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MAXIMAL SOLUTIONS FOR —Au+u?=0 IN OPEN AND
FINELY OPEN SETS

MOSHE MARCUS AND LAURENT VERON

ABSTRACT. We derive sharp estimates for the maximal solution U of (*)
—Au+u? =0 in an arbitrary open set D C RY The estimates involve
the Bessel capacity Cs ., for ¢ in the supercritical range ¢ > g. :=
N/(N —2). We provide a pointwise necessary and sufficient condition,
via a Wiener type criterion, in order that U(z) — oo as x — y for given
y € OD. This completes the study of such criterions carried out in [10]
and [18]. Further, we extend the notion of solution to Cs . finely open
sets and show that, under very general conditions, a boundary value
problem with blow-up on a specific subset of the boundary is well-posed.
This implies, in particular, uniqueness of large solutions.

Solutions maximales de Au = u? dans des ensembles ouverts et
finement ouverts

REsSUME. Nous démontrons des estimations précises pour la solution
maximale U de (*) —Au+u? = 0 dans un domaine arbitraire D C RY.
Ces estimations impliquent la capacité de Bessel C5 ./, pour g appar-
tenant & lintervalle sur-critique ¢ > ¢. := N/(N — 2). Nous donnons
une condition nécessaire et suffisante ponctuelle, via un critere de type
Wiener, pour que U(z) — oo quand x — y pour un y € 9D arbitraire.
Ce résultat compléte I’étude de tels critéres menée dans [10] et [18]. En
outre, nous étendons la notion de solution & des ensembles finement ou-
verts pour la topologie C5 ,» et montrons que, sous des conditions tres
générales, un probleme aux limites avec explosion sur un sous-ensemble
spécifique du bord est bien posé. Cela implique en particulier 1'unicité
des grandes solutions.
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1. INTRODUCTION

In this paper we study solutions of the equation
(1.1) — Au+ |u|Tu =0,

in Q\ F, Q a smooth domain in RY, N > 3 and F C Q, I compact
or, more generally, a bounded set, closed in the Cy , fine topology. Here
g > 1 and Cy 4 refers to the Bessel capacity with the specified indexes. If
1< q < g.= N/(N —2) then the fine topology is equivalent to the Euclidean
topology. Therefore, throughout the paper we shall assume that ¢ > ¢, in
which case the two topologies are different.

If D is an open set and y is a Radon measure in D, a function u € L{_(D)
is a solution of

(1.2) —Au+|u/T u=p in D

if the equation is satisfied in the distribution sense. It is known [6] that (1.2)
possesses a solution if and only if p vanishes on sets of Cy o capacity zero.
When this is the case we say that p satisfies the (B-P), condition (i.e., the
Baras-Pierre condition). If D = RY and u is a Radon measure satisfying
this condition then (1.2) possesses a unique solution.

Further, if D is open, it is known that Cy,(RY \ D) = 0 if and only
if the only solution of (1.1) in D is the trivial solution. In view of the
Keller — Osserman estimates, the set of solutions of (1.1) in D (denoted by
Up) is uniformly bounded in compact subsets of D and every sequence of
solutions possesses a subsequence which converges to a solution u. Finally
the compactness together with the maximum principle imply that max Up
is a solution in D. The mazimal solution in D is denoted by Up, F' = RN\ D.

Now suppose that F' = US° | K,, where {K,,} is an increasing sequence of
compact sets such that

Coq(F\ Kj) — 0.

Then {Ukg, } is non-decreasing and we denote Vr := lim Uk, . In this case
F may not be closed; in fact, it may be dense in D = F°, so that in general
we cannot apply the Keller — Osserman estimates. Therefore, on this basis,
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it is not even clear whether Vg is finite a.e. in D. It will be shown in the
course of this paper that this is actually the case.

Naturally, further questions come up: Is Vg, in some sense, a generalized
solution of (1.1) in D and, if so, is it the maximal solution? Is it possible to
characterize V in terms of its behavior at the boundary?

The main objective of this paper is the study of properties of the maximal
solution of (1.1) in F°, firstin the case that F'is compact; secondly in the case
that F' is merely Cy y-finely closed. In the second case we introduce a new
notion of solution which we call a Cy y-strong solution (see Definition 7.1)
and show that Vg is indeed a solution in this sense and that it is the maximal
solution. We also show that many of the properties of the set of classical
solutions are shared by the class of (5 ,/-strong solutions.

For F' compact, the properties of Ur have been intensively investigated,
especially in the last twenty years. A question that received special attention
was the existence, uniqueness and estimates of solutions of the boundary
value problem

~Au+|u/T'lu =0 in D=F°

li = Vy € 0D.
i, u(e) =20 ¥y

(1.3)

The question of existence reduces to the question whether Urp blows up
everywhere on the boundary.

A solution of (1.3) is called a large solution of (1.1) in D. If D is a
smooth domain with compact boundary, it is known that a large solution
exists and is unique, (see [22], [2], [3], [32]). These results were extended
in various ways, weakening the assumptions on the domain, extending it to
more general classes of equations and obtaining more information on the
asymptotic behavior of solutions at the boundary, (see [4], [23], [21], [5] and
references therein).

In the present paper we also consider two related notions:

(a) A solution u is an almost large solution of (1.1) in D if

(1.4) lim w(zx) =00 Cyq ae. yedF.
D3x—y

This notion is, in a sense, more natural, because (as we shall show) Ur is
invariable with respect to Cy y equivalence of sets. (T'wo Borel sets E , F'
are Cy o equivalent if Cy o (FAFE) = 0.)

(b) A solution u of (1.1) is a 0,-large solution in D if

(1.5) lim wu(zx) =00 Cyqy ae. y € I F,
D3x—y

where 0, F denotes the boundary of F in the Cy ,-fine topology.

Here is a quick review of results pertaining to the case F' compact.

In the subcritical case, i.e. 1 < q < q.:= N/(IN —2), the properties of Up
are well understood. In this case Cy o (F) > 0 for any non-empty set and
it is classical that positive solutions may have isolated point singularities of
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two types: weak and strong. This easily implies that the maximal solution
Ur is always a large solution in F¢. Sharp estimates of the large solution
where obtained in [28]. In addition it is proved in [33] that the large solution
is unique if dF¢ C JF<".

In the subcritical case, solutions with point singularities served as building
blocks for solutions with general singularities. In the supercritical case,
i.e. ¢ > q., the situation is much more complicated, because there are no
solutions with point singularities.

Sharp estimates for Up were obtained by Dhersin and Le Gall [10] in the
case ¢ = 2, N > 4. These estimates were expressed in terms of the Bessel
capacity Cz2 and were used to provide a Wiener type criterion — to which
we refer as (WDL; 2) — for the pointwise blow up of Up, i.e., given y € F,

(1.6) - lim Up(z) =00 <= the (WDL; 2) criterion is satisfied at y.
Co3x—yY

These results were obtained by probabilistic tools; hence the restriction to

q=2.

Labutin [18] extended the results of [10] in the case ¢ > ¢.. Specifically, he
obtained sharp estimates for Up similar to those in [10], with C5 2 replaced
by C3 4. These estimates were used to obtain a Wiener criterion involving
Cy,q (we refer to it as (WDL;q)) relative to which the following was proved:

(1.7)  Up is a large solution <= (WDL;q) holds everywhere in F.

Of course this result is weaker then (1.6). However a careful examination
of Labutin’s proof reveals that, in the case ¢ > ¢, his argument actually
proves (1.6). In the case ¢ = ¢, Labutin’s estimate was not sharp and it did
not yield (1.6) although it was sufficient in order to obtain (1.7).

Uniqueness was not discussed in the above papers. Necessary and suffi-
cient conditions are not yet known. Sufficient conditions for uniqueness of
large solutions, for arbitrary ¢ > 1, can be found in [23], [27] and references
therein. Uniqueness will also be one of the main subjects of the present
work.

The first part of the present paper (Sections 2-4) is devoted to the study
of the maximal solution Urp when F' is compact and of the almost large
solution in bounded open sets. Here is the list of main results obtained in
this part of the paper:

I. Sharp capacitary estimates of Ug in the full supercritical range ¢ > g,
N > 3. As a result, we show that a variant of (1.6) holds in the entire
supercritical range. Specifically, we show that, for y € F',
(1.8) lim Up(z) =00 <= Wpr(y) = oo,

Fesx—y
where Wr : RN — [0, 00] is the capacitary potential of F, (see (2.2) for its
definition).
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For ¢ > q. the condition Wg(y) = oo is equivalent to the (WDL;q) crite-
rion mentioned before. However our proof does not require separate treat-
ment of the border case ¢ = ¢. and is simpler than the proof in [18] even for
q > qc-

I1. For every compact set F', Ur is an almost large solution in F° and Up
18 o-moderate.

The statement 'Ur is o-moderate ‘ means that there exists a monotone
increasing sequence of bounded, positive measures concentrated in F, {y, },
satisfying the (B-P), condition, such that u,, T Ur.

Finally we establish an existence and uniqueness result; for its statement
we need some additional notation. For any set F C RY

4

E = closure of E in the Cy,y-fine topology, O F := EnEe.

IIL. Let Q = UQ,,, where {Q,} is an increasing sequence of open sets, and
put D,, = RV \ Q,. Assume that

(1.9) Cog(2\ Q) = 0 and Coy (0, \ D) — 0.
Then the boundary value problem

(1.10) —Au+u?=0 in Q, Qlim w(x) =00 for Cyy a.e.y € 0482
STr—Y

possesses exactly one solution.

In other words, an open set ) as above, possesses exactly one d,-large so-
lution. If 00 is compact then, this solution is an almost large solution.
Indeed, by II, the maximal solution Usg is an almost large solution in 2.
Since 9,82 C 012, this implies that Upq is a d4-large solution. By III, Upgq is
the unique such solution in 2.

In the second part of the paper (Sections 5-7) we extend our investigation
to the case where I is (5 o finely closed. We introduce the notion of Cy 4/-
strong solution in D = RV \ F, which is now merely Cy y-finely open, and
prove that Vi is a Cy y-strong solution. By definition a Cy ,-strong solution
belongs to a certain type of local Lebesgue space described in Section 6 be-
low. Further we derive integral a-priori estimates which serve to replace the
Keller-Osserman estimate in this case. Using them we prove removability
and compactness results. In addition we show that the capacitary estimates
I and the Wiener criterion for pointwise blowup, namely (1.8), persist for
VE. We also establish the following version of II:

II’. For every Cy o -finely closed set I, Vi is the mazimal Cy o -strong solu-
tion in F°. VF is a O4-large solution and it is o-moderate.

Finally, we have the following existence and uniqueness result:
IIT. Let Q be a Cy y-finely open set. Let {Gy} be a sequence of open sets
such that

(1.11) Coy (GnAQ) =0,  Coy (3G \ 8,Gr) — 0.
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Then (1.10) possesses exactly one Cy g -strong solution. The definition of
blow up at the boundary is defined in a manner appropriate for this class of
solutions (see Definition 7.2)

Note that here we do not assume that G,, is contained in € or contains ).
If Q C G, for every n € N then (1.11) implies (1.9).

This seems to be the first study of the subject in the setting of the Cs
fine topology, introducing a notion of solution in sets where the classical dis-
tribution derivative is not applicable. However the related subject of ’finely
harmonic functions’ has been studied for a long time (see e.g. [16]). Finely
harmonic functions are defined on finely open sets relative to classical Ci o-
capacity; however their definition depends on specific properties of harmonic
functions (e.g. the mean value property).

The framework presented here is particularly suitable for the study or
(1.1) and (1.2) because limits of solutions in open domains lead naturally
to Cy 4 strong solutions in Cj y-finely open sets. The underlying limit is
relatively weak, namely, limit in the topology of a local Lebesgue space
defined by a family of weighted semi-norms with weights in W24 (RY) that
are bounded and compactly supported in the finely open set (see Section 6).

At present this framework is presented mainly in the context of the study
of maximal solutions and uniqueness of solutions with blow up on the Cs
boundary. A more detailed study, including an extension to more general
boundary value problems will appear elsewhere.

Partial list of notations

[a < f <b] means {x: a < f(x) < b}.

e AAB=(AUB)\ (ANDB).

