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We apply a general method developed recently for the derivation of the diagonal
representation of an arbitrary matrix valued quantum Hamiltonian to the particular
case of Bloch electrons in an external electromagnetic field. We find the diagonal
representation as a series expansion to the second order in h. This result is the
basis for the determination of the effective in-band Hamiltonian of interacting Bloch
electrons living in different energy bands. Indeed, the description of effects such as
magnetic moment-moment interactions mediated by the magnetic part of the full
electromagnetic interaction requires a computation to second order in A. It is found
that the electronic current is made of two contributions: the first one comes from the
velocity and the second one is a magnetic moment current similar to the spin current
for Dirac particles. This last contribution is responsible for the interaction between
magnetic moments similarly to the spin-spin interaction in the Breit Hamiltonian

for Dirac electrons in interaction.

PACS numbers:

I. INTRODUCTION:

The properties of electrons in solids are usually described in the framework of Bloch theory
of electrons in a periodic potential. In particular, the study of the dynamics and transport
properties of Bloch electrons perturbated by external fields led to important results for the
understanding of metals, semiconductors and insulators properties [ll]. For weak fields such
that interband transitions called Zener tunnelling are negligible, the dynamics of a Bloch

electron in a given nth band is usually based on the following semiclassical equations of



motion

r = 0&(k)/hok
hk = —eE — ef x B(r) (1)

where E and B are the electric and magnetic fields respectively and £(k) = & (k) —m(k).B
is the energy of the band including a correction due to the orbital magnetic moment m(k).
In the band energy &, of the unperturbated crystal, the electron momentum K has been
substituted by the gauge covariant momentum k = K + eA(R)/h. This substitution has
been first justified by Peierls in the context of the tight binding model and for this reason is
called the Peierls substitution [J]. A full justification was later given by Kohn [J]. A simpler
version of the proof was later provided by Blount, Roth and Wannier and Fredkin who could
derived an approximate band energy operator as an asymptotic series expansion in the fields
strength as well as general expressions for the first few terms in this series {]|[H][B]. Their
methods, although different, are all based on some approximate unitary transformation
of the initial Hamiltonian of Bloch electrons in an electromagnetic field which eliminates
the interband matrix elements and leads to an effective diagonal-in-band energy operator.
The principal advantage of the Blount’s method is that it is an application of a general
diagonalization scheme applicable to any kind of matrix valued Hamiltonian whereas the
two other ones are specific to the solid states. In particular, Blount has also considered
the case of a Dirac particle in an electromagnetic field whose Hamiltonian was diagonalized
to the second order in the fields strength and first order in their first derivatives. Later
on, Weigert and Littlejohn developer a systematic method to diagonalize general quantum
Hamiltonian in a series expansion in # [[] instead in fields strength. an obvious advantage
of this kind of expansion is obviously that it can be valid for strong external field but
also that the semiclassical limit is readily obtained. Unfortunately, the method [[] involves
formal series expansion in terms of symbols of operators which makes the method very
complicated for practical applications. It is worth mentioning that recently a variant of the
Foldy Wouthuysen transformation valid for strong fields and based also on an expansion in
h of the Dirac Hamiltonian was presented [§].

This is not the end story with regards to the Bloch equations ([l). Indeed, Karplus, Lut-
tinger and Kohn [[] predicted very early a spontaneous Hall effect in ferromagnetic materials

due to a corrective term to the velocity in Eq. (), known as the anomalous velocity. Later,



Adams and Blount [[[(], by interpreting this term as resulting from the noncommutativity of
the intraband coordinate operators, derived new semiclassical equations of motion for Bloch
electrons with an anomalous velocity. However these equations turn out to be correct only
for external electric fields. It is only recently that the correct equations of motion of Bloch
electrons in the presence of both electric and magnetic fields and including anomalous veloc-
ity were derived by Chang and Niu [[T]. Indeed, using a time-dependent variational principle
in a Lagrangian formulation and a description of the electron in terms of wave packets, they

found the following new equations of motion in the presence of electromagnetic fields

i = 0E(k)/hok — k x O(k)
ik = —¢eE — er ¥ B(r) (2)

The correction term to the velocity —k x © is the anomalous velocity which is due to
the presence of a Berry curvature ©(k) of electronic Bloch state in the given nth band,
associated to the electron motion in the nth energy band. For crystals with simultaneous
time-reversal and spatial inversion symmetry, the Berry curvature and the magnetic moment
vanish identically throughout the Brillouin zone. This is the case of most applications in
solid state physics, but there are situations where these symmetries are not simultaneously
present like in GaAs where inversion symmetry is broken or in ferromagnets which break
time reversal symmetries. In the same way, the presence of a strong magnetic field, the
magnetic bloch bands corresponding to the unperturbated system breaks the time inversion
symmetries. In all these cases, the dynamical and transport properties must be described by
the full equations of motion given by Eq. (B). Notice that even for crystals with simultaneous
time-reversal and spatial inversion symmetry, energy bands degeneracies can lead to a non
vanishing curvature and magnetization; a typical example is provided by the graphene [[Z]
This case is due to the presence of a topological Berry phase associated to bands degeneracies
[[3]. This particular situation is not considered in this paper.

