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Abstract

The aim of this paper is to give necessary and sufficient conditions for
the uniform exponential trichotomy property of nonlinear evolution
operators in Banach spaces. The obtained results are generalizations
for infinite-dimensional case of some well-known results of Elaydi and
Hajek on exponential trichotomy of differential systems.

Mathematics Subject Classification: 34D09

Keywords: uniform exponential trichotomy, evolution operator

1 Introduction

It is well known that in the last decades the theory of asymptotic behaviors
of evolution operators has witnessed an explosive development. A number
of long standing open problems have recently been solved and the theory
seems to have obtained a certain degree of maturity. There are various con-
ditions characterizing exponentially stable or dichotomic evolution operators
on Banach or Hilbert spaces.

In recent years, the techniques used in the investigation of the exponen-
tial stability have been generalized for the case of exponential dichotomy.

The concept of uniform exponential trichotomy is a natural generaliza-
tion of the classical concept of uniform exponential dichotomy. In the study
of the trichotomy, the main idea is to obtain a decomposition of the space at
every moment into three closed subspaces: the stable subspace, the unsta-
ble subspace and the center manifold. For the finite dimensional case some
concepts of trichotomy have been considered by Sacker and Sell in [8] and
by Elaydi and Hajek in [1], [2] and [3]. The exponential trichotomy property
in the infinite dimensional case has been studied in [4], [5], [6] and [7].



The aim of the present paper is to give two characterizations of the
uniform exponential trichotomy of nonlinear evolution operators on Ry. We
consider a concept of exponential trichotomy which is a direct generalization
of the concept of uniform exponential dichotomy. The obtained results are
extensions for nonlinear infinite dimensional case of some well known results
of Elaydi and Hajek ([1], [2] and [3]) on exponential trichotomy of linear
differential systems.

It is important to observe that in our paper we consider a very general
concept of nonlinear evolution operators.

2 Definitions and notations

Let X be a real or complex Banach space. The norm on X will be denoted
by [|-||- The set of all mappings from X into itself is denoted by §(X). Let
T be the set of all pairs (¢,tg) of real numbers with ¢ > ¢t5 > 0.

Definition 2.1 A mapping E : T — §(X) with the property
E(t,s)E(s,ty) = E(t,ty), V(t,s),(s,t0) €T (2.1)

is called evolution operator on X.

Example 2.1 If f: R — R\ {0} then the mapping Ef : T' — §(R) defined

by
f() .
f(to)

Ef (t, to)x =
is an evolution operator on R.

Example 2.2 If (S())¢>0 is a nonlinear semigroup on X, then the mapping
E; : T — F(X) given by E(t,s) = S(t — s), where t > s > 0, defines an
evolution operator on X.

Definition 2.2 An application P : R, — F(X) is said to be a projection
family on X if
P(t)* = P(t), YVt € R,. (2.2)

Definition 2.3 Three projection families Py, P;, P : Ry — §(X) are said
to be compatible with the evolution operator E : T' — F(X) if

(c1) Po(t) + Pi(t) + Pa(t) = I (the identity operator) for all ¢ > 0;

(c2) Pi(t)P;(t) =0 for all t > 0 and all 4,5 € {0,1,2}, i # j;

(cs) P2 + Py(t)al]® = | P(t)al]? + | Py()e] for all ¢ > 0, all = € X
and all 7,57 € {0,1,2}, i # j;

(04) E(t,tQ)Pk(to) = Pk(t)E(t,tQ) for all (t,to) €T and all k € {O, 1, 2}.



In what follows we will denote
Ey(t,to) = E(t,t0) P(to) = Pr(t)E(L, to) (2.3)
for all (t,t9) € T and all k € {0,1,2}.
Remark 2.1 Ej, E1 and F» are evolution operators on X.

