NONUNIFORM BEHAVIORS FOR
SKEW-EVOLUTION SEMIFLOWS IN BANACH
SPACES

CODRUTA STOICA MIHAIL MEGAN

Abstract. The paper emphasizes some asymptotic behaviors for skew-evolution semi-
flows in Banach spaces. These are defined by means of evolution semiflows and evolution
cocycles. Some characterizations which generalize classical results are also provided. The

approach is from nonuniform point of view.

Mathematics Subject Classification: 34D05, 34D09, 93D20

Keywords: Evolution semiflow, evolution cocycle, skew-evolution semiflow, exponential

dichotomy, exponential trichotomy

1 Preliminaries

The study of asymptotic properties, such as exponential dichotomy and
exponential trichotomy, considered basic concepts that appear in the theory
of dynamical systems, plays an important role in the study of stable, instable
and central manifolds. Some of the original results concerning stability and
instability were published in [[i], [I0] and [[J] for a particular case of skew-
evolution semiflows defined by means of semiflows and cocycles. In this very
case was also defined and characterized the trichotomy on Banach spaces in
A

Concerning previous results, C. Buge presents in [f[] the nonuniform expo-
nential stability for evolutionary processes. Caracterizations for the nonuni-
form exponential instability for evolution operators on Banach spaces were
obtained by M. Megan, A.L. Sasu and B. Sasu in [[f]. The study of the
nonuniform exponential dichotomy for evolution families was emphasized
by P. Preda and M. Megan in [§] and for evolution operators, also in Ba-
nach spaces, by M. Megan, A.L. Sasu and B. Sasu in [J]. Other asymptotic
properties for evolution families were studied by the same authors in the
nonuniform setting in [f].

In this paper we extend the asymptotic properties of exponential di-
chotomy and trichotomy for the newly introduced concept of skew-evolution
semiflows defined on Banach spaces, which can be considered generalizations
for evolution operators and skew-product semiflows. The results concerning



the nonuniform exponential trichotomy are generalizations of some Theo-
rems proved for evolution operators in [f].

2 Notations. Definitions. Examples

Let us consider a metric space (X, d), a Banach space V' and B(V') the space
of all bounded linear operators from V into itself. Let V* be the topological
dual of V. We denote the sets T = {(t,to) ER? t >ty > 0} andY = X xV.
Let P:Y — Y be a projector given by P(x,v) = (z, P(x)v), where P(x) is
a projection on Y, = {z} xV, z € X.

Definition 2.1 A mapping ¢ : T x X — X is called evolution semiflow on
X if following relations hold:

(s1) p(t, t,z) =z, Y(t,x) e Ry x X

(s2) @(t,s, (s, to,x)) = p(t, to, x),V(t,s), (s,t0) € T,z € X.

Definition 2.2 A mapping ® : T'x X — B(V) is called evolution cocycle
over an evolution semiflow ¢ if:

(c1) ®(t,t,z) = I, the identity operator on V', V(t,z) € Ry x X

(c2) ®(t, s, (s, to,x))P(s,to,x) = P(t,to,x),V(t,s), (s,t0) € T,z € X.

Definition 2.3 The mapping C' : T X Y — Y defined by the relation
C(t,s,x,v) = (p(t,s,z), P(t,s,z)v), where ® is an evolution cocycle over
an evolution semiflow ¢, is called skew-evolution semiflow on Y.

Example 2.1 We denote C = C(Ry,R;) the set of all continuous func-
tions z : Ry — R4, endowed with the topology of uniform convergence on
compact subsets of R, and which is metrizable by means of the distance

— 1 dp(z,y)
d(:ﬂ,y) = on ) where dn(xay) = Ssup |£C(t) - y(t)|
T; 20 1+ dp(z,y) t€[0,n]

If z € C then for all ¢t € Ry we denote z(s) = z(t + s), 2 € C. Let X be

the closure in C of the set {f;,t € R;}, where f: R — R% is a decreasing

function with the property tlim f(t) =1> 0. Then (X,d) is a metric space
—00

and the mapping

p:TxX—X, o(t,s,x) =45

is an evolution semiflow on X.
We consider the Banach space V' =R", n > 1, with the norm

11, s 0 = 1] + e + .



