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Abstract— This paper examines conditions for the simultane-
ous stabilizability of a segment of linear systems. It is proved
that conditions on the negative real axis of the Nyquist plot
to ensure the Hurwitzness of the corresponding Diophantine
equation are equivalent to some criteria of positive semidefinite
matrix and of sums of squares of polynomials. Finally, these
results yield to a tractable method to test the simultaneous
stabilizability of uncertain segments of systems when it may be
given a simultaneous compensator for the two endpoints of this
segment.

I. INTRODUCTION

This paper regards the questions of the simultaneous
stabilizability of a family of single input single output
systemsGλ(s) which are assumed to be linear, time invariant
represented by a segment of uncertain systems as hereafter

Gλ(s) =
Nλ(s)
Dλ(s)

=
(1− λ)N1(s) + λN0(s)
(1− λ)D1(s) + λD0(s)

, λ ∈ [0, 1]

(1)
with Nλ(s) andDλ(s) defined as two line segments of real
polynomials of constant degree andN1(s), N0(s), D1(s),
D0(s) are real polynomials . This family of systems (1) may
be viewed as a continuum of transfer functions described by
the two distinct transfer functionsG0(s) andG1(s) given by
λ = 1 andλ = 0 respectively.

The objective of this paper is to present some solutions to
the basic control problem: ”For a whole segment of systems
given by (1), is there one single controllerC(s)?”. In this
paper, simultaneous stabilizability existence conditions for a
segment of systems such that (1) will be given.

One can notice that this family of uncertain systems has
attracted the attention of many researchers worried by the
problem of strong stabilization, see [6], [8]. These authors
have stated existence conditions of stable regulators being
able to stabilize each members belonging to this family
(1). That does not imply existence conditions of a single
controller that stabilizes the whole set of systems. This
problem is more complex. The question of the simultaneous
stabilization of a segment of systems given by (1) was
initially tackled by [9], [10] and [1] but no tractable and
complete conditions to check the simultaneous stabilizability
of such systems have been given. To study in a satisfactory
way this question, it is useful to consider the works in the
area of the simultaneous control as well as those formulated
in the topic of the polynomial control of uncertain systems,
see [2], [12], [5], [7], [11].
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In this paper, necessary and sufficient conditions will be
given for simultaneously stabilizing the segment of systems
(1) when there exist a simultaneous compensatorC(s) for
the two endpoints of this segment. These conditions depend
only of G0(s), G1(s) andC(s).

II. PROBLEM FORMULATION

First of all, let us give some notations.
1) R+−{0} denotes the set of strictly positive reals be-

longing to the interval]0,∞].
2) C− denotes the open left half complex planeC.
The problem of the simultaneous stabilization of a family

of systemsGλ(s) as described in (1) may be translated
into the following way: ”Does there exist a compensator
C(s) stabilizing all the systems belonging to the family
Gλ(s) whateverλ ∈ [0, 1] ?” or ” do there exist two real
polynomialsX(s) and Y (s), (Y (s) 6= 0) such that the
closed-loop segment of systemsGλ(s) (1 + C(s)Gλ(s))−1

has all its poles inC−, ∀ λ ∈ [0, 1]?” What means examining
the existence conditions of two polynomialsX(s) andY (s)
solutions of the following Diophantine equation

λ ∈ [0, 1], Aλ(s) = X(s)Nλ(s) + Y (s)Dλ(s) (2)

whereAλ(s) is an Hurwitz polynomial segment of constant
degree for allλ ∈ [0, 1], i.e. all the polynomials belonging to
this segment (2) are Hurwitz. IfAλ(s) is not of same degree
for all λ ∈ [0, 1] then this loss of degree also implies loss of
bounded-input bounded-output stability. The relationship (2)
is rewritten like the following one

λ ∈ [0, 1], Aλ (s) = (1− λ)(X(s)N1(s) + Y (s)D1(s))+
λ (X(s)N0(s) + Y (s)D0(s))

(3)

To examine the existence conditions of the solutionsX(s)
andY (s) of (3), it is equivalent to check that there exists a
compensatorC(s) for the system (1) such that the roots of
the polynomialAλ(s) are all inC− for anyλ ∈ [0, 1]. Hence,
the problem of the Hurwitzness of the uncertain polynomial
Aλ(s) requires the existence of two Hurwitz polynomials
A0(s) andA1(s) given by (5) that must verify the equality
(4) hereafter

λ ∈ [0, 1], Aλ(s) = (1− λ)A1(s) + λA0(s) (4)

where {
A0(s) = X(s)N0(s) + Y (s)D0(s)
A1(s) = X(s)N1(s) + Y (s)D1(s)

(5)

The two Hurwitz polynomialsA0(s) and A1(s) are
assumed to be of same degree and same signs (i.e.
A0(0)A1(0) > 0), see [4], [6].
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In this presentation, we assume that there exist a simul-
taneous compensatorC(s) for the two systemsG0(s) and
G1(s) verifying the relations (5). We shall study the condi-
tions for that this compensator stabilizes also simultaneously
the whole segment of systems (1). Algebraic necessary and
sufficient conditions will be given so that the Diophantine
equation (2) is Hurwitz when the two endpoints of this
polynomial segmentA0(s) and A1(s) are Hurwitz and of
same sign and of same degree.

