-
dinates xq, T1, To as

QA(TP’) =p~* (p o gy — paltY — p PO 70

+pa ™ —pa P 4 pal™ v pa — pa
B $1(2+5) 2+ x1(1+5) 2+ x1(2+5) x2(1+5) B x1(1+5) :c2(2+6)
+ 7 x2(2+5) —n xQ(H‘;) — s+ m x22>

X <(1 —o)(1—12) (1 — 2 @) (21 — I2)>_l
(2.29)

) (6+1)

(1—1’13:2) P — T2) 1y

—mm) (1 —py) Y

+(1
— (z1— ;) (1 — pay ap) (my 22) Y
— (

n—m)(p—mn 5132)) p 'z
< (1= m) (1= ) (1= 22) (31— xg))_l.

This expression is obtained with the help of the formula (2.14) after de-
veloping and a simplification by a means of change of summation. Recall
the expression for spherical image of the generating power series Q(D( (X))
from the page 52:

1 —p_lxgxlmgXQ
(1 — I‘oX) (1 — ZBO$1X) (1 — I()ZL’QX) (1 — $0I1$2X) .

QDR (X)) =

p

Consider the geometric progressions

1
= X
1-— o X Z o ’
01=0
o m X
= Lo s
1— Lo L1 X 50 0
X . (2.30)
= X
1— o I’QX (;)xo 2 ’
3=
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The product of all series (2.30) can be rewritten with the use of substitution
5:(51+52+53+(542

1
(1 — (130X) (1 — l‘ol‘lX) (1 — l'ol’QX) (1 — I,EoiL'l.ﬁIZ'QX)

00 00 00 00
= E on E xol'lX E 33'0332X E To L1 QZ'QX (2 31)
61=0 52=0 §3=0 64=0
0 é — —02—
— 0 02404 53+54 5
=22 Z Z zhay Tty X
§=0 63=0 63=0 64=0

é
B((;) _ Z Z Z Jfg x(152+54 33+64 Xé

602 5y s §—8341 5—at1
_ Z Ty Ty — Xy Ty (xOX)5

]_—Ilflfg

- 25: 2 (1 — @) + (2972 (1 — @) — 2 (1 — @)z " (20 X)°

(1 — l’l) (1 — l’g) (1 — I ZL’Q)

- (331 _ 562)(1 - ($1$2)6+2) - (:11:?2 — xg+2)(1 — 3:1:1:2) T 5
= (1—3:1) (1—332) (1—331;52) (371 —332) ( OX) .

(2.32)

It is sufficient to compute B(d) — p~'adx12.X? B(§ — 2) using the above
formula (2.32) in order to obtain the term of the series Q(DéQ)(X)) with X

in power ¢, which corresponds to QéQ)(T (p?))X°. This step completes the
demonstration of the Proposition 2.9.

2.3.3 Computation in spherical coordinates

In order to state the analogous of Rankin’s lemma for multiplicative convo-
lution of two series in genus two, we write the corresponding formulae (2.29)
for the Hecke operators T(p®) in two sets of spherical variables {zg, 1,2}
and {yo, y1,y2} of two copies of €2, and €2, of the spherical map. It allows us
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to treat the tensor product of two local Hecke algebras, as follows:

_ 3+6 2+6 3+6 2+6
QP(T(P) =p "o (pyl(+)y2—pyf+)—py1(+)y§+)

) 349 RE) 240
+ oy P oy 0y —pus

é 1 1 1+6 1+6 246
B o e e T g 7 L DR &

246 146
oyt — yz(”—yfyﬁyly%)

-1
x ((1 —y) (L= 92) (L= 1 92) (11 — yz)) :
The product of the above polynomials (2.29) and (2.33) is given by

QP(T(E) - AP (T()) =

5 §) (2+6

p 2 gy (pxl(3+) p:z:l(2+) pxl(3+)x2(+)
+pa £2+9) (3+5) —pm I2(3+6)+p (2+)+pm1—px2
_ x(2+5) :1:2 n x(1+5) 2 + x1(2+5) 2(1+5) x1(1+6) x2(2+5)

246 1+6 2 2
—|—:E1x2( ) xle( )—x1x2+5171x2>

< (P e =yt =yt o (2.34)
+ oy —py ™+ -
B y1(2+5) 2+ y1(1+5) s + y1(2+5) y2(1+6) _ y1(1+6) y2(2+6>
2 =l = g )

X <(1 —m)(1—2) (1 — 2y 1) (21 — 132))1
(0= =) 0= mw) - w)

Next, in order to carry out the summation of the series with obtained in
(2.34) terms QP (T(p%)) - QP (T (p°)) multiplied by X?, we use a subdivision
of each summand (over §) into smaller parts. These parts correspond to
symbolic monomials in x¢, ¥, 3, v, (x172)°, (y112)°; there are 16 different
terms in the numerator after the simplification of the result of multiplication.
Therefore, we have the following theorem:
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THEOREM 2.10 (SPHERICAL IMAGE OF GENERATING SERIES PRODUCT)
In genus 2 the following equality holds

+

+

> OP(TE)) - AP (TE) X° = (2.35)

0

(pm —22) (1 —puryo) 21 y1 42

P2(1— o)1 —22) (21 — 22) (1 — y1)(1 — y2)(1 — y192) (1 — 2oz Y01 Y2 X)

(
w21 (21— px2) (Py1 — 12)

P2 (1 — o)1 —22) (21 — 22) (1 — y1)(1 — y2)(y1 — y2)(1 — 20 22 0 11 X)
(

2 Y2 \T1 — p@)( pyz)

P (1= o)1 —22) (21 — 21)(1 — 91)(1 — y2) (¥ — y2)(1 — 20 yo 22 Y2 X)

Tay1 2 (21 —pa) (1 —py1 o)

P2 (1= o)1 —22) (21 — 22) (1 — y1)(1 — y2)(1 — 11%2) (1 — 20229051 92 X)

Ty (P I — 362) (p — Y 3/2)

PP(l—m) (I —m)(z1 —22) (1 —y1) (1 —y2) (1 —y192) (1 — 2071 %0 X)

n ey (l—paia) (py — y2)

PP(1—2)(1 —22)(1 — m122) (1 — y1)(1 — 92) (31 — 92)(1 — 2071725091 X)

rr 22y (L —pxz2) (yi —pi)

PP(1—2)(1 —22)(1 — m1m2) (1 — y1)(1 — 92) (1 — %2) (1 — 2071725092 X)

nye(p—zia22) (1 —pyiy2)

P21 —2) (1 —22)(1 — man) (1 — y1)(1 — 32)(1 — 1y2) (1 — 20y01y1%2X)

122 (1 —pm m2) (p— y1 42)

p? (1= o)1 = 22)(1 — mam2)(1 — y1)(1 = 12)(1 — y1y2) (1 — 2oz 2290 X)

1N (p I — 932) (p Y1 — Z/2)

PP(1—m) (1 —a2) (21— 22) (1 — 1) (1 — %2) (y1 — v2) (1 — 20 21 0 11 X)

1Yo (P21 — ) (1 — P )

P*P(1—m) (1 —m2) (11— 22) (1 — 91) (1 — %2) (y1 — v2) (1 — 20 21 90 Y2 X)

4 (551 - pﬁz) (p — Y yz)

PP(1—m) (1 —m22) (m1—2) (1 —9) (1 —9) (1 —y192) (1 — 20229 X)

nzey e (l—pxiz) (1 —puyr yo)

p? (I=21)(1=22) (1= 2122) (1= 91) (1 = y2) (L= y1y2) (1 — 20 71 22 90 Y1 92 X))

(p—m22) (p— 1 942)

PP(l—z) (1 —m) (I -2 m) (1 —y) (1 — 1) (1—yry2) (1 — 2090 X)

np—mm) (py — v

PP1l—m)(1—2)(1—22)(l—uyn

Y2 (p — I $2) — DY

PAl—m)(1—2)(1—2m)(l—uyn

(
)
(1—92)(111 y2) (1 — 2 9o y1 X)
)
(

\/A\/A

(1—y2) y1—y2) (1 — 2090 42 X)
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REMARK 2.11 (ON THE DENOMINATOR OF (2.35)) With the help of com-
puter, one finds that the polynomial factors, which not dependent on X
in the denominators of (2.35) dropped after the simplification in the ring
Q[zo, 1, T2, Y0, Y1, y2] [ X], so that the common denominator becomes

1=—2yX)(1—mypn X)(1—2yy X) (1 — 2y 22 X)

(I—2 41 X) (1 — 2z yox y1 X) (1 — 2o yo 21 22 X)

I=2yr1eX)(1 -2y nnX)d— 1y 1X) (2.36)
(I -2zt X) (1 — 2o yoz 122 X) (1 — 2o Yo 21 1 y2 X)

(I—amypom e X)(L—awyp sy X) (1 — 2y 21 y1 22 42 X).

REMARK 2.12 (COMPARISON WITH GENUS 1) From direct computations, it
is seen that the numerator of rational fraction (2.35) is the product of 1 —
12y ;1Y X2 and the polynomial of degree 12 in X with coefficients in
Q[zo, 1, T2, Y0, Y1, Y], which constant term is equal to 1, while the leading
term 1s:

o Yo  TLTBYI Y iz

5 .
p

It is also seen that the factor of degree 12 does not contain terms of degree
1 and 11 in X. The factor of degree 2 in X is similar to that in the case of
genus 1 (this series was studied and used in [MP77]):

5 (1— x(1+5)) ) (1— y(1+5)

:i% 1 Y% 1 )Xé
I —m I—u

(1—951) (1—y1)(1—$opo)
Y (2.37)
(1—=2) (I =) (L =090 1 X)
I
(1_x1)(1—y1)(1—$0y0I1X)
I
1=2)(1 =) (1 —2yom 91 X)
1 —ad yg oy X2
(1 — 2yomtn X)(1 — 20401 X)(1 — 2oyotn X ) (1 — 2py0X)

+

Also see Lemma 3.8 on page 86.
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2.3.4 Inverting the spherical image

The statement of Theorem 2.8 in terms of Hecke operators is obtained by the
inversion of the spherical image (2.35) with the help of method of undeter-
mined coefficients, which was described in the Section 2.2.4. The formulae
for the basis Hecke operators are given in (2.15).

REMARK 2.13 (FUNCTIONAL EQUATION FOR DENOMINATOR OF TH.2.8)

There is an obvious functional equation for the coefficients s; of the denom-
inator of (2.28) (similar to [And87, (3.5.79), page 164]):

s16— = (0° [p] @ [P])* i (2.38)

REMARK 2.14 (COMPARISON WITH GENUS 1 IN TERMS OF HECKE OPERATORS)

It follows directly from the Remark 2.12 that the result obtained in case of
genus 1 can be written in terms of Hecke operators as next:

i T(p") @ T(p’) X°
6=0

= (1 - T1(p*) © T1(p?) XZ) (1 —T(p) ® T(p) X+ (2.39)
(P T(p)* @ T1(p*) + pT1(p*) @ T(p)® — 2p* T1(p°) ® T1(p*)) X>
— P T(p)T1(p*) @ T(p)T1(pH)X? +p* T1(p*)" ® Tl(p2)2X4> -

2.4 Generating series for symmetric squares
and cubes

Using the formula (2.29), one can also evaluate the symmetric square gener-
ating series and the cubic generating series of higher genus. Note that this
series, written here in spherical coordinates xq, x1, z9 is different from the
one studied by Andrianov and Kalinin in [AK79], and has the form:

> AA(TE™)Xx°
6=0
_ <1 _ @@ (2.40)
p

oL + 22(x1 + T2 + 22119 + 2270 + 1123) X + 24 23 23 X
(1 —2§ X) (1 —2g2? X) (1 —ag23 X) (1 —agaiz X)
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The cubic generating series of higher genus, written in spherical variables
To, T1, T2 has the form:

S OP(T() X" =
0=0

p_l( —p— x%(ml + 1)(xe + 1) (p(xy + 22 + $%£L‘2 + xlxg) — x119) X

+ 2f((z123 4 2}ws) + (1 — p)aias + (2 — p)(2fa) + 2ix3)
+ (1 — p)(afas + zix3) + (3 — 2p)atal + (2 — p)(xias + xiad)
+ (#}x] + 2fad) + (1 — p)afal) X°

+ wdxias(zy + 1) (2 + 1)X3)

-1
X ((1 — 2 X)(1 — 233 X) (1 — 233 X) (1 — x%x?x%X)) .
(2.41)
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Chapter 3

Computation with Siegel
modular forms and L-functions

3.1 Explicit examples of Siegel modular forms

3.1.1 Saito-Kurokawa conjecture

In 1978 Kurokawa computed explicit examples of Siegel modular forms of
genus 2 [Kur78]. These examples led to the Saito-Kurokawa conjecture,
proving of which required focusing much attention on Jacobi forms. The
latter were first studied by Eichler and Zagier [EZ85]. Jacobi forms provide
a powerful tool in study of Siegel modular forms. Using modern technique,
Skoruppa [Sko92] demonstrated the computational approach to the study of
Siegel modular forms. He computed the Siegel cusp Hecke eigenforms of even
weight on the group Sp,(Z), which do not belong to the Maafl space, and
observed some interesting new phenomena.

At the time of Kurokawa’s paper, much effort has been made by math-
ematicians to give explicit examples of Siegel modular forms. In particular,
Kurokawa constructed the degree 2 cusp form x;¢ of weight 10. On the basis
of explicit calculations, he guessed that

L(s, xa0, spin) = ((s = 9) ((s = 8) L(s, f1s) , (3.1)

where fig is the normalized cusp form of weight 18 on SLy(Z). His examples
suggested that is some cases

L(s, Fy,spin) = ((s —k + 1) ((s — k + 2) L(s, for—2) (3.2)

with for_o € Sop_2(SLa(Z)) a normalized cusp form and Fj, a corresponding
Siegel modular form of weight k, which is an eigenform of the Hecke algebra.
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He conjectured the existence of a lifting
Sok—2(SLa(Z)) — Sk(Spa(Z)),  far—2 — Fi (3.3)
with the relation (3.2). More precisely, now we have the following theorem:

THEOREM 3.1 (SAITO-KUROKAWA) The Maafl subspace S;(Spy(Z)) is in-
variant under the action of the Hecke algebra and there is one-to-one cor-
respondence between eigenspaces in Sa_2(SLa(Z)) and Hecke eigenspaces in

Si(Sp2(Z)) given by
feo Fs L(s, F,spin) =((s—k+1)((s—k+2)L(s, f). (3.4)

This theorem is due to Maafl [Maa79a, Maa79b, Maa79c|, Andrianov [And79]
and Zagier [Zag81].

