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1 Preliminaries

A complete information on the general theory of strongly continuous semigroups of
linear operators can be obtained by consulting the books of Yosipa [B], DAvVIES [f],
Pazy B3 or GOLDSTEIN [[Z].

In general, for a Cp-semigroup {7'(¢)},, on a Banach space (X, [|.|]), it is well known
that its adjoint semigroup {77(¢)},5, 1is no longer strongly continuous on the dual
space (X*, ]| . ||*) with respect to the strong topology of X*. Without that strong
continuity, the theory of semigroups becomes quite complicated and the Hille-Yosida
theorem becomes very difficult (see FELLER [[(], [[T], DYNKIN [§, JEFFERIES [[4],
[[3] or CERRALI [{]).

Recentely WU and ZHANG [B{] introduced on X* a topology for which the usual
semigroups in literature becomes Cy-semigroups. That is the topology of uniform con-
vergence on compact subsets of (X, ] .]|), denoted by C(X*, X).

It is not difficult to prove (see [BU, Lemma 1.10, p. 567])

LEMMA 1.1. Let (X, . ||) be a Banach space. Then (X*,C(X*, X)) is a locally
convex space and:

i) the dual space (X*,C(X*, X))* of (X*,C(X* X)) is X;

i) any bounded subset of (X*,C(X*, X)) is || . ||*-bounded. And restriction to a || . ||*-
bounded subset of (X*, C(X*, X)) coincides with o(X*, X);

iii) (X*,C(X*, X)) is complete;

iv) the topology C(X, XfF), where X; = (X*,C(X*, X)), coincides with the || .||-topology
of X.

Moreover, if {T(t)},5, is a Cy-semigroup on (X, . [|) with generator L, then
{T"(t)},5 1s a Co-semigroup on (X™,C(X™, X)) with generator £L* (see [BJ, Theorem
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1.4, p.564]). This is a satisfactory variant of Phillips theorem concerning the adjoint
of a Cp-semigroup.

Therefore we have all ingredients to consider Cy-semigroups on the locally convex space
(X", C(X*, &)). In accord to [BIl, Definiton, p.234], we say that a family {T'(¢)},., of
linear continuous operators on (X*, C(X*, X)) is a Cy-semigroup on (X*,C(X*, X)) if
the following properties holds:

() T(0) = I

(i) T(t+s) =T(t)T(s), for all t,s > 0;

(i) limp o T'(t)x = x, for all z € (X*,C(X*, X));

(iv) there exist a number wy € R such that the family {e™“°*T'(t)},, is equicontinuous.
The infinitesimal generator of the Cp-semigroup {7'(t)},5, is a linear operator L

defined on the domain

by
Lo—lm LBT=2 o D(L).
t\.0 t

We can see that £ is a densely defined and closed operator on (X*,C(X*, X)) and the
resolvent R(\; L) = (A — £)™!, for any A € p(L) (the resolvent set of £) satisfies the
equality

R\ L)x = /e‘AtT(t)x dt , VA>uwgand Vo e X"
0
Unfortunately, in applications it is difficult to characterise completely the domain of

generator L. For this reason, sometimes we need to work on a subspace D C D(L)

dense in (X™*,C(X™*, X)) which is called a core of generator (see [, p.7]). More precisely,

DEFINITION 1.2. We say that D C D(L) is a core of generator L if D is dense
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in D(L) with respect to the graph topology C.(X*, X) of L induced by the topology
c(xe, X).

This paper is organized as follows: in the next section by using a Desch-Schappacher
perturbation of generator we prove that only a core can be the domain of uniqueness
for a Cy-semigroup on (X*,C(X*, X')). This property is well known in the case of Cp-
semigroups on Banach spaces (see [P, Theorem 1.33, p.46]), but here we prove it for a
Co-semigroup on the dual of a Banach space. In a forthcoming paper [[J] we extend
this property to the must difficult case of the dual of a locally convex space.

The Section 3 is devoted to study the L (Rd , d:zc) -uniqueness of generalized Schrodinger
operator. Remark that the natural topology for studying this problem is the topology
of uniform convergence on compacts subsets of (L' (R? dz),||.||1) which is denoted
by C (L>, L").

In the first main result of Section 3 we find neccesary and sufficient conditions
to show that the one-dimensional operator AY f = a(x)f" + b(x)f — V(x)f, f €
Ce° (20, yo), where —oo < xy < yo < 00, is L>(x, yo)-unique.

