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Global homotopy formulas on g-concave C'R manifolds for
large degrees

Till BRONNLE, Christine LAURENT-THIEBAUT and Jiirgen LEITERER

It is well known that homotopy formulas are very useful in complex anlysis. Such
formulas were constructed by means of integral operators in the 70’s by Grauert and
Lieb, Henkin, Ramirez, Kerzman and Stein for the Cauchy-Riemann operator (see the
historical notes in [12] for more details) and later by Airapetjan and Henkin [1], Polyakov
[9], Barkatou and Laurent-Thiébaut [2] for the tangential Cauchy-Riemann operator. In
most cases only local formulas were obtained. The question arises if it is possible to
globalize these formulas? Gluing together local formulas, it is rather easy to get a global
formula which is not yet a homotopy formula, but ”almost”, up to a compact perturbation.
Then the main work is to eliminate this compact perturbation. A first step in that direction
was done in [8] and then applied in [5] to get a global homotopy formula for the Cauchy-
Riemann operator in g-concave-g*-convex domains of a complex manifold. More recently
Polyakov [10, 11] proved global homotopy formulas for the forms of small degrees for
the tangential Cauchy-Riemann operator on compact g-concave C'R manifolds and used
them to study the embedding problem for C'R manifolds. But his global operators are
less regular than the local ones. Then in [7] it was obtained that, in the case of forms
of small degrees, it is possible to eliminate the compact perturbation without any loss of
smoothness.

In the present paper we extend the results of [7] to the case of the forms of large degree
(cf. Theorem 1.1). The main tools are the same as in [7], for example the functional
analytic lemma (see Lemma 1.3) and an induction lemma (see Lemma 1.5), but new
difficulties appear because now the induction does not start with functions but with forms
of positive degree. For that we need the Friedrichs approximation lemma for first order
differential operators, well known for the L2-topology, in the C*-topology. Since it seems
that this approximation result does not exist in the literature, it was proved by the first
author in his Diplomarbeit [3]. This proof is given at the end of this paper.

As a corollary we get a Dolbeault isomorphism type result (cf. Corollary 1.6).

In the case of the Cauchy-Riemann operator on a complex manifold, the Dolbeault
isomorphism says that all the Dolbeault cohomology groups of bidegree (p, q) for currents,
C>®-forms or C*-forms are isomorphic to the gth cohomology group of the sheaf of germs
of holomorphic p-forms. This is a consequence of the de Rham-Weil isomorphism, of the
Dolbeault lemma and of the holomorphy of the d-closed (p,0)-currents.
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Let M be a g-concave, ¢ > 1, CR generic submanifold of real codimension k of a
complex manifold X of complex dimension n. As in the complex case, we have smooth-
ness of dy-closed (n,0)-currents and local solvability of the tangential Cauchy-Riemann
equation for forms of bidegree (n,r) with 1 <r <g—landn—-k—q+1<r<n-—k.
For the small degrees, then the Dolbeault isomorphism for the dp-cohomology follows
from the de Rham-Weil isomorphism. For the large degrees , i.e. bidegree (n,r) with
n—k—q+1<r<n-—k, Opclosed currents of bidegree (n,r) need not to be smooth.
Nevertheless the Dolbeault isomorphism between the d;-cohomology for currents and the
0p-cohomology for C*°-smooth forms is proved for n —k — ¢+ 2 < r < n — k in [6] un-
der the additional hypothesis that the conormal bundle of M in X is trivial and in [13]
without any additional hypothesis. Here we prove that, if moreover M is compact, the
0y-cohomology group for Cl-smooth (n,r)-forms, [ € N, and for C>®-smooth (n,r)-forms
are isomorphic in the case of the large degrees, included r = n — k — ¢ + 1. In [6] the
reduction to local results was based on cohomological algebra arguments, in [13] on the
construction of a regularization formula for d, here it uses functional analysis.

1 Global homotopy formula

In this section, X is a complex manifold and F is a holomorphic vector bundle on X.
Further, M C X is a generic, compact C'R submanifold of class C*° of X, k is the real
codimension of M in X, and O is the trivial complex line bundle on X.

If U C M is an open set, then, for 0 < r < n — k, the following notations are used:

- C> (U, E) is the Fréchet space of E-valued (n,r)-forms on U which are of class C*,

,T

endowed with the C*°-topology.

T

- Z2:5.(U, E) is the subspace of all closed forms in C;5.(U, ), endowed with the same
topology.