Definition 2.4 An evolution operator £ : T' — §(X) is said to be uniformly
exponentially trichotomic if there exist some constants Ng, N1, No > 1, 1y,
vy, 9 > 0 and three projection families Py, P, and P, compatible with F
such that
(t1) e U=V | Ex(t, to)a|| < Ny [|Ei(s, to)z]|
(t2) €2~ | Ey(s, to)x|| < N2 || E2(t, to)
(t3) | Eo(s, to)a|| < Noerol=2) || Eg(t, to)x|
(ta) | Eo(t,to)z|| < Noero =) || Ey(s, to)z||
forallt > s>ty >0and all x € X.

Remark 2.2 In Definition R.4 one can consider
No=Ni=Ny=N and 1] = vy = 1.
Otherwise we can denote
N = max {Ny, N1, No} and v = min {v;, 10} .

Remark 2.3 For the particular case Py(t) = 0, t > 0, we obtain the uniform
exponential dichotomy property. Thus, the uniform exponential trichotomy
is a natural generalization of the uniform exponential dichotomy property.

Example 2.3 Let fo, f1, fo: R — R\ {0} be three functions defined by
fO(t) = 17 fl(t) = eit7 fQ(t) - et-

It is easy to observe that the evolution operators Ey,, Ey, and Ef,, defined
as in Example R.1], are uniformly exponentially trichotomic.

Example 2.4 Let us consider X = R3 with the norm
(@1, 22, z3)|| = [@1] + |2| + |23], = = (21, 22,23) € X.

Let ¢ : Ry — (0,00) be a decreasing continuous function with the property
that there exists tlim e(t)=1>0.
— 00



Then the mapping E : T — §(X) defined by
t t
E(t,to)r = (e Juq @(T)dq—xh efto 90(7’)de27 6_(t_t0)¢(0)x3)

is an evolution operator on X.
Let us consider the projections defined by

Pl(t)(xl,ﬁﬂg, 563) = (3:1, O, 0)

Py(t)(z1, 22, 23) = (0,22,0)
Ps(t)(z1,x2,23) = (0,0, z3).

for all t > 0 and all x = (z1, 29, 23) € X.
Following relations hold

1E(t,t0) Pi(to)a)[| < ™'~ || E(s, t0) P (to))]|

IE(t, to) Pa(to)x)|| > =) || E(s, to) Pa(to))||
IE(t, to) P3(to)x)|| < e? QU= || E(s, o) P3(to)z)||
|E(t, to) P3(to)x)|| > e~ #OU=) || E(s,t0) Ps(to)x)

forallt > s>ty >0and all z € X.
It follows that E' is uniformly exponentially trichotomic.

3 The main results

It is well known that the uniform exponential dichotomy involves two com-
muting families of projections. In order to obtain a characterization of the
uniform exponential trichotomy property using two commuting projection
families we introduce the following

Definition 3.1 Two projection families @1, Q2 : Ry — F(X) are said to
be compatible with the evolution operator E:T-3FX)if

(ch) Qi1(1)Q2(t) = Qz(t)Qﬂt)

(c5) I[Q1(f) + Qa(t )]xH = HQl(t) H2 + HQ2(’5)296H2 ,
(c5) I — Q1( )]ﬂfH = ||[I = Q1(t) — Qaft )]~’U||2 + ||Q2(1f)33\|2
() T = Qa(t)] z||* = H[I Q1(t) Q2(t)] z[|” + |Q1(t)z|]
(c5) E(t,t0)Qk(to) = Qr(t)E(t, to), k € {1,2}

for all t > 0, (¢t,t9) € T and all x € X.



Remark 3.1 If X is a real Hilbert space then statement (¢{) of Definition
implies (¢}), (c4) and (cj).

The first main result of this paper is

Theorem 3.1 The evolution operator E : T — F(X) is uniformly exponen-
tially trichotomic if and only if there exist some constants N > 1, v, vy > 0
and two projection families Q1, Q2 : Ry — F(X) compatible with E such
that

(t)) "= || E(t,t0)Q1 (to)x|| < N || E(s, to) Q1 (to)=]|
(thy) =) | E(s, t0)Q2(to)x|| < N || E(t, t)Qa(to)x||
(t5) 1 E(s,to) [ — Q1(to)] z[| < Nero =) || E(t, to) [I — Q1(to)] =]
(th) [1E(t,to) [I — Qa(to)] || < Nero==) [|E(s,t0) [I — Qa(to)] z|

forallt > s>ty >0 and all x € X.