In the second important result, by comparison with the one-dimensional case, we prove
that the multidimensional generalized Schrodinger operator A f = %A f+b-Vf=VFf,
f € C5°(R?) (where - is the iner product in R?), is L> (R?, dz)-unique with respect
to the topology C (L*°, L'). As consequence, is obtained the L' (Rd, dx)-uniqueness
of weak solution for the Fokker-Planck equation associated with AY. This result was

reported in the conference EQUADIFF2007 held on August 2007 at Vienna.



2 Uniqueness of pre-generators on the dual of a Ba-
nach space

One of the main results of this paper concern the uniqueness of pre-generators on the
dual of a Banach space. Recall that a linear operator A : D — X with the domain D
dense in (X*,C(X*, X)) is said to be a pre-generator in (X* C(X*, X)), if there exists
some Cy-semigroup on (X*, C(X*, X)) such that its generator £ extends .A.

The main results of this section is

THEOREM 2.1. Let A : D — X* be a linear operator with domain D dense in
(X", C(X", X)). Suppose that there exists a Co-semigroup {T'(t)},, on (X", C(X*, X))
such that its generator L extends A (i.e. A is a pre-generator).

If D is not a core of L, then there exists an infinite number of extensions of A which

are generators.

For the proof of Theorem P.1] we need to use some perturbation result. Perturbation
theory has long been a very useful tool in the hand of the analyst and physicist. A
very elegant brief introduction to one-parameter semigroups is given in the treatise of
KaTo [I§ where on can find all results on perturbation theory. The perturbation by
bounded operators is due to PHILLIPS [R4] who also investigate permanence of smooth-
ness properties by this kind of perturbation. The perturbation by continuous operators
on the graph norm of the generator is due to DESCH and SCHAPPACHER [[f].

Next lemma (comunicated by professor Liming Wu), which presents a Desch-Schappacher
perturbation result for Cy-semigroups on (X*,C(X*, X)), play a key rolle in the proof
of Theorem R.1I:



LEMMA 2.2. Let (X,||.||) be a Banach space, L the generator of a Cy-semigroup
{T(t)}5o on (X*,C(X*, X)) and C a linear operator on (X*,C(X*, X)) with domain
D(C) D D(L).

(1) If C is C(X*, X)-continuous, then L + C with domain D(L + C) = D(L) is the
generator of some Cy-semigroup on (X*,C(X*, X)).

(i) If C: D(L) — D(L) is continuous with respect to the graph topology of L induced
by the topology C(X*, X), then L+ C with domain D(L + C) = D(L) is the generator
of some Cy-semigroup on (X*,C(X*, X)).

Proof. (i) By the B0, Theorem 1.4, p.564] and using Lemma [[.], £* is the generator
of the Cy-semigroup {T7(¢)},5, on (X,C(X, A7) = (X, .||). Under the condition on
C, by B0, Lemma 1.12, p.568] it follows that the operator C* is bounded on (X, || . ||).
By a well known perturbation result (see [f}, Theorem 1, p.68]), we find that £*+ C* =
(L + C)* is the generator of some Cy-semigroup on (X,] . ||). By using again [B0,
Theorem 1.4, p.564], we obtain that (£ + C)** is the generator of some Cy-semigroup
on (X*,C(X*, X)). Moreover, D((L + C)*) is dense in (X, ] . ||). Hence D((L + C)*)
is dense in (X, (X, X*)). Then by [Rd, Theorem 7.1, p.155] it follows that

—(x*,X)

L+ =(L+0)

Since C'is C(X*, X)-continuous, by [B0, Lemma 1.5, p.564] it follows that C' is o(X™*, X)-
continuous hence o(X*, X')-closed. Consequently

—(X*,X)

L+C=(L+C)

from where it follows that (£ + C)** = L+ C. Hence £ + C' is the generator of some
Co-semigroup on (X*,C(X*, X)).
(ii) We will follows closely the proof of ARENDT [B}, Theorem 1.31, p.45]. Remark that
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C :D(L) — D(L) is continuous with respect to the graph topology of £ induced by
the topology C(X*, X) if and only if for all A\ > wy (where wy is the real constatnte in

the definition of the Co-semigroup {7T'(t)},5, ) the operator

C:=(M —-L)CR(\ L)

is continuous on X* with respect to the topology C(X*, X'). Consequently, by (i) we
find that £ + C is the generator of some Cy-semigroup on (X*,C(X*, X)). We shall
prove that £+ C' is similar to £+ C. Remark that C is continuous with respect to the
graph norm || . ||* + ||£. ||*. By the prove of [f], Theorem 1.31, p.45], there exists some

A > wy such that the operators
U:=I1-CR(\L) and U™*
are bounded on (X*, || .||*). Moreover
UL+CW 1t =UL-MN+CWU N =