If f, g are non-negative functions with domain D then f ~ g means
that there exits a constant C such that C~1f < g < Cf.

A< B means Cy (AAB) =0, A & B means Cy.q(A\ B) =0.

A means ’the closure of A in the (s, fine topology’.

0qA means the boundary of A in the Cy o fine topology’.

intqA means ’the interior of A in the C ; fine topology’.

A € B means ’A bounded and A C B’.

By(x9) = {x e RN : |z — x| < 7}

X a4 denotes the characteristic function of the set A.

(B-P), condition: A measure p satisfies this condition if |p|(E) =0
for every Borel set E such that C o(F) = 0.

e u, denotes the solution of (1.2) in RY when 4 is a Radon

measure satisfying the (B-P), condition.
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2. UPPER ESTIMATE OF THE MAXIMAL SOLUTION.

In this section F' denotes a non-empty compact set in R™ and the maximal
solution of (1.1) in R¥\ F is denoted by Ur. Further, for x € RY, we denote

Tom(z) ={y € RY . o= (m+1) < ly — x| <27}

(2.1) -
Fo(z)=FNTy,(x), F,(x)=FNBym(x),
Wi(z) =Y 20T Co g (27 Fn(2))
(2.2) e

. 2m
Wi(z) =Y 20-1Cyq (2" Fj(x)) .

We call Wr the Cy y-capacitary potential of F'. It is known that the two
functions in (2.2) are equivalent, i.e., there exists a constant C' depending
only on ¢, N such that

(2.3) Wi () < Wilz) < CWil(a)
see e.g. [29].
If K is a compact subset of a domain  put,
(2.4) Xr(Q):={neC*N):0<n<1,n=1on Nf},

where Nf denotes an open neighborhood of K depending on 7.
The following theorem is due to Labutin [18]:

Theorem 2.1. Let q > q.. There exists a constant C depending only on
q, N such that, for every compact set I,

(2.5) Up(z) < CWpg(z) VzeD.

For the convenience of the reader we provide a concise proof; components
of this proof will also be used later on in the paper. The main ingredient in
the proof is contained in the lemma stated below.

Lemma 2.2. Let R > 1 and denote by @r the solution of
(2.6) —Ap=Xppo mRY,  lim p(z)=0.

|z|—o00
Given n € W24 (RN), 0 <n <1, put
Gr = (1 =)™

There exists a constant ¢(N,q, R) such that, for every compact set K C
BI(O):

(2.7) / UG, de < 2] Vi € Xic(RY),
RN\ K

/
w24 (rRN)

!
w24 ®N)

(2.8) / Uk (1 — ) da < &|ln||” Vi€ Xx(RY).
Br(0)\K
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Proof. For |z| > R+ 2,
(29) 0 <gr(z) + Uk(z) < clz*™, Vo) + |VUk(2)] < clz|™

where ¢ = ¢(N, ¢, R). For every R’ > R and € W24 (RY),
(2.10)

1
/ (= UgAG, + UL(,)dr =
B (0\K

7 /. (Uk V¢, — G VUK) - 2dS.
Rl

By (2.9), the right hand side of (2.10) tends to zero as R’ — oo and we
obtain,

(2.11) /D (= UxkAG + Ukéy)de =0,

where D := RY \ K. Further,

/

ACn = SORA(l - 77)2ql - (1 - 77)2qu32 +2Vppg - V(l - 77)2q

so that,
/ UlL¢,dx + / U (1 — )% dz =
| Uk(ont(1 =) + 2V V(1 = ) o
D
Now,

A((1 =)y = —2¢'(1 —n)*" L An +2¢'(2¢ — 1)(1 — )% 2|2,

so that
(2.13) /D UkonA((1 =02 )da < o(I1 + I),
where
Bi= [ Uxent =0 Nanide, b= [ Uxpn(t =02

The estimate of I; is standard.

I < </DU}1<C,7 dx)l/q</D<pR(1 —n)\Anlq/dx)l/q

1/q
<ol [ U6rd) " il v,

To estimate Iy we consider n € X (Br(0)) and use the interpolation in-
equality

(215) H|v,’7|2HLq/(D) é C(q7N7 R) ||77||L°°(D) HD277HLCI,(D) :

!

(2.14)
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We obtain,

I

IN

/g / 1/q'

(/ Ufi Gy de) </ onlV0[2 do)
D D

1/q 9

c(/l)U}’((ndm) .
1/q
<o [ U26yas) " Il o
for n € Xk (Bgr(0)). Next
/D Uk Vr - V((1 =) )dz < 2(//D Uk [Ver||Vnl(1 —n)** ~'da

<o [ vacyaa)" ([ e weulonraz) "

In view of the fact that, for |z| > R+ 2, pr(x) > c|z|>~V, (2.9) implies

(2.16)

IN

(2.17)

_d ,
QOR ¢ ’VQOR‘q S C(N7Q7R)'

Hence

@18 [ UxVer- V(=)o < o [ UkGydo)

Combining (2.12)—(2.18) we obtain (2.7) and (2.8) for n € Xk (Bgr(0)).

Pick w € C°(Br(0) such that 0 < w < 1 and w = 1 in B1(0). Given
n € Xg@®RY), (2.7) and (2.8) are valid if n is replaced by wn. However
(I1-n)<(1—-wn) and

1/

q
||77||W1,q’(RN)

Hwn”WQ,q,(RN) S C(N7 q7 w) HT,”WZ’QI (RN) °
Therefore (2.7) and (2.8) are valid for every n € X (RY). O

Corollary 2.3. Assume that R > 3/2. There exists a constant ¢; =
c1(N, q, R) such that, for every compact set K C B1(0)

(2.19) / Ul-ordz + / Ukdz < ¢1Cy 9 (K)
[3/2<]x]] [3/2<|z|<R]
and
(2.20) sup  Ug <10y g (K).
[3/2<|z|<R]

Proof. Recall that
(2:21) Co(K) = (Il ; o 1€ Xic(®))

Let w € Cg°(B3/2(0)) be a function such that 0 < w < 1 and w = 1 on
B1(0). For every compact set K C B;(0) put

(2.22) Cy (K) = inf{|wn]© ‘€ Xx(@®RV)}.

’
2,q (]RN)
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Clearly Cy ¢ (K) < C3/(K) and since

q, < q’
||wn||W27q’(RN) — C(N7 q,W) ||,’7||W27q,(RN)
we have
(2.23) Coq (K) < C3y(K) < e(N, q,w)Ca g (K).

Let {n,} be a sequence in X (R") such that
q/
HwnnHWQ,q/(RN) — C;,QI(K)

For K C B;(0) (2.7) implies that,

/ Ul opdr <lim inf/ Ul pr(1— Wﬂn)zq/ dae
(224) ]RN\BS/2 n—oo RN\ K
< C(Nv q, W)C2,q/ (K)

This proves (2.19). Inequality (2.20) (with the supremum over a slightly
smaller annulus, say, [3/2+€ < |z| < R—e] with € > 0 such that R > 3/2+2¢)
follows from (2.19) and Harnack’s inequality applied as in [28]. O

Proof of Theorem 2.1. Inequality (2.20) implies,
(2.25) Ur(x) < e(N,q)pr(x) ">/ O Cy g (F/pr(2))

for every every compact set F' € RY and every z € RY \ F such that
pr(x) > (3/2)diam F. Recall that pp(x) := dist (z, F).

The implication relies on the similarity transformation associated with
(1.1). For any a > 0, we have

(2.26) Up(z) = a_2/(q_1)UF/a(:E/a) Ve e RV \ F.

Assume, as we may, that F' C Br(0), R = diam F. Fix a point z € RN \ F
such that a := pp(Z) > R. Applying (2.20) to the set K = 3F/2a, we obtain

Ur(z) = (2a/3)" DUk (32/2a)
< ¢(N,q)a=@ D0y (K) < ¢(N,q)a~ 4Dy y(F/a).

Next we show that (2.25) is equivalent to (2.5). Let € D and put

(2.27) M(z) :=min{m e N: 27" < pp(x)}.
Then Fj(z) =0 for all k > M(z) and consequently
M(:E) 2k & 2M (x) k
Wp(x) = Z 20-1Cy ¢ <2 Fk(az)) <C2 a1 sup Cyqy(2"Fy(x)).
k=—00 k<M (z)

However it is known that there exists a constant A depending only on ¢, N
such that

(2.28) Coy(aE) < Ad¥~TTCoy(B) Vae (0,1),
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(see e.g. [29]). In addition, for every ¢ > 1 there exists a constant A,
depending on ¢, IV, ¢, such that

(2.29) Coy(aB) < AdN~a1Cy 0 (E) Va € (1,0).

Inequality (2.28) implies that
2M (x)
Wr(z) < C12 a1 Cyy(2M@F)
—2 —2
< Copr(@)7 C (2 /pe()) < Cape(@)T7 Co p (Fpi(a)),

where C; are constants depending only on ¢, N. Thus (2.5) implies (2.25).
To prove the implication in the opposite direction we use the following
facts:

For every compact set F' there exists a sequence of bounded domains {D,,}
such that

(2.30) (1) UD, = D := F€, (ii) D,, C Dp.1, (iii) 8D, is Lipschitz.

Such a sequence is called a Lipschitz exhaustion of D.

If u,, denotes the maximal solution of (1.1) in D,, then u, is the unique
large solution of (1.1) in D,, (see [27]), uy > up41 in D, and Up = lim u,.

Let F;, © = 1,...,k be compact sets and F := U'fEi. One can choose
a Lipschitz exhaustion {D;,}°2, of D; :== Ef, i = 1,...,k, such that the
sequence {D,}, D,, = ﬂleDm, is a Lipschitz exhaustion of D. Let u;, be
the large solution in D;,. Then v, = max(ujp,...,us,) is a subsolution
while w,, = Zle u; n is a supersolution of (1.1) in D,,. Hence u,,, the unique
large solution of (1.1) in D, satisfies v, < u, < w,. Consequently

k
(2.31) max(Ug,, ..., Ug,) <Up <Y Ug,.
=1

Returning to the notation of Theorem 2.1, fix £ € D and put
i(Z) =max{i €Z: F C By-i(7)}.

M(7)
i(%)

Then F = U, " F,,(z) and, by (2.31) and (2.5),

M(z) M(z) o
Ur < Z UFi(i) <C Z 20-1CY ¢ (2™ F(Z)) .

m=i(Z) m=i(T)

In particular, Up(Z) < CWg(Z). Thus (2.25) implies (2.5).

3. LOWER ESTIMATE OF THE MAXIMAL SOLUTION

We need the following well-known result:
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Proposition 3.1. Let p be a positive measure in I/VI;Z‘I(RN) and let 2 be a
smooth domain with compact boundary. Then there exists a unique solution
of each of the problems

(3.1) —Au+ul=p in Q, u=0 on 0N
and
(3.2) —Au+ul=p in Q, u=o0 on 0.
If € is the whole space then there exists a unique solution u, of the equation
(3.3) —Au+ul=p inRY.
In each case the solution increases monotonically with . Finally
= il = Jm
where ufio and ufioo are the solutions of (3.1) and (3.2) respectively, when
Q = Bgr(0).

When p € L} _(RY) the result is due to Brezis [8] and Brezis-Strauss [9].
In the case of a smooth bounded domain 2, with u € W=29(Q), the result
is due to Baras and Pierre [6]. The final observation is easily verified.

In this section, the solution of (3.1) will be denoted by w,, .

If F is a compact subset of RV, we define

(34)  Vp :=supfu, : p € My (RY) nW2YRY), u(F°) = 0}.
Then Vi is the maximal o-moderate solution of (1.1) in F¢ := RV \ F.
Obviously,
(3.5) Ve < Up.
We derive a lower estimate for Vg, equivalent to the upper estimate for

Ur obtained in the previous section. More precisely:

Theorem 3.2. Assume that F is a compact subset of B,(0) and let D be
a bounded smooth domain such that Bge(0) C D. Then, for every x €
Ba,(0) \ F, there exists a positive measure p* € W=24(RN), supported in
F', such that

(3.6) Wr(z) <uue p(r) < Vp(x),
where ¢ is a positive constant depending only on N,q. In particular,
(3.7) ¢(N,q)Wr(z) < Vp(z) Vo eRV\F.

