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Markov operators in g-Fourier analysis

Lazhar Dhaouadi*

Abstract

In this paper there are many important results of g-Fourier analysis
proved by new ways and new sets of markov operators acting on the
L, 2.0 space of square g-integrable function which were defined.

1 Introduction

In the mathematical literature one finds many articles which deal with the
theory of g-Fourier analysis associated with the g-Hankel transform. This
theory finds its origins in an important article of H.T. Koornwinder and
R.F. Swarttouw [5]. The two authors proved that the ¢-Bessel functions of
Hahn-Exton satisfy an orthogonality relation, which gives a rigorous proof.
They noticed that the g-Hankel transform would be an involutive isometric
operator of the £, , space. Our goal is to give a detailed proof of this
important result. It should be noticed that in [1] we provided the mains
results of g-Fourier analysis in particular that the g-Hankel transform is
prolonged on the £, 2, space like an isometric involutive operator. But we
used the positivity of the g-Bessel translation operator in order to show these
results. These property is not ensured for any ¢ in the interval ]0, 1[. Thus,
we will prove some main results of g-Fourier analysis without the positivity
of the ¢-Bessel translation operator, which are the following

e Inversion Formula in the £, spaces with p > 1.

e Plancherel Formula in the £, , N £4,1,, spaces with p > 2.
e Plancherel Formula in the £, 2, spaces.

e Product formula for the g-Hankel transform .

Note that in a recent paper [2] we have proved that the positivity of
the g-Bessel translation operator is ensured in all points of the interval 0, 1]
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when v > 0. In this article we will try to show in a clear way the part
in which the positivity of the g-Bessel translation operator plays a role in
g-Fourier analysis. In particular, when we try to introduce the concept of
Markov operators of the £, 2, space. Many interesting examples of such
operators are the g-Bessel translation operator and the ¢-heat semigroup.

2 Preliminaries

In the following we will always assume 0 < ¢ < 1 and v > —1. We denote
by
R, ={£¢", neZ}, R;':{q”, nez}.

For more information on the g-series theory the reader can see the reference
[3,4,6] and the reference [1,5] about the g-bessel Fourier analysis. Also for
details of the proof of the following result in this section can be found in
[1,5].

Definition 1 The ¢-Bessel operator is defined as follows
1 - v v
Agof(@) = — [fla2) = (1+¢™)f(2) + ¢ f(g2)] .
Definition 2 The eigenfunction of A, associated with the eigenvalue —\*

is the function x +— j,(\x,q%), where j,(.,q*) is the normalized g-Bessel
function defined by

) 0 qn(n-‘rl) )
iv(x,q%) = -H" "
duland®) = 2 V" gy oy,

Definition 3 The g-Jackson integral of a function f defined on R, is

/OOO fO)dgt =(1-9)>_ q"f(q").

nel

Definition 4 We denote by Ly . the space of even functions f defined on
Ry such that

[e'e) 9 1 1/17
wmmzu ww%“%ﬂ <.
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Definition 5 We denote by Cy o the space of even functions defined on R,
tending to 0 as x — *oo and continuous at 0 equipped with the topology of
uniform convergence. The space Cq is complete with respect to the norm

[ fllg,00 = sup | f(z)].
T€Ry

Proposition 1 The normalized q-Bessel function j,(.,q?) satisfies the or-
thogonality relation

2, /O Jolat, oyt N dgt = 0,w,y),  Va,y € Ry,
where
0 ifx#vy
) = )
Q(‘Ta y) { (l—q)mﬁ Zf!E =y

and
I (®", %)

—-q (*,¢*)

Cq7v - 1

Remark 1 Let f be an even function defined on R, then
| st = sa).

Proposition 2 The normalized q-Bessel function j,(.,q%) satisfies

(0% 0)oo (=" ¢))se [ 1 if n>0
(q2v+2;q2)oo an—(2v+1)n Zf n<0

Definition 6 The g-Bessel Fourier transform F, is defined by

4w (g™, )| <

Foof(x) = cq,v/o f(@t)ju(at, q2)t2”+1dqt, Vz e R,.

