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Abstract

Moduli spaces of polygons have been studied since the nineties for their
topological and symplectic properties. Under generic assumptions, these are
symplectic manifolds with natural global action-angle coordinates. This pa-
per is concerned with the quantization of these manifolds and of their action
coordinates. Applying the geometric quantization procedure, one is lead to
consider invariant subspaces of a tensor product of irreducible representations
of SU(2). These quantum spaces admit natural sets of commuting observ-
ables. We prove that these operators form a semi-classical integrable system,
in the sense that they are Toeplitz operators with principal symbol the square
of the action coordinates. As a consequence, the quantum spaces admit bases
whose vectors concentrate on the Lagrangian submanifolds of constant action.
The coefficients of the change of basis matrices can be estimated in terms of
geometric quantities. We recover this way the already known asymptotics of
the classical 6j-symbols.

1 Introduction

Given an n-tuple ¢ = (¢1,...,£,) of positive numbers, the polygon space M,
consists of the spatial n-sided polygons with side lengths equal to the ¢;, up to
isometries. When £ satisfies a generic assumption, My is a compact Kdhler man-
ifold. These moduli spaces have been studied in several papers since the nineties
for their topology and symplectic properties [[3], [[J], [Ld] and ). Among other
things, Kapovich and Millson discovered in [[§] a remarkable action-angle coordi-
nate system. Considering the triangulation in figure [I], the actions are defined as
the lengths of the internal edges and the angles as the dihedral angles between the
faces adjacent to the internal edges. More generally, given any decomposition of
a n-sided polygon into triangles obtained by connecting the vertices, one defines
a canonical action-angle coordinate system.
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Figure 1: Action-angle coordinates (A, 6;)i=1,.. n—3.

The main subject of this paper is the quantum counterpart of these coordinate
systems. Assuming that the lengths ¢; are integral, one may apply the geometric
quantization procedure to the polygon space My. The quantum space is defined
as the space of holomorphic sections of a prequantization line bundle with base
M. Let V,, be the (m + 1)-dimensional irreducible representation of SU(2) and
consider the invariant subspace H, of the tensor product of the V,:

He= (Vo @V ® ... @V, )30,
Then the quantum space associated to My is isomorphic to Hy. If we replace
the prequantum bundle by its k-th power and twist it by a half-form bundle, we
obtain a quantum space isomorphic to Hge—1. The semi-classical limit is defined
as the limit & — oo, the parameter k corresponding to the inverse of the Planck
constant.

The usual tools of microlocal analysis have been introduced in the context of
compact Kéahler manifolds and may be applied to the quantization of the polygon
spaces. In particular there exists a class of operators, called Toeplitz operators,
which plays a role similar to the class of pseudo-differential operators with small
parameter ([}, [l]). Also relevant to this paper are the Lagrangian sections ([f],
[H). These are families of sections which in the semiclassical limit concentrate
on a Lagrangian submanifold in a precise way. They are similar to the usual
Lagrangian distributions of microlocal analysis.

Let us return to the vector space Hy. Since the Littlewood-Richardson co-
efficients of SU(2) are 0 or 1, to each bracketing of the product V;, ® ... ®@ V;,
corresponds a decomposition of Hy into a direct sum of lines. By using con-
crete irreducible representations, we can even introduce well-defined bases of
Hy. In particular, the classical 6j-symbols are defined as the coefficients of the
change of basis matrix between basis coming from ((Vy, ® Vp,) ® Vp,) ® V, and
(Vi ® (Viy ® Vi) ® V.



For each way of placing bracket, we will define a family (H;¢)i—1,.n—3 of
mutually commuting operators of H, whose joint eigenspaces are the summand of
the associated decomposition. Our main result says that the sequences (H; 1)
are Toeplitz operators of My, cf. theorem B.4. Further, their principal symbols
are the squares of the actions of a canonical coordinate system defined as above.
For instance, the parenthesising

(o (Vi @ Vi) @ Vi) o) @ Ve, ) © Vg,

corresponds to the angle coordinates defined in figure [I.

Families of pseudodifferential operators whose principal symbols form an in-
tegrable system have been the subject of many works, cf. [BJ] and references
therein. Their joint spectrum can be computed in terms of the geometry of the
integrable system by the Bohr-Sommerfeld conditions and their joint eigenstates
are Lagrangian functions. These results have been extended to semi-classical in-
tegrable systems of Toeplitz operators in [ff] and [f] and can therefore be applied
to the operators (H; y¢—1)k. In this case, the Bohr-Sommerfeld conditions are not
so interesting because their joint spectrum can easily be computed explicitely. On
the other hand, it is a non-trivial result that the joint eigenspaces are generated
by Lagrangian sections associated to the Lagrangian submanifolds of constant ac-
tion. We prove this and also compute the symbol of these Lagrangian sections, cf.
theorem [.3.

As a consequence, we deduce the surprising formula of Roberts [[§] which
relates the asymptotics of 6j-symbols to the geometry of the tetrahedron, cf.
theorem [(. As a matter of fact, the scalar product of two Lagrangian sections can
be estimated in terms of their symbols when the associated Lagrangian manifolds
intersect transversally.

Our main motivation to study the quantization of polygon spaces, besides
being a natural application of our previous works, is the similarity with topological
quantum field theory (TQFT). In this case we consider instead of M, the moduli
space of flat SU(2)-principal bundles on a surface ¥ with prescribed holonomy on
the boundary. This moduli space admits natural Lagrangian fibrations associated
to each decomposition of ¥ into pairs of pants [I4]. The quantum space is the
space of conformal blocks of ¥ and its dimension is given by the famous Verlinde
formula. The manifestation of the Lagrangian fibration at the quantum level has
been considered in several papers. Jeffrey and Weitsmann showed in [[14] that the
number of fibres satisfying a Bohr-Sommerfeld condition is given by the Verlinde
formula. Taylor and Woodward conjectured in [R(] that some bases of the quantum
space of the four-holed two-sphere consist of Lagrangian sections. They deduced
the asymptotics of the quantum 6j-symbols. Their heuristic argument was an
inspiration for our estimation of the classical 6j-symbol.

Also, in the TQFT context, some operators called multicurve operators, play
an important role. In particular, the operators associated to the curves of a
decomposition into pair of pants pairwise commute and have one-dimensional



joint eigenspaces. It has been conjectured in [f] that the multicurve operators are
Toeplitz operators with principal symbol a holonomy function. Several pieces of
evidence support this: the symbols of the product and of the commutators are
given at first order by the usual product and the Poisson bracket [RI]]. Furthermore
the trace of the operator is equivalent in the semiclassical limit to the average of
its symbol [[7]. We hope that our method could also apply to this context or at
least that our results could clarify what we can expect.

The article is organized as follows. Section [ is devoted to algebraic prelimi-
naries. We introduce the decompositions of Hy as a direct sum of lines and the
associated famillies of mutually commuting operators. Next section concerns the
geometric quantization of the polygon spaces. Applying the ”quantization com-
mutes with reduction” theorem of Guillemin and Sternberg [I(]], we prove that it
is isomorphic to Hy. We also state the central result that the sequences (H; js—1)
are Toeplitz operators. The main part of the proof is postponed to the last sec-
tion of the paper. Section [§ is devoted to the symplectic geometry of the polygon
spaces. Generalizing the result of [[[J], we associate to any triangle decomposi-
tion an action-angle coordinate system. We also describe carefully the image of
the action coordinates and the associated torus actions. In section [, we deduce
that the joint eigenstates of the (H;¢—1) are Lagrangian sections. We also state
the Bohr-Sommerfeld conditions. Section f] is concerned with the asymptotics of
the scalar product of two Lagrangian sections. At first order, it is given by a
geometric pairing between the symbols of the Lagrangian sections. This is then
applied in section f] to estimate the classical 6j-symbols. The main part of the
proof was already understood by Woodward and Taylor (], except for the deli-
cate phase determination. In the last section we consider the symplectic reduction
of Toeplitz operators. We compute the principal and subprincipal symbols of a
reduced Toeplitz operator. These subprincipal estimates are the most difficult
results of the paper.

Acknowledgment I would like to thank Julien Marché for many helpful dis-
cussions and his interest in this work.

2 On the space H;

2.1 Outline of the following sections

In section P.9, we introduce some notations and a class of graphs called admissible
graphs. To each admissible graph will be associated a set of action coordinates
of the polygon space My and also a set of mutually commuting operators of
the Hilbert space Hy. So these graphs will be used to relate the choice of a
parenthesising of the product Vy, @ ... ® V}, with the choice of a decomposition
of a polygon into triangles. In the analogy with the moduli space of connections
and the topological quantum field theory, the admissible graphs correspond to the
graphs associated to the decomposition into pairs of pants of a surface.



In section P.J we explain how each parenthesising of V, ® ... ® V;, leads to
a decomposition of H, as a direct sum of lines. In the next section we define for
each admissible graph a set of mutually commuting operators of H,. Their joint
spectrum is explicitly computed and their joint eigenspaces are the lines of the
decomposition associated to a particular parenthesising. In the last section we
show a first relationship between the spaces Hy and the polygons, namely that the
existence of a non-vanishing vector in H; is equivalent to a parity condition and
the existence of a n-sided polygon with side lengths ¢, ..., £,.

2.2 Notations

Our normalisation for the invariant scalar product of su(2) is

(€)= — tr(en),

where we identify su(2) with the space of skew-Hermitian endomorphisms of C2.
As in the introduction, for any non-negative integer m, we denote by V,, the
irreducible representation of SU(2) with spin m/2, i.e. the dimension of V;, is
m + 1. For any n-tuple £ = (¢;);=1,.., of non-negative integers, H, is the vector
space

He=Tnv(Vy, @ Vi, ® ... @ V). (1)

Let us introduce some notations regarding graphs. We say that a graph I' is
admissible if it is connected, acyclic and trivalent. Edges with only one endpoint
are permitted and called half-edges. The other edges have two endpoints and are
called internal edges. We denote by FEiy(I') the set of internal edges, by Epa(I)
the set of half-edges and by E(T') = Ein(I') U Enair(T) the set of edges. We always
assume that the half-edges are numbered. Abusing notations, we often identify
Eryai(T') with {1,...,n}, where n is the number of half-edges.

A coloring of T is an assignment of a non-negative integer to each edge of I'.
We say that three non-negative integers m, ¢ and p satisfy the Clebsch-Gordan
condition CG(p, ¢, m) if the following holds

p+l+me2Z, p<l+m, £<m+p, m<Ll+p (2)
A coloring of T' is called admissible if for any vertex ¢, the colors of the edges
incident to ¢ satisfy the Clebsch-Gordan condition.
2.3 Natural decompositions of H,

Let us recall that the multiplicity spaces of SU(2) are one or zero-dimensional
according to the Clebsch-Gordan condition (),

1 if CG(k, ¢, m) holds

0 otherwise

dim Hom g7 (2) (Vi, Ve @ Vi) = {
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(Vey @ Vi) @ Vi) @ Ve, (Viy @ (Vo @ Vi) @ Vi, (Vi @ Vi) © (Vg @ Vi)

Figure 2: The graphs associated to various parenthesisings

So the decomposition into isotypical spaces of the tensor product of two irreducible
representation is given by

Ve @ Vin =P Homgyoy(Vi, Vi@ V) @ Ve = P W (3)
K k /CG (k,t;m)

Given a parenthesising of the tensor product of n irreducible representations, one
may decompose the full product into irreducible representations by applying (B])
(n — 1) times in the order prescribed by the brackets. As instance

Vi, ® (Vi ® (Vi © V) = @ Vi, ® (Vi ® Viny)
m1/ CG(ma ,l3,04)

= &y Ve, @ Viny = &y Vins

m1,m2/ CG(m1,£3,54) m17m27m3/ CG(m1,€3,54)
& CG(ma,l2,m1) CG(ma,la,m1) & CG(ms,l1,m2)

Then taking the invariant part we obtain a decomposition into a direct sum of
lines. In the previous example, we obtain

(Vey ® (Vi ® (Vg @ V)"V @ = D v

mi,mz / CG(mi,Ls,lq)
CG(ma,l2,m1) & CG(0,41,m2)

- @ Vo

m1 / CG(m1,03,04)
CG(l1,l2,m1)

because CG(0,¢1,m9) is equivalent to ¢; = my. In general let us show that
the lines of the decomposition are naturally indexed by admissible colorings of a
certain admissible graph. First one associates to each parenthesising of a product
of n factors, a tree with n leaves, n — 2 trivalent vertices and one bivalent vertex
(called the root), cf. figure | for a few examples.

