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Verification of biological models with Temporal Logic and Timed
Hybrid Petri Nets
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Abstract— The Hybrid Functional Petri Nets (HFPN) formal-  show how the introduction of such a real time logic can
ism has already shown its convenience for modelling biologal  pe helpful in the context of biological modelling. We
systems. This class of models have been fruitfully appliechi study a simplified model of amphibian metamorphosis

biology but the remarkable expressiveness of HFPN often leis . . .
to incomplete formal validations. In this paper, we proposea regulation [5]. After having constructed the associatedriv

formal logical framework for Timed Hybrid Petri Nets (THPN) ,  Clock automaton, we show that classical approaches of
a sub-class of HFPN. We propose an extension of Event Clock verification of Event Clock logic formulas can be applied to

Logic dedicated to THPN and a procedure to convert a THPN  prove that the THPN model satisfies a particular temporal
into a real-time automaton. A small biological model showshat property.

our framework allows us to formally prove properties by a wel

suited model-checking procedure. . . ) .
This paper is organized as follows: Section 2 presents

|. INTRODUCTION syntax and semantics of our logic. Definitions of a THPN
Systems biology aims to a system-level understandirgnd an evolution graph are sketched in Section 3. In Section
of the functioning of a biological system like the cell,4, conversion algorithms of an evolution graph into an Event
taking into account not only molecular phenomena buElock automaton are detailed. Finally, Section 5 sketch#s o
also structuration of the cells, communication channets ara biological example before we discuss our results in Sectio
exchanges with the outside space. This global aim is no6u
conceivable thanks to the recent developments of genomic
and postgenomic which enable identification of numerous
genes and proteins. Nevertheless, the precise role of edth Syntax and semantics
actor stays hard to determine experimentally. Then, mathe-we define an extended syntax and semantics of Event
matical modelling is an essential approach to study comple3lock logic [3], where atoms are extended to handle continu-
biological processes. There exist numerous modelling fobus and discrete time executions. We call it Continuous Time
malisms which allow different evaluation techniques: dmu Evolution Logic, CTEL for short. We first define signatures
tion, proof, etc. The Hybrid Functional Petri Nets (HFPN) [1 which specify variables and observable events abstragted b
formalism offers a maximum of flexibility such that mod- predicates.
elling of discrete and continuous processes or definition of
consumed or produced quantity as a function of markin@efinition 1 A signature for CTEL is a coupl® = (V, Pr)
This explain why HFPN are well suited for simulation.whereV and Pr are respectively a set of variables and a
Nevertheless, it is also necessary to verify that the globakt of predicates.
system satisfies a behavioral property. This verificatiep st
is difficult to perform on a so expressive formalism sinceéDefinition 2 Given a CTEL signature = (V, Pr), a
such an expressiveness prevents the application of genatahtinuous-time model/ is defined by a set ¢ Pr x Rt
formal or proof methods. and a functiony : (V IIR) x RT — R (wherell stands
Since usual validation methods turned out to be unsuitabfgr the disjoint union) such that for any € R, and for
on HFPN, we propose an original procedure based on worlggly ¢ ¢ R*, u(r,t) = r. The set of models defined on the
of David and Alla [2] (Petri nets) and of Raskin andsignatureX. is denoted byl od(X).
Schobbens [3] (satisfaction of temporal logic formulas). T
tackle such a validation step, we first reduce the expressivé/e distinguish two kinds of atoms: instantaneous atems
ness of models, we focus on a sub-class of HFPN whefPefinition 3) and atoms (Definition 6).
functional aspects have been removed: the Timed Hybrid
Petri Nets (THPN). Definition 3 An instantaneous ator is an expression of
In this paper, we describe continuous traces of THPRhe form:v > o', p or their negations, where, v’ € (VIIR)
as a particular automaton, an Event Clock automaton [4¢ndp € Pr.
based on a real time logic, the Event Clock logic [3]. This
step needs to define precisely the continuous models, tRefinition 4 The satisfaction relation}=;, between a
extended Event Clock logic. THPN models can then beontinuous-time model/ and an instantaneous atom at
transcripted via the evolution graph and some manipulatio® timet; € R* is defined as follows:
and formulas in terms of Event Clock automata. We then « M |, piff (p,t;) €