=U[L~ M+ (M — L)CR\ LU+ M =
=UL =MD - CRN LU+ A =
=U(L—=XN)+ M =[I—CRNL)L-N)+ X =
=L-M+C+AX=L+C

Now we have only to prove that U and U~! are continuous with respect to the
topology C(X*,X). Since CR(\;£) = R()\;£)C is continuous with respect to the
topology C(X*, &), it follows that U = I — CR(\; L) is continuous with respect
to the topology C(X*,X). On the other hand, by [B0, Lemma 1.5, p.564], U* and



[CR(X; L)]* are continuous on (X, || . ||). By Phillips theorem [[1, Proposition 5.9,
p.246], 1 € p([CR(\; £)]*) if and only if 1 € [CR(X; £)]** and

(1= ([CRX L) = (I = [CRN L))

But by B, Theorem 1.1, p.155] we have [CR(\; £)]** = CR(\; £) and the right hand
side above becomes U~!. Hence U~!, being the dual of some bounded operator on
(X, - 1D, is continuous on (X*,C(X*, X)) by B0, Lemma 1.5, p.564] and the proof of
lemma is completed. []

Now we are able to give

Proof of Theorem [2.]. We will follows closely the proof of ARENDT [f, Theorem 1.33,
p.46]. Endow D(L) with the graph topology C.(X*, X') of L induced by the topology
C(X*, X). If in contrary D is not a core of £, then D is not dense in D(L) with respect
to the graph topology C.(X*, X) of £. By Hahn-Banach theorem there exist some
non-zero linear functional ¢ continuous on D(L) with respect to the graph topology
Ce(X*,X) of L such that ¢(z) = 0 for all x € D. Fix some u € D(L), u # 0, and
consider the linear operator

C:D(L) — D(L)
Cr=¢(x)u , VereDL).

Then C is continuous with respect to the graph topology C.(X™*, X') of £ on D(L). By
(Desch-Schappacher perturbation) Lemma .3 it follows that £+ C' is the generator of

some Cy-semigroupe on (X, C(X* X)) and
(L+C)p=L/p=A

It is obvious that an infinite number of generators can be constructed in that way. [



3 L*(R? dz)-uniqueness of generalized Schrodinger
operators
In this section we consider the generalized Schrodinger operator
AV f = %Aerb-Vf—Vf , Vf e COrRY

where b : R? — R? is a measurable locally bounded vector field and V : R¢ —
R is a locally bounded potential. The study of this operator has attracted much
attention both from the people working on Nelson’s stochastic mechanics (CARMONA
A, MEYER and ZHENG [27], etc.) and from those working on the theory of Dirichlet
forms (ALBEVERIO, BRASCHE and ROCKNER []). In the case where V' = 0, the
essential self-adjointness of A := %A +b-V in L? has been completely charaterized
in the works of WIELENS [27 and LisSkEVITCH [BI]. L'-uniqueness of this operator
has been introduced and studied by Wu [BY], its LP-uniqueness has been studied by
EBERLE [f] for p € [1,00) and by WU and ZHANG B for p = .

In accord with the Theorem R.1], we can introduce L*> (Rd, dx)-uniqueness of pre-

generators in a very natural form:

DEFINITION 3.1. We say that a pre-generator A is (L°° (Rd,d:c) ,C(LOO,Ll))—
unique, if there exists only one Cyp-semigroup {T'(¢)},5, on (L= (R%,dz) ,C (L, L")

such that its generator £ is an extension of A.

This uniqueness notion has been used by ARENDT [B], ROCKNER [R5, Wu [RS8
and [P9], EBERLE [[J], ARENDT, METAFUNE and PALLARA [B], WU and ZHANG [B{],
LEMLE [[§ and others in different contexts. The next characterisation of (L°° (Rd , dx) ,C (L%, Ll):
uniqueness of pre-generators is wery useful in applications (for others characterisations
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of the uniqueness of pre-generators we strongly recommanded for the reader the exce-

lent article of WU and ZHANG [B{)):

THEOREM 3.2. Let A be a linear operator on (L°° (Rd,dx) ,C (LOO,LI)) with do-
main D (the test-function space) which is assumed to be dense in (L> (R, dz) ,C (L, L")).
Assume that there is a Co-semigroup {T(t)},~, on (L™ (R?,dz) ,C(L*>, L") such that
its generator L is an extension of A (i.e., A is a pre-generator). The following asser-
tions are equivalents:

(i) Ais (L (R?, dz) ,C (L™, L*))-unique;

(ii) D is a core of L;

(iii) for some X\ > wy (where wy € R is the constant in the definition of Cy-semigroup
{T'(#t)} >0 ), the range (A — A)(D) is dense in (L= (R?, dz) ,C (L, LY));

(iv) (Liouville property) for some X\ > wy, if h € D(A*) satisfies (A — A*)h =0, then
h=0;

(v) (uniqueness of weak solutions for the dual Cauchy problem) for every f € (L' (R?, dz) , || .

the dual Cauchy problem
Owu(t,x) = A*u(t, )

u(0,z) = f(x)
has a (L' (R, dz) , || . |1)-unique weak solution u(t,z) = T*(t)f(x).