A coloring of such a tree is the assignment of an integer to each edge. It is
admissible if the colors of the edges incident to the root are equal and if furthermore



Figure 3: A tree and its associated admissible graph

at each trivalent vertex, the colors of the incident edges satisfy the Clebsch-Gordan
condition. Now given a parenthesising and the associated tree, it is clear that the
summands of the decomposition coming from the parenthesising are indexed by
the admissible colorings of the tree such that the edge incident to the k-th leave
is colored by /.

Finally given a tree as above, let us consider the admissible graph obtained
by removing the leaves and the root and by merging the two edges incident to
the root, cf. as instance figure fl Observe that the admissible colorings of the
graph are in one-to-one correspondence with the admissible colorings of the tree.
To summarize we have proven the following

Proposition 2.1. Letn > 3 and ¢ be a n-tuple of non-negative integers. For any
way of parenthesizing the product Vy, @ ... ®V,, , there exists an admissible graph
I with n half-edges and a decomposition into a sum of lines

Hy = EBDSO
where ¢ runs over the colorings of T' such that p(i) = £; for any half-edge i.

Observe that different parenthesisings may be associated to the same graph.
As we will see in the next section not only the indexing set but also the summands
D, of the decomposition depend only on the graph I'.

2.4 A complete set of observables

Recall first that the Casimir operator @ of a representation p of SU(2) on a finite
dimensional vector space V' is the self-adjoint operator V' — V defined by

Q = —(p(&1)> + p(&2)* + p(&3)°) (4)

where (1, &2,£3) is an orthogonal base of su(2). Its eigenspaces are the isotypical
subspaces of V, the eigenvalue 4j(j + 1) corresponding to the spin j isotypical
subspace.

The following lemma will be useful in the sequel. Consider a representation
p1 % pa of SU(2) x SU(2) on a finite dimensional vector space V. Denote by p the
SU (2)-representation on V' by the diagonal inclusion p(g) = p1(g) % p2(g).



Lemma 2.1. The Casimir operators Q1 and Q2 of the representations p1 and po
commute with p. Furthermore the restrictions of Q1 and Qs to the p-invariant
part of V' coincide.

Proof. To check this, it suffices to decompose V' as the sum of isotypical subspaces
for the product representation p; X po. Indeed Q; and Qo preserve this decom-
position and act by multiplication by a(a 4+ 2) and b(b + 2) respectively on the
V. ® Vi-isotypical subspace. Furthermore, it follows from (f}) that the p-invariant
part of the V, ® Vj-isotypical subspace is trivial if a # b. O

For any subset I of {1,...,n}, let p;, be the representation of SU(2) in the
tensor product V,, ® ... ® V}, given by

wifiel
pre(@) (V1 ®...Qv,) =w ® ... R Wy, where w; = 9-0i )
v; otherwise.

In particular pgy . n10 is the diagonal representation whose invariant subspace
is Hy. By the previous lemma, the Casimir operator Q¢ of pr, preserves the
subspace H,. Furthermore the restrictions of Q¢ and Qre ¢ to H, coincide.

Consider now an admissible graph I'" with n half-edges. Let a be an internal
edge of I'. Assume a is directed and consider the set I(a) of half-edges which are
connected to the initial vertex of a by a path which does not contain the terminal
vertex of a. We define the operator

ng : Hg — H[ (5)

as the restriction of Q)¢ to Hy. If we change the direction of a, we replace I (a)
by its complementary subset. So the operator H, ¢ is defined independently of the
orientation of the edge.

Theorem 2.1. Letn > 4. Let I' be an admissible graph with n half-edges. Let £ be
a n-tuple of non-negative integers. Then the operators Hy o, a € Ein(I'), mutually
commute. The joint eigenvalues of these operators are the (n — 3)-tuples

(ela)(p(a) +2)) e, ()

where ¢ runs over the admissible colorings of T' such that p(i) = ¢; for any half-
edge i. Fach joint eigenvalue is simple.

Furthermore if I' is the graph associated to a parenthesising of Vo, @ ... @ Vy,
as in proposition [2-1, the joint eigenspace associated to the coloring ¢ is the line

D, of proposition 21

Proof. To prove that H,, and Hp, commute for any internal edges a and b, we
use that these operators do not depend on the direction of the edges. Changing
these directions if necessary, we may assume that /(a) and I(b) are disjoint. Then



the representations pr(,, and pyp), commute. So their Casimir operators also
commute.
Observe that for any permutation o of {1,...,n}, the canonical isomorphism

Vo, ®...0Vy, = Vi, ®...0 V0

o(n)

intertwins Q(q)¢ With Qu(1(a)),0(r) Where o(€) = ({501, lo@m)). Hence it is
sufficient to prove the first part of the theorem for one order of the half-edges. It
is easily seen that the graph I" endowed with an appropriate order of the half-edges
is induced by a parenthesising of the product Vy, ®...®V;, . So it suffices to show
that each summand D, of the associated decomposition is the joint eigenspace of
the (H,,) with joint eigenvalue (¢(a)(¢(a) + 2)).

To see this, one considers first the tree associated to the parenthesising and ori-
ent each edge from the leaves to the root. Then one may associate a representation
PI(a),¢ b0 each internal edge a of the tree exactly as we did for admissible graphs.
Recall that to define the summands D, we first express Vy, ®...®V,, as a direct
sum of irreducible representations by decomposing the partial products with ().
This amounts to decompose Vp, ®...®V,, with respect to the isotypical subspaces
of the pr(q), and pyy . n1e, the last one for the root. Equivalently one considers
the direct sum of the joint eigenspaces of the associated Casimir operators Q)¢
and Q.. ny,¢- Then we take the invariant part which is the kernel of Qg .}
To conclude observe that the operators Qr(q),¢ associated to the internal edges of
the tree are the same as the ones associated to the internal edges of T'. O

2.5 On the non-triviality of H,

Since it is preferable to know whether Hy is trivial, we prove the following

Proposition 2.2. Let n > 1 and ¢ be a n-tuple of non-negative integers. Then
Hy is not trivial if and only if the sum 1 + ... + £, is even and there exists a
n-sided planar polygon with side lengths (1, ..., 0.

Furthermore the existence of a planar polygon with side lengths ¢1,...,£, is
equivalent to the inequalities ¢; < %(fl +.. 4+, forj=1,...,n.

Proof. If n = 1,2,3, the result is easily proved. For n > 3, consider the graph
I, in figure |. By proposition R.1], the non-triviality of M, is equivalent to the
existence of a coloring ¢ of I',, such that (i) = ¢; for any i. If such a coloring
exists, by summing the parity conditions (f) at each vertex we obtain that the
sum of the ¢; is even. Furthermore the inequalities in () are equivalent to the
existence of a triangle with side lengths k, £, m. Given a coloring of I', one can
patch together the triangles associated to the various vertices as in figure [f. One
obtains a n-sided polygon with the required side lengths.

For the converse, we may assume without restriction that the lengths ¢; do not
vanish. Then the proof is by induction on n. For n > 3, consider a (n + 1)-tuple



Figure 5: The triangulation associated to I',

(¢;) satisfying the parity condition and assume that there exists a family of vectors
(v;) with lengths |v;| = ¢; and such that the sum vy + ...+ v,41 vanishes. Then
it suffices to prove that we can choose these vectors in such a way that

b = [Vn + Un]

is integral and ¢/, + £,, + £, 41 is even. Indeed, if it is the case, one may apply the
induction assumption to (¢1,...,4,—1,¢,) and we get a admissible coloring ¢ of
the graph T',, with p(i) = ¢; for i =1,...,n — 1 and p(n) = £/,. Then we extend
this coloring to an admissible coloring of I',,;1 by assigning ¢,, and ¢,41 to the
n-th and (n 4 1)-th half-edges.

Let us prove the existence of the v; satisfying the extra condition. The mini-
mum and maximum values of |v,, + vy,4+1| when v,, and v,4; run over the circles
of radius ¢,, and ¢, ;1 are

m = |€n_€n+1|a M ="ty + 4y

Similarly if |v;| = ¢; for i = 1,...,n—1, the minimum and maximum of |v; +...+
Up—1| are

m':max(QL—(€1+...—|—€n_1),0), MI:€1+...—|—€n_1
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where L is the maximum of /1,...,%,_1. Observe also that m < M and m' < M’
because the lengths ¢; are positive.

Then the existence of the family (v;) such that v1 +...4v,4+1 = 0 is equivalent
to the existence of a length ¢/, € [m, M] N [m/, M']. We have to prove that if this
intersection is non-empty then it contains an integer ¢, such that ¢/, 4+ €, + ;11 is
even. Since the endpoints m, M, m’ and M’ are all integral, if [m, M]N[m’, M'] is
not empty, it contains at least two consecutive integers or it consists of one point.
In this last case, one has M = m/ or m = M, hence £, = m or M which is integral
and satisfies the parity condition. O

3 Semi-classical properties of H;,

Applying the geometric quantization procedure, we give a geometric construction
of the spaces Hy. We recall the general setting in a first section and explain in the
next one how the spaces Hy are viewed as quantization of polygon spaces. In the
following sections, we define Toeplitz operators and then prove that the operators
H, ¢ introduced previously are Toeplitz operators.

3.1 Geometric quantization

Consider a compact connected symplectic manifold (M,w). Assume that it is
endowed with:

e a Kiéhler structure whose fundamental form is w,

e a prequantization bundle L — M , that is a holomorphic Hermitian line

bundle whose Chern curvature is

.

e a half-form bundle § — M, that is a square root of the canonical bundle of

M.

The quantum space associated to these data is the space of holomorphic sections
of L ® & that we denote by H(M, L ® §). It has the scalar product

(0% = [ (W1(0) Wa(@)) i ()

induced by the metric of L ® ¢ and the Liouville measure py; = w™/nl.
Consider a Hamiltonian action of a Lie group G on M with momentum g :
M — g*. By definition, the momentum is equivariant and satisfies

dpt +w(E?,) =0, Veeg

where 7 is the infinitesimal vector field of M associated to &. We assume that
the action lifts to the prequantization bundle in such a way that the infinitesimal
action on the sections of L is

Vie +in® VEeg. (6)

11



Furthermore we assume that the action on M preserves the complex structure and
lifts to the half-form bundle. With these assumptions, the group G acts naturally
on HY(M,L ® 6), the infinitesimal action being given by the Kostant-Souriau
operators

it + VE @id+id®Les,  VEEg (7)

Here L is the Lie derivative of half-forms.

All the irreducible representations of compact Lie groups may be obtained in
this way. Starting from the irreducible representations of SU(2), we will construct
the tensor product V;; ® ... ® V;, and its invariant subspace as quantum spaces
associated to some symplectic manifolds.

3.2 Geometric realization of the space H,

Consider the tautological bundle O(—1) of the projective complex line P*(C) and
let O(m) = O(—1)"™. These are SU(2)-bundles with base P!(C). For any integer
m > 1, the induced SU (2)-action on the holomorphic sections of

O(m) @ O(—1) — P}(C)

is the irreducible representation V,,,—;. Denote by wrg the Fubiny-Study form of
P1(C). Then O(m) is a prequantization bundle with curvature +mwpg. Further-
more O(—1) is the unique half-form bundle of P!(C). The SU(2)-action satisfies
all the general properties stated below. Its momentum

pm + P(C) — (su(2))*

is an embedding whose image is the coadjoint orbit with symplectic volume 27m.
With our normalization of the scalar product, this coadjoint orbit is the sphere S2,
with radius m centered at the origin. In the following we identify (P!(C), mwrs)
with S2,.

Next we consider the product S?l X ... X S?n with the prequantization bundle
and the half-form bundle:

O()R...RO,), O(-1)KH...KRO(-1) (8)

The associated quantum space is the tensor product Vp,_1 ® ... ® V1. The
diagonal action of SU(2) is Hamiltonian with momentum

[t = T ey + Tofhey + e T,

where ; is the projection from Sy, x ... x Sy, onto the i-th factor. It satisfies all
the previous assumptions.

