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GEOMETRIC QUANTIZATION FOR PROPER MOMENT MAPS
XITAONAN MA AND WEIPING ZHANG

Abstract. W e establish a geom etric quantization formula for Ham iltonian actions
of a com pact Lie group acting on a non-com pact sym plectic m anifold such that the
associated m om entm ap is proper. In particular, we resolve the concture of Vergne in
this non-com pact setting.

0. Introduction

T he fam ous geom etric quantization concture of G uillem in and Stemberg D] states
that for a com pact prequantizable sym plectic m anifold adm itting a H am iltonian action
of a com pact L ie group, the principle of \quantization com m utes w ith reduction" holds.
This con ecture was rst proved independently by M einrenken [14] and Vergne R3] for
the case w here the L ie group is abelian, and then by M einrenken [15] in the general case.
T he singular reduction case was proved by M einrenken-Sam aar in [16]. T here are also
an analytic approach to the original concture developed by T ian and Zhang 0] as
well as a proof developed by Paradan [L7] by m aking use of the theory of transversally
elliptic operators, see also 4] for an excellent survey.

Tt is natural to consider the generalizations of the above results to actions on non-—
com pact spaces. O ne of the aspects of this issue has been considered by W eitan an in
6], where the propemess of the associated m om ent m ap is assum ed. In her IM 2006
P lenary lecture R5], Vergne m ade a quantization confcture (under the assum ption that
the zero point set of the vector eld generated by the m om ent m ap is com pact), which
generalizes the original G uillem in-Stemberg con Ecture to this non-com pact setting. A
goecial case of this conjcture had indeed been veri ed already by Paradan In [18] where
he proved a quantization form ula valid for the case where a m axim al com pact subgroup
of a non-com pact real sam isim ple Lie group acts on the co-ad pint orbits of the real
sem isim ple Lie group itself.

T he purpose of this paper is to establish a general quantization form ula in this fram e-
work of a com pact group acting on a non-com pact space w ith properm oment m ap. A's
wew ill see, our result could be viewed as an extended version of the con cture of Vergne,
In the sense that we do not m ake any extra assum ptions beside the propemess of the
momentmap.

To bem ore precise, et M ;! ) be a non-com pact sym plectic m anifold w ith sym plectic
form !. Weassume that M ;! ) is prequantizable, that is, there exists a com plkx lne
bundle L (called a prequantized line bundlk) carrying a Hem itian metric h* and a
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Hem itian connection r * such that
p__
©01) T
) 5 I

W e also assum e that there exists an alm ost com plex structure J on TM such that
02) g™ @;v)="!(@u;Jv); u;v2TM

de nesaRiemannian metricon TM .

Let G be a com pact connected Lie group with Lie algebra denoted by g. W e assum e
that G actson the left on M and this action can be lifted to an action on L . M oreover,
we assum e that G preservesg'™ ,J,h" andr .

Forany K 2 g, et K" bethevector el generated by K overM .

Let :M ! g bede ned by theKostant formula [10]

p_ L L
03) 2 1 K)= "K)=1Irgu Ik ; K 2 g:
Then isthe corespondingm om entm ap, ie. forany K 2 g,
04) d K)=dku !:

Wecallthe G action with amomentmap :M ! g verifying (04) a Ham iltonian
action.
From now on, we assum e that the follow ing fundam ental assum ption holds.

Fundam ental A ssum ption. The mom ent m ap :M ! g isproper, In the sense
that the inverse In age of a com pact subset is com pact.

Let T beamaxinaltorusofG, Cg g beaW eylcham ber associated to T, g
be the weight lattice, and ® = \ C¢ be the set of dom inate weights. T hen the ring of
charactersR (G) of G hasa Z-basisVS, 2 ® :VE isthe freducble G wepresentation
w ith highest weight

Take any 2 ®.If isa regular value of themoment map , then one can construct
the M ardden-W einstein sym plkctic reduction M ;! ), whereM = ' @G )=G isa
com pact (as  isproper) orbifold. M oreover, the Inebundke L. (rego. the aln ost com plex
structure J) induces a prequantized line bundle L. (resp. an alm ost com plex structure

J )over M ;! ).One can then construct the associated Spin®-D irac operator (tw isted
by L ),D; Omven o 1, ) 1 OPddg ;T ) (cf. Section 16, (15)) on M whose
Index

. L . L
(0.5) Q@ )=dmKer D, din Coker D, 2 Z;

iswellde ned. If 2® isnota regular value of , then by proceeding as in [16] (cf.
17, x7.4]), one stillgets a wellde ned quantization num ber Q (L ) extending the above
de nitiont

On the other hand, ket g be equipped with an Adg —<nvariant metric. Set H = § F.
Then sihce isproper, forany ¢c> 0,U. = H ' (D;c)) = fx 2 M :H x) 6 oy isa
com pact subset of M .

1See also Section 2.1 for a standard perturbative de nition.
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Recall that by Sard’s theorem , the set of critical values of the function H :M ! R is
ofm easure zero.

Let X® = J(dH) bethe Ham iltonian vector eld associated to H .

For any regular value ¢ > 0 of H, one knows X ¥ is nowhere zero on QU. = H L ().
Thus, according to Atiyah [l, x1, x3] and Paradan [17, x3] (cf. also Vergne R3]), the
trple (U ;X ¥ ;L) de nes a transversally elliptic sym bol (corregponding to the Spif—
D irac operator (twisted by L) on M ) associated to the G -action on U.. A nd according to
Atiyah [, x1], it adm itsa wellde ned transversal index whose character is a distribution
onG.

Forany 2 ®,ktQ (L ). 2 Z denote the -com ponent of this transversal ndex.

Theorem 0.l.Forany 2 @,thereexistsc > 0 such thatQ (L), 2 Z does not depend
onc> c ,with ca regular value of H . And Q (L)C:O 2 7 doesnotdepend on ¢> 0, with
ca regular valie of H .

A ccording to Theorem 0.1, for any 2 ®, we have a welkde ned Integer Q (L), not
depending on the reqular valuec 0. From now on we denote £ by Q (L) .
W e can now state ourm ain result as follow s.

Theorem 0.2.Forany 2 ®, the ©low ing identity holds,
06) QL) =0@ ):

Rem ark 0.3. Ifthe zero set of X ¥ is com pact, then Theorem 0.1 was already known in
[l7]and 5], whilke Theoram 02 was conctured by Vergne in 25, x4 3]. T hus T heorem
02 can be thought of as an extended version of the Vergne con cture.

Ifwe st

0.7) Qs L)' = QW) V®;

then by Theorem 02,Q0: (L) ! equalsto the form algeom etric quantization in the sense
of 6, De nition 4J1] and [19, De niton 12]. In particular, it veri es the functorial
quantization property described as follow s.

It is clear that ifM is com pact, then Theorem 0.1 holds tautologically and T heorem
0.2 is the Guillem n-Stemberg confcture proved in [16]. Let NN ;!Y ) be such a pair
with N being compact, F the notation for the prequantized line bundl over N , etc.
Combining Theorem 02 w ith the result 26, Theorem 1] (cf. also [19, Theoram 1.5]) one
gets the follow ing functorial quantization result.

LetL F be the prequantized line bundle over M N obtained by the tensor product
of the natural liftings of L, and F to M N .

Theorem 0.4.For the induced action ofG on M N ;! ")yandL F, the ©lowing

identity holds,
X
0.8) o & F)_, = QL) Q0 E)
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By taking N to be the orbits of the co-ad pint action ofG on g , one recovers T heoram
02 from Theoram 0.4 imm ediately. Thus Theorem 02 and 0.4 are actually equivalent.
In this paper we w ill w rite out our proof for Theorem 0.4 directly. In thisway we also
get a new proof of the follow ing functorial quantization resul due to W eitam an [26,
Theorem 1]and Paradan [19, Theorem 1.5], without using the sym plectic cut techniques
there.

C orollary 0.5. Under the assum ptions in Theoram 0.4, the follow ing identity hols,
X
0.9) o & F), = QL) E ):

2G

Now lt K be a compact subgroup of G such that the m om ent m ap of the induced
H am iltonian action of K on M also veri esthe fundam ental assum ption ofbeing proper.
Then by combining Theorem 12, (0.7) wih [19, Theoram 1 3], one gets the follow ing
consequence on the relation between Q¢ L) ' and Q¢ @) *?

C orollary 0.6 .Any irreduciblke representation of K hasa nitem uldplicity n Qg (L) *
M oreover, the follow ing identity holds, when loth sides are viewed as virtual representa—
tion gpaces of K ,

(0.10) Qe L)', =0x @) *

O ur proof of Theorem s 0.1 and 0.4 is analytic. Tt m akes use of Braverm an’s analytic
Interpretation B, x14] of the transversal index of a wide class of transversally elliptic
operators covering the onesm entioned above. Them ain idea is that through the analytic
Interpretation of Braverm an, one can further express this transversal index by using the
Atiyah-PatodiSinger type index? for D frac type operators on m anifblds w ith boundary
R]. One can then apply the analytic m ethods developed In R0] and R2] to study the
corresponding quantization problem .

Indeed, after we interpret the transversal ndex by the AP S type index, it is aln ost
direct to prove Theorem 0.1 by applying the analytic techniques in 20] and R2].

The proof of Theorem 04 needs more e ort. Tautologically, one would adapt the
dea of two steps deform ations appeared in [18, x3] to the current situation. The m ain
point com es from the fact that, after choosing the suitable (already non-trivial) rst
step deform ation, in order to pass from the boundaries of subm anifolds of M N to
boundaries of speci ¢ form s obtained by the product of a boundary in M wih N , one
m ay encounter a ot of zero points of the vector eldsused in the deform ation. It is then
necessary to elin nate the potential contributions caused by these possbl zero points?

Recall that in the analytic proof of the original G uillem in-Stemberg con Ecture de-
veloped In R0], one already encounters the local pointw ise estim ates around the zero
points of the Ham iltonian vector eldsused in the deform ation there. Tt is rem arkable

W e willbrie y callit asAPS index in what follow s.

3T he situation considered in [18] ismuch sin pler as there is no zero point of the vector eldsused in
the corresponding deform ation, he can then apply directly the hom otopy invariance of the transversal
ndex.
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that such kind of localestim ates stillhold In the current (apparently m ore sophisticated)
non-com pact situation.

W e would lke to point out that one may indeed formulate Theorems 0.1, 02 and
0.4 directly using the AP S type index which ism ore ntrinsic (as the de nition of the
transversal ndex involved depends on certain extra structures which go beyond the
sym plectic structures involved).

It would also be interesting to give a direct analytic proof of Corollary 0.6 without
using the sym plectic cut techniques in [19].

T he rest of this paper is organized as follows. In Section 1, we rst apply the results
of Braverm an [b] to Interpret certain transversal ndex asa kind of AP S type Index. W e
then apply the analytic approach of the quantization form ulas developed in R0], R2]
and prove Theorem 0.J. Tn Section 2, we present our proof of Theorem 0.4 m odulo a
vanishing resul, Theorem 2.4, whose proofw ill be carried out in Section 3.

Som e results of this paper have been announced In [13].

A cknow ledgem ents. W e would lke to thank Professor Jean-M ichel B ism ut for m any
helpfiil discussions. The work of the second author was partially supported by M OEC

and NN SF'C . Part of the paper was w ritten while the author was visiting the School of
M athem atics of Fudan University during N ovem ber and D ecem ber of 2008. He would
Iike to thank P rofessor Jiaxing H ong and other m em bers of the School for hospitality.

