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GLOBAL EXISTENCE OF SOLUTIONS
FOR THE COUPLED VLASOV AND NAVIER-STOKES EQUATIONS

LAURENT BOUDIN, LAURENT DESVILLETTES, CELINE GRANDMONT, AND AYMAN MOUSSA

ABSTRACT. In this work, we obtain a result of global existence for weak solutions of the three-dimensional
incompressible Vlasov-Navier-Stokes equations, the coupling being done through a drag force which is linear
with respect to the relative velocity of fluid and particles.

1. INTRODUCTION

When we consider a spray, that is a dispersed phase of particles (or droplets) moving inside a continuous
fluid, we can choose between several models. One of them, first introduced by Williams in the framework
of the combustion theory [14] (see also [3]), consists in coupling a kinetic equation with fluid mechanics
equations. In such models, the fluid is described through macroscopic quantities (density, velocity, for
instance), whereas the particles are represented by a probability density function. We assume that the
spray is thin [13], i.e. the kinetic and fluid equations are coupled through a drag term (which depends
on both the fluid macroscopic quantities, and the probability density function and its variables), but not
through the volume fraction occupied by the fluid, as in the case of the so-called thick sprays.

In this work, we consider the coupling of the three-dimensional incompressible Navier-Stokes equations
with a Vlasov-type equation. This system appears in various situations, for instance, when one wants to
model the transport, with no diffusive effects, of an aerosol in a Newtonian, viscous, incompressible airflow,
inside the human upper airways [5, 1]. We here aim to prove global existence of weak solutions for the
three-dimensional Vlasov-Navier-Stokes equations, assuming periodicity with respect to the space variable.

The same kind of model has been studied in [9] where the author considered, in all dimensions, the unsteady
Stokes equations coupled with the Vlasov equation in a bounded domain with reflexion boundary conditions.
The main differences between the present work and [9] are the following ones.

e We do not neglect the convection term and consider the Navier-Stokes equations.

e Our proof only works in dimension smaller or equal than 3 (because of the use of Sobolev inequalities).

e Our proof is constructive and does not rely on a fixed point argument of Schauder type: we build a
sequence of approximated solutions that converges towards a solution of the coupled problem.

Note that Goudon, Jabin and Vasseur [7, 8] studied the hydrodynamic limit of the Vlasov-Navier-Stokes
system, for some particular regimes of the dispersed phase. In [11], Mellet and Vasseur proved the existence
of global weak solutions to the compressible Vlasov-Fokker-Planck-Navier-Stokes equation (hence includ-
ing diffusive effects for the particles and compressibility effects for the fluid), for absorption or reflection
boundary conditions, and in [12], they investigate some asymptotic regimes of this system.

Local existence of solutions in the case of the compressible Vlasov-Euler equation was proved by Baranger
and Desvillettes [2]. One can find, in that same article, references on previous works about fluid-kinetic
coupling, in particular, when the fluid is modelled by one single equation [4, 6]. The extension of this result
to moderately thick sprays (that is, sprays in which the collisions between droplets has been taken into
account) has been done by Mathiaud [10].
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We present our model in the next section, along with our main results. Those are proven in Sec. 3.

2. PRESENTATION OF THE MODEL

Let us consider a constant 7> 0 and set T3 = R3/Z3. We investigate the interaction of a (monodispersed)
spray of particles with a Newtonian, viscous, and incompressible fluid. The fluid is commonly described by
macroscopic quantities, such as its density, here assumed to be constant (equal to 1), its velocity u(¢,x)
and pressure p(t,x) at time ¢ € [0, 7] and position x € T3. The evolution of (u,p) is here governed by the
incompressible Navier-Stokes equations. The particles are described by a density function f in the phase
space which solves a Vlasov-like equation. The quantity f(¢,x, V) is the density of particles located in x € T3
at time ¢ which have the velocity v € R3. Equations for the fluid and the spray are coupled through a drag
force, which depends on the relative velocity of the fluid and the particles, namely u — v and on the density
function f. More precisely, f, u and p satisfy the following system

(1) Of+v-Vef+Vy-[(u=v)f]=0 in (0,T) x T? x R3,

(2) du+ (u-Vyx)u+Vxp— Axu=— [ f(t,x,v)(u(t,x) —v) dv + Fext in (0,T) x T3,
R3

(3) Vx-u=0 in (0,T) x T3,

where Fo,¢ is an external force applied to the fluid that is periodic in space. The system has to be completed
by initial conditions for u and f, which are

(4) F0,x,v) = fu(x,v), xeT’ veR’
(5) u(0,x) = uju(x), x € T3,
where f;, > 0 and uy, are given.

Remark 1. Note that we here make the thin spray assumption. First, there is no interaction (collisions
or coalescences) between particles, which implies that (1) is linear with respect to f. Secondly, the drag
force is the only coupling phenomenon between the spray and the fluid and appears in both (1) and (2): the
volume fraction of the spray remains negligible with respect to the fluid volume fraction, and is not taken
into account explicitly.