The invariant subspace of V1 ® ... ® V},_; is the Hilbert space Hy_; we
introduced previously. It follows from the ”quantization commutes with reduc-
tion” theorem proved in [[L]] that H,_; is the quantum space associated with the

12



symplectic quotient M, of Sgl X ..o X Sl?n by SU(2). More precisely we assume
that

U< S+ + 0y, j=1,...,n. (9)
and
biEly+ ... £4, #0. (10)

for any possible choice of signs. The first assumption is equivalent to the non-
emptyness of My. The second one is to ensure that the quotient does not have
any singularity. Indeed, ([[d) holds if and only if the SU(2)-action on the null
set {4 = 0} factorizes through a free SO(3)-action. So under this assumption
the quotient My is a manifold. It inherits by reduction a Kahler structure. We
assume furthermore that

bh+...+0,€2Z and ne2Z (11)

Then the diagonal SU(2)-action on the line bundles () factors through a SO(3)-
action. The quotients of the restriction at {u = 0} of these bundles are genuine
line bundles with base My, that we denote by L, and d, respectively. L, has a
natural structure of prequantization bundle and d, is a half-form bundle. The
restrictions at {u = 0} of the invariant sections descend to the quotient My. This
defines a map

Ho 1 — H'(My, L @ &)

which is a vector space isomorphism. Additional details on this construction will
be recalled in section B.Jl Applying the same construction to the power of the
prequantization bundle, we obtain the following theorem.

Theorem 3.1. Let n > 4 and ¢ = ({1,...,4,) be a family of positive integers
satisfying (4), (1) and (14). Then for any positive integer k, we have a natural
vector space isomorphism

Viee : Hir—1 — H(My, L © 6p).

Since the maps V}, o do not necessarily preserve the scalar product, we will also
consider the unitary operators Vj, o(V* EV/M)_U 2. The asymptotic results we prove
in this paper are in the limit k£ — oc.

Remark 3.1. In the case where assumption ([[() does not hold, one can still identify
the Hilbert space Hyy—1 with a space of holomorphic sections on a Kéahler analytic
space [[[J). We will not consider this case because the theory of Toeplitz operators
has not been developed for singular spaces. The assumption ([L1]) is not really
necessary. Actually we could extend our results to the sequences

Hk‘f—l-}—ma k= 1)25"'

13



where ¢ and m are any multi-indices satisfying ([[(J). Recall that H, is a trivial
vector space when || = ¢(1)+...+ p(n) is odd. Assume that |[¢| and n are even.
then we may consider without restriction that |m| is even too. Let K — My be
the quotient bundle of the restriction at {u = 0} of O(m;) X ... X O(m,,). We
have an isomorphism

Hio—14m =~ H' (M, LF @ K ®6)).

Then we can apply the methods used in this paper as it is explained in [[f] and
B. When |¢| is even whereas n and |m| are odd, we can not define globally the
bundles K and ;. But their tensor product is still perfectly defined. When |¢| is
odd, by doing the parameter change k = 2k’ + 1 or k = 2k’, we are reduced to the
previous cases. Here to avoid the complications due to the auxiliary bundle K,
we consider uniquely the spaces Hy¢—1 under the assumption that |¢| and n are
even. U

3.3 Toeplitz operators

Let (M,w) be a compact Kahler manifold with a prequantization bundle L and a
half-form bundle §. For any integer k and any function f € C*°(M), we consider
the rescaled Kostant-Souriau operator (cf. (7))

1
Pu(f) = f+ E(vgf’“ ®id+id®£§(> . C%(M, L* @ 6) — C®(M, LF @ §)

where X is the Hamiltonian vector field of f. These operators do not necessarily
preserve the subspace of holomorphic sections. Let us consider H°(M, Lk ® J) as a
subspace of the space of L?-sections. Assume this last space is endowed with the
scalar product induced by the metrics of L, § and the Liouville form. Introduce
the orthogonal projector I onto H°(M,L* ® §). Then a Toeplitz operator is
defined as a family of operators

(T i= IPL(f (k) + B HOOM, LF ©8) — HO(M, LF @)

7N

where (f(-,k)) is a sequence of C*° (M) which admits an asymptotic expansion
FOk) =fo+ kT i+ k2t

for the C*°-topology with fo, f1... € C°°(M). Furthermore (Ry) is any operator
such that ||Rg|| = O(k~°). As a result the coefficients f; are determined by (7).
We call fjy the principal symbol of (T}) and fy its subprincipal symbol.

3.4 The Casimir operators

Consider now the symplectic quotient M, and its quantization as in section B.3.
For any subset I of {1,...,n}, we denote by ¢ ¢ the function

qre = ‘Zﬂfuzi

el

2
€C®(S} x ... x S7). (12)
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It is invariant and descends to a function hy, of C*°(My). Recall that we defined
in section P4 a Casimir operator @, which acts on the space H; and that we
introduced in section B.d isomorphisms Vj, from Hps_1 to HO(Mg,L? ® dg). A
central result of the paper is the following theorem.

Theorem 3.2. Let n > 4 and ¢ = ({1,...,¢,) be a family of positive integers
satisfying (9), [LQ) and (I3). For any subset I of {1,...,n}, the sequence

1 _
(ﬁVkQLM—le Y HO My, L @ 6¢) — HO(My, L ® &))k:l 2

is a Toeplitz operator with principal symbol hy ¢ and vanishing subprincipal symbol.

Let us sketch the proof. First it follows from the results of [fJ] that the product
of two Toeplitz operators (7)) and (Sy) is a Toeplitz operators. The principal and

subprincipal symbols fo, fi of (T;Sk) may be computed in terms of the symbols
go, g1 of (Tk) and ho, hl of (Sk)

1
fo = goho, f1 = goh1 + hog1 + %{fo,go},

cf. [H] for a proof of the second formula. Second, in the case of a Hamiltonian
action G with momentum g which satisfies all the assumptions of section B.1, the
infinitesimal action of ¢ € g on HY(M,L* ® §) is the Kostant-Souriau operator
ikP(uf). Since it preserves HO(M,LF ® §), the sequence (P(ué))y is a Toeplitz
operator. Its principal symbol is pé and its subprincipal symbol vanishes.

Using these two general facts, we deduce from the expression ({l) of the Casimir
operator that the sequence

<%Q1,sz1 Ve 1® .. @ Vg1 > Vi1 ® ... ® VM”71>1¢=1 ,
is a Toeplitz operator of Sgl X ... X Sgn. With our normalization for the scalar
product of su(2), its principal symbol is ¢y ¢. Its subprincipal symbol vanishes.

Last step of the proof is the symplectic reduction from Sgl X ... X Sgn to My.
We will show in part f that any invariant Toeplitz operator of a Hamiltonian space
(M,G) descends to a Toeplitz operator of the quotient M /G. This results was
already proved in [[] for torus action and the proof given there extends directly to
the case of a compact Lie group. But it does not give any control on the subprin-
cipal symbol. So we propose another proof and we will show that the principal
and subprincipal symbols descend to the principal and subprincipal symbols of
the reduced Toeplitz operator. The precise statement is the corollary B.1], which
implies theorem B.3.
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4 On the symplectic geometry of polygon spaces

Let n > 3 and ({1, ...,¢,) be a family of positive numbers, not necessarily integral.
We assume that

1
£j<§(£1+---+£n) (13)

for any j = 1,...,n. Recall that S7 is the sphere of su(2)* with radius £. It is the
coadjoint orbit with symplectic volume 27¢. Consider the symplectic quotient

./\/lg:{(951,...,&7”)65?1 ><...xS?n/ml—i—...—i—mn:O}/SU(z)

Since we do not assume ([[(), M, may have some singularities. They form a finite
set Sy consisting of the classes [(z1,...,2,)] such that all the z; belong to the
same line. My \ Sy is a symplectic manifold of dimension 2(n — 3). It is non-empty
because of the inequalities ([L3).

In section [L1], we associate to each admissible graph an integrable system of
M, and give its properties. The motivation is to obtain next the best description
of the joint eigenstates of the operators (H, ). In section E.3, we make clear the
relationship with the decomposition of polygons into triangles. We also intro-
duce natural action-angle coordinates of the integrable system. The proofs of the
various results are postponed to the next sections.

4.1 An integrable system

Let I" be an admissible graph with n half-edges. Assume that the internal edges
are oriented. Then for any internal edge a, denote by I(a) the set of half-edges
which are connected to the initial vertex of a by a path which doesn’t contain the
terminal vertex of a. Introduce the length function A, of My defined by

Aal[Z1, . oyap]) = ‘ Z xz|

i€l(a)

and denote by h, the square of \,. Observe that A\, is defined independently of the
direction of a. Using this, it is easy to see that the Poisson bracket {hg,hy} = 0
vanishes for any two internal edges.

Denote by Mj - the subset of M, \ Sy where none of the functions A, vanishes.
The functions A, are smooth on MZF and they mutually Poisson commute. To
describe the joint image of the \,, we introduce some more notations.

Let us denote by E(T") the set of edges of I". Let A(T") be the convex polyhedron
of R¥(M) which consists of the (2n — 3)-tuples (d,) of non-negative real numbers
such that for any three mutually distinct edges a, b and ¢ incident to the same
vertex, dg, dp and d. are the lengths of an Euclidean triangle, that is the inequalities
|dy — dy| < d. < dy + dy, hold. Let A(4,T) be the convex polyhedron of RFm(I)

A(T) = {(da)acEn, )/ Wisda)ie By (T),ae By (1) € A)}
The following theorem will be proved in section .3
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Theorem 4.1. Let n > 4 and let ' be an admissible graph with n half-edges. Let
(€;)i=1,..n be a family of positive real numbers satisfying ([[3). The image of the
map

A My — RFn@ g (N, (2))

is the polyhedron A((,T"). The fibers of X\ are connected. Denote by Int(A(¢,T"))
the interior of A(¢,T"). Then the set

My E = A" (Int A(¢,T))

is open and dense in My and included in Mj . For any x € Mzeﬁ, the differentials
dyAa, a € Eing(T), are linearly independent.

This result is strongly related to theorem P.I] about the spectrum of the op-
erators (H,). The admissible colorings of the graph I' are particular points of
the polyhedron A(T"). The relationship between a color ¢(a) and the eigenvalue
v(a)(p(a) + 1) is similar to the relationship between A\, and its square h,. These
analogies will be made more precise in part .3 where we shall state the Bohr-
Sommerfeld conditions. To prepare the description of the joint eigenstates of the
(Hgy) as Lagrangian sections, we explain now how the Hamiltonian flow of the A,
defines a torus action. The following result is proved in section 1.4

Theorem 4.2. Under the same assumptions as theorem [[.1, the Hamiltonian
flows on M . of the %)\a, a € Ein(T), mutually commute and are 2m-periodical.
Consequently they define a torus action

T x M = M
This action is free over M &. The fibres of X in MY% are the torus orbits.

As we will see in the next section, there exist natural angle functions which
form together with the %)\a an action-angle coordinate system. When the ¢; are
integers and satisfy the condition ([[]), there exist other remarkable action coor-
dinates y, associated to the prequantum bundle L,. They are defined modulo Z
by the condition that e2™(*) is the holonomy in L, of the loop

t€[0,7] = Pgy(x)

where ®,; is the Hamiltonian flow of A, at time t. We will prove in part @ the
following

Proposition 4.1. For any internal edge a, we have v, = %(Aa + Ziel(a) &).
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Figure 6: Triangulation

4.2 Bending flows and action-angle coordinates

Consider first a polygon with n sides numbered from 1 to n. Let us cut the
polygon into n — 2 triangles by connecting the vertices with n — 3 straight lines.
To this triangulation is associated a admissible graph I' defined as follows. The
half-edges of I' are the sides of the polygon. The internal edges are the straight
lines connecting the vertices of the polygon. The vertices of I' are the triangles.
The edges incident to a vertex are the sides of the triangle, cf. figure ff. It is
easily seen that this graph is admissible. Furthermore any admissible graph may
be obtained in this way.

In the following, we consider a triangulation of a n-sided polygon P with
its associated admissible graph I". We assume that the sides of the polygon are
numbered in the apparent order. Then to each n-tuple x = (z1,...,xy) of su*(2)
we associate the polygon P(z) with vertices 0, 1 + z2, ..., 1 + ... + Tp—1. So
each class [z1,...,z,] of M, represents a polygons of su*(2) up to isometry. The
triangulation of P induces a triangulation of P(x1,...,x,). Observe that for each
internal edge a of T, A\,(z) is the length of a internal edge of the triangulation.
This explains that the image of A is the polyhedron A(¢,T") as asserted in theorem
[T Indeed to each vertex of I' corresponds a face of the triangulation and related
triangle inequalities.

In the proof of theorem .2, we shall show that the Hamiltonian flow of A, at
time ¢t maps « = [21,...,%,] € M] into ®,(x,t) = [21,...,2,] where

. {Adg a; if i € I(a) 5 x)

x,; otherwise
v icl(a)

. t
, with g = exp<>\ @)

Here we identified su(2) and su(2)* by using the invariant scalar product intro-
duced above. Considering the previous interpretation of My, these flows are bend-
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ings along the internal edges of the triangulation.
Now for any internal edge a, introduce a coordinate

0, Mz’ef:; — R/27Z

which measures the dihedral angle between the two faces adjacent to the internal
edge of the triangulation associated to a. More precisely, we require that 6, = 0
or m when these faces are coplanar and that 0,(®,(x,t)) = 6, + t.