1. Transversal index and guantization for proper moment maps

In this section, we prove Theorem 0.1. In doing so, we rst express the transversal
Index appearing in the context as certain APS type Index, with the help of a result
by Braverm an [b], then we apply the analytic m ethods developed in R0] and R2] to
com plete the proof of Theorem 0.1.

This section is organized as follows. In Section 1.1, we recall the de nition certain
transversal ndex In the sense of Atiyah [1] and Paradan [17] for group actions on m an—
ifolds w ith boundary. In Section 12 we consider certain AP S type index in the same
framework as In Section 1.1. In Section 1.3 we prove an nvertibility result for som e
Induced boundary operator. In Section 1.4 we Introduce the dea of spectral ow in our
context and use it to com plete the proof of a result stated in Section 1 2. Tn Section 1.5,
we give an AP S Index Interpretation of the transversal index in Section 1.1 by applying
a result of Braverm an [5]. Tn Section 1.6, we prove T heorem 0.1 by applying the analytic
m ethod developed n R0] and R2].

11. Transversalindex. LetM bean even din ensionalcom pact oriented Spin®-m anifold
w ith non-em pty boundary @M . Let E be a com plex vector bundl overM .
Let G be a com pact connected Lie group with Lie algebra denoted by g. W e assum e
that G actson the left on M and that this action can be lifted to an action ofG on E .
Let the tangent vector bundle :TM ! M carry a G -nvariant m etric g*" . Then
one denti esTM and TM via g™ .
@

ForK 2 g,wedenoteby K = ;e ™ xj., the corresponding vector ed onM .
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Following [, p. 7] (cf. [L7, x3]), set
1) TcM = v2TM : vx);K" x) = 0forallk 2 g

Let S(TM )= S, (TM ) S (TM ) be the bundle of spinors associated to the spin®-
structure on TM and g'™ . Forany V. 2 TM , the Cli ord action c(V) exchanges
S (TM ), the Z,gradingon S (TM ).

Let :M ! gbeaG-equivariantmap. Let ™ denote the vector eld overM such
that ™ (x) equals to the value at x of the vector eld generated by (x) 2 g overM .

W em ake the assum ption that " isnowhere zero on @M .

Let g; :Hom ( (5, TM ) E); (S (TM ) E)) denote the symbolde ned by

M p_ M
1.2) E; x;vix)) = lew + ) g for x;vx)) 2 TyM :

(xiv(x))

Since ™ isnowhere zero on @M , by (1.1) and (12) one sees that the zero set of the

restriction of ., on TgM is contained in a compact subset of 4 LM (where
4 =M n@M isthe interior ofM ). Thus, it de nesa G —transversally elliptic sym bolon
TcM in the sense of Atdyah [1, x1, x3] and Paradan [17, x3] (see also Vergne [23]), which
in tum determ ines a transversal index*

M
13) nd 3, = nd | v;

with each Ind (g, )2 Z.

12. The Atiyah-PatodiSinger (AP S) index. W e continue the sstting In Section
1.1.

Leth® bea G -nvariant Hem ttian metricon E , r ® a G <nvariant H em itian connec-
tion with respect to h® . Let h™ ' E be themetricon S (TM ) E induced by the
metricson S (TM ) and on E .

Let r 5™ ) be the C1i ord connection on S (TM ) induced by the LeviC ivita con—
nection r '™ of g™ and a Hemn itian connection on the line bundl de ning the spit
structure. Let r ™ ) be the Hemm itian connection on S (TM ) E obtaied by the
tensor product of the connectionsr ™™ ) and r & .

Let dw, be the R iam annian volum e form on M ;g** ). Fors2 ¢* ™ ;S(TM ) E),
s L,mom ksky isde ned by

(1.4) kski = Bhew,s ®)A ):

M
Leth ; 1ibe the inner productort @ ;S (TM ) E) corresponding tok gk
One can construct now the Spin®D irac operator (wisted by E ) (cf. [L1, Appendix

D] by

dgpn M
15 DFf-= cegr M) ¢t M;sTM) E)! G M;STM) E);

=1
where fe,g is an orthonom al basis of TM . Then D¥ is G -equivariant and form ally
selfadpint. Denote by D ¥ the restrictionsof D® on €' ™ ;S (IM ) E ) respectively.

W e willnot exploit the distribution nature of this index here.
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Following B, p. 139], et " > 0 be less than the ngctivity radius of g'™ . W e use
the nward geodesic ow to identify a neighborhood of the boundary @M w ith the collar
@M 0;"]. Let @ v be the inward unit nom alvector eld perpendicular to @M . Let

e ; am w€1 be an ordented orthonom albasisof T @M so thate; ; dm HE 1 7S94 M
is an ordented orthonomm al basis of TM 3y . By using parallel transport w ith respect
to r ™ along the unit speed geodesics perpendicular to @M , e;; am y€ form s an
oriented orthonomm albasis of TM over @M O;"1.

LethM 6t @M ;S@TM ) E)gw)! €' @M ;(S(TM) E )gu ) be the induced
(by D Y D irac operator on @M de ned by (cf. B, p. 142])

diytt 1 | S 1
16) Dgy = Clesmu )oe)r S0 E + > oy
=1 =1
where
.7 5 F T €iCmm g s 16 1 J6 dimM 1;

is the second fundam ental form of the isom etric embedding f :@M ! M .LetDg, ,
be the restriction ofD§, to %" @M ;(S (IM ) E)gu ).

As In (14), we de ne the Inner product h 3, a_ and the L,mnom k dg o on
€t @M ;S TM ) E)gy ).

By B,Lemma 22],D ‘SM isa form ally selffadpint rst order elliptic operator intrinsi-
cally de ned on @M °

On the other hand, since G actson M and thus preserves @M , one has
(112) M 26" (@M ;T@M ):

@M

STh fact, one has for any s 2 €' M ;S(TM ) E),the follow ing dentities hold on @M ,

|

dimyM 1 )
S(TM )
€dim M

DEs=clegmm )T i (Shu )i

N

Es+ C (g ) DE
(1.8) " e

=1
Cleamm )Dgy (kv )= Dy Clamu ) (Shy ):
In particular, ket r T Dbe the LeviC ivita connection on (T @M ;g ), with g*® them etricon T @M

induced by g'™" ,wedeneeX )= clgmu )cX ), Prany X 2 TEM , then e( ) induces a C1i ord
action ofthe C1i ord algebra C (T@M ) on (S(TM ) E )jwm , and the Herm itian connection

. | dimgte 1

(1.9) r;(s M) E ) ri(TM PR 2 15C (@am u ) cley)hX ;eid;
i;3=1
is the e( )< 1i ord connection on (S (TM ) E Y , verifying for example that for any X ;Y 2
¢! @M ;T@RM ),
h . i
(1.10) r SO BN Ly = e Iy
ThusD§, istheD irac operatoron (S(IM ) E)ju assochted tor © M) Eddy g,
dimg 1

(1.11) DP@;M = e(ej)r e(? (TM ) E)ku .

j=1

From (1.11), we understand that D gM is form ally selfadpint and intrinsically de ned on @M .
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By (1.12) and ollow ing B, Lemma 2 2]and 22, x1c)] (s=ealso b, x28]), =t forT 2 R,
(1.13)

P
1T
DY =DF + c M " M;s@M) E)! € ™M;S@TM) E);
p_lT
Df, =D% + ¢ Mot M;Ss M) E)! € M;S (TM) E);
and
| S—
1T
DSM;TZDSM 5 clmu)c M
(L.14) (6T @M ;STM) E)gy)! € @M ;STM) E)gy);
Dev;r = Daw o ¥ @5 @u) E)den )

Then D g, o isalso form ally selfadpint and preserves ' @M ;S TM) E)gu).
For any 2 SpecfDg, , g, the spectrum of D¢, , . , BLE ; z be the correspond-
ing eigenspace. Let P.g, 1 (rep. Psy, ;v ) be the orthogonal profction from the L%-
compltions of €% @M ;(S (TM ) E)gu)onto .oE , 1 (. 0B . 1).

Forany T 2 R, ket (DE;T iPsos ) (ep. O E;T ;P> o, o)) denote the corresponding
Atiyah-Patodi-Singer boundary value problem R]. M ore precisely, the boundary con-—
dition of D} ; iSP.o, xSk ) = O fors 2 €' M ;S, IM) E) (esp. of D¥; is
Pog, s (Shw )= 0fors2 ¢ M ;S (IM) E)).

Both O ;iPso; 1) and OF; jP.g; x ) are ellptic, and D *; ;P.g; z ) is the ad-
JPoint of (D E;T iPooys o) (£ (18), B, Theoram 23]). M oreover, it is clear that both
(DE;T iPsos ) and O E;T ;Pso; 1 ) are G -equivariant.

LetQY,s, €; ) 2%, 2&,bede nedby

M
Qupsy €7 ) ¥ =Tnd D1 iPogun
(1a5) 26
=Ker D} 1;Poosa  KerD% ;P.o; i
T he follow ing In portant result w ill be proved in the next two subsections.

P roposition 1.1.Forany 2 ®, there existsT > 0 such thatQipgr E; ) doesnot
dgeendon T > T .

13.An estim ate on the boundary. The proof of Proposition 1.1 consists two steps.
In the rst step, we show that the boundary operator Dg, ., when restricted to the
-com ponent, is Invertible when T > 0 is lJarge. Then In the second step, we apply the
Soectral ow idea to com plete the proof of Proposition 1.1.
In this subsection, we carry out the rst step.
Forany 2 ®,®t%* @M ;S (TM ) E)gy ) denotethe -componentof?é’ (@M ;S (TM )
E )gy ). W edenote the restriction of D gy, , on @ (@M ; (S (TM ) E)gy ) byDgy 1 ( )2

P roposition 1.2. For any 2 ®, there exists T > 0 such that for any T > T,
DE, . () is invertbke.

@M ;T

®sinceDf, ., isG-equivariant, D, . () iswelkde ned.
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Proof. Let g (thus g ) be equipped w ith an A dg -nvariant m etric. Let hy; am ghbe
an orthonom albasis of g with itsdualbasisV; ofg. Then one has
s M
(1.1e) (x) = 1 (X)Vi;
i=1

where ;,16 16 din G, are snooth functionson M . From (1.16), one gets
dgp M
1.17) " x) = s &)V ()
=1
Recallthat from (1.12), ™ 44 2 €' @M ;TEM ). From (16), (1.14) and (1.17), one
nds,

p— dimgM 1
(118) DE . ‘= pE “? r ¥ L clegmy)c M
o. @M,‘T - @M 2 11 Ced]mM C
i=1
p_lejn}(Ml S (TM E M
+— Cleamu @) r2™") % clemu e
i=1
! 4

Forany1l6 16 din G,ltLy, denote the L ie derivative of V; actingon ¢* M ;S (IM )
E) and thusalsoon € @M ;(S(TM ) E)gy ). Then

\S,,»(EM e L, 26" M ;End(S(TM ) E))
is a bounded operator.
By (117), we write
& G & G
119) rSIME o Ly, + cron )t L,

=1 =1
Tt is clear that when restricted on €' (@M ;(S(IM ) E)gy ) ,each Ly, isbounded.
On the other hand, since ™ isnowhere zero on @M , there exists C > 0 such that

(120) M %S 4C on @M :

From (1.18)—(120), there exists a positive constant C > 0 such that for any s 2
€' @M ;@S (M) E)gu) ,onehas

E 2 B 2 2 2 2 .
(121) Daw 1S gy o> DauS gy TCkskgy o+ T'Chskgy o°

From (121), one sees easily that Proposition 12 hods forT = 2C =C .