Proof. Let A be a bounded Borel measure supported in D. We denote by
Gp[A] the Green potential of the measure in D:

(3.8) GpN() == /D 45+ €) dA(E),

where g, denotes Green’s function in D.
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If 41 is a positive measure in W~=24(D) then,

Uu,D < GD [N]

and consequently
(3.9) .0 = Gplu] — Gplu | = Gplu] — Gp[(Gp|u])]-

Given zg € By, \ F we construct a measure p* € W~24(RM), concen-
trated on F' such that (3.6) holds. By shifting the origin to xg we may
assume that o = 0. We observe that (3.6) is invariant with respect to di-
lation. Therefore we may assume that a = 1/2. Following the shift and the
dilation we have

(3.10) F C B1(0), By(0)C D, 0¢F°

and we have to prove (3.6), with an appropriate measure u°, at 2 = 0. The
right inequality in (3.6) is trivial. Therefore we have to prove only that, for
some non-negative measure u° € W=24(RM) supported in F,

(3.11) c(N,q)WFr(0) <u,0 ,(0).

In view of (3.10),

U0 5,0 < U,0 p-

Therefore it is enough to prove (3.11) for D = By(0) which we assume in
the rest of the proof.

In what follows we shall freely use the notation introduced in the previous
section and write simply F,, T,, instead of F},(0),7,,(0) etc.. Observe that
in the present case F,, = () for n < —1 and Ff = F for n < 0. For every
non-negative integer n, let v, denote the capacitary measure of 2" F},. Thus,
v, 18 a positive measure in W‘z’q(RN ) supported in 2" F),, which satisfies

(3.12) vn(2"Fy,) = Co gy (2" Fy) = ||V”H[‘1/V*2vq .

Let fi,, i be the Borel measures in RY given by

(3.13) pn(A) = 27" W22y, (9" A) n=0,1,2,... p=> jin.
0

Thus

(3.14) supp pn C Fy, suppu C F,
(3.15) pin(Fp) = 2770200, (20 F), e WH(RM),
Observe also that, for z,¢& € B1(0),

(3.16) go(@,8) ~ |z — &>

The notation f ~ h means that there exists a positive constant ¢ depending
only on N, ¢ such that ¢ 'h < f < ch.

The remaining part of the proof consists of a series of estimates of the
terms on the right hand side of (3.9) for p as above.
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Lower estimate of Gp[p] . Using (3.15) and (3.16) we obtain,

en2 DTN < g(0,6) V¢ € Bu(0),

Z/ (0,&)dpn (€ >CZ/ 2"N=2) i,y (€)

= 2N Cy (2 F,) = cWr(0).
n>0

Upper estimate of Gp[(Gp[u])?](0). We prove that

Gpl(Gplul)(0) = / 95(0, )G p [u](€)de
—Z/TgDos S Golunl(€)) de < e(N,q)Wi(0).

n>0

(3.18)

This estimate requires several steps. Denote

(319) = Z / 9006 (3 Golurl(©)) " de
Ty n=0
(3.20) I = Z/ 00,6 Y Colm)(©)" de
n>k+2
k+2
(3:21) 13—2/ 0.8 Y Colul(©)" de
n=(k—2)+
Then
(3.22) Gpl(Gp[u))(0) <311 + I + 1)

and we estimate each of the terms on the right hand side separately.

Estimate of Iy. We start with the following facts:
95(0,8) < en2FV=2 ve e Ty,
and
go(&,2) < en2 "N (E 2) € Ty x B
These inequalities and (3.15) imply, for every & € Ty,

Gplin](€) = / 40(, 2)djin(2) < ex2 ™D, (F,)

Fr

= ey 2"N=29nIN=2) 0y (27 F,) = 220N Oy i (27F,).
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Hence
[es) k—3 q
B <N, 32 [ (S, (20, dg
k=3 T “n=0
00 k—3 q
(3.23) < Z N2 gk ( Z 220/ Gy (2'F,) )

M+1

Z 2—%(222”/‘1 DEy, /(Z"F*)) .

where M = M (0) is defined as in (2.27). Further, we claim that,

M+41 k—3 q
n=>3 2—2’f(z22"/@—1)02@,(2"}”;)) <
k=3 n=0
M+41
c(N,q) Y 22Ny o (27 F).
n=0

(3.24)

This inequality is a consequence of the following statement proved in [29,
App. BJ:

Lemma 3.3. Let K be a compact set in RY and let « > 0 and p > 1 be
such that ap < N. Put

1 1
(3.25) o(t) = Ca,p(Z(K NBy)) = Cavp(gK NBi), Vt>0.
Put rp, = 27™. Then, for every v € R and every k € N,
1 k k
B26) 1 > e < [ 00T e 3 o),
¢ m=i+1 Tk m=i+1

where ¢ is a constant depending only on v, q, N.

Actually, in [29] this result was proved in the case o = 2/q, p = ¢/, in RN ~!
assuming 2/(q¢ — 1) < N — 1. However the proof applies to any «a,p such
that ap < N. In particular it applies to the present case, namely, o = 2,
p=¢ with 2¢’ < N.

We proceed to derive (3.24) from the above lemma. Put r,, = 27,
v = —q%l and define ¢ and ¢ by

(3.27) G(rm) = o (rn FL),  p(r,s) := /8 t'ygb(t)% 0<r<s.

By Lemma 3.3,
(3.28)
k k
1 - *
=N g (g B S i) <e Yl Cog(r Fr ),

C
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for every i,k € N, ¢ < k. The constant ¢ depends only on ¢, N, (). Hence
(taking into account that F), = () for m > M + 1)

w(0,7;) == hmgp(r ri) <c Z r) Cog (it FE )

m=1+1

(3.29) v

<CZ7‘7C'2,1 o

Further, by (3.28),

M+1 k—3 M+1

(3.30) n=>3 7‘,%(27”027(1( —1F*)) < 3 2 (g, 1)

Since ¢(+, s) is non-increasing,

M+1

1 . 1
(3.31) Z rEp?(ry_3,1) < c/ 24t l)d? < c/o tod(t, 1) dt.
k=3 TM—2

By (3.29)
1
(3.32) / tpl(t, 1) dt < —c/ 20071 (t, 1)@ (t, 1)dt
0 0
1 M+1
S—c/ Gt 1)dt < cp(0,1) < ¢ ZTVng(_lF*)
0 m=0
Finally (3.30)—(3.32) imply (3.24). In turn, (3.23), (3.24) and (2.3) imply,
(3.33) Iy < ¢(N,q)Wg(0).

Estimate of I. Let o > 0 and {a,} be a sequence of positive numbers.

Then,
5 a0 2 () (S )

Applying this inequality with a,, = Gp[u,](§) we obtain

Iy <c¢(N,q,0 Z /T g0(0,£)277% Z 279G plu,) () dé

k=-1 n=k+2

DD /T 2-7K1g,, (0, €)G p [ua] (€)1

n>1 1<k<n—2
O LEDY / 27D p (),
n>1 1<k<n—2

where, in the last inequality, we used the fact that

95(0,8) < en28N=2 e e T,



hal-00328094, version 3 - 19 Dec 2008

englishOPEN AND FINELY OPEN SETS 17

Choosing 0 = (N — 1)/q we obtain,
(3.35) L<eN,g Y 2200 3 / 27KG p ] (€)1dE .
n>1 1<k<n—2"Tk

Next we estimate the term

(3'36) Jk,n = T GD[:Un](g)nga

in the case 1 < k <n — 2. In view of (3.13) we have

Golin)©) = [ go(€2)dn(z) =220 | (el v (=)

Fy
where

g=2"¢, g(¢,7)=gp(27"¢,27"2).
Observe that, if £ € T}, then & € Tj_,,. Thus

Jem = 27N / (2—"<N—2‘1’> / g(&’,z’)dun<z’>)qd5'.
Ty 2nF,

g(€, 7)) < en2 N ¢l -

(/2% € = 2PN dua(2)) ag'

Since 2’ € 2"F,, C B1(0) while ¢’ € T,_,,, k —n < —2 it follows that [¢/| > 2
and consequently

n

Since
2-N
2|

we obtain

(3.37)  Jem < ¢(N,q)27"V720) /
Tk

—n

/ / 1 /!
_ > = .
¢ =21 = 5l¢
Therefore
/ ( / [ dvn(Z’))qu’ < oy (2VF,) / 1€/~ Na g/
Tkin 2 b kan
27L7k?
< ¢(N, q)C’27q/(2nFn)‘1/ r=Na+N=1g, < o(N, 0)Ca.r (2" F) A(g, N)
2n7k71

where we used the fact that Cy (2" F,) < Cy o(B1) and

2(2—N)q+N if q>qe

A(q,N) = {

In2 if ¢ = q..
Thus, for k>n—2> -2,
Jk,n < C(Nv )2—n(N—2q’) ||Vn||€vf2,q(RN)

q
(3.38) '
= ¢(N,q)2 "N =200y (2" F,).
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By (3.35) and (3.38),
Iy <c(N,q) Y 2"0W=D N grkgmnN=20)y (27 Fy)

n>0 k>n—2
(3.39) < ¢(N,q) Z>jo (22N Cy (27 F)
S )
= ¢(N,q) Z 2010y o (2"F,,) = ¢(N, q)Wg(0).
n>0

FEstimate of Is By (3.21) and the notation (3.36) we have

k42

I < 5qZ/gDos> S Gl ()7 d
(340) k=-—1 n=(k—2)4+
00 k42
< Z 2k(N—2) Z Jkn
k=-1 n=(k—2)+
y (3.37)

Te < Ny 0 [ (] e, o)
To—n ALY %

and, in the present case —2 < n — k < 2. Therefore T}, C B4(0) and
consequently, for (¢/,2’) in the domain of integration of the integral above,

& — "N ~ Ba(€, 7))

where By denotes the Bessel kernel with index 2. Hence,

/T ( /” ¢ = 27N dv(2)) "¢’ <

c(N,q) HVn”gvfz,q(RN) = ¢(N, q)Cg,q/(2"Fn).

Therefore,
00 k+2
I <c¢(N,q) > 28N=20 N om(V=2y (20 F)
k=—1 n=(k—2)+
(3.41) Z FN=2)9=k(N=20) ¢, (2K )

k=-1

) D 2MNC g (2 ) < e(N,q)Wr(0)
k=-1
Combining (3.22) with the inequalities (3.33), (3.39) and (3.41) we obtain

(3.42) Gpl(Go[u))(0) < (N, q)Wr(0).
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Finally, we combine (3.9) with (3.17) and (3.42) and replace u by €eu, € > 0,
to obtain

(3.43) u(0) > (c1(N, q)e — ca(N, q)e))Wg(0).

Choosing € := (c1(N,q)/2¢c2(N,q))"/@~1 we obtain (3.11) with ¢(N,¢q)
C1 (N7 q)6/2

o

4. PROPERTIES OF Up FOR F COMPACT

As before we assume that F' is a compact set. Combining the capacitary
estimates contained in Theorems 2.1, 3.2 and (2.3)we have

(4.1) Up~Wp~Wp inD=RNV\F
In the present section we use this result in order to establish several prop-

erties of the maximal solution.

4.1. The mazimal solution is o-moderate.

Theorem 4.1. Urp = Vg ; consequently Ur is o-moderate.
Proof. By (4.1) there exists a constant ¢ = ¢(N, q) such that
(4.2) Up <cVp.

If the two solutions are not identical we have

(4.3) Ve (z) < Up(x) Vze D.

Let o = 5~ and put v = (1 + )V (z) — aUp. Then aVp (z) < v < Up and
(as 0 < a < 1) aVp (z) is a subsolution of (1.1) in D. As in [24] we find
that v is a supersolution. It follows that there exists a solution w such that
aVp(z) < w < v < Vg (x). But, by the definition of Vi (see (3.4)), it is
easy to see that the smallest solution of (1.1) dominating aVp (z) is Vg (z).
Therefore w = Vg (z). This contradicts (4.3).