- ijra (U,E),1 €N, 0 < a < 1, is the Banach space of | times differentiable E-valued
(n,r)-forms whose derivatives up to order [ admit extensions to U which are Holder
continuous with exponent «, endowed with the C*®-topology.

- Zfl‘;,a (U, E) is the subspace of all closed forms in Cfl‘fra (U, E), endowed with the same
topology.

- If r > 1, then B,l;fra_’l(M, E) is the space of all f € CL,T(M, E) such that f = du for

4+«

some u € C,"* (M, E). Sometimes we write also

By (M, E) == By."(M, E) := dC;,_1(M, E).

n,r—1

- (Domd); (M, E) is the space of all f € Cy, .(M, E) such that also df is continuous
on M.

If 0 < @ <1 and q is an integer with 1 < ¢ < n — k, then we shall say that condition
H(o,q) is satisfied if, for each point in M, there exist a neighborhood U and linear
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operators

Tr:C?w(M,O)HCO (U,0), 1<r<gqandn—-k—q+1<r<n-—k,

n,r—1

with the following two properties:
(i)Forallle Nand 1 <r<qorn—k—q+1<r<n-—Ek,
TT“ (Cfm,r(M’ O)) - CLTTOLI(U’ O)

and T} is continuous as an operator between CL,T(M ,O) and C,ljra(U, 0).
(ii) If f € (Dom d)g’r(M, 0), 0 <r < g -1, has compact support in U, then, on U,

1.1
dl, f + Tryrdf fl<r<g—lorn—k—q+1<r<n-—k. (1)

Tdf if r=0,
-
If M is g-concave in the sense of Henkin [4], then it is known since 1981 [4, 1] that
condition H(a, q) is satisfied for 0 < av < 1/2. More recently it was proved in [2] that then
also condition H(1/2,q) is satisfied.

Theorem 1.1. Suppose, for some 0 < a < 1 and some integer ¢ with 1 < ¢ < n —
k, condition H(«,q) is satisfied. Then there exist finite dimensional subspaces H, of
Z (M E), 1<r<gqg—1landn—k—qg+1<r <n-—k, where Hy = Z;5(M, E),
continuous linear operators

AT:C&T(M,E)HCO (M, E), 1<r<qandn—-k—q+1<r<n-k,

n,r—1

and continuous linear projections

PT:C&T(M,E)HCQ’T(M,E), 0<r<g—landn—-k—q+1<r<n-—-=k,
with
ImP,. =H,, 0<r<g—landn—k—qg+1<r<n-—~k, (1.2)
and
BQ?O(M,E)QKerPT, 1<r<qg—landn—-k—qg+1<r<n-—k, (1.3)
such that:

(i) For alll e NU{oo} and 1 <r<qorn—k—q+1<r<n-—k,

A, <wa(M, E)) C clte (M, E) (1.4)

n,r—1

and A, is continuous as operator from wa,(M, E) to Ct® (M, E).

n,r—1

(it) For all0 <r<q—1orn—k—q+1<r<n—k and f € (Dom); (M, E),

Ardf ifr=0,

1.5
dA,f + A,1df fl<r<g—lorn—-k—qg+1<r<n-—%k,. (1.5)

f_Prf:{



hal-00345052, version 1 - 8 Dec 2008

4 T. Bronnle, C. Laurent-Thiébaut and J. Leiterer

In the case of the small degrees, i.e. for 0 < r < g — 1, Theorem 1.1 has been proven
in [7], it remains to prove the case of the large degrees, ie. n—k—qg+1<r <n—k.
The main ingredients are the same : first an almost homotopy formula obtained by gluing
together the local formulas and a functional analytic lemma, second an inductive process.

Let us recall the almost homotopy formula, which is proven in [7] for small degrees
and whose proof is exactly the same for large degrees:

Lemma 1.2. Suppose, for some 0 < a < 1 and some integer q with 1 < q < n — k,
condition H(c,q) is satisfied. Then there exist linear operators

TT:CPL,T(M,E)—>C2,,,71(M,E), 1<r<gandn—-k—q+1<r<n-£k (1.6)
and
KT:CPL,T(M,E)HCSW(M,E), 0<r<g—landn—-k—q+1<r<n-—k, (1.7)

with the following two properties:

(i) For alll € N,

TT<C£L,,,(M,E)) QCLTTOLI(M,E), 1<r<gqandn—-k—q+1<r<n-—k%k, (1.8)
KT(CLJ,(M,E)) QCLTTO‘(M,E), 0<r<g—landn—-k—q+1<r<n-—k, (1.9)

the operators T, 1 <r < qandn—k—q+1<r <n-—k, are continuous as operators
acting between CLW(M7 E) and CI*® (M, E), and the operators K,, 0 < r < q—1 and

n,r—1
n—k—q+1<r <n-—k, are continuous as operators acting between CL,T(M, E) and

Cle(M, E).
n,r )
(it) If f € (Domd)}) (M,E), 0<r<q—1orn—k—q+1<r<n—Fk, then on M

Thdf ifr =0,

1.10
dl, f + Tyr41df iflgrgq—lorn—k—q—i—lgrgn—k:.( )

f+K7"f:{

and the functional analytic lemma:

Lemma 1.3. Let By, | € N, be a sequence of Banach spaces, and let R : By — By be a
linear operator such that, for each | € N:

e B;11 C B; and the imbedding By11 — B is continuous,
° ﬂueN B, is dense in By,
e R(B;) C By and R B, is compact as an endomorphism of Bj.

Then I + R is a Fredholm endomorphism with index zero of By (this is clear, because R
is compact as an endomorphism of By), and

Ker(I+R) C (] Br. (1.11)
leN
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from which one can deduce the next result (cf.[7], Lemma 5.1) :

Lemma 1.4. Suppose, for some 0 < a < 1 and some integer q with 1 < q < n — k,
condition H(«,q) is satisfied and let K., 0 <r<qg—1orn—k—q+1<r<n-—k, be
the operators from lemma 1.2. Then:

(i) For all0 < r <g—1andn—k—q+1<r <n-—=k, I +K, is a Fredholm
endomorphism of CSJ,(M , E) with index zero and

Ker(I + K,) C Co.(M, E). (1.12)
(ii) We have
Z) o(M, E) C Ker(I + Ko) C C5(M, E) (1.13)
and
dim Z9 o(M, E) = dim Z;5,(M, E) < . (1.14)

(iii) Ifg>2and 1 <r<qg—1lorn—k—q+1<r<n-—k, then
(I+ K,)(23,(M, E)) € By "(M, E) (1.15)
and (I + KT)‘ZQL’T(M,E) is a Fredholm endomorphism with index zero of ZQ’T(M, E).
(iv) Ifg>2and1<r<q—1orn—k—q+1<r<n—k, then B, °(M,E) is a

closed subspace of finite codimension in Z)) (M, E).
(W) Ifg>2and1<r<q—1lorn—k—q+1<r<n-—k, then

(I + K) (Bsr (M, E)) € B (M, E) (1.16)

and (I + K, is a Fredholm endomorphism with index zero of BY, (M, E).

”Bg;O(M,E) )T

We come now to the induction step, we restrict ourselves here to the case of large
degrees (the case of small degrees is contained in [7]). To simplify the notations, we set
ro=n—k—q+1.

Lemma 1.5. Suppose, for some 0 < a < 1 and some integer q with 1 < g < n — k,
condition H(«,q) is satisfied and let T, ro <r <n—=Fk, and K,, o <r <n—k, be the
operators from lemma 1.2. Then there exist finite dimensional continuous linear operators

K| :C) . (M,E) = CX.(M,E), ro<r<mn-—k,
K':C) . (M,E) — CX.(M,E), ro <r<n-—k,
TTf:C%T(M,E) — Coo1 (M E), ro <r<n-—k,

such that with the abbreviations
N, =1+K,+K.+K', ro<r<n-k,

each N, ro <r <n—k, is a Fredholm endomorphism with index zero of CSM,(M, E) (this
is clear, because I + K, has this property), and:
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(i) If ro <r <n—k and f € (Domd)) (M, E), then

Ny f =d(T + T)f + (Tra +T4)df (1.17)

and hence
dN,f = Ny, 1df . (1.18)

(i) We have
Cy.(M,E) =ImN, ® Ker N, , if ro<r<n-—k, (1.19)
Ker N, C Z7.(M, E), if ro<r<n-=k, (1.20)
Z) (M,E) =By "(M,E)&KerN,  if ro<r<n—k, (1.21)
and

B O(M,E) =B) (M, E), if o <r<n-—k. (1.22)

(iii) If ro <r <n—k, then
N, (B (M, B)) = By (M, E) (1.23)

and NABO‘HO(M B) s an isomorphism of BS?O(M, E).