III. HURWITZNESS OF THE SEGMENTAλ(s)
Before developing the main results, let us recall the

following theorem.
Theorem 1:[4], Let us consider the polynomial segment

Aλ(s) given by (3) with the two Hurwitz polynomialsA0(s)
and A1(s) of same degree and of same sign. Then, the
segmentAλ(s) is Hurwitz and of constant degree if and only
if the rational functionA1(s)

A0(s)
does not cut the negative real

axis of the Nyquist plot.
This condition is a direct consequence of the ”Boundary

Crossing Theorem”, see [4] which reduces here the Hur-
witzness ofAλ(s) to the study on the complex plane of
the frequency domain image of this segment. For explaining
this result, it is necessary to recall that by hypothesis the
segmentAλ(s) is assumed to be of constant degree. In
these conditions, the parametric continuity of the space of
polynomial family when λ moves in a continuous way
implies also the continuity of the space of the family of zeros.
Then the Hurwitzness of the polynomialAλ(s) is guaranteed,
see [3], if and only if firstly one polynomial of this family is
stable and secondly for anyλ ∈ [0, 1], the polynomial family
Aλ(s) does not have zeros on the imaginary axis.

∀λ ∈ [0, 1] and ∀w ∈ R+−{0}, Aλ(jw) 6= 0, (6)

or

∀λ ∈ [0, 1], ∀w ∈ R+−{0},
A1(jw)
A0(jw)

6= − λ

(1− λ)
(7)

Consequently if the condition (7) is checked, the rational
function A1(s)

A0(s)
cannot cut the negative real axis of the Nyquist

plot and all the zeros of the polynomial familyAλ(s) are in
C−. After these recalls, let us rewrite (7) in another manner.
For that, let us consider the following relationships

A0(s) = Aeven
0 (s) + Aodd

0 (s)
A1(s) = Aeven

1 (s) + Aodd
1 (s)

(8)

such that



Aeven
0 (s) = a0,0 + a0,2 s2 + .... + a0,2i s2i

Aodd
0 (s) = a0,1 s + a0,3 s3 + a0,5 s5 + .... + a0,2i+1 s2i+1

Aeven
1 (s) = a1,0 + a1,2 s2 + .... + a1,2i s2i

Aodd
1 (s) = a1,1 s + a1,3 s3 + a1,5 s5 + .... + a1,2i+1 s2i+1

Considers = jw. Then, we have

A0(jw) = Ae
0(jw) + jwAo

0(jw)
A1(jw) = Ae

1(jw) + jwAo
1(jw) (9)

with 



Aeven
0 (jw) = Ae

0(jw)
Aodd

0 (jw) = jwAo
0(jw)

Aeven
1 (jw) = Ae

1(jw)
Aodd

1 (jw) = jwAo
1(jw)

(10)

Theorem 2:Let A0(s) andA1(s) be two Hurwitz polyno-
mials of same degree and of same sign and let us assume
that there are strictly positive real zeroswi such as

Ae
0(jwi)A

o
1(jwi) − Ao

0(jwi)A
e
1(jwi) = 0 (11)

Then, the polynomial segmentAλ(s) defined by (3) is
Hurwitz if and only if the scalarswi verify the constraint
(12a) or the constraint (12b).

Ae
0(jwi)A

e
1(jwi) > 0 (12a)

Ao
0(jwi)A

o
1(jwi) > 0 (12b)

In the case where there exists none strictly positive real
zerowi such that (11) holds, the segmentAλ(s) is Hurwitz.

Proof: Let us assume Theorem 1 checked. Thus, we can
rewrite the relation (7) by considering (9) as it follows
∀λ ∈ [0, 1] and ∀w ∈ R+−{0},

Ae
1(jw) + jw Ao

1(jw)
Ae

0(jw) + jw Ao
0(jw)

6= − λ

(1− λ)

That is equivalent to say that for allλ ∈ [0, 1] and for all
w ∈ R+−{0}, we have

(Ae
1(jw) + jwAo

1(jw))(Ae
0(jw)− jwAo

0(jw))

(Ae
0(jw) + jwAo

0(jw))(Ae
0(jw)− jwAo

0(jw))
6= − λ

(1− λ)
(13)

If we denote byχ̂(jw) and δ̂(jw) the following expres-
sions





χ̂(jw) =
Ae

1(jw)Ae
0(jw) + w2 Ao

1(jw)Ao
0(jw)

Ae
0(jw)Ae

0(jw) + w2 Ao
0(jw)Ao

0(jw)

δ̂(jw) =
Ae

0(jw)Ao
1(jw) − Ao

0(jw)Ae
1(jw)

Ae
0(jw)Ae

0(jw) + w2 Ao
0(jw)Ao

0(jw)

(14)

Hence, we can rewrite the relationship (13) for allλ ∈
[0, 1] and for allw ∈ R+−{0} as

χ̂(jw) + jw δ̂(jw) 6= − λ

(1− λ)
(15)

The existence conditions given by the inequality (15) may
be decomposed as the two following cases

1) If for all w ∈ R+−{0}, δ̂(jw) 6= 0, then (15) holds.
2) If there existsw ∈ R+−{0} such that̂δ(jw) = 0 and

χ̂(jw) > 0, then (15) holds.

The first case is obvious. Let us study the second case.
For that, we can observe that to check the inequality (15)
is equivalent to find the positive real zeroswi of δ̂(jw) and
to check if these zeros yield tôχ(jwi) > 0. Equivalently,
the real part of the unitA1(jw)

A0(jw) in the Nyquist plot must be
strictly positive when the imaginary part of this unit is null.
Let us denote byW, the set of strictly positive real zeroswi

of δ̂(jw). The equalityδ̂(jwi) = 0 may be written like one
of the two following relations (16) or (17).