By a standard argument, the definition of Vi (z) implies that it is o-
moderate. g

4.2. A continuity property of Up relative to capacity.

Lemma 4.2. There exists a positive constant ¢ depending only on N, q such
that, for every compact set K C Bi(0), there exists an open neighborhood
Ng of K such that

(4.4) Co.¢(Nk) <4C5 ¢ (K) and / Uk dx < cCy g (K).
B1(0)\Nxk

Note. In general [ By (0)\k UK dr may be infinite. Of course, (4.4) is mean-
ingful only if 4C o (K) < Cy o (B1(0)).
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Proof. Let ¢ be the constant in (2.7) with R = 2. Assume that

(45) Co (K) < ai= C g (B1)/8

and pick v1 so that

(4.6) 0<m < Cyyp(K).

By Lemma 2.2 and (2.21) there exists 7 € X (R") such that
174y o, < Coar () +,

(4.7)

/ Ur(1—n)*" da < e(Coy (K) + ).
B2 (0)\K

Fix n and denote,
Koy ={ze€Bi(0):(1-a)<n} Yae(01).
Then K C K(a) and

! —_— _ql q/
C2,q (K(O!)) < (1 Oé) HnHWZ’q’(RN)
. 2C (K
< (1—a) " (Cog (K) +m) < 7(12_"1;)(1,).

Therefore, using (4.5), we obtain
(1 - a)—q’ =2= C2,q’(K(a)) < 402,q’(K) < C2,q’(Bl)/2’
Hence, by (4.7),

@8 [ Ukde< e (Cog(K) +) < (4000 ()
B2(0)\K(a)

where o =1 — 2717, O
4.3. Wiener criterion for blow up of Up.

Theorem 4.3. For every point y € F,

(4.9) lim Up(z) =00 <= Wp(y) = .
Fesx—y

Proof. Without loss of generality we may assume that y = 0 and that F' C
B1(0). In order to justify the second part of this remark we observe that,
for every m € N,

272/ D R(27™x) = Uymp(z) Va € (27F)C,

(4.10) Wr(0) = 22/ @D W,m . (0).
Denote
(4.11) am(z) = Ca,g (2" Fin(x)),  ap () = Co g (27 F, (2))

There exists a constant ¢ = ¢(NN, ¢) such that for every Borel set A C B;(0),
(412) 027(1/(214) < 6027(1/(14).
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Ifz, 6 €cRY, |z — €| <rpp=2""and 0 < k < m then
28 FE(€) = 2M(F N By, (€)) € 28(F N By (2)) = 22" (F N By, (2)).
Hence

(4.13)  al(&) < cal_,(x) for 0 < k < m, Zz%/q Dak (&) < eWi(x).
k=0

As z — £, m — oo and we obtain

(4.14) Wr(€) < e(N,q)lim i?f We(z).

By (4.1), (4.14) implies that (4.9) holds in the direction <.
In order to prove (4.9) in the opposite direction we derive the inequality,

(4.15) liminf Wg(x) < ¢(N,q)Wr(0).

Fesx—0

If W;(0) = oo there is nothing to prove. Therefore we assume that

M©)
W (0 Z 2510y o (2™ FF(0)) < o0.

By Lemma 4.2, with K, = 2mF;;(O), there exists an open neighborhood
G, of K, such that

Co.¢(G,) < 4Cy ¢ (K,yy,) and / Uk,,dz < ¢(N,q)Ca g (Kmm).
Bi1(0)\Gm
Put 7" := [5/8 < |z| < 7/8] and let E,, be a compact subset of 77\ G,
such that
1 1
Co(En) > SCop(T'\ Gon) > SCo (1) 21 (15,

1 / 1-2m ooy
2 502 (T ) =27t WE(0).

Therefore, there exists an integer mg such that, for m > my,

inf Ug,, < |Em|™" / Uk, dx
Enm Em

(4.16) < |Ep| (N, q)O%,y (Km) < ¢(N,q)C%,q (Km)/Co.q (Em)

< 4¢(N, q)Ca,q (B1(0)) ™' Co (Kim) = (N, q)Ca g (o)
Hence, by (4.10),

o Urio = gzl infUx,, <c(N, )22 D Cy 4 (Kom),

which implies, for m > my,

(4.17) (273%@)\ Ups () < ¢(N, q)22 @y o (K) < ¢(N, q)Wi(0).
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Fix j > mg and let £ € (2797") \ F. Denote

Fi = F\By-j+1(0), Epj:= Fjﬂ{x € Bi(0) : o — ¢l < 2_k}’ Ji= [%] .

Since dist (&, F7) > 279/8,

Wgi(§) = Ejj 22K/ =1y (2K By ).
=
For k <j
z€ By = |z| <27F 4277 <ok o8-l < 999k
Thus Ej ; C F]:_g and

(4.18) Wi (€) = EJ: 2?8/ Cy 0 (28 F_9(0)) < e(N, @)W (0)

—00

for every ¢ € (277T") \ F. By (4.17), we can choose & € (277T") \ F such
that

Urz(0) (&) < e(N, q)W5(0).

Hence, by (4.18), bearing in mind that Ux ~ Wy ~ W} for every compact
K we obtain

(4.19) Up(¢) < UF;(O)(ﬁj) + Upi (&) < e(N,q)WE(0) Vi > mo.
This implies (4.15) and completes the proof. O
Corollary 4.4. Define

We(z) = liminf We(y) Vo e RY.

y—z

Then, Wp is L.s.c. in RN and WF ~ Wg. In addition, WF satisfies Har-
nack’s inequality in compact subsets of RN \ F.

Proof. The lower semi-continuity of Wp follows from its definition. The
equivalence Wr ~ Wp follows from (4.14) and (4.15). The last statement

follows from the fact that Up satisfies Harnack’s inequality and Wg ~ Up.
O

4.4. Ur is an almost large solution.

Theorem 4.5. For every compact set F C RN, Up is an almost large
solution.

Proof. In view of Theorem 4.3 it is enough to show that there exists a set
A C F such that

(4.20) Coq(A) =0 and Wp(y) =00 Vye F\A.
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It is known (see [1, Ch. 6]) that every point in F', with the possible exception
of a set Ay of Cy o capacity zero, is a Cy -thick point of F, i.e.,

e -1

(421) AX(y) =3 (22m/(q D0y (5 (y )))q —oco VyeF\A.
0

We show that,

(4.22) AT (y) < ¢(N,q)(Wr(y))F,
Recall that,
Co (Fi(y) < e(N, q)27 2™/ @y (2™ F ()

min(1l,¢q —1) Vg > 1.

=Y
Il

so that
(4.23) A2 (y) < o(N,q) S (Co (27 Fra(y))*
0

In view of the fact that Co (2" Fyi (y)) < Co g(B1), if ¢ > 2, (4.23) implies
(4.22). f1 < g < 2,
= m gk -1
Y (Cog@MEL )T <
0

2m(2—q)

>0 2—q ; & -1
(X)) (2 @ E )
0 0
which again implies (4.22). Clearly (4.21) and (4.22) imply (4.20). O

5. "MAXIMAL SOLUTIONS’ ON ARBITRARY SETS AND UNIQUENESS I

For any Borel set E put
(5.1) T(E) i={p € WS> (RN) : p(E°) =0},
(5.2) Vi :==sup{u, : p € T(E)},
where u,, denotes the solution of (3.3). If C ,(E) = 0 the only measure
e W;Zq(RN ) that is concentrated on F is the measure zero. Therefore in

this case Vg = 0.
By Theorem 4.1,

(5.3) E compact = Vg =Ug.

Therefore the definition of Vg can be seen as an extension, to general sets,
of the notion of 'maximal solution’, previously defined for compact sets.
However, by its definition, Vg dominates only o-moderate solutions in E€,
i.e., solutions of the form limuw,, where {yu,} is an increasing sequence of
measures in W;z’q(RN ) concentrated in E.

At this stage, it is not clear in which sense Vg is a solution of (1.1) in E€,
which, in general, is not an open set. This question will be discussed in the
following sections.
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The Cy 4 fine topology (see [1] for definition and details) plays a central
role in the remaining part of the paper. If A is a set in RY we denote by
A the closure of A in the Cy o fine topology and by int,A the interior of A
relative to this topology.

Recall that a set A C RY is Cy,q-quasi open if, for every e > 0, there
exists an open set G, such that

A C G, 027q/(GE \A) < €.

A set is Oy -quasi closed if its complement is quasi open.
Every Cy y-finely open set is C y/-quasi-open. On the other hand, if £ is
Cy,4-quasi open then (see [1, Section 6.4])

027q/(E \ inth) =0.

This implies that every Cy ,-quasi closed set F' can be written in the form

o0
F=Jr.|Jz
n
where {K,} is an increasing sequence of compact sets and
Cg7q/(F \ Kn) — O, C27q/(Z) =0.
Furthermore, if E is Cy 4-quasi closed then
Coy(E\ E)=0.

In the first two theorems below we describe some basic properties of Vg.
These results are then used in order to establish a rather general uniqueness
result for almost large solutions.

Theorem 5.1. Let F' be a Cy y-quasi closed set. Then

(5.4) - lim Vp(x) =00 for Cyy-a.e. yeF
Sxr—y

and Vg satisfies

1
(5.5) EWF < Vp < cWp,
where ¢ depends only on N,q. Finally, for every x € F€,
5.6 Wr(r) < oo = lim Vg(x)=0.
(56) (=) o V()
ECF

Proof. There exists an increasing sequence of compact sets { K, } such that
K, C F and Cy ¢ (F\ K,) — 0. By Theorem 4.1 Uk, = Vk,, and, obviously,
Vi, < Vp. By Theorem 4.5, (5.4) holds if F' is replaced by K,. Therefore,
by taking the limit as n — oo, we obtain (5.4) in the general case.

If p € T then u, = limu,, where p, = puxg,. Therefore

(57) VF = lim UKn

Since Uk, satisfies estimates (2.5) and (3.6) for every n, it follows that Vg
satisfies (5.5).
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We turn to the proof of the last assertion. Let {E;} be a sequence of
subsets of F' such that Cy 4(E;) — 0. We must show that

(5.8) §ere, limsup Vg (§) >0 = Wg(§) = oo.

By taking a subsequence we may assume that there exists a > 0 such
that Vg, (§) > a for all j. Since VEj () = Vg, (§) and Co ¢ (E;) — 0 implies

027(1/(@)') — 0 we may assume that the sets E; are Cp y-finely closed. By
(5.7) it follows that, for every j, there exists a compact set K; C E; such
that

(5.9) Uk; (&) > a.
By negation, suppose that Wg(£) < co. Then
lim Y~ 2%/, (2TF5(€)) — 0,

J—o0

F; being defined as in (2.1). Pick a positive integer J such that
(5.10) > 2%/, (2F(€)) < a/AC,

where C is the constant in (2.5).

Pick a subsequence of {K;}, say {Kj,}, such that Cy,(Kj,) < €/27,
with € to be determined. The set A := |J{° K, is Cy y-quasi closed and
Coq(A) < 3277 Cog(Kj,) < e Further,

—1
Wa(€) = Z 223'/((1—1)027(1,(2]'14].(5)) < Z 22j/(q—1)02’q,(2j14)

J-1
+ZQ2J/(q Dy (27 A) +ZQ2J/(q D0y g (P F;(€)),

where A;(&) is deﬁned as in (2.1) with F replaced by A. (We used the fact
that A;(§) C A C F.) By (2.28),

—1 -1
> 22Ny (214) < (N, q) Y 20N Ch g (A) < ea(N, g)e.

By (2.29),

J—1
Zz%/q DCy (29 4) < e1(N, g, 222”6*2(, ) < ea(N.q, J)e.

Therefore, choosing € = (a/4C)(ca(N,q) + ca(N,q,J))~! and using (5.10)
we obtain,
Wa(€) <a/2C.

Since V4 satisfies (2.5) we conclude that V4(§) < a/2. As
Uan = Van S VA’
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this contradicts (5.9). O

Theorem 5.2. Let F' be a Cy y-quasi closed set and let {Fy,} be an increas-
ing sequence of compact subsets of F' such that Cy o (F \ F,) — 0. Then

(5.11) VF = lim UFn-

Furthermore, there exists an increasing sequence of mon-negative measures
{pn} € W29RN) such that p,(FS) =0 and uy,,, — Vp in F°.

Finally, for everyy € F,
(5.12) Wr(y) < oo <= liminf Vp(z) < oco.

Fesx—y

Proof. From the definition of Vg it follows that Vp = lim VE,. By Theo-
rem 4.1, Vg, = Up,.

