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Conditions for the Simultaneous Stabilizability of a Segment of Systems

Christophe FONTE

Abstract— This paper examines conditions for the simultane- In this paper, necessary and sufficient conditions will be
ous stabilizability of a segment of linear systems. It is proved given for simultaneously stabilizing the segment of systems
that conditions on the negative real axis of the Nyquist plot (1) when there exist a simultaneous compensét) for

to ensure the Hurwitzness of the corresponding Diophantine . . o
equation are equivalent to some criteria of positive semidefinite the two endpoints of this segment. These conditions depend

matrix and of sums of squares of polynomials. Finally, these ©Only of Go(s), G1(s) andC(s).
results yield to a tractable method to test the simultaneous

stabilizability of uncertain segments of systems when it may be Il. PROBLEM FORMULATION
given a simultaneous compensator for the two endpoints of this . . .
segment. First of all, let us give some notations.

1) R*_;0; denotes the set of strictly positive reals be-
longing to the interval0, oo].
I. INTRODUCTION 2) C_ denotes the open left half complex plaBe

This paper regards the questions of the simultaneou?ThetprOblgm of the §|muIan§ops sltablllzatlgn ?faf?r?né/
stabilizability of a family of single input single output_0 systemsG(s) as described in (1) may be translate

systems (s) which are assumed to be linear, time invarian{™© the following way: Does there exist a compensator

represented by a segment of uncertain systems as herea@?s) stabilizing all the syitemf belonging FO the family
A(s) whatever)\ € [0,1] ?” or "do there exist two real
~ Nia(s) (1= X)Ni(s) + ANo(s)

yelol polynomials X (s) and Y(s), (Y(s) # 0) such that the
" Dx(s) (1 —=A)Di(s) + ADy(s)’ €[0,1] closed-loop segment of systerf¥s (s) (1 +C(S)G,\(s))_1
(1) hasallits polesirC_,V X € [0,1]?” What means examining
with N,(s) and D, (s) defined as two line segments of realthe existence conditions of two polynomialg(s) and Y (s)
polynomials of constant degree amdi (s), No(s), D1(s), solutions of the following Diophantine equation
Dy(s) are real polynomials . This family of systems (1) may
be viewed as a continuum of transfer functions described by ~* € [0 Ax(8) = X(s)Na(s) + Y (s) Dr(s) @)
the two distinct transfer functionS,(s) andG1(s) given by where A, (s) is an Hurwitz polynomial segment of constant
A =1 and\ = 0 respectively. degree for all\ € [0, 1], i.e. all the polynomials belonging to
The objective of this paper is to present some solutions tis segment (2) are Hurwitz. H,(s) is not of same degree
the basic control problem:For a whole segment of systemsfor all X € [0, 1] then this loss of degree also implies loss of
given by (1), is there one single controll€f(s)?". In this  bounded-input bounded-output stability. The relationship (2)
paper, simultaneous stabilizability existence conditions for i@ rewritten like the following one
segment of sy;tems such that (_1) will be given. Ne01], Ar (5) = (1= A)X(s)Ni(s)+ ¥ () D (s))+
One can notice that this family of uncertain systems has X (X(s)No(s) + Y (s)Do(s))
attracted the attention of many researchers worried by the 3
problem of strong stabilization, see [6], [8]. These authors

. o .~ To examine the existence conditions of the solutiai(s)
have stated existence conditions of stable regulators bein o . :
- : : -andY (s) of (3), it is equivalent to check that there exists a
able to stabilize each members belonging to this famil

. . " MY ompensatoC(s) for the system (1) such that the roots of
(1). That does not imply existence conditions of a Smgl.?he ppolynomialg43(s) are aII%n(C_ fér)any)\ € [0, 1]. Hence

controller that stabilizes the whole set of systems. Thlﬁ]e problem of the Hurwitzness of the uncertain polynomial

problem is more complex. The question of the simultaneoujk(s) requires the existence of two Hurwitz polynomials

stabilization of a segment of systems given by (1) was : . .
initially tackled by [9], [10] and [1] but no tractable and ég(z)egg?tﬁrl(s) given by (5) that must verify the equality