1) If there is wi ∈ W such thatAe
1(jwi) 6= 0 and

Ae
0(jwi) 6= 0, then we have

Ao
1(jwi)

Ae
1(jwi)

=
Ao

0(jwi)
Ae

0(jwi)
(16)

ha
l-0

03
47

49
4,

 v
er

si
on

 1
 - 

16
 D

ec
 2

00
8



2) If there is wi ∈ W such thatAo
1(jwi) 6= 0 and

Ao
0(jwi) 6= 0, then we have

Ae
1(jwi)

Ao
1(jwi)

=
Ae

0(jwi)
Ao

0(jwi)
(17)

Note that the casesAe
0(jwi) = 0 and Ao

0(jwi) = 0 or
Ae

1(jwi) = 0 and Ao
1(jwi) = 0 are not possible thus if

Ae
0(jwi) = 0 andAo

0(jwi) = 0 thenAe
0(jwi) andAo

0(jwi)
have the same root. In the same way, ifAe

1(jwi) = 0 and
Ao

1(jwi) = 0 then Ae
1(jwi) and Ao

1(jwi) have the same
root. In these conditions, the polynomialsA0(s) andA1(s)
do not satisfy the Hermite-Biehler Theorem, see [14].
Consequently these polynomials are not Hurwitz. That is in
contradiction with the starting assumption.

For examining the two cases (16) and (17) in regard to
the condition χ̂(jwi) > 0, let us translate the condition
χ̂(jwi) > 0 into the two possible factorizations as listed
hereafter.

1) Let us consider the case where there iswi ∈ W such
that Ae

0(jwi) 6= 0 and Ae
1(jwi) 6= 0. Then χ̂(jwi) will be

strictly positive if we have

χ̂(jwi) = Ae
0(jwi)Ae

1(jwi)
(

1 + w2
i

Ao
0(jwi)Ao

0(jwi)
Ae

0(jwi)Ae
0(jwi)

)
×

(
1

Ae
0(jwi)Ae

0(jwi) + w2
i Ao

0(jwi)Ao
0(jwi)

)
> 0

As the following inequalities are always satisfied for any
wi ∈ W, (

1 + w2
i

Ao
0(jwi)Ao

0(jwi)
Ae

0(jwi)Ae
0(jwi)

)
> 0

(
1

Ae
0(jwi)Ae

0(jwi) + w2
i Ao

0(jwi)Ao
0(jwi)

)
> 0

the following relationship (18) must be only checked

Ae
0(jwi)Ae

1(jwi) > 0 (18)

2) Now, we consider the case where there iswi ∈ W
such thatAo

0(jwi) 6= 0 and Ao
1(jwi) 6= 0. The relationship

χ̂(jwi) > 0 can be rewritten in the equivalent form

χ̂(jwi) = Ao
0(jwi)Ao

1(jwi)
(

w2
i +

Ae
0(jwi)Ae

0(jwi)
Ao

0(jwi)Ao
0(jwi)

)

(
1

Ae
0(jwi)Ae

0(jwi) + w2
i Ao

0(jwi)Ao
0(jwi)

)
> 0

As the following inequalities are satisfied for anywi ∈ W,(
w2

i +
Ae

0(jwi)Ae
0(jwi)

Ao
0(jwi)Ao

0(jwi)

)
> 0

(
1

Ae
0(jwi)Ae

0(jwi) + w2
i Ao

0(jwi)Ao
0(jwi)

)
> 0

the following relationship must be only checked

Ao
0(jwi)Ao

1(jwi) > 0 (19)

To conclude this proof, let us remark that if there iswi ∈
W such thatAe

0(jwi) 6= 0, Ae
1(jwi) 6= 0, Ao

0(jwi) 6= 0 and
Ao

1(jwi) 6= 0, it suffices to consider one of the two relations
(16) or (17), i.e. to test that the no null real zerowi verifies
one of the two inequalities (18) or (19). ¥

IV. A SEMI-DEFINITE POSITIVE TEST

In the previous section, we have showed that to ensure
the stability of the segmentAλ(s), it is necessary and
sufficient to check that the two Hurwitz polynomialsA0(s)
and A1(s) verify Theorem 2. In this part, an equivalent
formulation based on matrix decompositions of (12a) and
(12b) is presented. Then, a test to check the semi-positivity
of these polynomial forms will be introduced .

Let us consider the two polynomialsA0(s) and A1(s)
as seen in (5) and let us compute the polynomialsX(jw),
Y (jw), N0(jw), D0(jw), N1(jw), D1(jw) similarly than
(8) and (9) with the odd and even parts given byXe(jw),
Xo(jw), Y e(jw), Y o(jw), Ne

0 (jw), No
0 (jw), De

0(jw),
Do

0(jw), Ne
1 (jw), No

1 (jw), De
1(jw), Do

1(jw). Then in ac-
cordance with (10), the relationships (9) are rewritten as





A0(jw) = Ae
0(jw) + jwAo

0(jw) =
(Xe(jw) + jwXo(jw)) (Ne

0 (jw) + jwNo
0 (jw))+

(Y e(jw) + jwY o(jw)) (De
0(jw) + jwDo

0(jw))