The mapping ® : T' x X — B(V) given by
D(t,s,2) (V1,0 Up) = (60‘1 fstm(Tfs)dTvl, ey €7 IN x(Tfs)dTvn) ,

where a = (a1, ...,a,) € R", is an evolution cocycle over ¢ and C' = (¢, ®)
is a skew-evolution semiflow on Y.

An interesting class of skew-evolution semiflows, useful to describe asymp-
totic properties, is given by

Example 2.2 Let us consider a skew-evolution semiflow C' = (p,®) and a
parameter A € R. We define the application

Pr:TxX — B(V)a q)A(t’tO’x) = e_)‘(t_to)(I)(t’to,x)_ (21)

It is to remark that Cy = (¢, ®y), where ®) verifies the conditions of Defi-
nition R.9, is a skew-evolution semiflow and it will be defined as the \-shift
skew-evolution semiflow on Y.

Definition 2.4 A skew-evolution semiflow C' = (¢, ®) is said to be

(sm) strongly measurable if for all (tg,xz,v) € T x Y the mapping s +—
||®(s,to, z)v|| is measurable on [ty, 00).

(ssm) x-strongly measurable if for all (¢,tg,z,v*) € T x X x V* the
mapping s — ||®(¢, s, (s, tg, z))*v*|| is measurable on [tg,t].

Definition 2.5 The skew-evolution semiflow C' is said to have exponential
growth if there exist some applications M, w : Ry — R% such that

1@(t, to, z)v]| < M(5)e* @ || (s, to, x)o] (2.2)
for all (¢,s),(s,tp) € T and all (z,v) € Y.

Remark 2.1 Let C = (g, ®) be a skew-evolution semiflow with exponential
growth and let C_, = (¢, P_,), @ > 0, be the —a-shift skew-evolution
semiflow, where the evolution cocycle ®_,, is given by relation (R.1). We
have

1@—a(t,to, 2)vll = e[| (1, to, w)v]] < M (to)el* =10 |y

for all (tp,z,v) € Ry x Y, where the functions M and w are given by
Definition P.J. Hence, C_,, has also exponential growth.

Definition 2.6 The skew-evolution semiflow C' is said to have exponential
decay if there exist some applications M, w : Ry — R% such that

1@ (s, to, z)o]| < M () D) || @ (¢, to, )v] (2.3)

for all (¢,s),(s,tp) € T and all (z,v) € Y.



Remark 2.2 Let C' = (p, ®) be a skew-evolution semiflow with exponential
decay and let C,, = (p, @,,), @ > 0, be the a-shifted skew-evolution semiflow,
where the evolution cocycle ®,, is given by relation (R.I]). Following relations

H(I)Oé(&tmx)vu = e—a(s—to) H(I)(S,to,.%')UH < M(t)e[W(t)-i_a}(t_S) H‘I’a(t7t0a$)UH

hold for all (¢,s), (s,t9) € T and all (x,v) € Y, where the functions M and
w are given by Definition P.§. Hence, C, has exponential decay.

Remark 2.3 Sometimes it is useful to consider in Definition P.§ or in Def-
inition P.g the particular case w(s) =w, Vs > 0.
3 Exponential stability and instability

Let C: TxY =Y, C(t,s,z,v) = (p(t,s,x), P(t, s, z)v) be a skew-evolution
semiflow on Y.

Definition 3.1 The skew-evolution semiflow C' is called
(s) stable if there exists a mapping N : Ry — R% such that

1@, to, z)v[| < N(s) [|(s, to, z)v 3.1)

for all (t,s),(s,to) € T and all (z,v) € Y
(es) exponentially stable if there exist a mapping N : Ry — R* and a
constant v > 0 such that

1@ (¢, to, z)v]| < N(s)e™ =) || (s, to, x)o]l, (3.2)
for all (¢,s),(s,tp) € T and all (z,v) € Y.

Remark 3.1 The exponential stability of a skew-evolution semiflow implies
the stability and, further, the exponential growth.

In what follows we will present an example of a skew-evolution semiflow
that is exponentially stable but not uniformly exponentially stable.