14. Spectral ow and a proof of Proposition 1.1. It is an easy m atter to extend
the dea of pectral ow (3, x7]) to the current -com ponent situation. Recall that such
an extension to the G —-invariant case has already been considered In P2, x4a)].
Let fD; 06 t6 1g be a one param eter sn ooth fam ily of selfad pint G -equivariant
D irac type operatorsactingon ¢* (@M ; (S, (TM ) E)gy ). W ede nethe -component
soectral ow of fDy; 0 6 t 6 1g, denoted by Sf fD+; 0 6 t 6 1g, to be the spectral
ow of the fam ily of selfad pint FredhoIn operators fD.( ); 06 t6 1g In the sense of
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Atiyah-PatodiSinger [B, x7], where forany £t 2 [0;1], D ( ) is the restriction of D+ on
€' @M ;. TM) E)gu) .

In view of (1.15), one can then proceed as in 22, Theoram 42] (cf. also b, T heoram
11])) togetthat forany T > T ,

(122) Qipssr ;7 ) Qupsy ®; ) = SE Dgy. ;T 6 t6T

By (1.22) and Proposition 12, we get Proposition 1.1.

Rem ark 1.3. Indeed, since the induced boundary operators are invertible for T > T ,
the AP S boundary problm s involved form a continuous fam ily of Fredholm operators,
which im plies the constancy ofthe associated index. By this one avoids the consideration
of spectral ow in the proof of Proposition 1.1.

15. Transversal index and the AP S index. Denoteby Qi., E; ) the quantiza-
tion number Q... E; ) forT > T appearing in Proposition 1.1.

T he follow Ing m ain result of this subsection denti es the transversal ndex in Section
1.1 with the above APS type Index.

Theorem 1.4. The following identity holds for 2 ®,
123) nd 5, =Qnps E; )

Proof. W e can enlarge the m anifold M a little bit to get a com pact Spin®m anifold U
w ith boundary such that M U nQU = ®, the nterior of U, and that everything
extends in a G “nvariant way to U from M , m oreover, the corresponding vector eld "
isnowhere zero on U n¥ , wih 4 the interior part ofM . The existence of U is clear.

T hen by proceeding as in B, x14], one can construct a com plete m etric gT6 on ® such
thathaer = g™ ,aswellasan adm issblk (G —nvariant) function £ on ® in the sense
of B,De nition 26] such that £ 1,and £ > < on®n® ,f! +1 nearQU.

Let
b

1T
(124) Dg =D + fe( Y)

iT 2
be the corresponding (G equivariant) D irac type operator on ® . Then i isshown in B,
x14]that when restricted toa xed -component, forany T > 0, the restricted operator

D%_T () isa Fredholm operator, m oreover, one has

(125) nd D () =Td g, ;

whereD% () istherestriction of D2 ( ) onthe -componentof%” ®;s, T®) E)
asin (1.13).

As Y isnowhere zero on U n¥ , by the excision form ula of the transversal index [,
x3],

(126) nd 5, =hd ¢,
Now , theboundary @M cuts® into twom aniodsw ith boundary @M :M and ®ni4 .

LetD I%HMA;Jr R (resp. Dy .. 1 aps) e the corresponding AP'S type operators ( ie. the
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APS type boundary value problem s) on ® n (resp. M ) respectively as in Section 1.2.
Let DgnMA,-+ aaps () (P, Dy .. raps ( )) be the restriction onto the corresponding
-Com ponents.
By proceeding as in [/, x3], which applies to the Fredholn operators here (one m ay
deform the m etrics and operators nvolved In a G —=nvariant way to the situation of

product structure near @M , which does not alter the restriction of D [E?_T on @M (thus it
does not aler the indices considered), if necessary), one deduces that if T > T <o that
Proposition 12 holds, then one has the follow Ing splitting form ula, in which each index
doesnotdependon T > T ,

127) Ind D2 () =Ind DE

E
U+ T GDMA;+;T;APS( ) + Ind DM;+;T;AP3( )

Lemma 1.5. The olowing identity hods for T > T ,

(128) Thd D2

UM ;#+ TAPS

() = 0:

Proof. Let U %be a G -nvariant open subset ofU nM  such that U nU ° is com pact in ®nM .
Let U ®be a G <nvariant open subset of U nM ) [ @M such thatU°[U®= Un¥ and U®
is com pact in ®n . Let f,, £, be two G =nvariant functions on U w ith supp (f;) u°,
supp (£2) U® such that f;; £, form s a partition of unity associated with the open
covering U% UPof U ni¥ . The existence of f;; £, is clear.

Asthevector eld Y isnowherezeroon U ni ,and £ > 1=2on U n¥ , by proceeding
asin b, x93]and R2, x2] respectively, one know s that for any an ooth section s king
in the -com ponent of 6™ ®n% ;ST®) E Fo) W ith com pact support and verifying
the AP S boundary condition on @M asin Section 1.2, one has

2

. 618) >C DZEs) S+ (T DkESK
2

o E5) >C° DE(Es) S+ BkEsk]

(1.29) D

Gy

(1.30) D

Cy

respectively, for som e positive constants C ; C % &, and b.
From (129) and (1.30) and by taking T > T Jlarge enough and proceeding the gluing
argum entsas in 4, pp. 115-116], one gets Lemma 1.5.

On the other hand, since f 1, one sees directly, In view of Proposition 1.2, that
whenT > T ,

(1.31) Ind DDE/J;Jr;T;APs( ) = QXPS E; )

From (125)-(131),weget (123).

Rem ark 1.6. Theorem 1.4 allow susto use analyticm ethod to dealw ith the transversal
Index problam s. T his is the view point we adopt in this paper.

16.A proofofTheorem 0.1.Wenow apply Theoram 1.4 to the setting considered
in Introduction. W e have the canonical splitting TM g C = T *M TOMM , for the
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com plexi cation of TM , w ith

(150) P—
T""'M =fu2TM gC;Ju= lug;

(132) _ P
TODM =fu2 ™M r C;JdJu= lug:
Let T OYM bethedualofT ©YM .Forany alfom onM ,wedenoteby 2 TM
ism etric dual

The alm ost com plex structure J on M determ ines a canonical Spin®-structure on TM
w ith the associated H erm itian line bundle det(T *'M ) and we have

even

133) STCM)= T %M ; s (TM )= owa T UM

Forany W 2 TM ,we write itscomplexi cation asW = w +w 2 THOM TONM
etw 2T 9YM bethemetric dualofw (cf. 4, x5]). Then

p_
134) cW )= 2w ~ 4

de nesthe canonicalCHi ord action of W on  (TOYM ). I exchanges (T ©*1M )
and o Oy .

T he Levi€ wita connection r ™" togetherw ith the aln ost com plex structure J induces
via profction a canonical Herm itian connection r 7™ on T ®9M . This induces a
Hem itian connection r % on det(T “'M ). The C1i ord connection r & ™) on

T OYM  isinduced by the Levi€ ivita connection r ™ and the connection r 9 (cf.
R0, x1a)], 12, x1 3], 1, Appendix D ).

WetakeE = L and denote % M ;L) = 6* ™ ; (T %YM ) ©L). W e denote by
L,( % @ ;L)) the L,~com pletion of the elements n % M ;L) with com pact support.

Recall that we assum e that themomentmap :M ! g isproper. For a regular
value c> 0 of H = j F, denote by M .. the G -invariant m anifold w ith boundary

(1.35) M.=fx2M :H X)6 aJ:
Also recall that X ¥ is the Ham iltondan vector eld of H, ie. 4s ! = dH. As i
(1.16), we can write
& G
(1.306) = shi;
=1
under the denti cation ofg with g, as
& G
137) = iVij

and from (0.4), one has (cf. R0, 1.19)]),
o G 3 G

(1.38) x%= J@H)= 27 id ;) =2 V=2 "
i=1 =1

M is now here

Since ¢> 0 isa reqular value of H, by (1.38) one knows that X ® = 2
zeroon @M .= H ! (o).

W e can now restate Theorem 0.1 as follow s.
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Theorem 1.7.Forany 2 ®, there exists ¢ > 0 such that or any regular valies ;¢
of H with ;c> ¢, the ©lbwing identity ©r transversal indices hols,

M .o
L;

(1.39) nd Y& = md

L;
If =0,wecan tgkec = 0.

Proof. Let @ > ¢ > 0 be two reqular values of H . Let M o0 denote the m anifold w ith
boundary M ;o= M o nM ..

By the additivity of the transversal index (cf. [1, Theoram 3.7, x6] and [17, Prop.
4.1]), one has

M
L;

Mco

(1.40) nd o, nd [° = Ind

cicl

Thus (1.39) isequivalent to say thatwhen ¢ > 0 is lJarge enough, onehas Ind ( ;4;"00) = 0;
which by Theoram 1.4 is equivalent to say that

MC'CO

(1.41) Q,ps @; ) =0:
If = 0,by R2, Theoram 43], we get (1.41) ford> ¢> 0. Thuswe get (139) when

= 0.

From (1.13), we see that In the current situation, one has

P__
L L 1T H 0; | 0;

(1.42) D;=D"+ > c X 7 M oL ! M o0;L)

Let e amn n€ be an orthonom albasis of TM 0. By R0, Theorem 1.£], one has
the follow ing B ochner type form ula,

p— dggn M
2 2 1T TM  H
(143) D "= D" "+ 1 cley)e ro X
=1
p— h 1 & G
1T T —_—
Tr e P X E f a0y, + > lcgv? cv? + vt ?
i=1
p— ® 6 T? 2
+4 TH 2 1T Ly, + — X" 7

, 4
=1

Let % M ;L) denotethe -componentof % M .w;L). TheneachLy,,16 i6
dim G, actson % M .0;L) as a linear bounded operator A (V;) and we denote its
operator norm by kA (V;)k. Set

& 6 & G

(1.44) Fl= DL 7+ 2 AT Ly, 2 1T A (Vi)
i=1 i=1

Lemma 1.8. Thaereexistsc > 0 such that forany c> ¢, and any s2 L ( % ™ ;L)),
supp (s) 2 M nM ., one has

(1.45) A (Vi)s;s 6 MHs;si:
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Proof. By (137), one veri esthat
*%'{nG * anG

A (Vi)s;s 6
=1 =1

k sk, + kKA (V) sk
(1.40) -
1 S .
6 EhH s;si+ P kA (Vik ksk; :
i=1
P ..
From (1.46),onethen veri eseasily thatLemma 1.8 hodsforc = Cif“lG kA (V) k2.
N ote that ¢ is bigger than the absolute value of the eigenvalue of the C asim ir operator
of G acting on the irreducible G representation with highest weight ,and ¢ = 0 i

= 0.

By (1.43)-(1.45) and proceading in exactly the sam e way as in the proof of 20, P ropo-
sition 2 2], one veri es that the follow ing result holds.