If we assume that all quantities are smooth enough, system (1)—(5) satisfies, at least formally, an energy
equality. It is obtained in the following way. We first multiply the Navier-Stokes equations (2) by u and
integrate over T2. Then we multiply the Vlasov equation (1) by |v|?/2 and integrate over T? x R3. Finally,
we add both previous equalities and obtain, after integrations by parts,

©) gl + 55 [ SExvvE Vil £ [ v = [ Fouou

In the previous equation, the first two terms represent the total kinetic energy of the coupled system, whereas
the next two ones represent the energy dissipation coming from, respectively, the fluid itself and the drag
force. Note that, since fi, is nonnegative, the density function f and consequently [ ngng f(u—v)? also
remain positive.

Remark 2. When no external force is applied, the global energy % ||u(t)H%2(T3) + 3 [Jra s F(Ex,V)|v]? of

the system is decreasing. We can also point out that, in the same case, the global momentum of the system
s conserved.

In the sequel, we shall use the

Assumption 1.

(7) fin € L(T3 x R3), / V2 findv € L®((0,T) x T3), uyy € L3(T?), Fexe € L*(0,T; L*(T?)).
R3
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Under this assumption, the energy equality gives our functional framework. More precisely, we set
H={we L*T?) | Vx-w =0},
V={weH (T | Vx -w=0}.
Definition 1. We say that (u, f) is a weak solution of (1)-(5) if the following conditions are satisfied:
e uc L>®0,T;H)N L0, T;V)NCo([0,T); V),
o f(t,x,v) >0, for any (t,x,v) € (0,T) x T3 x R3,
o € L>®0,T; L=(T3 x R®) N LY(T? x R?)),
o flv]* € L=(0,T; LN (T? x R?)),
e for all ¢ € C*([0,T] x T3 x R3) with compact support in v, such that ¢(T,-,-) =0,

T
(8) —/ //ﬂ"fo3f[at¢+v ‘Vx¢+ (u—v) Vy¢] dxdvds = //’]1‘3><R3 fin #(0, -, ) dx dv,
e for all ¢ € C*([0,T] x T3) such that Vx -1 =0, for a. e. t,

/ u(t) dx—//TBu 8,51pdxds+//qr3 d)dxds—i-/ Vxu: Vx dxds
) ——/O/Agxwf(u—v).¢dxdvds+/0/TSFext.¢dxds+Aguin.¢(o,-)dx

In the following, the moments of f are denoted

maf(t,x) = /R3 flt,x,v)|v|® dv,

M.f(t) = //’JI‘3><]R3 ft,x,v)|v|® dx dv,

for any ¢t € [0,7], x € T and o > 0. Note that

= /1r3 maf(t,x) dx

Theorem 1. Let T > 0. Under Assumption 1, there exists at least one weak solution (f,u) to (1)-(5) on
(0,T) in the sense of Definition 1. Moreover, this solution satisfies the energy equality (6), and the L™
bound

The main result of this work is hereby stated.

(10) Hf”LOO((O,T)XTi"XR?’) < e3THfinHL°<>(’IF3><IR3)-

Proof of Theorem 1. The proof of Thm. 1 is split into three main steps.

In the first one, we build a sequence of approximated solutions where the convection velocity of the Navier-
Stokes equations and the fluid velocity appearing in the Vlasov equation are regularized. We also cut off the
high particle velocities in the drag force applied by the spray on the flow. In order to prove the existence of
a solution to this regularized but still coupled system, we build a sequence of uncoupled problems where we
first solve the kinetic part, then the fluid part. We prove that the sequence of solutions of these regularized
uncoupled systems converges towards the solution of the regularized system. This is the object of Prop. 2
below.

In a second step, we prove that the approximated solutions satisfy uniform bounds (with respect to the
regularization) on a certain time interval allowing to pass to the limit when the parameter of regularization
tends to 0. This is the object of Prop. 1 below.

We eventually prove that the local (in time) solution obtained in the previous step can in fact be extended
to the whole interval [0, 7], thanks to the energy estimate.
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2.1. The regularized system. First we define the regularized system. Let € > 0 and define 6. a mollifier
such that 0. = €%0(x/e) with § € C>(R?) , § > 0, and s 0 = 1. Moreover, we introduce 7. € C*(R?)
whose support is included in the ball B(0,1/¢), 0 <~. <1, 7. =1 on B(0,1/2¢) and such that v.(v) — 1
as € goes to zero. We then consider the following regularization of the initial problem:

(11) Oife +Vv -Vufe +Vy - [(Bexu. —v)f-]=0  in (0,7) x T? x R3,
(12) Oz + ((0c * ue) - Vi )ue + Vipe — Axue

= — /11&3 fe(t,x,v)(ue(t,x) — v)y:(v) dv + FS_, in (0,7) x T3,
(13) Ve -u.=0  in (0,7) x T3,

where F¢_, is a space regularization of the force Fey.

We complete the system by initial conditions for u. and f.:
(14) fE(O>X7V) = ii(X,V), XETSv VERSv
(15) u.(0,x) = uj, (x), x € T,

where f£ and uf, are C* approximations of f;, and w;, such that (fS) converges to fi, strongly in LP(T3xR3),
for all p < oo, and weakly in w*-L>(T? x R3), (Mayf) is uniformly bounded with respect to ¢, and (uf,)
strongly converges to w;, in L?(T3). We can also assume, without any loss of generality, that fZ has a
compact support in v.