Il. CONTINUOUS TIME LOGIC
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o M =y, v >0 iff p(v, ;) > p(,t;) o cvall (Yo, t;) =

. M):L —Q, iff M#tia tj—ti ’Lf Etj, tj>ti|M':th[
and Vi, t; <tp <t;j, MFy o
An instantaneous atom can be timed thanks to the use L otherwise

of two clocks, the history cloclk, and the prophecy clock
Yo [4]. The value of a history clock,, is the time elapsed Definition 11 The satisfaction relation= c Mod(Z) x

since the last occurrence of. The value of a prophecy For(5) wheret; € |h|, is defined inductively as follows:
clock y, is the time to wait for the next occurrence of « MEDpiff (pt;) en
Introduction of the clocks:, andy,, allows us to define the | 5, ':? o> ff ew%(r, t) > em% (', t;)
set of terms on the signatube, noted7s:. « M H{ — iff M EP o

n e A b h
Definition 5 A term on a signatureC is either a variable : % :3; glcp/\iff?zwlﬁ':]\g )::; 1 and M = o
v € V or a constant- € R or an expression of the form, M )ZEL o iff i > Otgr;dM h

[ i—1

resp. wherea is an instantaneous atom. )
( pya) @ « M ':Z (plU(pQ iff Etj >t | M ):?J ©2 and

Definition 6 Given a signature> = (V, Pr), an atom is an Vi € }[fi’ til, M, o .
expression of the form > r/, p or their negations, where M = p1Sps iff 3t; € [0,6] | M |:tj 2 and
r,7’ € Ty andp € Pr, such that ifr (resp.s’) is of the Vi €]ty ti], M ¢
form ., Or ya, the other term” (resp.r) is necessarily an ~ * M ¢ Doy iff 3 > & M | ¢ and
integer constant. Yty €]ti, t;[, M £} o andt; —t; ~n

M P <enp iff 3t; € 0,4 M ] ¢ and
Definition 7 The set of well formed formulas & For (%), Vi €]t  ti[, M E} o andt; —t; ~n

is defined according to following syntaxic rules [3]. A well

formed formula is composed of atoms, boolean connectivBs
-, V, A, qualitative temporal operators Nexdj, Previous Continuous time models are difficult to represent in an
(©), Until (U) and Since §) and of real-time operators: abstract formalism manipulable by a computer. We then

Discrete timed traces

predicting and history operatorsx(, <): focus on discretization of continuous time evolutions. We
o A y first define a satisfaction relation between a continuous tim
= al~p|Opl © @lpr Apalor Vo model and a discrete timed trace.

01U p2|p15¢2| Qon ] >on o,

where @ is an atom,~e {=,<,>,<,>}, ¢, 1, po € Definition 12 A timed trace is of the forn{(y;,;)}icn,
For(¥) andn is in N C R. where theyp, are observations and. = (t;)ien IS a time
sequence. The satisfaction relation between a madeind

Events observed during the execution of a continuous timetimed tracer is defined byM k= riff Vi € N, M ):hf ;.
model can be expressed by a subset of well formed formulas. ’ o

We now define the satisfaction relation between timed
Definition 8 The set of observations on the signatdies  traces and a CTEL formula, denotedi.
the subseDbs(X) of For(X) defined as follows : ¢ ::=
al-@|e1 A 2|1 Vo2 Wherea is an atom,p, ¢1 andy,  Definition 13 Given a timed trace, a positioni € N and
are observations. a CTEL formula¢, T satisifes¢ at the positioni, noted

. . . . _ j iff IM|M and M =7 .
During a continuous time model execution, observatlong’l)él ¢ M =T =i ¢

are made at different times which define a time sequence. I1l. FORMALIZATION OF THPN

We first define the THPN models [2], then present how the

Definition 9 A time sequencé is an infinite succession of evolution of such models can be represented by an evolution

timest; which is strictly increasing and divergent.