Our main purpose in this section is to find some sufficient condition to assure the
L= (R4, dz)-uniqueness of (A, Cg°(R?)) with respect to the topology C (L*°, L') in the
case where V > 0.

At first, we must remark that the generalized Schrodinger operator (AY, C5°(R?)) is

a pre-generator on (LOO(]Rd, dx),C (L*, Ll)). Indeed, if we consider the Feynman-Kac
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semigroup { PY } ~o8iven by

. —fV(Xs)ds
Ptvf(ff) =B er f(Xp)e 0

where (X;)o<t<r, is the diffusion generated by A and 7. is the explosion time, then

by [BO, Theorem 1.4] {Ptv} is a Cy-semigroup on L>(RY, dx) with respect to the

£>0
topology C (L, L'). Let @ be the point at infinity of RY. If we put X, = 0 after the

explosion time t > 7., then by Ito’s formula it follows for any f € C$°(R9) that

f@ﬂ—ﬂﬂ—/NVMQ%

is a local martingale. As it is bounded over bounded times intervals, it is a true

martingale. Thus by taking the expectation under P,, we get

t

PYf(@) = fa) = [PYAf@)ds . vezo

0

Therefore f belongs to the domain of the generator EE/OO) of Cy-semigroup {Ptv} 1501

(L>=(RY, dx),C (L*°, L')). Consequently, (AY, Cg°(R?)) is a pre-generator on L> (R4, dx)
with respect to the topology C (L*, L') and we can apply the Theorem B.J to study

the (L>(R?, dx),C (L, L'))-uniqueness of this operator.

3.1 The one-dimensional case

The purpose of this subsection is to study the L°°-uniqueness of one-dimensional op-

erator
AY f=alz)f +bx)f = V(2)f , feC5(zo,40)
where —oo < g < Yo < 0o and the coefficients a, b and V' satisfy the next properties
a(x), b(x) € Lps.(xo, yo; dz)
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V(x) € L. (xo,yo;dx), V() >0

and the following very weak ellipticity condition

a(x) >0 dz— ae.

)
a(z)”  a(x)

where L5° (g, yo; dx) , respectively L} (zo,yo; dz), denotes the space of real Lebesgue

€ Llloc('r(% Yo, dﬂj‘)

measurable functions which are essentially bounded, respectively integrable, with re-
spect to Lebesgue measure on any compact sub-interval of (xg, yo).

Fix a point ¢ € (zg,yo) and let

1 f% dt
p(l’) - (I(ZL') e
be the speed measure of Feller and let
[E g
a(zr) = e“cf o

be the scale function of Feller. It is easy to see that

(AVf.9),= (. Alg), . VI.g€CF(xo.m)

where
Yo

(. 90 = / F(@)g(@)plz) dz

Zo

For f € C5°(z0,v0), we can write A} in the Feller form:

V(o b V) f = L) a(z)d (x) » o f
. @ " Oél<x> i _ - N
=S S V@ = ]

and the assumptions concerning the coeficients a(z) and b(x) can be writen as
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e p(z) >0, dz-a.e. and p € L}, (z0,yo; dx)
e a(x) > 0 everywhere and « is absolutely continuous

e a/p, o'/p€ LE(x,y0;dr).

Now consider the operator (A}, C5°(zo,%o)) as an operator on L (zg, yo; pdx) which is
endowed with the topology C(L>(xg, yo, pdx), L'(z0, yo, pdr)). We begin with a series

of lemmas.

LEMMA 3.3. Let (AY)* : D((AY)*) C LY(x0, yo; pdx) — L(z0,y0; pdx) be the ad-
joint operator of AY. Let A\ > 0 and let u € L'(xq,yo; pdz) be in D((AY)*) such
that

(AV)*u = u.

Then u solves the ordinary differential equation

(ozu/) = Aup + Vup
in the following sense: u has an absolutely continuous dz-version @ such that 4 is

absolutely continuous and

(af/) = Xap + Vip.
Proof. The sufficiency follows easily by integration by parts.
Below we prove the necessity. Let xg < 1 < y; < yo. The space of distributions on
(x1,41) is denoted by D'(z1,y1).
(I) We recall that if £ > 1 and Ty, T5 € D'(x1,y1) satisfy Tl(k) = TQ(k) ie.