We prove that there exists a solution (u., fo) of (11)—(15) in (L?*(0,T; H'(T?)) N L>(0,T; L*(T?))) x
L>®(0,T; L®(T3 x R3)) such that dyu. € L?(0,T; L*(T?)), and satisfying the following variational formula-
tion:

e for any ¢ € C'([0,T] x T? x R3), for a. e. t,

t
(16) //TR L) (-, ) dxcdv —/0 //TR £ 106+ v - Vo + (0 w11 — v) - Vo] dxdv ds

= // = #(0,-,-)dxdv,
T3 xR3

e for all 9p € C1([0,T] x T?) such that V4 -1 = 0, for a. e. t,

¢ t t
(17) / / atue-zljdxds—i—/ / ((Hg*ug)-vx)ugzbdxds—i—/ / Vxue : Vxtpdxds
o JT3 0o JT3 0o JT3
t t
:—/ // fs(ug—v)’ye(v)npdxdvds—i—/ / F, . - ¥ dxds.
0 JJT3xR3 0o Jr3

We also obtain the following proposition, which is crucial to get the asymptotics ¢ — 0 and obtain the
existence of at least one weak solution to the original problem (1)-(3).

Proposition 1. There exists a time T* € (0,T], only depending on T and both quantities ”uin||%2(1r3) +
|Ma fin] + [ Fextll72(0 112 (13y) @1 || finll Lo (13 xms), such that
(18) [0l oo 07,2279y + Vel 720,70, 1200y + 1M fell oo 0.1)
< O(T,T%, [winlZoersy + [ M finl + 1Fexc | F2(0.,12m9)s [ finll Loo (03 xm9) ) -
Here C(A, B,...) denotes a constant depending on A, B...

Moreover, we have

3T‘

(19) [ fellzoe 0,7y xT3xR3) < €7 || finll oo (T3 xR3)-
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Finally, there exists (f,u) € L>((0,T*) x T3 x R3) x (L°°(0,T*; L*>(T3)) N L?(0, T*; H'(T3)) x C°([0, T*]; V')
such that, up to a subsequence, (f.) weakly converges to f in wx-L>((0,T*) x T3 x R3) and (u.) weakly
converges to u in w-L?(0, T*; w-H'(T3)) and in wx-L>(0, T*; w-L?(T?)). Moreover, (u.) strongly converges
to w in L2(0,T*; L*(T3)).

Finally, in order to prove the existence of a solution to the regularized system (11)—(15), we have to use
another system, which is defined in the next subsection.

2.2. The regularized and uncoupled system. For a fixed € > 0, let us consider the following problem,
for any n € N, defined by u’ = u§, and

(20) Ofr +v -Vuf' +Vy - [(Be%u? —v)f"] =0  in (0,T) x T3 x R?,

(21) At 4 (0 x u ) - Viul ! + Vap ! — Agut!

5 5
=— /11{3 fr(t,x, v)(ul(t,x) — v)ve(v) dv + F, in (0,T) x T3,

(22) Ve -ul™ =0 in (0,T) x T3,

supplemented with initial conditions (14)—(15).

For the sake of simplicity, we shall drop the subscript ¢, and denote, for instance, fI* or ul by f" or u™.

Proposition 2. For any n € N, there exists a unique solution (f™,u™) of (20)-(22), supplemented with
initial conditions (14)—(15), in C*([0,T];C>(T? x R?)) x (H'(0,T; L*(T*)) N L*(0, T; H'(T?))).

Moreover it satisfies the following estimates:

(23) I o0y xmoxRy) < €7 || finll oo (12 xR,
(24) 0" || oo 0,12 (T3)) L2 (0,73 m1 (T3 < C(E),
(25) 0" || L20,7:02(13)) < Cle),

where C(e) does not depend on n. Furthermore, the sequence (f™,u™) strongly converges in L*((0,T) X
T3 x R3) x L>(0,T; L*(T?)) towards a variational solution of (11) — (15) [that is, satisfying (16), (17)].

3. PROOF OF THE MAIN RESULTS

We first study the properties of the sequence (f",u"),en defined by (20)-(22), and derive bounds needed
for the asymptotics n — +oo. We can then obtain the existence of (fz,u.)e>0 solution of the regularized
problems (11)—(15), that is Proposition 2.

3.1. Proof of Proposition 2.

3.1.1. Ezistence and uniqueness of (f™,u™). First we focus on the kinetic equation (20). For any n, let us
assume that u™ is given and belongs to H'(0,T; L?(T3)) N L?(0,T; H*(T?)). Since we have regularized the
fluid velocity appearing in the kinetic equation, the unique solution f™ of (20) can be defined thanks to the
method of characteristics.