A1(jw) = Ae
1(jw) + jwAo

1(jw) =
(Xe(jw) + jwXo(jw)) (Ne

1 (jw) + jwNo
1 (jw))+

(Y e(jw) + jwY o(jw)) (De
1(jw) + jwDo

1(jw))

with




Ae
0(jw) =Ne

0 (jw)Xe(jw)− w2No
0 (jw)Xo(jw)

+De
0(jw)Y e(jw)− w2Do

0(jw)Y o(jw)
Ao

0(jw)= Ne
0 (jw)Xo(jw) + No

0 (jw)Xe(jw)
+De

0(jw)Y o(jw) + Do
0(jw)Y e(jw)

Ae
1(jw)= Ne

1 (jw)Xe(jw)− w2No
1 (jw)Xo(jw)

+De
1(jw)Y e(jw)− w2Do

1(jw)Y o(jw)
Ao

1(jw)= Ne
1 (jw)Xo(jw) + No

1 (jw)Xe(jw)
+De

1(jw)Y o(jw) + Do
1(jw)Y e(jw)

(20)

Let us examine the positive real zeroswi of δ̂(jw) by
using relations (20), in order to formulate the signs of the
expressionsAe

0(jwi)Ae
1(jwi) andAo

0(jwi)Ao
1(jwi).

A. Study of the positive real zeros ofδ̂(jw)

Let us assume that there exists a simultaneous controller
C(s) for the two plantsG0(s) and G1(s) such as the two
Hurwitz polynomialsA0(s) andA1(s) given by (5) have the
same degree and verifyA0(0)A1(0) > 0. To find the positive
real zeros of̂δ(jw), we write

∃ w ∈ R+−{0} such as

Ae
0(jw)Ao

1(jw)−Ao
0(jw)Ae

1(jw) = 0 (21)

By considering (20), relation (21) may be decomposed
into two parts:Ae

0(jw)Ao
1(jw) andAo

0(jw)Ae
1(jw).

Ae
0(jw)Ao

1(jw) =

Ne
0 (jw)Xe(jw)Ne

1 (jw)Xo(jw) + Ne
0 (jw)Xe(jw)No

1 (jw)Xe(jw)
+Ne

0 (jw)Xe(jw)De
1(jw)Y o(jw) + Ne

0 (jw)Xe(jw)Do
1(jw)Y e(jw)

−w2(No
0 (jw)Xo(jw)Ne

1 (jw)Xo(jw) + No
0 (jw)Xo(jw)No

1 (jw)Xe(jw)
+No

0 (jw)Xo(jw)De
1(jw)Y o(jw) + No

0 (jw)Xo(jw)Do
1(jw)Y e(jw))

+De
0(jw)Y o(jw)Ne

1 (jw)Xe(jw) + De
0(jw)Y o(jw)No

1 (jw)Xe(jw)
+De

0(jw)Y e(jw)De
1(jw)Y o(jw) + De

0(jw)Y e(jw)Do
1(jw)Y e(jw)

−w2(Do
0(jw)Y o(jw)Ne

1 (jw)Xo(jw) + Do
0(jw)Y o(jw)No

1 (jw)Xe(jw)
+Do

0(jw)Y e(jw)De
1(jw)Y o(jw) + Do

0(jw)Y o(jw)Do
1(jw)Y e(jw))
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Ao
0(jw)Ae

1(jw) =

Ne
0 (jw)Xo(jw)Ne

1 (jw)Xe(jw)− w2Ne
0 (jw)Xo(jw)No

1 (jw)Xo(jw)
+Ne

0 (jw)Xo(jw)De
1(jw)Y e(jw)− w2Ne

0 (jw)Xo(jw)Do
1(jw)Y o(jw)

+No
0 (jw)Xe(jw)Ne

1 (jw)Xe(jw)− w2No
0 (jw)Xe(jw)No

1 (jw)Xo(jw)
+No

0 (jw)Xe(jw)De
1(jw)Y e(jw)− w2No

0 (jw)Xe(jw)Do
1(jw)Y o(jw)

+De
0(jw)Y o(jw)Ne

1 (jw)Xe(jw)− w2De
0(jw)Y o(jw)No

1 (jw)Xo(jw)
+De

0(jw)Y o(jw)De
1(jw)Y e(jw)− w2De

0(jw)Y o(jw)Do
1(jw)Y o(jw)

+Do
0(jw)Y e(jw)Ne

1 (jw)Xe(jw)− w2Do
0(jw)Y e(jw)No

1 (jw)Xo(jw)
+Do

0(jw)Y e(jw)De
1(jw)Y e(jw)− w2Do

0(jw)Y e(jw)Do
1(jw)Y o(jw)

Now, the relation (21) may be expressed as follows

Ae
0(jw)Ao

1(jw)−Ao
0(jw)Ae

1(jw) = ϕT (jw)MatI(jw)ψ(jw)

with

ϕT (jw) = [Xo(jw) Xe(jw) Y o(jw) Y e(jw)] (22)

ψT (jw) = [Xe(jw) − w2Xo(jw) Y e(jw) − w2Y o(jw)](23)

and
MatI(jw) =



0 m1,2(jw) m1,3(jw) m1,4(jw)
− m1,2(jw) 0 m2,3(jw) m2,4(jw)
− m1,3(jw) − m2,3(jw) 0 m3,4(jw)
− m1,4(jw) − m2,4(jw) − m3,4(jw) 0