1 Y1

/ T, ¥ (z) do = / Tof ¥ (z) dx

1 1
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for any f € C§°(z1,y1), then there exists a polynomial w such that 77 = T + w.
(IT) Let u € LY(xg, yo; pdz) be in D((AY)*) such that

(A))*u = u.
Then for f € C§°(x1,y;) we have:
Y1 , Y1 Y1
/u(afl> dx:/uAYfpder/qupdx:
1 1 T1

= (WA f), + W Vf),=(A)uf), +{Vf),=

Y1 Y1

= <)\U,f>p+<u,Vf>p:)\/ufpd:c+/qupdaz.

1 1

From
f@l=| [fwal< [ifola< [iro)a

it follows that
[ £l 2o @r,ynsdey < N L1 @1 gram)

and we have

Y1 Y1

/u [ozf” +ozlf/] dr| = /u (ozf) dr| <
1 1
Y1 Y1
< A /ufpdx + /qupdx <
xr1 L1
< Ml 1 gte) + 10V Pl gyt 1 ety <
< C H /
o / LY (z1,y1;dw)
where
C=2A ”upHLl(xo,yo;d:v) + ”quHLl(mhyl?dI)
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is independent of f. The above inequality means that the linear functional
Y1
Lu(n) == /u (om/ + o/n) dz
1
where n € {f’ | f € Cgo(xl,yl)} C L'(x1,y;;dx), is continuous with respect to the
L'(xy,y1;dz)-norm. Thus by the Hahn-Banach’s theorem and the fact that the dual

of LY(xy,y1;dx) is L°°(x1,y1; dx), there exists v € L>(xy,y;; dx) such that

Y1 Y1
Lu(n) == /u (om/ + o/n) dr = /m) dx
1 1
which implies
Y1 Y1 Y1
/uom/ dr = /(v—uo/)nd:c:/hn/ dx
x1 1 1

where

is an absolutely continuous function on (z1,y;). It follows from (I) that there exists a
polynomial w such that

uo = h+w

on (x1,y;) in the sense of distributions, hence ua = h + w a.e. on (z1,y;).

(III) Since a > 0 is absolutely continuous, the equality
u=a Y(h+w) ae.
shows that u also has an absolutely continuous version

i :=a (h+w).
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(IV) Now we have

Y1 Y1 Y1

)\/afpdx - /a(w’) dx—/fLprdx:
Y1 Y1
= —/&/af/d:c—/fLprd:c.
so that
Y1 Y1
/()\ﬁp—i-ﬂVp) dr = —/a’af’ dz.
Hence

’

(aﬂ/> = \ip +@Vp € L' (zy,y; dx)
in the sense of distributions. Then o has an absolutely continuous version, so is @
(a primitive of Aap + @V p) on (z1,y1) and
U = Nip+uaVp ae.
(V) From the above discution we have
ol =1 ae.

which implies that

1

Since a4 is absolutely continuous, we get that u, hence u has a version @ (a primitive

of =) such that

N 1=
u:ozlu

is absolutely continuous. We then go back to (IV), using @ in place of 4, to obtain

’

(af/) = Xp + Vip.
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The lemma is thus proved since (x1,y;) is an arbitrary relatively compact subinterval

of (zo,yo). O

LEMMA 3.4. Let A > 0 and let u € L*(zg, yo; pdx) be such that
(A ) 'u = \u

in the sense of Lemma [3.3. We may suppose that u is an absolutely continuous version
such that u' is absolutely continuous. Let c; € (x¢,10) such that u(cy) > 0.
(i) if u'(c1) > 0, then u'(y) > 0 for all y € (c1,vo);

(i1) if u'(c;) < 0, then u'(z) < 0 for all x € (xg,c1).

Proof. (i) Suppose v (c1) > 0. Let
§ = sup {y > ¢ ‘ u(z) >0, Vz € [cl,y)}
It is clear that ¥ > ¢; and
u(t) > u(er) >0 , VtE e,

From the hypothesis
(A u = \u

it follows that

(au/> = Aup +uVp.
Then for any y € (c1,yo) we have

Y

/ ’

o) (y) — e (er) = / PO+ V(Dlult) dt

Cc1
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If y < yo, then

Then v () > 0. Hence u'(t) > 0 for all t € [§},§ + <] for small € > 0, which contradicts
the definition of .
(ii) In the same way on can prove that if u (¢;) < 0, then u'(x) < 0, for all x € (g, ¢;).

0

LEMMA 3.5. There ezists two strictely positive functions ug, k = 1,2 on (xo,yo)
such that

(i) for k = 1,2, u, is absolutely continuous and
(au%) = Augp +uVp a.e

where A > 0;

(ii) uy > 0 and uy < 0 over (xo, o).