graph.
We now define a functiomval?, which evaluates each o ) ) ) .
term of a continuous model/ on a time sequenck. Definition 14 A Timed Hybrid Petri Net is a 7-tuple
(P, T,¢, Pre, Post,mg, Tempo) where:
Definition 10 Given aX-model M and a time sequende, « P and7 are disjoint sets of places and transitions,
the function which evaluates each tetrim the modelM/ on e (:PUT — {D,C} called “hybrid function,” indicates
the time sequenck, eval®, : T, x |h| — R U {1}, where for every node whether it is a discrete node or a
|h| is the set of times if is defined as follows : continuous one.
o cvall;(v,t;) = u(v,t;) wherev € (VIIR) andt; € RT Let TP (resp. PP) and T (resp. P“) be the sets of
o cvall (zq,t;) = discrete and continous transitions (resp. places),
ti—t; if 3y, 0<t; <t;] M =, a e Pre : P x7T — R' UN is the input incidence
and Vti, t; <tp <t;, MF; o application. If T € TP then Pre(P,T) € N else

1 otherwise Pre(P,T) € RT.
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Let T be the set of places preceding the transitibn to end. Secondly, since the evolution graph represents a
andP={TeT|PeT}, deterministic behavior, one has to solve conflicts whictuocc

e Post : T x P — R* UN is the output incidence when the marking of a place is not sufficient to allow the
application. If T € TP then Post(T,P) € N else different transitions to fire simultaneously. Generalhere

Post(T, P) € RT. are two ways for solving conflict§haringproposes to share
Let T' be the set of places succeeding to the transitioresources between transitions according to a given schema
TandP={T eT|PeT}, (general case: stoichiometric constants are then helfgfull

o mp : P — RT UN is the initial marking. IfP € PP  determining sharing schema). Ampdiority ranks transitions
thenmy(P) € N elsemy(P) € RT, and gives limited resources according to the ran&sg.(

e Tempo is a function from the se” to the set of catalytic phenomena).
positive rational numbers. I € TP, Tempo(T) is

a timing associated withl". It is noted delay(T). If ~ C- Signature

T eTC, m represents the maximal firing speed For constructing the Event Clock automaton related to a

associated with". In the sequel, it is note® (T'). THPN, let us first define the signatusegn = (V, Pr) of a
given THPN:

A. Semantics intuition

A discrete transitioril” is enabledif each placeP;, € T' V is the following set of variablesm(P) represents the
satisfiesm(P;) > Pre(P;,T). If the transitionT stays marking of P € P, v(T) represents the instantaneous speed
enabled during the timeelay(T), it will be fired at the of T € T¢ anddg(T) represents the enabling degree of
end of this delayPre(P;, T') tokens are then removed from T € TP,
each placeP, € T and Post(T, P;) tokens are added to
each transitionP; € T. The marking can be sufficient to Pr is the following set of predicates:

allow fewer simultaneous firings. The number of allowed . Enabie(T), Act(T): unary predicates associated with

firings defines theenabling degreeBy definition, T" € TP respectively enabling off € TP and activation of
is enabled if its enabling degree is not null. T € TC,

A continuous transitio” is enabledif each placeP; € T o Fire(T), NulMark(P): unary predicates associated
satisfies eithem(P;) > Pre(P;, T) if P; is a discrete place, with respectively a D1-event and a Cl-event,
or m(P;) > 0 if P; is a continuous place. A continuous . Th(P,z): binary predicate associated with a D2-event,
transition is fired to itsnstantaneous firing speed7’) such (Threshold)

that 0 < »(T) < V(T'). v(T) corresponds to the maximal , NoEvt: predicate associated with the first transition of
speed a transition can fire according to the current marking.  the evolution graph when no event occurs.

By definition,T € T¢ is active if its instantaneous speed
is not null. A flow of Pre(P;, T) x v(T) tokens are removed V. ASSOCIATED EVENT CLOCK AUTOMATON

from each place’; € T and a flow of Post(T, P;) x v(T) Let us first recall the definition of an Event Clock automa-
tokens are added to each transitiBpe T'. ton [4].