Indeed, g™ = e 3 f" satisfies the transport equation:

09" +v-Vxg" + (0. xu" —v) - Vyg" = 0.
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The solution of the previous equation can be written in terms of characteristics. As a matter of fact, let us
consider the solutions of the following system

(26) U = v,
(27) D) = et x"0) ~ V'),

with initial conditions x™(0) = x and v"(0) = v, and set x"(¢,x,v) = (x"(t),v"(t)) for any (¢,x,v). Then
we have

(28) g (t,x,v) = fo(x"(t,x,v)), Vi, x,v.
Since u™ € HY(0,T; L2(T?)), %u™ € C°([0,T];C>°(T? x R3)), and consequently ™ lies in C*([0, T]; C>°(T? x
R3)).

Next we focus on the modified Navier-Stokes equation (21).

Assume that (f™,u") is given in L>°((0,T) x T3 x R3) x L>(0,T; L?(T?)). Since we cut off the high particle
velocities, the drag force [ps f™ (v —u™)~v(v)dv at least belongs to L?(0,T; L*(T?)). Applying standard
results about the Navier-Stokes system (with a mollified convection term), one can prove the existence and
uniqueness of u”*1 € L>°(0,T; L3(T3)) N L2(0,T; H'(T?)) solving (21).

Note that the uniqueness relies on the fact that the convection velocity has been regularized. Moreover,
since the convection velocity has been regularized and the initial velocity is smooth, one can check that
opu™ € L?(0,T; L*(T?)). By a simple induction argument, these properties hold for all n € N.

In the next subsection, we derive uniform estimates in these spaces with respect to n satisfied by the sequence
(f",um).

3.1.2. Uniform estimates for the sequence (f™,u™). Using (28), we immediately obtain (23). Note that this
estimate does not depend on the fluid velocity u”.

To obtain the uniform bounds on (u"),en, let us multiply (21) by u”*! and integrate over T3. Since the
fluid is incompressible and the problem periodic in the space variable, we have

/ (B xu™™) - Vy)u™ ™ u"tdx = 0.
T3
Moreover, thanks to (23) and the use the cutoff function ~.,

’// (v —u") - u" A (v)dxdv
T3 xR3

Consequently, using the periodicity, the incompressibility and the fact that

/ Fe . -u"thdx| <
T3

< O() (14 I ey + 0" 2y

1
= 5”“”“”%2(11‘3 ||F xt||L2 (T3)»

we get,
1d
510 ey + V5™ oy < () (14 I oy + 07 oy )
This implies that (u"),en is uniformly bounded in L>(0,T; L?(T?)) N L?(0,T; H'(T?)) (see Lemma 3 in
Appendix A).

Estimate (25) is obtained by multiplying (21) by d;u”*!. Indeed, integrating over T3, using estimate (24)
on (u"), the fact that [ps f"(v — u™)~(v)dv is uniformly bounded in L*(0,T; L*(T?)) with respect to n
and the fact that the convection velocity has been regularized, we deduce the uniform bound of (9;u™),cn
in L2(0,T; L?(T3)).

Remark 3. One could also obtain a uniform (in n) bound of (™), for instance, in WH>°((0,T) x T3 x R3).
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3.1.3. Convergence. We now prove that the sequence (f™,u") is convergent in L°°(((0,7) x T3 x R3) x
L>(0,T; L*(T?)). To that purpose, we study the differences w"*! = u”*! — u” and f**!' — f*, for any
n € N.

n+1

The function w satisfies the following weak formulation:

8th+1 'd)"i_/ ((Qa*WnJrl) v ) n+1 'lb-i-/ ((0 *un) vx) WnJrl"lp-i-/ VXWnJrl 3vx'¢
T3 T3

//irdes (" =) (V)"”—//Tgxwf"_l(“"_l—V)V(V)-tb,

for any v € L?(0,T; H*(T?)) such that Vy -1 = 0.

'JI‘S

The function ¥ = w"*! is then an admissible test function. The only terms which we must take care of are
the nonlinear ones: the convection one

T = / (6 x w" ) - V) u . wntd "’/ (A xu™) - Vi) Wit witl
T3 T3

and the drag force one

Thanks to the space periodicity and the fluid incompressibility, we have

/ ((9 *e Wn—i—l) . Vx) un+1 X Wn+1 _ _/ ((9*Wn+1) . Vx) Wn+1 X un—&-l’
T3 T3

and
/3((9 *e ") - Vi) wi o wn = 0.
Consequently, using (24), we successiqz/ely get
Ty < )10 x W™ oo oy 10" | 2 gpoy [ VW™ | p2 3y,
< CE) W™ 2w VW™ 2 (s

Finally, we have

1
T3] < CE) W™ T2 s + 5 1VxW™ L2

We now take care of Ts:

R I e L e R | I A U e PR

Taking into account the cutoff function and (23)—(24), we get
Tl < C) (If" = " Mz oryxre e W L2 ersy + W™ Lo grsy W | L2 rs))
(29) < Cle) (IF" = F 7 oo oryxmosrey + IW I Z2 sy + W7 2 ) -
( ) )

The quantity || f*— f"1||? so((0.7)x T3 xR?) 1as now to be estimated. We recall that, for all n € N and (t,x,v),
frtxv) = e f;

n

(x"(t,x,v)) and that fZ has been mollified. Consequently, we have

(30) 1™ = Uz o.ryxmexrs) < CET) 1™ = Xl poo ((0.7) x5 xR3) -
Definition (26)—(27) of the characteristics x™ = (x",v") and estimate (24) imply that, for any ¢,

t
IO = X" Ol (rsxrs) < Cle) (/0 1(6 % u™ — 0 % u™ 1) (s)]| oo (r3) ds

t
[ 105 0Ol ) 1 = X)) o) ds) .
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Thus, for any t, we can write

I =X Ol < CE) ([ I Gllazcrsas+ [ 106 =36 ooy ).