Proposition 1.9.Let > ¢ > ¢ be two regular values of H. Then for any x 2
Mon (@M . [ @M o), there exists an open neighlorhood U, ofx in M con (@M . [ @M o)
such that there exist C, > 0, b, > O such that orany T > 1l andany s 2 % M ;L)
w ith supp (s) U,, one has

2 2
147) Re Fysjs >Cy, D"s + (T R)ksk

On the other hand, since X ¥ is nowhere zero on @M ., the estim ates described In
22, Proposition 2.4] holds near @M .,» for the -component here as well. By this and
by Proposition 1.9, one can then proceed the gluing argum ent as in P2, Theorem 2 6],
which goes back to @4, pp. 115-117], to the the sim ilar estim ates for the -com ponent
(instead of the G —invariant com ponent there), to see that the sim ilar estim ates in P2,
Theorem 26]stillhodshere on M .« for the -com ponent.

To bem ore precise, by Proposition 1.2, one know s that there exists T > 0 such that
frany T > T ,Dgy . is hvertbl.

From (121) forD ]@jM 0T and (1.43), and by the sam e argum ent as in the proof of P2,
Proposition 2 .4], we ge‘é : there exists an open neighborhood U of @M ... and constants
To> 0,C,C;> Osuch that forany T > Tp and s2 % M .0;L) ,wih supp(s) U
and P, g; 7 Shu el = 0, the follow ing inequality holds,

(1.48) kDErsk; > C kD"skj+ (T  C)ksk;

On the other hand, by (1.44) one know s that for any s 2 0 ™ o07L) , one has

(1.49) Dy “s=F/s:

By these and by the above discussions one sees that there exist C°> 0,b> 0 such that
forany T > T andany s2 % M ;L) such thatP. g, o (Shu _.0)= 0, 0onehas

(1.50) Dis.>C® D's.+ (T Dbksg :

By taking T > T su ciently large in (1.50), one gets (1.41), which com pltes the
proof of Theorem 1.7 and thus Theorem 0..
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Rem ark 1.10. Ifthe zero sest of X ! = 2 ™ is com pact, then Theorem 0. is known in
[L7] and 25] already.

Rem ark 1.11.0urproofofTheoram 0.4 in the follow Ing two sections follow s the sim ilar
Iine of the argum ents as in the above proof of Theorem 0.1. However, we have to deal
w ith m ore subtle deform ations and estin ates, som e of which are highly non-trivial. See
the next two sections for m ore details.

2.Quantization for proper moment maps: a proof of Theorem 0.4

Tn this section, we prove Theorem 0.4 m odulo a vanishing result Theorem 2.4 which
w ill be proved In Section 3.

T his section is organized as follow s: Tn Section 2.1, we give a reform ulation of T heorem
04 as Theoram 2.3. In Section 2.2, we state a vanishing result Theorem 2.4 away from

1 (0). In Section 2.3, we give a proof of Theorem 23 by using T heoram 2 4.

21.A reform ulation of Theorem 0.4. For convenience, we recall the basic setting.
Let M ;!), W ;!'Y) betwo sym plecticm anifoldsw ith sym plectic form s ! ; !V respec—
tively. W e assum e that N is com pact.
Let (L;h") be a Hem iian line bundle on M with Hem itian connection r ', and
F;h" ) a Hem itian line bundk on N with Hemm itian connection r ¥ . Let RY = ( V)?,
RY = (r F)? be the associated curvatures.

W e suppose that
p— p—

1) ! = —RY; 1N = —RF:

Let J" ;J% bealn ost com plex structureson TM ; TN respectively such that ! ( ¥ )
de nesametricd” onTM ,and 'Y ( ;5 )de nesametrid on TN .

Let G be a com pact connected Lie group w ith Lie algebra g, and g adm its an Adg —
Invariant m etric. Suppose that G acts by lkeft) on M ; N and its actionson M ; N lift
on L and F resgpectively. M oreover, we assum e that the G -action preserves the above
m etrics and connectionson TM ; TN ; L; F and J" ; gV .

Forany K 2 g, letK™ 2 €' M ;TM ) denote the vector eld generated by K on M .
Recallthat themomentmap :M ! g hasbeende ned in (03).Let :N ! gbe
themomentmap de ned in the sameway for N ;!N ) and E;h" ;r¥).

W e will use the sam e notation for the natural extension of the odbjpctson M , N to
M N . In particular, L. F isthe Hemn itian line bundle on M N induced by L and
F with the Hemm itian connection induced by r *; r ¥ .

The G action on M N isde ned by g x;v) = (Ox;qy) for (x;y) 2 M N.We
de ne the sym plectic form and the aln ost com plex structure J on M N by

22) sy = lxt Ly J= @000
The nduced momentmap :M N !
@3) ®y)= &)+ ():

Recall that we have assum ed that themomentmap M ! g isproper. SinceN is
com pact, one sees that themoment map  is also proper.

g is given by



hal-00348681, version 1 - 19 Dec 2008

16 XIAONAN MA AND WEIPING ZHANG

Recallthat forany 2 ®,theindexQ L F ) hasbeende ned by applying T heorem
01 onM N , while Q ((L F)) is the quantization number de ned In [16] which by
17, x74], can be de ned as follow s.

If isa regular value of themoment map , then one can construct the M arsden—

W einstein sym plectic reduction (M N); ), where M N) = !@G )=G isa
com pactorbifold. M oreover, L F (regp.J) Induces a prequantized lnebundle (L. F)
(rexo. an almost complex structure J ) over (M N); ). One then constructs

the associated Spin®-D irac operator (twisted by (L F))on M N ) whose index
0 (L F))asin (05) iswelkde ned.

If 2® isnot a reqular value of , then takea 2 g su ciently close to  such that
a isa regular value of , and by replacing by a, we get the index Q ((L FJ).Fora
a regular value of and close enough to , Q ((L F')) does not depend on a and we
denote tasQ (L. F)).

The follow ing result can be viewed as a quantization formula forthe = 0 (or G-
Invariant) com ponent.

T heorem 2.1. The following identity hods,
2 .4) oL F) =0 @© F)_,

Proof. If M is com pact, this is the G uillem in-Stemberg con ecture proved in [15] and
[L6].

In the general case, ©or any two reqular valies > c¢> 0 of j 5, ket QZ:MPSN be (1,
F; )~ be the APS type index de ned in Section 1.5 for the current situation, where
™ N Leo= fx 2 M N :c6 j x)56 g.Then by P2, Theorem 43],0one nds

M N -
(2.5) Oaps ~ @ F; ) %=o0:

By Theorams 0.1, 1.4, (1.40) and (2.5), and by taking ® > 0 large enough, one sees
that for any reqular valuie c> 0 of j 3§, one has

26) hd ., .''¢ = md -o@ F)%;

™M N) .0
F 4

L F;

where M N )= f(x;y)2M N :336 ag, and sin iarly for M N )o.

If 0 is a regular value of , then from [R2, Theorem 43], Q;MPSN)C(L F; )0 =
Q L F)_, .From Theorem 14, 26),weget (24).

On the other hand, ifwe take ¢ > 0 an all enough so that there is no critical point
of § § besides ! (0), then by [L7, Prop. 7.10] and [18] one know s that even if 0 is a

singular value of ,

M N)c
L F; =0 L Fl_,

2.7) Tnd _,
From (26) and (2.7), one gets (2.4) which com pletes the proof of Theorem 2.1.
Rem ark 2.2. See Ram ark 2.8 for an outline of an analytic proof of (2.7).

By Theoram 2.1, one can reform ulate Theorem 0.4 as follow s.
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T heorem 2 .3. The following identity hods,
X
2.8) oL F) = 0@ QF)

2G

In the rest of this section, we w ill present a proof of Theorem 2.3 m odulo a vanishing
result away from 1 (0), which willbe stated in the next subsection and proved In the
next section.

22.A vanishing result away from ! (0). In thissection, we state a vanishing result
which can be thought of the 1rst step in the two steps deform ation proof of T heorem
23.
W e use the Ad; -invariant m etric on g to dentify gand g . LetV;, 16 i6 din G, be
an orthonom albasis of g, then we can write themoment maps and as
o G e G
2.9) = iVij =
=1 =1
Forany 1 6 16 din G, denote by V" ;v ;v" ¥ the Killng vector elds on
M ;N ;M N induced by V respectively. Then one veri es easily from (0.4) that

Vi

M N M N
veiro=vY o+ vy

1

(2.10)
at oy =J"v",; 4 =3J"v':

LetD®* ¥ : 0 (v N;L F)! % o N ;L F) be the Spii D irac operator
on M N (cf. Section 16, (1.5)).

By Sard’s theorem , the set of critical values of the finctions § # and § § on M N
hasm easure zero 1n R . E specially, for any C > 0, there exists C°> C such that C%isa
reqular value for the finctions j f and 2§ jonM N .

AsN isa compact m anifold, there exists Cy > 0 such that j j6 Co on N .

ForA > 6C§ large enough which is a reqular value of the fnctions j F and 3 J on
M N ,wede ne

M =f;y)2M N;j ®)J>A;] x;y)j6 2Ag M N;
Ma=fx2M;j ®K)F6 Ag; @M,=fx2M;j ®K)F=Ag;
Mi=fx;y)2M N;j x)j=Ag;

M,=f&;y)2M N;j &;v)j= 2Ag:

(2.11)

By our choice of A, we know thatM ;,M , are an ooth sub-m anifolds of M N .M ore—

over, as
(2.12) ji=jFf+3d+on; i
and A > 6CZ, weknow that M ; \' M , = ;. ThusM isa snooth manifod with

boundary @M and
(2.13) @M:Ml[Mz; M]_:@MA N :
P -
"Indeed, by (2.12),0onegetsj > j j Co.Thus, ifj § = 2A,then j §> A2+ (( 2 1)A'™2 Cq) >
A'=? when A > 6CZ.
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W e will mtroduce a deform ation of the vector e]dP ?j“lG j(\/jM + ’\/jN yon M ; to
thevector ed $M° ;v + V¥)onM ,,where ;= 5+ 5, 3= 1; ;din G, are
the coordinates of associated to the basisVj, j= 1; ;din G, ofg.

Let 4,J=1; ;din G, be an ooth functionson M such that there exists a strictly

positive finction ’ 2 €' (@M ) such that
(
" (x; (x5 onM i;
(214) j(x;y) _ ( /Y) j( /Y) 1r
"xiy) jxiy) onM
Let X bethevector edonM de ned by
d}{n G
(2.15) X = g vt vy
=1
Asj T and j § are G <nvardant functionsonM N ,M ; and M , are G -subm anibds
w ith boundary of M N , in particular,

(2.16) VT xy)2 TEM ;X (®Xy)2 T@M ; for (x;y)2 @M

AsA isaregular value of the functions j f and 25 JonM N, we know that

( ,Fame

_ =1

@17) X = pIl
=1

; Vi' + V' 60 ponntwissoverM y;
; Vi + V' 60 pointwisoverM ;:

ThusX isnowhere zero on @M
Clearly, X idsinduced on M by the G-equivariantmap ¥ :M ! gde ned by
%'{nG
(2.18) ¥ = 5V
j=1
W e can now state them ain result of this subsection as follow s.

Theorem 2.4.W hen A > 0 is large enough, there exist functions 4,16 j6 dim G,
verifying the alove properties, such that the follow ing identity for the APS type index
hoIs,

219) Qhrs L F2® = 0:
T he proof of Theorem 2.4 willbe given in the next section.