Proof. The function us was constructed by Feller I, Lemma 1.9] in the case where
a =1 and V =0, but his prove works in the actual general framework. [

The main result of this subsection is

THEOREM 3.6. The one-dimensional operator (A}, C5°(zo,v0)) is L™ (o, yo; pdz)-

unique with respect to the topology C(L>(xg, yo; pdx), L' (xq, yo; pdx)) if an only if both

Yo

6 [oln) > oulwdy = +oc

[
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and

c
e}

() [ o) D dulo) de = o

hold, where ¢ € (z9,v0), A > 0 and

and
nle) = [ o o)+ Vi)t =1 o) =1

Proof. = Let (AY, C5°(z0, y0)) be L>(xo, yo; pdx)-unique with respect to the topol-
ogy C(L>(zo, yo; pdx), L' (z0, yo; pdx)) and assume that (**) (similar in the case (*))
doesn’t hold, that is

/p(:v) an(a:) dx < 400

zo

where ¢ € (xg,10) is fixed and A > 0. We prove that there exists u € L'(zg, yo; pdx),
u # 0 such that

A — (AY)* ] u=0 in the sense of distributions

which is in contradiction with the L*(xq, yo; pdx)-uniqueness of (A}, C§° (o, yo)).-
Indeed, by Lemma B.J there exists a function w strictely positive on (zo, yo) such that

u' is absolutely continuous, v’ < 0 over (zg,%o) and

/

(ozu/) = p(A+ V)u.

Below we shall prove that u € L'(zg, yo; pdz).

(I) integrability near yo

19



For y € (¢, y0) we have

a(y)u' (y) — alc)u'(c) = /p(t) A+ V(©)]u(t) dt.

Then

0> a(y)u(y) = alc)u'(c) + /ﬂ(t)[A +V()]u(t) dt

C

which implies that

Y Y

/u(t)p(t) dt < /p(t)[)\ + V()]u(t) dt < —a(c)u'(c) < 4.

(IT) integrability near x

For = € (zo, c) we have

a(ep () - ala)u (z) = / P+ V (0)]u(t) dt

so that

= u(c) — a(c)u'(c) / a(lr) dr + / a(lr) dr / p(t) [N+ V(1)]u(t) dt

x x r
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= u(c) — afc)u'(c) [/ a(lr) dr + / agr) dr] +

T co

(& 1 (&
+ / o) dr /p(t)[A + V(t)]u(t) dt =

—a(e)u'(c) / a(lr) dr + / a(lr) dr / PN+ V()]u(t) dt =

co T

a(c)u' (c) o r
= u(c) — dr [ p(t)[AN+V(t)] dt—
fp )N+ V(¢ ]dt/a(r) /

co

oo (o) / %dw / ﬁdr / (BN + V(Oult) dt <

co T

alc)u (c) 7o r
< u(c) — dr | p(t)[A + V(t)] dt—
fp JA+V( )]dtx/o‘“) /

—a(e)u'(c) / a(lr) dr + / a(lr) dr / p() A+ V()]u(t) dt <

co T

o(c)u'(c)

C 1 C
<u(c) — dr | p(t)[X + V(t)] dt—
fp YA+ V(t 1dtx/o‘<7°> /

() (0) / ﬁ dr + / % dr / PO+ V(O)ult) dt.

co T
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Thus:

[

u(x) <u(c) — a(c)u/(c)/

co

1

o) dr—

a(c)u' (c) ro1 p r
r | p(t) [N+ V(t)] dt+
fp )N+ V(¢ ]dtw/a(r) /

T

Cc Cc

1
+ / Tt / PO+ V(O)ult) dt.

x T

If we denote

/ 1
M =u(c) — a(c)u (c)(! o) dr,
el
f,o A+ V(t)] dt
and
Cc 1 Cc
Un(a) = / o / P+ V(s (b) b, 121, tfe) = 1
then . .
1
But

c Cc

w(ty) < M+ Ny (1) + / @ dry / pt2) N+ V (t2)]u(ts) dbs.

t1 T2
By iteration we obtain:

C

u(x) < M + Nipy(z) + M/ ﬁ dry /p(tl)[A + V(t1)] dt,+

T1
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+N/ / (t) [N+ V()] (ty) di+

Cc Cc Cc

1 1
+ [ i / PO+ Vil d [~ dry [ )+ ViEa)u(e) dee <

T 1 t1 r2

< (M + N)o(x) + (M + N)ihy () + Niba()+

c Cc

c ] c 1
+/ ) dry /P(h)[)\ +V(ty)] dt / o) dry /p(tg)[)\ + V(t)]u(ts) dty <

x 1 t1

2

< (M+N)Y (2)

Hence
C

/u(x)p(x)dxg(M+N/ an ) dx < +o0.

xq

This show the p-integrability of v near x.
< Assume that (*) and (**) hold. Suppose in contrary that (A}, C5°(zo, o)) is not

L>(zg, yo; pdx)-unique. Then there exists h € L(xg, yo; pdz), h # 0 which satisfies
(M = (A]))h=0

for some A > 0. We can assume that h € C'(zg,99) and A > 0 on some interval
[z1,31] C (%0, 40), where 1 < y;. Notice that A" # 0 on (z1, 1)

Let ¢ € (z1,y1).