(i) If ro <r <n-—k—1, then
(Dom d)°,(M, E) = N, ((Dom d)°, (M, E)) @ Ker K, , (1.24)

and hence N”‘ImN A(Dom d) (M, B) 5 aN isomorphism of Im N, N (Dom d);) (M, E).

(v) Remark: It follows from (1.19), (1.21) and (1.23) that

ImN, N Z) . (M,E)=By°(M,E)  if ro<r<n-—k. (1.25)
Proof. We proceed by induction on r. We first construct the operators K. , K, T and
TTI,0+1.

We begin with the construction of K] and T} . We are looking for an operator K],

which satisfies
K! = dT!

T0?

where T} is a finite dimensional continuous linear operator from Cj) , (M, E) to C3%, (M, E)
and, if we set

Ny =1+ K, + K/

T0?

Ker N,, N BY0(M, E) = {0}. (1.26)

n,ro

By Lemma 1.4 the operator (I + K, is a Fredholm endomorphism with

){Bgyoo(M,E)
index zero of Bg‘;;o(M , E) and hence its kernel and cokernel are finite dimensional and of
the same dimension.
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Let m = dim Ker(I + K,
Ker(I + K,,) C C

n,ro

)|8273(M,E)' If m =0set K/ =T/ =0.If m >0, since

(M, E), we can choose a basis of Ker(I + Km)‘lgoﬂ

C*°-smooth forms 64, ..., 60,,.
Moreover there exists a vector space S of dimension m such that

o(M,B) made of

(I+K,)(2°, (M,E) @S =B2"M,E).

n,ro n,r0

Let dAy, ..., d\p be abasis of S. Then by Friedrichs lemma for C*-topology (cf. Appendix)
there exists A1,..., A\ such that S = Vect(dAq,...,d\,,) satisfies also

(I + Ky (20, (M, E)) & S = B ;)(M, E). (1.27)
Taking a dual basis, we can find forms 1, ..., %, of degree n — k — rg such that

/%A%:%ﬁ, 1<a,B<m.
M

We set for f € CO, (M, E)

T f = Z_Zf /Mf A the) e

It follows from this definition that 7} is a finite dimensional continuous linear operator
from C), (M, E) into C2° (M, E). Then we define K/! by K\ = dT} and N, by

n,ro n,ro—1
Ny, = I + K,y + K]_. The operator N,, is then a Fredholm operator with index 0 of
C%. (M, E) and by Lemma 1.3

n,ro

Ker N,, CC® (M,E).

n,ro

It remains to prove (1.26). Let f € Ker Ny, N BY70(M, E), then

n,T0

(I+Ky)f+ K f=0.

Since (I + K, )f € (I + K,)(Z°, (M,E)) and K" f € S, by (1.27) we get

n,ro 0

f € Ker(I + Ky, N Ker K7

|s=0ar,1))

and hence f = 0 by definition of T} and K

ro?

which conclude the proof of (1.26).
Next we prove that
20,0(M,E) = B (M, E) @ (Ker Ny, 11 25, (M, E) ) . (1.28)
Since K, = dT}, and ImT; C C° (M, E), it is clear that

Im K C BYO(M,E). (1.29)

n,ro
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By lemma 1.4 (iv), (I + KTO)‘BQ—*O(M 5) is a Fredholm endomorphism with index zero
n,rq )

of BY20(M,E). Since K/ is finite dimensional and we have (1.29), this implies that

n,ro

Nro |Bg700(M,E) has the same property. By (1.26), this means that

Ny, ‘Bgyoo(M,E) is an isomorphism of Bﬁ?oo(M, E). (1.30)
In particular, B
Im Ny, |B%70°(M,E) = By (M, E). (1.31)

Moreover, by part (iii) of lemma 1.4, (I + K,,
with index zero of 29, (M, E), where

n,ro

is a Fredholm endomorphism
)‘zg,m(M,E) p

Im(I + K, C BY%(M, E)

) ‘29”0 (M,E) = Pn,ro

Once again since K, is finite dimensional and we have (1.29), this implies that also