23.A proofofTheorem 2.3. W e continue the discussion in the previous subsection.
Denoteby #,=M, N =f(x;y)2M N :j ®¥j6 Ag, #,= fx;y)2M N
j ®)§ 6 2Ag. Then .#., .#, are subm anifolds w ith boundary of M N such that
@Q#,=M ;,i= 1;2.Recallalso M, = M1 [ M
Let :.4, ! gbeaG-equivariant map such that the Induced vector eld > on
M, veri es 4, = X .Theexistence of is clear.
From (217),thepositivity of © on @M and the additirity of the transversal index (cf.
[l, Theoram 3.7, x6]and [17, Prop. 4.1]), one has,

(220) Ind_, 2, =Td., Y_ - +;d_g f/[%,-

L F; L F;X
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From Theorams 14, 2.4 and (220), one gets
(221) nd_, 4. =md_, ",

L F;

Lemm a 2.5. The follow ing identities hold

Ind - L///IF, = Ind - If/llF, ’
(222) Mo M2
Ind-o % =Id-o %,

Proof. Forany t2 ;1] st = 1 t +t,.= (1 1t +t.Let?,  be
the Induced vector eldson .4, .#, regpectively. Then by (2.17) and the positivity of
!, one sees that f”l (resp. {”2) isnowhere zeroon @, = M | (rep. @A, = M ,).
Formula (222) then follow s from the hom otopy Invariance of the transversal index (cf.

[, Theorams 26, 3.7]and [17, x3]).

Recall that by our assum ption, the induced vector ed ™ of :M ! g isnowhere
zero on @M j .

P roposition 2.6. The follwing identity holds,
X
(223) Ind_o 4, = Td }* QF)

2G

P roof. Proposition 2.6 can be proved by using the hom otopy Invariance of the transversal
Index. Here, we w ill develop an analytic proof.
Recallthat ™ Y denotes the vector el generated by on M N . Onehas
&in G
(224) = s vt v

] ]
=1

Forany t2 [0;1], we de ne the deform ation
& G
(225) () = ; vl e a ov

Forany t2 [0;1], T > 0,we de ne the ollow ing D irac type operatorsas in (1.13),

p_lT
D%F(t)zDLF_i_ > c //ll(t)
(2.26) s Y FYY Y ML F);
D' ®©=D;" ®OJowz .. 0 ¢

Let O (©);Psox 1 (£) denote the canonically associated (elliptic) APS boundary

value problem de ned sim ilarly asin Section 1 2. Let Ind_ o (D ETF (8);P> 0;+ ¢ (©)) denote
the G —nvariant part of the corresponding index.

Lemm a 2.7. There exists Ty > 0 such that forany T > Ty, Ind =O(DI;,_TF ©)iPs o4 (B)
does not depend on £t2 [;1].
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Proof. Forany T > 0,t2 [0;1],%ktD I@//Z;T (t) be the D rac type operator on the boundary
@, induced by D% © (©) (cf. (1.14)).

In view of Section 1.4, In order to prove Lemma 2.7, we need only to show that
there exists To > 0 such that when restricted to the subspace of G =invariant sections of

% (Mi;L F)iu Dy o (O is nvertble forany T > Ty, t2 D;11.

OnM 1, st

h % ); V4
227) X (t) = ,(M)N "N ym= Tw X ©:
] ¥
Then X (), Y (t) are perpendicular to each other. M oreover, one veri es that the follow -
Ing dentity hodson M 4,

P 2 P .. 2

dim G dim G
R/ I
(228) X (0)j= = &> 0
P dim G M 2 P dim G N 2
i=1 iV + i=1 iV

for som e positive constant ¢ which m ight depend on A .
Now we write D ]@fMF (t) explicitly as, in view of (1.14),

1T
P__
L F L F 1T My
229) Dy =Dg ) S Clamulc O
j Sp— j Sp—
LoF 1T 1T
= Doy 2 CEmu ) (©) 2 Clamu )X (B):
Then asX (t), Y (t) 2 T R4, are perpendicular to each other, one has
P__
L F 2 1T L F
(2.30) Demr® = 5 Dew iCcEmu )cX ()
P__
T2 , . iT ’
+ ?]X ©J+ Des Tc(edij )e (¥ ()

By (2.28) and proceeding sim ilarly as in the proof of Proposition 12, especially (1.18),
(1.19), one gets that there exist T > 0O and C > 0 such that forany T > Ty, t2 [0;1]
and any G —nvardant section s of % (#1;L  F )g.4 , onehas

P__
l L F T 2 .
(231) — Dew iCEnu)c® @) + X OF sjs > Chsjsi:

From (231),oneseesthatforany T > Ty,t2 [0;1], when restricted to the subspace of
G -invariant sectionsof % (#1;L F gDy o (© isinvertble, thus © ! 7 (€);Ps o 1)
form a continuous fam ily of FredhoIn operators, which im plies the constancy of the as—
sociated Index. The proof of Lemm a 2.7 is thus com pleted.

=
Com ing back to the proof of Proposition 26. Let M = $0°¢ v"* be the vector

ed on My Induced by :M ! g.By (225), one has
&in G
(232) 1) = V= M, on
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Now wedeform insideM , (kaving thedata on @M , unchanged) in G <invariantm anner
them etrics and connectionsaswellas M? to the situation that everything is of product
nature near @M , . W e denote also the soinor S (TM , ) of M 5 (associated to the product
m etric near the boundary now ) obtained from (T ©“*'M ). Then when taking product
wih N , we also deform things on ., to a situation which is of product nature near
@Q#,; =M ;=@ N.

W e then attach an iIn nite cylinder @M, 0;+1 ) along the boundary @M, and ex—
tend everything In M , to the now com plete m anifold M, with cylindricalend, and M2
is constant along the direction [0;+ 1 ). By taking product w ith N , we get sin ilar con—
struction ﬁl for A, . W e denote the extended sub fcts on the obtained m anifolds w ith
cylindricalend by a \ e " m odifying notation. Then S (T.4,) = S (TH ) (T O1N ).

Now since orT > Tg,D é/;l + (1) is Invertible on the subspace of G ~invariant subspace,
the standard argum ents in R, Prop. 3.11] show that

P

lTc o

BLF —pL T 4
2 33) ’ 2 . .
1> H;s.o.#) E F ! L H#H;s o#) E F ;

where we use the superscript G to denote the subspace of G —-nvariant sections, is a
Fredholm operator. M oreover, its index equals to Ind _ o D ETF @)iPs ;e 2 (1))
Lete; am ne (esp. fi; am 7D denote the orthonorm albasis of TM , (resp.
TN ). Then we can write
dgm M jSp— o N
(234) Br° = : cledr 2T E 4 21TC ot ® c(fj)rij(Tﬂl) "
=1 =1

P ) —_ o~ P__
din M S(T.#) L F
where |5 cle)re, v + ZlT

— P . — o~
c( M) . Ve T ) islifted
from a corresponding operator on M , (resp. N ) denoted by B% (resp. DT ).

By (2.34), one has

~ 2 ~ 2 5
(235) §:" = B + DY ":
from which one gets

(2.36) Ken . @EF = Ken» 1@% KerD"

Since N is com pact, din KerD ¥ ) isof nite dinension. From (2.33), (236) and the
standard argum ents In 2, Prop. 3.11], one then deduces that when T > 0 is large

enough,
X
(2.37) Ind _o DY F (1);Pooua@) =  Qhfs @i ) QEF):

2G

By taking A > 0 large enough, from Theorem 14, Lenma 2.7 and (2.37), one gets
(223), which com pletes the proof of Proposition 2.6.

From (221)-(223) and by taking A > 0 large enough, in view of Theorem s 1.4 and
1.7, one gets (2.8) which com pletes the proof of T heoram 2 3.
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T he proof of Theorem 04 is thus also com pleted.

Rem ark 2.8. By combining the argum ent in this subsection w ith those of R1]and R2],
one is able to get a new proofof (2.7). Indeed, ifc> 0 isa reqularvalieofj j, fora 2 g
close enough to 0 2 g which isa regular value for , ket O, be the co-adpint orbit of a
and consider themomentmap 5 : M N ) O, ! g de nedby ., x;v)= () y
Prx2 M N)landy2 O,.Then as fajisanallenough,djwF,t2 0;1], are now here
zero on @ M N L O,.Onecan then use the argum ent in this subsection to relate the
G —nvariant AP S type index on (M N ) to thaton M N ) O, which in tum Jeads
to the contrdoution on ! (0)=G = ! (Ga)=G, by combining the argum ents in R2] and
R11.

a

3.Vanishing result: a proof of Theorem 2.4

In this section, we w ill establish our vanishing resul, Theorem 2.4.AssumethatX is
a suitable vector ed onM (depend on theparameterA) in (2.15) deform ing ™ ¥ on
Mi,:to ™Y onM ,,weneed to prove that when T > 0 is Jarge enough, the G -invariant
com ponent of the AP S type index of the deform ed D rac operator DY I 39) onM is
zero. In fact, we w ill prove that afterwe x A large enough, the restriction of DI with
APS boundary condition on the G -invariant sections is Invertible for T large enough.

AsX isnowhere zero on @M , by the argum ent of (1.48) (cf. R2, Prop. 24]), we
have an estim ate (3.117) ﬁ)J:DDT4 on an open neighborhood of @M sim ilar to (1.48). By
the gluing argum ent as In 4, p. 115-116], if we establish the localestin ate (3.94) inside
M , then we can conclude Theorem 2 4.

A swe are Interested In the restriction ofD de ? t5theG —invariant subgpace of % ™M ;L
F ), wew illtake the term 1Ly, n 3J1)aszero. Iffz 2 zeroX )= fz2 M ;X (z)= 0Og,
then from the Bochner type formula (3.11), the term T—;]X 7 isthe lading term and we
get easily (394). If z 2 zero(X ), then we hope to adapt the argum ent in R0, x2b] to
get the local estin ate around z. Basically, we hope ; ; willbe a positive term , and it
w ill control all the tensors in (3.11). A s there is no assum ption on the vector estVjM
and their covariant derivatives on M , we can not expect to get our estim ate by a sim ple
argum ent. To control locally the covariant derivatives of\/'jM In 3J1l)nearz 2 zeroX ),
we w ill use the ham onic oscillator argum ent from 20, x2b)], thus we lke to In pose that
the vector ld V' isa Ham iltonian vector eld along the direction M .

As N is compact, the tensor VjN and their derivatives are bounded. Thus if on
zero(X ), we can control~ 13 + I,) which nvolve VjM and @ 5) I (3.10) by

5 4, then basically, we can achieve our local estin ate. W hat we prove in Proposition
3.11 (whose proofoccupies from Section 3.3 until Section 3.7) is that for our choice j In
(34), 1@E+ I,) isbounded from below uniform Iy on A > A, any reqularvalie of j §
and%jﬁ,andonzero(x ) M.Moreoverjj’jf>AonM,thuswhenA>O
is Jarge enough, the term 2§ ; willreally control the tensors which do not nvolve the
derivative oijM in 3.11). In thisway, we can obtain the local estim ate (3.94) around
each z 2 zeroX ).Now from the gluing argum ent of @, p. 115-116], (3.94) and (3.117),
we get (3.118), which inply the invertibility of the restriction of the operator D} w ith
APS boundary condition to the G —nvariant part. E soecially we establish Theorem 2 4.
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T his section is organized as follow s. Tn Section 3.1, we propose a construction of the
deformed vector eld X in (2.15) which depends on two functions ; . In Section
32,we establish a Bochner type formula (3.11) for the D irac operator deform ed by X
In Section 33, we study the relation on the zero sst of X In M of the vector elds
generated by the group action, and in Section 3.4, we study the asym ptotics of the
functions appeared in the above relations when the parameter A ! +1 . In Section
3.5, we com pute precisely the tensors involving the vector eld Vi and @ 4) on the
zero set of X' In the Bochner formula (3.11). In Section 36, we study the coe cients
appeared In the com putation in Section 3.5. In Section 3.7, we prove In P roposition 3.11
that the sum of the tensors involving the vector ed V' and (@ 5) on the zero set
of X iIn the Bochner formula is uniform Iy bounded from below for our choice 5. In
Section 3.8, under the help of Prop. 3.11, forA largeenough xed, we establish the local
estin ate around each point nsideM . Finally in Section 3.9, we prove Theorem 2 4.