Proposition 3 Let f € L1, then Fy . f exists and Fy o f € Cyp.

3 Inversion formula in the £ ,, space

Theorem 1 Let f be a function in the Ly, space where p > 1 then

Faul =1
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Proof. If f € L, ,, then F,, f exist, and we write
Fiof(@) = cqu /O h Fuuf()ju(at, ¢?)t> T d,t
= /OOO ) [Cg,v /0 " oot Dyt N gt g gy
= /Ooo FW)y(x, y)y* gy
f(@).

We can permute the two integrals: in fact if p > 1 then we use the Holder’s
inequality

/0 1f(y)] [/0 |jv (xt, q2)jv(yt7 q2)‘ t2”+1dqt] y2v+1dqy

e - 1/p o0 N 1/p
< (/0 |F)IP ™ dqy> X </0 o(y)Py*t dqy> .

The numbers p and p above are conjugated and
[e.e]
o) = [ ittt )] £t
0
then
> 7, 20+1
/0 o(y)Py™ dyy
! 7, 2v+1 OO P, 2v+1
= / a(y)Py* gy + / a(y)Py*dyy.
0 1
Not that
! P, 2v+1 2\ ||P ! > 24| 420+1 ? 20+1
/0 o(y)Py* gy < |du(., 6% 700/0 {/O |jo(t, g*) | £°F dqt} y* dgy

_ _ ol
S N O e A
and

/ " o)y gy
1
N NI T N1/ 2 oyt
< ldo (s a)lg o0 170 (0] ’17”/1 7y2<v+1)ﬁdqy
. T P o 1
< i e P | e <

4
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If p =1 then

/0 ()] {/0 |jv(:1:t, q2)jv(yt, q2)‘ t2”+1dqt} y2”+1dqy

) . 1
< ||qu,1,v H]U("q2)Hq,oo HJU("q2)Hq,1,v X W)

this finishes the proof. m

4 Plancherel Formula in the £,;,NL,,, space

Theorem 2 Let f be a function in the L1, N Lypo Space, where p > 2
then

1Fawfllg 20 = 1F 1l 2.0

Proof. Let f € L;1,MN Ly p, then by Theorem 1 we see that

2 _
‘/Tq,vf_f7

this implies
/0 fq7vf(x)2g;2v+1dqx = / ~7'—q Uf {Cq,v / f(t)jv(l‘ta qz)tzv—i_ldqt} $2v+1dq$
- / f(t) { / Foof(@)go(zt, q ) oty m}t2”+1d t

We can permute the two integrals because

/0 (1)l {cqvv /0 | Fawf ()] |du(2t, g )\x2”+1dqx}t2”+ldqt
) 1/p oo B 1/p

< </ |f(t)|pt2”+1dqt> X </ |¢(t)|pt2”+1dqt> ,
0 0

00 = ca [ Fan @) it ) 4y

where
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then

[Fauf(@)] < cqu/o W) oy, ¢2)| 2 dyy
< e ([T ) e ([T i P
oo _— 1/p oo A 1/7 ) o
< cgw </0 )P y?T dqy> X </0 Lo, )| w2 dqy> o= 20+1)/P
< e 1 lgp 170G a5 20+ ))/p
This gives
0 < Gollfllape va(‘=q2)Hq,ﬁv/0 o (t, ¢%)| 2D 2R G
< (3271) ||f||q,p,v H%(-,@)Hq%v |:/0 |]U($,q2)‘ $2(U+1)/p—1dq$ t_2(v+1)/p
< Clt_2(v+1)/p7
and
o) = cqm/0 | Fgof ()] ‘jv(wt,q2)|x2”+1dqa;
= [cqm/o | Fouf(z/t)| ‘jv(x7q2)|x2v+ldqx:| —2(v+1)
< Cq,v ||f 7foq’oo X va("q2)Hq,l,v > t—2(y+1)
< Oyt 2t
Hence,

e _ 1 _ (e’ _
/0 GO 2yt = /0 ()7 2yt + /1 ()P 2+t

1 00
0 1

In fact

{—1<—2(v+1)§+2v+1 {o<—2(v+1)(z‘9—2)