complete conditions to check the simultaneous stabilizabilit
of such systems have been given. To study in a satisfactory \ € [0, 1], Ax(s) = (1= X)A1(s) + Mo(s) (4)
way this question, it is useful to consider the works in the

area of the simultaneous control as well as those formulatg\ﬂqere

in the topic of the polynomial control of uncertain systems, { Ap(s) = X (s)No(s) + Y (s)Do(s) ®)
see [2], [12], [5], [7], [11]. Ai(s) = X(s)N1(s) + Y (s)D1(s)
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In this presentation, we assume that there exist a simul- Theorem 2:Let Ay(s) and A;(s) be two Hurwitz polyno-
taneous compensatd@¥(s) for the two systemsZ(s) and Mials of same degree and of same sign and let us assume
G (s) verifying the relations (5). We shall study the condi-that there are strictly positive real zeras; such as
tions for that this compensator stabilizes alsp simultaneously A5 (wi) A (wi) — A§(jw:) AS (jwi) = 0 (11)
the whole segment of systems (1). Algebraic necessary and
sufficient conditions will be given so that the Diophantine Then, the polynomial segment,(s) defined by (3) is
equation (2) is Hurwitz when the two endpoints of thidiurwitz if and only if the scalarsy; verify the constraint

: : (12a) or the constraint (12b).
polynomial segmentd,(s) and A;(s) are Hurwitz and of
same sign and of same degree. AG(jwi) AL (jw;i) > 0 (12a)
lIl. HURWITZNESS OF THE SEGMENTA, (s) A3 (jwi g > 0 (12b)

Before developing the main results, let us recall theln the case where there exists none strictly positive real
following theorem. zerow; such that (11) holds, the segmefi (s) is Hurwitz.

Theorem 1:[4], Let us consider the polynomial segment
Ax(s) given by (3) with the two Hurwitz polynomial(s)  Proof: Let us assume Theorem 1 checked. Thus, we can
and A;(s) of same degree and of same sign. Then, thewrite the relation (7) by considering (9) as it follows
segmentd,, (s) is Hurwitz and of constant degree if and onlyv € [0, 1] and Yw € Rt _,

if the rational function‘gé—gg does not cut the negative real o e
axis of the Nyquist plot. Al(].“’) +=7.w Al(ﬂ.w) A
This condition is a direct consequence of the "Boundary Af(jw) + jw Ag(jw) (I-2X)

Crossmg Theorem”, see [4] which reduces here the Hur- That is equivalent to say that for alle [0, 1] and for all
witzness of A,(s) to the study on the complex plane of , o R*_ 0}, We have

the frequency domain image of this segment. For explaining

this result, it is necessary to recall that by hypothesis theAi(jw) 4+ jwAS (jw))(A§(jw) — jwA(jw)) 4 A (13)
segmentA,(s) is assumed to be of constant degree. I{A§(jw) + jwAf(jw))(A§(jw) — jwAg(jw)) (1=
these conditions, the parametric continuity of the space of ~

polynomial family when A moves in a continuous way siogswe denote byx(jw) andd(jw) the following expres-
implies also the continuity of the space of the family of zeros.

Then the Hurwitzness of the polynomid) (s) is guaranteed,

Af (jw) A§(jw) +w* AT (jw)A§(jw)

see [3], if and only if firstly one polynomial of this family is xGw) = A§(jw)A§(jw) + w? A§(jw)A§(jw) 14)
stable and secondly for anye [0, 1], the polynomial family A€ (i) A9 (7 0/ N ress
. . ~ . _ 6(Jw)AT(jw) — AG(jw)Ai(jw)

Ax(s) does not have zeros oz the |mag|n'ary axis. (jw) = AL Gu) AL (w) + w? A9 (jw) Ag(jw)

vAE[0, 1] and Yw € R™ (o}, Ax(jw) #0,  (6) Hence, we can rewrite the relationship (13) for Al
or [0,1] and for allw € RT_;4y as

VA€o0, 1], Yw € RT i, — # — () . e A
o O FoGuw) T TN RGw) + w0 3(w) # ~ 255 (1s)

Consequently if the condition (7) is checked, the rational
function g;g; cannot cut the negative real axis of the Nyquist The existence conditions given by the inequality (15) may
plot and all the zeros of the polynomial family, (s) are in  be decomposed as the two following cases

C_. After these recalls, let us rewrite (7) in another manner. 1) |f for all w e R* (0, g(jw) # 0, then (15) holds.