Example 3.1 Let X =R, and V = R. We consider the continuous func-
tion

f:Ry —[1,00), f(n)=e™ andf(n—i—e%) =1

and the mapping

Qp:T xRy — BR), ©f(t,s,x)v= 7



Then Cy = (¢, @) is a skew-evolution semiflow on Y = R x R over all
evolution semiflows ¢ on R,. As

@4 (t, s, 2)0]| < f(s)e™ o], V(t,5,2,0) € T xY,

it follows that C} is exponentially stable and, according to Remark B,
stable. On the other hand, as

1 Jp—_
<I>f<n+?,n,x =e>"¢" — o0 when n — oo,
e

it follows that C' is not uniformly exponentially stable.

Definition 3.2 The skew-evolution semiflow C' is called
(s) instable if there exists a mapping N : Ry — R such that
N(t) [|®(t, to, z)o]| = [[®(s, to, z)v]| (3-3)

for all (t,s),(s,tp) € T and all (z,v) €Y
(eis) exponentially instable if there exist a mapping N : Ry — R* and
a constant v > 0 such that

N (&) |9 (t, to, x)ol| = "= || @(s, to, )vl| (3.4)
for all (¢,s),(s,tp) € T and all (z,v) € Y.

Remark 3.2 The exponential instability of a skew-evolution semiflow im-
plies the instability and, also, the exponential decay.

There exist skew-evolution semiflows that are exponentially instable but
not uniformly exponentially instable, as following example shows.

Example 3.2 Let X =R, and V' =R. We consider the function

1
f:Ry —[1,00), f(n)=1and f <n+ _2> -l
en
and the mapping

‘I>f T xRy — B(R)7 cI)f(t’87x)v _ f(s) e(t—s)U.

ft)
Then C; = (¢, ®y) is a skew-evolution semiflow on ¥ = Ry x R for all
evolution semiflows ¢ on R;. We have
1
7
which proves that Cy is exponentially instable and, as in Remark B.9, insta-
ble. But, as

@4 (t,5,2)0]| > —e""D|u], V(t,s,2,v) €T x Y,

1 —n2
i <n+—2,n,x> —e 2™ 0 for n — oo,
en

we obtain that Cy is not uniformly exponentially instable.



4 Exponential dichotomy

Let C: TxY =Y, C(t,s,z,v) = (p(t,s,x), ®(t, s, z)v) be a skew-evolution
semiflow on Y.

Definition 4.1 Two projector families { Py } (1,2} are said to be compatible
with a skew-evolution semiflow C' = (¢, ®) if

(dcl) P (.%') + PQ(.%') =1, P (.%')PQ(.%') = PQ(.%')Pl (.%') =0

(dea) Pi(p(t, s, z))®(t,s,z)v = (L, s,z)Pr(x)v, k € {1,2}
forallt > s>ty >0and all (z,v) €Y.

Definition 4.2 The skew-evolution semiflow C' = (¢, ®) is called
(d) dichotomic if there exist two projectors P; and P» compatible with
C and some mappings N1, Ny : Ry — R such that

[@(t, to, z) Pr(z)v]| < Ni(s) [|[@(s, to, z) Pr(2)v]] (4.1)

1 (s, to, @) Pa(w)v]| < Na(t) || @ (¢, to, ) P (x)0]] (4.2)

for all (¢,s),(s,tp) € T and all (z,v) € Y.

(ed) exponentially dichotomic if there exist two projectors Py and P, com-
patible with C', some mappings N1, N : Ry — R* and some constants vy,
v9 > 0 such that

1) B (¢, to, ) Py (z)v]| < Ni(s) ||®(s, to, x) Py (a)v]| (4.3)

U7 || @ (s, to, ) Pa(x)ol| < Na(t) | (¢, to, @) Pa(a)u] (4.4)
for all (t,s),(s,tp) € T and all (z,v) € Y.

Remark 4.1 (i) An exponentially dichotomic skew-evolution semiflow is
dichotomic;

(ii) For P» = 0 in Definition [.9 are obtained the stability, respectively
the exponential stability properties for skew-evolution semiflows;

(i) For P = 0 we obtain in Definition [L.3 the instability and the
exponential instability properties for skew-evolution semiflows.

Remark 4.2 Without any loss of generality we can consider
N(t) = max{Ni(t), N2(t)}, t > 0 and v = min{vy, 1n}.

We will call Ny, Na, vy, vo, respectively N, v the dichotomic characteristics
asociated to the skew-evolution semiflow C.