The method developed in [[LT] is by construction limited to the semiclassical level, but
the description of phenomena such as the electromagnetic interaction of Bloch electrons,
as will be discussed in this paper, requires a theory which goes beyond the semiclassical
approximation. Recently we came back to the initial considerations of Blount and others
with regards to the diagonalization procedure for an arbitrary matrix valued Hamiltonian

H (applicable to any kind of quantum system which has an energy band spectrum) in the



presence of external fields and a first original method based on a differential equation of
the diagonal in-band energy operator with respect to Planck constant h was proposed in
[[4]. In this approach, where A is promoted as a (formal) running parameter noted «,
one has to diagonalize H at the scale a where it is assumed that the canonical dynamical
operators satisfy the algebra [R’, P/] = iad;;. Relating two diagonalization processes for
close values of a, leads to a differential equation of the required diagonal Hamiltonian ¢, with
respect to a. This differential equation has to be supplemented by an additional equation
which is the consequence of the unitarity condition of the matrix U, diagonalizing H at the
scale ao. The resolution of this differential equation can then be performed by a systematic
series expansion in h, and in this way, at least in principle, an exact diagonalization of
arbitrary Hamiltonians can be achieved. This approach reveals that the diagonal energy
operator is most naturally expressible in terms of covariant (noncanonical ) coordinates
r = R+Ar and momentum operators p = P+Ap which are both corrected by Berry
connections terms Ag/p and which satisfy a non-commutative algebra. Particle motion in
this noncanonical phase space is obviously drastically modified (as in Eq. (B)). Particularly
interesting is the fact that, in the semiclassical limit, which is often enough to get physical
insight to the problem considered, the diagonal Hamiltonian is obtained by a straightforward
integration of this differential equation. In this limiting case, the differential approach turns
out to be so powerful that the general diagonal representation for an arbitrary matrix valued
Hamiltonian in terms of covariant operators and commutators between Berry connections
could be given (actually, this general formula was first derived by a direct diagonalization
procedure in [[[3]). This result allowed us to deduce effective semiclassical Hamiltonians and
to predict new phenomena in various physical situations. First, the study of Bloch electron
in magnetic Bloch bands [[[f] showed that besides the position operator which get a Berry-
phase contribution (as already shown by [[[1]), the momentum in the band energy £ (k) also
has to be replaced by a new Berry-dependent momentum operator k = K + eA/h — Ap
instead of the Peierls substitution. It turns out that this result is essential for the correct
derivation of the full equations of motion for Bloch electrons Eq. (B). Likewise, for electrons
in graphene in a magnetic field, it was also observed that it is in terms of k that the
semiclassical quantification of the orbit has to be achieved [[[7].

At the semiclassical level other systems were also investigated, like Dirac electrons in

electromagnetic [[4] and gravitational fields [I§] with the discovery of a spin-magnetotorsion



coupling. The study of the photon in a static gravitational field when polarization effect are
taken into account predicts the gravitational birefringence phenomenon where an helicity
dependent anomalous velocity deviates the photon from the usual Einsteinien geodesics [[9].
This kind of polarization effects which are called spin Hall effect of light have been recently
observed [20]. Despite these results, the applicability of the differential approach beyond
the semiclassical turns out to be very complicated. Even the deduction of the diagonal
representation of a generic Hamiltonian at second order in A is a prohibitively difficult
problem, although a solution was found for simple practical applications like a photon in an
homogeneous isotropic media and Bloch electron in uniform electric field [[4]. But clearly,
one can not expect to use this method in the case of several Bloch electrons in electromagnetic
interaction, a problem we would like to consider in this paper.