For that, let us consider the following relationships 2) If there existsw € R* _ (g, such thath(jw) = 0 and
Ao(s) = AF""(s) + AG"(s) R(jw) > 0, then (15) holds.

_ even odd (8)
Ai(s) = AT (s) + AT(s) The first case is obvious. Let us study the second case.
such that For that, we can observe that to check the inequality (15)
A§Pe™(s) = ao,0 + ao,2 82 + ... + a0,2; 8% is equivalent to find the positive real zeros of §(jw) and

A§™ (s) = a0 s+ aos s° +aos s° + ...+ ao2ir1 7T to check if these zeros yield t9(jw;) > 0. Equivalently,

A5 (s) = a0+ a12 8° + o+ a1,2i 87 _ the real part of the unitjl(i?:“’; in the Nyquist plot must be
A (s) =a1q s+ a1z s +ais 8° 4 o+ ar,2i41 85 . . o(jw) . ’ T4
strictly positive when the imaginary part of this unit is null.

Considers = jw. Then, we have Let us denote bRy, the set of strictly positive real zeras
Ag(jw) = A§(jw) + jwAf (jw) ©) of 6(jw). The equalitys(jw;) = 0 may be written like one
A1 (jw) = A1 (jw) + jwAT (jw) of the two following relations (16) or (17).
with 1) If there is w; € 20 such thatA§(jw;) # 0 and
SZZ”(J'“’) = A§(jw) A§(jw;) # 0, then we have
A" (jw) = jwAG(jw) 1 o o -
e Guw) =" A5 (ju) (10 A3(jwi) _ AQ(jwi) (16)
AT (Jw) = jwAi(jw) Af(jwi)  A§(jw:)
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2) If there isw; € 20 such thatA¢(jw;) # 0 and
Ag(jw;) # 0, then we have
A5 (jws) _ Ag(jws)
Af(jwi)  AG(jwi)
Note that the cased§(jw;) = 0 and Aj(jw;) = 0 or
A§(jw;) = 0 and A9(jw;) = 0 are not possible thus if
A§(jw;) = 0 and A5 (jw;) = 0 then AS(jw;) and A (jw;)
have the same root. In the same wayAff(jw;) = 0 and
AS(jw;) = 0 then Af(jw;) and A¢(jw;) have the same
root. In these conditions, the polynomial (s) and A;(s)
do not satisfy the Hermite-Biehler Theorem, see [14]

17)

Consequently these polynomials are not Hurwitz. That is i
contradiction with the starting assumption.

For examining the two cases (16) and (17) in regard t
the conditionx(jw;) > 0, let us translate the condition
X(jw;) > 0 into the two possible factorizations as listed
hereafter.

1) Let us consider the case where therevjse 25 such
that AS(jw;) # 0 and A$(jw;) # 0. Thenx(jw;) will be
strictly positive if we have
(4 el el A(())(] )Ag(]wz)
0w = i i0m (14wt GRS )~

IV. ASEMI-DEFINITE POSITIVE TEST

In the previous section, we have showed that to ensure
the stability of the segment,(s), it is necessary and
sufficient to check that the two Hurwitz polynomialk(s)
and A;(s) verify Theorem 2. In this part, an equivalent
formulation based on matrix decompositions of (12a) and
(12b) is presented. Then, a test to check the semi-positivity
of these polynomial forms will be introduced .