Remark 4.3 Let us consider that the shifted skew-evolution semiflows C =
(p, ®y) and C,, = (¢, ), where @) and @, are evolution cocycles defined by
relation (R.1]) with A < u, are exponentially dichotomic with characteristics

Ny : Ry — R} and vy > 0, respectively N, : Ry — R} and v, > 0.
If we denote
N(t) = max{Ny(t), N,(t)} and v = min{ry, v, }
then these are appropriate for both C and C,,.

There exist exponentially dichotomic skew-evolution semiflows that are
not uniformly exponentially dichotomic, as in the next

Example 4.1 Let X = R, and V = R? endowed with the norm
[(v, v2)[| = [v1| + [v2], v = (vi,v2) € V.
The mapping ® : T' x X — B(V), defined by
(I)(t to x)(vl 1)2) _ (etsint—ssins—Zt-l—Qs,U1 th—Zs—Btcost-‘,—Sscosst)

is an evolution cocycle over all evolution semiflows ¢. We consider the
projectors compatible with C'

Py (z)(vy,v2) = (v1,0) and Pa(x)(v1,v2) = (0,v2).

As
tsint — ssins — 2t + 2s < —t + 3s, V(t,s) € T,

we obtain that
|®(t, s, )Py (z)v]| < e*e™ ||, V(t,s,2,0) € T xY.
Similarly, as
2t —2s — 3tcost + 3scoss > —t — 5s, Y(t,s) € T,
it follows that
S ||®(t, s, ) Po(x)v]| > T |ug|, V(t, s,2,0) € T x Y.

The skew-evolution semiflow C' = (¢, ®) is exponentially dichotomic with
the dichotomic characteristics

N(ty) = €% and v =2
and, according to Remark [[.], dichotomic. But, as
T Tr
) (2n7r,2n7r — 5,1‘) — 5 L soasn — 00,

and .
() (2n7r,2n7r + 5,1‘) = T 0 as n — oo,

we obtain that C is not uniformly exponentially dichotomic.



In what follows we will denote
Cr(t,s,x,v) = (p(t, s, ), Px(t, s, x)v), V(t, to,x,v) € T x Y, Vk € {1,2},
where
O (t, to,x) = P(t,to,x)Pr(x), Y(t, tg) € T, Vx € X, Vk € {1,2}.

We give an integral characterization for the dichotomy property of skew-
evolution semiflows.

Theorem 4.1 A strongly measurable skew-evolution semiflow C = (¢, ®)
1s exponentially dichotomic if and only if there exist two projectors P; and
Py compatible with C such that Cy has exponential growth and Co has expo-
nential decay, some functions My, Ma : Ry — R% and some constants «,
8 > 0 such that

(edl)
t
/ 1) ||y (7. to, 2)0 dr < Mi (k) | Py (2)o] (4.5)
to
(edg)
t
/ A=) (| Dy (1o, )0 dr < Ma(t) [|Ba(t, to, 20| (4.6)
to

for all (t,ty) € T and all (x,v) €Y.

Proof. Necessity. As the skew-evolution semiflow C' is exponentially di-
chotomic, there exist two projectors P; and P» compatible with C', a function
N1 :Ry — R% and a constant v1 > 0 such that

1@(t, 5,2) P (z)o]| < Ni(s)e™ || Py(x)ol|

for all t > s > 0 and all (z,v) € Y. We consider « such that v; = 2a.
Following relations hold

+ t
[ e (0,210l dr < Nt o] [ e < byt o]
to to

where we have denoted

Ny(t
My — Matto)
Hence, relation ([L.J) is obtained.
Also, there exist a function Np : Ry — R* and a constant v5 > 0 such
that
20| @(s, to, ) Pa ()| < Na(t) [|®(t, to, ) Pa(x)v]



for all t > tg > 0 and all (z,v) € Y. We will consider 3 such that v = 24.
We have

t

| & ot 0)Paa)el ar <

to

t

< No(t) / B 2T | B (¢, 10, 2) Py (x)v|| dr < Ma(t) ||B(t, to, x) Po(x)v]| ,
to

where we have denoted

Relation (fL.6) is then obtained.