It is worth mentioning that forms in the Maafl space are, strictly speak-
ing, not “pure” Siegel modular forms in the sense that they are obtained by
means of a lifting from GLy;. Thus many properties can be derived from
corresponding properties of forms on GlL,. In particular, squared Fourier
coefficients of the cusp Siegel eigenform are essentially equal to the central
special values of the L-function associated to the elliptic cusp form.

3.1.2 Ikeda lifting

Duke and Imamoglu [DI96] presented another proof of the isomorphic lifting
from the Kohnen space to the Maafl space in the Saito-Kurokawa correspon-
dence. The interesting fact is that their proof bypasses the use of Jacobi
forms. They also conjectured that for the same parity & and n there ex-
ists a Hecke eigenform F(Z) € Sk (Sps,(Z)) of degree 2n, whose standard
L-function is essentially equal to the product of shifted Hecke L-series of a
normalized Hecke eigenform f(z) € Sor(SLo(Z)). The evidences were given
by Breulmann and Kuss [BK0O].

Ikeda [Ike01] showed that the conjecture by Duke and Imamoglu is true.
Moreover, he obtained a simple formula for the Fourier coefficients of such
Siegel form F'(Z). His work was a generalization of the Saito-Kurokawa lifting
to the higher degree. In particular, for & being an arbitrary positive integer
such that £ = n (mod 2) for some positive integer n, choose a normalized
Hecke eigenform

F(2) =) amq™ € Su(SLa(Z)), a1 =1. (3.5)

m=1
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Then there is an explicit expression for the Fourier coefficients of a Siegel
cusp form F(Z), which is a Hecke eigenform whose standard L-function is
equal to

L(s, F, stnd) = HL (s+k+n—if). (3.6)

Murakawa [Mur02, Lemma 4.1] determined the local Satake p-parameters

{607517 s 7ﬁ2n} fOI' F(Z>

60 nk: n(n+1)/2

Bi=ap 2, (3.7)

ﬁn—l—z—a_lpz 1/2 i:1,...,n,
where {a,a™ '} are the local Satake p-parameters of f(z) = >_ a, ¢", i.e.
(1—apt 22X 1 —a P12 X)=1—-0a, X +p* 1 X2 (3.8)

When n = 1, the lifted form F(Z) is equal to the Saito-Kurokawa lift of f(z).

3.1.3 Miyawaki’s constructions

In the remarkable paper [Miy92] Miyawaki considered certain Siegel cusp
forms of degree 3, and on the basis of some numerical calculations, he made
interesting conjectures about the degeneration of the standard and spinor
L-functions associated to such cusp forms. Several years later Tkeda proved
a part of the Miyawaki’s conjecture related to the standard L-function (see
[Tke06]). Basically he was able to construct an explicit lifting from Siegel
cusp forms of degree r to Siegel cusp forms of degree r 4+ 2n. In particular,
it turns out that the only cusp form of degree 3 and weight 12 is a basic
example of this lifting (for r =1, n = 1).
Ikeda refined Miyawaki’s idea to the following result:

THEOREM 3.2 (MIYAWAKI-IKEDA)  Let k and n be natural numbers with
k —n even. Furthermore, let f € Sop(SL2(Z)) be a normalized Hecke eigen-
form. Then, under non-vanishing conditions, there exists for every eigen-
form g € Skinir(SP,(Z)) with n,r > 1 a Siegel modular eigenform Fy, €
Sktntr(SPapyr(Z)) such that

2n
L(s, Fy 4, stnd) = L(s, g, stnd) H Lis+k+n—j,f). (3.9)

J=1



tel-00349767, version 1 - 4 Jan 2009

80 Computation with Siegel modular forms and L-functions

Recall that Miyawaki constructed his numerical examples by means of
theta functions with spherical functions. Namely, let Fg be a unique even
unimodular lattice of rank 8 i.e.,

20, € Z(i=1,...,8),

Es = t(ajl,...,l’g)eRg r1+ -+ x8 € 27, , (310)
x;—x; € 7L
and
100 ¢ 0000
Q=101 0 0 2 0 0 0 (3.11)
001 00 ¢« 00

be 3 x 8 matrix. Then the theta series

Fi2(Z) = Z ﬂ?(det(Q-(vl,vg,vg))g)exp(mTr(((vi,vj>)Z)) (3.12)

v1,v2,03€Eg
is a cusp form of weight 12 with respect to Sp3(Z), where Z € 3,

Sps(Z)={MeMsg:-MIJM=J},J=(9%), (3.13)
9 ={Z="7=X+iY:X,Y € M3(R),Y >0} . (3.14)

In the recent work [Hei07] Heim proved Miyawaki’s conjecture relevant
to the spinor L-function for the specific case of the cusp form Fi,. In fact,
Heim showed that the following equality holds:

L(s, Fia,spin) = L(s —9,A) L(s — 10, A) L(s, A ® ga9) , (3.15)

where A is Ramanujan’s discriminant cusp form and g is the cusp form
of weight 20 of level 1. In Section 3.2 we show that one can provide the
explicit rational numbers R, and powers of 7 such that for each critical value
s=12,...,19

L(s, Fi2, spin) = Ry (A, A) (920, 920) - (3.16)

We also compute the values numerically using the SAGE software [SAG]
and Dokchitser’s CoMPUTEL PARI package [Dok, Dok04].

To our knowledge, this is the first example of a spinor L-function of Siegel
cusp forms of degree 3, when the special values can be computed explicitly.
The spinor L-function L(s, Fi2, spin) has a holomorphic continuation to the
whole complex plane and is the first example of a spinor L-function of a
Siegel cusp forms of degree 3 which satisfies a functional equation.
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It is possible to apply the same technique to compute the critical values of
the spinor L-functions for non cuspidal modular forms; but there exist direct
(and more simple) methods in this case. For example, due to Zharkovskaya
[Zar74, Theorem 1] there is the famous equality for non cuspidal forms

L(s, F, spin) = L(s, ®(F), spin) L(s — k + n, ®(F), spin) , (3.17)

where ® is the Siegel operator. We could also use our approach to compute
the conjectural special values of the spinor L-function L(s, Fi4, spin) for the
unique Siegel cusp for of degree 3 and weight 14.

3.1.4 Other conjectures

The proof of Miyawaki’s conjecture related to Fjo cannot be extended to F4.
In fact, Heim indicated [Hei08] two types of Miyawaki’s constructions and
related conjectures:

CONJECTURE 3.3 (MIYAWAKI CONJECTURE TYPE I)  There exists a map
Sk X Sop_o — S such that for pairs of Hecke eigenforms (f,g) the image
F is a Hecke eigenform and the eigenvalues of F' are expressed in terms of
the eigenvalues of f and g.

CONJECTURE 3.4 (MIYAWAKI CONJECTURE TYPE II) There ezists a map
Sk_2 X Sop_o — S} such that for pairs of Hecke eigenforms (f, g) the image
F is a Hecke eigenform and the eigenvalues of F' are expressed in terms of
the eigenvalues of f and g.

The conjecture of type II is still open. Heim performed the careful analysis
of Miyawaki’s constructions and several other examples. The observations
led him to the following statement.

CONJECTURE 3.5 (HEM, [HEIO8]) Let k be a positive integer.
1. Let G € M2 be a Hecke eigenform. Then GX Ej_o € M3.

2. Let G € 8 and h € S5 be Hecke eigenforms. Then L(s,G @ h) is
modular and GRh € 82, i.e. L(s,G® h) = L(s,G X h, spin).

Heim also suggested the asymptotic dimension formula for the space of cusp
forms of weight k of degree 3. The notation G X h corresponds to a Siegel
Hecke eigenform F' = G X h such that L(s, F,spin) = L(s,G ® h), and
L(s, G ® h) means the Rankin L-function defined by the product of the local
Euler factors of corresponding L-functions of G and h, F}, is Eisenstein series.
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Our results from Sections 2.2 and 2.3 make it possible to compare the
spinor Hecke series of genus 4 (in spherical coordinates wug, uy, ug, ug, ug) with
the Rankin product of two Hecke series of genus 2 (in spherical coordinates
xo, T1, T2, Yo, Y1, Yo2). It follows from our computation that if we make
the substitution uy = xgyo, Uy = x1, Uy = T, Uz = Y1, Ug = Yo, then the
denominator of the series (2.23)

[e.9]

S W (T () X° (3.18)
=0

coincides with the denominator of the Rankin product (2.35)

i QP (T(p")) - U2 (T(p") X°. (3.19)

6=0

On the basis of this equality we formulate the following conjecture (see
[PV09)):

CONJECTURE 3.6 (ON A LIFTING FROM GSp, x GSp, TO GSp,) Let f and
g be two Siegel modular forms of genus 2 and of weights k > 4 and |l = k — 2.
Then there exists a Siegel modular form F of genus 4 and of weight k with
the Satake parameters

Yo = o, V1=, Y2 = o, Y3 = Bi, Y4 = o,

for a suitable choice of Satake parameters oy, oy, as and Py, B1, B2 of f and
g.

An evidence for the conjecture comes from Ikeda-Miyawaki constructions
([Tke01], [Mur02], [Ike06]). For an even positive integer k let h € Sax(SL2(Z))
be a normalized Hecke eigenform of weight 2k. Let f € Skypn+r(Sp,(Z)) be an
arbitrary Siegel cusp eigenform of genus r and weight k+n-+r, with n,r > 1.
Then, according to Tkeda-Miyawaki (see [Ike06, Theorem 1.1]) there exists a
Siegel eigenform Fj, ; € Siinir(SPapsr(Z)) such that

2n
L(s, Fn g, stnd) = L(s, f, stnd) H L(s+k+n—jh) (3.20)

j=1
(under a non-vanishing condition). The form F, ¢ is given by the integral

Fng(Z) = (Fania: (§ ), f(Z)) 2, (3.21)
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where Fy, € Skin(Sps,(Z)) is the Ikeda lift of h, in assumption that k = n
(mod 2); for n = 1 it corresponds to the Maass lift F, = Maass(h) €
Sk+1(Spy(Z)). The valid example of the conjecture is given by n =1, r = 2,
k:=k+1, g=F,,

(f,9) = (f, F2) = Frn € Sk3(Spa(Z))
(f,9) = (f, F2) € Sk43(Sp2(Z)) X Sk11(Spa(Z)) -

The L-function of degree 16 in Conjecture 3.6 is related to the tensor product
L-function in [Jia96]. In the above example it coincides with the product of
two shifted L-functions of degree 8 of Bocherer-Heim [BHO6].

The conjecture 3.6 can be generalized as follows:

(3.22)

CONJECTURE 3.7 (ON A LIFTING FROM GSp,,, X GSp,,, TO GSpy,,) Let f
and g be two Siegel modular forms of genus 2m and of weights k > 2m and
Il =k —2m. Then there exists a Siegel modular form F of genus 4m and of
weight k with the Satake parameters

Yo = 040507 1= Q1,5 Y2m = Q2my Vom+l = 517 <oy Yam = Bam,

for a suitable choice of Satake parameters ag, ay, ..., Qo and By, B, - ..,

Bam of [ and g.

Once again, the evidence for this version of the conjecture comes from Ikeda-
Miyawaki constructions. Let k be an even positive integer, h € Sor(SL2(Z))
be a normalized Hecke eigenform of weight 2k, Fy, € Siy(Spy,(Z)) be the
Ikeda lift of h of genus 2n (we assume k = n (mod 2), n > 1). Consider an
arbitrary Siegel cusp eigenform f € Syyn1(Sp,(Z)) of genus r and weight
k+mn+r, with r > 1. If we take in (3.20) n = m, r = 2m, k := k + m,
k+n+r:=k+ 3m, then a valid example of this version of the conjecture
is given by

(f:9) = (f, Fom(h)) = Fh g € Skessm(Spam(Z)),

(3.23)
(f,9) = (f, Fam(h)) € Spasm(SPon(Z)) X Spsm(Spay (Z)) -
Another evidence comes from the Siegel-Eisenstein series
f=E", g=E", (3.24)

of even genus 2m and weights k& and k—2m. Their corresponding local Satake
parameters are:

k—2m k—1
ag=1, a1 =0p s ey, Qo =D,

Cdm Com (3.25)
60:17ﬁ1:pk47"‘752m:pk2 1'



tel-00349767, version 1 - 4 Jan 2009

84 Computation with Siegel modular forms and L-functions

The Siegel-Eisenstein series F;"™ with Satake parameters

Yo = 17 M= pk74m’ sy Yom = pkil, (326>

will be the right choice of the form F' in the conjecture.

3.2 Computing critical values for L(s, Fis, spin)

3.2.1 Preliminaries

We recall the basic definitions. Let $§ = {2z € C: 3(2) > 0} be the upper half-
plane. For a positive integer k& and a Dirichlet character y modulo a positive
integer N such that y(—1) = (=1)*, we denote by My(I'o(N), x) the vector
space of all holomorphic modular forms f(z) of weight k satisfying

b
P = xlaes + 7 foralt = (4 1) €T, 20
: _az+b
where the variable z € 9, y(z) = ot and

To(N) = {(‘CL Z) €SIa(Z):c=0 (mod N)} . (3.28)

We denote by Sg(NN, x) the subspace of My (I'y(N), x) consisting of all cusp
forms. Every element f of My (Ig(N), x) has a Fourier expansion

f(z)=) aln)q", (3.29)

=0

3

where ¢ = exp(2miz) and a(n) are complex numbers in general.

The L-function associated to f is defined as L(s, f) = Z a(n)n~*. More

n=1
generally, with an arbitrary Dirichlet character w, the twisted L-function

is defined as L(s, f,w) = Za(n)w(n) n~°. These L-functions can be also
—1

written in the form of Euler product:

L(s, f) = H (1—a(p)p™ +x@)p*1*)", (3.30)
L(s, f,.w) = [[ A =a@w®)p+x@wp@)’ s 7). (3.31)

p prime
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Next, the Dirichlet L-series for any character x of conductor N is given by

$,X) = _x(n)n~* (3.32)

and its Euler product

L(s,x) =] ;_ : (3.33)

1 —
oy L= x(@)p
In the case, when x is the identity Dirichlet character, the latter series is
o
1
Riemann’s zeta function ((s) = —.
n
n=1

Let g(z Z b(n)q" € M;(F'o(N), &) be another modular form of weight

[ with Fourier coefﬁ(nents b(n). The L function associated to two modular
forms f and g is given by the additive convolution

L(s, f,9) = > _a(n)b(n)n™*. (3.34)
n=1
Another type of L-functions associated to two modular forms is Rankin’s
product L-function (multiplicative convolution). It is denoted by L(s, f ® g)
and defined as (see [Shi76, page 786]):

L(Saf®g):LN(2S+2_k_laX€)L(S>fag)a (335)
where Ly(s,w) with a Dirichlet character w modulo N is defined, as usual,
n (3.32) with w(n) = 0 for (n,N) # 1, and the Euler factors in (3.33),
corresponding to the prime divisors of a number N, have been omitted. Note,
that in the case, when f and g are cusp eigenforms, the lefthand side of (3.35)
is an Euler product of degree 4.