S1<p<2&p>2,
2+ 1)p+20+1< -1 —20+1)(p-1)<0 p p

this finishes the proof. m
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5 Plancherel Formula in the £,,, space

Theorem 3 Let f be a function in the L, 2., space then

||~7:q,vf||q72,v = ||f||q72,v‘

Proof. We introduce the function 1, as follows
%(t) = Cq,vjv(tx7 q2)

The inner product (,) in the Hilbert space L2, is defined by

[,9€ Loy = (f,9) = /0 f(t)g(t)tm)—i-ldqt
By Proposition 1 we write
z #y:> <7pma¢y> =0

I S e
[Y2llg 2. = " ),
We have
ff],Uf($) = <f) ¢m> )

and by Theorem 1
f 6 Eq,2,v = f(ivf = f7
then
(fia) =0,Vz e RS = F,,f =0= f=0.

Hence, {T/me € ]R;r} form an orthogonal basis of the Hilbert space Lg 2.,
and we have

Now ]
fe€Lopw=f= ——(fva)ts,
xER? ||7/)I||q,2,v
and then
1
11500 = Y ——a— (fite)® = (=) D P®DF f@) = | Foufll
" vellg 2,0 |
z€ERy 9% zERy

this finishes the proof. m
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6 ¢-translation operator and ¢-convolution prod-
uct

Definition 7 The g-translation operator is given as follows (see [1])

T f(y) = cqu /0 Fauf @)do(yt, ¢*)jo(xt, ¢*)t2 dyt.

Proposition 4 If f € L1, then T}, f exists and

/ f x Y, 2 ) 21}+1qu,
where
[oe)
Dy(z,y,2) = 2v/0 Jo(xs,4%50(ys, ¢ (28, ¢%)s* T dys.
Proof. In fact for all z € R,

To.f)| < /0 \FawF )] d0(yt, a)| |70 (at, ¢)| 12+ d,t

. . 1
150 g 00 150 (s @) g o0 10 G 0y 1.0 =077 < 00

IN

On the other hand

T0.fy) = cqo /OO Fynf oyt @®)jo(at, )20 d,t
= U/ [ / f(2)du(2t, ¢*)22"H1d z} o (yt, @) o at, )20 d t
- / f(2)Dy(@,y, 2)2* Hdyz.

We can permute the two integrals because

/Ooo |:/OOO |f(Z)| |jv(zt7q2)‘ z2v+1dq2:| ‘jv(yt,q2)| |jv(l‘t,q2)‘ t2v+ldqt

1

< g 0 ) o0 10 ) 1.0 % gy < o0

which finishes the proof. m
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Definition 8 The ¢-convolution product is defined by

o0
Fra9@) = o | Tl oy .
0
Proposition 5 Let f,g € L1, then f x4 g exists and we have
f *q 9 = g *q f.
Proof. Let f,g € £, 1, then
> 20+1
Frage) = e [ TLIWw
0
> > 2 24 120+1 20+1
= Cqu /0 [Cq,v /0 Faof ©)jo(yt, a*)jo(at, ¢*)t*" dqt] 9y dgy
o o
— oo [ Fand @ e [ a0t PPy lat 2
0 0
o
— o [ Fand OFag(®u(at. )
0
= g*q f(l‘),
The exchange of the integral signs has a valid sense because
R 2 2 20+1,20+1
| B0t 0 < st )] ¢ LGt )] < lg(w)] 24127 gt
o Jo
< 1yl [0 @), o 9l e Pl 3 220D,
which prove the result. m
Proposition 6 Let f € L,1,, and g € L2, then
fq,v(f *q g) = }—q,v(f) X }—q,v(g)'
Proof. In fact we have
Faw i Lg2o = Lg2w

and
fq7v : £q,1,7_} - Cq70'

If felyi,and g€ Ly2, then

w=Fouf X Fqng € Lg2v
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On the other hand
Faow(®) = cqu /0 T RO F (it )t
From the inversion formula in Theorem 1 we have
Fov (Faow) = Foof X Fyog-

Now we write

Foow(x) = cq’v/o F mf(t)fq,vg(t)jv(a:t,q2)t2”+1dqt
= un [ Fnf @) [ern [ o0ty | ot )
0
= Caw /0 9(y) [Cw /0 Fowf )du(ty, a*)jo(xt, )20+ 1dqt} y*Hdyy

. / )T F )2 gy
0

= [ %4 g().
This implies that
Fao (f #q 9) = Fauf X Fgug.