Using Gronwall’s lemma, we obtain, for any ¢t < T,

t
(31) IO = X" ()l L (13 xrs) < Cle,T) /0 W™ ()l L2(7s) ds.

Consequently, with (30) and (31), (29) becomes

t
Tl < Ce.T) ( [ I 6 s + o e + \Iw”ll%z(qr3>> -

We finally obtain

Ld, n n
3 sy + 319w sy < Ol ) ([ I 6y s I gy + 197 )

Therefore, integrating the previous inequality with respect to t, and using

t S t
/0 /O W () 2y drds < T /O W) 23 s

we obtain, for any ¢, 0 <t < T,

n t
||Wn+1(t)||%2(’]f3) S C(g’T) </O ”Wn(S)H%?(’]IB) ds +/0 HW”-‘FI(S)||%2(’H‘3) d8> .

Lemma 3 then implies that there exists a constant K (g,7") > 0, which does not depend on n, such that

W™ 120 07522002y < — 57—
Consequently, the sequence (u™),en converges in L>(0,T; L?(T?)). That also implies, thanks to (30) and
(31), that (f™)nen converges in L>®((0,T) x T3 x R3).

Remark 4. Note that, at this stage, to study the reqularized and uncoupled system, we used the high
particle velocity cutoff function to control the force applied by the spray on the fluid. Moreover, the space
reqularization of the fluid velocity in the Vlasov equation enables to apply the method of characteristics and
obtain a strong solution (this will also be true at the limit as n — oo for any fired € > 0). Finally, the
space regqularization of the convection fluid velocity simplifies the study of the fluid equations by making the
convection term easier to deal with.

3.2. Asymptotics with respect to n. As ¢ > 0 is still fixed, we can pass to the limit when n goes to
infinity. We already know that (u?), converges to u. strongly in L°°(0,T; L?(T?)) and, thanks to (24),
weakly in L2(0,T; H'(T3)), and that (f7),, strongly converges to f- in L>((0,7) x T3 x R3). Thus, since
f2 belongs to C([0,T] x T? x R3), so is f..

These convergences enable us to pass to the limit in n in the following weak formulation, for all ¢, for all
¢ € CH[0,T] x T3 x R3):

@[] rweaxd

¢
—/ // [0+ v-Vx¢p+ (6 xul —v) - Vyg) dxdvds—// 0)dxdv
0 T3 xR3 T3 xR3

Remark 5. Note that here the test functions are not necessarily with compact support in v. Indeed, since
(X2)n, converges to x. in L>((0,T) x T3 x R3) when n goes to +00, we check

(33) fo(t,x,v) = e fe (x:(t,x,Vv)).

Since we assumed that fE has been chosen with a compact support in v, it is also the case of f-(t,x,-) for
all (t,x) € [0,T] x T3.
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Note that here the solution f. is in fact a strong solution.

Furthermore, for all 1) € C1([0,T] x T3) such that Vy - = 0, for a. e. t,

t t t
/ atugﬂ -pdxds + / / ((96 * u;“rl) . Vx) u?Jrlq/; dxds + / / qu;”rl : Vxydxds
0 JT3 0 JT3 0 JT3

t t
= —/ // fs’"‘(u?—v)'ye(v)npdxdvds—&—/ / F . - ¥ dxds.
0 JJT3xR3 0 J13

This yields (16) and (17). The limit function (fs,u:) thus solves the (variational formulation of the)
regularized system (11)—(15).

This ends the proof of Proposition 2.

We now derive uniform bounds in € for (f:,u.). In a first step, these estimates only hold locally in time
(but they only depend on T, HuinH%z(Tg) + | M fin] + HFextH%Q(OVT;LQ(Tg)) and || fin|| Lo (13 xR3y: this will be of
utmost importance in the last part of the proof of Thm. 1). This constitutes the

3.3. Proof of Proposition 1.

Uniform estimates for the sequence (f-,uc). The fact that || f5 || e (msxrs) < || finllLoo (T3 xr3) together with

equality (33) implies (19). Therefore, (f.) is uniformly bounded in L®°((0,T) x T2 x R3). Consequently,
and thanks to Remark 5, |v|? is an admissible test function in the variational formulation (16).

A similar argument to the one used in the proof of Proposition 2 ensures that f. at least belongs to
CH([0,T] x T3 x R3). That allows us to write

d
(34) GRS+ 2Mafe <2 10w ma ot ) dx

To estimate m1 f- in terms of second order moments of f., we need the following

Lemma 1. Let 8 > 0 and g be a nonnegative function in L=((0,T) x T3 x R?), such that mgg(t,x) < +o0,
for a. e. (t,x). The following estimate holds for any o < [3:

4 at3
mag(t:x) < ((glatx, e +1) mage) 55, o e (%)
the same kind of result can be found in [11] or [9].