Theorem 4.3. The subspace Py of My \ Sy which consists of classes of n-tuples
of coplanar vectors, is a closed Lagrangian submanifold. Consequently, the family
%)\a,ea, a € Ein(T), is an action-angle coordinate system, that is the symplectic
form is given by

w= > d(3)) Ndb,
aGEim(F)

on ./\/l?i%.
This theorem was proved in [[[§] for the graph I',, and its associated triangu-

lation given in figures [ and [

Proof. Tt is easily seen that Py is a (n — 3)-dimensional submanifold of M, \ Sy.
Let R be a reflexion of su*(2). Consider the involution ¥ of M, \ Sy which sends
[€1,...,2,] into [R(x1),...,R(x,)]. It transforms the symplectic form into its
opposite. Py being the fixed point set of ¥, it is a Lagrangian submanifold. O

4.3 Proof of theorem [.]]
Let H be the subspace of (su(2))"

H = {(1‘2) c (5u(2))"/ 1+ ... +xy = O} (14)

Denote by E(T') the set of edges of I' and introduce the map ) : H — RZT) whose
components are

() = {{Ziel(a)xi{ if a is an internal edge, (15)

|4l if a is an half-edge.

Recall that A(T) is the convex polyhedron of RF(I) consisting of the (d,) such
that for any three edges a,b, and ¢ mutually distinct and incident to the same
vertex, dg, dp and d. satisfy the triangle inequalities.

Theorem 4.4. The image of A is the set A(I'). The fibres of A are connected.
Furthermore the interior points of A(L') are regular values of \.
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The interior of A(I') consists of the (da)scpr) such that the strict triangle
inequalities
|de — dp| < de < dg+dp

hold at each vertex. So the functions )\, do not vanish and are smooth on
AL (Int(A(T))).

Before the proof, let us deduce theorem [L1] from [l.4. We immediately have
that the image of A is the polyhedron A(¢,T") and that its fibre are connected.
Next it is easily checked that the interior of A(¢,T) is the set of (dy)aep,, () such
that (dq,¢;) belongs to Int(A). So theorem [ implies that the differentials of the
Ao are linearly independent over A~!(Int A(¢,T)). It remains to show the density
of A™1(Int A(£,T)), which follows from proposition [L.3.

Proof of theorem [{.4. The proof is by induction on the number of half-edges. The
result is easily proved for the graph with three monovalent vertices. Observe that
in this case the fibers of A are the orbits of the diagonal SU(2)-action. Furthermore
(21,22, x3) is a regular point of h if the triangle with vertices 0, z1,x1 4+ x2 is non-
degenerate.

Let n > 3. Consider an admissible graph I' with (n + 1) half-edges. Then I'
admits a vertex v incident to two half-edges and an internal edge. To see this,
consider the graph obtained from I' by deleting all the half-edges. This new graph
being a tree, it has at least two monovalent vertices, these vertices satisfy the
property. Next we order the half-edges of I' in such a way that the two ones
incident to v are the n-th and (n + 1)-th. Denote by a the internal edge incident
to v. Changing the directions of the internal edges if necessary, we may assume
that

I(a) = {n,n+1}, I(a) c{1,...,n—1}.

Let I be the graph obtained from I' by removing the vertex v and the n-th and
(n + 1)-th half-edges. Denote by )" and )" the maps associated respectively to I
and the graph I'" with three monovalent vertices. Then the induction is based on
the simple observation that A(z) = d if and only if

A,(xl? ceoy Ip—1, _y) = d|E(F’) and A”(ya Tn, anrl) = (|y|’ dna dn+1)

where y = 21 + ... + T,_1. As a first consequence, we immediately deduce that
the image of A is A(T") if we already know that the images of X" and A" are the
polyhedra A(T') and A(T").

Let us prove that the fibers of A are connected. Let z° and z! be such that
A(z%) = A(z'). Denote by 2/ the (n — 1)-tuple (z1,...2,_1) and by y the sum
21+ ...+ x,_1. Assuming the fibers of \' are connected, there exists a path

b — (x/t’ _yt)

from (29, —y") to (2!, —y') remaining in the same fiber of \'. Since |y!| is con-
stant, there exists a path ¢ — ¢' in SU(2) such that g'4° = y’. Then the path

1t

t— (CC ,gtxgwgtngrl)
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connects x° with (21, g*20 glxg_H) and takes its value in a single fiber of A. Next
since

A/I(_gl(xg + x(r)LJrl)? glwgwglwgwrl) = A”(_(x%z + x%LJrl)a 1'%“ w%z+1)7

there exists a path
t t tot
t— (_(Zn + Zn—l—l)? 2 Zn—f—l)
which connects these two points by remaining in the same fiber of \”. Furthermore
since g'(z% + CC?H_l) =yt =zl + :U}H_l, one may choose this path in such a way
that (2, + zf 1) is constant. Finally the path

t— (x/lv Zﬁw Z'I;L+1)

connects (z'!, g'a¥, glxgﬂ) with 2! and this ends the proof of the connectedness.
Let us prove that the interior points of A(T") are regular values of A. Assume

that the result is satisfied for the function ) associated to I'". Let 22 be such that

its image belongs to the interior of A(I"). Then one has to prove that the map

(5u(2)" ! - RPO) xsu(2), 22— A@),21+... +Tns1)

is submersive at 2°, where ) is the obvious extension of A from H to (su(2))"*1.
Consider the isomorphism

U (su(2)" = H' x H", 2= (2, ~y), (~(@n + Tns1), Tn, Tnt1)

Here we denote as previously by z’ the (n — 1)-tuple (x1,...2,-1) and by y the
sum 1 + ...+ x,—1. Then one has

A; oV = Aa, Va € E(FI) and A/I o = (AQ7An7An+1)

By induction assumption, )" is submersive at (2", —4°). Hence it suffices to prove
that the map

H" — R2 X 5u(2)7 (_(xn + xn+1)awn7xn+1) - (’xn’7 ‘xn—i—l’axn + xn—l—l)

is submersive at (—(z) + 2%,,),2%, 2% ;). This is true because A(z") being an
interior point of A(T'), the triangle with vertices 0, 20 and z¥ + x(r)z—l—l is non-
degenerate. This ends the proof of the theorem. O

For any n-tuple £ of positive numbers, denote by P, the subset of H,
Ppi=(S7 x...x S} )NH,
so that My is the quotient of P, by SU(2).

Proposition 4.2. If { satisfies ([I3), then A~ (A(T)) N Py is dense in P,.
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Proof. Again the proof is by induction on the number of half-edges. Introduce
the graphs T', I” and I'” as in the proof of theorem [[.4 and assume the result is
satisfied for I and for any ¢ satisfying the inequalities ([[).

Let £ be a (n+1)-tuple satisfying (). Let Sy be the set of (z1,...,z,41) € P
such that the z; are mutually colinear. It is easily deduced from (IJ) that P\ Sg
is dense in FP;.

Next we consider the set Q consisting of the (x1,...,2n11) € P\ S¢ such
that the lengths ¢/, = |z, + x,41| satisfy the two following conditions. First
(€1,...,0,_1,0") satisfies the inequalities ([[3) and second ¢, 0y, £, 41 satisfy the
strict triangle inequalities. One proves that @ is dense in P, \ Sy. To do this
observe that the inequalities ([LJ) are satisfied as soon as there is no equality and
this can happen only for a finite number of #/,. For any z° € P, \gg, one has to find
points in @ arbitrarily close to 2. This can be proved by considering separetly
the case where z9,...,2% | are mutually colinear. If there are not, one concludes
by using that the map

Spy X oo x Sy, — su(2)"

if submersive at (z9,...,29_,).
The last step is to prove the density of A™(A(I'))N P, in Q. This follows from
the induction assumption. U

4.4 Proof of theorem .2

The Hamiltonian flow of the )\, is easily described applying the following general
result. Let (M,w) be a symplectic manifold with a Hamiltonian action of a Lie
group GG. Assume that the Lie algebra g has an invariant scalar product, which
we use to identify g and g*. Denote by p the momentum of the action and let M*
be the open set {u # 0} of M. One easily checks the following proposition.

Proposition 4.3. The Hamiltonian flow of |u| € C°(M*) at time t is given by

Oy (z) = exp(t&)x, Ve e M*

()|

Let I be a subset of {1,...,n}. Consider the Hamiltonian action of SU(2) on
S7 x...x S} with momentum

ur(xy, ..., x,) :in (16)
el

By the previous proposition, its flows pr; at time t sends (z1,...,2,) into the
n-tuple (yi1,...,yn) given by

Adg.%'i ifiel,
Yi =

x; otherwise,

pr(z) )

with g = exp <t
()]
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We apply this to the set I(a) associated to an internal edge a. The function |puy(y)|
is invariant by the diagonal action and descends to the function A,. Hence the
flows pr(q),¢ lifts the Hamiltonian flow of A,. Furthermore, with our normalization,

exp(§) =1 < [¢] € 27N, VE € su(2).

Since the coadjoint action factorizes through a SO(3)-action, the flow of the A, is
m-periodical and this proves the first part of theorem .3, Next by theorem [1],
the torus orbits in ./\/(Zelgi and the fibers of A have the same dimension. Furthermore
the fibers are connected. Hence the fibers in /\/lfl% are the torus orbits. It remains
to prove that the torus action is free in Mfﬁ

Let H be the subspace defined in ([4). Let us extend the action pr; on H '\
{>icr i # 0} in the obvious way. We will consider the actions p I(a),t altogether.
Here we can not choose the orientations of the internal edges in such a way that
the sets I(a) are mutually disjoint. So the action of pj(,), and pr@p) ¢ do not
necessarily commute. Let aq, ..., a,_3 be the internal edges of I'. The following

proposition completes the proof of theorem [£.3.
Proposition 4.4. For any x € H such that A(x) € Int A(I") and for any (t;) €
R"3 | if there exists g € SU(2) such that
Pr(ar) it (Pr(az) ks (- (Pr(an_s)tn_s(T)) -+ 1)) = g
thent; =...=t, =0 modulo .

Proof. Again the proof is by induction on the number of half-edges. Introduce
the graphs I', I” and I'” as in the proof of theorem [[.4 and assume the result is
satisfied for IV. Since the various circle actions mutually commute modulo the
diagonal action of SU(2), the result is independent of the order of the internal
edges. Observe also that

pru(a) = gl t).pre.(a)

So the result does not depend on the direction of the internal edge. So we may
assume that a,_ is the internal edge of I" incident to the n-th and (n+ 1)-th half-
edges. We may also assume that I(a,—2) = {n,n+ 1} and I(ax) C {1,...,n—1}
for k=1,...,n—3. Let z € A~ (Int A(T)) such that

Pr(ar),tr (PI(az) ke (- - (PI(an_o)tn_o(T)) -+ .)) = g..
This implies that

PI(a1),th (pI(GQ),t2(' o (pl(an—S)ytn—S (x/’ _y)) e )) = g'(x/7 —y) (17)
where 2/ = (21,...,2y,-1) and y = 21 + ... + x,_1. Furthermore
Tp+
exp (tn_zﬁ) (Zn, Tnt1) = g-(Tn, Tpg1) (18)
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By the induction assumption, one has that ¢t = ... =¢,,_3 = 0 modulo 7. Conse-
quently, ([7) reads as

(1, yxp_1) =g (21, .., Tp_1)

If g # +id, this implies that the vectors x1,...,x,_1 are colinear and this contra-
dicts the fact that A(z) € Int(A(T")). So g = +id. Finally since z,, and x,; are
not colinear, equation ([[§) implies that ¢,—o = 0 modulo 7. ]

4.5 Computation of the holonomies

Extending the proposition to the prequantum case, we can also compute the
actions 7,. Assume that (M,w) admits a prequantization bundle L — M with

L and that the action of G lifts to L satisfying the usual assumption

curvature i

()2

Proposition 4.5. For any x € M* and v € L,, one has

e Hr@I T 4 = exp(t ) U
' ( |M(ﬂ?)|>

where Ty.u € Lg,(z) s the parallel transport of u along the path s € [0,t] — Py(x).

To deduce proposition [£.1], we apply this result at time 7 to the Hamiltonian
action with momentum py (), introduced in (I9). Be careful that the action on
the prequantization bundle factorizes through a SO(3)-action only if } . I(a) l; is
even.