B. Evolution graph o )
i Definition 15 An Event Clock automaton on the signature
The behavior of a THPN can be represented by aﬁgn is a 6-tupled = (L, Lo, At, C, E, F) where :

evolution graph, represented by a Petri net [2]. Each place
corresponds to an IB-state (invariant behavior state) act e
transition is associated with an event (change of marking) .
whose occurrence produces a change from one IB-state® At. is a set of gtoms,
to another. Such a transition can only occur if an event * ¢ 'S a s_et_ of history or prophecy Cl(.)CkS’ .
belonging to one of the following types takes place: the ° L is a finite ;et of edges. An edge IS atppdﬁhp,b)
marking of a continuous place becomes zero (Cl-event), a Whergll € Listhe sourge Iocat|0d2 € Lis the target
discrete transition fires (D1-event) or the enabling degfee location, and) € Obs(sign) describes the state,
a discrete transition changes because of the marking of a° F = {.Fl’ ""F’?} where F; C L is a set of sets of
continuous place (D2-event). accepting locations

Intuitively, the i*" transition of the evolution graph, de- _ , . ,
noted 7GF is labelled with the se®vt(T'CF) of occured Definition 16 A trace 7 = {(y;,%i)}ien IS recognized
events, with time of the event occurrence and with marking¥y 2" Ever_lt Clock _au_to_matovl - (L’LO’At’C’_E’]:)
of all continuous places. IB-states are annoted by markir Jheri eX'SEpS an infinite accepted computation =
of all discrete transitions, by the vector of enabling degre lo = l1 = ...l = ... where:
and by the vector of instantaneous speed. e eachl; € L andiy € Ly,

For constructing such an evolution graph, two restrictions o (I;,%;,li41) € E and (1,i)& ¢; with ¢, € Cl(y;)
are imposed to THPN. First, the marking of each platce where the closur&’l(p;) is the set of sub-formulas of
P must be bounded. This restriction guarantees the algorithm ¢,

o L is a finite set of locations andy C L is the subset
of start locations,
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«» for everyF; € F, there exists infinitely many positionslocation is the location corresponding to the last IB-stéie
Jj such thatl; € F;. case of loopback (cycle), each location which corresponds

_ _ _ _ to a transition T¢%) or to an IB-state involved in the
Let us now define the satisfaction relation between agopback is an accepting location.

automaton and a timed traee denotedk:.

4- Edges:There is an edge between two locations if there is
Definition 17 The timed language of an Event Clock au-an arc between the corresponding IB-states or transitions i
tomaton A, denoted((A), is the set of timed traces recog- the evolution graph. Moreover, each location obtained from
nized byA, L(A) = {7 | Ar 7} an IB-state loops to model the time of the IB-state. Finally,

. ~ an edge outgoing from a locatidns labelled by the formula
We now introduce a procedure to transform an evolutiogf the |ocation.

graph (deduced from a THPN) into an Event Clock

automaton. This procedure is composed of four steps, the V. BIOLOGICAL ILLUSTRATTION
first and the second one constructing the set of locations,
the third one determining the initial and accepting loaagio
and the fourth one constructing edges.

Hindlimb growth during amphibian metamorphosis is
induced by triggering regulations responsible for celula
cycle activation. Such regulations are controlled by tigro
hormones [5]. The active form of thyroid hormone (TH),

1 . From IB sFates to Iocgnons.Each IB-state of the evo denoted T3 is produced from the inactive form T4 by the
lution graph gives a location of the Event Clock automaton, . . . ]

) ) ) .énzymatic action of the deiodinase of type 2, denoted D2 [6]:
With each of these locations we associate an observati

¢1(IB;) describing the THPN state during the whole time%nb +T4—-T3+D2.