Proof of Lemma 1. We write, for a. e. (t,x),

maglt,x) — / v]eg + / vleg
[vI<R [vI>R

4 1
§7TR04+3Hg(t, X, *)|| Lo (m3) + R mgg(t,x).

IN

1
By choosing R = mgg(t,x)?+3, we find the required result. This ends the proof of Lemma 1.

Applying Lemma 1, we obtain, thanks to (19),

0 < muyfe(t,x) < Cmafe(t,x)*?,
which yields
(35) lma f=(8) ps/amsy < C Mo fo(£)*°,
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where C' only depends on 7" and || fiu || oo (13 xr3). This estimate, together with (34), gives

d
g Mafe +20Mafe < 16 * uc || s (rs)llma fel ps/acray
C HueHLS(TS)(M2fs)4/5~

IN

Setting H(t) = My f.(t)*/°, we obtain
H/ + H § C||u€||L5(T3).

Since Ms f. > 0, and assuming that MsfS < C Ms fi,, we have, for a. e. t,

m

t
a0 <0 (14 [ o)l ).

and thus

t 5
(36) Msf(t) < C <1+/0 [us(s)l 25 (3 ds) ,

where C only depends on the initial data.

Next, we take care of the fluid velocity. The function u. is an admissible test function for the variational
formulation (17). Indeed, by density, (17) remains valid for any + € L?(0,T; H'(T?)). After integration by
parts, we have

1d

e e + 1V o = ([ o (v =)y dxdv+ [ Fooue
T3 xR3

T3
Since v, > 0, that implies

g gl + 1VxtelBaeny < [l £t [Bollos el 2o
< ||ua||L5(1r3) Hm1f5HL5/4(’H‘3) + HFext”LZ(W)Hua”m(w)-
Applying Young’s inequality and remembering (35) and (36), we get
1d

t 4
(37) 5@”“5”%2(?3) + [Vt [[F2ps) < Cllue sy <1 +/0 ”us||L5(’J1‘3)> + Cl|Fextll72(pa) + Clluell7z(pa).-

Next, using the continuous injection of H(T?) in L?(T?) (in dimension less or equal than 3), we obtain
1d

1
QEHUEH%Q(TS) + ||qu5|\%2(qy3) < QHVXUEH%?(’]T?’) + CHUEH%%W) +C

t 8
(39) +0 ([ (19x0elza) + ucllioes) )+ Ol

Using

t s t
e () [[Faesy drds < T [ us(r)|[3 ) dr,
0 JO 0

and Hoélder’s inequality, we integrate (38) to obtain

L2 1t 2 1t 2 1 2
QHUs\L2(T3)(t)+4/O Vel 72(psy < 4/0 HueHLmrS)+§Hu§nHL2(T3)+C

t s 4 t
o ( / Hvxuauém) 0 [ el

t
+C [ IFales
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A nonlinear Gronwall lemma thus implies that there exist a time T > 0 and a constant C such that, for
almost every t < T,

(39 sy + [ 1V006) ey s < €
We recall here that
C = O(T,T*, |inllF2(rs) + [Mafinl + [Fextll72(0.7 r2¢rsy)s | finll Lo (19 <m3))-
Finally, estimates (36) and (39) imply that
(40) Msf(t) < C, a.e. t<T".

3.4. Asymptotics with respect to e. In order to pass to the limit in the weak formulations (16)—(17),
we need to have some compactness properties for the sequence (f,u:)e>0. In fact, proving that (u;)e>o is
compact in LP(0,T; L?(T?)) for some p, is enough for the asymptotics e — 0. From (17), it is easy to check
that (Ojue)->0 is uniformly bounded in L3/? (0,7*;V"). As a matter of fact, once again, the only two terms
we have to take care of are the convection and the drag force ones.

For the convection term, we use standard arguments:

/Tg((ea*ue) Vx)ue - = —/ ((0- xu) - Vi) ¥ - ..

T
But (ug)e>o is uniformly bounded in L°°(0, T*; L?(T3))N L?(0, T*; H'(T?)), which is continuously embedded
in L3(0,7*; L*(T?)). Thus

[ [ vau

O A RCETS R S

< ClIVx®llL3(0,7+52(T3))-

Thus the form

is bounded in L3/2(0,T*; V).

The term coming from the drag force can be estimated as follows:

/()Ty/qrsst Je(ue =v)e(v)¥

But, thanks to Lemma 1, we have
mofe < C(mafo)*?, my fe < C(mafo)*/,
and we proved that || Mz f:||peor+) < C.

< Olluellpzorems (o) 19l 20,0+, (1)) 1m0 fell oo 0,0+, 1372 (13

+ ¥l 20,725 w3y M1 fell L2 0 7 £3/a (1) -

Therefore, the sequence (mgf.)eso and (m1 f.)s>o are respectively bounded in L°(0, T*; L%/3(T3 x R?)) and
L®(0,T%; LO/*(T? x R3)).