Nro | 29, (M,E) is a Fredholm endomorphism with index zero of ng (M, E), where
Im N, | 20, () © B (ML E).
Together with (1.31) this gives
Tm Ny, |20, onm) = BY (M, E). (1.32)
Therefore, (1.26) can be written
Ker N, N Im Nr°|22,rO(M7E) = {0}.
Hence _ _
Im N, | 29, orm)) Ker N, | 20, (a5 = {0}. (1.33)
As the index of Nro ‘ZQ,TO(M,E) is zero, this yields
20, (M,E) =Im N,,| 20, (arp) B Ker Ny 20, OLE)
=1 N5 (1) @ <Ker Nyo N 20, (M, E)) .
Again by (1.32), this proves (1.28).
From (1.26) and (1.28) it follows that
BYO(M,E) =B) )M, E). (1.34)

The construction of the operators K;O and Tr’0 41 and the proof of there properties are
exactly the same as for the operators K (;71 and Té in [7]. We do not repeat it here and
this ends the initialization of the induction.
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Now we assume that the operators K, K,/, T} and T, ; of Lemma 1.5 are construct
for some 19 < r < n — k and that they satlsfy the properties (i) to (v) of Lemma 1.5.
We set
K, = dT, (1.35)

Since T} ; is a finite dimensional continuous hnear operator from Cn 1M, E) to Co5.(M, E),
then it is clear that also K’ ; is such an operator. Set

Noyr =1+ K1 + K/

Then, by lemma 1.3, Nr-ﬁ-l is a Fredholm endomorphism with index zero of CSJ,_H(M, E),
and

Ker Nyjq € C%q (M, E). (1.36)
Now we first prove that
Ker N1 N B9 (M, E) = {0} (1.37)

Let g € Bg,_,,’le(M, E) with N,11g = 0 be given. Take f € C) (M, E) with g = df. Then,
by definition of N, and K |, we get
0= Nrj1g = Nejadf = (I + Kpp1)df + K/ ydf = (I + Kppa)df + dT)df -

By (1.10), this implies
0= (dTpy1 +dT.,,)df . (1.38)

Since, by hypothesis of induction, the operators K., K/, T, and T]_; satisfy statement (i)
of lemma 1.5, we have

Nof = d(Tr + T)) f + (Trr + T40)df -
Hence dN, f = d(Ty41 + T, ,)df, which implies by (1.38) that
N, f € Zn’T(M, E). (1.39)
By hypothesis of induction, (1.25) is valid for r, and then (1.39) implies that
N, f € By °(M,E).

Therefore as, by hypothesis of induction, (1.23) is valid for r, we can find fe BO‘HO(M E)
with B
Nrf = Nrf .
Hence f —j~’ € Ker N, and since, by hypothesis of induction, (1.20) is valid for r, this implies
that f — f € Z5.(M,E). As f € ZS,T(M, E), this further implies that f € ng(M, E).
Hence g = df = 0. This completes the proof of (1.37).
Next in the same way as for r = ry we get

20,1 (M, B) = Byl (M, E) @ (Ker Npyr 01 25,4, (M, B)) (1.40)

and then the construction of the operators K] and T, is an exact repetition of the
construction of the operators K] and T} ;. O
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End of the proof of Theorem 1.1. Weset H, = Ker N, forall0 <r <g—landn—k—q-+
1 <r <n—k. Since the operators N, are Fredholm operators and Ker N, C Z2.(M, E),
the spaces H, are finite subspaces of Z2%.(M, E).
By (1.19), we have
C).(M,E) =ImN, &H, (1.41)

and we define P, as the linear projection in C) (M, E) with
ImP.=H, and KerP.=ImN,, 0<r<g—lorn—k—q+1<r<n—k. (1.42)

Since the spaces Im N, and H, are closed in the C%-topology, these projections are contin-
uous with respect to the C°-topology. Since, by (1.22) and (1.23), BY°(M, E) C Im N,.,
this implies (1.3).
Set R
N, =N, + P,.

Then, by (1.41) and (1.42), N, is an isomorphism of Co.(M,E). f0<r<gq—2or
n—k—qg+1<r<n-—k, then moreover

N, <(Dom d)9 (M, E)) — (Domd)? (M, E)

and therefore N ‘(D is an isomorphism of (Dom d)%’r(M , E). Indeed, since

n — l(M E)
Ker K, C Z25.(M, E) C (Dom d)Y (M, E), this follows from part (iv) of lemma 1.5.
Setting

[ NA@+T).  1<r<g (143
" (Tr—l—T;)]/\\ffl, n—k—q+1<r<n-k, '
now we define the continuous linear operators
AT:C?L,T‘(M7E) —>Cn7" 1(M7E)7 I<r<qorn—k—qg+1<r<n-—k.