Let us consider the two polynomiald,(s) and A;(s)
as seen in (5) and let us compute the polynomiglgw),

it (jw), No(jw), Do(jw), N1(jw), D1(jw) similarly than

(8) and (9) with the odd and even parts given Ky (jw),
Xo(jw), Ye(jw), Y(jw), Ng(jw), N§(jw), D§(jw),
®3(jw), N (jw), Nf(jw), D5 (jw), Df(jw). Then in ac-
cordance with (10), the relationships (9) are rewritten as

Ao(jw) = AG(jw) + jwAG(jw) =
(X*(jw) + jwX®(jw)) (NG (jw) + jwNG (jw)) +
(Ye(jw) + jwY* (jw)) (DG (jw) + jwDg (jw))

A1 (jw) = AT (jw) + jwAT (jw) =
(X°(Jw) + jwX®(jw)) (Ni (jw) + jwNT (jw)) +
(Y*(jw) + jwY *(jw)) (Di(jw) + jwD7 (jw))

1 with
0

(Aﬁ(jwvz)AS(jwvz) +w?A8(jwi)A8(jwvz)> g Aj(jw) :Ni)(j(w)?)f;(j(w);wQNg(J(w)) (J( ))
Lo . - +D§(jw)Y* (jw) — w?D§ w

w‘Aethge following inequalities are always satisfied for any A5(jw)= Ng(jio) X°(jw) + Ng(juw) X*(jw)

i €4, +DG(jw)Y () + DS (w)Y (jw) o0
(1 +w2A8<jwi)A8(jwi)) - Aiiw)= NGuIXs(w) - wiT G >))<;u(w>)
i pels el +D$(jw)Y*°(jw) — w?
| it Ag(jw)= N§ (ju)X°(w) + N2 (juw) X* (ju)
+D1(jw)Y*(jw) + DT (jw)Y* (jw)

- - - - >0

(AS(Jwi)AS(Jwi) + w?AS(JU/i)AS(Jwi))

the following relationship (18) must be only checked
AG(jw;) AT (jwi) > 0 (18)

2) Now, we consider the case where thereuis € 20
such thatAg(jw;) # 0 and AS(jw;) # 0. The relationship
X(jw;) > 0 can be rewritten in the equivalent form

oy . . Af(jw;) A§ (Jwi)
w; :AO ’LUiAO w; wf+¥
Q) = A5G A7 o) (w? + GHTEERT
1
( e(s e(s 2 o4 o, >>0
A§(Jwi) A§(Jwi) + wi A (jwq) Af (jwi)
As the following inequalities are satisfied for any € 207,
Af (Jw;) A§ (jwi)
( A (jwi) Ag(jw:)

1
- - - - >0
(AS(Jwi)AS(Jwi) + w?AS(Jwi)AS(Jwi))
the following relationship must be only checked
Af(Jw;) AT (jw;) > 0 (29)

To conclude this proof, let us remark that if thereuise
20 such thatA§(jw;) # 0, Af(jw;) # 0, A§(jw;) # 0 and

Let us examine the positive real zeras of S(jw) by
using relations (20), in order to formulate the signs of the
expressionsA§ (jw; ) AS (jw;) and A3(jw;)AS (jw;).

A. Study of the positive real zeros afjw)

Let us assume that there exists a simultaneous controller
C(s) for the two plantsGy(s) and G1(s) such as the two
Hurwitz polynomialsAq(s) and A; (s) given by (5) have the
same degree and verif§y(0) A1 (0) > 0. To find the positive
real zeros o (jw), we write

JweR"Y_yo; suchas

A5 (jw) A7 (jw) — AG(jw) AT (jw) = 0 (21)

By considering (20), relation (21) may be decomposed
into two parts:A§(jw)AJ(jw) and AJ(jw) A (jw).
AG(Jw) AT (Jw) =
NG (jw) X (Gw) Ny (jw) X ° (jw) + Ng (jw) X (jw) Ny (jw) X© (jw)
+Ng (jw) X° (jw) D5 (jw)Y® (jw) + No (jw) X (jw) Dy (jw) Y * (jw)

—w? (N (jw) X ° (jw) N§ (jw) X (jw) + Ng (jw) X ° (jw) Ny (jw) X * (jw)
+Ng (jw) X (jw) DY (jw)Y°(jw) + NG (jw) X (jw) Dy (jw)Y ¢ (jw))

A9(jw;) # 0, it suffices to consider one of the two relations—+ Dy (jw)Y® (jw) Nt (jw) X (jw) + Di (jw)Y® (jw)N{ (juw) X* (juw)

(16) or (17), i.e. to test that the no null real zerg verifies
one of the two inequalities (18) or (19). |