Let £ € D, = F¢ and let {70'}3%, be a sequence in W~29(RY) such that
7 (Dp) = 0 and u.n(§) — U, (§). Note that wy, = max(up,...,un) is a
subsolution of the equation

—Aw +w? = py, == max(r{",...,7,,) in Dp.

Therefore vy, = w,n is the smallest solution in D, dominating wy,. The
sequence {v),}>°_; is increasing, bounded by Up, and v" := lim, o v)), is
a solution of (1.1) in D,, such that v"*(§) = U, (§). The fact that v < Up,
and equals it at a point £ € D,, implies that v = Up,.

Put
(5.13) = "ap A = 27" il =20 gy -
m
Then
(5.14) Ur, = kh_}rgo Uy _(n)-

Finally, if i, := 7 70) then {u,} is increasing and u,,, — V.
The last statement of the theorem is proved exactly as in the case that F
is compact (see Theorem 4.3). O

Theorem 5.3. Let E be a Borel set such that Cy o (E) > 0. Then
(5.15) Vi = Vs

and, if u € W;2’q(RN),

(5.16) u, < Vi <= p®RY\ E)=0.

Furthermore, if E is Cq g -quasi closed, there exvists 7 € W;Zq(RN) such
that T(E°) =0 and

(5.17) VE = khm Ukt
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Proof. We prove (5.15) under the assumption that E is bounded, say, E C
Bpg. For the general case we observe that

lim VEOBR = VE‘

R—o0
Assertion 1: Let T(E) denote the closure of T(E) in W;z’q(BR). If u e
T(E) then u, < Vg.
Let {v,} be a sequence in 7 (F) such that v, — v in W;Zq(BR). Let u, be
the solution of

—Aup, +ul =v, in Bg, u,=0 on Xg.
Then {u,} converges in L9(Bpg) and the limit u is a weak solution of
—Au+u?=v in Bg, u=0 on Xg.

Since u, < Vg it follows that u = u, < Vg.
Assertion 2:
(5.18) veT(E)=veT(E).

Suppose that v € T(E) but v € T ;. Then there exists ¢ € W24 (RY) such
that

(5.19) I6lyar@yy =1, (6.0) >0, () =0 YueTp.

We choose ¢ to be a Uy y-finely continuous representative of its equivalence
class (see [1, Proposition 6.1.2]). Thus the inverse image (by ¢) of every
open interval is quasi-open (see [1, Proposition6.4.10]). It follows that

A :={o: ¢(0) =0} is Cy y-finely closed.
We show that
(5.20) Coq(E\ Ag) = 0.
Put A, = F \ Ap and

AT ={x € A1: ¢(x) >0}, A] ={z € A;: ¢(x) <0}
If (5.20) does not hold then
either Co (AT) >0, or Cyu(A7) > 0.

Each of these sets is C5 -finely open relative to E , i.e., there exist Cy ,-finely
open sets 1,2 such that Q1 N E = Af and Q2 NE = A]. If say,
Coqy(Q1NE) > 0 then Cy o (Q1 NE) >0 (because Cy o (G) ~ Cq o (G) for

any Borel set G C Bpg). Let u € W;2’q(}RN) be a non-trivial measure ,
supported in a compact subset of Q1 N E. Then

(¢, 1) > 0.
This contradicts (5.19) and proves (5.20).
Further (5.20) implies that ¢ = 0 C5 y-a.e. on E which implies (¢,v) =0
in contradiction to (5.19). This proves Assertion 2.
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Combining these assertions we conclude:
(5.21) veT(E) = u, <Vp— Vi = sup{u, : v € T(E)} < Vg.

Since, trivially, Vg < Vi we obtain (5.15).
If E is Uy y-quasi closed then, by Theorem 5.2, there exists an increasing
sequence {i,} in W;Zq(RN) such that y,(E°) =0 and w,, — Vg. Put

(5.22) T = Zamun, ap =277 HMTLHWJ:Z(I(RN) .

Then 7 € W >Y(RN), 7(E€) = 0 and (5.17) holds.
We turn to the proof of (5.16). The implication

p(RY\E) =0 = u, < Vg

is a consequence of (5.15). To prove the implication in the opposite direction
we may assume that E is compact. (This follows from Theorem 5.2.) By
negation, suppose there exists p € W~24(RY) such that u, < Vg but
w(RN \ E) > 0. Tt follows that there exists a compact set K C RN \ F
such that p(K) > 0. Let v, := U, Then v, < nu, because nu, is a
supersolution of the equation —Aw 4+ w? = nuxx. On the other hand, Vg
is the largest solution dominated by nVg, for every n. Therefore

(5.23) v =limv, < Vg.

If A is an open neighborhood of K such that dist (4, E) > 0 then Vg €
L9(A). On the other hand
/ v? = oo.
A\K

Therefore (v — Vg)4 is positive in an open subset of A\ K. This contradicts
(5.23). 0

Theorem 5.4. Let Q be an open bounded set in RN such that Q = U,
where {2, } is an increasing family of open sets satisfying

(5.24) Co.q (2\ Q) — 0.
Put

F, =09, D,=R¥\Q,, Q"=Q\Q,
(5.25) ~ N
F:=0,0=0Q\Q, D:=R"\Q
and assume that
(5.26) Co.y(Fu\ Dp) — 0.

Under these assumptions, V5 is the unique 9y-large solution in Q.

The proof is based on several lemmas.
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Lemma 5.5. Let Q) be a bounded open set such that, with the notation
F:=0Q, D:=RN\Q,

(5.27) Coq (F\ D) =0.

Then V5 is the unique Og-large solution in (.

Proof. Let v be a J,-large solution in €. First we show that

(5.28) Vp <wv in Q.

If 4 € Tp then p = sup{uxx : K C D, K compact} and u, = supu
over compact sets K as above. Therefore it is sufficient to show that

(5.29) uy < v

KX K

for every u € W;Zq(}RN ) supported in a compact set K C D. Since KNQ =

0, u, is uniformly bounded in .
Let

Ay :={y € F: liminfo(z) < oo}.
Qox—y

Note that
04D C 0D C 02 = F,

9,D C 8,(RV \ Q) = 9,Q.
By (5.27) Co,¢(F'\ 04D) = 0; therefore Cy o (F \ 0,82) = 0. Therefore any

Og-large solution in € is an almost large solution in Q. Hence C5 4(A,) = 0.
Let G, be an open neighborhood of A,(F') such that Cy 4 (Ge) < €. Put

Qs ={zeQ:dist(z,F) < 6§}, Q={reQ:dist(z,F) >}

Let Qf be a smooth domain such that Qf C Qf € Qg/z. Put
Geo = GeN () Q).

Then v+ Vg, , is a supersolution of (1.1) in Qf and, if § is sufficiently small,

uy < v+ Vg, ; on 0025.

Thus
u, <v+ Vg, ; in Q.

Since Cy ¢ (G¢) — 0 as € — 0, Theorem 5.1 implies that, for fixed § > 0,
li_r%VGeﬁ =0 in Q5.

Letting 6 — 0 we obtain (5.29) and hence (5.28). Further, by Theorem 5.3,

(5.30) Vs =Vp<wv in Q.
Next we show that the opposite inequality,
(5.31) v<Vp,

is also valid. (A-priori this is not obvious because we do not assume that v
is o-moderate.) N
By (5.27) Cy,¢(D \ D) = 0; hence V5 = V5.
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Let R be sufficiently large so that Q C Bg(0). Then
(i) V< Vbag, + VB, (i) Up < Ubrg, T UBg-

and V5 (resp. Up) is the largest solution in €, dominated by the right
hand side of inequality (i) (resp. (ii)). Since DN B is compact, Vpag, =
UWR‘ The uniqueness of large solutions in smooth domains implies that

Upe, = Uspp, = Vapy = Vb,
Combining these facts we conclude that
U=V =V5.
By definition, v < U in €; hence v < V. U

Lemma 5.6. Let v be a solution of (1.1) in a bounded open set Q. Suppose
that A is a Cy o -finely closed subset of OS) such that

(5.32) limv(z) =00 Vye 0N\ A.
T—Y

If D :=RN\ Q then,

(5.33) V=Vp<v+Va in Q.

Proof. Let u be a measure in W;Zq(RN ) concentrated on a compact set
K C D. Let {O,} be a decreasing sequence of open sets such that

ACO,, Cuyy(0,\A) —0, Q%Eg}l\onv(az) = 00.

Let €2 5 be as in the proof of Lemma 5.5 and let {0, } be a sequence of
positive numbers decreasing to zero. Denote

G":=0,N(Q,\ Qjmn).
As in the proof of Lemma 5.5, we obtain
uy, < Vgn +v in Q5.

Since A C G™ and Cyy(G™ \ A) — 0 it follows that Vign | V4. Letting

n — oo we obtain
u, <Va+w
which in turn implies (5.33). O
Lemma 5.7. Put
Sui =Dy \ Dp,  Spo=(0,D,)A0,(R¥\ ), E,:=F,AF.
Then, under the assumptions of the theorem,

(5.34) (a) 027(1/(5”71) — 0, (b) Cg,q/(Sn,g) — 0, (C) Cg7q/(En) — 0.
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Proof. Since Sy, 1 C Fy, \ D, (a) follows from (5.26).
Since D, C RY\ Q,, it follows that

0y Dy C 9,(RNV\ Q) U8, (D, \ Dy),  8,(RN\ Q) € 9,D,, Udy(Dy, \ D).

But (5.34) (a) implies that Ca, y (94(Dy, \ Dy,)) — 0. Therefore, the previous
relations imply (5.34) (b).
In order to establish (c) we observe that,

F C0y0p,U0,0", 0,8, C O, UF.

It is known that (see [1]) there exists a constant ¢(IV, ¢) such that, for every
Borel set A,

(5.35) O (A) < cCy g (A).

Therefore (5.24) implies that C27qr(5~)") — 0, which in turn implies that
Co,4(0,92™) — 0. We conclude that

(5.36) Cy. g (FAD,Q,) — 0.

Hence, as 0,82, C F,,,

(5.37) Corg (F\ o) < Co.g (F\ 0,2) — 0.
On the other hand,

(5.38) Fo \F C (Fy \ 049) U (0,0, \ F).

Since

0yl 2 0,0, = 9, (RN \ Q).

(5.34) (b) implies
Co.4/(0gDp \ 0482,) — 0.

This fact and assumption (5.26) imply
(5.39) Co.q (F \ 0482,) — 0.
Finally, (5.36), (5.38) and (5.39) imply
(5.40) Coq(Fp \ F)—0.
This together with (5.37) yields (5.34) (c). O

Proof of Theorem 5.4. Let A,, = F, \ F. By (5.34) (b), C3 #(A,) — 0. If v
is a J4-large solution in €2 then v blows up C5  a.e. on F' and consequently
it blows up Cy o a.e. on F, \ A,,. Applying Lemma 5.6 to v in €, we obtain

Vﬁn =Vp, Sv+Vy, in Q,.
Note that
D\ D=0\ 0y = (Q\ Q) U(F\ Q) C(Q\ Q) U(F\ F)

and
DA\ Dy =0\ Q= (2 \ Q) U(F,\ D) C (F, \ ).
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Therefore, (5.24) and (5.34) (c) imply that
(5.41) Co,¢ (DnAD) — 0.
The definition of Vg (see (5.2)) implies
Vp, <Vp+Vp,\p
and, by (5.41) and Theorem 5.1, Vp, \p — 0. Hence

(5.42) Vs — V.
By Theorem 5.1, V4, — 0 in €. Therefore, letting n — oo, we obtain
Vs <wv in Q.

It remains to show that v < VB' As Uﬁn is the maximal solution in €2,
v < Vﬁn = Uﬁn‘
Lemma 5.7, implies that
Vp, —Vp, — 0 in Q.
Indeed, as an immediate consequence of the definition of Vg (see (5.2)),

Vo5, = Vb, VoAb,

By (5.34) (a), Ca4(Dy \ D,,) — 0. Hence, by Theorem 5.1, V5.\p, — 0in
Q,,. It follows that
lim Vﬁn < lim Vf)n'
The limits exist because of monotonicity. Since Vp, < Vp, we obtain,
limVp = lim Vf)n'
Therefore

v < lim Vf)n = Vf).