5 Semi-classical properties of the joint eigenstates

Let I be an admissible graph with n half-edges and let (¢;);=1,...» be a family of
positive integers. For any integer k > 1, we defined in section P.4 a family

{Ha,kf—l; ac Eint(r)}

of mutually commuting operators of Hyy_1. For any joint eigenvalue E = (E,) €
REnt() of the operators /<:*2Ha,kg,1, introduce a unitary eigenvector ¥pg j

1

ﬁHa,kf—l\I’E,k = Ea\I’E,ka Va € Eint(r)-
Assume furthermore that ¢ satisfies assumptions ({), ([0) and (). Then by
theorem B.d|, Hy,—1 is isomorphic to H(My, LF ® &) and by theorem B.3 the
sequence

1 _
To = (_VkHa,kZ—lvk 1)

k2 k=1,2,...
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is a Toeplitz operator with principal symbol
2
ha=| 3

i€l(a)

As a consequence we can describe precisely the eigenstates W in the semi-
classical limit. This is done in section f.]. The next section is devoted to the
Bohr-Sommerfeld conditions.

5.1 Eigenstates of the H,

First the eigenstates are microlocalised on the level sets of the joint principal
symbol h := (hy) : My — RFn() Introduce the closed subset

A= {(&, )/ h(x) = E}
of My x REme(I)
Theorem 5.1. For any (z, E) ¢ A, there exist neighborhoods U of x in My and
V of E in RFnt() and a sequence (CnN) of positive real numbers such that

ViU p(y)| < Cnk™™

for any integers k and N, any y € U and any joint eigenvalue E € V. The same
result holds if we replace Vi, by Vi,(ViVy,)~ 2.

Next since the family (h) is an integrable system as stated in theorem [T, we
can determine modulo O(k~°°) the eigenvectors ¥ ; on a neighborhood of the
the level set h~!(E) when E is regular value of h.

Consider as in theorem L] the regular set ./\/(276[5 = A tInt A4, T)). To de-
scribe uniformly the various eigenstates, introduce the submanifold

AT = AN (ME x RP(D))

of My x RFne(") " Denote by L and ¢ the pull-backs of the bundles L, and &, by
the projection My x REnt() — Af,.

Let x € M™. Then E = h(x) is a regular value of h and h~}(E) is a
Lagrangian torus described in theorem [L.2 Let us introduce the isomorphism

O 1 02 — NPT M) — AP(T,hH(E)) @ C (19)

Here the first arrow is the isomorphism making § a square root of the canonical
bundle and the second arrow is the restriction from T, M to T,h~Y(E). Finally
denote by uz the volume element of h~!(E) which is invariant by the torus action
generated by the A, and normalised by

JENTE (20)
h=1(E)

Since there is no prefered orientation of h=!(E), ug is uniquely defined up to a
sign.
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Theorem 5.2. For any (x, E) € A™8, there exist neighborhoods U of x in Mfﬁ
and V of E in RFnU) g section F of L — U x V, a sequence (9(-,k))x of
sections of § — U x V', a sequence (Dy) of complex numbers and a sequence (C)
of positive numbers such that for any integer k, any integer N, any y € U and
any joint eigenvalue £ €V,

k dim M

Vilpi(y) —Di(5=) © FHw B)gly B.k)| < OnkY (21)

Furthermore
1. |Dg| =14+ O(k™)

2. For any E, the restriction of F to h~Y(E) x {E} is flat with a constant
unitary norm, OF wvanishes to any order along A*8 and for all x ¢ A,
|F(x)] < 1.

3. the sequence (g(-,k))r admits an asymptotic expansion
9y, B,k) = 90(y, E) + kg1 (y, E) + K 2g2(y, E) + ...

for the C> topology, where each coefficient g; € C>®(U x V,6) is such that
dg; vanishes to any order along A™S.

4. the restriction of the first coefficient go to A™8 is such that
¢y ((g0(z, E)®?) = uply),  V(y, E) € A™

where @, and pg are defined in (19) and (24).

The same result holds if we replace Vi, by Vi, (ViEVi) ™ 2.

=

This follows from section 3 of [f] and section 3 of []. In the following remarks,
we discuss the various components of the result and how it should be modified in
the case where the subprincipal symbols do not vanish.

Remark 5.1. The estimations (RI]) are controlled by the restrictions of F and the
g; to A™8. More precisely consider a section F of L — U x V and a sequence
(g(-, k)) of sections of § — U x V which satisfy conditions 2. and 3. of theorem
F.9, then the equalities

F|Areg :F|Areg and gl'|Areg :§i|Areg fOI’ = 1,...,N
imply that
F*a, E)(z, B,k) = F*x, E)g(z, E,k) + O(k™V71)

uniformly on any compact set of U x V. O
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Remark 5.2. The restriction of F' to A™8 is determined up to a factor f(F) by the
condition that it is flat along h~1(E) x {E} for any E. Equivalently, this condition
may be written as

V§(GF =0 on A™8, Va € Ep (1)

where X, is the Hamiltonian vector field of h,. In a similar way the function gg
satisfies the transport equations

L% go=0 on A", Va € Ein (D). (22)

Furthermore the sections F' and gy are normalized in condition 2. and 4. in such
a way that |Dg| = 14 O(k™1). This follows from theorem 3.2 of [fJ] and condition
(20). O
Remark 5.3. If the subprincipal symbols hl of the T, had not vanish, we should
replace the transport equations (23) by

L% go+ihlgo=0 on A8,  Vae Ep(T). O

5.2 Bohr-Sommerfeld conditions

Bohr-Sommerfeld conditions are the conditions to patch together the sections

F*(, B)go (-, E)

di

of theorem .3 modulo an error O(k 5 ~1). By remarks . and [-3, this can be
achieved if and only if the restriction to h~!(E) of the bundle L} @ &, is trivial as
a flat bundle. Here we consider the flat structure of

6 — h Y(E)

defined in such a way that the local sections go(-, F') satisfying condition 4. of
theorem .9 are flat. The flat structure of

L} — h Y(E)

is the one induced by the connection of the prequantum bundle. It is flat because
the curvature of L is the symplectic form and h~!(E) is Lagrangian.

For any internal edge a of I', consider an integral curve of the hamiltonian
flow of h, in h~(E). The family of these curves is a base of the first group of
homology of h~(E). One deduces the holonomy of these curves from proposition
[.T]. We obtain the Bohr-Sommerfeld conditions.

Proposition 5.1. The restriction to h™'(E) of the bundle ng ® 0y is a trivial flat
bundle if and only if
ks 1 1
S (E2 + ';)ei) +56(E) €EZ,  Va € Bm(T) (23)
1el(a

where €,(E) is equal to 0 or 1 according to whether the restriction of oy to the
integral curve of hg is trivial or not.
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The indices €,(E) replace the Maslov indices for the usual Bohr-Sommerfeld
conditions. It is proved in section 3 of [f (cf. also section 3 of [fJ]) that for any
couple (E, k) which satisfies the Bohr-Sommerfeld condition, there exists a joint
cigenvalue E(E, k) of the operators T, such that

E(BE,k)=E+O(k™?)

Let us compare this with the description of the spectrum of the H, xs—1 given in
theorem R.1]. The joint eigenvalues are indexed by the admissible colorings ¢ of T
such that ¢(i) = kf; — 1 for any half-edge i. Observe that the parity conditions
satisfied at each vertex are alltogether equivalent to

o) +¢(2)+...+ ¢(n) € 2Z (24)

and

pla) + > (i) € 2Z (25)

i€l(a)

for any internal edge a of I'. Here the equation (24) is satisfied because ¢(i) =
kf; — 1 and we assumed ([[1]). Comparing the Bohr-Sommerfeld conditions (23)
with the equations (RH), we obtain the following

Proposition 5.2. ¢, = #I(a) +1 mod 2Z.
Furthermore, if (E, k) satisfies the Bohr-Sommerfeld condition, then
E(E,k)=FE — k2

and E’(E, k) is the joint eigenvalue associated to the coloring ¢ of I' defined by
pla) = kX, — 1.

6 Scalar product of Lagrangian sections

In this part we compute the asymptotics of the scalar product of two Lagrangian
sections. The first section is devoted to algebraic preliminaries.
6.1 A half-form pairing

Consider a symplectic vector space (E?",w) with a compatible positive complex
structure J. Given two transversal Lagrangian subspaces I'1 and I's, one has a
sesquilinear non-degenerate pairing

(AT ® (C) x (AT ® C) —C, o, —i"*"(ria ATB) /"

where 71 (resp. mq) is the projection from E onto I'y (resp. I'g) with kernel 'y
(resp. I'1). Next for i = 1 or 2, the restriction from E to I'; is an isomorphism

AOE* — AT @ C.
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Composing these maps with the previous pairing, we obtain a non-degenerate
sesquilinear pairing
(', -)phpg c ANVWOE* x AMWOE* S C

We will consider a square root of this pairing. To remove the sign ambiguity, let
us compare it with the usual Hermitian product of the line A™0E*

(0, 8) = "@ M a A Bu

Recall that for any endomorphism A of JI'y which is symmetric with respect to
the scalar product w(X, JY'), the graph of the map JA : JI'y — I'; is a Lagrangian
subspace of £ = JI'y & I';. This defines a bijective correspondence between the
set of Lagrangian subspaces transversal to I'; and the affine space of symmetric
endomorphisms of JI'{. One checks the following lemma with a straightforward
computation.

Lemma 6.1. Let A: JI'y — JI'1 be the endomorphism associated to I'y. Then
(o, B)ry 1o =27 " det(1 — iA) (e, B)
for any o, 3 € AWVE*,

In particular the pairing induced by the couple (I'1, JT'1) is the same as the
Hermitian product up to a factor 27 ™.

Let us consider a one-dimensional Hermitian line § with an isomorphism ¢ :
892 — AMOYE*. Then one defines the sesquilinear pairing of § by

(0, ey =/ (9(02), @(B)r ey, Ya b VAED

The square root is determined in such a way that the pairing depends continuously
on I'; and I's and coincides with the scalar product up to a factor 2-"/2

I'y = JI'1. Since the set of Lagrangian transversal to 'y is affine, the square root
is well-defined.

when

6.2 Asymptotics of scalar product of Lagrangian section

Let (M?",w) be a Kihler manifold with a prequantization bundle L and a half-
form bundle §. Let I'y and I's be two Lagrangian submanifolds. For i = 1 or 2,
consider a sequence

FFa;(- k) eC®(M,LF®6), k=1,2,...
where

e F; is a section of L such that its restriction at I'; is flat of norm 1, OF;
vanishes at infinite order along I'; and |Fj(x)| < 1if x ¢ T';.
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e a;(-,k) is a sequence of C>(M,d) which admits full asymptotic expansion
for the C*° topology

ai(-, /{?) =a;o+ kilaﬁl + k72ai,2 + ...
with coefficients a; ¢ in C*>°(M, 9).

Recall that the scalar product of two sections of LF ® ¢ is defined by

(W1, W) = /Mom(x),%(m)hgwmm

where pps is the Liouville measure w™/nl.

Theorem 6.1. Assume the intersection of I'y and I'y is transversal and consists
of a single point y, then

<F1ka1(-,/<:),F§a2(-,k)) ~ <2%>n(F1(y)7F2(y))lzy (611,0(21)7Clz,o(y))TyphTyp2

where (-,-),r,,1,T, s the sesquilinear pairing 6, x 6, — C defined in section [6.1.

Proof. Let us write (Fy(z), Fo(x))r, = ¢#®). One has to estimate

/ M9 (ay (2, k), an (, k)5, e (&) (26)
M

This will be an application of the stationnary phase lemma. First since |F;(x)| < 1
if x ¢ T';, the imaginary part of ¢(z) is positive if x ¢ I'y N T'y. Next to compute
the derivatives of the function ¢, let us recall the content of lemma 4.2 of [ff]. One
has

1
VIE = ~0 ® F (27)

where «; is a 1-form vanishing along I';. Furthermore for any vector fields X and
Y, one has at x € I';,

Lx(ai,Y)(x) = w(@iX(2),Y (2)) (28)

where ¢; is the projection of T,M ® C onto T2 M with kernel T.I'; ® C. One
deduces from (P7) that
dp =05 —ay

So the point y € I'y NT'y is a critical point of ¢ and one computes the Hessian at
y by using (£§):
Hess o(X,Y) = Lx (@2 — o) (Y))
= w(X — 1 X,Y)
= _iw(‘](q2 + QI)Xv Y)
=ig((@2 + 1) X,Y) (29)
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where ¢ is the metric g(X,Y) = w(X, JY). At the third line, we used that g, X €
Tyl’OM = ker(J, — i) whereas g1 X € Tg’lM = ker(J, + 7). Since the intersection
of I'1 and I's is transverse, the Hessian is non-degenerate. Then stationnary phase
lemma (cf. [[J] chapter 7.7) leads the following equivalent for the integral (Pq)

2 n . .
()€™ det™5 [=i Hess 9(0; D) W) o (0109 a20(1)) 5,00)

where x1, ..., x9, are local coordinates at y and p(y) is such that

un(y) = p(y)dxy A ... A dxoy,.