(24)
such that

m1,2(jw) = No
0 (jw)Ne

1 (jw)−Ne
0 (jw)No

1 (jw) (25a)

m1,3(jw) = De
0(jw)Ne

1 (jw)−Ne
0 (jw)De

1(jw) (25b)

m1,4(jw) = Do
0(jw)Ne

1 (jw)−Ne
0 (jw)Do

1(jw) (25c)

m2,3(jw) = De
0(jw)No

1 (jw)−No
0 (jw)De

1(jw) (25d)

m2,4(jw) = Do
0(jw)No

1 (jw)−No
0 (jw)Do

1(jw) (25e)

m3,4(jw) = Do
0(jw)De

1(jw)−De
0(jw)Do

1(jw) (25f)

We remark thatMatI(jw) is an antisymmetric matrix
which depends only on the parameters ofG0(jw) and
G1(jw) and which is independent of the polynomialsX(jw)
andY (jw). Hence, for anyX(jw) andY (jw) the relation-
ship (21) is equivalent to

∃ w ∈ R+−{0}, ∀ ϕ(jw) 6= 0, ∀ ψ(jw) 6= 0

such thatϕT (jw) MatI(jw) ψ(jw) = 0

or ∃ w ∈ R+−{0} such thatMatI(jw) = 0 (26)

To check relation (26), we must search the common zeros
of each term of the matrixMatI(jw), i.e. studying the
common roots of all polynomialsmi,j(jw). Let us denote
by wi the common roots of (25a), (25b), (25c), (25d), (25e)
and (25f). Then, condition (26), i.e.MatI(jwi) = 0 yields
to

m1,2(jwi) = No
0 (jwi)N

e
1 (jwi)−Ne

0 (jwi)N
o
1 (jwi) = 0 (27a)

m1,3(jwi) = De
0(jwi)N

e
1 (jwi)−Ne

0 (jwi)D
e
1(jwi) = 0 (27b)

m1,4(jwi) = Do
0(jwi)N

e
1 (jwi)−Ne

0 (jwi)D
o
1(jwi) = 0 (27c)

m2,3(jwi) = De
0(jwi)N

o
1 (jwi)−No

0 (jwi)D
e
1(jwi) = 0 (27d)

m2,4(jwi) = Do
0(jwi)N

o
1 (jwi)−No

0 (jwi)D
o
1(jwi) = 0 (27e)

m3,4(jwi) = Do
0(jwi)D

e
1(jwi)−De

0(jwi)D
o
1(jwi) = 0 (27f)

It is easy to see that the relationships from (27a) to (27f)
considered by two are equivalent to a third equation, i.e.

equations (27a) and (27d)⇐⇒ equation (27b)
equations (27a) and (27e)⇐⇒ equation (27c)
equations (27d) and (27e)⇐⇒ equation (27f)

It follows that to studyMatI(jw) = 0, it is necessary
and sufficient to study only the 3 equations (27a), (27d) and
(27e) instead of the 6 equations as initially set. Then, we
have

∃ wi ∈ R+−{0} such thatMatI(jwi) = 0 (28)

⇐⇒ ∃ wi ∈ R+−{0} such that
{

No
0 (jwi) Ne

1 (jwi)−Ne
0 (jwi) No

1 (jwi) = 0
De

0(jwi) No
1 (jwi)−No

0 (jwi) De
1(jwi) = 0

Do
0(jwi) No

1 (jwi)−No
0 (jwi) Do

1(jwi) = 0
(29)

Finally, if there exist strictly positive real zeroswi such
that MatI(jwi) = 0, those will be given by the strictly
positive real common zeros of (29).

B. Conditions onAe
0(jwi)Ae

1(jwi) and Ao
0(jwi)Ao

1(jwi)

In order to evaluate the signs of expressions
Ae

0(jwi)Ae
1(jwi) and Ao

0(jwi)Ao
1(jwi) according to

wi and in taking into account the relations from (27a) to
(27f), these expressions are transformed as below

Ae
0(jwi)Ae

1(jwi) = ψT (jwi)MatR(jwi)ψ(jwi) (30a)

Ao
0(jwi)Ao

1(jwi) = ϕT (jwi)MatR(jwi)ϕ(jwi) (30b)

with a matrixMatR(jwi) as follows

MatR(jwi) =




n1,1(wi) n1,2(wi) n1,3(wi) n1,4(wi)
n1,2(wi) n2,2(wi) n2,3(wi) n2,4(wi)
n1,3(wi) n2,3(wi) n3,3(wi) n3,4(wi)
n1,4(wi) n2,4(wi) n3,4(wi) n4,4(wi)




(31)
with

n1,2(wi) = Ne
0 (wi)N

o
1 (wi) = No

0 (wi)N
e
1 (wi) (32a)

n1,3(wi) = Ne
0 (wi)D

e
1(wi) = De

0(wi)N
e
1 (wi) (32b)

n1,4(wi) = Ne
0 (wi)D

o
1(wi) = Do

0(wi)N
e
1 (wi) (32c)

n2,3(wi) = No
0 (wi)D

e
1(wi) = De

0(wi)N
o
1 (wi) (32d)

n2,4(wi) = No
0 (wi)D

o
1(wi) = Do

0(wi)N
o
1 (wi) (32e)

n3,4(wi) = De
0(wi)D

o
1(wi) = Do

0(wi)D
e
1(wi) (32f)

and

n1,1(wi) = Ne
0 (wi)N

e
1 (wi) (33a)

n2,2(wi) = No
0 (wi)N

o
1 (wi) (33b)

n3,3(wi) = De
0(wi)D

e
1(wi) (33c)

n4,4(wi) = Do
0(wi)D

o
1(wi) (33d)

Consequently,MatR(jwi) is a symmetric matrix. In
the following theorem, a condition is given to check that
MatR(jwi) is a semi-definite positive and a no null matrix.
To show that, it is necessary and sufficient to verify that the
eigenvalues of this matrix are positive and not all null.