(I) case h'(c1) > 0.

By Lemma .4, it follows

’

hiy)>0 , Vye€ (c1,1n)

Hence

hy) = h(c) >0, Vy € [er,y1].
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Then we have: Y

hly) = hien) + [

C1

h(cl)+/{a(cl)h/(cl) - /p(t)[)\+V(t)]h(t) dt} dr >

’

(r)dr =

a(r) a(r)

C1

T

> h(cy) + /a(lr) dr /p(t)[)\ + V(t)]h(t) dt.

C1 C1

Using inductively this inequality we get

T1

) > hien) + [ o ot Vi) de >
> h(Cl) + h(Cl) /a(il) dT1 /p(tl)[)\ + V(tl)] dt1+
+ /a(z) dr, /p(tl)[)\ + V()] dty /@ dr, /p(tg)[A bV (t)]A(t) dty > -
> h(e) ) daly).
Consequently
/ h(y)p(y) dy > / h(y)p(y) dy > h(c1) / p(y) > duly) dy = +oo

which is a contradiction with the assumption h € L(x, yo; pdx).
(IT) case h'(c;) < 0.

We prove in a similar way that

Yo

/h(x)p(:p) dxr > +oo0. O

Zo
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In particular, for V' = 0, the one-dimensional operator

Aif =a(x)f" +bx)f

is L>°(xg, yo; pdz)-unique with respect to the topology C(L>(xg, yo; pdx), L' (¢, yo; pdz))

if an only if both

Yo

(o) / p(y) dy /y % dr / p(t) dt = +o0

. c c c
(00) /p(x) da:/ﬁ dr /p(t) dt = +o0

hold. In the terminology of Feller this means that y, and, respectively x, are no

entrance boundaries (see B0, Theorem 4.1,p.590]).

3.2 The multidimensional case

In this subsection we consider the multidimensional generalized Schrodinger operator
1
AV f = 5Af+b-Vf—Vf , Vf e COrRY

where d > 2 and V' is non-negative. Denote the euclidian norm in R? by |z| = /z - z.

If there is some mesurable locally bounded function
B:R" =R

such that
T
|z

then for any initial point  # 0 we have

b() > f(lzl) , Ve eR?, z#£0,

t
d—1
| Xy| — |z| > /{ﬁ(\Xt\) + W] dt + a real Brownian motion, Vt < T,.
t
0
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In other words, |X;| go to infinity more rapidly than the one-dimensional diffusion
generated by
1 d? d— 1} d

A= g 90+ 5

This is standard in probability (see IKEDA, WATANABE [[J]). Remark that for the
one-dimensional operator

12

d—1]| d
S 2y
A 2 dr? + lﬁ(r) + 2r ] dr (r)
the speed measure of Feller is given by
[2 B(t)+3=2L] dt r2/3(t) dt [4=1 gt r2/3(t) dt
p(r) = 26{ [ ) = 26{ elf b= 2rd_1e{

and the scale function of Feller is

Now we can formulate the main result of this subsection:
THEOREM 3.7. Suppose that there is some mesurable locally bounded function
B:Rt =R

such that
T

b(z)-— >B(z]) , VreRY z#0.

|z
If the one-dimensional diffusion operator

Al = a2t lﬁ(r) + —T} i V(r)

is L°°(0, oo; pdx)-unique with respect to the topology C(L>(0,00; pdx), L*(0, oo; pdx)),
then the generalized Schrédinger operator (AY,Cg°(RY)) is L>(R?, dx)-unique with

respect to the topology C(L*>, L').
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Proof. By Theorem B3, for the L>(R?, dz)-uniqueness of (A", C§°(R?)) it is enough

to show that if for some A > 0, u € L'(R¢, dx) satisfies
((AV)* = XI)u=0 in the sense of distributions

then v = 0.

Let A > 0 and v € L'(R? dx) such that
(u, (A =1) f)y=0 , VfeCrRY

where

()= [ £g.s
J

The above equality becomes

%/u(:p)Af(x)d:E+/u(:p)bVf(:p)dx = /u(x)()\JrV)f(x)d:E =0 , VfeOrmy.