Here the square root of the determinant is determined on the space of symmetric
complex matrices with a positive real part in such a way that it is positive on
the subset of real matrices. The Liouville measure w™/n! is also the Riemannian
measure of g, so that

1
p(y) = det?2 [g(axj7axk)(y)]j7k:17___72n
Then it follows from (29) that

det[—i Hess (0, , amk)(y)]j,k:17...,2np72(y) = det(qy + q1)-

Finally the determinant of Gy + ¢; is easily computed in terms of the map A :
JT,I'y — JT,I'1 such that T,I's is the graph of JA : JT,I'y — T, I';. One has

211
det(a = ——
e + ) = T =i
Comparing with lemma p.]), we get the final result. O

7 Asymptotics of 6j-symbols

Assume that n =4 and choose (¢;);=1,.. 4 satisfying condition ([[0) and ({J)). The
moduli space

M, = (S}, x S;, x 5¢, x S},)SU(2)

is a 2-dimensional sphere. Let I' be the left graph of figure []. Denote by Hys—1
the operator associated to its internal edge and by h € C*°(My) the associated
symbol

h([ul,UQ,U3,U4]) = |u1 —|—UQ|2, (ul,UQ,U3,U4) S Sgl X ... X Sl%;
Then h(My) = [m, M| where

m:max(wl —52‘,’53—64‘), M:min(€1 +€2,€3 —|—€4)
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Figure 7: The graphs I" and T

The fibres of h are circles except for the two singular ones h~1(m) and h=1(M)
which consist of one point.

Consider now the right graph I of figure [j and denote by Hj, ; and &’ the
associated operator and symbol. Introduce two orthonormal bases (Vg ;)r and
(\I/'Ek)E of eigenvectors of Hye_y and Hj, | respectively.

1
k2

1

Hyp1Vpr=EYgk, 2

! !/ !/
Hyp Vg =EYg,

By the results of part .| these eigenvectors are Lagrangian sections associated to
the level sets of h and h'. From this one can deduce the asymptotics of the scalar
product

(Tg .k Vi g)

when h=}(E) and h'~1(E’) intersect transversally, by applying theorem 1.

7.1 The result

Assume first that h=!(Ep) and h'~1(E}) do not intersect. Then it follows from
theorem f.J] that there exist neighborhoods V and V' of Ey and E}j respectively
and a sequence (Cy) such that

(g, W )] < OnE™N, VN, VE

and for any eigenvalues E € Sp(k™?Hye—1) NV and E' € Sp(k~2H,, ,)NV".

Next to understand better the possible configurations of the level sets of h and
R, it is useful to think of M, as a space of tetrahedra, the point [uj,usg, us, uy]
representing the tetrahedron z of su(2) with vertices

0, u1,u1 + u2,u1 + ug + usz.

Furthermore two tetrahedra are identified if there are related by an orientation-
preserving isometry. The lengths of the edges of the tetrahedron x are

vV h(m), \/h/(CC), fl, 62, fg and £4.

32



The subset C' of coplanar tetrahedra is an embedded circle. It contains the four
points where h and h’ attain their maximum and minimum. At the other points
of C, the fibres of h and h’ are tangent. Outside of this circle, the fibres intersect
transversally, cf. figure .

Figure 8: The two fibrations and the circle C

Hence if VE, VE', (1, {5, {5 and {4 are the edge lengths of a non-degenerate
tetrahedron 7, then h='(E) and h/~'(E’) intersect transversally at two points
represented by 7 and its mirror image 7. Denote by V(E, E’) the volume of these
tetrahedra and by 6(E, E’) the sum

0(E,E)=aVE+dVE + > ail (30)

i=1,...,4

where «a, o', a1, as, asz and a4 are the exterior dihedral angles (the exterior
dihedral angle at an edge is the angle in [0, 7] between the outward normal vectors
of the faces meeting at the edge).

Theorem 7.1. Assume that \/Ey, \/E}, {1, 2, {3 and {4 are the edge lengths of
a non-degenerate tetrahedron. Then there exist neighborhoods V' and V' of Eqy and

E}y respectively such that for every k and for any eigenvalues E € Sp(k™?Hyo_1)NV
and E' € Sp(k=2H}, )NV, one has

[2 EE')1

(\I’E,k, \I’/E/ k) = Ck,E,E’ —ki_% (7)41 COS(]CH(E, E,)/Q + 7T/4) + O(k‘_%)
’ 3t V(E,E')2

where the O is uniform with respect to E and E' and the Cy g g are complex

numbers of modulus 1.
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Figure 9: The domain D(E, E')

This result is proved in part .3 The volume V(E,E’) and the function
O(E, E") appear in the computation of a holonomy and a symplectic product, as
it was already understood in [B(].

The 6j-symbols are defined in terms of this scalar product by a minor renor-
malisation

{k€1—1 kly — 1 kﬂ—l}

/!
¢ ¢ ; (1ytreatteene LBk Vi)
kls—1 kty—1 k& —1

kv ee

with E = 2 — k=2 and E' = ("> — k=2, Here we assume that the bases (Vp ;) and
(V' 1) are suitably defined and not only up to a phase factor. If £, £, £y, lo, (3
and ¢4 are the edge lengths of a non degenerate tetrahedron, we obtain

/{?61—1 k€2—1 k(—1 3 _3 2 2\ —1 2 12
{Mg—l Ky — 1 k:é’—l} \/?mk 2V (2, 07)" 2 cos(kO(£2,0%) /2 + 7 /4)

up to a phase factor, which is in agreement with the result of Roberts in [[[§].

)

7.2 Proof of theorem [7.]]

Consider a non-degenerate tetrahedron 7 with edge lengths VE, VE', t1, lo, U5
and ¢4. Denote by 7 its mirror image. Then the circle h~'(E) is the union of
two segments delimited by 7 and 7. On one of these segments, h’' takes larger
value than E' = /(1) = I/(7). We shall denote it by v and orientate it according
to the Hamiltonian flow of h. Consider in the same way the oriented segment
7 € W'~Y(E’). Then interchanging 7 and 7 if necessary, one has

Oy=7—7 and Oy =7-T7T.

Furthermore v U+ divides the sphere M, in two domains. Let D(FE, E’) be the
one which does not contain A~ (E) \ v and h'~1(E’') \ v/, cf. figure []. We oriente
it in such a way that the the symplectic area | D(E,E) Y is positive. The oriented
boundary of D(E, E’) is then —y U —".

Then adapting the results of [2(] on spherical tetrahedra to the simpler Eu-
clidean case, we prove the following
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Proposition 7.1. The symplectic area of D(E,E") is
A(E,E'") = —0(E,E") + 7(l1 + ly + 03 + {y)
and
(X, X, = (X, XYy = 3L
EE

where X and X' are the Hamiltonian vector fields of %\/ﬁ and %\/ﬁ respectively
and O(E, E') has been defined in (34).

By theorem f.2, modifying the Lagrangian sections ¥ gk and ¥, ., by phase
factors if necessary, one has on a neighborhood of D(E, E’),

_ k i k -0
Ueg = (52) FH(E 9B, k) + O(),
/ k % 1k E /E k Ok
Then by theorem [.1], one has
27\ 5 k
(Upn Upr k) ~ (?>2 Y (F(E,2), F'(E'2)); (90(E,2),60(E',2)) g po .-

T=T,T

(31)

Here (-,+) g g4 is the sesquilinear pairing of §, defined on part p.J] with the
Lagrangian subspaces T,h~1(E) and T,h'~'(E’) of T,M,. Denote by ¢ the iso-
morphism between 62 and AY°T* M,. By definition of the pairing one has

(5,8)% . = 2(5%)() p(s?)(¢)

EE' .z — w(e7 e,) s VS,S/ S 61’ (32)

for any nonvanishing vectors e € T,h™1(F) and €’ € T,h'~1(E’'). Tt follows from
condition 4. of theorem [.9 that for = = 7 or 7, one has

1
(g5 (E, 7)) (X (@) = (g5 (B, 2)) (X' (@) = o

where X and X'’ are the Hamiltonian vector fields of % h and %\/ﬁ . Then we
deduce from (BJ) that

(33)

1 eiﬂ'/4

with the suitable determination of the square root. So we deduce from the second
part of proposition [.]] that both terms of the sum in equation (BI]) has the same
modulus. We will prove that their phase difference is

E(O(E, E') =ty + la + £z + L4)) +7/2

(90(E7$)796(E,7x))E7E/7x - (34)
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Taking into account that #1 4+ ¢5 + ¢34 ¢4 is an even integer, this will end the proof
of theorem [7J].
Since F(E,-) and F'(E’,-) are flat along v and +' respectively, one has

(F(E,7),F'(E',7)), =H(E,E) (F(E,7),F'(E' 1))

L+ L=

where H(E, E’) € C is the holonomy of L along vU~'. Since L has curvature %w
and —(yU~') is the boundary of D(E, E'), one has

H(E,E") = exp(—iA(E, E"))

where A(E, E') is the symplectic area computed in proposition [(.]. Furthermore
it follows from equation (B4) that

(90(B,7), 60 (', 7)) g = €57 (90(B, 1), 90 (B, 7)) o

It happens that the undetermined sign is positive and the proof relies uniquely on
the configuration of the level sets, as they appear in figure f.
To see this, trivialise the tangent bundle of My on a neighborhood of D(E, E')

in such a way that the vector fields X/\/w(X, JX) and JX/\/w(X, JX) are send

to constant vectors that we denote by e and f. The symplectic and complex
structures are constant in this trivialisation

w(eaf)zla Je=f

Trivialise also the half-form bundle, in such a way that the constant half-form
s squares to e* + if*, where (e, f*) is the dual base of (e, f). Then one may
explicitely compute the sesquilinear pairing associated to the Lagrangian lines
generated by e and fy = (cosd)f — (sinf)e. By formula (B3) we have
—if
2 _ e
(svs)Re,ng = cosf
Choosing the determination of the square root as in part [.1], we obtain for 6 €
(_71—/27 7T/2)7
o—i0/2

s, =
(5o S)memne = g

Next introduce a parametrisation z(t) of v with 2(0) = 7 and z(1) = 7. Then

(35)

X(a(t)) = [X(x(t))] e

where | X| = /w(X, JX). And modifying the sign of gy if necessary, one deduce
from equation (BJ) that

I

go(E,x(t)) = (27X (x(1))]) % 5 (36)
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Figure 10: the angle 6

Parametrize —' by y(t) with y(0) = 7 and y(1) = 7. Then the configuration
(cf. figure [L0) of the level sets of h and k' implies that

X' (y(t) = r(t)((cos 0(t))e + (sinG(t))f)

where r is a positive function and 6 takes its values in (0,27) with 6(0) € (0, )
and 6(1) € (,27). By equation (B3)

GO(E y(t) = (2mr(t)) " 2e O/ (37)

Finally the angle between the lines generated by X (7) and X'(7) being 6(0) — /2,
we deduce from equations (BY), (Bf) and (B7) that

E, ) A E,, ' = .
0B, 7). B e = Sy —72) 2n X 7 (0)
ei7r/4 , 7%
= (cos(b(0) = 7/2) X (7)| 1X'(7)))
In the same way we obtain that
efi(yf%) ei@
E7 T)s A El7 T T = :
Gl 0B Dere = 573y am IR+ (1)
i37m/4 - L\
5 (cos(b(1) — 37/2) |X(7)] LX'(7)])

So the phase difference between the two pairings is /2.

8 Semi-classical reduction with subprincipal estimates

8.1 Quantum reduction

Let (M,w) be a connected compact Kéahler manifold (M, w) with a prequantization
bundle L — M with curvature 1w and a half-form bundle (4, ). Here we denote

i
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by ¢ the line bundle isomorphism 62 — AYPOT*). By assumption it preserves
both the Hermitian and holomorphic structures. Let G be a compact connected
Lie group acting on M in a Hamiltonian way. Denote by p : M — g* the moment
map. We assume that the action lifts to the prequantization bundle in such a way
that the infinitesimal action on sections of L is given by

Ves +ips, VEEg.