of the IB-state numbered ¢, (IB;) has the following form, A. THPN model and evolution graph

where val associates with a variable its current value and )
where I(TGE)E-Q—I corresponds to the interval bounded by Each thyroid hormone (T3 and T4) as well as the enzyme

the value of the continuous marking at the transitigife? D2 are modelled by a continuous place representing their

andﬂcﬁ- moleculgr concgntra}tions (Ief_t part of Figure 1). Since the
/\ (m(P) = val(m(P))) enzymatic reaction is a continuous phenomenon, the reac-
tion allowing D2 to transform T4 into T3 is modelled by
pery the continuous transitiod,. Since this reaction does not
/\ (W(T) = val(v(T))) consume D2, a test arc (dotted arc) is used. Parameters are
o1 (IB;)=n| T estimated from known kinetics of T3, T4 [7] and D2 [6].
/\ (dg(T) = val(dg(T)) The hindlimb growth is abstracted by the number of cells,
Tere I which is represented by a discrete place (C). Initiallyy¢he
/\C(m(P) cI(T=7)T) is a unique cell. The discrete transiti@i simulates cellular
2- From transitioﬁgpto locations: Each transition of the proliferation which occurs after mitosis time (delapn 73).

evolution graph also gives a location of the Event Clock

automaton. With each of these locations we associate anlN€ dynamic of the previous THPN model can be ex-
observationg,(TGF) describing the THPN state when en-tracted by constructing the evolution graph (right part of

tering into the 1B-state numbered ¢»(TSF) has then the Figure 1). Only two sets of e\{ents occur: gt the titne 2
following form, whereval associates with a variable its (At = 2) of the THPN execution, the continuous place T3

current value. Note that,, represents the time elapsed sincéeaCheS the threshold 6f0 enabling the discrete transition

the last event occurs. This last event can be eiffieFvr, 11 0 fire and one time unit laterAt = 1), two events
Fire(T), NulMark(P) or Th(P,z) and At is the timing simultaneously occur: the discrete transitibnfires and the
associat’ed with the transitidﬂiGE’ continuous place T4 becomes empty, leading to a deadlock

of the system.

N\ ei(IBi)
IB;eTF™ B. Automaton construction
/\ € The Event Clock automatoA,, is presented in Figure 2.
$2(TEE) = A ecBui(T) It is easy to observe that traces dfy; correspond to the
/\ (m(P) = val(m(P))) execution of the THPN.
C
Ztezpevt time
/\ (210 = AD) C. Proof of a property
le€ Bvt(T) Amound different kinds of properties, we focus here on

3- Start and accepting locations: The start location dynamics of the cellular cycle. In this section, we consider
is the location corresponding to the first transiti@|y’”. the following property: at a moment, a minimum of three

The accepting locations are determined according if th@me units is necessary before the enzymatic reaction stops
evolution graph ends. In case of deadlock, the acceptirihis biological property enables biologists to estimateeti
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t=0 EEE (9.0;4.0;0.0)

vw(Ty) = 3.
ﬂFT; . o X v, o2, 78 VI. DISCUSSION
T4 D2
T3 mae 040580 Hybrid Functional Petri Nets [1] constitute a powerfull
L " do(Ty) L] 30} ury) framework to define formal models of complex biological
2!" At =1 g (0.054.0:3.0) systems. Many rather large and complex systems have al-
c@ 1 =00 ready been modelled using HFPN [9]. Unfortunatély)c-
@@ tions (the “F” of HFPN) offer such an expressive power
THPN Evolution graph that they are the main obstacle to perfoimnmal proofson
@ - coninuous place Q discrete place models defined using HFPN. Other more restricted logical
frameworks without functions and generally without exiplic

- : discrete transition I:l : continuous transition

guantitative time [10] are dedicated to precise aspects of
biological systems (such as genetic regulatory networks).
This kind of formalism offers automated proof procedures.
Unfortunately, when defining formal models of biological

Fig. 1. The THPN of cellular cycle activation in amphibiantamaorphosis
and its evolution graph.

@1 A NoEvtA m(C) = 1A systems, we often need explicit quantitative time and some
v(T2) = 3A v(T2) = 3A . . . .
l da(21) = 0 ng(il) 0 functions in order_to fqlly addre§s the blo!oglcal problem
P 0 2} b2 and express the biological questions in logical formulas.