Sufficiency. As C; has exponential growth, similarly as in Theorem 2.3
of [, proved for evolution operators, there exists a nondecreasing function
f:]0,00) — [1,00) with the property tli)r&f(t) = oo such that

1@t 2o, w)ol| < f(t = s) [|D(s, to, 2)v]],

for all (¢,s),(s,tp) € T and all (z,v) € Y.
For t > tg + 1 we have

1 —au
O(t,tg, z)Pr(z)v eo‘(t_to)/ £ _du=
[@(t, o, z) Pr(z)v] T

-0) |0 (t,to, ) Pu(@el] [
=e ,to, )Py (x)v ——dr =
0 ! t—1 f(t - 7')

t t
_ / H(I)(t,to,x)Pl($)UHea(Tfto)dT < / H‘I)(T, to,.%')Pl(.%')UH ea(rfto)dT <
t—1 ft—1) t—1

< My(to) |1 Pr(z)v] -
For t € [tg,to + 1) we have

[®—a(t,to, z)Pr(z)v]| < f(1)e* [ Pr(z)vll,
where the evolution cocycle ®_,, is given by relation (R.I). We obtain
1@ —a(t, o, z) PL(z)v]| < Ni(to) [ Pr()v]],

for all (t,tp) € T and all (x,v) € Y, where we have denoted

-1

1 —ou
Nifto) = 1(1)e + dato) | [ s
It follows that

|®(t, to, ) Py (z)v]| < Ni(to)e =) || Py (a)v],



for all t > tp > 0 and all (x,v) € Y. Hence, relation ([.3) was proved.

As (5 has exponential decay, by a similar deduction used to prove The-
orem 3.3 of [f] for evolution operators, there exists a nondecreasing function
g :10,00) — [1,00) with the property tlir&g(t) = oo such that

1®(s, 0, x)vl| < g(t = s) [ @(¢, Lo, 2)v]

for all (¢,s),(s,tp) € T and all (z,v) € Y.
Fort>s>t) >0,z € X, v eV we have

1 _Bu
D(s,tg, x)Po(x)v eﬁ(t_s)/ ¢ _du-—
” ( 0 ) 2( ) ” 0 g(u)
s eBt—s)
= O (s, tg, x) Po(x)v|| ———e =T dr <
| oGt P s

g/ |® (7, to, z) Pa(z)v|| 2T dr < My(t) || ®(¢, to, z) Pa(z)v]| .
s—1
We obtain

1@ (s, to, ) Pa(w)v]| < Na(t)e ) | ®(t, b, x) Py(w)o]|,

for all t > top > 0 and all (z,v) € Y, where we have denoted

Ay

M) = 30 | [

Relation ([i.4) is then obtained.
Hence, the skew-evolution semiflow C' is exponentially dichotomic. 0O

5 Exponential trichotomy

Let C: TxY =Y, C(t,s,z,v) = (p(t,s,x), ®(t, s, z)v) be a skew-evolution
semiflow on Y.

Definition 5.1 Three projector families {Pj}rc(1,2,3) are said to be com-
patible with a skew-evolution semiflow C' = (¢, @) if

(ter) Pi(x) + Polx) + Py(x) = I, Pix)P,(x) = Py(a)Pi(x) = 0. ¥i.j €
(1,23}, i £ ]

(tea) Pe(p(t, s, x))P(t, s, x)v = ®(t, s, ) Pp(z)v, Vk € {1,2,3},
for all (t,s),(s,tp) € T and all (z,v) €Y.

Definition 5.2 A skew-evolution semiflow C' = (¢, ®) is said to be
(t) trichotomic if there exist three projectors P, P, and P3 compatible
with C' and some functions N1, Na, N3 : Ry — R% such that

[, o, ) Pr(z)v]| < Ni(to) | (s, o, z) Pr(x)v (5.1)

10



[®(s, to, 2) P2 (z)v|| < Na(to) [|®(t, to, 2) P2 ()| (5.2)
[®(s,to, z) P3(x)v]| < N3(to) [| (¢, to, z) P3(x)v] <

< N3 (to) |2 (s, to, ) Ps(x)v]| (5.3)

for all (t,s), (s,tp) € T and all (z,v) € Y.