We assume furthermore that the action preserves the complex structure and lifts to
the half-form bundle in such a way that ¢ is equivariant. Under these assumptions,
the group G acts naturally on the space H(M, L* @ §) for any positive integer
k, the infinitesimal action being given by the Kostant-Souriau operators ([]). We
denote by
HY(M, LF @ §)

the G-invariant subspace.

Suppose that G acts freely on the zero-set P := p~1(0). Then 0 is a regular
value of the moment, P is a coisotropic submanifold of M and its characteristic
distribution is the tangent space to the orbits. So the quotient

M, = P/G

is a symplectic manifold. Consider the quotient L, of the restriction of L to P
by the G-action. Since the action preserves the connection of L and is by parallel
transport over P, L, inherits a connection. Its curvature is %wr where w, is the
reduced symplectic form.

To define the complex structure on the symplectic quotient, introduce the
complexification GC of G. It is a complex connected Lie group containing G as
a maximal compact subgroup. The Lie algebra of GC is the complexification of g
and the Cartan decomposition is the diffeomorphism

G ~ exp(ig)G.

Furthermore the set exp(ig) is diffeomorphic to the vector space g, the diffeomor-
phism being the exponential map.

The G-action extends to a holomorphic action of G€ whose infinitesimal action
is given by

4 n*,  Vé+inegdig=g®C.

The saturated set M, := GC.P of the zero set of y is called the stable set. Since
the vector field Jé# is the Riemannian gradient of pé for any vector &, M, is an
open set diffeomorphic to g x P, the diffeomorphism being

gx P— M, (§x)— exp(if).x (38)

Furthermore the action of G on P being free, the action of G€ on M; is also free.
Finally the injection of P into M induces a diffeomorphism

P/G ~ M,/G®.
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In this way the symplectic quotient inherits a complex structure. It is compatible
with the symplectic form and M, becomes a Kéahler manifold.

Similarly the G-action on the prequantization bundle and the half-form bundle
can be analytically continued to holomorphic actions of the complexified group
GC. We have a natural identification between L, and the quotient by G of the
restriction of L to the stable set. Hence L, inherits a holomorphic structure, it
is compatible with the connection. We define 6, as the quotient by G of the
restriction of 0 to M. This is a holomorphic line bundle on M,.. The holomorphic
G-invariant sections of L* @ § are also invariant under the complexified action.
This defines a natural map

Vi : HY(M,L* © §) — H(M,,LF ®4,). (39)

Theorem 8.1 (Guillemin-Sternberg). When k is sufficiently large, Vj, is an
1somorphism.

The condition on k is due to the presence of the half-form bundle. It does not
appear in theorem B.J] because in this case the half-form bundle is a power of the
prequantum bundle.

The theorem says that the GC-equivariant holomorphic sections of LF ® ¢ over
the stable set extend uniquely into GC-equivariant holomorphic sections over M.
This follows from the non-trivial fact that the complementary of the stable set is
contained in a complex submanifold of codimension > 1. Furthermore the GC-
equivariant sections of LF ® § — M, are bounded when k is sufficiently large. In
the next section we will prove an explicit estimate that we will use in the sequel.

8.2 Estimates of the equivariant sections

Introduce a norm ||.|| on the Lie algebra g.

Proposition 8.1. There exists C1,Co > 0 such that for any integer k and any
GC-equivariant section ¥ of LF @ § — M, one has

|9 (exp(ig) )|F < eI w ()2, va e P, Ve e g
where we denote by || - || the punctual norm of LF ® 6.

Proof. We start by estimating || exp(i§).ul| in terms of ||u|| for any v € §. Introduce
the smooth function r on g x M

d) Jesplitg)ul?
dt l=0 || u||? ’

r(& ) :

where u € 9§,

We have p
il exp(it€).ul|® = r(&, exp(ité).x) || exp(it&) .ul|?
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Let Cy be the supremum of |r| on the compact set {||{|| = 1} x M. Then by
integrating the previous equality we get for ||£]| = 1 that

lexp(it€).ul|* < e Jul.
Let us now estimate || exp(i§).u|| in terms of ||u|| for any u € L. First we have

d) el . |
el =9 f L,
dilizo  Ju]? pwiz), - ifue

This follows from the fact that the infinitesimal action of i§ € g®C on the sections
of Lis V jex — pé. Furthermore since JE# is the gradient of ué, we have

1 (exp(it€).x) = —g(6%, 6% (exp(it€) )

where ¢ is the Riemannian metric g(X,Y) = w(X,JY) of M. Let Cs be the
infimum of g(£7,¢7)(x) on the compact {|[¢]| = 1} x M. By integrating, we
obtain for ||| =1

p* (expl(it€).ar) < pt(x) — Cat
Integrating again we obtain for x € P (and consequently u¢(z) = 0) that
lexp(ité).ul® < e~ |lul®,  Vue L,

This ends the proof. O

8.3 The reduced half-form bundle

In this part we define the isomorphism ¢, : 62 — A*POT* M, which makes d, a
half-form bundle. Recall that the isomorphism § — APPOT* M was denoted by ¢.
Let 75 be the projection from the stable set M onto the quotient M, = MS/GC.
Introduce the bundle over M,

E = (ker(ms), ® C) N THO M.
One has an exact sequence
0—E— T\, — W:Tl’OMr — 0,

Consider an invariant metric (.,.) on the Lie algebra g and an orthonormal base
(&) of g. Define the section of A'PE

. %(5# JE AL A —iaet (40)

This section vy does not depend on the choice of the base (§;). It does not vanish, is
holomorphic and GC-equivariant. The contraction by v defines an GC-equivariant
isomorphism

/\tOp’OT*MS N 7'(': /\top,O T*Mr
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By composing with ¢, we obtain an isomorphism from §®2 to 7% A*P0T* M, which
descends into
©r 55@2 N /\tOp’OT*MT

In other words, for any u € §, one has
(1)e(u?) = w3 ([u]?). (41)

Observe that ¢, is a holomorphic map.

We endow ¢, with the metric such that ¢, become an isomorphism of Hermitian
bundle. We have to be careful that the projection from §|ps, onto d, does not
preserve the metrics, even when it is restricted to the zero set of the moment map.
For any u,v € §, with x in the zero level set,

(u,0)s, = V@)™ ([ul, [V])s,.. (42)

And a straightforward computation gives the punctual norm of

(@)l =272 det2 [g(e¥,65)], ., ()

where ¢ is the metric w(X, JY'). From now on, we assume that the invariant metric
of g is chosen so that the Riemannian volume of G is 1. This implies that the
Guillemin-Sternberg isomorphism rescaled by a factor (27/ k‘)g/ 4 is asymptotically
unitary as was proved in [[IJ]. This follows also from the next results, cf. the
remark after theorem .4

8.4 A class of Fourier integral operators

We denote by 7 the projection from the zero set P of the moment map onto the
quotient M, = P/G. Let us introduce some datas associated to the symplectic
reduction M //G. First consider the submanifold

A= {(z,n(z)),x € P} C M x M,

Denote by M, the manifold M, endowed with the symplectic form —w,. Then
A is a Lagrangian submanifold of M x M called the moment Lagrangian. Next
one defines a section ¢ of L X L, over A by

t(z,m(x)) = u® [u]

if x € P and v € L, is a unitary vector. This section is flat and unitary. In a
similar way consider the section ts of § X ¢, defined on A by

ts(z,m(x)) = u® [u] (43)

if x € P, u €6, and [u] € 6, is a unitary vector.
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Next we define a space F of Fourier integral operators associated to (A,t,ts).
First let us introduce the Schwartz kernel of an operator H,. — Hj where

Hy = HO (M, L* ®@6),  H.p:= H'(M,,LF ®56,).
The scalar product of H,.j gives us an isomorphism
End(Hy g, Hi) ~ Hi @ Hy k.
The latter space can be regarded as the space of holomorphic sections of
(L*®0) R (LF @6,) — M x M,,

where M, is the manifold M, endowed with the conjugate complex structure. The
section associated in this way to an operator is its Schwartz kernel.

Consider a sequence (Q) such that for every k, Qj is an operator H, , — H.
We say that (Q) is a Fourier integral operator of F if the sequence of Schwartz
kernel satisfies

k

o

ny+4
Quly) = (5=) FHy)f (. k) + O™) (44)

where
e Fis a section of LX L, — M x M, such that ||F(z,2)|| < 1if (z,2) ¢ A,
F(z,z) =t(x,2), V(z,z) €A
and OF = 0 modulo a section vanishing to any order along A.

e f(.,k) is a sequence of sections of § ¥ &, — M x M, which admits an
asymptotic expansion in the C* topology of the form

flk)=fo+k i+ k 2o+ ..

whose coefficients satisfy 0f; = 0 modulo a section vanishing to any order
along A.

Furthermore n, is the complex dimension of M, and ¢ is the dimension of G.

Let us define the principal symbol of (Qx) to be the function g € C*(P)
such that the restriction to A of the leading term f of the previous asymptotic
expansion is

folz, z) = g(x)ts(z, 2), V(z,z) € A

Denote by o : F — C*(P) the principal symbol map. Let F' be the space of
Fourier integral operator of order 1, that is (Ty) € F' if and only if (kT}) € F.
The next result was proved in [f.

Theorem 8.2. The sequence 0 — F' — F % C®(P) — 0 is ezact.
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8.5 Semiclassical properties of the reduction

Introduce the inverse of the Guillemin-Sternberg isomorphism (BY)
Wi, : H(M,, LF © 6,) — HY(M, L* © ).
Recall that we denote by ¢ the dimension of G.

¢
Theorem 8.3. The sequence ((%)‘WV;C) is an Fourier integral operator of F
whose principal symbol is the constant function equal to 1.

We defined Toeplitz operator in section B.d with their principal and subprinci-
pal symbols. In the following theorems we consider Toeplitz operators on M and
the reduced space M,..

Theorem 8.4. Let (Qy) and (Ry) be Fourier integral of F with symbol fo and
fr respectively. Then (Q}Ry) is a Toeplitz operator of M,. Its principal symbol
is the function g € C*°(M,) given by

o(z) = /P Fol@) fa(x) up.(x),  Vze M,

where pp, is the G-invariant measure of P, = 7~ 1(2) normalized by sz wp, = 1.

As a consequence of both theorems, ((%) : Wi Wk) is a Toeplitz operator with
principal symbol 1. Hence its uniform norm is equivalent to 1 as k tends to co. In
other words, the Guillemin-Sternberg isomorphism rescaled by a factor (27/ k‘)é/ 4
is asymptotically unitary, as it was already proved in [11]. Last result is about
the composition of Toeplitz operators with Fourier integral operators.

Theorem 8.5. Let (Qr) be a Fourier integral operator of F. Let (Sk) and (T})
be Toeplitz operators of M and M, respectively with principal symbols fo and gq.
Then the sequence (SpQrT})) is a Fourier integral operator of F with symbol

(7" fo)o(Q)(7* go)

where j is the injection P — M and 7 the projection P — M,. Assume further-
more that fy is G-invariant and j* fo = m*go, then

SkQr — QrTk = k™' Ry,
where (Ry) is a Fourier integral operator of F with symbol
o(Ry) = (j*fi — g1 + 1Lx)o(Q)

where f1 and g1 are the subprincipal symbols of (Sk) and (T}) respectively and X
18 the restriction to P of the Hamiltonian vector field of fo.
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The previous theorem are proved in the following sections. Before let us deduce
the result about the reduction of Toeplitz operators. Introduce the isomorphism
of Hilbert spaces:

Uy, = Wi(W; W) "2 : HO(M,, LF ® 6,) — HY(M, LF © 6).

As already noted, ((%)W 2 Wi Wk) is a Toeplitz operator with principal symbol the
constant function equal to 1. So the same holds for ((%)*5/4(W5Wk)71/2). Then

theorem B.J implies that (Uy) is a Fourier integral operator of F with symbol the
constant function equal to 1.

Corollary 8.1. Let (Sy) be a Toeplitz operator of M with principal symbol f.
Then (U} SKUy) is a Toeplitz operator of M, whose principal symbol go is given by

g0(z) = ; fo(@)pp. (x)
If furthermore fy is G-invariant, then the subprincipal symbol is
91(z) = : fi(@)pp. (x)

where f1 is the subprincipal symbol of (Sk).