W e use the notation as in Section 2, and when a subscript index appears two tin es in
a formula, we sum up with this index.

31. The construction of the deform ed vector eld. W e st spoecify the deform a-
tion vector eld used In Section 2.2.
Let e;©2 €' R) be such that

. 1. . 1.

) - t; forté6 3; e — 1t for t6 3;

31) 1; frt>%; 21 v; fort>i;
29 1 2
e+ O > —; Lm<0; for =6 t6 =:
27 3 3

The existence of e; € iseasy to see. Forexample, onemay seteg (t) = &, S )= 1 £

on t6 %;eo(t)= 1,0 =210 t) on t>§;and eo,r S are]jnearon§6 t6 g.By

an approxin ation argum ent from ey, €, one gets e; € verifying (3.1).
ForA > 0, =t

(32) ©=-e 1; @©=¢©

t
A
N

B

Let 2%¢* ™M N), :M
(3.3) =3f+ 3F 33 33 = ()
Recallthat V;; am £V 1s an orthonorm albasis of g, V" ;V are the K illing vector

edson M ;N induced by V. For any function Q w ith values in g, we w illdenote Q ; its
i-com ponent w ith respect to the base fVig. Set®

;=21+ °3F 33 33 5+2G9F) 5
=24 2% )i

! g’ gbede ned by

34)

Let X bethevector edonM in (211)de ned by

. M N
(35) X = 5 v+,

8See Lemma 3.7 Bra possible m otivation of introducing the ;'shere.
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Then one veri es,

3.6) g o
X = 2+ — ii 5 Vj + V, on M 24
A

W e can now state them ain resul ofthis section, which precise T heorem 2 4, as follow s.

Theorem 3.1.W hen A > 0 Jarge enoudh is a regular value for both j f and 25 3, X
isnowhere zzroon M ; andM ,. M oreover, we have

3.7) oY, @ F;x )= o0:

W e devote the rest of this section to the proof of Theorem 3.1.

32.A Bochner type form ula for the deform ation by X .Wewill x the sym-
plectic orm 'Y and the alm ost com plex structure J¥ on M induced from M N .
T hen the associated R iam annian m etric g™ isalso induced by g*™ and g'" . Letr ™™
be the Levi€ ivita connection on M ;g™ ).

For any function on M N,wedenoteby & ,d" isdi erentialalongM ;N
respectively.

W e denote also V' the K illing vector eld on M induced by V; 2 g, then

(3.8) v =yM N oyl vy,

Let r T | v T""'N pe the connections on T @M , T “ON induced by the Levi
Civita connections r ™ , r ™V as explained in Section 16. Let r ~ be the Hem it—
ian connection on (T @1 M N)) L F induced by the Cli ord connections on

(T ©M )yand on (T 9PN ) and the connectionsr *,r ¥ .

De nition 3.2.ForT 2 R, ktD! be the operator de ned by

jo
1T

> cX ): Y“™m;L FY)! Y% wMoL F:

39) Dy =D"F +

Recall that when a subscript index appears two times In a formula, we sum up w ith
this Index. Set

1 M M N 1 N M
Il ZZC d 5 C Vj + ZVJ + EC d 5 C Vj H
1 Jh
(3.10) L=, lre= vy dt oy
1 N N
I3=5C d 5 C Vj

Let fe,gi™M" (resp. ff;gi™ ") be an orthonom al frame of TM  (resp. TN ), then
fe.gt™™ = fe.g [ f£fig is an orthonom al fram e of TM
The Pllow ing B ochner type formula holds for O ¥ )2.
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T heorem 3.3. The following B ochner type form ula holds

25

p—lej@M
(311) Dy “=D" "7+ ] cledc it v
k=1
P— & p—
leXﬂN TN ;N 1T & T $i0M M . *
+ 1 cf)cr £ ’\/j 5 Tr r j\/'j I aioy
=1
&
1T h T L0y N 1
> jTr r Vj F aoy
p— T? —
+2 T 55 1T jij+zjx 5+ 1T G+ L+ L) :
Proof. Forany 1 6 a6 din M , it is clear that
(312) r. c® )=c® )r_. +crix
By (39), 3.12), we have
(313)
p_ .
M 2 LFR 1Td§@M 0 T?
D, D o4+ cles)r, cX )+ cX )cl)r +?j>< j2
a=1
P— d@mwu
. 1T X S 2
- DLF2 4 - cle)e r i X 1Tr, +—%K §
a=1
By RO, Lenma 1.5],
0; p—
(3.14) erM =Ly, + 2 1( ;)
ld}@M ™M ;M T 10y . *
+ 2 cealcr, Vy + -Trr Vi Faoy
a=1
Thusby (3.5), (3.14),
0; p_
(3.15) ry = jLVj + 2 1 5 5
ldj@M ™ M 1dan TN N
+ Z C(ek)c rek Vj j+ Z C(fi)C rfi Vj 5
k=1 i=1 . .
T@0OM ;M * 1 T HON ¢, N *
+ — jTr r Vj T @y + 5 jTr r Vj T woy
Thus from (3.5), (3.10), (3.14) and (3.15), we get
0 P— ld}i@M ™ M
(3.16) ry = jLVj + 2 1 5 j+ Z C(Q()C r . jVj
k=1
ldj{nN TN N l M M
+ 2 c(fi)ec re Vy i Zc d 45 cVy
i=1
(1;0) i l (1;0) i
+-Trr" "M j’\/jM Faoy +5 ;Tr r’ NVijru,-O)N b
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Also by (3.5),
317)
1d}@M - ldj@M . . ; )
5 cley)c roo X = 5 cled)c re j’\/j + —-c d 5 o} Vj
a=1 k=1
lanN N M N
* 3 cfde r"vy' s+ Zc d 5 c v+ V]
i=1

By (3.10), (3.13), 3.16) and (3.17), the proof of Theorem 33 is com pleted.

33. Relations between term s in (3.11) near zero(X ): Part 1. In this subsec-
tion, aswell as the next a few subsections, we establish certain form ulas conceming the
relationships between the term s appearing in (3.11), on the zero sst of X In M .These
relations are crucial for the proof of Theorem 3.1.

Set
=1+ ‘6HGIF 39
o=1 2% )i
(318) s=1 () 2%) G i
s=0 (N1 33
=1 () @G3+a  (naHa3 59:

T hese functions appear naturally on zero (X ), as is clkear from the follow ng (3.19)
and Lemma 34.
From (34), (3.18), one gets

(3.19) =21 5+2 G 5

From (3.4), (3.18) and (3.19), one sees

j=245+20 (D5 2%V 521 5+2 G
(320)

=2 2 j+ 2 4 5
Lemma 34.0nzeroX )= fx2 M :X (x)= 0g, we have
321) 2 VS = 4V o Vit = 25 5V
and
(3 .22) 2 jVjN = 4 jVjN; 2 jVjN = 25 jVjN,' 2 jVjN = (2 4) jVjN .
Proof. By (2.15), one sees that

X X

(323) X =0 ifand only if 5 =0 and Vi = 0:

P
From (320), the equation | V' = 04 (323) isequivalent to the rst equation

of (321).
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By (3.18), 319) and the rstequation of (321), we have on zeroX ),

B24) , V¥ =2,, VM +2 G, v

= 21 () 2%)GHsis 0 GHAO 2°%) i)
= 20 (N G3 V=
P
In the sam e way, by (320), ;Vi' = 0in (323) isequivalent to the
of 322).
By (23) and the st equation of (322), asin (324), we have

2 3V =215 5V + 2 (3 7) 2 V= 25 3V

J

(325)
2 jVjN = 2 jVjN + 2 jVjN = (2 4) 4V

The proofofLemm a 34 is com pleted.

34. Estim ates of ;;i= 1;2;4;5, when A > 0 is large. Recall that ,
de ned In 32), 33).

Lemma 3.5. There exists Ay > 0 such that for A > A, we have

(3.26) A< <2A; on M n@M
T hus
327) 0< ()<1l on M n@M

M oreover, uniform Iy on M and the param eter A , we have

(328) 1=1+0@™); ,=1+0@ 77);
(329) = Q (N@+0@™));
(3.30) s= 1 () (@G3 a+o@ ):
Finally, for any A > Ag, we have

1 () (39<0 ifxy)2M neM ;
(331)

=0 if x;y)2 @M
Proof. AsN is com pact, there exists Cy > 0 such that
332) j J6 Co:
From (2.11), (2.12) and (3.32), one seesthat on M , one has

2A > jf+3F+2h; 1
(333) | | 1 | 2
>3F+33 Sif+33F >33F o

27

M
V5

25 jVjM H

rst equation

have been

From (3.33), one know s that when A > 0 is lJarge enough, one hason M that

| S—
(3.34) A2 6 §4< 382

From (23), 211), 31)-(33) and (334), one deduces that for A > 0 large enough,

one also has

(335) ji<aat™; 53 J3=o0@"); =jFf+oma™) onM
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Ifj ¥ < 13A, then by (335), when A > 0 is large enough, onehas < %A. Then by

(31)-33),onehasfor < %,

]

o

- 1=
A

-D"

(-
.

s
11+A_3A_32 163 59
(3.36)
1=2

= 1 31+0@ )):

Ifj ¥ > 13A, then by (3.35), one has
(3 37) >A+ 03A+0 @Y%) > 124;

when A > 0 is Jarge enough.
From (3.1), 32), 33), 335), (336) and (3.37), one gets (326) and (327).
From (2.11), 32), 33) and (332), one gets

(3.38) j 9< 22  onM

From (32), 318), (332), (335) and (338), we get (328).
On the otherhand, if j ¥ < 13A and A > 0 is large enough so that < 4TA,then by
(3.1) and (32), one has

1 ()= — 1
(3 39) A
= 2 1 )= o1k
A A ! A2 A )
From 3.1), 32), 332), 338) and (3.39), one nds
() GH=a ()o@t
(3.40) . . .
() GFH 1:=0 ( )0 @72):

By (332), (338) and (3.40), we see that (329) hods for A > 0 large enough and
jiF< 13Aa.

W hilke fj # > 13A, by 337), when A > 0 is large enough, > 1:A, and thus
by 3.1) and (32), one has 1 ()y>1 (11a) > 0, from which (329) holds
tautologically.

T he proof of (329) is thus com pleted.