(et) exponentially trichotomic if there exist three projectors Py, P, and
P3 compatible with C, some functions N1, No, N3, Ny : Ry — R% and some
constants v1, v, 3, v4 with the properties 11 < 19 < 0 < v3 < vy such that

| (t, to, z) Py (z)v]| < Ni(s)||®(s,t0, z) Py (x)v] e =) (5.4)
Ny(t) | ®(t, to, ) Pa(x)v]] > || (s, to, z) Po(x)v] e4=%) (5.5)
| (t, to, z) Ps(z)v| < Na(s)||®(s, to, z) Ps(x)v] €3~ (5.6)
Nao(t) | ®(t, to, ) P3(x)v]| > || (s, to, x) Ps(x)v] e2=*) (5.7)

for all (¢,s),(s,tp) € T and all (z,v) € Y.

Remark 5.1 (i) An exponentially trichotomic skew-evolution semiflow is
trichotomic;

(i) For P; = 0 in Definition .9 are obtained the properties of dichotomy,
respectively exponential dichotomys;

(7i1) For P, = P35 = 0 the properties of stability, respectively exponential
stability follow from Definition [f.3;

(iv) If P, = P3 = 0 the properties of instability and exponential insta-
bility are obtained from Definition f.2.

Remark 5.2 Without any loss of generality we can chose
N(t) = max{Ny(t), Na(t), Ns(t), Ng(t)}, t >0

respectively
a=-1v1=v4>0and f=—-vy=v3>0.

We call N1, No, N3, Ny, v1, Vo, V3, U4, respectively N, «, § the trichotomic
characteristics of the skew-evolution semiflow C'.

Example 5.1 Let us consider (X,d) a metric space given as in Example
R.1. The mapping

p:TxX—X, pt,s,z)(1) =x(t —s+71)

11



is an evolution semiflow on X.
Let V = R3 with the norm

[(v1, v2, v3) || = |v1] + [v2] + Jvg].

The mapping ® : T'x X — B(V), given by
@(t,s,x)(v) _ <ef2(tfs)f(0)+f(;5 :1:(7—)d7—v1’etfs+f(;5 lB(T)dT,U2’e (t—s) f(0)+2 fo 71)3)

is an evolution cocycle.
We consider the projections

Py(z)(v) = (v1,0,0), Po(x)(v) = (0,02,0), Ps(x)(v) = (0,0,v3).

The skew-evolution semiflow C' = (¢, ®) is exponentially trichotomic with
asociated trichotomic characteristics

vi =vy =—f(0), v3=f(0) and vy =1
Ni(to) = @ Ny(t) = e, Ny(to) = 27O and Ny(t) = ™.

A characterization for the property of exponential trichotomy can be
given by the next

Theorem 5.1 Let C = (¢, ®) be a skew-evolution semiflow and three pro-
jectors Py, Py and P3 compatible with C such that Cy has exponential growth
and is *x-strongly measurable and Cy has exponential decay and is strongly
measurable. Then C is exponentially trichotomic if and only if there exist
a mapping N : Ry — R and a constant o > 0, a mapping N:Ry — R%

and a constant B > 0, some functions M, M :[0,00) — (0,00), some non-

decreasing functions g, g : [0,00) — (0,00) with the property tlim g(t) =
— 00
lim g(t) = oo such that
t—o0
(etl)
t ~
/ e |1 @(t, 5, (s, to, @) Pr(x)0” || ds < N(to) [ Pr()o*|[,  (5.8)
to

for all (t,t0) € T and all (x,v*) € X x V* with ||v*]| <1
(etz)

t
/ e BE=00) | B (s, to, ) Pa(z)v|| ds < N(£)e PE10) || ®(¢, to, z) Py ()],
0

(5.9)
for all (t,ty) € T and all (x,v) €Y

(et3)

1(¢, to, @) Py (x)o]| < M(s)g(t — 5)[|B(s, to, ) Ps(a)v]| (5.10)

12



for all (t,s),(s,to) € T and all (x,v) €Y
(€t4)

1®(s, to, ) P3()vl] < M()g(t — ) | @(t, to, ) P3(x)v] (5.11)
for all (t,s,),(s,to) € T and all (x,v) € Y.