For two elements f,h € My(I'o(V)) such that fh is a cusp form, the
Petersson inner product (f, h) is defined as

1 — p dx dy
) = S ] o, T T (339

where z = x + iy, ¢y is a fundamental domain for $) modulo I'o(/N) and
the bar denotes the complex conjugate. We also define (f, h) by (3.36) for
nearly holomorphic modular forms f and A on $ whenever the integral is
convergent (see [Shi07, section 8.2] for definition and properties of the nearly
holomorphic modular forms).

We conduct a computation of (3.15) separately for two components L(s—
9,A) L(s —10,A) and L(s, A ® g99) each time applying the Rankin-Selberg
method.
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3.2.2 Rankin-Selberg method

To compute the special values of L-functions we use the “unfolding method”
invented by Rankin and Selberg in their papers of 1939-40 [Ran39, Sel40].
There are three principal steps in the application of this method:

> Rankin’s Euler product of degree 4:
L(s,f®g) = Ln@2s +2—k—1,x§) L(s, f,9) ;

> Integral convolution:

o pl/2
an) T L fg) = [ [ Fogydedy,
o J-12
> Passage to the fundamental domain:
(Am)=T(s)L(s, f.9) = | FogBioin(zs +1 =k, x€)y*  dady,

SN

where
z=x+1y, k> I arethe weights of f and g,
folz2) = f(-2) = qun,
Eiy(zsw)= Y wd(cz+d) ez +d™>, y=(2),
Y€l \To (V)
Py is a fundamental domain for To(N)\$ and I'o, = {£({7) : m € Z},
w is a Dirichlet character modulo N such that w(—1) = (—=1)*

The Rankin’s convolution L-function L(s,f ® g) = Ly(2s +2 — k —
[, x€) L(s, f, g) has the Euler product of degree 4 in the view of the following
lemma:

LEMMA 3.8 (LEMMA 1, [SHIT6]) Suppose we have formally

S Ay =TT [0 —app) (1 —app)]

p

and
ST Bm)yn =T~ 60~ 8p)] .
Then ’
oo e 1 — ao/ﬂﬁ’p_zs
2, A B =l e - e a —wmr
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The integral representation is actually reduced to the multiplication by
['-function:

oo /2
/ frgy® " dzdy
0

—-1/2

/ / s 1 anle—27rm15 E :bn2627rm2z d!L’ dy
71/2

TL1 n2

oo prl/2
_ / / ys—l Z ln, an eQm’(—n1+n2)z e—27ri(n1+n2)y dr dy
o J-1/2

ni,n2

_ Z a, b / -1 —47mny dy

(3.37)

= Z an by, (4mn) 5/ (4mny)* e d(47ny)
0

S)Zan byn~® = (4m)"°T'(s) L(s, f,9) -

Finally, the integration in the rectangular {|x] < %, y > 0} area is based
on the explicit definition of Eisenstein series and interchange of summations
and integration. The invariance of (y~2 dx dy) with respect to modular sub-
stitutions is used to unfold the fundamental domain.

Let
* *
=T = ().

where

(ml,nl) =1 ifmy > 0,
ny = 1 if my = 0.

Consider the area & = {|z| < 3, y > 0} =\ and &y = I'o(N)\$. Then
6= Uwe rY®n. The integration in the area & can be performed as follows:
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oo  r1/2
/0 () 9(=) y* de dy

—1/2
o da dy
= / fp( 2) g(2)y s+1 ey
0 —1/2 Y
=> | @)yt (y P dedy)
~vER 7PN
dr d
/ N 502 gyl T
N yeR Y
dr d
= / Z fp(z) g(Z) Xf(d) (CZ —+ d)*k+l|cz + d|72572+2k strl : Yy
®N yeR —y

Z X&(d) (cz + d)~ %V |ez + d| 72T 5 da dy

YER

= fo(2)9(2) Bxn(z,s +1 =k, x&) y* ' dady.
SN

(3.38)
Also
!/
Exn(z,8,w) = Z w(n) (mNz+n)mNz +n| ™
(n,m)
= Z w(dny) (dmiNz 4 dny) ™| dmiNz 4 dny |~
d=1 (n17m1)=1 (339>

= Zw(d) d—r% Z w(ny) (mi Nz +ny) MmNz +ny |2
d=1 (n1,m1)=1
=2Ln(25+ A\ w) B (2, 5,w),

where m = dm, and n = dn;. Hence, comparing (3.37) and (3.38), we have
(see also [Shi76, (2.4)])

2(4m) " T(s) L(s, f®9) = | FpgBrin(zs+1—kx&)y" drdy. (3.40)

(N
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3.2.3 The expression for L(s,A) L(s —1,A)

Let f = A be Ramanujan’s discriminant modular form of weight £ = 12:

[e.9]

f2)=Ak) =) 7(n)q" —qH (1-q") (3.41)

n=1

=q—24¢*+252¢° —1472q +4830¢° — 6048¢° + - - -,

where 7(n) is Ramanujan’s tau function. The associated L-function is

= Z T(n)n=* = H (1—7(p)p—° + }911_2‘(”)_1 : (3.42)
n=1 p
1
Let Gy(z —i—ZUl :—ﬂ—l—q—i—iiq +4¢3+7¢"+ -, where
o1(n) = Z d is the d1v1sor function defined as the sum of the divisors of n.

din
Consider the Eisenstein series (see [Miy06, Lemma 7.2.19, (2)])

9(2) = Cayl2) = Golz) — pCalpr) = 2oL 4 3" Y dgr, (349

n=1 d|n
ptd

of weight 2 for I'y(p) and the corresponding L series

=> D dn= ) d(dd) =) dY dp”

n=1 dln d,d;>1 d>1 di>1 (3_44)
ptd ptd ptd

=(1=p"*) (s = 1)((s).
Put p = 2, then
9(z) = Gaa(z) = Ga(z) — 2G5(22)

1 (3.45)
:ﬂ+q+q +4¢*+¢"+6¢"+4¢"+-
and
L(s.g) = (1 —2"*)¢(s — 1) ((s). (3.46)

For f =A =) 7(n)q" € 512(2) and g = Go2 = >_b(n) ¢* € M(I'(2),§)
we have k =12 and [ =2. Put N =2, y =1 and

1, if n odd;

0, if n even.

£(n) = (1 mod N)(n) = { (3.47)
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Assume 1 —7(p) X +p" X? = (1 — o, X)(1 — oy, X), then a,, + o, = 7(p),
apaj, = p', and

Lis, ) = [T (0 = app™) (1 = 0 p™)) . (3.48)
Similarly, consider
Zb — 2179 ¢(s — 1) ¢(s)

=1 -2 -p)a-p))" (3.49)
=[[(@-spa-8p)",

where G(p) = 1 for all p, 5'(2) = 0 and 3'(p) = p for all odd primes. By
definition and using Lemma 3.8

L(s,A® Gop) = Ly(2s +2— 12— 2,9) L(s, f, g)

_ H 12 23 E 7_
n=1

p#2
- H 12 25
p#2
—a, pﬁpﬁ/ —2s
<1l (1—apByp=) (1 - Oféﬁpp (1= Bp7) (1= o, 5,p70)
1

- X
(1 —a27%) (1 —ah279)

y H (1 o 12—23)—1 (1 _ pllpp—2s)
(I—app™) (1 —a,p=) (1 —appp=) (1 — ) pp~)

1
<1l (1 =ap=) (1 = app=)) (1= appt=*) (1 = ap p'=))

1 1
o= a=am a—ma—am

p#2
= L(s,A)L(s —1,A) (1 — 7(2) 2" 75 4- 21 2272%)
=(1+3- 25 42572) [(s,A) L(s — 1,A) .
(3.50)
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Finally, we obtain the following identity

L(S, A ® GQVQ)
(1+ 3245 4 213-25) "

L(s,A)L(s — 1,A) = (3.51)

3.2.4 Computation of L(s, A ® Gs3)

Now we express L(s, A® Ga2) (at integral points s = 3,...,10) as a multiple
of Petersson inner product (A, A). Using (3.40),

L(s,A® Gaa)

_ ;A}Z) [D 0 Gaale) Buoales = 11,6y dedy

_ ;‘;2; | BE) Goale) Buoales — 11y dady

_ [SIQJQF% oL 17 ) Gaa(e) g Bra(ee— 1))
_ g(l‘f(?) (A(2), Hol (Gaa(2) " Exga(z, s — 11,€)))

_ g(‘l{ 7(2)1 (A=), Hol (Gaa(2) (4my)™ Eroa(z,s — 11,6))) |

where (f, g) is the Petersson inner product (3.36), ®2 denotes a fundamental
domain for T'y(2)\$, z = = + iy,

Exn(z,8,§) = ZI £(n) (mNz +n) MmNz +n|™>, (3.53)
(mom)

3" denotes the summation over all (m,n) € Z?2, (m,n) # (0,0), Hol(F) is
the operator of holomorphic projection (see [Stu80] and [CP04, (2.148)]). It
is defined so, that (f, F') = (f, Hol(F)) for all f € Si(N, ).

In order to compute the holomorphic projection of the product in the
last identity of (3.52) Hol (Go2(2) (47y)*~ ™ Fioa(z,s — 11,£)) we write the
Fourier expansion for Figs(z,s — 11,€) in the convenient form using the
Whittaker functions by applying the Proposition 2.2 of [Pan03], where in
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notations of that proposition
s€{3,...,10}, s—11<0, s—114+10=s—1>0,

a:1’

= b=1 O(—
a=20, , (N)
Eip2(z,5s —11,0,1) = Eyoa(z,s — 11,¢),

((s;0,2) Z ns:z n)~* =2"°C(s),

0<n=0(2 n=1
((s;1,2) = Y nS—c —((5:0,2) = (1 =27°)¢(s).
0<n=1(2)

The Whittaker function W (y, a, 3) (see [Pan03, (2.4)], for example) is defined
as

+o00
Wi(y,a,3)=T(3)" /0 (u+ D) Mt e v du (3.54)

fory > 0, o, 8 € C with R(5) > 0 and for arbitrary o and [ this function is
defined by the analytic continuation and the functional equation:

W(yv Q, ﬁ) = yl—oz—ﬁ W<ya I ﬁ? 1 - Oé) : (355>
For a non negative integer r, we have
— - <_1)1(:)I‘(a) r—i

Therefore,
(47y)* M Eiga(z, s — 11,€)
= (4my)* 11 2¢(25s — 12;1,2)
o (2mi)B12 (<1) D (2s — 13)
(Ary)2s=132T(s — 1) I'(s — 11)
11 (_27”')28—12 (_1)5—11

+ (4my) BT (s 1)

X Z Z sgn(d) d** B e W (4mny,s — 1,5 — 11) ¢"

n=1 +d|n
=2 (4my)" 1 (1 —21272%) (25 — 12)
2w 71225 — 13) ¢(2s — 13)

+ (4my) 2¢(25 —13:0,2)

— (4%
(4my) T(s— 1) T(s— 1)
— (4 s—11 27T28_12 = -1 dd2$713W 4 -1 —11) o™
st 3} L TP
n=1 djn

(3.57)
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Let
Cl = Cl(s) = (_1)27T25_12F(25 —13)¢(2s — 13)
0T o Ms—10I(s—1)
Cy = Cy(s) = (2—287%) (25 — 12), (3.59)
C, = Ci(s) =2m% 712,
Cy = Cy(s) = (2 — 22712 25712
then
(4my)* M Eiga(z,s — 11,€)
= Cp (4my)*™* + Cf (4my)*™H
W(dry,s — 1,8 — 11) (3.59)

+C (47Ty)s_11 q

I'(s—1)

W(8mry,s —1,s — 11)
I'(s—1)

el () Mg

Recall that Gao(2) = 1/24+ ¢+ ¢* + -+ by (3.45). We write the Fourier
coefficients A;(s, y) for the product F = Gyo(2) (4my)* ! Eyga(z, s —11,£) =
Zgn(s,y)q” in order to apply the Holomorphic Projection Lemma [GZS86,
Proposition (5.1)] to find the image of the projection operator Hol(F) =
> An(s)q" (the Lemma is originally due to Sturm [Stu80]). It should be
noted, that the relevant polynomial decay hypotheses of the Lemma are
satisfied for all actions Fig2(z, s —11,&)|y of v € SLy(Z) and at each critical
point s, see [Pan03, (2.3)].

We need to compute just two coefficients A; = Ai(s) and Ay = As(s)
since the result of the holomorphic projection belongs to the space of cusp
forms for the subgroup I'g(2), which has the dimension 2. Then we find the
linear combination representing Hol(F') in the basis {A(z), A(2z2)}:

Hol(F) =a-A(z) + 5 - A(22) . (3.60)

Namely, the computation of A; and A, gives:
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A =2 (4my)*~" ™1™ (47y) ' d(4my)

+ = (4my)*~ M e (4my) "0 d(4my)
0

C T W (4ny, s — 1,5 — 11) TR 1
’ ’ A7) ™ (47ry) 10 d(4

F(lg _ 8) ! F( ) "
=0 Gt @
C, /+OO 11-s (_1)i(11i—s) (4rry) 10— iy g
24 - 10! T(s—1—1)

(4my)

G ng ()T —i)
10! 10! 24 10! T(s—1—1i)

(3.61)

C(/) e —87 10
= — (47y)*~ Y (8my) " d(8my)

+— (47y)* =M e (87y)'? d(87y)

Cy e W (4ry,s — 1,58 — 11)

(4my)* 1 e ™™ (8my) ' d(8my)

10! /g T(s—1)
Cy T W(8my, s — 1,5 — 11) s .
— dmy)® ™ (87y) "0 d(8
T, o) )T e (8my) d(8my)
C/

+00 0/ ~+o0
100' 25~ 2/ (8my) 1275 ™8™ d(87y) + —2 211 s/ (8my)* e ¥ d(8y)
0 0

O [ 82 (1) (M) ()

+ J—
| —1—=
10! pr I(s—1—1)

¢, /+°o W (1) () )
24 - 10! I(s—1—1)

10!