Ifj ¥> 2, then rom (3.1),

3 4
(3.41) GH=1 "GH= “GF5H=0;
from which, one gets
(3.42) 1 () (39 = ()i s= ():

Thus from (3.18) and (3.42),we get (330) and (3.31).
Now by (3.1), 32), 33) and (335), it isclear that when A > 0 is large enough,
(3.43) ()= 35+ 350 a”
Let0< < %besuchthat
285 1 2 2

344 )+ S) > —; o) 6 t6 —:
( ) e )+ <) > r 3 3
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By (3.1), the existence of  is clear.

L% 6 §F6 2, then from (3.1), 343) and (3.44), one sees that or A large

enough,

(3.45) 1 () 76 —
: J 27
thuswe get again (330) and (331) from (3.18).

Ifj7f< (4%)]*, then by (3.35), one sees that when A > 0 is large enough, one has

< % . Thus, by B1), 32), 336) and (339), one has

‘G HHra ()= if if 1 (1+0@ ™Yy 3O<A1>
A A
. g 4
(3.46) _ if Ly,
= lLo@al;
. i 7 2 i 7 1=2
1 = - 1 1 - 1 (1
() 39 " A 1+0@ )y

from which and (3.18) we get again (330) and (3.31).
The proofof (330) and (331) isnow complte, aswellasLemma 3.5.

The ollow ing Lemm a w ill also be used in the proof of Proposition 3.11.

Lemma 3.6. There exists Ag > 0 such that for any A > Ay,
1 .
( ()f . .,

3.47) 1< — O 55 onM n@M
Proof. Tn fact, by (327) and (3.31),

(3.48) @ () dH<1 () (GH<0onM neM
Thus we need to prove that

(3.49) 11 10 () 11 (39 (F<0 ifE;y)2M n@M

IfjF> 2, then (§F)= 1,thus (3.49) holds.

Let o> Obede ned asin (3.44).

¥A < jF< 22 thenby 32), (336) and (3.39)
350) 11 10 () 11 (3 (¥
. 2 .3 . 4
I hepd8 35 1 +0@ )
A A A
From (3.50), weknow (3.49) holds for A large enough.
L% 6 576 2, thenby (345),as0< ()< 1,weget,when A > 0 is large
enough, that
11 4
351 11 10 11 (3§ 6 — + < —
(351) () Gk (¥ S+t O (§ o

Thus (347) hodson M n @M
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35. Relations between term s In (3.11) near zero(X ): Part 2. The rstoftwo
relations we would Include In this subsections is

Lemma 3.7. W e have

352) VM= g

J

Proof. By (23), (33), we have

d =21+ 6HE35 39 G & s+2 GFH d;

(3.53) = de i+ 2 ) de jr

From (2.10) and (3.53), we get

d ) =J" va + JijN;

i @)=, "V +2 GFH IV
0

@y =J3"vy ()5 JT" V)

+ @ (nFVE 2% GF) 5 IV
From (34), 354),weget

(3 55) Vit =25 v Cy vt = P d

Thuswe get (3.52).

On the otherhand, by Lenma 35, we see that when A > 0 is large enough, , > 1=2:
To state the second relation we would Include In this subsection, we Introduce the
follow ing tw o functions,

2

L= 2%)%3%H .63 39 = +40()O(jj2)ii_4
2 2
2
+ 2 ey sa+ (20?2 =2 42 0%)=;
2 2
(3.56) L=2°%)°%7 i(zif”
2
2%y GF i+ 20°% 0 GH 2 L 24)5
2
R R RV S T S S SO I
2 2 2

which appear naturally in the follow ing Jemm a.
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Lemma 3.8.0n zeroX ) M , we have

M

1 1
(357) zlc((dM 5) )Wyt + 7 lrE= vid )

1 1
52 e view! )+ p=¥" 7

1 X 2
+ I, c( I V7 )e( j’\/jM ) + p:l WV
k
and
1
—c(@ ey ) =<2 vy )eWy )+ I oIV Vel Vi );
(3.58)

NI NI

ZC((dN Ny ==, vy W )+ I oIV )e( v ):

Proof. By (23), (3.4), we have

di=2%%9HG3 395 2°GF) 5+2°GFH 5 2 &
(3.59)
+4°%9F) jxde+ 2+2°GHGET 9 & 5+2 GHI

From (2.10), 359),we get
@y =4°GHGEIF 395"V
4G5 et IV
o0 + 2+2°GHGEF 39 v
+4°GF) 53"V + 2 G HIVVT

Now from (34), 3.54) and (360),we get

Gel) @ H = 2%y 5d ) 2% )5 @ o+ 5d
+2d )
h
= 2% )55 "V 2% ) 124 %G HET 39 5 TV

1
+4 %G5kt w DIV 242 °GHEFF 59 v
2% ) ;5 JUvY ) LIV o+ 2 gV 0%y 5 TNV

1

Thus from (3.18) and (361),
362) @ 5 =2,3"vl 8%) %G i:iGF 3P 5 IV
8% ) °F jz)ii(j Kkt x j)JMVkM

+ 2 POy a+ 02 5 IV 2%k 5+ 5 TNV
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By (362),

363) c(@ ) )ewj’)=2,c@" v ew)
80 ) @@hf) G F 3 e TNV e Vi)

i
8% ) G F) i1 el IV el V) + e 50" VI e V)
+ 2 Pyt OO ek IV e v
h i

2% ) (33" Vi e Vi) + e kI VT e 5t

and by using the fact that J¥ isantisymmetric,h ion TM isC -bilinear, we get

M
1
(3.64) L p= vj'id ) =2.p=3]7
0 o o 1 X _M2
8°) "3 1:G3 Ihe= 3V
]
0 0/ 2 M M
8°() (jfuip—l V5 Vi
A IR SR
ii 1p:1 kVk
k

2
2 0( )p:l ]VJM H kaM
For the tem c(@ ;) )c(VjN ), from (3.18), (362), we have

(365) c(@ 5 )evi)=2, clIvy ey
8°0) P49 163 3 I Vel v

89 ) °G F) 11 el I" VI )5V )+ e 33" Vi e V)

i

+ 2 Py o+ (O ek IV el v
h i
2°0) e( 50" Vi el V) + eI v el yvyh)

M oreover, from (2.10), 354), 360) and ;= ; ()i, weget

Ge6) @ ) = 2%y :d 5 2% )5 sd o
2%y 1@ ) 2%) 1 5d )+ 2d )
h i
= 2% ::4°%GF) 5"V +2 G FHrutv]
h i
2% )5 @ (NIVvE 2% ) G F) s dvVY

4% GF) iy kJNthN 2°0 (4 ()3 50"V _
i

+2@ (NI 2% ) G55y
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From (3.18) and (366),
B67) @ ) =2,V 8%) G F) i 5NV
+ 4%0) G s+ 4O G H T 2% 5Ny
2% 2 (N5 4%) G F) 5 RIV v
From (367), onehas
368) c(@ ) )cwi')=2, v )cw)
8° ) %G F) 1 eIV el Vi)
4% ) GH A GH T 2% e IV VT e v
2@ 2 ( NeI" VI e vt
M),

4°) G PrexI" vy el 3V,

On zeroX ), from (321), 363) and (364),we then get

1 1
(369) zlc((dM 5) )Wyt ) + 7 rE= viid )

2 2 2
+8%) %G F 22 Dy (92 22
2 2 |
4 X 2
+2 9 )= c(J" V" e Vi) + p—= (V!

From (369)weget 357).

On zeroX ), from (321), 322) and (365),asn (369),we get the rst equation of
(3.58).

On zeroX ), from (321), 322) and (368),we get

1 1
370) Ze(@ 5))ewvi')= 24 cliview)
1
P I gy oG By, 2 24)4
4 2
o 0, \\2 (2 2\ 2 0 2( 2 a) s
49 ) GFH i+ 4 aH 2% .
2
0 25 0 2 4 N 17N M
+2°%)a 2 ()= 4% dh c( IV Vel vt
2 2

From (3.70), we get the second equation of (3.58).
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36. Estim ates of I; and Is. In this section, we establish the follow Ing estin ate result
for the term s I, Is appeared in Subsection 3.5.

Lemma 3.9.W hen A > 0 is Jarge enough, we have

L=2"°%)1 () G5 a+o@ ));

3.71)
L= %) @ (¥ G3 a+o@=):
M oreover
I,>0 ifx;y)2M n@M ;
3.72)

;=0 ifx;y)2@M =M ;[M ,:

Proof. 1§ 6 2, by Lenma 35, 32), (335), (336) and (338), we get

373) L= °(a@ha () %@ Ha ()
2
+ 2 DOy s (%) () 339 @a+o@ )
+2 %1 () 39 @+0 @ )):
By (31), 336), (339), (345) and (3.46), there exist C > 0 such that forany A > Ay,
76 £, then
1 ()6 CH () Ty G Frecd () 397
A % )6 Cci () (395

By (339), (3.73) and (3.74), we get 3.71) Br L.
9 ¥> 2, thenby 3.1), 341), 3.42) and (3.56),

3!
L,=0@) ()Y 2°%) (H)a+o@*™y)
= 2°%) ()a+ro@™):

Thuswe get the rst equation of (3.71).
As®t) < 0fort> 0,thus % )< Oonj F> A, from (331), 3.71), we get (3.72).
Ifj 76 2,by 31), 343), orA largeenough, ()> )+ 0@ ?)> 1, and

s by (328) and (329),
(3.76) 2 4= ()+o0@™):

(3.74)

(3.75)

Thusifj §6 2, by Lenma 35, 3.1), (338), (3.40) and (3.76), we have

GBI = °()Ha (No @)+ a (N1 () 39 o @ )
+ %) ()+o@*™@) 1 () G}

%y 9 (Hr+ro@ ) :

Now by (339), (3.48), (3.74) and (3.77), we get (3.71) for Is.
I3 F> 2, thenby (318) and (341), wehave ;= 1 and

(3.78) 2 4= ()
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Thusifj ¥> 2, by 31), B2), 338), 3.41), 3.42), 3.56) and (3.78), we get
h
G79) L= (") (Yoa ™+ () (fa+o@ ™)y
i
@ 2 () (Ha+o@™) (Hra+o@=) =

AsO< ()< lonM n@M ,from (32)and (3.79),we get if j j2> %A,

(3.80) L= %) ()e (N@A+0@™):
From (3.41), (3.80), we get again (3.71) for Is.
The proofof Lenm a 3.9 is com pleted.

3.7. Estim atesof I;+ I,. In thissubsection, we establish an estin ateresulon zero X ).
Before doing this, we rst prove the follow ng lemm a.

Foranyx2M ;y2N,W 2 T,M ,etB @W )2 End( (T %YM N))),) bede ned
by

p__
(3.81) BW )= 1c@ W )e@W )+ 3 F:
P__
Lemma 3.10.ForanyW 2 TM ,V 2 TyN , the endom orphisnsB W ), IcW )c(V)
of (T O u N ))xy) are selffadpint and for any k > 0,

BW)>0;

(3.82) | 1 ,
L@ o) > —-B (1) ISUSE

Proof. AsW ;V are orthogonal to each other, B W ),p—lc(w )c(V ) are selfadjpint.