O

Corollary 5.8. Suppose that Q = U°Q, where {Qn} is a sequence of open
sets such that

(5.43) > Cogr(Qn) < 0.
1

For every n € N, put
Sp=UrQy, D, =RV\S,
and assume that
(5.44) Co.4(3S, \ Dy) — 0.
Then there exists a unique almost large solution in 2.

Remark. 1If y € 0S,, and there exists an open cone Cy, with vertex y, such
that C, C RV \ S, then y € 9,5, Hence if, for every n € N, this condition
is satisfied Cy 4 a.e. on 05, then (5.44) holds. In particular, if {Q,} is a
sequence of balls, (5.44) is satisfied.
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Proof. Let Q, = S% := S, \ 0S,. Then {Q,} is an increasing sequence
of open sets, (5.44) implies (5.26) and (5.43) implies (5.24). Therefore the
corollary is an immediate consequence of Theorem 5.4. O

Ezample. Let {z™} be a sequence of distinct points in B;(0). Let {r,} be
a decreasing sequence of positive numbers such that {B,, (")} is a sequence
of balls contained in B (0) and

Zré\f—w < oo if N > 2¢,

(5.45) ,
Z(l —logr,)'7 < oo if N=2¢.

Then there exists a unique large solution in Q := U°B,, (z").

Indeed Coy(B,) ~ rN=2¢ if N > 2¢' and Oy (B,) ~ log(l — logr) if
N = 2¢' and 0 < r < 1. Therefore the conditions of Corollary 5.8 are
satisfied. B

Note that Q = UB,., (2™), but, in general €2 is much larger. For instance,
if {z™} is a dense sequence in Bj(0) then Q = B1(0). Therefore it is
important that our conditions in Corollary 5.8 require Cy 4(9,€ \ IN?) =0
and not Cy o (082 '\ 15) =0.

6. VERY WEAK SUBSOLUTIONS

In this section F' is a Cy y-finely closed set contained in B(0) and D =
B>(0) \ F. Note that D is a Cy y-finely open set, but not necessarily open
in the Euclidean topology.

We denote by W24 (D) the set {h‘D ch e W24 (RN} If f e W29 (RY)
we denote by supp, ., f (= the Cy y-fine support of f) the intersection of
all O y-finely closed sets E such that f =0 a.e. in RV \ E.

The following subspace of W2’q/(D) serves as a space of test functions in
our study:

6.1)  Wgil(D):={h| : he W’ ®RN)nL®R"), supp, h € D}.

The notation £ € D means: E is ‘strongly contained’ in D, i.e., E is a com-
pact subset of D. Some features of this space are discussed in Appendix A.

The following statement was established in [29] (see Lemma 2.6). (The
framework in [29] is somewhat different, but the proof, with obvious modi-
fications, applies to the present case as well.)

Lemma 6.1. Let D be a bounded Cy g4 -finely open set. Then there exists
an increasing sequence of compact sets {E,} such that

E, C intyE, 41, U E, C D,

6.2
(62) Coy(D\UFE,) = 0, Chy(Ey) — Cay (D).

A sequence of sets {E,,} as above is called a g-exhaustion of D.
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We denote by LZ(Q q,)(D) the space of measurable functions f in D such

that, for every positive ¢ € W(i’g;(D), f € LY(D;¢), ie., |fli¢ € L'(D). We
endow this space with the topology determined by the family of semi-norms

(6.3) U1 agpyy : 6 € Wol(D), & > 0}

This topology will be denoted by 7, . (D).
Further we denote by 9, (D) the space of positive Borel measures p
in D such that

(a) K C D, K compact = p(K) < o0,
(b) E C D, E Borel, Co ¢y (E) =0 = u(E) =
We observe that,

Lemma 6.2. If € M, (D) then:

(i) There exists an increasing sequence {u,} of positive, bounded measures
in W=24(RN) such that pu, (D) =0 and pi, T p.

(ii) Wyd (D) € L'(u).

(6.4)

Proof. (i) This is well known in the case that p is a positive, bounded mea-
sure [6] and it follows from Lemma 6.1 in the case that 4 is a positive measure
iIl me(zyq’) (D).

(ii) If p € W027 ’g; (D), it vanishes outside a compact set K, C D. By defini-
tion, p(K,) < oo. Furthermore ¢ is the limit Cy 4 a.e. of smooth functions;

consequently it is y-measurable. Since ¢ is bounded, it is integrable relative
to w. O

Notation. A sequence {p,} as in Lemma 6.2 (i) will be called a determining
sequence for p.

We introduce below a very weak type of subsolution of (1.2) defined as
follows.

Definition 6.3. Assume that the measure  in (1.2) belongs to M, /(D).
A non-negative measurable function w is a very weak subsolution of (1.2) in

D if, for every non-negative ¢ € Wg’f; (D),

(6.5) ue LY(D;C) where ¢ = ¢,
(6.6) —/[)uACda:+/[)qudx§/[)Cdu.

Remarks. (a) If (6.5) holds for every non-negative ¢ € Woz”g; (D) then
(6.7) uA¢ € LY(D).

This is proved in the next lemma.
(b) Let ¢ € W&’;(D), v > 1. By interpolation, |V¢|? € L7(D) and

©68) (VP2 p) < elas MLD*6]| ) L= 16l -
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where |D?¢| := 2 laj=2 |1 D0).
(c) If ¢ € Wyl (D), 7 > 1 then
6] = (¢%)7 € Wyl (D),
(6.9) V(Ig*") = 2v(¢*) 72V,
A(@*) = 29(2y = DS [VeI* + 29|67 Ag.

The last two formulas are easily verified for ¢ € C°(RY); in the general
case they are obtained by the usual density argument. The fact that |¢|>? €

Wg”g;(D) is a consequence of these formulas and (6.8). (6.9) imply,
(6.10) 16127y, < ALF max(1, L) [l o,

Theorem 6.4. (i) If u is a non-negative measurable function satisfying (6.5)
then uAC € LY(D) .

(ii) If u is a very weak subsolution of (1.1) in D (i.e. u = 0) then, for every
non-negative ¢ € W(i’g;(D),

(6.11) /Du\Ag\da:Jr/DquSc<LHD2¢HmD)>V=

where ¢ := ¢*7, ¢ = ¢(N,q) and L := 1l oo (-

(iii) Let p € W=29(RYN) be a positive bounded measure vanishing outside D.
If u is a non-negative very weak subsolution of (1.2) then

ScLl/(q_l)((HD2¢H ) )1/(q—1)Jr

L9 (D)

1
D2¢HLQ,(D)) /‘1)

HUHLCI(D 19
(6.12)

(LY ] o

Finally, if L < L, u satisfies
||u||Lq(D,¢) S

1 1 1
(N, g, DL (D)7 + lul”

17 (p)

(6.13) D%H% )

£ (p)

/
—2,q

Proof. Let ¢ be a non-negative function in W(i’g;(D). By (6.9), with v = ¢/,
we obtain

ACl < e(@)¢VTM(g),  M(¢) = (Vo] + ¢|Ag|)
and hence, using (6.8),

610 [ wiadaseo ([ uch:v)l/q (f M(qs)q’dx)l/ql,

(6.15) /DM(é)"’dx < c(q. N)L|| D%

qu(D) .

Assuming that u € LI(D, () we obtain uA¢ € L'(D).
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We turn to the proof of (ii) and (iii). We assume that v is a non-negative
very weak subsolution as in Definition 6.3. Put

1/q ) 1/q
A= ([acan) o= ([ r@r7an) L € Ky

By (6.6) and (6.14)
(6.16) Al = / ulldx < / uAldz +/ Cdu < c(q, N)AB + C.
D D D

This implies

Al < éAq + %(cB)q’ +C = A7 < (eB)? + ¢'C < ¢(N,q)max(B?,C).
Thus
(6.17) A < ¢(q,N) (Bl/<q—1> v Cl/q> .
By Poincaré’s inequality

1l o ) < el N) |DZC]]

and therefore, by the same computation as in (6.9),

”C”Wz,q’(D) < c(q,N)( H(b2/(q—l)(v¢)2

Therefore by (6.8) and (6.15),

4 H¢<1+q>/<q—1> D2
L

).
L9

(6.18) 1l ) < Li(L+ L) || D%, -

This estimate and (6.17) imply (6.12). Further, if ¢ = 0, (6.12), (6.14) and
(6.15) imply (6.11).
Now let 1) be a non-negative function in W027 4 (D) and put
2 /
¢:=(1+9)2 —1, (:=¢".
Then ¢ € Wyl (D), ¢ ~ % and
1D%6]|,¢ 1, < N, 0) [ D*W]] g ) L+ 191l oo )-

This inequality and (6.12) imply (6.13).
0

Lemma 6.5. If F' is a Borel set such that Cy y(F) = 0 then the only non-
negative very weak subsolution of (1.1) in D = F€ is the trivial solution.

Remark. A set of capacity zero is Cy y-finely closed by defintion. Therefore
the notion of very weak subsolution in F¢ is well defined in the present case.
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Proof. Since Cq ,(F) = 0, there exists a sequence {n,} in W27 (RY) such
that 0 < n, < 1, [|9nll 2y — O and m, = 1 on a neighborhood of F
(depending on n). Applying (6.11) to w and ¢, = 1 — n,, yields:
/ uquiq,dzr <c HD277an, — 0.
D

19 (p)

Since |[n,|,, — 0 it follows that there exists a subsequence converging to

zero a.e.. Therefore
lim inf / qubiq,dxz / uldz.
D D

This implies that u = 0 a.e. U

7. Co,-STRONG SOLUTIONS IN FINELY OPEN SETS AND UNIQUENESS II

We start with the definition of ’Cy ,-strong’ solutions of (1.2) in a Cy ,-finely
open set or more generally in a Cy ;-quasi open set. We recall that a set £
is Uy y-quasi open if, for every € > 0 there exists an open set O such that
E C O and Cy 4 (0 \ E) < e. Every Cy y-finely open set is C /-quasi open;
if E is Cy y-quasi open then E ~ int,E, (see [1, Chapter 6]).

Definition 7.1. Let D be a C; y-quasi open set, let p € M, (D) be a
non-negative measure and let {u,} be a determining sequence for p (see

Lemma 6.2).
(i) A positive function u € LZ(Q (D) is a Oy g-strong solution of (1.2) in D
if there exists a decreasing sequence of open sets {{2,,}, such that D C Q,

and, for each n, there exists a positive solution u,, € L{_(€,) of the equation

(7.1) — Auy, +ud = pp
such that
(7.2) up —u in L, (D).

We say that {(un, )} is a determining sequence for u in D.

(ii) A Cy y-strong subsolution is defined in the same way as above except
that w,, is only required to be a subsolution of (7.1) in .

(ili) A positive Cy y-strong solution of (1.2) in D is o-moderate if, in addi-
tion, the sequence {u,} is non-decreasing and there exists a sequence {v, }
such that v, € L'(,,) and

(7.3) — AUy =, Up <V, In Qp, n=12....

(iv) If pu is bounded and {||v |1 g, } is bounded we say that u is a moderate
solution.

Remark. 1If D is an open set we may choose €2, = D for every n. There-
fore any non-negative solution of (1.2) in D is a Cy y-strong solution in D.
Furthermore, if u is a o-moderate solution of (1.1) in D in the standard
sense (i.e. the limit of an increasing sequence of moderate solutions) then it
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is a o-moderate Cy y-strong solution in the sense of part (iii) of the above
definition.