(4my)*~ ' e (8my) "0 d(8y)

_|_

(4my)*~ M e (87y)"0 d(8mry)

CT3=8) pen gy D) e g, O §= o CD(TAL =)
10! 2 C+10! C+10' — [(s—1—1)
Cy gll-s HZ_S (_1)i(11i_s)r(11 - Z)
24 - 10! M(s—1—1d)

+

7=l

(3.62)
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These Fourier coefficients are rational numbers up to the factor 725712 for
each s € {3,...,10}, see Table 3.1.

Next, we compute o and 3 in the linear combination (3.60) by comparing
the coefficients A; and A, corresponding to terms ¢ and ¢? with the equivalent
linear combination of coefficients of our basis functions A(z) = ¢—24¢* +. ..
and A(2z) =¢* +...:

Al=a-143-0
1=a-1+p (3.63)
As=a-(=24)+p4-1
Upon resolving this system of linear equations, we have
o = Al
3.64
ﬂ =24 Al + AZ 9 ( )

therefore, we obtain the following identity for the Rankin’s convolution of A
and Go (3.52):

L(S, A ® Gg,g)
3 (4m)H

= 30 (A (AE) AR + (4A(5) + Ax(9) (A(2). A22))).

(3.65)

Table 3.1: Fourier coefficient of Hol (Gao(z) (47y)* ! Eyg2(2, s — 11,€))

s | m-factor | Ai(s) | Aa(s)
3 76 L 6
50 25
1 56
4 —4 — | =
T 270 | 135
1 1
5 A R
T 1440 | 20
1 5
0 - .
6] = 6048 | 756
7 2 L L
16800 | 900
17 13
8 4
T 518400 | 64800
11 1
9 6
i 453600 | 56700
13 1
10 8
i 604800 | 10800
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We simplify the obtained expression even further. Recall that

A(22) =272 A (3) (3.66)
where k& = 12 is the weight of A. Then
(A(2), A(22)) = 27 (A(2), Ak (39)) - (3.67)
Consider v € T'y(2)\I', I' = SLQ(Z). The summation over all v gives
(A(2), A(22)) = 27°[I": T (2 Z 2 AR (51)7)
(3.68)

=277 (A(2), Tr(2)( )k (39))) -
The trace operator TrN) : M, (To(N)) — My(SLy(Z)) is defined as the
action f — Z f|k7 We have (see [Ser73])

vE€Lo(N)\SL2(Z)
T (A=), (39)) =27 To(A) (3.69)
where T5 is the Hecke operator, therefore,

(A(2), A(22)) =273 <A( ),27° 15 (A(2)))

=273 (A(2),7(2) A(2)) (3.70)
1
= —5g (B(2), Al)) -

Substituting the last identity into (3.65), we obtain the final expression:

3 (4m)t (232 Ay (s) —
2 T(s) 256

L(5,A® Gas) = Ax(s) (A, A) . (3.71)

3.2.5 Result for L(s—9,A)L(s —10,A)

Combining together (3.51) and (3.71) we obtain the expression for the prod-

uct L(s —9,A) L(s — 10, A):

32871 (232 A1 (s — 9) — Aa(s — 9))
(1432135423125 '(5 — 9)

L(s —9,A)L(s — 10,A) = (A,A) |

(3.72

Now we evaluate this result in the form L(s — 9,A)L(s — 10,A) =

RA(s) Pa(s) (A, A) for each s € {12,...,19} computing the rational co-

efficient Ra and the corresponding power of 7, see Table 3.2. The numerical
value of the Petersson inner product

(A, A) = 0.000001035362056 (3.73)

is computed in the section 3.2.8.
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Table 3.2: L(s —9,A) L(s — 10, A)

s RA Pan | L(s —9,A) L(s — 10, A)
12 % = 322—1552 T 0.046143339818118
13 % = 23—142 o 0.158130732552033
14 % = 331.17 m? 0.334433094416363
15 481;;)? =3 2;2 - i 0.528115574483468
16 ;gg?g = 3 .2; = i3 0.694972239760782
17 22;235 —= _25123_ |7 0816550651925946
18 26871990275 =37 .25123' = mt7 0.895457859377812
19 203323225238 25146 |77 0.942700248523234

3.2.6 Computation of L(s,A ® go)

We apply once again (3.40) similarly to as in section 3.2.4. The main dif-
ference is that the Petersson inner product is taken for both modular forms
being cusp forms and for the full modular group SLy(Z):

L(s,A ® gx) = % Al T A By (5 = 19)y" " dw dy
- 2(?(?9) (920, Ay"™ " Eg 1 (2,5 — 19))
- 2(?72:) (g20, Hol (Ay*™ " Eg (2,5 —19)))
— (2412T<);j {go0, Hol (A (4my)* ™" Eg 1 (2, s — 19))) ,

(3.74)

In this case the critical values of s are 12,...,19. We verify that s — 19 < 0,
s—19+8 = s—11 > 0, then the series Es(z,s—19) is a nearly holomorphic
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modular form for all these s € {12,...,19}. We write the Fourier expansion
of Eg1(z,s —19) using [Pan03, Proposition 2.2]:

(4my)* 1 Eg (2,5 — 19)
= (47y)* |2¢(2s — 30)

(—2mi)*730 (—1)5~ 191 (2s — 31)
(Amy)? =31 T(s — 11) T'(s — 19)
2(_271.2')25—30(_1)3—19

2¢(2s — 31)

(s — 11) 8
X Z Z d* 3 W(4nny, s — 11,5 — 19) ¢"
n=1 djn
) 0 C(25 — 31)T(2s — 31) .
— 92((2s — 30)(4 s—19 2(2 2s 30<( 4 12—s

10 202m) %70 2531 n
mZZd W(47my,8—11,3—19)q

n=1 d|n

= Dy (4my)"* ™" + Dg (4my)*~"

> W (4 —11,s =19
i Z 9 (QW)zs—so Zd25—31 (4mny, s ) S )(4ﬂ_y)s—11 "
n=1

+ (4my)

n I(s—11)
(3.75)
where
, 2s_s0 L (25 — 31) ¢(25 — 31)
Dy = Dy(s) =2 (2m) T(s—11)T(s—19) ’ (3.76)

Dl = Dl!(s) = 2¢(2s — 30).

Since the result of the holomorphic projection in this case belongs to the
one-dimensional space spanned by ¢o9, we need to compute just the first
Fourier coefficient By (s) of Hol(-) = > 7, By(s)¢™ in order to express it as
a multiple of go9. We compute it as the integral given by the Holomorphic
Projection Lemma:

1 [t
Bis) =35 | Do (4my) =" e (4my)"® d(4ry)

1 [t

+ 5 D}, (4y)?~% e 4™ (47y)™® d(47y) (3.77)
“Jo
I'(s) D+ I'(31 —s) D

T 18!
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Table 3.3: L(s, A ® ga0)

° B Poay L(s,A ® ga)

12 253234828855 = % % | 5.380003562880315
13 % = 38522% 7 | 5.618889612918517
22
14 2;91192413304425 =38_52_72_11_13_17 7 | 3.513063561721911
23
15 97233?128275 :38.53,722_ TISET; 719 | 1.981288433718698
23
16 146225522125 239_54_722. e | | L303635536350500
21
17 4392(1)211231375 :310,54,722 1 13.17 723 | 1.072197252248449
22
8 923149139844300341875 _311.54.732 s | 7| 1007825020916877
21
" 461532323??9375:311.55.732 T | | 0-994683426196918

The final expression is, as follows:

(4 19

L(s, A ® gao) = Bi(s) ﬂ—) (920, 920)

2T(s)

L(s)
B ( st Dot g Do

(47T)19 " F(?’l — 3)
~ 218 (DO T

2T

(31 —ys) D') (4m)1°

(s)

{920, 920) (3.78)

D(,)) <g20, 920> .

Now we evaluate this result for each s € {12,...,19} in the form L(s, A®

G20) = Ryyo(5) Pyyo () (920, g20) computing the rational coefficient R

g20 and

the corresponding power of m, see Table 3.3. The numerical value of the

Petersson inner product

(g20, g20) = 0.00000826554153165970 (3.79)

is computed in the section 3.2.8.
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3.2.7 The main identity

Combining (3.72) and (3.78) into the original expression (3.15) we get the
following;:

THEOREM 3.9 (ALGEBRAIC EXPRESSION FOR L(s, Fia, spin))

L(s, Fia,spin) = L(s — 9,A) L(s — 10, A) L(s, A ® g20)

L 0l13,.11 _
3281 (232 A4(s — 9) — As(s - 9)) (A, A) x
[(s—9) (1+3-213 S+231 %)
(47T)19 " F
X 518l Dy (s) + ——=——=Dq(s) | (920, 920) (3.80)

3 250 30(232141(5— ) AQ S— ))
181T(s — 9) (1 + 3 - 2185 + 231-23)

X (D(’)’(s) + %DG(SO (A, A) (920, 920)

where A;(s) is given by (3.61), As(s) is given by (3.62), D{, and D{ are given
by (3.76). For each critical value at point s € {12,...,19} we evaluate this
expression in the form L(s, Fia, spin) = R(s) P(s) (A, A) (ga0, goo) comput-
ing the rational coefficient R and the corresponding power of w, see Table

3.4.

3.2.8 Numerical computation of Petersson product

To compute numerically the Petersson inner product of A by itself and gs
by itself we use the classical result by Rankin [Ran52, Theorem 5:

(4m)=F (kK — 2)! a,
¢(l) a; + o, — ay,

(fi, fr) = Lk =1, fi) L(L, fs) . (3.81)

where f is the cusp form of weight k& = {12, 16, 18, 20, 22,26} of the form

fr(z) = Ex_12(2) A(2) (3.82)
and

4<r<k/2-2,

3.83
l=k—r; ( )
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Table 3.4: L(s, Fi, spin)

s R P L(s, Fia, spin)

12 % = 375334711 7' 1 0.248251332624670

13 % = 31253337211 722 | 0.888519130619814
33

14 % —311_52.722.11_13'17 726 | 1.174884717828030
36

15 46(15%233;?;3275 —311_53.733.711_13_17 730 | 1.046349279390801

16 103;;;?32?:;3375 —313_57.735411_ EIE: 734 | 0.905990508529256

17 1308(15;;;2:221238125 =315 56,73({;511'13'17 78 | 0.875513015091950

18 247333:223261;3?215625 _318.56.733.711.13.17 72 1 0.902464835857626

19 9274891537246358699583;1;23593752319'59‘73 SISEIT; 746 | 0.937688313077777

FE). denotes normalized Eisenstein series

By, is a Bernoulli number (B

Eu(z) = 3 () g,
ap(0) =1,
ar = ag(l) = —%IZ,

1

1

(3.84)

:1, 312—5, BQZE,B?,:O,...).

For f, = A we are able to use only one choice of critical value [ = 8.

To compute the numerical values L(11, A) and L(8, A) we used Dokchitser’s
L-functions Calculator [Dok]. In order to achieve the default precision (53
machine bits, which satisfies the functional equation to 1E-21), it is necessary
to input 12 Fourier coefficients in this case. The obtained value is

(A, A) = 0.000001035362056804320948209596804 ,

(3.85)

which coincides with the value given by Zagier in [Zag77, page 116] up to 11
digit (his method exploits the direct summation of 250 first terms in L-series).
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We used again Rankin’s theorem to compute the Petersson inner product
of goo by itself. For the modular form of weight 20 there are three choices
[ =12,14,16. For each choice of [ we computed the special value of L(l, ga0)
using Dokchitser’s L-functions Calculator. It required to input 14 Fourier
coefficients of g9 in order to achieve the default precision. The obtained
values are

(920, g20) = 0.000008265541531659702744699575969 for | = 12,
(920, g20) = 0.000008265541531659703390644766954 for | = 14, (3.86)
(920, 920) = 0.000008265541531659703069998511729 for | = 16.

3.2.9 Numerical verification

The obtained values of L(s, Fi2, spin) in section 3.2.7 can be numerically ver-
ified by using Dokchitser’s L-functions Calculator and computing each term
of the product in the righthand side of the identity (3.15). The computation
of L(s,A) was already described in the previous section.

To compute values of L(s, A® goo) for s € {12,...,19} we have to deter-
mine the coefficients of this Dirichlet series first. Using the identity (3.35)

for f=A=> 7(n)n % and g = gog = > b(n)n"% € Sy we get

L8A®g20 ZA

[e.9]

_ Zd30 2s Z )b(dl)dl—s

di=1 (3.87)
_ Z d*07(dy)b(dy) (d*dy) ™

d,d1>1
= n.oon.,
n=1 d:d?|n

Therefore we obtain

= 3 () (). (3.88)

d:d?|n

The Computel. program requires some functional equation parameters such
as ['-factors and the weight. The functional equation for L(s, f ®g¢) is known,
see [Li79]. Therefore, the parameters that are used by ComputeL are

Fe(s)Te(s—1+1)ands— k+1—1—s,
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where k£ = 20 > [ = 12 are the weights of gyg and A. In our case (using
the Gauss Duplication formula) we have four gamma factors I'r(s) I'r(s +
1)I'r(s — 11) I'rg (s — 10) and the “motivic weight” is 31.

The modern interpretation of the functional equation can be obtained by
using the Hodge theory. The mentioned parameters can be deduced from the
Hodge structures (see [Sch90]) of A and gq9, namely

A — (0,11) + (11,0), H(M(A)) = H""' ¢ H''
H

3.89
g20 — (0,19) 4 (19,0), (M (gy)) = H* @ HYO (3.89)

Therefore the Hodge structure of their tensor product (see [Yos01]) is

A ® gao — (0,30) + (11, 19) + (19, 11) + (30,0),

3.90
H(M(ga) ® M(A)) = H* ¢ H' g HO g H300 (3.90)

The Deligne’s rule gives [Del79, page 329] in our case two Serre’s I'-factors:
I'c(s) and I'c(s—11). Once again one can use the Gauss Duplication formula,
which gives in our case the same four factors I'g(s) T'r(s+1) [r(s—11) T'r(s—
10). By Deligne’s description, the weight k of the symmetry s — k — s that
appears in the functional equation coincides with the motivic weight of the
tensor product of two motives plus 1, which gives us 11 + 19 + 1 = 31.

We need about 150 coefficients of L-series to obtain the default precision
(the functional equation is satisfied with 1E-27 precision). Coefficient of A
and gog are readily available in SAGE. First few coefficients A(n) are given
in Table B.1 in the Appendix B.