ForWw 2 TyM ,V 2 T,N ,we write their complexi cation asW = w +w,V = v+v,
withw 2 TYM , w2 TOYM ,v2 TUON,v2 TOUN . Letw 2 T O™ ,% 2
T 9PN be them etric duals of w ;v. Then we deduce from (1.34) that

BMW )=c( w+w)cw +w)+ W 3
= 2W 4@ N R+ 2T = 4w 2 i
Thuswe get the rst equation of (3.82) which has been obtained In R0, (29), (213)].
M oreover,

(3.84) p_lc(w )c(v)=2p_11wA\7A W h 5T M +i 1)

If 2 (TO9M  N)y, then we can write

(3.83)

(3.85) =W "V N 1 +W N+ VN 3+ g
and ; (A= 1;2;3;4) do not contain theterm sw orv . Then we get
BW ) =4yfw ~v ~ 1+ 4fw ~ o;
p— p— P— L,
(3.86) leW )eV) = 2 13%F 1+ 2 15w ~ ,
P P
2 14w ~ s+ 2 Iw AV N 4
From (3.86),
(3.87) B W) ; i= 4 IvFiF+ 4w Fi.F = 45 F:
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From (3.86), 387),weget forany k > O,

p_

h 1lc®W )cV) ; i= 4FFF mh 1; 41 433FF Wh ,; 51
(3.88) 5
> Ejiw*j? 2k3733 I

From (3.87), (3.88), we get the second equation of (3.82).

Recall that the tetm s I;, I, have been de ned in (3.10). W e now state the crucial
estin ate for I; + I, as follow s.

P roposition 3.11. There existC > 0, Ay > 0 such that forany A > Ay and (x;y) 2
zero (X ) M , we have

P__
(3.89) 1G+ L) > C Id:
Proof. By (3.10), and apply Lemma 3.10 to (3.57) and (358) with k = 8, we get
g 1 1 1 ®E x e
1(1+12)>5 2 g2 g B W) B2+ 8y) Vit f
=1 | =1
1. 1 ¥
(3.90) + I, -1, -=-Is B 5V
8 8
j=1
& © ’
(16L + 16Is) j\/'jN
j=1
By Lenma35,0< ()< lonM n@M ,weget forA large enough
1 1 3 1
(3.91) Z Z =4z +0 =2y 5 Q-
2 g2 1T at3 () @A )
From Lemmas 36,39, we know that when A > 0 is Jarge enough,
1 1 1 .

(3.92) I4 §I4 §I5> §I4> 0 Jf(X;y)2 M n (NI 1 [M 2):

. 2
A's ;' 3§ j jhave upper bound not depending on x 2 M , thus V' 2, ?imlG V!
are uniform Iy bounded on M

AszeroX ) M n@M , from (3.82), (3.90), (391) and (3.92), there exist A, > O,

C > 0 such that forany A > Ag, and (X;vy) 2 zero(X ) M , (3.89) hods.

38. A localpoint estim ate around zero X ). RecallthatD ¥ isthe deform ed D rac
operatoron M de ned by (39) according to the functionsde ned In (3.1), 32) and

B@3).Forany T > 0, etFY : % M ;L F)! % M ;L F)bede nedby
y | OJ—
M 2 .
(3.93) Fr =D, "+ 1T 5Ly, :

T he purpose of this subsection is to prove the follow Ing localpointw ise estin ate around
each x 2 zeroX ).
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Proposition 3.12. There exists A, > 0 such that for any A > A, a regular value of

both j F and 27 3, and that ifM is constructed as in (2.11), then orany z2 M n@M ,

there exist an open neighlorhood U, of z and C, > 0; b, > 0 such that for any s 2
% ™ ;L F)wihsupp(s) UYandT > 1,onehas

(3.94) Re Fysjs >C, D"Fs _ + (T B)ksk]

Proof. Recall that £f;g is an orthonom alframe of TN . Set

p—lanN p—l h (1;0) l
(3.95) Ry= — cfs)ew (N Vi) —— Iz rT NN oy

=1

By (3.11), 3.93) and (3.95),

P__ )
B96) FY =Dt F?2 4 i cles)e vl (vt
* T - 4 Sk ex JY3
o k=1
1T h T @0y M *
Tr r ( jVj )jr(lO)M
pP— T?
+ T 2 j]+ jRj'l' l(£+Iz+I3)+?;X :]2:
By (3.10), 3.18), 3.19), 335), B67), = + and = () ,weknow that

there exists C > 0 such that for any A large enough, on M

397) @ ) 6 C; thusjkj6 C:
Recallthatby 320), =2, 5+ 24 j. Thusfrom Lenma 3.5, (23), 2.12), 332)
and (3.34)

j 5= 0 @?);
(3.98) i 3=223F+243F+2(,+ oh; i
29 f@+0 @ )):

By Proposition 311, 32), (338), 397) and (3.98), there exists Ay > 0, such that
forany A > A, which is a reqular values of the functions j ¥ and £j onM N, and
x;v)2 £X = 0Og M , we have

1 j
2 35+ 7 jR3+ Ry + 1G+ L+ I3)> A;
(3.99) 2 .
. 0 .
iiJ< —
JoC) 143 1

Let’s xz= (%;¥0)2M n@M
IfX (Xo;vo) & 0, then (3.94) Pollow s trivially from (3.96).
IfX Xo;v0)= 0,we willadapt the argum ent In R0, x2b)].
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Lete; amm n€ be an orthogonal frame of TM . Set
dj@M
0 0;
"= (rej )2 Trowe 7
J
=1
(3.100) ,
o 0i 2 M N M N
Vo= e ) Torwg g = + N

j=1

be the Bochner Laplacians actingon % ™ ;L), % N;F), % ™ N;L F).From
the Lichnerow icz ormula orD Y ¥# [12, Theoram 135], [11,Appendix D ], one ndson
M,

(3101) DL ¥R = MNL 0 1):

Let e; am me be an orthogonalbase of T, M . Let (x;; am #X) be the nor-
m al coordinate system with respect to fe; jimlM near xp. Certainly, we can choose
e am w€ such that the function j §( ) has the follow ing expression near x,,
dgn M
(3.102) 3 F&ive) = 3 F xoivo) + a;x5 + 0 (k7);
=1
where the a;’sm ay possibly be zero.
T he ollow ing Lemm a is an analogue of R0, Lenma 2 3].

Lemm a 3.13. The follow ing inequality holds at the point (Xq;vo),

(3.103)
p—ldquM P—l h i dg M
— cle)e r MV Ty p T ( vM))3 > 5.7
S ex JV3 2 JV5 I aoy B=SN"

where the inequality is strict if at Jeast one of the a;’s is negative.

Proof. Let g, am nebe an orthonorm al frame of TM near x, so that at Xy, &5 = €
forl6 j6 din M .From Lenma 3.7 and (3.102),we nd that
d}'@M
sro) = 2 t&;vo)d" e  and t(xjyo) = ajxs+ O (kF):
j=1

From (3.81), (3.83), (3.104), we deduce that at the poInt (Xq;Vo),

JM)

(3104)  ( 5V

p—ldj@M p—l h ' i
™ M T G0y M oy
e cle)c ro (4Vy ) 7Tr r ( 3V )3 wiony
k=1
P — 9% M . p — 9% M g .
(3.105) = — ajcle;)cd &) 5 1+ 19:1 ( ad e)ie
=1 =1
1 ok M dgn M
= > a; B (&) 2) > B35

=1 j=1

where the last Inequality is strict if at Jeast one of the a5 s is negative.
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Let (yvq; am #Y) be a nom al coordinate system near yy on Uy, N . Let F§4 be
form al ad pint ofF%’I . From (3.96), 3.99), 3.101), (3.103) and (3.104), we nd that
near (xo;Yo),

1 L
(3.106) 5@;4 +FY ) MY 7 B3+ T2 t (5y0)?
=1 j=1
T2 & G 2
+I jvjN + TA+0 1+ Tk):
J=1

Follow ng 20, x2b)], et " > 0, which will be further xed later, be su ciently an all
so that the orthonom al fram e fejg‘if“lM iswellde ned over

(3.107) Bn(xg)= fx 2 M ;d(x;%q9) < "g:
Let (r ;) be the formaladpint ofr . on B (xo). Set

s M
(3.108) v (co) + T (sgnay)ty(iyo) ro + T (sgnas)ty (;y0)
j=1
C learly, T isnonnegative when acting on com pactly supported sections over B « (%) .
M oreover, we verify from (3.104) that
d}'@M d}'@M
(3.109) M- oM o7 Ryj+ T ty(xjyo)’ + 0 @+ 1+ TkJ;
=1 =1
whereby O (@, + 1+ T kj wemean a rstorderdi erential operator
dj@M @
(3.110) bjx)— + dx) withbx)=0@1); dx)=0 1+ TXJ:
=1 @Xj
W e will also use sim ilar notation for other operators.
From (3.106), (3.108), (3.109), we get, when acting on sections w ith com pact support
jan(Xo) UyO,ﬁDranyk> 1,

1
5(F§4+F;4 ) > N T4+ TA+0 @+ 1+ TKkI

R > Lw Lo T i+ TA +0 @, + 1+ TKk):

" " . 4] % xJ:

j=1

Forany s2 % M ;L F)wihsupp(s) B&o) U,,by (3101), it is standard
that there exist C,;C,;C5; > 0 such that

h" ¥ s;si>CikDY ¥ skl Cksky;
(3.112) )
FO (1+ T}Js;si 6 Cs(1+ T"kski:
A 1so by the elliptic estim ate and C auchy inequality, there exist C4;Cs > 0 such that

C
(3113) IO (@:)sjsi 6 Co"kD ™ ¥ ski+ — kski:
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From (3.111)- (3.113),we get

o 1R
(3114) Re rF) s;si > - & kD" Fski+ T A G" . B kskj
=1
C C
=y 2 Cs kské:
" k
P ..
Now , we take k large enough such that A % ?imlM B> A=2, then we choose " an all
enough such that
C
(3115) ? C"> 0; A=2 C"> A=4:

W ith this choice of ", by (3.114)- (3.115), we get Proposition 3.12 at (Xq;Vvo) -

39.Proofof Theorem 3.1.Wenow assume that A > A, is a regular value for both
j ¥ and 33 J, with A, verifying the conditions in Proposition 3.12. ITn particular, by

(36),X disnowherezeroon @™ =M ;[ M ,.
Let e, be the Inward pointing unit nom al at any boundary point of M . Set
P
Dem 7 =D oF cle,)cX
(3116) eM T aM En)cX )
ML Foge ! Y ML F )y

be the D irac type operator on @M induced by D7 .

Since X isnowhere zero on @M , In view of (3.5), by Proposition 12, we know that
when restricted to the G -invariant subspace of % M ;L F )ju , there exists T; > 0
such that forany T > T;, Dew 7 is nvertible. M oreover, a sin ilar formula lke (1.21)
hods.

One can then proceed as in the proof of (1.48), to see that there exists an open
neighborhood Uey ofM and positive constantsC; > 0, > 0 such that forT > T; and
any G -nvariantelementof % M ;L F ) such thatsupp (s) Uy andP.g, x (Shy )=
0,where P, , 1 arethe AP S profctions associated to D gy 1 (cf. Section 1.2), one has

2

(3.117) p¥s’ >c, D'Fs,

+ (T B)ksk]

From (3.93), (3.117) and Proposition 3.12, one can then proceed as In the proof of
(1.50) to see that there exist C > 0, b> 0 such that forany T > T; and G =nvariant
eementof % M ;L F)such thatP.o, 1 (Sjw )= 0, one has
(3.118) D¥s’>c D Fs.+ (T Dksk :

By taking T > T, large enough, we get Theorem 3.1.
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