Proof. Necessity. If we denote Q1 = P;, Q2 = P» then the conditions (¢}),
(ch) of Definition B.1 respectively (c}) result from (cg), (c3) respectively (c4)
of Definition P.3.

For (c§) we observe that by (c3) we have

I = Qi z]* = Il = Pi@®)] z|* = [Po(t) + Pa(t)] |* =
= [Po()|* + | Pa(t)z]|* = ||l = Pa(t) — Pa(t)] 2l|* + | Qa(t)z|* =

= Il = Q) = Q1)) «l|* + | Qa(t)|?
for all t > 0 and all z € X.
Similarly for () we have

I = Q) z]* = | = P(t)] z|* = [[Po(t) + Pr(t)] * =

= 1Po()z]* + [P ()z])* = Il = @u(t) = Q)] l|* + Q1 ()]

forall t > 0 and all z € X.

Thus, the projection families ()1 and Q5 are compatible with E.

The relations (t}) respectively (t5) result from (¢1) respectively (t9) of
Definition P-4.

Using conditions (c3), (c4), (t2) and (t3) we obtain

IE(s,to) [T — Qu(to)] z||* = | E(s, t0) [Po(to) + Pa(to)] =||* =

= [|[Po(s)E(s, to)z||* + | Pa(s)E(s, to)z||* = | Eo(s, to)z||” + || Ba(s, to)z||* <
< N2e20W=3) || Eo (t, to)x||* + N2 2E=9) || By(t, to)z||* <



< N2e20U=9) | E(t, 1) [Po(to) + Pa(to)] z||* =
— N2p2v0(t—s) |E(t, to) [I — Q1(to)] mHQ

for all t > s >ty > 0 and all z € X, which proves (t}).
The proof of (t}) is similar.
Sufficiency. If we denote Py =1 — Q1 — Q2, P1 = Q1 and P> = ()5 then
from (¢})-(c5) the statements (c1)-(c4) are obtained immediately.
Moreover, (t]) < (t1) and (t,) < (t2).
We observe that Py = (I — Q1)({ — Q2) and by (t5) we obtain

[ Eo(s, to)z|| = | E(s, to) Polto)x[| = [ E(s, to) [T — Qu(to)] [I — Qa(to)] z|| <

< Ne O |E(t, to) [I — Qu(to)] [ — Qa(to)] x|l = Ne™=) || Eg(t, to)a]|

forall t > s >ty > 0 and all z € X. Thus (t3) is proved.

Similarly, from (¢}) and the remark that Py = (I —Q2)(I — P1) inequality
(t4) is obtained.

It follows that £ is uniformly exponentially trichotomic. O

In order to obtain a characterization of the uniform exponential tri-
chotomy property using four commuting projection families, we introduce
the following

Definition 3.2 Four projection families Ry, R, R3, R4 : Ry — F(X) are
said to be compatible with the evolution operator E : T — §(X) if

(cf) Ri(t) + R3(t) = Ra(t) + Ra(t) = 1
(cy) Ri(t)R2(t) = Ra(t)R1(t) = 0 and R3(t)Ra(t) = Ra(t)R3(t)
(c3) [[R1(2) + Raft )]HUH2 = HRl( )z||” + Hf232(t)90H2 ,
(i) [I[R1(t) + R (t)Ra(t )]fﬂll = ||Ry(t)x H2 + ||Rs(t)sz(t)ﬂfH2
(c5) I[R2(t) + R3(t) R ( x| = |Ra(t)||” + || Rs(t) Ra(t)x
(c6) E(t,to )Rk(to) Ri(t)E(t,to), k € {1,2,3,4}

for all t > 0,(t,tp) € T and for all z € X.

Remark 3.2 In the particular case when X is a real Hilbert space the
conditions (c}) and (cj) imply (¢f), (¢]) and (¢¥) in Definition B.3.