Finally, we are able to compare the result in Table 3.4 and both of its parts
in Tables 3.2, 3.3 with the direct numerical computation. These values and
the absolute values of the difference with theoretical rational computation
results are presented in Table 3.5 and Table 3.6.
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Table 3.5: Numerical computation and comparison

variation variation
s || E(s = 9,4) L(s - 10,A) from Table 3.2 L(s, A ® g20) from Table 3.3
12 0.046143339853964 3.58E-11 5.38000356288032 4.95E-15
13 0.158130732674877 1.23E-10 5.61888961291852 2.39E-15
14 0.334433094676168 2.60E-10 3.51306356172191 1.44E-15
15 0.528115574893734 4.10E-10 1.98128843371870 1.36E-15
16 0.694972240300672 5.40E-10 1.30363553635050 7.99E-16
17 0.816559652560290 6.34E-10 1.07219725224845 7.40E-16
18 0.895457860073449 6.96E-10 1.00782502091688 2.75E-15
19 0.942700249255570 7.32E-10 0.99468342619692 4.22E-16

Table 3.6: Numerical computation and comparison (final)

s L(s, Fia, spin)

from Table 3.4

variation

12
13
14
15
16
17
18
19

0.24825133281752
0.88851913131006
1.17488471874074
1.04634928020366
0.90599050923308
0.87551301577209
0.90246483655871
0.93768831380622

1.98E-10
6.90E-10
9.13E-10
8.13E-10
7.04E-10
6.80E-10
7.01E-10
7.28E-10
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Cryptography aspects, relations
to the Hecke algebra over I,

4.1 Review on algebraic cryptosystems

The term cryptography refers to a wide range of security issues in the trans-
mission and storage of information. The number theory takes nowadays the
leading role in continuous development of this domain.

A cryptosystem is a map from units of plaintext (ordinary information) to
units of ciphertext (coded text). For example, a primitive coding algorithm
of an addition modulo N, where N is a number of letters in the alphabet,
is known for centuries. It can be also viewed as a cyclic permutation of the
alphabet. Since then, numerous complicated algorithms were developed with
the use of a private key (see the next paragraph). The important mathe-
matical result in early stage cryptography is the famous theorem of Shannon
[Sha49] stating that the only way to obtain perfect security is to use a one-
time keypad. Even so, a safety of the cryptographic message transmission
depended on the secured key transmission (e.g., using a trusted courier).

In 1976 Whitfield Diffie and Martin Hellman [DH76] invented an entirely
new type of cryptography. They used the idea of a one-way function for
encryption. Roughly speaking, we say that a one-to-one function f: X — Y
is one-way if it is easy to compute f(z) for any = € X, but it is hard to
compute f~!(y) for most randomly selected y in the range of f. Sometimes
it could be even a stronger statement, that it is hard to compute any partial
information about f~!(y) for most randomly selected y. With the use of such
a one-way function (as a public key), one can encrypt the plaintext. However,
only those, who have an additional information (private key) can compute
an inverse function in a reasonable amount of time.
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The most common purposes for the public key cryptography are:
e confidential information transmission;
e authentication (using hash functions, digital signatures, passwords, etc.);

e key exchange (to agree on a secret key for some private key cryptosys-
tem);

e secret sharing (a method for distributing a secret).

The most known and commonly used public key cryptosystems are RSA
(based on a problem of factoring integers) and Diffie-Hellman (based on dis-
crete logarithm problem).

4.1.1 Encryption using RSA

RSA was introduced by Rivest, Shamir, and Adleman in 1977. This is the
most popular public-key cryptosystem in use today. Its security rests on the
fact that it is hard to factor a product of two large primes. However, the
statement that there is no efficient algorithm exist to factorize a number has
not been proved. The idea of RSA is simple:

1. Choose two distinct large prime numbers p and q.

2. Compute n = pq, n is used as the modulus for both the public and
private keys.

3. Compute the Euler function: p(n) = (p —1)(¢ — 1).

4. Choose an integer e such that 1 < e < @(n), and e and ¢(n) are
coprime; e is released as the public key exponent.

5. Compute d to satisfy the congruence relation de = 1 (mod ¢(n)); d is
kept as the private key exponent.

Here is the example. Alice transmits her public key (n,e) to Bob and keeps
the private key secret. Bob then wishes to send message M (a number smaller
than n) to Alice. He computes the ciphertext C' corresponding to C' = M*®
(mod n). This can be done quickly using the method of exponentiation by
squaring. Bob then transmits C' to Alice. Alice can recover M from C' by
using her private key exponent d by computing M = C¢ (mod n). The above
decryption procedure works because C¢ = (M¢)? = M = M (mod n).
Recent advancements in computing algorithms and the Number Theory
itself led to the increase of the size of primes used in practice. The most of



tel-00349767, version 1 - 4 Jan 2009

4.1 Review on algebraic cryptosystems 107

public-key cryptosystems today use RSA with a binary key length of 512-bit,
the business community is already turning to 768-bit RSA or 1024-bit RSA in
order to enhance a security against possible attacks with the use of advanced
algorithms in future.

The problem with large key lengths is that they are not applicable in
constrained conditions, such as limited memory capacity of smart cards. That
is why, the business community seeks for alternatives.

4.1.2 Diffie-Hellman (discrete logarithm problem)

In a general case, let us consider G be a finite cyclic group with n elements.
We assume that the group is the multiplicative one. Then every element A
of G can be written in the form h = ¢* for some integer k, where g is the
generator of (G. Furthermore, any two such integers representing h will be
congruent modulo n. We can thus define a function log, : G — Z, by
assigning to h the congruence class of £k modulo n. This function is a group
isomorphism, called the discrete logarithm to base g.

While the problem of computing discrete logarithms and the problem of
integer factorization are different problems they share some properties:

* both problems are difficult (no efficient algorithms are known),

* algorithms related to one problem are often adapted to the other,

* both problems has been exploited to construct various cryptographic
systems.

In application to cryptography the inverse problem of discrete exponen-
tiation is not difficult (it can be computed efficiently with the use of the
exponentiation by squaring, for example). This asymmetry is analogous to
that in the factorization and the multiplication.

The key-exchange protocol is simple:

1. Alice and Bob agree on a finite cyclic group GG and a generating element
gin G.

2. Alice picks up a random natural number a and sends g* to Bob.
3. Bob picks up a random natural number b and sends ¢° to Alice.
4. Alice computes (g°)%.

5. Bob computes (g%)°.
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Both Alice and Bob are now in possession of the group element ¢, which
can serve as the shared secret key. The values of (¢°)* and (g*)® are the same
because groups are power associative.

Based on the Diffie-Hellman key agreement protocol, one can encrypt the
message with the use of the ElGamal encryption system. ElGamal encryption
consists of three components: the key generator, the encryption algorithm,
and the decryption algorithm.

The key generator works as follows:

1. Alice generates an efficient description of a multiplicative cyclic group
G, of order g with generator g.

2. Alice chooses a random z from {0,...,q — 1}.
3. Alice computes h = ¢*.

4. Alice publishes h, along with the description of GG, ¢, g as her public
key. Alice retains x as her private key which must be kept secret.

The encryption algorithm works as follows: to encrypt a message m € G to
Alice under her public key (G, q, g, h),

1. Bob chooses a random y from {0,...,q — 1}, then calculates ¢; = ¢¥
and ¢ = m - hY.

2. Bob sends the ciphertext (cq,c2) to Alice.

The decryption algorithm works as follows: to decrypt a ciphertext (cq, cz)
with her private key z,

Alice computes cp/cf as the plaintext message.
The decryption algorithm produces the intended message, since

Co m - hY m - gry
T Ty - Ty =m.
G g 9

4.1.3 Alternatives

The most popular current alternatives to RSA and ElGamal are the ellip-
tic curve cryptosystems invented by Neal Koblitz and Victor Miller in 1985
independently. The security of elliptic curve cryptography depends on our
inability to solve the elliptic curve discrete logarithm problem in subexpo-
nential time. The set of points on elliptic curve (i.e., all solutions to the
equation together with a point at infinity) can be shown to form an abelian
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group (with the point at infinity as the identity element). If the coordinates
x and y are chosen from a large finite field, the solutions form a finite abelian
group. It is believed that the discrete logarithm problem on such elliptic
curve groups is more difficult than the corresponding problem in the under-
lying finite field. Thus, keys in elliptic curve cryptography can be chosen
much shorter for a comparable degree of security.

4.2 Cryptosystems on a projective space

The projective coordinates can be efficiently used for increasing of a cryp-
tosystem security level. We demonstrate this transition on the cryptosystem
based on Drinfeld modules [GLPRO03|. First, recall the underlying theory.

4.2.1 Cryptosystem based on Drinfeld modules

Denote by A = F,[T] the polynomial ring in variable 7" with coefficients from
the finite field IF,. Consider the polynomial ring A{7} = F,[T]{7} in variable
7 with coefficients from A with the following multiplicative commutation rule:

*Fxa=a" x7F, (4.1)
where £ > 1 and o € A. The addition operation in A{7} is a usual one.
EXAMPLE 4.1 Let p = 3.

(T+T)Y =T+T)x (t+T)

=72+ xT+Tx7+T?

=24+ T+ T1 4+ T2

=+ (T*+T)7+T7.

Each element of A{7} defines a map from A to itself by associating

1) with each @ € A C A{7} an element resulting by left multiplication
Z—az

2) and with 7 — the Frobenius map z — 2zP.

Therefore, the multiplication in A{7} corresponds to the composition of func-
tions. The ring A has a natural structure of A{7}-module where for each
a=>", a7 € A{r} and z € A one has:

az = Z a2 . (4.2)
i=0
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DEFINITION 4.2 A Drinfeld module is a morphism ¢ of F,-algebra of A to
A{1} such that ¢(T) is a non-constant polynomial in variable T with constant
term s equal to T.

Since the Drinfeld module is a morphism, it is defined as far as the value of
o(T) is fixed.

ExXAMPLE 4.3 A simple example of Drinfeld module is the Carlitz module,
defined by ¢(T) =1+ T. For p =3 one has

HT*+T+1)=(T+T)>+(r+T)+1
=4+ (P + )T+ T*+7+T+1
=+ (T + T+ D)7+ (T°+T+1).
DEFINITION 4.4 We denote by ¢, the mapping of A to itself defined by the

polynomial ¢p(a)) € A{r}, where « € A. The map ¢, is the identity map in
A.

EXAMPLE 4.5 The map defined by Example 4.3 is

o271 (2) = (FP+H (TP +T+ D)1+ (T°+ T+ 1)) (2)
=2+ (TP +T+ )2+ (T*+T+1)z.

Let us denote by B = A/ f(T) the quotient of A by an irreducible poly-
nomial f(7T") € A of degree d > 1. Since A can be viewed as a morphism, B
can be considered as a morphism of a finite field of p? elements. This field
can be easily provided with a natural structure of A-module by passage to
the quotient. For o € A, we denote by @ the class of « in B. Therefore,

axf=ab (4.3)
for « € A and 3 € B such that 3 = b for a corresponding b € A.

DEFINITION 4.6 Similarly to Definition 4.4 we denote by ¢, the map from
B to B corresponding to o € A:

Go = B ¢a(b) (4.4)
for o € A and 8 € B such that 8 =0 for a corresponding b € A.

Therefore, we introduce the following structure of A-module, which is asso-
ciated to the Drinfeld module ¢:

a Xy 3= da(f) (4.5)
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EXAMPLE 4.7 Letp=3,d=2, ¢(T)=7+T, f(T) =T?+1. We continue
Ezxample 4.5 and obtain

broyr1(2) =22+ 22 + Tz,

If we denote by B, the set B with .A-module structure defined in (4.5), then
for some polynomial f, € A of degree d we have B, ~ A/(f,).

PROPOSITION 4.8 ([GLPRO03])

(1) Two elements oy and oy of A define the same mapping ¢o, = bu, if
and only if a1 = ap (mod fy).

(ii) The map ¢o is bijective if and only if a is prime to fo. In this case,
the inverse mapping ¢o is defined by o' such that ao/ =1 (mod f,).

This proposition is important for defining the one-way function . The idea
of R. Gillard, F. Leprevost, A. Panchishkin and X.-F. Roblot is to construct
a public key in the following form:

¥(2) = (e 000 6c,) (), (4.6)

where ¢; and ¢y are prime to f, (such that both functions ¢., and ¢., are
invertible) and o is a bijective function from B to itself, which is easy to
inverse, in particular, o : z +— 2°+ 4 (e is prime with p and with p? — 1,
§ € B, then 07'(2) = (2 — 0)¢, where e¢’ = 1 (mod p? — 1)). The function
¥ (z) is a polynomial from B[z]. This function is bijective, its inverse is a
combination of inverse components

Vv(z) = ((;5_0/2 og ! ogzﬁ_cll) (2) (4.7)

with elements ¢ and ¢, from A such that ¢;¢; = 1 (mod f,) and cochy, = 1
(mod f,). This inverse function is difficult to determine without knowing the
secret key (¢, c9,0).

However, in the article [BCGO06] the authors proposed an attack on the
cryptosystem based on linearization. Their method was efficient for retrieving
the secret key and decrypting the message.

4.2.2 Projective version of GLPR

The projective version of GLPR cryptosystem adds the “point” oo to an
algebraic variety B. Then we can use a linear fractional transformation
(2) az+b

o(z) =
cz+d

in the composition of the trap door ¢(z). We always stay in
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%Is by projective coordinates (az+b : cz+d).

If z = 7, we write z — (2 : y), then %j_rg — (ax + by : cx + dy). In the
same way, if ¢(z) is a polynomial of degree d, then we replace (¢(z) : 1)
with (ydqzﬁ(g) : y?). The point co corresponds to (1 : 0). The action of

f(2) is (fulz : y) : fy(x : y)), the composition of f and g then acts by
foglz)— (fx(gx(x 1Y) gy y) ¢ fy(ga(zy) zgyla: y)))-

terms a polynomials replacing

EXAMPLE 4.9 Letp=3,d =2, ¢(T) =7+T, f(T)=T*+1, fy = 2T~
Consider

w:¢0200_200—10¢017

where
co=T+1, then ¢ (2) =2+ (T+1)z,
co=T+2, then ¢ (2) =2+ (T+2)z,
01(2):Z5+T,
Tz+1
o9(2) = T

Suppose z = x/y, then replace 1(z) with ¥(x : y) and obtain the following
encryption function

bz :y) =
(T + 2)y%z7 + (27 + 1)y 2% + (T + 2)2° + 232 + y2t+
(2T + 2)y2a® + (2T + 2)y32® + (2T + 1)y*a
(2T + 1)y52" + 25 + o82° + (T + 1)y + ' Tx + Ty5) .

Therefore, for example, the encoding of (1:1), (1:0) and (T : 1) is given by:
P1:1)=(T+1:2T+1)=(T:1),
PY(1:0)=(T+2:1),

YT :1)=1:T+2)=(T+1:1), ...