The computation of the principal symbol is an immediate consequence of the
previous theorems. To compute the subprincipal term, introduce a Toeplitz oper-
ator (T) of M, whose principal symbol is the function gy defined by the integral in
the statement of the corollary. Then by theorem B.J, one has SyUy,— Uy T} = k'R,
where (Ry) is a Fourier integral operator with symbol i* f; — 7*¢; and gy is the
subprincipal symbol of (7). Assume that g; is equal to the second integral in
statement of the corollary so that the symbol of (Ry) vanishes. Composing with
Uy, it comes that

Uy SpUi — Tj, = k™ U Ry,.

By theorem B.4, (U v Ry) is a Toeplitz operator with vanishing principal symbol.
Hence (U} S,Uy) and (T},) have the same principal and subprincipal symbols.

8.6 Proof of theorem B.3

The proof relies on some properties of Toeplitz operators proved in [[] that we
recall now. First the Schwartz kernel of a Toeplitz operator is described in a
similarly way as the one of a Fourier integral operators in section .4. The Schwartz
kernel of a Toeplitz operator (T) of M, is a sequence of holomorphic sections of

(LF ®6,) X (LF ©6,) — M, x M,,
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of the form
k k —00

(52) " Br @ y)f(2,y.k) + O(). (45)
where n, is the complex dimension of M,, E, and f(-, k) satisfy similar assump-
tions to those of section 8.4 with the moment Lagrangian replaced by the diagonal.
Precisely, E, is a section of L, X L, — M, x M, whose restriction to the diagonal
satisfies

E.(z,x)=u®u

for any unitary vector u € L, ;. Furthermore OE, vanishes to any order along the
diagonal and outside the diagonal one has [|E,(z,y)|| < 1. (f(-,k)) is a sequence

of sections of 6, X 5, — M, x M, which admits an asymptotic expansion in the
C* topology of the form

flok)=fo+tk i+ k 2o+ ...

whose coefficients satisfy df; = 0 modulo a section vanishing to any order along
the diagonal. Finally we recover the principal symbol A of the operator (7}) from
the first coefficient fy by

folz,z) = h(x)t,(z,x)
Here t, is the section of 6, X 6, over the diagonal of M? such that
tr(z,x) =ulu (46)
if u is a unitary vector of d, ;.
Lemma 8.1. Let (Ty) be a Toeplitz operator of M, with symbol h. Then

(52) Wi

is a Fourier integral operator of F with symbol " h, where w is the projection
P— M,.
Theorem R.3 follows.

Proof. Recall that we denote by ms the projection from the stable set My onto
M,. By definition of the Guillemin-Sternberg isomorphism, the Schwartz kernel
of Wi T}, over Mg x M is the pull-back of the Schwartz kernel of T} by the projection
msxid. The result follows by comparing (f4) and (). We deduce from proposition
B.1, that the Schwartz kernel of W} T}, and its successive derivatives are O (k=)
on the complementary set of A. Next observe that we can choose the sections F,
and F' in such a way that

(ry Rid)*E, = F (47)

and the final result follows easily. O
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8.7 Proof of theorem
The Schwartz kernel of @} Ry, is given by the following integral

()" [ P e P s m ) narty )

2

where f(-, k) admits an asymptotic expansion in inverse power of k. The leading
order satisfies

f(xwza 2, k) = fQ(x)fR(x) tg(CU,Z).t(g(x,Z) + O(kil)

for any (z,z) in the moment Lagrangian, where fg and fr are the symbols of
(Qr) and (Ry) respectively. We deduce from (f2), (£3)) and (f6) that

(2,22, k) = fo(@) fr(x)22 det ™2 [g(6f, 1)) (x) to(2.2) + O(k™Y)  (49)

Let us compute ([§). First, since the punctual norm of F is smaller than 1 outside
A, by modifying the integral by a O(k~°°) if necessary, we may assume that the
support of f is a compact of M, x My x M,. So we just integrate on the stable
set. Let us identify M, with g x P by the diffeomorphism (B). We will integrate
successively on g, then on the fiber of 7 : P — M, and finally on M,. To do that,
we write the Liouville measure on the stable set in the following way.

Lemma 8.2. We have over g x P

pa (&) = 0(&, x)pp(z)|dty...dtg|(§)

where up is the invariant measure of P whose push-forward by the projection
P — M, is the Liouville measure ppy, of M, t1,...,te are linear coordinates of g
in a orthogonal base &1,...,& and 6 € C*°(g x P) satisfies

5(0,2) = detlg(&]" . ¢)(x),  VzeP.

This follows from the fact that the Riemannian volume of G is 1 (cf. lemma
4.20 of [[f] for a proof). Furthermore we deduce from (fq) that for y = exp(i€).x
with x € P, one has

—k _ —k
F (?L 21)-Fk(y7 22) = ¢ FelED)F (xazl)'Fk(xazQ)
with

xp(1€).ul/?
(¢, ) :—ln<%>, ifueL,.

By the Fubini theorem, the integral ({g) is equal to

(%)MT /M El:(zaZl)-Ef(Z,22)fl/(z,z1,22,k) s, (2) (50)

46



where f” is the function of M? given by
k) = [ floam) i@
Py

with pp, the G-invariant measure of P, with total volume 1. And f’ is the function
of P x M? given by

(21, 20, k) = (£>§ /ek“’(g’x)f(exp(if).x,21,22,k)é(&x)\dtl...dtg\({)
g

2

We estimate this integral by the stationary phase lemma. As we already saw in
the proof of proposition B.1], we have

Opp&,) = =24 (exp(i€) )
and the critical set of ¢ is {0} x P. The second derivatives are
05 Dysp(0,2) = 29(f ) (). (51)

Since this matrix is non-degenerate, f’ has an asymptotic expansion in power of
k~1 with coefficients in C*°(P x M?). The first order term is given by

f/(wa 215225 k) :f(.%', Z15 %2, /{?)(5(0, .%') det*% [atj at'@(()? .%')] + O(kil)
By (p1) and lemma B.3, it follows that
(@, 21, 20,k) =f (2, 21, 22, k)22 det%[g(fl#,{f)](x) +O(k™)
By ([9), we obtain for any (z,z) in the momentum Lagrangian A that
(@, 2,2,k) = fo(x)fr(x) pp. (2) t:(2,2) + O(k™)

Consequently
Flezizk) = [ Tal@nla) e, (o) t(:,2) + 00

To end the proof we have to compute the integral (5(]). We recognize the integral
corresponding to the composition of two Toeplitz operators (cf. [@]) So we obtain
the Schwartz kernel of a Toeplitz operator whose principal symbol is the function
g such that

f"(z,2,2,k) = g(2)tr(2,2) + O(k™1)

which completes the proof.
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8.8 Proof of theorem

Let us sketch the proof. Consider a Fourier integral operator (Q) € F and two
Toeplitz operators (Si) and (T)) of M and M, respectively. Then the Schwartz
kernel of S;Qy is the image of the Schwartz kernel of Q) by the map

Sk ®id : Hy, ®ﬂr,k — Hy, ®ﬂr,k
Similarly the Schwartz kernel of @)y is sent into the Schwartz kernel of QT by
id @T} : Hi @ Hyge — Hie @ o

(Sk ®id) and (id ®T}) are Toeplitz operators of M x M,. The Schwartz kernel
of (Qy) is a Lagrangian section of M x M, associated to the moment Lagrangian
in the same way the eigenstates in section p.J] are Lagrangian sections associated
to the fiber of the integrable system. So we are reduced to consider the action
of a Toeplitz operator on a Lagrangian section. This gives another Lagrangian
section and in the favorable cases the subprincipal terms may be computed as it
was explained in the paper [fi], theorems 3.3 and 3.4. This will prove the theorem.

Let us apply this program. We denote by p and p, the projection from M x M,
onto the first and second factor. Let fy, f1 and gg, g1 be the principal and
subprincipal symbols of (Sx) and (7). Then it is easily seen that the principal
and subprincipal symbols of (S ® id) (resp. (id ®T_,;k)) are p* fo and p*f (resp.
prgo and pig1).

We denote by (Qf) the sequence of the Schwartz kernels of (Qg). Let h €
C°°(P) be the symbol of the Fourier integral operator (Qx). Then the symbol of
the Lagrangian section (Qy) is the section o of § X 8, — A given by

(x,2) € A = o(x,z) = h(x)ts(x, 2)

where t; has been introduced in the beginning of section B.4.

Consider a Toeplitz operator (Oy,) of M x M, with principal symbol ey. Then
by theorem 3.3 of [fj] the symbol of (OrQp) is the product of o by the restriction
of ey to the moment Lagrangian A. Applying this with the operator O;, = S, @ T},
we deduce the first part of theorem B.J. Indeed, since

S, @ TF = (S, ®@id) o (id ®T_]:),

the principal symbol of (Oy) is (p* fo)(pigo). Identifying C*>°(A) with C*°(P), the
restriction of this symbol to the moment Lagrangian becomes (j* fo)(7* f1), where
j is the injection P — M and 7 is the projection P — M,. So the symbol of the
Fourier integral operator (SxQrT}x) is (5 fo)(7* f1)h. This proves the first assertion
in theorem ..

The proof of the second one is the difficult part. Assume that the restriction
of the principal symbol ey to the moment Lagrangian vanishes. Then the symbol

48



of (04.Qp) vanishes and (kOQy,) is another Lagrangian section. By theorem 3.4
of [, its symbol is equal to

1 P
(i*e1 + ;Eg(&ér)a (52)

Here e; is the subprincipal symbol of (Oy) and i*e; its restriction to the mo-
mentum Lagrangian A. Since e is constant over the Lagrangian manifold A, its
Hamiltonian vector field is tangent to A. X is defined as the restriction to A of
this Hamiltonian vector field. -

Finally the Lie derivative Eg(g " has the following sense. On the one hand,
§ X6, is naturally a half-form bundle of M x M,. Recall that we denoted by ¢
the isomorphism 62 — APOT* M and by ¢, the isomorphism §2 — A©POT* D/,

Then the map
P2 RG2 02 ),0 — AOPOT* N K AOPOTH N, o AOPOT*(M x D)

is an isomorphism of Hermitian holomorphic bundles. On the other hand the
moment Lagrangian A being a Lagrangian submanifold of M x M, the pull-back
by the embedding i : A — M x M, induces an isomorphism

i (AOPOTH (M x M) — AYPT*A @ C
Let pa be the composition of these isomorphisms
op 1Y (06,2 — APT*A @ C

The Lie derivative Ef;gx is then defined as the first order differential operator such
that for any section s of i*(d X §,) — A, one has

Lxoa(s?) = 2pa(s @ L2 5)

Actually we already considered such a Lie derivative in remark p.3.

Let us apply this to the operator O = S ® id —id ®T_,:. Its principal symbol
is eg = p*fo — prgo. Assume that fy is G-invariant and that 7*gyp = j* fo. Then
the restriction of eg to A vanishes. One has to compute the sum (F2). First,

e1(z,2) = f1(2) — g1(x), V(z,z) € A.

Second, identifying the momentum Lagrangian A with the zero level set P, the
restriction X of the Hamiltonian vector field of eg to A becomes the restriction Y
of the Hamiltonian vector field of fy to P. Then we will prove that

(LB5)(z,2) = (Lyh)(z).ts(x),  Y(z,2) €A (53)

and theorem B3 follows directly. To show (5J), we compute ¢ (£3).
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Lemma 8.3. By identifying the momentum Lagrangian A with P, gpA(t?;) 18 the
volume element of P such that

* ANy

jnr(nr=2) 7 Wy,

W(yr)pa(t}) =

where n, is the complex dimension of M., yr s the multivector 5# AW @7 with
(&) an orthogonal base of g.

From this we deduce that the Lie derivative with respect to X of p,(t3) van-
ishes and consequently the same holds for the Lie derivative of t5, which proves

()2

Proof. By definition of tg, if x is a point of P and u € 4, is such that the norm of
[u] is equal to 1, then
ts(z,m(x)) = u @ [1]

By identifying the momentum Lagrangian with P, one has

oa(t3) = j*ou?) Ao ([u]?)

consequently,

LvR) @A (t5) = 5 (Llm)e(u?)) A T op([u]?)
Since ¢(u?) € APPOT* M| we have
(yr)e(u?) = u(y)e(u?)

where 7 is the multivector defined in ([i(). Next by definition ([t1]) of ¢,., we obtain
that

(rm)e(u?) = mier([u]?)

Since m = 75 0 j, it follows that

7 (m)e(w?)) = e ([uf?)

Hence,

r)ea(ts) = 7 (or([u]*) A pr([u]?))
Because [u] is unitary, ¢, ([u]?) is also of norm 1, we conclude. O
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