Theorem 3:Let us assume that there exists strictly pos-
itive reals wi, the common zeros of the polynomials (29),
then the matrixMatR(jwi) is a positive semi-definite no
null matrix if and only if the following inequality is verified.

Do
0(jwi)Do

1(jwi) + De
0(jwi)De

1(jwi) + (34)

No
0 (jwi)No

1 (jwi) + Ne
0 (jwi)Ne

1 (jwi) > 0

Proof: See Appendix. ¥
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V. NEW FORMULATION OF THEHURWITZNESS OFAλ(s)

If the relation (34) is checked, the polynomial forms (12a)
and (12b) are positive semi-definite. Then, this condition is
not a sufficient constraint to guarantee that the forms (12a)
and (12b) are positive definite. Consequently, the question
which is now set by considering the equations (30a) and
(30b) is the following: are there vectorsψ(jwi) andϕ(jwi)
satisfying one of the two relationships (35) or (36) below ?
∀ wi ∈ R+−{0}, such that

{
MatI(jwi) = 0

ψT (jwi) MatR(jwi) ψ(jwi) > 0
(35)

{
MatI(jwi) = 0

ϕT (jwi) MatR(jwi) ϕ(jwi) > 0
(36)

In this paragraph are given sufficient and necessary con-
ditions to satisfy the two inequalities (12a) and (12b) or (35)
and (36). First, let us give the following technical result.

Theorem 4:[13]. LetP (s) be an univariate polynomial in
s, thenP (s) can be written in the form of a sum of squares
of terms (S.O.S) if and only ifP (s) is a positive semidefinite
form.

The proof is immediate: see [13].
Now, we can present our main result.
Theorem 5:Let G0(jw) and G1(jw) be two systems

defined byNe
0 (jw), Ne

1 (jw), De
0(jw), De

1(jw) andNo
0 (jw),

Do
0(jw), No

1 (jw), Do
1(jw) the even and odd parts of

N0(jw), N1(jw), D0(jw), D1(jw) respectively and com-
puted similarly than (8) and (9). Let us assume that there
exist two stable polynomialsA0(s) andA1(s) of same degree
and of same sign given by (5).

Then in the case where there exist strictly positive real
common zeroswi of (29), the polynomial segmentAλ(s)
given by (3) is stable if and only if

a) for anywi, G0(jw) andG1(jw) verify the two inequal-
ities (37).





Ne
0 (jwi)

Ne
1 (jwi)

> 0

Do
0(jwi) Do

1(jwi) + De
0(jwi) De

1(jwi)+
No

0 (jwi) No
1 (jwi) + Ne

0 (jwi) Ne
1 (jwi) > 0

(37)

b) for these two systemsG0(jw) andG1(jw), there exists
a controller C(s) defined byXe(jw), Y e(jw), Xo(jw),
Y o(jw), the odd and even parts ofX(jw) and Y (jw)
computed similarly than (8) and (9), such that one of the
four below inequalities (38) is verified.





(Ne
1 (jwi)X

e(jwi))
2 + w4

i (No
1 (jwi)X

o(jwi))
2+

(De
1(jwi)Y

e(jwi))
2 + w4

i (Do
1(jwi)Y

o(jwi))
2 6=0

(Ne
1 (jwi)X

o(jwi))
2 + (No

1 (jwi)X
e(jwi))

2 +
(De

1(jwi)Y
o(jwi))

2 + (Do
1(jwi)Y

e(jwi))
2 6=0

(Ne
0 (jwi)X

o(jwi))
2 + (No

0 (jwi)X
e(jwi))

2 +
(De

0(jwi)Y
o(jwi))

2 + (Do
0(jwi)Y

e(jwi))
2 6=0

(Ne
0 (jwi)X

e(jwi))
2 + w4

i (No
0 (jwi)X

o(jwi))
2+

(De
0(jwi)Y

e(jwi))
2 + w4

i (Do
0(jwi)Y

o(jwi))
2 6=0

(38)

If there is none strictly positive real zero, common zeros
of the polynomials (29), the polynomial segmentAλ(s) is
stable.

Proof: Let us assume that there is a positive semidefinite no
null matrix MatR(jwi) such that relation (34) holds. Now,
let us check that for anywi, there existψ(jwi) 6= 0, and
ϕ(jwi) 6= 0 such that (35) or (36). In using the relationships
(27a) to (27f), we observe thatMatR(jwi) have two writ-
ings, see Appendix. Furthermore, as this symmetric matrix
is positive semi-definite, then it can be written in the forms
(39) whereL(jwi) and L̃(jwi) are given by (40) by taking
into account the relations (29)

MatR(jwi) = L(jwi) LT (jwi) = L̃(jwi) L̃T (jwi) (39)

LT (jwi) =

√
Ne

0 (jwi)

Ne
1 (jwi)

[Ne
1 (jwi) No

1 (jwi) De
1(jwi) Do

1(jwi)]