The exchange of the integral signs can be justified, indeed let

o) = [ fO] (ot )| 1ot a®)] £yt

— /OOO o(t) x |ju(yt, )| > dyt

where
o(t) = |Fao @) x |du(at. )| = 0 € Ly
then
lim < 00,
i o(y)
and

=
=
I

/0 o(t) x |ju(yt, ¢*)| " dyt

A epnereae
0 Y
< (1, Wi o Wi ] | 572,

which prove that ¢ € £,2,. This leads to the result. m

10
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7 Positivity of the ¢-translation operator

Definition 9 The operator T, is said positive if T; , f > 0 when f >0 for

q?w

all z € Ry. We denote by Q. the domain of positivity of T,/

Qv = {q €]0,1], Ty, is positive} .

In a recent paper [2] the authors prove that if v > 0 then @, =]0,1[. In
the following we assume that ¢ € Q,.
Proposition 7 The operator T,/ is positive if and only if
Dy(z,y,z) >0, Vz,y,z € Ry
Proof. If we take f(z) = d,(z) then
Tyof(y) = (1= @)a® TV Dy (,y, a),

which prove the result. m

Proposition 8 If f € L1, then

/0 T f )y gy = /0 F)y*dgy.
Proof. In fact
/0 T fy* gy = /0 [/0 f(Z)DU(w,y,Z)Z%“qu] y* gy

= / [/OO Dv(:lt,y,z)y%“dqy] f(z)z2”+1dqz.
0 0
On the other hand
Dy(z,y,2) = fqm‘ﬁ(y)
where
O(t) = cquio(te, 4*)ju(tz, ¢°),
then

/ Dy(z,y,2)y*" dy = /0 Fawd@)y? T dgy
0

= L F20(0) = —6(0) = 1

Cq,v Cq,v

This leads to the result. =

11
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Proposition 9 Let f,g € L1, then

fqm(f *q g) = fq,v(f) X fq,v(g)-

Proof. In fact

Faw(f %4 9)(t)

= Cqv /Ooof xq 9(2)jo (at, ¢*)a* T dga

= Cq /0 ) [ /O N Tyof (y)g(y)yz”“dqy} Jo(at, )z dg

= Cq /000 (/000 9(y) [/OOO f(2)Dy(z,y, Z)22”+1dqz] y2”+1dqy> jv(azt,qz)x%“dqaz
= Cqu /000 f(z) (/Ooo 9(y) [/OOO DU($7y7z)jv($t,q2)$2v+1dq$:| y2v+1dqy> 204

— 2, /OOO 1(2) </ooo 9(9) (1, )it q2>y2”“dqy> S
= Fou()(t) X Fuulg)(t).

One can see that
* 2\, 20+1 2 2
/ Dv(xa Y, Z)jv (a;t, q )x vt dqx = Cq,vjv(Zty q )]v (yt, q )7
0

and -
/ Dy(x,y, 2)x*  dyr = 1.
0

We can permute the two integral signs because
L ([T 100 |1 ND 20 2| i ) ot )| 22 g
< va(.,q2)quoo /OOO 1£(2)] </OOO l9(v)] [/OOO 1Dy (e, y, 2)| x2v+1dq4 y2”+1dqy> 2
Uit [ 15O ([0 [ [ D10 ] ) 27410,

< @)y 1l 1 Nl 1, < 000

Note that if ¢ € @, then |D,(x,y,2)| = Dy(x,y,2). =

12
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8 Markov operators on the £,,, space

Definition 10 A linear bounded mapping T : Lg2, — L2 15 called a
Markov operator if

e T is positive, that is f > 0 implies T'f > 0.
e The constante function f =1 is a fized point of T'.
e For all function f,g € L42, we have

(T'f,9) = (f,Tg)-

Lemma 1 Let p be a probability measure on ]R;r. If f is a positive function
in Lgpa and g is convex on R then

o ([ i) < [ g0 r@iinto)

In particular

oo 2 00
[/0 f(z)Dv(x,y,z)z%quz] §/0 f(z)2Dv(x,y,z)z2”+ldqz.