Moreover, (u.) is bounded in L?(0,T*; H'(T?)) and thus in L?(0,T*; L5(T3)).

Eventually, we can write

[ e aem e

and the drag force </ fe(uzs = v)7:(v) dv> is uniformly bounded in L?(0,7*;)").
R3 e>0

< ClYll20,0+528(13y) < CllIYllL2(0,0%;11 (13))
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That ensures that (d;u,)esg is uniformly bounded in L3/2(0,T*;V").

Thanks to those bounds, there exists (f,u) € L®((0, T*)x T3 xR3)x (L (0, T*; L>(T3))NL?(0, T*; H*(T?)) x
C°([0,T*]; V') such that, up to a subsequence, (f.) weakly converges to f in wx-L>((0,T*) x T3 x R3) and
(u:) weakly converges to u in w-L?(0, T*; w-H'(T?)) and in w*-L°(0, T*;w-L?(T?)). Thanks to Aubin’s
compactness lemma, since (9yu. ). is uniformly bounded in L3/2(0,7*;1V"), we can state that (u.) strongly
converges to u in L?(0,T*; L*(T3)).

These convergences allow us to pass to the limit in the following weak formulations:

T*
/ // fe 00+ v -Vxod+ (0: xu. —v) - Vyo] dxdvds = // 0) dxdv, ,
0 T3 xR3 T3xR3

for all ¢ € C1([0,T*] x T? x R3) with compact support in v and such that ¢(7*) = 0, and

[ woaxass [ [ @rn) w0 w waxdss [ o Sapaxas
_/Ot//TBX]Rgfe(us—v)’Ys( ) - 1/JdXdVds+// e - pdxds, ae t<T,

for all ¢ € C([0,T*] x T?) such that Vy - ¢ = 0.
We then obtain a solution satisfying (8)-(9).

This ends the proof of Proposition 1.

3.5. Global existence. We just derived the existence locally in time of a weak solution (f,u). In this
section, we prove that this solution is, in fact, global in time, which constitutes the last step of the proof of
Thm. 1. We start with the

Lemma 2. The solution (f,u) obtained above satisfies

1
(1) M f(0) + )] / [ct(5) 22 ds + / J[. - viraxavas
11‘3><R3
<(l+e" +Te )< ”um||L2(’]I‘3)+ ’M2fm|+ ||FextHL2 0TL2(’]I‘3))>7 a.e. t <T7,

and

£ e 0,7 xm2 xR3) < €27 || finll oo (12 xr) -
Proof of Lemma 2. We first note that the second inequality is directly obtained from the definition of f,
as the weak limit of (f.) for the w*-L>((0,T*) x T2 x R3) topology. For the first inequality, we shall study

the energy estimate satisfied by (f,u.) obtained by choosing once again ¢ = |v|?/2 as a test function in
(16), and u. as a test function in (17):

1 1
(42) §M2fe(t) + 5““5(””%2(1'3)

t t
—I-/ Hqua(s)H%Q(Tg) ds+/ // folue — v|? dxdvds
0 0 JJT3xR3
1

1 t
nt §||ufn||%2(11‘3) "‘/ / Fexe - ucdxds + Re(t),
0 JT3
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where

v = [ [, sheP0-a)axavas
- /Ot //Tsxmg feue - v(1 = (v))dxdvds

t
+ / // fE(UE_OE*ug)'VdXdVdS.
0 T3 xR3

Let R!,i = 1,2,3, denote each of the three terms appearing in R. and h. = f-(1 — ).
We first have, for a. e. t,
1 2
0<R() < HmohaHLOO(O,T*;L?’/Q(’]I‘3)) ”u€HL2(0,T*;L6(’]I‘3))'

Lemma 1 implies that
Imohe (8)|| par2(psy < C Majahe (),

and

Myahelt) = [ WPEL0=

< [/ VP2,
TSx{lv|>3 e}
< V2e Mof.(2).

Consequently, from the uniform bound obtained on (Msf:)e~o in L*°(0,7%), we deduce that the sequence
([lmoh[| Loe (0,7, 13/2(T3))) converges to 0 when & goes to 0.

Finally, since (u.)e>g is uniformly bounded in L%(0,7*; H'(T3)) < L?(0,T*; L5(T?)), we have proven that
(R}) goes to 0 when & — 0.

To treat the second term RZ, we proceed in the same way. For a. e. t, we have

0 < R2(t) < |[mah|| oo o e, /5 nsy) 0ell L2 0.7+ (19))-

Lemma 1 implies that
Imahel| /o sy (£) < C My she ()™,

and

Myghelt) = [[ WP r0=

/ / vy,
T3 {[v[2} <}

(25)1/5M2f5(t)'

IN

IN

Consequently, from the uniform bound obtained on (Msf:)e~o in L%°(0,7%), we deduce that the sequence
([lmah®]| poo (0,7, 1576 (13))) converges to 0 when & goes to 0.