L̃T (jwi) =

√
Ne

1 (jwi)

Ne
0 (jwi)

[Ne
0 (jwi) No

0 (jwi) De
0(jwi) Do

0(jwi)]

(40)

Thus, the polynomial segmentAλ(s) may be written in a
strictly positive form. For that, it is necessary and sufficient
to check (35) or (36), i.e. one of the four expressions above

Ae
0(jwi)A

e
1(jwi) = ψT (jwi)L(jwi)L

T (jwi)ψ(jwi) > 0
Ao

0(jwi)A
o
1(jwi) = ϕT (jwi)L(jwi)L

T (jwi)ϕ(jwi) > 0

Ae
0(jwi)A

e
1(jwi) = ψT (jwi)L̃(jwi)L̃

T (jwi)ψ(jwi) > 0

Ao
0(jwi)A

o
1(jwi) = ϕT (jwi)L̃(jwi)L̃

T (jwi)ϕ(jwi) > 0
(41)

These expressions (41) are equivalent to the following
ones

Ae
0(jwi)A

e
1(jwi) = ‖LT (jwi)ψ(jwi)‖2 > 0

Ao
0(jwi)A

o
1(jwi) = ‖LT (jwi)ϕ(jwi)‖2 > 0

Ae
0(jwi)A

e
1(jwi) = ‖L̃T (jwi)ψ(jwi)‖2 > 0

Ao
0(jwi)A

o
1(jwi) = ‖L̃T (jwi)ϕ(jwi)‖2 > 0

(42)

Let us assume that the components of the column ma-
trix L(jwi) and L̃(jwi) are denotedlj(jwi) and l̃j(jwi)
respectively and the components of the vectorψ(jwi) and
ϕ(jwi) are denotedψj(jwi) andϕj(jwi) respectively. Con-
sequently, the forms (42) may be written as sum of squares
of terms, see Theorem 4 by substitutings by wi. Therefore,
the expressions (42) become

Ae
0(jwi)A

e
1(jwi) =

∑j=4
j=1

(
lTj (jwi)ψj(jwi)

)2
> 0

Ao
0(jwi)A

o
1(jwi) =

∑j=4
j=1

(
lTj (jwi)ϕj(jwi)

)2
> 0

Ae
0(jwi)A

e
1(jwi) =

∑j=4
j=1

(
l̃Tj (jwi)ψj(jwi)

)2

> 0

Ao
0(jwi)A

o
1(jwi) =

∑j=4
j=1

(
l̃Tj (jwi)ϕj(jwi)

)2

> 0

(43)

By considering these relations (43) and the termslj(jwi),
l̃j(jwi), ψj(jwi), ϕj(jwi) given by the relationships (40),
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(22) and (23), the following inequalities are obtained




Ne
0 (jwi)

Ne
1 (jwi)

> 0

(Ne
1 (jwi)X

e(jwi))
2 + w4

i (No
1 (jwi)X

o(jwi))
2 +

(De
1(jwi)Y

e(jwi))
2 + w4

i (Do
1(jwi)Y

o(jwi))
2 6= 0

(Ne
1 (jwi)X

o(jwi))
2 + (No

1 (jwi)X
e(jwi))

2 +
(De

1(jwi)Y
o(jwi))

2 + (Do
1(jwi)Y

e(jwi))
2 6= 0

(44)

and




Ne
1 (jwi)

Ne
0 (jwi)

> 0

(Ne
0 (jwi)X

o(jwi))
2 + (No

0 (jwi)X
e(jwi))

2 +
(De

0(jwi)Y
o(jwi))

2 + (Do
0(jwi)Y

e(jwi))
2 6= 0

(Ne
0 (jwi)X

e(jwi))
2 + w4

i (No
0 (jwi)X

o(jwi))
2 +

(De
0(jwi)Y

e(jwi))
2 + w4

i (Do
0(jwi)Y

o(jwi))
2 6= 0

(45)

Hence, this theorem is proved. ¥

VI. CONCLUSION

In this paper has been given a checkable method to test the
simultaneous stabilizability of a segment of systems defined
by (1). We hope that our algebraic conditions that are given
here, can be extrapolated for the synthesis of robust and
simultaneous controller.

APPENDIX

To show that the symmetric matrixMatR(jwi) such
as (31) is semidefinite positive and no null, it suffices to
compute the eigenvalues of this matrix and to check that
they are positive and not all null. For that let us consider a
first case with the matrixMatR(jwi) given by the relations
from (33a) to (33d) and the right side of the equations from
(32a) to (32f). We may deduce that in the first case, we get

det(MatR(jwi)− λI) =

− Ne
1 (jwi) ∗ De

0(jwi)
2 ∗ Do

1(jwi)
2 ∗ No

0 (jwi) ∗ Ne
0 (jwi) ∗

No
1 (jwi) + De

0(jwi)
2 ∗ Do

1(jwi)
2 ∗ No

0 (jwi) ∗ No
1 (jwi) ∗ λ +

De
0(jwi)

2 ∗ Do
1(jwi)

2 ∗ Ne
0 (jwi)

2 ∗ No
1 (jwi)

2 + Ne
1 (jwi) ∗

De
0(jwi)

2∗Do
1(jwi)

2∗Ne
0 (jwi)∗λ−De

0(jwi)
2∗Do

1(jwi)
2∗λ2+

Ne
1 (jwi)∗De

0(jwi)∗Do
1(jwi)