Proof of (i): For 0 < r < g — 1 the proof of the assertions (i) and (ii) of the theorem
is contained in section 6 of [7].

Let n—k—q+1<r <n-—kand! € N be given. By definition, ]VT is of the
form N, = I + R where R‘Cl B) is a continuous linear operator from CL,T(M, E) to

CLE“(M, E). Since (T, + T} ‘C M E) is a continuous from C., .(M, E) to Cf;ro‘_l(M, E),
it follows that N
Ay = (T, + T))N; !

is continuous from Cl (M, E) to C* (M, E).

n,r—1

Proof of (ii): Let n —k —q+ 1 <r <n—k. We first prove that

= dN; (1.44)

1
7’+1d| Dom d), ,.(M,E) ‘ Domd)}, . (M,E)

Since N, | Dom d) is an isomorphism of (Dom d)9 (M, E), this is equivalent to

), (M,E)

ANy 1‘(Domd)w L(M,E) _Nd‘(Domd)M (ME) " (1.45)
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Let g € (Domd)y (M, E) be given. Then, by (1.3), (1.21) and (1.18),
dP,_19g=0, P.dg=0 and dN,_19= N,dg.
Hence
dN,_19 = dN,_1g + dP,_1g = dN,_1g = N,dg = N,dg + P,dg = N,dg .

Now consider f € (Domd), .(M, E). Then, by (1.17) and definition of the operators
A,
NN = dAf + (T f + T)dN (1.46)

Since Im N, = Ker P, we have PN, = 0. Hence (I — Pr)]/\fr =({I-P)N,+P)=N,
and therefore N, N, ! = I — P,. Therefore, (1.46) takes the form

f=Prf = dArf + (Traf + T AN, f (1.47)
and together with (1.44) this gives (1.5). O

As a direct consequence of Theorem 1.1, we obtain a new proof of the Dolbeault iso-
morphism for the dp-cohomology and of the regularity theorem for the tangentiel Cauchy-
Riemann operator in compact CR manifolds

Corollary 1.6. Suppose, for some 0 < o < 1 and some integer ¢ with 1 < q < n —k,
condition H(«,q) is satisfied. For all1 <r < qorn—k—q+1<r <n-—k and
I € NU{oo}, the space B (M, E) is closed in C., .(M, E),

B ~H M, E) = By J{(M, E), (1.48)
and the natural map
Zp (M, E) zl (M, E)
- (1.49)
ng?rfl(M, E) BQ?I(M, E)

18 injective.
If1<r<qg—1lorn—k—q+1<r<n-—k, then moreover, for all | € NU {0},
there exist finite dimensional subspaces H; of Z35.(M, E) such that

2, (M, E) = B2~ (M, E) © M, , (1.50)

and hence (1.49) is an isomorphism and the cohomology groups in (1.49) are finite dimen-
stonal.

Proof. Let 1 <r<gqgorn—k—q+1<r<n-—k. It follows from (1.5) and (1.3) that

T

dA.f=f  forall feBYO(M,E), (1.51)

and (1.48) follows from (1.51) and (1.4).
Let 1 <r<g—lorn—k—qg+1<r<n-—kandl € NU{oo}. From Lemma

1.2, we get that (I + KT)‘zl (M.E) is a Fredholm operator with index zero of wa,(M, E)
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with (I + Kr)(Zim,(M, E)) C Bilf,?‘_’l(M, E). Since B,l;fra_’l(M, E) is the image of a closed
linear operator this implies that Bﬁ:‘f‘_’l(M ,E) is a closed subspace for the C!-topology.

To prove that B,quaﬂl(M , E) is closed in the C'-topology, we consider a sequence f, €
Bﬁlfqo‘_’l(M, E) which converges in the C'-topology to some f € Cfl7q(M, E). Since, by part
(i) of Theorem 1.1, A, is continuous as operator from Cfl7q(M, E) to Ci:rqoil(M, E), then
the sequence A, f, converges in the C'*-topology to some g € Cijqoil(M, E), where, by
(1.51), dAqy f, = f,, for all v. Since the operator

d:CLe (M, E) — BL 2™ (M, E)

is closed, this implies that dg = f, i.e. f € Bf{fqa_’l(M, E).