+Do(Jw)Y (Jw) DT (jw)Y° (jw) + D (jw)Y © (jw) D7 (jw)Y © (jw)
w? (DY (jw)Y ° (jw) Ny (jw) X° (jw) + D§ (jw)Y° (jw) Ny (jw) X (jw)
+D8(jw)Yc(jw)DT(jw)Y°(jw) + Dg (jw)Y? (jw) D7 (jw)Y * (jw))
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AG(jw) AT (jw) =

N§ (jw) X ° (jw) Ni (jw) X © (jw) — w? N§ (jw) X (jw) Ny (jw) X ° (jw)
+NG (jw) X ° (jw) D (jw)Y © (jw) — w? Ng (jw) X ° (jw) DY (jw)Y ° (jw)
N (jw) X € (jw) Ni (jw) X ¢ (jw) — w? NG (jw) X ¢ (jw) NY (jw) X ° (jw)
+NG (jw) X (jw) DS (jw) Y (jw) — w? NG (jw) X ¢ (jw) D (jw)Y ° (jw)
+D§ (jw)Y °(jw) N (jw) X (jw) — w? D§ (jw)Y ° (jw) N (jw) X ° (jw)
+Dg (jw)Y ° (jw) Df (jw)Y  (jw) — w? D (jw)Y ° (jw) D (jw) Y (jw)
+Dg (jw)Y ¢ (jw) Ny (jw) X ¢ (jw) — w? D (jw)Y © (jw) NY (jw) X° (jw)
+Dg (jw) Y (jw) D (jw)Y ©(jw) — w? D§ (jw)Y * (jw) D (jw) Y ° (jw)

Now, the relation (21) may be expressed as follows

A§(jw) AT (jw) — AG(jw) AT (jw) = " (jw)Mat 1 (jw)y (jw)
with
¢! (jw) = [X°(jw) X°(jw) Y°(jw) Y (jw)] (22)
T (jw) = [X*(jw) —w’X°(jw) Y (jw) —w’Y°(jw)][23)
and
Mat;(jw) =
mi 2(jw) m1,3(jw) m1,4(]’w)
— ma,2(jw) 0 ma3(jw)  mea(jw)
—mis(jw) —mas(jw) 0 ms.a(jw)
—mia(jw) —mea(jw) — msa(jw) 0
24)
such that
m1,2(jw) = Ng (jw) Nt (jw) — Ng (jw) N7 (jw) (252)
m13(jw) = D§(jw) Nt (jw) — Ng (jw) D5 (jw) (25b)
mi,a(jw) = D§(jw) Ny (jw) — N§ (jw) DY (jw) (25¢)
ma,3(jw) = DG (jw) Ny (jw) — Ng (jw) DS (jw) (25d)
ma,a(jw) = Dg(jw) Ny (jw) — Ng (jw) DT (jw) (25e)
ms,a(jw) = D§(jw) D1 (jw) — Dg(jw) DY (jw) (25f)

We remark thatMat;(jw) is an antisymmetric matrix

which depends only on the parameters @f(jw) and
G4 (jw) and which is independent of the polynomiagjw)
andY (jw). Hence, for anyX (jw) andY (jw) the relation-
ship (21) is equivalent to

Jw e R _(gy, ¥ p(jw) £ 0, ¥ $(juw) 0
such thatp” (jw) Mat;(jw) ¢ (jw) = 0

or  JweR"_yg suchthatMat;(jw)=0 (26)

To check relation (26), we must search the common zeros
of each term of the matrixMat;(jw), ie studying the
common roots of all polynomialg:; ;(jw). Let us denote

35b), (25¢), (25d), (25¢)

by w; the common roots of (25a), (
and (25f). Then, condition (26), i.8/at;(jw;) = 0 yields
to

mi2(jwi) = Ng (jw:) Nt (jw;) — Ng (jwi)NY (jwi) =0 (27a)
ma,3(jwi) = Dg(jw;) Nt (jwi) — Ng (jwi) DS (jw;) = 0 (27b)
mia(jwi) = Dg(jwi) Ny (jwi) — Ng (jwi) DT (jwi) =0 (27¢)
ma,3(jwi) = Dg(jw;)NY (jwi) — Ng (jwi) DT (jwi) = 0 (27d)
ma,4(jw;) = Dg(jwi) NT (jwi) — Ng (jwi) DT (jwi) =0 (27€)
ms,4(jwi) = Dg(jwi) DI (jw:) — DG (jwi) DY (jws) = 0 (27f)

considered by two are equivalent to a third equation, i.e.