2∗De
1(jwi)∗No

0 (jwi)
2∗Ne

0 (jwi)−
De

0(jwi) ∗ Do
1(jwi)

2 ∗ De
1(jwi) ∗ No

0 (jwi)
2 ∗ λ − De

0(jwi) ∗
Do

1(jwi)
2∗De

1(jwi)∗No
0 (jwi)∗Ne

0 (jwi)
2∗No

1 (jwi)−De
0(jwi)∗

Do
1(jwi)

2 ∗ De
1(jwi) ∗ Ne

0 (jwi)
2 ∗ λ + Do

0(jwi) ∗ Ne
1 (jwi) ∗

De
0(jwi)∗Do

1(jwi)∗De
1(jwi)∗No

0 (jwi)∗Ne
0 (jwi)∗No

1 (jwi)−
Do

0(jwi)∗De
0(jwi)∗Do

1(jwi)∗De
1(jwi)∗No

0 (jwi)∗No
1 (jwi)∗λ−

Do
0(jwi)∗De

0(jwi)∗Do
1(jwi)∗De

1(jwi)∗Ne
0 (jwi)

2∗No
1 (jwi)

2−
Do

0(jwi) ∗Ne
1 (jwi) ∗De

0(jwi) ∗Do
1(jwi) ∗De

1(jwi) ∗Ne
0 (jwi) ∗

λ + Do
0(jwi) ∗De

0(jwi) ∗Do
1(jwi) ∗De

1(jwi) ∗ λ2 −Ne
1 (jwi) ∗

De
0(jwi)∗De

1(jwi)∗No
0 (jwi)∗Ne

0 (jwi)∗No
1 (jwi)∗λ+De

0(jwi)∗
De

1(jwi) ∗ No
0 (jwi) ∗ No

1 (jwi) ∗ λ2 + De
0(jwi) ∗ De

1(jwi) ∗
Ne

0 (jwi)
2 ∗ No

1 (jwi)
2 ∗ λ + Ne

1 (jwi) ∗ De
0(jwi) ∗ De

1(jwi) ∗
Ne

0 (jwi)∗λ2−De
0(jwi)∗De

1(jwi)∗λ3 +Ne
1 (jwi)∗Do

1(jwi)
2 ∗

No
0 (jwi)

2∗Ne
0 (jwi)∗λ−Do

1(jwi)
2∗No

0 (jwi)
2∗λ2−Do

1(jwi)
2∗

No
0 (jwi)∗Ne

0 (jwi)
2 ∗No

1 (jwi)∗λ−Do
1(jwi)

2 ∗Ne
0 (jwi)

2 ∗λ2−
Do

0(jwi)∗Ne
1 (jwi)∗Do

1(jwi)∗De
1(jwi)

2∗No
0 (jwi)

2∗Ne
0 (jwi)+

Do
0(jwi) ∗ Do

1(jwi) ∗ De
1(jwi)

2 ∗ No
0 (jwi)

2 ∗ λ + Do
0(jwi) ∗

Do
1(jwi)∗De

1(jwi)
2∗No

0 (jwi)∗Ne
0 (jwi)

2∗No
1 (jwi)+Do

0(jwi)∗
Do

1(jwi) ∗ De
1(jwi)

2 ∗ Ne
0 (jwi)

2 ∗ λ − Do
0(jwi) ∗ Ne

1 (jwi) ∗
Do

1(jwi)∗No
0 (jwi)∗Ne

0 (jwi)∗No
1 (jwi)∗λ+Do

0(jwi)∗Do
1(jwi)∗

No
0 (jwi) ∗ No

1 (jwi) ∗ λ2 + Do
0(jwi) ∗ Do

1(jwi) ∗ Ne
0 (jwi)

2 ∗
No

1 (jwi)
2 ∗ λ + Do

0(jwi) ∗Ne
1 (jwi) ∗Do

1(jwi) ∗Ne
0 (jwi) ∗ λ2−

Do
0(jwi) ∗ Do

1(jwi) ∗ λ3 + Ne
1 (jwi) ∗ De

1(jwi)
2 ∗ No

0 (jwi)
2 ∗

Ne
0 (jwi)∗λ−De

1(jwi)
2 ∗No

0 (jwi)
2 ∗λ2−De

1(jwi)
2 ∗No

0 (jwi)∗
Ne

0 (jwi)
2 ∗No

1 (jwi)∗λ−De
1(jwi)

2 ∗Ne
0 (jwi)

2 ∗λ2 +Ne
1 (jwi)∗

No
0 (jwi) ∗Ne

0 (jwi) ∗No
1 (jwi) ∗λ2−No

0 (jwi) ∗No
1 (jwi) ∗λ3−

Ne
0 (jwi)

2 ∗No
1 (jwi)

2 ∗ λ2 −Ne
1 (jwi) ∗Ne

0 (jwi) ∗ λ3 + λ4

After factorization and simplification of this expression,
by taking the relationships (29) into account, we deduce that
det(MatR(jwi)−λI) has three null eigenvalues and one no
null. This eigenvalue no null is the following

Do
0(jwi)Do

1(jwi) + De
0(jwi)De

1(jwi) +
No

0 (jwi)No
1 (jwi) + Ne

0 (jwi)Ne
1 (jwi) > 0

The proof is similar in the second case where the matrix
MatR(jwi) is defined by the relations from (33a) to (33d)
and the left side of the equations from (32a) to (32f).
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