Finally, since (u.)e>g is uniformly bounded in L%(0,7*; H'(T3)) < L?(0,T*; L5(T?)), we have proven that
(R?) goes to 0 when & — 0.
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We now take care of the last term R3. Let us write, for any t,

/ot //Jl‘3xR3 fe(ue = 0: xuc) - vy (v) dxdv ds
+/ot //TSXJRS fe(ue = O xu.) - v(1 —yu(v)) dxdvds,

From arguments similar to those used for the second term, we can check that

t
0< / // fe(ue — O xu.) - v(1 — v, (v))dxdvds < C(QM)1/5,
0 T3 xR3

where C' depends neither on € nor on .

where u > 0.

Furthermore, since (f:)e=o is uniformly bounded in L®°((0,7*) x T? x R?), we have, for a. e. t,

0< / // 0% u2) v (v) dxdv ds < Olfue — B % | g1 o 11179y
’]I‘3><R3

Consequently, since u. strongly converges in L2(0, T*; L?(T?)), the sequence

(/Ot //TSXRS fo(ue — 6. % up) - vy, (v) dxdv ds)g>0

goes to 0 when € — 0. That ensures that (R2) goes to 0 when ¢ — 0.
Eventually we have proven that (R.) converges to 0.

For the force term, we note that, by Young’s inequality,

1t 1t
[ LR <5 [l + 5 [ Foalia,

Equality (42) implies that
1 1 2 ! 2 ! 2
VL0 + 5l + [ Vsl ds+ [ [[ plu - vPaxavas
X

1 1
< gV 3 g+ [ e aqen s+ [ IS ds.

We then apply Gronwall’s lemma to get

1 1 t t
SMafe(t) + *Hus(t)H%Z’('[B) + / Hvxué‘(s)”%%ﬂﬁ) ds +/ // felue — v[*dxdvds
2 2 0 0 JJr3xRs

1 1 1 t
t 2 ¢ 2
<(1+¢€) (2”ui6n||L2('I[‘3) + §|M2 ii|) T3 (L+te) /0 IFexellZ2 0,722 (w3)) s
and let € — 0 in the equation. It easy to check that

M f(t) < ligl_@gf Ma(fr) (1),

and

[ Ma(fyp)lles0,1%) < hgljglf [ Ma(fevu)llLeo1) < hgl_}glf | M2 fell Loo (0,7%)-
For the remaining terms, the weak convergences of (fz, u:)s>0 and the strong convergence of (u.).~o enable
us to obtain (41).

This ends the proof of Lemma 2.
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Thanks to this lemma, we can now end the proof of Thm. 1.

3.6. Extension of the solution. Let 7' > 0 fixed, and consider a set of admissible initial data and external
force. Let us choose K such that

1 1 1
(1+e"+Te) <2||uin||%2(1r3) +oMaful + 5 |Fext||2L2(0,T;L2(T3))> <K,

63T||fill”L°°(']I'3xR3) < IC.

Then all the constants appearing in the proof of the local estimates can be bounded by a constant Cr
only depending on T" and K. Moreover, because of the choice of K, the external force obviously satisfies

1
5 ||Fe’<tH%2(()7T;L2(’]1‘3)) S IC
and the initial data satisfy

1
§HuinHQL2(T3) < K,

1
§|M2fin‘ < IC7

| finll Loo(rsxmsy < K.

Consequently, T (defined in Prop. 1) can be lower-bounded by a nonnegative time 77 x > 0, only depending
on T and K. From Lemma 2, we can then check that, for almost every ¢ < T,

IN

1
5”“(75)”%2@3) K,
1

M2 f(t)] K,

1f@llLomsxrsy < K.

IN

A

Moreover, we have

1

T
2/t IPow () 2o ds <K, ae. t.

That ensures that, starting again from time 7% (or 7% — o, o > 0 small enough), and applying once again
Prop. 1, we can extend the solution (f,u) on (T, T* 4+ 77 x). We can then iterate this process till we reach
T.

Estimate (6) is obtained by letting ¢ — 0 in estimate (42).

That ends the proof of Thm. 1.

APPENDIX A. GRONWALL LEMMA

In this section, we state and prove the Gronwall lemma we used several times in this work.

Lemma 3. Let T > 0 and consider a sequence (an)nen of nonnegative continuous functions on [0,T].
Assume that (ay) satisfies, for any n,

t t

(43) ant1(t) <A+ B/ an(s)ds + C/ an+1(s)ds, 0<t<T,
0 0

where A, B and C are nonnegative constants.

If A =0, there exists a constant K > 0 such that

(44) an(t) <
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If A > 0, there exists a constant K > 0 depending on A, B,C such that

(45)

an(t) < Kexp(Kt), 0<t<T, n € N.

Proof of Lemma 3: If both A = C = 0, we choose

and

K = max (B,max a0> ,
(0,71

the induction is immediate to get (44).

If A >0 and C =0, we choose

and

K = max <A, B, max a0> ,
[0,7]

the induction is once again immediate to get (45).

If C' > 0, we can apply one of the two previous cases to the sequence («,,) defined, for any n, by

and

() = % <[/Ot an(s) ds] exp(—Ct)) ,
obtain (44) or (45).

That ends the proof of Lemma 3.
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