The decoding procedure consists in sequence of inverse maps ¢

where

—1 —1 —1 —1
ca r 92 501 5 Peys

gbc_ll(z) =922% 4 2T + 1)z,
qﬁ;;(z) =923+ (2T +2)z,
o l(z)=(-T)°,
Tz+2
_1 _
o2(2)” = 24+ T"°

which immediately gives ¢_.* (01_1(02_1@50_21 (T'+1:1)))=(T:1).
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The simple way to experiment with different models of cryptosystem is to
use the interactive interface of SAGE. The listing related to given examples
and further generalizations can be found in the Appendix C.

A reasonable option for further development of the presented approach is
to consider the projective space of higher degree. For the projective plane P?
of the type (x: * : %) we compose the bijections in a similar way

(o ¢Cij o
¥ A% 28 A2 2 A2 D P2 (4.8)

where A? is an affine chart of the type (: % : 1).

4.2.3 Generalization to P"

In a general case, the Frobenius map can be defined on affine chart as
(Tizpcoi2y) B (12501 020 (4.9)

for all e;  p¢ — 1. In projective coordinates we have to keep them homoge-
neous, so

(To @y :...:@y) 5 (20 g7 g8 L gL gl (4.10)

where ey = max{ey, ..., e,}.
Similarly, the bijection defined by the Drinfeld module polynomials ¢.(z) =
oz + o2p + - - + a2 acts on affine chart as

(Tizy:ooi:zy) s (1: ey (21) 5 ov: e, (20)) - (4.11)

In projective coordinates

¢c 7 7 I 7 Tn
(2o @y ... an) 5 (af” : b Oqﬁcl(x—;) Doooiah 0¢cn(g))7 (4.12)
where ro = max{ry,...,r,}.

These functions are easy to program in a similar way as in the previous
section. The Frobenius map is realized in the procedure myexp(pp,pe) on
page 130 of the Appendix C. The bijection defined by the Drinfeld module
is realized in the procedure phi_c(pp,pc) on page 132.

In addition to the described bijections, we use an invertible matrix action.
The corresponding listing is presented on page 133.
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4.2.4 Rational points of flag varieties

Flag varieties are examples of varieties having a large number of points over a
finite field and can therefore be used for constructing efficient cryptosystems.
First, we give a definition of a flag variety.

DEFINITION 4.10 A flag over a finite field F, is a sequence X of strictly
embedded subspaces V;, C V;, C --- C V;, of dimension iy, ia, ..., is of an
m-dimensional vector space V = (F,)™. A flag variety of type (i1, iz, ..., 1s)
is the variety of all flags F = {(Vi,, Viy, ..., Vi,)} with (i1,12,...,1s) given.

The flag variety can be also described as the set G/ P, where G = GL,,(F,)
and P is a parabolic subgroup of G. In this case the parabolic group P consits
of upper triangular matrices in blocks or of conjugates of such a matrix:

]\41 * *
p_ 0 M,
0 0 - M

where M, € GL; _;, ,(F,) for 2 <r < s+ 1 with Vi1, =V = (F,)™. Since
the group G acts transitively on the set of flags F = {(Vi,, Vi,, ..., Vi,)}, the
group P is the stabilizer of the flag

{(<€1,€2, e 67;1), <€i1+17€i1+27 ey €Z'2>, Ce <eis+17€is+27 Ce ;€m>)} s

where {ey, ey, ..., e, } is the canonical basis of the vector space V.
The principal idea of the cryptosystem design is the interpretation of
points on flag varieties over a finite field in terms of finite sets of left cosets

{T'g1,--+ ,Tgm}, which come up into a double coset T'g[' = Ung. We

j=1
can use automorphisms and bijections on the F,-rational points of G and of
X =G/P.

There is an alternative description of this set as a double coset

where I'(yy = g7'T'g NT' € GL,(K) (or more general C M,(A)), and I’ =
GL,(A), A =F,[T] (or Z), K = Quotient(A){F,[T], or Q}.

The explicit description of the bijection (4.13) can be found in [Shi71],
for example. It is given by notion of HNF (Hermite Normal Form) and SNF
(Smith Normal Form). More precisely, I'(y is a stabilizer of the element I'g
for the right action of I' on the set of left cosets {I'g,}:

Lgy=Tg & gy=z9g & =g 'lzgeg 'TgnTl.
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Consider the module A™ D (fA)", where f is an irreducible polynomial.
Let us describe the elements v. Note, that v acts on A™/(fA)" = (A/fA)".
This action is trivial if and only if v = I,, (mod f), i.e. v belongs to the
main congruence subgroup I'(f) = {y € I' : v = I,, (mod f)}, moreover,
I'(f) < T, therefore, I'/T'(f) = GL,(A/fA).

For any intermediate subgroup T, such that I'(f) C [ C T, the quotient
T'/T(f) is a subgroup of GL,(A/fA). Let V.= (A/fA)". The group I acts
on V. Consider a flag F = (0 # V; C --- C Vi € (A/fA)* = V) of a
type (ny,...,ng), n; = dimV;. Define I'r = {7y : v(F) C F}, that is for
all ¢ we have y(V;) C V;. {F} can be described as an algebraic variety
over F, = A/fA : D(ny,...,ng). The group I' acts on D(n4,...,ng) and
Stabf = F]:, F/F]: = Orbit of F.

EXAMPLE 4.11 (GENERAL LINEAR GROUP) Let k = 1, n; = 1, D(1) =
o 0% x
PE), (e = () e = (e therefore s = (177 moa.

EXAMPLE 4.12 (SYMPLECTIC GROUP) Letp # 2, n=2m, V = (A/fA)*".

Let B(z,y) = ((x1,...,Zam), (W1, -+, Yom)) = —T1Yms1 — *** — TmYom +
Tma1Y1 + -+ + TomUm, B(x,y) = —B(y,z). Let W = (eq,...,en) is a maz-
imal isotropic subgroup, such that for any u and v € W B(u,v) = 0. Let
I'p ={v:Yu,v B(yu,yv) = B(u,v)}.

4.2.5 Bijection between left cosets and points on alge-
braic variety

We start with two simple examples providing the evident correspondence
between decomposition of the double cosets into left cosets and the projective
points.

1 0). The corre-
0 p

sponding variety is X, = P*(F,). The double coset T'gT' consits of p+ 1 left

cosets: {((1) 2)((1) ;)(é p;1><g ?)}

corresponding to p + 1 points of X,:

{(0,1),(1,1), ..., (p—1,1),(1,0)} .

EXAMPLE 4.13 (GLy(Z)) Let’s take an element g = (
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EXAMPLE 4.14 (GL3(Z)) Consider the Hecke operator t(1,1,p) in the case
of GL3(Z). Three types of matices are associated to this class :

» 00 1 % 0 10
0o10],[lopo],[0o1 «
001 00 1 00 p

31
There are 1 4+ p + p? = p—l elements in this set. The projective space P?
p

has the same number of elements, which correspond to
{pomt at 0o, p projective lines, P’ projective planes} .

The list of left cosets for the basis Hecke operators m; (recall the definition
(1.17) on page 34) can be constructed using [AZ95, Lemma 2.18, page 114].
It was mentioned above, that there is a bijection between left cosets g; that
are contained into double coset I'gI" and the elements §; from the presentation
I' = UT (0. The canonical form of the double coset is represented by the
Smith normal form of the matrix. Therefore, §; = V!, where V is the
transition matrix in Smith normal form presentation of g;: g = Ug;V. The
map to the opposite direction is given by the Hermite normal form of the
product gd;.

Let us establish a correspondence between the classes of the decompo-
sition I' = (JT'(4)d; and the points of the projective space P"~'(F,). We
choose the SNF form to be the diagonal matrix with the largest element at
the end of the diagonal (as implemented in mathematical computer program

100
Magma). Therefore, the matrix o = (8 ! ?) is in Smith normal form. Note,

that the SNF presentation with the largest element at the top left corner of
the matrix is also widely used, for example, in PARI and SAGE software.

Notice that for the vector v = <§> the group I') = a TaNT preseves

its linear shell 'y (v) = (v), that is I'(,) is a stabilizer of the vector v.
It follows that the orbit of T' is P**(F,) and the correspondence between
elements is bijective.
Let 29 = (v). Then Orbit(zo) = I'/Stab(zy), so that yxy «— yStab(zo)
and ' = U yStab(zg) = UStab(:co)’y’l. Now we compare this
~eT/Stab(zo)
decomposition with I' = (JI'(4)d;. It follows that Stab(xg) = I'() and 6; =
771, that is v = d; ! is a system of representatives of the right cosets. On the
other hand 9; ' =V, where V; is the transition matrix of the Smith normal
form o = U;g;V;. Finally, vxo corresponds to the last column of the matrix
V; (which is equals to 6; ).
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The algorithm in Appendix D outputs the list of left cosets and their
corresponding elements J; ' together with the projective point. In this algo-
rithm we consider the Hecke algebra over the polynomials with coefficients
from the finite field F},.

ExaMPLE 4.15 Consider

00
n=3p=3 f=T+2T+2 g= (110},
then there are 91 left cosets I'g; in the decomposition of I'gl'. There are also
91 points on the projective space P?(IFy), which are in one-to-one correspon-

10 T
dence with the cosets I'g;. For example, the coset representative (8 (1] 2Tf+1>

corresponds to the point (2T : T + 2 : 1). The complete list for this model
example is given in the table D.1 in the Appendix D at page 142.

The one-way function construction in a general case consists of the com-
bination of:

¢. — based on Drinfeld modules;

a mapping of the form o with a suitable power e for of each affine coor-
dinate like in [GLPRO3];

xg — multiplication by a group element.
To increase the security and stability against attacks it is possible to add a
“zero”-polynomial of a type 29 — z. A “zero’-function on projective space
could be constructed as a product of “zero”-functions of different affine charts.

We plan do develop this topic in details in a future research. We hope
that this chapter, including the Appendix C and D, gives a good basis for de-
veloping an efficient and highly secured encoding algorithm. The research is
not limited by consideration of general linear group, but also can be extended
to the symplectic version and general flag varieties over finite fields.
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Spherical image of the series
5
p

Note by mi,iyi5i, the monomial symmetric function (see Section 1.3.4). Con-
sider the Hecke power series (2.1) of Section 2.2:

D,(X) = 3" T() X’

For genus n = 4 there is the following explicit polynomial presentation for
the spherical image of the above series:

where

F4(X) = (1 — l’oX)(l — l’o[ElX)(]_ — [Eol'QX)(l — l’ongX)(]_ — ZEO$4X)

X (1 — 1301’1.1’2)()(1 — l’g.TlSL’gX)(l — x0x1x4X)(1 — LEQIQ%;},X)

X (1 — zoroxs X)(1 — wow324 X ) (1 — zoz12223X ) (1 — o1 2224X)
(

X (1 — I0$1$3[E4X>(1 — ZL’0I2[E31’4X)(1 - J]0$15(72I3£IZ4X>

and
14

E4(X> - Z Kk‘(p7 Lo, L1, T2, T3, x4)Xk
k=0
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with coefficients K}, below:

KO =1 )
K1 = O B
Ky, = —x%p_Q (p (Mag11 + Ma110 + Mi100)

+ (p* + p + 1) (mann1 + mano) + (20> + 4p + 1) m1111) )

K3 = 953]7_3 (P (p 4 1)(mg222 + M3221 + Ma211 + M3111 + Masao
+ ma210 + Mat1o0 + marw) + (p° + 5p® + 5p + 1) (mases
+ Migg21 + Mg211 + Ma111 + mnu)) )

Ky = —xgp™? (p2<m4322 + Muyaa1 + Maaag + Maoio) +p (p° +p + 1)
X (My22 + M3z + Mas31 + Mazi1 + Mai11 + Mazoo
+ mainr) + p (p° + 4p + 1) (mssz2 + masar + maar1 + Monn)
+ p (3p® + 6p + 4) (ms302 + Maaa1 + moo11) + (5p° + 15p” + 6p
+ 1) (maz22 + masar) + (12p” + 22p® + 16p + 1) m2222) )

K5 = 558]?74 ((p2 + p)(Magss + Maaze + Maasz + Muyszs + Myso
+ g1 + Mazi1 + Maziy + Masi1) + (4p” + 5p + 1) (s
+ My332 + Myzoe + Ma29e + M3331 + M3321
+ Maza1 + Maga1) + (—p* + 14p° + 18p + 5) (1333 + mazse
+ M3322 + M3z + mzzzz)) )

Ko =a0p °(p*(p® — 5p — 4)(Muasz + Muasos + M3 + Maass)
+p (p° + 5p* — 17p* — 15p — 1)(1mazss + mass2) — p°(p + 1) (muassy
+ Mzt + Mass2 + Msass) + p (3p" — 12p% — 6p — 1) (musse
+ sz + Maass) + P°(p° — 3p — 1) (aazs + Migsst + sz
+ Maaoz + Maaao + Masaa + Msssz) + P (Me3z3 — Miaas
— Mis432 — Mis322 — Ma431 — M4321 + M3330 — m3221)
+ (2p° + 12p° — 32p® — 22p” — dp + 1) mz33) |

K7 = —x{p™® (p (p® — 1)(mssaa + Missas + Missss + Miaaz + Miaz
+ Miss2 + Maaza + Muasos + Mazan) + (p* +4p° — 4p — 1)
X (Misa4a + Mi5a43 + Misaz3 + Mis333 + Magan + Mayso
+ Muy3zz + Masse) + (5p* + 14p® — 14p — 5)(Migas + Maaus

+ Mgq33 + My333 + m3333)) ;
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Kg =

Ky =

Kll =

K12 =

K3
K=

zgp *((p° + 15p* + 17p° — 5p — 1) (misaaa + Muaasz) — p°(Miraas
— Mes54 — M543 — M6433 — Mssa2 — Mi5432 + Mag41

— Mugs2) + p (4p” + 5p° — 1)(mss54 + Missa3 + Msass

+ muss3) + p°(p + 1) (Mezaa + Meaas + Msaaz + Maaz)

+p(p* + 3p* — 1) (maasz + miszzs + Mmssaz + Mssss + Mesaa

+ Msss3 + Masss) — (p° — 4p° — 22p* — 32p° + 12p 4 2) maaus
+p (p* + 6p° + 12p* — 3)(mssaa + Msaaz + Muasss))

= —95329_6 (p2 (p + 1)(meess + Meesa + Mesaa + Mess3 + Mesas

+ Mea1s + Mis33 + Msazs + Maazs) + p°(p° + 5p + 4) (messs
+ 6554 T MM6544 T MM6a44 T MM5553 + 15543