Proof. There exists ¢ € R such that for all z,y in a convex set of R it
holds

g9(x) = g(y) + c(z - y).
Let t = [;° f(z)du(x). Then t € RT. Now let € R/ then

g9 (f(x)) 2 g(t) + c(f(z) —1).
Integrating both sides and using the special value of t gives

/ g (F(@) du(z) > / Tlot) + (£ (@) — )dulz) = g(t).
0 0

In particular for g(z) = 22 and du(z) = Dy(z,y,2)z**"1d,z which is a
probability measure on R;’ the result follows immediately. m

Proposition 10 77, is a Markov operator of Lg2 .

13
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Proof. We will prove that T,/ sends L; 2, to Lg2,. Let f € L2, then

Tt ] = | [ 50D 2

< / f(z)2DU(a:,y,z)z2”+1dqz:T;@fz(y).
0

[e.e]

/0 12, )]y gy < /0 T () dyy.

f € ﬁq,2,v = f2 € ﬁq,l,v

Hence o o
/0 T f2(y)y* gy = /0 Py dy

which gives
HTqv,foq’Qﬂ) é Hf||q,2,v :

The operator T}, is said to be a contraction of the Ly, space. Now we
will prove that T, is symmetric. Let f,g € L4 2, then

o
|<T(;),xf7g>‘ = /0 |T(;),z‘f(y)‘ ’g(y)‘ y21)+1dqy S HT‘;)vfoqQ,v ”g”q72,v S ”qu,Zv ”qu,271)

(Tyofr9) = /0 Tq”,xf(y)g(y)yz”“dqy:/o [/0 F(2)Dy(x,y, 2)22*dgz | g(y)y* gy

- | [/0 g(z)Dm,y,z)z%“dqz} Fy* gy
(F.T7.9).

The exchange of the signs integrals is valid sense

I [ [ 1@ Dt z)z%“dqz} ) v dgy

) 0o 2 1/2 00 1/2
S(/O UO \g(Z)IDv(w,y,Z)Z%“qu} y2““dqy> (/0 \f(y)\2y2““dqy>

0o 00 1/2
< (717 8 D12 | i) 8l = Vel 151
On the other hand

o0
T, ,.1= / Dy(z,y,2)2* M d,z = 1.
0

14
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Also
f>0=1T,,.f>0.

Not that if f is bounded then
TLi@] < [P )] 2y

o0
< 1l [/0 Dy(a,y, )2 dgz| = £, .

which finishes the proof. m

Theorem 4 Let cq,,0(t)t* "1 dyt be a probability measure on Ry . Then
K £q,2,v - Eq,2,va f = f *q O

is a Markov operator.

Proof. From Proposition 6 we see that K send L2, to L42,. On the other
hand

Kf(x) = f*q0(7) =cqn /0 Toaf (W) o(y)y*  dgy,

which implies that K1 =1 and if f > 0 then K f > 0. Given two functions
f.9 € L2, we write

(Kfg) = /Owa<w>g<x>x2”“dqx

:/Ooo
- |

= / Cq,v/o f(x)Tq,yg(x)‘/EQU—i_ldqx} Q(y)y2v+1dqy

Caw /0 Tq,xf(y)@(y)y%“dqy} g(x)z*"

Cq,v/o Tq,yf(x)g(x)x2v+ldqx:| Q(y)y2v+1dqy

0

_ / / Tq,zg<y>g<y>y2“+1dqy} F@)a? g
0 L 0
= (f.Kg).

The exchange of the integral signs has a valid sense

/Ooo |:/OOO ‘Tqyf(.%’)‘ ’g(x)‘ x2v+1dqx:| g(y)y2v+1dqy

S ||f||q,27v ||g||q,27v ||Q||q7l,v .