equations (27a) and (27dj= equation (27b)
equations (27a) and (27&)= equation (27c)
equations (27d) and (27e&= equation (27f)

It follows that to studyMat;(jw) = 0, it is necessary
and sufficient to study only the 3 equations (27a), (27d) and
(27e) instead of the 6 equations as initially set. Then, we

have

3 w; € RT_ oy such thatMat; (jw;) = 0

< Jw; € RT_ypy such that

Ng (jwi) Ni(jwi) — Ng (jwi) NY (jws)
DG (jwi) NY (jw;) NO (]wl) D1 (jw:)
Dg(jw:) NY (jw:) — Ng (jwi) DY (jwi)

(28)

0 (29)
0

Finally, if there exist strictly positive real zeras; such
that Mat;(jw;) = 0, those will be given by the strictly

positive real common zeros of (29).

B. Conditions onA§(jw;)A$ (jw;) and A§(jw;) A (jw;)

to evaluate
and  A§(jw;)AS (jw;)

In order
AG(Jw;) AT (jw;)

the signs of

expressions

according to
w; and in taking into account the relations from (27a) to
(271), these expressions are transformed as below

AG(jwi) AS (jwi) = 7 (jwi) Matg(jw;)p(jw;)  (30a)
A§(jwi) AS (jw;) = @" (jws) Matg(jw;)e(jw;)  (30b)
with a matrix Matr(jw;) as follows
n1,1gwi% nl,Qsz‘g nl,SEwig n1,4gwi§
Matr(jws) = | 3200 maa(wn) naa(ws) naalwn)
nia(ws) noa(w;) mnza(w;) naa(w;)
. (31)
with
nl,z(wi) = Ng(wl)Nf(wl) = N(‘)’(wi)Nf(wi) (32&)
nl,g(wi) = Noe(wi)Df(wi) = DS(wl)Nf(wz) (32b)
n1,4(w;) = No (wi) D7 (wi) = Dg(wi) N1 (wi) (32¢)
n2,3(wi) = Ng (wi) DY (wi) = Dg(wi) N7 (wi) (32d)
n2,4(wi) = Ng (wi) DY (wi) = Dg(wi) NT (w;) (32e)
ns,4(wi) = Dg(wi) D7 (wi) = Dg(wi) Dy (w:) (32f)
and
n1,1(w;i) = NG (w;) Nt (w;) (33a)
na,2(w;) = NG (w;)NT (w;) (33b)
n3,z(w;) = Dg(w;) DT (w;) (33c)
na4(w;) = D§(w;) D7 (w;) (33d)
Consequently, Matr(jw;) is a symmetric matrix. In

the following theorem, a condition is given to check that
Matr(jw;) is a semi-definite positive and a no null matrix.
To show that, it is necessary and sufficient to verify that the
eigenvalues of this matrix are positive and not all null.
Theorem 3:Let us assume that there exists strictly pos-
itive reals w;, the common zeros of the polynomials (29),
then the matrixMatr(jw;) is a positive semi-definite no
It is easy to see that the relationships from (27a) to (27§ull matrix if and only if the following inequality is verified.

DG (jwi) DY (jwi) + Dg(jwi) DY (jws) +

Ng (jwi) NY (Jwi) + Ng (jwi) N (jw:)

Proof: See Appendix.

(34)
> 0
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V. NEW FORMULATION OF THEHURWITZNESS OFA ) (s) If there is none strictly positive real zero, common zeros

If the relation (34) is checked, the polynomial forms (12an the polynomials (29), the polynomial segmehi(s) is
and (12b) are positive semi-definite. Then, this condition istable.
not a sufficient constraint to guarantee that the forms (12a)
and (12b) are positive definite. Consequently, the questidffoof: Let us assume that there is a positive semidefinite no
which is now set by considering the equations (30a) anaull matrix Matg(jw;) such that relation (34) holds. Now,
(30b) is the following: are there vectors(jw;) andy(jw;) |t us check that for anyv;, there existy(jw;) # 0, and

satisfying one of the two relationships (35) or (36) below 2(jwi) # 0 such that (35) or (36). In using the relationships
Vw; € RT_ oy, such that (27a) to (27f), we observe thdt/atr(jw;) have two writ-

ings, see Appendix. Furthermore, as this symmetric matrix
{ Mat(jw;) = 0 (35) is positive semi-definite, then it can be written in the forms