Since, by (1.4),

A (€M, B) N BIO(M, B)) € €5y (M, B),

n,r—1
it follows from (1.51) that

dcg?rfl(M’ E) = C?L?T‘(M? E) N Bg?l(M’ E) )
which means that (1.49) is injective.
Nowlet 1 <r<qg—lorn—k—qg+1<r7r<n-—k, wedefine H, by Im P, = H,,
where P, is the projector from Theorem 1.1. Then, by (1.21), (1.22),

Z) (M,E) =By °(M,E) & H,.
Since H, C C;5.(M, E), this implies that
Z} (M,E)=B)'(M,E)®&H,  foralll € NU{oo}.

By (1.48) this means (1.50). O

2 Appendix

In the 40’s, Friedrichs has proven a density lemma for the L?-topology for partial differ-
ential operators in R™. If P is such an operator he proves that the C*°-smooth functions
are dense in the domain of definition of P for the graph norm. This result has been later
extend to the LP-topology, 1 < p < oo. Here we want to generalize it to differential
operators between vector bundles for the C*-topology.

Such differential operators between vector bundles appears naturally, for example the
tangential Cauchy-Riemann operator on a CR generic submanifold of a complex manifold
is a differential operator between two bundles of differential forms.

Let X be a paracompact differential manifold of class C*° of real dimension n and E
and F two vector bundles of class C*°, respectively of rank p and q.

Let U = (U;);er be alocally finite open covering of X by coordinates domains which are
also trivialization domains for both E and F' and (M;;); jer be the transition matrices of
on (U;; = U;NUj); jer and (Nyj); jer be the transition matrices of F' on (U;; = U;NUj)i jer-
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For k € NU {oo} we denote by I'*(X, E), respectively I'*(X, F), the vector space of
CF-smooth sections of E, respectively F. Some trivialization being given on U, for each
[ eTFX,E), f!Ui is given by a p-vector of functions f; = (f},..., fF) and on U; N U; we
have fz = Mijfj-

A linear differential operator P of order 1 and class C* between the fiber bundles E
and F is a linear map between I'**1(X, E) and T'*(X, F) given in some trivialization of
E and F by a family of linear operators P; from I'**1(U;, E) into T*(U;, F), i € I, such
that, for f € TF1(X, E),

(i) Pi(fi) = NijPj(M;; f;) on Uy N Uj,

(ii) each P; is a system of partial differential linear equations of order 1, i.e. P; = (L}*)
is given by a (g,p)-matrice of partial differential linear equations, where, if (x1,...,x,)
denotes some coordinates on U;, D; = 3%1’ 1 <1 < n, the partial derivative relatively to
the coordinate x;, ;*, 1 <1 <n,1<r<gand 1 <s <p, Ck*+1 functions on R™ and ap®,
1<r<gqgand1<s<p,CF functions on R”, then

n
Li* =Y aj*D; +ap’.
=1

Let P be a linear differential operator P of order 1 and class C* between the fiber
bundles E and F, we shall say that a section f of class C¥ of E is in the domain of
definition of P, Dom P, if Pf, which is defined in the sense of distributions, belongs to
(X, F).

If K is a compact subset of X and f € Dom P, the graph C*-norm on K of f is defined
by

W llgrcicsy = Il + 1Pl

Theorem 2.1. Friedrichs’lemma for the C*-topology. Let P be a linear differential op-
erator of order 1 and class C* between two fiber bundles E and F of class C*® over a
differential manifold X of class C*°. For each compact subset K of X, the C*°-smooth
sections of E are dense in the domain of definition of P for the graph C*-norm on K.

Proof. First consider the case when X = R", E and F are both trivial bundles of rank
respectively p and ¢ and P = (L"¥) is a system of partial differential equations. In
particular for p = ¢ = 1 we get

Lemma 2.2. Let L = ) ;" ; ayD; + ag with a; € CH1(R™), 1 <1 <mn, and a, € CF(R™)
and ¢ € C*(R™) be a positive smooth function with compact support in the unit ball of R™
such that [g, ¢ dz =1. Set for e >0 and z € R",

Then for each compact subset K of R™ and any f € Dom(L)

IL(f *¢e) = L(f)ll ke — 0,

when € — 0.
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Proof. Let f € Dom(L) and set L(f) = E( f)+aof. By the classical convergence properties
of the convolution, we know that ||ao(f * @) — aof] i tends to 0 when e tends to 0. By
the triangle inequality