+ M43 + Maaas) + (5p* + 18p” + 14p” — 1)(mss55 + Misssa
+ Mis544 + Misg44 + m4444)) ;

26’ ((P* + p + 1) (Masas + Msz53 + Meaas + Megas

+ Meee1 + Meges + Mrsss) + (07 + 4p + 1) (Msaas + Mesaa
+ Meesa + Messs) + P (Mssa3 + Mess3 + Mrssa + Mergss)

+ (4p° + 6p + 3)(missaa + Mess4 + Megss) + (p° + 6p” + 15p + 5)
X (Msz54 + Messs) + (p° + 16p* + 22p + 12)mssss)
—95(1)11?_6 (]9 (p + 1)(mre66 + Mr665 + M7655 + Mir555 + Meses
+ Mees1 + Messa + Msssa) + (p° 4 5p° + 5p + 1) (miges

+ Meees + Meess + Mess5 T m5555)) ;

x5’p " ((p2 + p + 1) (messs + Mrsss) + (p° + 4p + 2) mgeee

+ p (M7ees + Mrres + m6655)) ;

=0,

14, —6
—ZTo P Mrr77 -
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Spherical image of the series D

(4)
P
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Coefficients of L(s, A ® gy)

SAGE listing
sage: num = 150

sage: # dq - g-expansion of Delta function
sage: dg=delta_qgexp(prec=num+1)
sage: # tau - Ramanujan’s tau function
sage: tau = []
sage: tau.append(0)
sage: dc=dq.coefficients()
sage: tau.extend(dc)
sage: b = []
sage: b.append(0)
sage: S20 = CuspForms(1,weight=20)
sage: g20 = 520.0
sage: t=g20.q_expansion(prec=num+1)
sage: b.extend(t.coefficients())
sage: A = []
sage: A.append(0)
sage: for n in range(l,num+1):

t =0

for d in range(1,n"(1/2)+1):

i = floor(n/(d~2))
if i == (n+0.0)/(d"2):
t =t + d"30xtauli]*b[i]

. A.append(t)
sage: print ’%2s %9s %15s %22s’%("n","\Delta","g_{20}","A")
sage: print "--|--------—- | -—————— | -—————— "
sage: for i in range(1,21):

print ’%2s %9s %15s %22s’%(i, taulil, b[i], A[i])
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Coefficients of L(s, A ® go)

Table B.1: Coefficients of L(s, A ® g9)

n T 920 A
1 1 1 1
2 —24 456 —10944
3 252 50652 12764304
4 —1472 —316352 1539411968
5 4830 —2377410 —11482890300
6 —6048 23097312 —139692542976
7 —16744 —16917544 283267356736
8 84480 —383331840 —44134904365056
9| —113643 1403363637 46408678295058
10 | —115920 —1084098960 125668751443200
11 534612 —16212108 —8667187482096
12| —370944 —16023861504 19649522340790272
13| —577738 50421615062 —29130483042689756
14 401856 —7714400064 —3100077952118784
15 1217160 | —120420571320 —146571102587851200
16 987136 —8939761664 1644106253837795328
17 | —6905934 225070099506 | —1554319252561868604
18 | 2727432 639933818472 —507896575261114752
19 | 10661420 | —1710278572660 | —18233998180128777200
20 | —7109760 752098408320 | —17676898755051110400
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Cryptosystem model in SAGE

The simple way to experiment with different models of cryptosystem is to use
the interactive interface of SAGE. The theoretical part of the cryptosystem
is presented in the section 4.2.1, page 109.

The use of projective space provides an additional security for the cryp-
tology system. However, the presented computer program provides just a
scheme for the real cryptology model. In order to implement a real cryp-
tosystem it is necessary to program the one-way function with the help of
efficient algorithms for sparse polynomials (term by term operation on vec-
tors, representing the polynomial coefficients). It is also possible to adopt
the software code developed by Roblot in [GLPRO3]. It is also necessary to
conduct a thorow cryptanalysis in order to make an appropriate choice of the
parameters of the proposed cryptosystem.

First, we define the polynomial rings:

SAGE listing

sage: # prime number

sage: p = 3

sage: # mod polynomial degree

sage: d = 2

sage: A.<T> = PolynomialRing(IntegerModRing(p))
sage: print "A :", A

sage: PA.<t> = PolynomialRing(A)

sage: Pz.<z> = PolynomialRing(A)

sage: print "PA :", PA

sage: # mod polynomial (irreducible in PA[T] degree d)
sage: £ =T"2 + 1

sage: print "f =", f

sage: print "is f irreducible?", f.is_irreducible()
sage: # define a quotient B=A/f
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sage: B = A.quo(f)

sage: PB.<s> = PolynomialRing(B)

sage: print "B :", B

A : Univariate Polynomial Ring in T over Ring of integers modulo 3

PA : Univariate Polynomial Ring in t over Univariate Polynomial
Ring in T over Ring of integers modulo 3

f=T2+1

is f irreducible? True

B : Univariate Quotient Polynomial Ring in Tbar over Ring of
integers modulo 3 with modulus T"2 + 1

Now, we define the multiplication operation in A[T]{7} and the exponenti-
ation:

SAGE listin

sage: # define multiplication rule in P%[t]
sage: def mul_PA(a,b):

a = PA(a)
b = PA(b)
c=20

for ia in a.dict().items():
for ib in b.dict().items():
c =c + ial[1]1*(ib[1]~(p~ial0]))*t~(ia[0]+ib[0])
return PA(c)

sage: # define exponentiation operation in PA[t]
sage: def pow_PA(a,k):
a = PA(a)
if k==0:
return PA(1)
if k==1:
return a
c=a
while k>1:
c = mul_PA(c,a)
k= k-1
return c

The global variable dm is used for defining the Drinfeld module. The proce-
dure DM (x) computes the morphism corresponding to x.

SAGE listin

sage: # ’dm’ is a global variable defining the Drinfeld module
sage: dm = t+T
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sage: # define Drinfeld module morphism
sage: def DM(x):

x = A(x)

degx = x.degree()

coex = x.coeffs()

res = 0

fac =1

for i in range(degx+1):
res = res + coex[i]*fac
fac = mul_PA(fac,dm)

return PA(res)

sage: # define phi_c
sage: def phi_c(c):

x = DM(c)

y=0

for i in x.dict().items():
y =y + i[1]1*xz"(p~i[0])

return Pz(y)

Multiplication example.

sage: a = T"2 + 2T + 1
sage: b = 2xT"2 + T + 1
sage: print "  {T"2 + 2«T + 1} * {2%T~2 + T + 1} =",a*b

sage: print "bar{T"2 + 24T + 1} * bar{2*T"2 + T + 1} =",B(axb)
{2+4T"2 + T + 1} = 2+«T"4 + 2+¢T"3 + 2xT"2 + 1
bar{T"2 + 2*T + 1} * bar{2*T"2 + T + 1} = Tbar + 1

{T"2 + 2%T + 1} *

SAGE listing

Inverting elements in B:

SAGE listing

sage: ### inverting elements in B
sage: x = B(T"2 + T + 1)
sage: print 1/x

2*%Tbar

Computation of B(¢4(b)) by two methods: with the use of basis monomials
and direct method:

SAGE listing

sage: ### a
sage: ### b

2xT"2 + 1
B(T"2 + T + 1)
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sage: ### goal: compute B(phi_a(b))

sage: a = 2x¥T"2 + 1

sage: b = B(T"2 + T + 1)

sage: print "a =", a

sage: print "b =", b

sage: print "goal: compute B(phi_a(b))\n"

sage: ### computing phi_1l-basis

sage: phl = phi_c(1)

sage: print "phi_1(z) =",phl

sage: phl_1 = B(ph1(1))

sage: print "bar{phi_1( 1 )} =",ph1_1

sage: phl_T = B(ph1(T))

sage: print "bar{phi_1( T )} =",ph1_T

sage: phl_T2 = B(ph1(T"2))

sage: print "bar{phi_1(T"2)} =",phl_T2

sage: ### computing phi_T-basis

sage: phT = phi_c(T)

sage: print "\nphi_T(z) =",phT

sage: phT_1 = B(phT(1))

sage: print "bar{phi_T( 1 )} =",phT_1

sage: phT_T = B(phT(T))

sage: print "bar{phi_T( T )} =",phT_T

sage: phT_T2 = B(phT(T"2))

sage: print "bar{phi_T(T"2)} =",phT_T2

sage: ### computing phi_{T"2}-basis

sage: phT2_1 = B(phT(1ift(phT_1)))

sage: print "\nbar{phi_{T"2}( 1 )} =",phT2_1

sage: phT2_T = B(phT(1lift(phT_T)))

sage: print "bar{phi_{T"2}( T )} =",phT2_T

sage: phT2_T2 = B(phT(lift(phT_T2)))

sage: print "bar{phi_{T"2}(T"2)} =",phT2_T2,"\n"

sage: ### finally B(phi_a(b)) = B(2*phi_{T"2}(b)) + B(phi_1(b))

sage: print "computing B(phi_a(b)) using basis :",
2%phT2_T2 + 2%phT2_T + 2%phT2_1 + phl1_T2 + phl_T + phl_1

sage: print "computing directly by ’phi_c(a)(b)’:", phi_c(a) (b)
a=2%T"2 + 1
b = Tbar

goal: compute B(phi_a(b))

phi_1(z) = z
bar{phi_1( 1 )} =1
bar{phi_1( T )} = Tbar
bar{phi_1(T"2)} = 2
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phi_T(z) = z"3 + T*z

bar{phi_T( 1 )} = Tbar + 1
bar{phi_T( T )} = 2*Tbar + 2
bar{phi_T(T"2)} = 2*Tbar + 2
bar{phi_{T"2}( 1 )} =0
bar{phi_{T"2}( T )} = 0
bar{phi_{T"2}(T"2)} = 0

computing B(phi_a(b)) using basis : Tbar
computing directly by ’phi_c(a)(b)’: Tbar

The polynomial fy is a characteristic polynomial:

SAGE listing
sage: ### computing characteristic polynomial

sage: phT = phi_c(T)

sage: phT_list = []

sage: for i in range(d):
phT_list.append(1ift (B(phT(T"i))))

sage: C = matrix(d,d, [0 for i in range(d~2)])
sage: for j in range(d):
d_max = phT_list[j].degree()
coe = phT_list[j].coeffs()
for i in range(d_max):
Cli,j] = coelil

sage: f_phi = C.characteristic_polynomial() (T)
sage: print "f_phi =", f_phi
f_phi = T2 + 2xT

Working with a projective plane over finate field, list of elements:

SAGE listing

sage: N = 3 # dimension

sage: p = 3 # prime number

sage: d = 2 # degree

sage: # define a polynomial ring over (Z mod p) in variable ’s’
sage: P.<s>=PolynomialRing(Integers(p))

sage: # define an irreducible polynomial to generate a finite field
sage: f = s72+1

sage: # define a finite field
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Cryptosystem model in SAGE

sage:
sage:
sage:
sage:
sage:
sage:
sage:
sage:
sage:

© 0 N Ok WN - -

= e
N = O

84
85
86
87
88
89
90
91

X = ProjectiveSpace(N-1,FF)
x = gens(X)
X_list = [x for x in X]
X_list.sort()
i=1
for x in X_list:
print ’%3s (%7s :
i+=1
( 0 : 0 :
( 0 : 1
( 0 : 1 :
( 0 : 2
( 0 : T :
( 0: T+ 1:
( 0 : T+ 2 :
( 0 : 2%T .
( 0 : 2xT + 1 :
( 0 : 2«T + 2 :
( 1 : 0
( 1 : 0 :
. truncated output
(24T + 2 : 1
(2*T + 2 : 2
(2¢T + 2 : T
2«T +2: T+ 1:
(2T + 2 : T+ 2 :
(2+T + 2 : 2T
(2T + 2 : 24T + 1
(24T + 2 : 24T + 2

i)

: 0)

1)
1)
1)
1)
1)
1)
1)
1)

: 0)

i)

1)
1)
1)
1)
1)
1)
1)
1)

%Ts :

FF = FiniteField(p~d,’T’ ,modulus=f)
T = FF.gen(Q)
# define a projective space

h1s) % (i,x[0],x[1],x[2])

Exponentiation procedure and the result for affine chart of the type
(%% 1):

sage:
sage:
sage:
sage:
sage:

#
#

# input:

SAGE listin
A A

# exponentiation

%############################

pp - point in Projective Space
pe - exponent vector (list)
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sage: # output:

sage: # the element of the projective space pp_pe
sage: # global variables:
sage: # X - projective space

sage:
sage: def myexp(pp,pe):

res = []
e_max = pel[0]
i_max = 0

n = X.dimension()
for i in range(1,n):
if e_max < pelil:
e_max = peli]

imax = i
for i in range(n):
res.append (pp [n] " (pe[i_max]-pe[il)*pp[i] “pel[i])

res.append (pp[n] “pe[i_max])
. return X(res)
sage: pe = [5,7,9]
sage: n = X.dimension()
sage: for x in X_list:

if x[n] '= 0:

print ’%25s %25s’%(x,myexp(x,pe))
(0 :0:1) (0 :0:1)
0 :1:1 (0 :1:1)
0 :2:1) (0 :2:1)
O :T: 1) (0 : 2T : 1)
O :T+1:1) O :T+2:1)
O :T+2:1) O :T+1:1)
(0 : 24T : 1) (O :T: 1)
(0 : 24T + 1 : 1) (0 : 24T + 2 : 1)
(0 : 2T + 2 : 1) (0 : 24T + 1 : 1)
(1 :0:1) (1 :0:1)

. truncated output

(2*T + 2 : 1 : 1) (T + 1 1:1)
(2«T + 2 : 2 : 1) (T+1:2:1)
(2T + 2 : T : 1) (T+1 : 2+4T : 1)
(2T + 2 : T+ 1 : 1) (T+1:T+2:1)
(2«T +2 : T+ 2 : 1) (T+1:T+1:1)
(2T + 2 : 2T : 1) (T+1:T: 1)
(2*T + 2 : 2T + 1 : 1) (T+1: 2T +2 : 1)
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(2T + 2 : 2¢T + 2 : 1) (T+1 : 24T +1 : 1)

Procedure for computing ¢, in a projective space and an example for ¢, =
(B +(T+1) 2,22+ (T +2)2):