Proof. Necessity. (et;) We consider

4!
o=——
2

and we obtain

t t B

=) 11 P (¢, 5, 2)* Py (x)v*|| ds < Ny(to)e> ) || Py (z)v* | ds <

t [®(t,s,2)" Pr(x)v”|| = 1(to) [ P1(z)v*]| ds <
0 0

< N(to) | Pr(x)o”||,
for all (¢,tg,x,v*) € T x X x V*, where we have denoted

~ 2
N(to) = ——Ni(to)-
(et2) Let us define

1%
= — 0
B=2>0,

where the existence of constant v is assured by hypothesis and by Definition
B.9. Hence, we obtain

¢
/ e Bls—to) |D(s,tg, z)v] ds <
0

t
< N() / e A=10) | B(1, 1o, 2ol e ds < B-IN ()P0 || B(t, b, )0 .

to

(et3) It is obtained immediately if we consider

M(u) = N3(u), v >0 and g(v) = €”", v >0.
(etq) It follows for

M (u) = Na(u), u >0 and g(v) = e 2%, v > 0.
Sufficiency. (et1) Let t > t9+ 1 and s € [tg,to + 1). Then

e~ lotw(to)] ‘<v*,ea(t*to)fb(t,to,w)vﬂ =
to+1

_ o latw(to)] ‘<<I>(t, s, x)*v*, ea(t_t°)¢(8,foa$)v>
to

ds <

13



to+1
< [ ot gl to, )" O (st )0 ds <
to

t
< M(to) ||| /t N D(t, s, 0(s, to, ) v* || ds < M (to) N (to) [[o] "],
0

where the functions M, w : R, — R are given by Definition PJ. By taking
supremum over |[v*|| <1 we obtain

ef[aer(tO)}ea(titO) H‘I)(t,to,l“)vu < M(tO)N(tO) ||UH , V>t + 1,
and, further,
|® (¢, to, 2)v|| < My (to)e E0) o], VEt > to+ 1,

where we have denoted
M (to) = M(to)N (to)elt« )l ¢y > 0.
For t € [to,to + 1) we have
19 (¢, to, 2)ul| < M (to)e =) |[o]| < Ma(to)e =) o],
where we have denoted
My(to) = M (to)elote )l ¢4 > 0.

Hence

(¢, to, 2)0l] < [Ma(to) + Ma(to)le™>E10) o], W(t, to,,0) € T x X x V,
which proves relation (.4) of Definition b.1].

(ety) We denote K = fl e P f(u)du, where function f is given as in

Theorem 3.3 of [[]. We obtz(iin succesively

to+1
Kol = [ e = ) [0, .20l dr <

to

to+1
< [ e (o a)ul dr < MO [05(0, 10,00~
0
= M(t)e P || (1, to, )
for all (¢,t9) € T and all (z,v) € Y. Hence, relation (F.5) of Definition b.

was proved.
(ets) As tlim g(t) = oo, there exists 6 > 0 such that g(d) > 1. Let
—00
(t,s) € T. Then there exists n € N and r € [0,0) such that t = s 4+ nd + .
We obtain succesively

1@ (¢, o, ) P3 ()]l = [[@(s + nd + 7, to, ) P3(2)v]| <
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)M (5 + nd) ||®(s + né, to, =) P3(z)v]| <

<g(r
< G(8)M (s +nd) || (s + nd, to, ) P3(x)v]
< [GO)PPM(s + (n— 1)5 +7) [|®(s + (n — 1), to, ) P3(2)v]| < ... <

< [GO) M (s + (n— 1)8)...M(s) | ®(s + 1, to, z) Ps(x)v]|
for all (¢,s), (s,t0) € T and all (z,v) € Y. If we define

IN

Na(u) = G(O)M (u+ (n — 1)6 + r)...M (u + r)M(u) and vs = lngé(é)

we obtain relation (f.6) of Definition 1.

(et4) Without loss of generality we can consider g(1) > 1. Let (¢,t9) € T
and n = [t —tg]. We obtain tg+n <t < tg+n+ 1. Following relations hold
for all (z,v) €Y

H‘b(t,to,.%')Pg(x)UH > _—(t)ﬁ(l) ”(b(t — 1,1507-%')133(-%')7)” >
1 1 1
Z o e D GoE 12t BBl 2.2
1 1 1 1
= M) M(t—1) M(t—(n—1))[g1)" @t = n,to,z) P3(x)v]| =
1 1 1 1 1 1

[ P3(z)vll -

If we denote

No(t) =g(1)M ()M (t — 1)...M (1) and ve = g(1),
relation (f.7) of Definition B.1] is obtained.
Hence, the skew-evolution semiflow C' is exponentially trichotomic. [
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