IZ(f * ) — L)l < IL(f *pe) — LOF) * ell e + IL(f) * e — LU -

It follows again from the classical properties of the convolution that, since ZN( f) € CF(R™),
|L(f) * pe — L(f)|| i tends to 0, when € tends to 0. Now by definition of L, we have

IZ(f % 0e) = L) * @ellres < D NaDu(f * @) = (@Di(f)) * el - (2.1)
=1

Therefore it is sufficient to prove that each term in (2.1) converges to 0 when ¢ tends
to 0. Let s = (s1,...,8,) € N” be a multi-index of length less or equal to k, we set
D® = Di'...Di". Then

Il = 1PNk

|s|<k

From the Leibniz formula, we deduce

D*(aDy(f)) = (i) (D"a)(Di(D*7" f)

r<s

and the proof of the lemma is then reduced to the following fact :

(%) LetacCYR"),1<1<mnandf€C(R"), then the smooth function aDj(f *
©e) — (aDy(f)) * p. converges uniformly to 0 on K, when € tends to 0.

Note that it is clearly the case if the function f is of class C*°, because then Dj(f *pe =
Di(f) % @e). Let g € C*°(R™), then by linearity

aDi(fxpe) = (aDi(f))* e = aDi(gxpe) = (aDi(g)) *pe+aDi((f —g) xpc) — (aDi(f = g)) e

(2.2)
Assume we can prove that there exists a constant C' independent of e €]0, 1] such that
laDi(f 5 pe) = (@Di(f)) * ¢ell0 < Cllfl k480,105 (2:3)

then from (2.2) we get

|aDy(f * @) — (aDi(f)) * 0cllx0 < llaDi(g * wc) — (aDi(9)) * ¢ell 0 + Cllf — gll k+B(0,1),0 -

and, since continuous functions in R™ can be uniformly approximate on K + B(0,1) by
C>-smooth functions, this concludes the proof of (&) by classical arguments.
Now let us prove (2.3). First let us recall that

(LIS

f*soezein/Xf(w—y)so( )dyz/xf(w—ey)so(y) dy .
Then

aDi(f % ge) — (@aDi(f)) * e = /X (ale) — a(z — ) (Duf ) — ey)oly) dy,
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and after an integration by parts

aDU(f %00 = @DUN) w0 = [+ {alo) =~ alo— ) o~ ) 520) dy

+ /X g—;(x —ey)f(z —ey)o(y) dy,

since 2 (f(z — ) = —e(Dif (@ — €y).
As a is of class C!, for € < 1, there exists a constant My such that for z € K and

y € supp ¢ C B(0,1) we have

0
a(@) — az —ey)| < Miely]  and |52

(z —ey)| < Mk,
Y1
and therefore

JDA(f * 00) = (@DI(F) # eelca < Mic( [ <\yr\§—;j<y>\ o)) ) 1 llxs 5000

Setting C' = M ( [ (Jyl|52 W) + |e()]) dy), we get (2.3). O

Now if P is given by a (q,p)-matrice (L"), using the triangle inequality, we deduce
easily from Lemma 2.2 that for each compact subset K of R™ and any f € Dom(P)

[P(f *pe) = P(f)llkr — 0,

when e — 0, which proves Theorem 2.1 for a system.

Now we have to globalize the situation.

Let (xi)ier be a partition of the unity subordinated to the open covering U and f €
I'*(X,E). After a choice of coordinates in each U; and of a trivialization of F, we can
define y; f as a p-vector f; = ( il, ..., JP) of functions with compact support in R™. Then,
for € sufficiently small, f; x o = (f} * @e,..., fF % @c) can be identify with a section (fi).
of E with compact support in U;. Set fe = > ;c;(fi)e, then fo € (X, E) and for each
compact subset of X || f — fe||xx tends to 0 when e tends to 0.

Moreover on one hand Pf = ) ,.; P(x:f) and, after a choice of trivialization of F'
over Us, P(x:f) = P;(f;) and on the other hand Pf. = >, ; P((fi)e) and, for e sufficiently
small, P((f;)e) = Pi(fi * pc). By the case of a system, which has been studied previously,
| Pi(fi) — Pi(fi * ¢e)| i tends to O when e tends to 0 and therefore |Pf — P fc| k1 tends

to 0 when € tends to 0, which proves the theorem. O
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