SAGE listin

sage: #################################%############################
sage: # phi_c
sage: # input:

sage: # pp - point in Projective Space

sage: # pc - phi_c[i] polynomials (list)

sage: # output:

sage: # the element of the projective space phi_c(pp)
sage: # global variables:

sage: # X - projective space

sage: # note:
sage: # the last coordinate is always either O, or 1
sage: #HHHHHH
sage: def phi_c(pp,pc):
res = []
n = X.dimension()
d_max = 0
for ¢ in pc:
if d_max < c.degree():
d_max = c.degree()
for i in range(n):
res.append (pc[i] (pp[i]/pp[n])*pp[n] “d_max)
res.append (pp [n] "d_max)
. return X(res)
sage: Pz=PolynomialRing(FF,’z’)
sage: z=Pz.gen()
sage: pc=[]
sage: pc.append(z~3+(T+1)*z)
sage: pc.append(z~3+(T+2)*z)
sage: print ’pc = ’, pc
sage: n = X.dimension()
sage: res = []
sage: for x in X_list:
if x[n] !'= O:
. print ’%25s %25s’%(x,phi_c(x,pc))
pc = [273 + (T + 1)*z, z73 + (T + 2)*z]
(O :0: 1 (O :0: 1
(0 :1:1) O :T: 1)
O :2:10 (0 @ 2%T : 1)
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(0 :T:

(O :T+1:
O :T+2:
(0 : 24T :

(0 : 2+¢T + 1 :
(0 : 24T + 2 :
(1 :0:

. truncated output

(2
(2

(2%T + 2 :

1 :
(2T + 2 : 2 :
(2xT + 2 : T :

(2%xT + 2
(2%T + 2

T+ 1 ¢
T+ 2

(2T + 2 : 2T :

*T + 2
*T + 2

2xT + 1 :
2%T + 2

1)
1)
1
1)
1)
1)
1

1)
1)
1)
1)
1)
1
1)
1

(0 :

(0 :

(0 :

(0 :

(T

(2T
(2%T +

(2%T + 2 :

(2*T + 2 :
(2T
(2%T + 2 :
(2%T

(2%xT + 2 :

2%T

(0 :

2%T
(0

2%T
+ 2
T

2%T

+
O, = = N NN

B o= =N NN

1)
1)
1)
1)
1)
1)
1)

1)
1)
1)
1)
1)
1)
1)
1)

Finally, the matrix action on the projective space:

sage:
sage: M = MatrixSpace(FF,N)
sage: RU = M([T,2,T,0,T+1,T+2,0,0,2+T])
sage:
sage: R = RU*RL
sage: print R, R.det()
[ T+22¢T+1 T+ 2]
[ 1 T+2 1]
L T 1 2+T + 1] T
sage:
sage: V = VectorSpace(FF,N)
sage: for x in X_list:
print ’%25s %
0 :0:1)
O :1:0
0 :1:1)
(0 :2:1)
O :T: 1)
O :T+1 1)
O :T+2:1)
(0 : 2«T : 1)
(0 : 24T + 1 : 1)

SAGE listing
# construct an invertible matrix

RL = M([2%T+1,0,0,2%T+2,T+1,0,2,T,T+1])

# example of matrix action on a projective space point

255’ % (x,X(1ist( V(list(x))*R.transpose()) ))

2 :

(2T + 1 :
(0 :

(T+1:

2%T
T
T
2%T

(2%T

(2T
(2xT
(T

+ 2

+ 2
+ 2 :
+ 1 :
+ 1 :
2xT

+2 :1

+1:1
: T ¢

(T : 2

: 0)

1)
1)
1)
1)
1)
1)

1)
1)
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(0 : 2T + 2 : 1) (1 :0: 1
(1 :0:0 (T +1 : 2T : 1)
(1 :0: 1 (2xT +1 : 2 : 1)

. truncated output

(2«T + 2 : 1 : 1) (T : T : 1)

(2«T + 2 : 2 : 1) (T+1:1:1)

(2xT + 2 : T : 1) (1 : 2T : 1)

(2T + 2 : T+ 1 : 1) (2 :T+1:1)
2xT + 2 : T+ 2 : 1) (2«T + 2 : 0 : 1)
(2T + 2 : 2xT : 1) (0 :2:1)
(2+«T + 2 : 2xT + 1 : 1) (2xT + 2 : 1 :0)
(2T + 2 : 24T + 2 : 1) (T+2:2¥T +2 : 1)
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Correspondence between left
cosets in the case of the ring

Fg[T]

This appendix describes the practical implementation of the theory exposed
in the section 4.2.5, page 115.

magma listing

> //

> // Lemma 2.18, page 114 for Finite Field F_{p}
> // case \pi_i (\alpha contains exactly "i" "1")
>

>p =3

>d = 2;

> q :=p-d;

> alpha := [0,0,1];

>n := 3;

>

> // first of all count how many ’1’ in \alpha

> i := 0;

> for x in alpha do

for> i = i+x;

for> end for;

// define the finite field
FFp<a> := FiniteField(p);

// define Polynomial Ring over FFp
PR<T> := PolynomialRing(FFp);

V V V V V Vv V
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// define matrix space over PR
M := MatrixAlgebra(PR,n);

// define Quotient Ring
f = T 2+2xT+2;
PQ<t> := quo<PR|f>;

// list of elements in FFq
FFq_list := [*0%*];

k :=0;

for k in [1..9-1] do

for> Append(“FFq_list,t"k);
for> end for;

V VV V V V V V V V.YV

// computing function \phi_i_ff
phiff := func<i, q | &*[q~j - 1 : j in [1..i]] >;

// the quantity of the elements in the class is

qtt := phiff(n,q)/phiff(i,q)/phiff(n-i,q);

print "there are",qtt,"left classes in the considered double class";
there are 91 left classes in the considered double class

V V V V V Vv V

// construct matrix D, corresponding to \pi_i
// it is diagonal of the form [E_{n-i},fE_i]
D := M!1; // identity matrix

for j in [1..n] do

for> if alphal[j] eq 1 then

for|if> D[j,jl := £;

for|if> end if;

for> end for;

V V. V V Vv V

// C_list - the list of C_{\alpha,i}
C_list := [* *];
V_list := [* x];

// writing down all permutations for alpha as 2°n cycle
al := [0 : k in [1..n]]1;

for ji in [1..2°n-1] do

for> flag := 1;

for> for j in [1..n] do

for|for> if flag eq 1 then

for|for|if> al[n-j+1] := all[n-j+1]+1;

V V V V V V V VvV
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for|for|if>
for|for|if|if>

if al[n-j+1] eq 2 then

al[n-j+1] := 0;

for|for|if |if> else
for|for|if [if> flag := 0;
for|for|if|if> end if;
for|for|if> end if;

for|for> end for;

for> ni := 0;

for> for x in al do

for|for> if x eq 1 then
for|for|if> ni ni+i;
for|for|if> end if;

for|for> end for;

for> if ni eq i then

forl|if> // main cycle

for|if> pos := [* x]; // create the list of ’positions’ of ’1’
for|if> C := M!'0;

for|if> for j in [1..n] do

for|if|for>
for|if|for>
for|if|for|if>
for|if|for|if>
for|if|for|if>
for|if|for|if>
for|if|for|if|for>
for|if|for|if|for|if>

// place ’f’ on diagomnal if al[jl==
if al[j] eq 1 then

Clj,j1 := £;

// also we note the position of this column

// where to put non zero elements
for k in [1..j-1] do
if C[k,k] eq 1 then
Append (~pos, [k, j1);

for|if|for|if|forlif> end if;
for|if|for|if|for> end for;
for|if|for|if> else
for|if|for|if> Clj,jl := 1;
for|if|for|if> end if;
for|if|for> end for;

for|if> npos := 0;

for|if> for j in pos do
for|if[for> npos := npos+i;
forl|if|for> end for;

for|if> Append(“C_list,M!C);
for|if> S,U,V := SmithForm(M!C);
for|if> Append ("V_list,V);

for|if> ct := [* 0 : k in [1..npos] *];
for|if> for k in [1..9"npos-1] do
for|if|for> flag := 1;

for|if|for>

for j in [0..npos-1] do
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for|if|for|for> if flag eq 1 then

for|if |for|for|if> ct[npos-j] := ctlnpos-jl+1;
for|if|for|for|if> if ct[npos-j]l eq q then
for|if|for|for|if|if> ct [npos-j] := 0;
for|if[for|for|if|if> else
for|if|for|for|if|if> flag := 0;
for|if|for|for|iflif> end if;
for|if|for|for|if> end if;

for|if|for|for> end for;

for|if|for> for j in [0..npos-1] do
for|if|for|for> 1 := ctlnpos-jl+1;

for|if|for|for> x := (pos[npos-jl) [1];
for|if |for|for> y := (pos[npos-jl)[2];
for|if|for|for> z := FFq_list[1];
for|if|for|for> Clx,y] := PR!z;
forl|if|for|for> end for;

for|if|for> Append(~C_list,M!C);
forl|if|for> S,U,V := SmithForm(M!C);
for|if|for> Append ("V_list,V);
for|if|for> end for;

for|if> // end of main cycle
for|if> end if;
for> end for;

>

> //

> // verification of SNF

>

> S81,U,V := SmithForm(C_list[1]);
> i := 0;

> for C in C_list do

for> i = i+1;

for> S,U,V := SmithForm(C);

for> if S1 ne S then

for|if> print i,"*%* something is wrong with SNF...";
for|if> end if;

for> end for;

>

> //
> // testing HNF for V matrices

> for i in [1..91] do

for> H := HermiteForm(D*(V_list[i]l~(-1)));

for> if H ne C_list[i] then

for|if> print i,"s** something is wrong with HNF",C_list[i],H;
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for|if> end if;
for> end for;

//===

>
>
> // verify that all matrices V have different third column
>
>

x := 0;
for i in [1..91] do
for> for j in [1..91] do
for|for> if j gt i then
for|for|if> a := Transpose(V_list[i]) [3];

for|for|if> b := Transpose(V_list[j])[3];

for|for|if> if a eq b then

for|for|if|if> x := x+1;

for|for|if |if> print " the following columns are the same:
for|for|if|if> end if;

for|for|if> end if;

for|for> end for;

for> end for;

> print "there are ",x," equal columns";
there are 0 equal columns

>

> //
> // output C_list and V_list

> for i in [1..91] do

for> print i,"===";

for> print C_list[i];

for> print "---";

for> print V_list[i];

for> print "-—-";

for> print Transpose(V_list[i]) [3];
for> end for;

[ 1 0 0]
[ 0 1 0]
[ 0 0 T°2 + 24T + 2]

",i,3;
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[ 0 1 T]
[ 0 0 T"2 + 2xT + 2]
[ 1 0 0]

[ O 1 2x%T]

[ 0O 0 1]

( 02T 1)

3 —_——=

[ 1 0 0]
[ 1 T + 1]
[ 0 0 T2 + 2xT + 2]
[ 1 0 0]

[ 0 1 2%T + 2]

[ 0 0 1]

( 0 2%T + 2 1)

4 ===

[ 1 0 0]
[ 1 2xT + 1]
[ 0 0 T2 + 2xT + 2]
[ 1 0 0]

[ 0 1T+ 2]

[ 0 0 1]

( 0T+ 2 1)

5 ==

[ 1 0 0]
L 1 2]
[ 0 0 T2 + 2xT + 2]
[1 0 0]

[0 1 1]

[0 0 1]

(01 1)

. truncated output

—/ 0 -
o -
1]
1]
]
e

2xT + 2 0]
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0 T2 + 2xT +
0
T + 1]
1]
0]
0)
1 T +
0 T"2 + 2T +
0
1 2T + 1]
0 1]
0 0]
1 0)
1
0 T"2 + 2%T +
0
2
0
0

2
0

O = O

0]
1]

0]
0]
1]

0]
0]
1]

0]
0]
1]
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Table D.1: Correspondence between g;, J; and projective points.
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ABSTRACT

The main result of the present work consists of the explicit com-
putation of the generating power series of Hecke operators in local
Hecke algebra for the symplectic groups of genus 3 and 4. The
computation algorithm is based on the Satake isomorphism, which
make it possible to carry out all operations in the algebra of poly-
nomials in multiple variables. This is the first time when this
expression was computed in genus 4.

In order to obtain the result, the method of symbolic computation
was developed. This algorithmic approach is also applied to other
types of Hecke series. In particular, we formulate and prove the
analog of Rankin’s Lemma in higher genus. We also computed the
symmetric squares and symmetric cubes generating series.

Based on our computational results we formulate a modularity lift-
ing conjecture for convolutions of L-functions attached to Siegel
modular forms. We review other important conjectures related to
Siegel modular forms and their L-functions. We use these con-
structions to compute the rational algebraic factors in critical val-
ues of the spinor L-function attached to Fjo of Miyawaki. To our
knowledge this is the first example of a spinor L-function of Siegel
cusp forms of degree 3, when the special values can be computed
explicitly.

Finally, we apply the theory of Hecke algebras to constructions of
algebraic cryptosystems on some finite sets of left cosets in Hecke
algebras. We use a relation between left cosets and points on
certain projective algebraic varieties.
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RESUME

Le résultat principal dans le travail présenté est le calcul expli-
cite de la série génératrice des opérateurs de Hecke dans I’algebre
de Hecke locale pour les groupes symplectiques de genre 3 et 4.
L’algorithme est basé sur I'isomorphisme de Satake, qui permet
de réaliser toutes les opérations dans l'algebre des polyndémes a
plusieurs variables. C’est la premiere fois que cette expression est
calculée pour le genre 4.

Pour obtenir le résultat principal, une méthode de calcul symbo-
lique a été développée. Cette approche algorithmique s’applique a
d’autres types de séries de Hecke. En particulier, nous formulons et
prouvons un analogue du Lemme de Rankin pour le genre 2. Nous
avons aussi calculé les séries génératrices des carrés symétriques et
des cubes symétriques.

Se basant sur nos résultats nous formulons une conjecture de mo-
dularité pour les convolutions des fonctions L-spineurs associées
aux formes modulaires de Siegel. Nous considérons d’autres conjec-
tures importantes liées aux formes modulaires de Siegel et a leurs
fonctions L. Nous utilisons ces constructions pour calculer les fac-
teurs algébriques rationnels aux valeurs critiques de la fonction
L-spineur attachée & Fo de Miyawaki. A notre connaissance c’est
le premier exemple d’une fonction L-spineur de forme parabolique
de Siegel de degré 3, dont certaines valeurs spéciales peuvent étre
calculées explicitement.

Finalement, nous appliquons la théorie des algebres de Hecke pour
construire des cryptosystemes algébriques sur ensembles finis de
classes a gauches dans les algebres de Hecke. Nous utilisons une
relation entre les classes a gauches et les points sur certaines va-
riétés algébriques projectives.
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