Our (long term) motivation is consequently to offer au-
tomated proof procedures for a significant sub-framework
of HFPN. Transitions and functions in HFPN being often
continuous and quantitative, the model checking procedure
of [3] based on Event Clock Logic and products of automata

is promisingw.r.t our motivation. So, the work described in

m(C) = 2A . . A . . o
o(Ty) = 0 A dg(Ty) = 0 this article is a first step toward our aim: it introduces akkma
extension of Event Clock Logic and a compatible translation
of THPN models into automata, which makes it possible to

p2 A Th(T3,6)A
TNoEvt = 2 /A v(T2) =3
Adg(T7) = 1

©3 AN NulMark(T4)

AFire(T1)A

Trh(T3,6) = 1A
U dg(Ty) = OA

v(T2) =0

Fig. 2. Event Clock automaton of the THPN model, denateg. 1 = .
(m(C) = 1)A(m(T4) = 9)A(m(D2) = H)A(m(T3) = 0),p, = Pperform automated reasonings on THPN models.
(m(C) = 1) A (m(T4) = 3) A (m(D2) = 4) A (m(T3) = 6) and Future works in this vein include the development of a

s = (m(C) = 2)A(m(T4) = 0)A(m(D2) = YA(m(T3) =3)  omilete model checking procedure, extended and exhaus-

tive definition of the set of biologically sensible straegi
translate a THPN into an automaton, and introduction of
onctions. For each of these three points, the main difiiesilt
are the following.
p=oD>3 (v(Te) =0) = -0 >>3 (v(T2) =0) To develop a complete model checking procedure compat-
ible with our extension of Event Clock logic, it is necessary
whereo means eventually and means always. The Event 4, accept product transitions labeled by different formrsula

Clock automaton associated with the negation of the studi%qovided that the intersection of their domain is not empty.
property, A4, is then constructed by using the procedure

detailed in [3], see Figure 3. Traces 4f., represent the set
of timed traces which satisfy .

The product automatodl,, = Ap; x A4 is drawn in
Figure 4 where only accepted computations and relev
labels are indicated on edges.

The language of the product automatép can be proved ) RS _ )
to be empty by constructing its region automaton as in [3], Introduction of functions is the truly hard question. Fiot
[8]. Intuitivelly, the language of the product automaton igll, functions may hide interactions which are not shown in
empty if one of its traces passes through an edge labell&R 9raph, and this should deeply influence the construction
by (v(T2) = 0) after three time units. In fact, the history Of the automaton. Moreover, HFPN allow any form of
clocksz no gt @nda (73,6 (dashed box on Figure 4) Coumma_them_atlcal funp_‘u_ons and obviously, to maintain formal
elapsed time. The time constraints related to these clockgfification capabilities, the form of mathematical fuocts
indicate that three time units elapse when the edge lab@®s to be carefully restricted.

(v(T») = 0) is recognized by the automaton. It proves that Our approach based on Event Clock logic gives an in-
the A, language is empty. The Petri net then satisfies theresting alternative to hybrid extension of classical etod
property¢, i.e. at a moment of the biological process, morechecking [11], [12]. Event Clock logic seems to be well
than three time units will be required to observe the end &fuited to add to THPN more and more sophisticated func-
the enzymatic reaction. tions.

of the metamorphosis end. It can be translated into a CT
formula ¢:

The construction of evolution graph depends on the reso-
lution of conflicts as mentioned in section 3. Theoretigally
this could lead to an infinite set of deduced automata, except
H}at biologically, when a particular conflict is solved ugpia

a . ) . .
given rule, this rule is deduced from biochemical knowledge
and has to be reused at each occurrence of this conflict.
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v(Tq) = OA
\ ~Wy(Ty)=0 = 3) /
/\

v(T2) = OA —(v(T2) = 0)A —(v(T2) = 0)A
~Wy(Ty)=0 2 3) ~(Uy(Ty)=0 2 3) ~Wy(Ty)=0 2 3)

Fig. 3. Event Clock automatod 4 reduced to accessible locations

N\ oA

(v(T2) = 3)A

PN
(Mn):sk\/)
@ A (v(T2) = 0)

Fig. 4. Event Clock automatod s X A-g. ¢ = 2(Yy(1m)=0 = 3)