Definition 7.2. (a) A Cy g-strong solution v of (1.1) in D is called a 0,-
large solution if
q

(7.4) lim wv(z) =00 Cyq ae. at 0yD.
x—0qD

This condition is understood as follows. There exists a determining sequence
{(vn, )} for v in D such that

(7.5) > Cog(Q\ D) < o0,
1

and, for every M > 0, k € N, there exists an open set @ ps such that

—_——

Uzozkgn \ D C Qk,Ma kh—{20 C2,q’(Qk,M) = 07

(7.6) liminf  v,(z) > M Vo> k.
Z‘—)anery]\{
A 979

Note that 0y D \ Qi ar C 0y, for all n > k.
If F is a quasi closed subset of 9D, the condition
q
(7.7) lim v(z) =00 Cyq ae. at F
is defined in the same way except that the second line in (7.6) reads

liminf ov,(z) > M Vn>k.
r—F\Qr,m

(b) Let v be a non-negative Cj y-strong subsolution of (1.1) in D. The

condition

a
(7.8) xl—i%le(x) =0 Cyy ae. at 9D

is understood as follows. There exists a determining sequence {(v,, §2,)} for
v in D satisfying (7.5) and a family of open sets

{Qre: €>0, ke N}

such that,
(79) U;L.O:k QTL \ D cC Qk,e7 k11—>Hc;lo CZ,q’(Qk,e) = 07
(7.10) limsup wv,(x) <e Vn>k.
x_)anQ\Qk,s
FAS 92

If F is a quasi closed subset of 9D, the condition

q
(7.11) lim v(z) =0 Cyq ae. at F

Tr—
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is defined in the same way except that (7.10) is replaced by

(7.12) limsup v,(z) <e Vn>k.
(E—>F\Qk7€

(c) Let v be a non-negative Cy y-strong solution of (1.1) in D and let u be

a non-negative classical solution in a domain G O D. We say that u % v at
0, D if there exists a determining sequence {(vy,€,)} for v in D satisfying
(7.5) and a family of open sets {Qy e : € > 0, k € N} satisfying (7.9) such
that

(7.13) limsup (u—wvp)(x) <e Vn>k.

$—>an\Qk7€
(EGQTL

If F'is a quasi closed subset of 9D, the condition u % w at F' is defined
in the same way except that (7.13) is replaced by

(7.14) limsup (v —v,)(z) <e Vn >k.
xHF\Qk,e

We present several results concerning Cj ,-strong solutions. The main
ingredients in these proofs are: Theorem 6.4, the results of Section 5 con-
cerning Vg and the results of Appendix A.

Theorem 7.3. For every L > 0, there exist constants ¢ = ¢(N,q) and

c = c(L) such that, for every non-negative measure p € M,y (D) and
every non-negative Cy o -strong solution w of (1.2) in D the following holds:

( ) HUH%Q(D,@ <
7.15 9 / _ )
oV, 0) (18] o0 |D0D7, |+ B Nl D% )
for every ¢ € W(i’g;(D) such that 0 < ¢ < L.
Every Cy o -strong solution u as above satisfies,
(7.16) ul¢ € LY(D), ul(¢py) € LY(D)
(7.17) —/ ulA(p)dx +/ ul(pp)de = / o dp
D D D

for any non-negative ¢, € W(i’g;(D). Finally u satisfies the estimate
(7.18) u<c¢(N,¢)Wp a.e. inD.

Proof. We use the notation of Definition 7.1. If u, is a solution of (1.2) in
Q, and ¢ € WL (D) then

(7.19) /DunA¢dx+/Du$L¢d:E:/D¢dun

Evidently, u,, is, in particular, a very weak subsolution in D; consequently
it satisfies inequality (6.13). By assumption, u, — wu in Lg(z ) hence u
satisfies (6.13).
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Assume that ¢, € W(i’g; (D) and 0 < ¢ < L and the same for 1. Clearly,
(7.17) holds for u,. In addition,

[ wttowidn = [ attonis

/D (60) dpin — /D (60) dp.

Further,
A(py) = ¢AY + pAg +2V¢ - Vi,
so that

/ wnl A(G)|d < / (S| D] + P AS]) dr +2 / |V - Viilde.
D D D

q
£(2,9")

Using again the fact that u,, — v in L

/ (G + BAG) dar — / W(GAG + PAS) d.
D D

In addition,

u . x u 2d) 2 ([ w 2dx)/?
/D V6 Vold s(/D 2 (Vo)?d) </ L (V9)2de)

D

/ un ApAdr + / ul p>de = / &2 dpiy
D D D

1
/un(V¢)2da:§ —/ ¢2dun+/ und|Ag| d.
D 2/p D
By Fatou, this implies,

2 1 2
/Du(V(b) dx < 2/D¢ du+/[)u¢]A¢\ dx.

Now assume temporarily that {u,} is non-decreasing so that u, T u.
Then, by the dominated convergence theorem,

(7.20) /D Un(Vp - Vip)da — /D w(Veé - Vib)da.

The convergence results obtained above and (7.19) imply (7.16) and (7.17).
This in turn implies, by Theorem 6.4, the estimate (7.15).

Discarding the assumption of monotonicity, put v, := max(u,...,uy,).
Then v, is a subsolution of the equation

By (7.19)

so that

—Av+v?=p, in Q,

and there exists a solution @, of this equation which is the smallest among
those dominating v,. Then {7,} is non-decreasing and, by Theorem 6.4,

Sup/ vl dr < 0o
D

n
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for any non-negative ¢ € Wg’f;(D). Therefore w = limv, € LZ(Z ,H(D)
and by the previous part of the proof w is a Cy y-strong solution in D. In

particular
w|Vo||[Vy| € LY(D) ¥o,0 € WiL (D).
Clearly,
un|Vé - V| < wlVe||Vih.

Therefore, once again by the dominated convergence theorem, we obtain
(7.20) which together with the previous convergence results imply (7.15),
(7.16) and (7.17).

Put F,, = Br\ §~2n, F = Bgr\ D. In order to prove the last assertion, we
observe that, in Q,, u, < ¢(N,q)Wg, with constant independent of n. As
{F,} increases, Wg, T Wg everywhere in D. By (7.2) and Lemma A.4, we
can extract a subsequence of {u,} which converges to u a.e. in D. Hence
u < cWpg. O

Theorem 7.4. (i) If F is a Borel set such that Cy o (F) = 0 then the only
non-negative Cy o -strong subsolution of (1.1) in F° is the trivial solution.

(ii) If F is a Cyqy-finely closed set then Vi is a o-moderate Cy 4 -strong
solution in F°.

(i) Let F' be a Coy-finely closed set. If v is a Cyq-strong solution in
D :=RN\ F then v < Vp.

Proof. (i) By definition, a Cy ,-strong solution u in D = R\ F' is the limit of
classical solutions in open sets containing D. In the case that Cy o (F) =0,
any such classical solution is the zero solution. Hence u = 0.

(ii) This is a consequence of Theorem 5.2.

(iii) By Theorem 7.3 :
v < ¢(N,q)Wr < d(N,q)Vp ae. in RV \F.
In addition, for every a > 1,
sup{u : u Cy g-strong solution in F*°, u < aVr} = Vp.
Hence v < Vp. O

Theorem 7.5. Let D be a Cy g -finely open set and let {v;} be a sequence
of non-negative Cy 4 -strong solutions of (1.1) in D converging a.e. in D.
Then v := lim vy, is a Cy o -strong solution in D.

Proof. By Lemma A.4 there exists an increasing sequence of compact sets
{E]} such that UE], C D and Cs (D \ UE]) = 0 and {vy} is uniformly
bounded in L(E]) for every n. Since {vy} converges a.e. it follows that it
converges in L!(E),) for every n. By Theorem 7.4 (iii) Vpe dominates {vy}.

By the dominated convergence theorem, vy — v in the topology 7'5(2 q,)(D).
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By assumption, for each k, vj is a Cy y-strong solution. This means that
there exists a decreasing sequence of open sets {€,,, 1 }7o_;, such that

(7.21) D C Qm,ka lim Cg7q/(Qm’k \ D) =0

and, for each m, there exists a positive solution w, ;; € L{.(Qy, ) of the
equation —Au 4+ u? = 0 in €, j, such that

Uk — Vg iD LZ(M,)(D).

By Lemma A.3 the space Ly, , (D) with the topology 7, , (D) is a metric

space. We denote a metric for this topology by d,, .. For each k let m;, be
sufficiently large so that

Ao,y (Vks Uy k) < 27% and Coq (U e \ D) < 27k,

Denote v}, = Uy, , and Q) = ﬂ;?:lQmj,j. Then {(vy, )} is a determining
sequence for v in D. O

Theorem 7.6. Let F be a Cy y-finely closed set and let {Ay,} be a sequence
of Cy g -finely closed subsets of F'. For eachn, let v, be a Cy 4 -strong solution
in D, =RV \ A,.

If Coy y(An) — 0 then v, — 0 a.e. in RN\ F.

In particular, if )~ Co y(Apn) < 00 and vy, denotes the extension of v, to
RN such that v = co in A, then,

(7.22) vt =0 ae inRY.
Proof. By Theorem 7.4(iii)
vp < e(N,q)Wa, <(N,q)Va, ae. in RV\ A,.

By Theorem 5.1 V4, — 0 a.e. in RV \ F. This proves the first assertion. To
verify the second assertion we apply the first to the sequence {A,}°° , with
F replaced by FF = o An. Note that F' ks Cy,g-finely closed up to a set
of capacity zero. O

Theorem 7.7. Suppose that z is a non-negative Cy o -strong subsolution of
(1.1) in a Cy g -quasi open set D. Then there exists a Cy 4 -strong solution
dominating it.

Proof. Let {(zn,8,)} be a determining sequence for z. Since (zy,)4 is also
a subsolution we may assume that z, > 0. Let Z,, be the smallest solution

in €, which dominates max(z1,---,z2,). Then Z, < Z,11 in Q,41. Fur-
thermore, by Theorem 7.4(iii) Z,, < Vpe in D. Therefore, by Theorem 7.5,
Z =lim Z, is a Cy y-strong solution in D. U

Theorem 7.8. Let Q) be a Cy y-quasi open set. Suppose that there exists a
sequence of open sets {G,} such that

(a) Co,q¢ (GRAQ) — 0,

(7.23) _
(b)  Coy(0Gy \ 8,Gn) — 0.
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If v is a Oy-large solution of (1.1) in Q then v = Vg in Q, D = RN\ Q.
Thus V5 is the unique O4-large solution in ).

Remark. Every Cy o-quasi open set (1 is Cp g-equivalent to the intersection
of a sequence of open sets {O),} such that Cy (O, \ 2) — 0. However, in
the statement of the theorem, we do not require that GG,, contain 2. Instead
we require (7.23) (b).

The proof of the theorem is based on several lemmas. The first collects
several useful formulas:

Lemma 7.9. Let A, E1, Ey be sets in R™Y. Then the following relations hold:
i)  0,4° = 0,4,

R
(i)  0y(E1U Ep) C 0y | )0y,
(i) 0,(E1 N Ep) C 0,E1 | )0, Fo,

(7.24) ,
(IV) 8qE1 C 8qE2 U 8q(E2 \ El) U aq(El \ Eg),
(V) 04100, Es C 9y(Ea\ Ev) | J04(Er \ Ea),
(vi) 9,A C DA, 8,AC 9,A.

Proof. (i),(ii) and (vi) follow immediately from the definition of boundary.
(iii) follows from (i), (ii) and the relation

(E1 N Ey)¢ = (EfUES).

By (ii),

0,1 C 04(Ey N Ey) | J9q(Er \ Ey).
By (i) and (iii), the relation,

EiNEy=FEyN(Ey\ Ep)S,

implies that

04(Ey N Ey) C 03By |_J9q(Ea \ Ev).
These relations imply (iv) which in turn implies (v). O
Notation. Let {A,} and {B,,} be two sequences of sets.
(a) The notation A, e By, means that Cy (A, \ By) — 0.
(b) The notation A,, ' B, means that Cy ,(A,AB,,) — 0.

Lemma 7.10. Under the assumptions of the theorem,

(7.25) 8,Gn % 9,G,, "8G, G, G,
(7.26) 9,Gr ' 9,0
and

(7.27) Co. g (GrAQ) — 0.
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In addition

(7.28) 9, 2 9,9.

Proof. By (7.23)(b) and Lemma 7.9 (vi) we have
0,Gn C 0Gy, ‘& 0,G C 0,G.

This proves (7.25).
Condition (7.23) (a) implies that

(7.29) Coq(04(Cn\ Q) = 0, Cogr(0,(2\ ) — 0.

This fact and Lemma 7.9 (v) imply (7.26).
Next observe that,

Gu\QC (G \ Q) U (8,Gn \ 8,2), Q\ G C (Q\Gn)U 0,2\ 0,Gn).
Therefore (7.23)(a) and (7.26) imply
(7.30) Co. g (GnAQ) — 0.