P (jwi) Matr(jws) (jw;) (39) whereL(jw;) and L(jw;) are given by (40) by taking
into account the relations (29)

\%
o

Matf(jwi) = 0
o" (jwi) Matgr(jw:) e(jws) > 0

In this paragraph are given sufficient and necessary con-
ditions to satisfy the two inequalities (12a) and (12b) or (35)
and (36). First, let us give the following technical result. L7

Theorem 4:[13]. Let P(s) be an univariate polynomial in
s, then P(s) can be written in the form of a sum of squares -,
of terms (S.0.S) if and only ?(s) is a positive semidefinite (gwi) = NG (Gws) Ne'(gws) DG (jwi) D (jwi)]
form. (40)

The proof is immediate: see [13].

Now, we can present our main result. Thus, the polynomial segmerit, (s) may be written in a

Theorem 5:Let Go(jw) and G;(jw) be two systems strictly positive form. For that, it is necessary and sufficient
defined byN§ (jw), N{ (jw), D§(jw), D{(jw) and Ng(jw), to check (35) or (36), i.e. one of the four expressions above
Dg(jw), Ny(jw), D$(jw) the even and odd parts of

(6)  Matr(jwi) = L(jws) LT (jw:) = L(jw;) LT (jwi) (39)

.wz

=
2
<

S

[Nl (Jwi) NY (jwi) DY (jw;) DY (jw;)]

o
g
§
<
I
=
=3
.
g
§
<

.wl

2
=
<

<

&
=
<.
g
<

No(jw), Ni(jw), Do(jw), Di(jw) respectively and com- A§ (jwi) A5 (jwi) = 97 (jwi) L(jwi) LT (jwi)y(jwi) > 0
puted similarly than (8) and (9). Let us assume that there A§(jw:)A?(jwi) = " (jw:) L(jw:) L (jwi)p(jwi) > 0
exist two stable polynomiald,(s) and A, (s) of same degree A§(jwi) AS (jwi) = 97 (jwi) L(jwi) LT (jwi)p(jwi) > 0
and of same sign given by (5) AG(jwi) AS (jwi) = o7 (jws) L(jws) LT (jwi)p(jwi) > 0(41)

Then in the case where there exist strictly positive real
common zerosv; of (29), the polynomial segment,(s)
given by (3) is stable if and only if

a) for anyw;, Go(jw) and G (jw) verify the two inequal- 9N€S

These expressions (41) are equivalent to the following

"eS(N)e(, | A5 At o) = |17 Gy G > 0

Slrws) A3 (Guwi) A3 (juwi) = L7 Gwde(Gua” >0 )
Ni(w:) (37) Aj(jwn) A5 (juwr) = |\LT(jwi>w<jwi>|\2>o “2
D8 (jwi) DS (jwi) + D§(jw:) D (jwi)+ A§(jwi) A (jwi) = | LT (jwi)p(jwi)|” > 0

NG (jwi) NY(jwi) + Ng(jwi) Ni(jwi) > 0

Let us assume that the components of the column ma-
trix L(jw;) and L(jw;) are denoted;(jw;) and I;(jw;)
respectively and the components of the veetdyw;) and
é&(j’wl are denoted); (jw;) andy;(jw;) respectively. Con-
Sequently, the forms (42) may be written as sum of squares
of terms, see Theorem 4 by substitutindpy w;. Therefore,

b) for these two systems, (jw) and G, (jw), there exists
a controller C(s) defined byX°(jw), Y°(jw), X°(jw),
Y°(jw), the odd and even parts ok (jw) and Y (jw)
computed similarly than (8) and (9), such that one of th
four below inequalities (38) is verified.