The second main result of this paper is the following

Theorem 3.2 The evolution operator E : T — F(X) is uniformly expo-
nentially trichotomic if and only if there exist N > 1, v, vy > 0 and four
projection families Ry, Ro, R3, Ry : Ry — F(X) compatible with E such
that



(t7) e t%ﬂ”@()HSNW@W 1(to)|
(t5) =) || E(s, to) Ry (to)z|| < PVIIIE( ,to) Ra(to)|
() |1E(s, to) Ra(to)z|| < Ne®==) || E(t, to) Rs(to)x||
(&) [1E(t, to) Ra(to)z|| < NeroU=) || E(s, to) Ry(to)z||

forallt > s>ty >0 and all x € X.

Proof. Necessity. We suppose that F is uniformly exponentially trichotomic
and we denote Ry = P|,Ry = P, R3=1— P, Ry = I — P, where Py, P, P»
are given by Definition P.4. Then RsRy = R4Rs = Py and the conditions
(c])-(cf) of Definition B.3 result immediately from (c;)-(c4). Thus we obtain
that the projection families Ry, Ro, R3 and R4 are compatible with F.

It is obvious that (¢]) < (1) and (t5) < (t2).

In order to prove (t3) we observe that R3 = I — P, = Py + P, and
similarly as in the proof of () from Theorem B.1 we obtain the desired
result. Similarly is also proved (¢}).

Sufficiency. If we denote P; = Ry, P» = Ry and Py = R3R4 then, from
(c}) and (cj), we obtain

Po—l-Pl—l—PQ:(I—Rl)(I—R2)+R1+R2

and hence (c;) holds.
By (c]) and (c}) it follows that

PoPL=(I—R\)(I—-Ry)Ry=(I—Ry— Ry)R1 =0
PoPy=(I—Ry)(I—Ry)Ry= (I — Ry — Ry)Ry =0
PPy =RiRy =0

and hence the condition (cz) is verified.

From (cf)-(cf) it results immediately (c3) and thus we obtain that the
projection families Py, P, and P, are compatible with FE.

It is obvious that (t]) < (1) and (t5) < (t2).

To prove (t3) we observe that (¢4) implies

| Bos, to)all = | E(s, to) Po(to)all = [ E(s,to) Ra(to) Ralto)e| <
< Nel=5) | B(t, to) Ry (to) Ra(to)a|| = N~ | Ey(t, to)a|

forallt>s>ty>0and all x € X.
Similarly, we prove that (¢}) implies (¢4).
Finally, we conclude that F is uniformly exponentially trichotomic. [J

Acknowledgements. This work was completed with financial support from the Grant
CEXO05-D11-23 of the Romanian Ministry of Education and Research.



References

1]
2]
8]
[4]

[5]

[6]

[7]

S. Elaydi, O. Hajek, Some remarks on nonlinear dichotomy and trichotomy, Nonlinear
Analysis and Applications (1987) 175-178.

S. Elaydi, O. Hajek, Exponential trichotomy of differential systems, J. Math. Anal.
Appl. 129 (1988) 362-374.

S. Elaydi, O. Hajek, Exponential dichotomy and trichotomy of nonlinear differential
equations, Diff. Integral. Eqs. 3 (1990) 1201-1224.

M. Megan, C. Stoica, On uniform exponential trichotomy, Integral Equations and
Operator Theory 60 No.4 (2008) 499-506.

M. Megan, C. Stoica, L. Buliga, On asymptotic behaviours of evolution operators in
Banach spaces, Preprint Series in Mathematics, West University of Timigoara (2006)
1-20.

L. H. Popescu, Topological classifications of certain types of trichotomic equations on
Banach spaces, Preprint Series in Mathematics, West University of Timigoara (2005)
1-8.

R. J. Sacker, G. R. Sell, Existence of dichotomies and invariant splittings for linear
differential systems 111, J. of Diff. Equations 22 (1976) 497-522.

Mihail Megan

Faculty of Mathematics

West University of Timigoara
Romania

Email: mmegan@rectorat.uvt.ro

Codruta Stoica

Department of Mathematics
Aurel Vlaicu University of Arad
Romania

Email: stoicad@rdslink.ro