This fact and (7.25) imply (7.27).
By (7.24) and (7.30),

(7.31) Co.q(0,Gn A9, Q) — 0.

This fact together with (7.25) and (7.26) imply (7.28).
(]

Lemma 7.11. Let G be an open set and @ be a Cy o -quasi open set. Assume
that Co,y (0G\ 0,G) = 0. Let v be a Cy g -strong solution in G' = G\ Q and
let u be a (classical) solution of (1.1) in a domain Gq such that G C Gjy.
Suppose that u,v are non-negative and

(7.32) w<v at Fi=09,G\Q.
Then
(7.33) u<v+Vg in G

Proof. Let € be a positive number. Condition (7.32) means that there exists
a determining sequence {(vy,, Q,)} for the Cy y-strong solution v in G’ and a
family of open sets {Qy .} satisfying (7.5), (7.9) and (7.14) (with D replaced
by G’). We may and shall assume that Q,, C G, that {,} is decreasing
and that, for every € > 0, {Q }7, is decreasing.

In the next part of the proof we keep € fixed. If K is a compact subset of
F'\ Qne then (7.14) implies that there exists an open neighborhood of K,
say O, such that

u—v, <e in O NQ,.
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Therefore there exists an increasing sequence of compact sets {K,, } and a
sequence of open sets {Oy, (} such that

(734) Kn,e C F \ Qn,& O2,q’(F \ Kn,f) - 0’
(7.35) KpeCOpe, u—vy<e in Oy NQy,.
Let {Oy, .} be a decreasing family of open sets such that

(0G\ 8,G) U (F\ Kn)UQ C O],
C2,q’(O;L,e) - CZ,q’(Q)v 030:10;,6 ~ é
Then E, ¢ := Op U O;L’e is an open neighborhood of G and
G\ En.CG CQ,.
Consequently there exist smooth domains (2, . such that
{x € Qp: dist (2,00,) > 27"} C Qe T e €Ty e C By

The function wy,  := (v — v, — €)4 is a classical subsolution in ,, and it
vanishes in ©, N Oy . Put Sy, ¢ = 0, \ Op c and

) Wne in Qn,e \ Sn,e
Zn,e 1=

(7.36)

0 in RV \ ng.

Then z, ¢ is a (classical) subsolution in RN \Sp.e. Since v, — vin Lg(z q,)(G’ ),

it follows that there exists a subsequence (still denoted {v,}) such that
v, — v a.e. in G'. Therefore {z, .} converges a.e. in D := R\ Q to the

function
(u—v—€)4 nG
Ze 1=
0 in RV \ G.
In addition

SUp  Zp,e < supu < 00.
RN\ Sy e G

Note that D ¢ RV Sh.e for all n. Therefore, by the dominated convergence

theorem, z, . — 2 in Lg(z ) (D); consequently z is a Cy -strong subsolution

in D. In fact {(2n¢, R \ Sp.)} is a determining sequence for z. in D.
By Theorem 7.7, there exists a Cj y-strong solution Z, in D such that
2¢e < Ze. By Theorem 7.4 (iii), Z. < V@ in D. Thus z < V@ and so

u—v—e<Vgin G Letting e — 0 we obtain (7.33). O
Corollary 7.12. Let G,Q,G’ and u,v be as in the statement of the lemma.
If

q
(7.37) liamG/v(x) =00 Oy a.e. at 9,G
then (7.33) holds.
Proof. Since u is bounded in G, (7.37) implies (7.32). Therefore the previous
lemma implies (7.33). O
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Proof of Theorem 7.8. Let K be a compact subset of D = RV \ Q and let
u e W‘2’q(]RN ) be a non-negative measure supported in K. We prove that

(7.38) uy, <v in Q
As p(Q) = 0, (7.27) implies
(7.39) fin 3= BXa, = BXGaa — 0.

If v is a bounded measure such that v(G,) = 0 and O, is a sequence of
open neighborhoods of G,, such that NkOn i = G, then
v(Oni \ Gn) — 0 as k — oo.

Applying this observation to v = u — p, and using (7.39) we conclude that,
for every n € N, there exists a non-negative measure p,, such that

(7.40) fin < 1y SUPPpn NG =0, (1 — pin)(RY) — 0.

As K,, 1= supp i, is a compact set disjoint from G,, it follows that w,, is a
bounded solution of (1.1) in a neighborhood of Ghn.
Let @y := G \ Q. By (7.27) C24(Qn) — 0 and therefore

(7.41) Coq(Qn) — 0.

Applying Corollary 7.12 to G, Q,, with u = u,,, and w = v we obtain
(7.42) Up, v+ Vg In G\ Qn.

By (7.40) w,, — wu, and, by (7.41), Vg, — 0. Therefore, in view of
(7.23) (a),

(7.43) Uy < Co,q a.e. in ).

This holds for every non-negative measure p € W~29(R") supported in a
compact subset of D. Therefore

(7.44) V=Vp<w Cy,q a.e. in Q.

On the other hand, by Theorem 7.4 (iii), v < Vgn\q. But (7.28) implies
that
R¥\Q=DuUd0 <L DUIQ.

As 0,D = 9,9 it follows that RY \ @ £ D. Thus V5 = Vg, and finally
v="V5.

O
Ezxample. Let {z™} be a sequence of distinct points in By(0). Let {r,}
be a decreasing sequence of positive numbers such that (5.45) holds and
B, (z™) C B1(0). Put

Q, = B1(0) \ U'B,, (z").
Then there exists a unique large solution in

Q :=N°Q, = B1(0) \ U°B,, (z).
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/
APPENDIX A. ON THE SPACE Wg’;’o

We establish some features of the space VVO2 ’g(; which show that it is suffi-
ciently rich in order to serve as a space of test functions in Cy ,-finely open
sets. These are used mainly in Section 7.

Lemma A.1l. Suppose that D a Co 4 finely open set and K is a bounded
Cy g -finely closed subset of D. Then, for every a > 0, there exists ¢, €

W24 (RN such that :
(A 1) (Z) 0< gba < 1) (”) Supp(z,q’)¢a <€ D,
’ (i1i) Chrg({r € K: ¢q(x) < 1}) < a.

Proof. Let 0 < (14 27) < a. Let K’ be a compact set and D’ be an open
set such that,

K'cK, DcD', Cyy(K\K')<e, Cop(D'\D)<e.

Let ¢ be a smooth function with compact support in D’ such that 0 < ¢ < 1
and ¢ = 1 on a neighborhood of K’. Let {A,,} be a decreasing sequence of

open neighborhoods of D'\ D such that
Coq(An) = Co (D' \ D).
Further, let {n,} be a sequence of functions in W24 (RY) such that
0< N 70 >1Coq ae in Ay, |0 = Oy (An).

w2d ®N)
(See [1, Thm.2.3.10] for the existence of such functions.)
Let « € (0,1) and put E,, = {z € D : n,(z) > 1 — a}. Then
(1= @)™ [ally o v, > o (Bn)
so that
lim sup Cy g/ (En) < Cagr(An)/(1 = )7 < ¢/(1 - a)?.
Let h be a monotone, smooth cutoff function such that
if ¢ 4
nit) = 4" it <af
h(t)=t ift>«a/2.
Then ¢, :=ho (¢ —n,) € W24 (RN) and
¢n>aon K| :=K'\E, ¢,=0Cy, ae inA,.
Thus, choosing a = 1/2,

{ ¢n/a>1on Ky, suppg . ¢n C (suppo) \ A, € D,

(A-2) limsup Cs, (K \ K}) < e(1+ (1 —a)™).

By applying (to ¢, /) another smooth cutoff function which approximates
min(+, 1), we obtain a sequence of functions which, for n sufficiently large,
satisfy the statement of the lemma. O



hal-00328094, version 3 - 19 Dec 2008

48 englishMOSHE MARCUS AND LAURENT VERON

Corollary A.2. Let D be a bounded Cy o -finely open set and let {E,} be a
q-ezhaustion of D (see Lemma 6.1). Then there exists a sequence {p,} in
W24 (RN such that :

(1) 0 <pp <1, (i) SUPD(s,,/)Pn € Enta,

(4.3) (ii1) Z Coqy(En\ [pn =1]) < o0, (i) {pn} is non-decreasing.
n=1

In particular ¢, 11 Co g a.e. in D.

Proof. We construct ¢,, as in Lemma A.1 with K and D replaced by E,
and intgEp11, a = 27" and a = 1/2. Then we put @, := Y 7 ¢, and finally
apply to 29, a smooth cutoff function which approximates min(-, 1). O

Lemma A.3. Let D be a Cy o -finely open set and let T, (D) be the topol-
ogy in LZ@,q/)(D) defined by the family of seminorms (6.3). Then T, (D)
18 a metric topology.

Proof. Tt is sufficient to show that the space is separable. For each fixed ¢ €
Wg’f;(D), the space L1(D; ¢) is separable. Let {¢,} be as in Corollary A.2.
Then, for every f € LY (D),

£(2,9'

/ (1~ p)d — 0 V) € WL (D).
D

Therefore, if {hy ., }72, is a dense set in LI(D;pp,) then
{Rgm © k,m € N}

is a dense set in LY, (D). O

02,q")
Lemma A.4. Assume that I is a Co y-finely closed set and F' C Bg/5(0).

Put D = Br(0) \ F. Let {E,} be a q-exhaustion of D. Then there ezists a
q-exhaustion {E!} such that

(A.4) E, CEn, Coy(En\Ey) — 0,

for which the following statement holds:
The set of non-negative very weak subsolutions of (1.1) in D is uniformly
bounded in L1(E}) for every n € N.

Proof. Let {¢,} be as in Corollary A.2 and let A,, ; be an open neighborhood
of E, \ [pn = 1] such that

Cog(Ang) < (14+27MCop (Ex\[pn = 1]);  Apgy1 C Apgp Yk >n,n €N

Put E, = E,\U2 A, . Then {E] } is a g-exhaustion of D and (A.4) holds.
Furthermore, ¢, = 1 on E!. Hence, by Theorem 6.4, every non-negative
very weak subsolution u of (1.1) in D satisfies

J

W dy < / w2 dz < c(g, N) || D¥gu||”,
7,1 I LY (D)
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Lemma A.5. Let K be a bounded Cy o -finely closed subset of D. Then, for
every € > 0, there exists a compact set K. C K such that

O2,q’(K \ Ke) <e [f€ Lq(KE) Vfe Ll )(D)

£(2,9'

Proof. This is an immediate consequence of Lemma A.1. O

APPENDIX B. OPEN PROBLEMS

There are many interesting problems related to possible extensions of the
theory of solutions in finely open sets, presented in Section 7. We do not
describe here problems of this nature, but only problems directly related to
results presented in the present paper.

In order to formulate the first problem, it is convenient to introduce an
additional definition.

Definition B.1. Let u be a non-negative measurable function in a Cy ,-finely
open set D and let € M, /(D) be a non-negative measure. We say that
u is a Cy g-weak solution of (1.2) in Q if u satisfies (7.16) and (7.17).

Problem I. We know that if u is a Cy 4-strong solution then it is also a
Cy,g-weak solution, (see Theorem 7.3). Does the opposite implication hold:
is it true that every Cy g-weak solution of (1.2) is a Cy y-strong solution?

Problem II. This problem is related to Theorem 7.5. The question is if
the following related assertion is valid:

Let D be a Cy 4 -finely open set and let {v} be a sequence of non-negative
Cy,q-strong solutions of (1.1) in D. Then there exists a subsequence {vg,},
converging in LZ(Z (D).

We observe that if such a subsequence exists then one can extract a further
subsequence which converges a.e. in D and, by Theorem 7.5, its limit is a

Cy y-strong solution in D.

The next problem is related to the uniqueness result Lemma 5.5. It is
known that in the subcritical case condition (5.27) is necessary in order to
guarantee uniqueness of large solutions. (In the subcritical case the notion of
'large solution’ and ’d,-large solution’ coincide.) The situation is essentially
different with respect to J,-large solutions in the supercritical case. In fact
it is likely that condition (5.27) is not necessary in this case.

Problem III. Let Q be a bounded open set and put F := RN\ Q. We know
that Vg is an almost large solution and, a-fortiori, a Oy-large solution in Q.
Question: Is Vi the unique Oy-large solution in 27
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