(N (jwi) X (jwi))? + wi (N (Gwi) X (jwi)) >+ the expressions (42) become
(D (jwi) Y (jw:))? + wi (DY (jw:)Y° (jwi))? #0
. N ‘ 2 Ap (i) AS (jwi) = 32321 (1] Gy Gwn)” >
(NT (jwi) X (jwi))” + (N7 (jwi) X (wi))”  + O et 2
(DE Gy () + (DR GV (Gu))* 0 At = S 0 Gue ) 20
NS XG5 (NS G G (38)  AsGw)AiGw) = X371 (7 owzm(gw@)) >0
5w X°(jw;))* + (Ng (jw; w; + o o
(DEGun Y (i) + (DR Gudy<Gu)® #0 A A3G) = 212 (I e Gu9) >0
(NS(jwi)Xe(jwz'))j + wz (Né’(jwi)Xo(jwi);ﬂL __ By considering these relations (43) and the tetpiguw;),
(D6 (jwi)Y*(jwi))” + w; (D§(jwi) Y (jw;))” #0 1 (jwi), ¥i(jws), ;(jw;) given by the relationships (40),
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(22) and (23), the following inequalities are obtained

N§ (jwi)

N Gw) °

(NF (ju) X (jwi))” + wif (NP (ju) X2 (ua))*+

(DS (jw:) Y (jwi))® + wi (DS (jw:)Y°(jw:))®  #0

(NF () X°(jwi))” + (N7 (jwi) X (jwi))* +

(DS (jw:) Y (jw:))? + (D (jw:) Y (jwi)) #0
and

Nl(jwz)

N Gw) ~°

(NS (wi) X° (jwi))? + (NS (jw:) X (jwi))* + (45)
(D§(jwi) Y (jwi))* + (D§ (jwi) Y (juw:))* #0

(N§ (jwi) X (jwi))? + wi (NG (jwi) X°(jwi))® +
(D§(jw:)Y©(jw:))? + wi (DG (jwi)Y° (jwi))®  #0

Hence, this theorem is proved. [ ]

VI. CONCLUSION

Dg(jwi) * D (jwi) * Df(jws)? * N§(jwi)® * A + Dg(jwi) *
DY (jwi) * DS (jws)? % NG (jws) % NG (jws)# NT (jwi) + D§ (jw:) *
DY (jwi) * DS (jwi)? * NG (jwi)? * A — D§(jws) * Ni(jw;) *
D7 (jw;)* NG (Jw; )« NG (jw; )« NY (jws ) x A+ Dg (jw; )« DT (jws )
0

<
@

)
)
)
)
(w;) * NP (jw) * A2 + D§(jws) * DS(jws) * N§(jw;)? *
10(]71)1)2 * X+ Dg(jw:) * NT (jw;) * DY (jw;) * Ng (jw:) * A7 —
(jwi) * DY (jw;) * A* + Nf (jwi) * Df(jwi)? * NG (jwi)?
J’wz)*A DS (jwi)?* N (jwi)® * A2 = DS (jwi)? * N (jwi) *
)% % NP (jwi) * A — D§(jw:)? * N§ (jw:)? % A% 4 N (jw;) *
) % NG (jwi) * N (jwi) % A = NG (jwi) * N7 (jwi) * A* —
)% % NP (Jwi)? * A2 — Nf(Jw;) * N§(Gw;) * A + A

After factorization and simplification of this expression,
by taking the relationships (29) into account, we deduce that
det(Matg(jw;) — AI) has three null eigenvalues and one no
null. This eigenvalue no null is the following

DG (jwi) DY (jwi) + Dg(jwi) DY (jws) +
N (jwi) NY (jwi) + Ng (jwi) NT (jws) > 0

The proof is similar in the second case where the matrix
Matgr(jw;) is defined by the relations from (33a) to (33d)

In this paper has been given a checkable method to test thed the left side of the equations from (32a) to (32f).
simultaneous stabilizability of a segment of systems defined
by (1). We hope that our algebraic conditions that are given ACKNOWLEDGMENT
here, can be extrapolated for the synthesis of robust and| thank Mr. M. Zasadzinski and Mr. H. Souley Ali for

simultaneous controller.

APPENDIX

To show that the symmetric matrid/atg(jw;) such

the discussions that | has allowed me to improve this
presentation.
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