15
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Not that if f is bonded then

K ()] < [ /0 g(y)y%“dqy} T

which finishes the proof. m

Proposition 11 The eigenfunctions of the operator T, are in the following

form
n(t
fn(t):7¢q ®) , VnezZ
I
associated to the eigenvalues
An = TS Vn € Z.
fn(0)

Proof. From (1), the sequence { fy}, 7 forme a normal orthogonal basis of
the Hilbert space £;2,. On the other hand

T2 5(@"y. ) = jo(a"®,¢*)ju(d"y, a*),

then £1(2)
Tielalv) = 705

which leads to the result. =

fn(y),

Remark 2 Note that the kernel of T}, can be written as follows

Dy(z,y,2) = Z fn(x);zgty);fn(z) >0,

ne”L

then the sequence {f,} satisfies the hypergroup property at the point 0 with
measure 22 1d,x.

Proposition 12 A linear mapping
K : £Q,27’U - £Q727U7 fn = Cnfn

is a Markov operator if and only if

< fuly)
fn(0)

where cqp0(y)y**d,y is a probability measure on R

o(y)y* gy

Cn = Cqv

16
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Proof. In fact

fnxqo(z) = quv/o Tq@fn(y)g(y)y%"'ldqy

_ [C > fa(y)
e 0 fn(o)

o)y dyy| fa(®) = cnful),

Then
K(f) =f *q 0, Vf e Eq,2,v-

Theorem 4 leads to the result. m

9 The g-heat semigroup

Definition 11 The g-exponential function is defined by

o0 n

z 1
e(z,q) = Z = .zl < 1.

= (Dn (%0

Lemma 2 The unique solution of the following q-difference equation

{ —22p(t) = (1 — q2)Dq27t¢(t)
¥(0) = c(z)

s in the following form
U(t) = c(x)e(—ta,¢%).
Lemma 3 Let f € L2, such that Agf € Lg2., then
Fow[Bgofl (@) = —*Foof().
Proof. Let g = F,,f. From the inversion formula we obtain
f=Fiuf = Fog.

Then
Dgu (@) = Fyu |y = ~129)| (2)

Again, we use the inversion formula we obtain the result. m

17
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Definition 12 The g-heat semigroup is introduced in [1] as follows:
Pyif(@) = G'(t.4%) xq f(x), t>0

where GV(.,t,q%) is the q-Gauss kernel

w@mfw;a4w~d4fﬂﬂ@o=mwe(ﬁf%%f)

and 20+2 2 2
U —q 4% ) o

(=t, =%/t ¢?) o

A = &1
Note that A(t?) = t=2("+1) A(1).

Proposition 13 The unique solution of the q-heat equation

Agou(z,t) = (1 —¢*) Dy u(z,t), Yz €R, Vt>0

uw(z,0) = f(z), f€Lyonw
z—u(x,t) € Looy, VE>0.

is in the following form
u(z,t) = By f(x).

Proof. Let
() = Fou [0l 1)] (2).

From the following equation
Agpu(z,t) = (1 - q2)qu7tu(x,t)

we see that
Aquu("t) G £q72,7.)7

then from Lemma 3 we have
Fao| Bqati( D) (2) = = F g [u(.,0)] (@)
and
Fou (1= @)Dy gu(,1)] () = (1 = ) Dy Foo [l 1)] (),
which prove that ¢ satisfies

(1 - q2)Dq2,t¢(t) = _$2¢(t)’ 7/)(0) = fq,vf($)'

18
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From Lemma 1 and Proposition 5 we see that

Y(t) = e(—ta?, q2).7-"q7vf(x) =Fou [G”(., t, q2)] () xFoguf(z) = Fqu|G°(.,t, q2)*qf ().

From Theorem 1 we obtain

u(z,t) = G”(.,t,qz) xq f(2).

This finishes the proof. m

Proposition 14 The g-heat semigroup P}, is a Markov operator of Lg 2.

Proof. In [1] it is proved that

1
HGv(ut7q2)H =

q,l,’l) cqﬂ)

then

Y cguG(y, t, ) y* gy

is a probability measure on R;r. Theorem 4 leads to the result. m
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