R4 R4 R4
By the ellipticity regularity result in [[, Lemma 2, p.341], u € L (RY) and Vu €

loc

Ld

loc

(RY) C L2 (R?). By the fact that C5°(R?) is dense in

loc

{f cL? ’ Vf € L? and the support of f is Compact}

an integration by parts yields

—%/Vu(:p)Vf(x) dx+/u(x)b-Vf(x) dx:/u(:p)()\+V)f(:p) dx

R4 R4
for all f € HY?(R?) with compact support. Now on can follow EBERLE [{, proof of

Theorem 1, 335] to show the next inequality of Kato’s type

—%/V\u(:cﬂVf(az) da:+/\u(:c)|b~Vf(a:) dx > /|u(az)\()\+V)f(:c) dx

Rd
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for all f € HY?(R?) with compact support.

Let
::/wwnm
where B(r {:p € R4 ’ x| < T} G is absolutely continuous and
/ lu(x)| dox , dr-a.e.
0B(r)

where d,r is the surface measure on the sphere dB(r) (the boundary of B(r)). Now

for every 0 < ry < ry we consider
f=min{ry —ry, (rs — |2])*}
and
x
1) = =Vl

Then we have

/ V()| - V(ra — |2]) da + / () |b(z) - V(ry — |2]) da >
)

B(ra2)—B(r1 B(r2)—B(r1)

> /‘ u(@)|(A+ V)(rz — |a]) de
B(rz2)—B(r1)

from where it follows that

Since

. . . d—1
Vluly = div([uly) = [uldiv(y) = div(|uly) - |U|W’
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by the Gauss-Green formula we have

/ Viu(z)| - v(z) de = G (ry) — G (r1) — (d — 1) /EG/(T) dr
)

T
B(r2)—B(r1 r

for dr; ® dre-a.e. 0 <1y < 7o.

By another hand, using the hypothese

b) - (@) = bl) - > Bllal)

and Fubini’s theorem, we get

B(ra)—B(r1) r1
and v
/ (@) (A -+ V) (s — Jo]) d = / A+ V()]s — )G () dr =
B(r2)—B(r1) 1
= /[)\ + V()]G (r) /dt dr = /dr /[)\ + V()]G (t) dt.
Consequently

T2

/

% [Gl(rf?) -G (ﬁ)} —/{5(7’) + - 1} G (r) dr >

2r

T1

> jdr / A+ V()]G (t) dt

for dr; ® dre-a.e. 0 <1y < 7o.

Consider the differential form

A7 =560 - s+ T2 )
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in the sense of distribution on (0,00). Notice that the sign of 8(r) + ©* in A is
negative, opposite to the sign in the operator A} and the speed measure of Feller for
A7 is exactely p(r) and the scale function of Feller for A7 is a(r). Hence we can write

A7 in the Feller form

_ 1 d—1 / 1 O[/ ’
1 //_p_/ /_BpG”— /G/ . g
2 200 2 p2 \p
Then we have v
G 1
- ) > =
< . ) > a/[)\+V(t)]G (t) dt

in the sense of distribution on (0, 00).
Assume now in contrary that u # 0. Then there exists ¢ € (1, 73) such that G’ (¢) > 0.

Then for dy-a.e. y > ¢ we have

T

1 ,
i) dr /[)\ + V()]G (t) dt =

c Cc

/!

G e /
—ﬁw27@+/

r /

r1 G
:—4@+/;@yn/mwu+va»;@dt

c c

Using the above inequality inductively we get
Cl G/ o
— () > —(0) ) _ duly)
p P =

where ¢o(y) = 1 and for any n € N*,
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By Theorem B.7 it follows that

e}

[ ju(a)] di = G(o0) > %(a) / ) 3 () dy = 400

C

because A} is suppose to be L>(0,00; pdz)-unique. This in contradiction with the
assumption that v € L*(R?, dx). O

Remark that if A is a second order elliptic differential operator with D = C§°(R¢), then
the weak solutions for the dual Cauchy problem in the Theorem B.J (v) correspond
exactly to those in the distribution sense in the theory of partial differential equations
and the dual Cauchy problem becomes the Fokker-Planck equation for heat diffusion.

Then we can formulate

COROLLARY 3.8. In the hypothesis of Theorem [3.7, for any f € L*(RY, dx) the

Fokker-Planck equation

duu(t,z) = 1 Au(t, z) — div (bu(t, ) — Vul(t, z)
u(0,z) = f(z

has one L'(R%, dx)-unique weak solution.

Proof. The assertion follows by the Theorem B.2 and the Theorem B.4. O
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