However, very recently, a new general and powerful method for the diagonalization of
an arbitrary matrix valued Hamiltonian has been proposed by Gosselin and Mohrbach (re-
ferred as GM) [BI].It leads to a particularly compact and elegant exact expression for the
required diagonal energy operator. This approach is therefore particularly well adapted to
problems in solid state physics and to Dirac particles in external fields. This last case can be
considered intuitively as a simple two bands versions (particles and anti-particles) of Bloch
electrons in a crystal. The philosophy behind this approach consists in mapping the initial
quantum system to a classical one which can be diagonalized and then to return to the
full quantum system. This method is not based on a differential equation for the diagonal
energy operator with respect to i, but it also requires the introduction of new mathematical
objects like non-commuting operators which evolve with A& promoted as a running variable.
This new mathematical construction leads us to define a differential calculus on a non-
commutative space showing some similarities with the stochastic calculus as both stress the
role of second order terms. This approach allows us to write both the diagonal Hamilto-
nian ¢ (x) and the transforming matrix U (x) (where x = (r,p) is the phase space of the
covariant dynamical operators) as a result of the application of integro-differential opera-
tors on gq (Xo) and Uy (Xo) respectively, ie. e (x) = O (g0 (Xo)) and U (x) = N (Up (Xo)).
Matrices with the subscribe 0 correspond to the operators replaced by classical commuting
variables Xo= (R, P,). The only requirement of the method is the knowledge of Uy (Xy)
at o = 0 which gives the diagonal form ey (Xg). Generally, these equations do not allow

to find directly € (x), U (x), however, they allow us to produce the solutions for € (x) and



U (x) recursively in a series expansion in h. But contrary to the procedure in [[[4], it turns
out that the expansion in a series of A is much more easier to obtain than by the succes-
sive integration of the differential equation and therefore more convenient for getting higher
order contributions. Remarkably, it was also found that the exact expression for ¢ (x) is
actually an exact solution of the differential equation of [[[4]. This result obviously places
the present approach on a firm base[P]]]. Another interesting feature of this approach is the
confirmation of the fundamental role played by Berry curvatures in these systems since the
method results in an effective diagonal Hamiltonian with Berry phase corrections as well as
noncommutative coordinates and momentum covariant operators as in previous approaches
) [m)).

Although similar in spirit to Blount’s method and in particular to Weigert and Littlejohn
one [[]], the approach proposed in 2] is essentially different as it is based on a very new
mathematical formulation. (The general method of [{] leads also to a diagonal in-band
energy representation as a formal series expansion written in terms of symbols of operators
which makes the method very complicated for practical applications). In our opinion this
new approach is more tractable for applications and, as an illustration of this statement, a
general in-band energy for any arbitrary Hamiltonian to the second order in A was achieved
in [PT] (higher order expressions becomes again very cumbersome but could in principle be
computed). This expression will be the starting point for a straightforward study of a single
Bloch electron in an external electromagnetic field. Another purpose of the present work
is the adaptation of GM’s results to the case of Bloch electrons in interaction. Note that
both problems can be transposed to the case of Dirac electrons which are actually treated
by the same method in the another paper RJ). It is obviously the Coulomb (electrostatic)
interaction between Bloch (Dirac) electrons that dominates over the magnetic one, so that
a first order diagonalization seems to be sufficient. But, in the presence of non vanishing
electronic magnetic moments, other effects like moment-moment interactions mediated by
the magnetic part of the full electromagnetic self-interaction are expected. This comes out
by analogy with the spin-spin interaction in the Breit Hamiltonian of non-relativistic Dirac
particles [BJ] which is recover in the non-relativistic limit [2Z]. Obviously these kind of
interactions are of second order in h and a diagonalization procedure which goes to this
order is necessary.

Before starting, two points are worth mentioning. As already noted in [[]] but also in



[[3][I4], there is certain latitude in finding U which reflects a kind of gauge invariance of
the method. Because of this freedom two equivalent diagonalizing operators leads to two
different forms for the diagonal Hamiltonian but of course to the same eigenvalues. This is
similar to the Schrodinger equation in a magnetic field where the Hamiltonian and the wave
function gauge dependence combines itself to give gauge independent energy levels. In our
case it turns out that this freedom is only present at the second order in h, because the first
order diagonalization is performed with the zero order matrix Uy (Xg) which can be uniquely
defined. Actually this gauge dependence can be included in the gauge covariant dynamical
operator x = (r,p). Then the diagonal in-bands energy operator is uniquely defined when
it is written in terms of x instead of the canonical operators X. As a particular gauge choice
can be made on the ground of simplicity and convenience, here as in previous works [[4]RI]
the reality condition of diagonal elements (the anti-hermitian diagonal elements are setting
to zero) of U is imposed.

The second point we would like to mention is that, in order to simplify the expressions,
only time independent electromagnetic fields are considered, but results can be easily ex-
tended to include time dependent interactions. In addition, as the ultimate goal is to consider
Bloch electrons in interaction through an internal electromagnetic field, the time dependence
of the vector potential can be safely neglected as all retarded effects in the electromagnetic
interaction are negligible owing to the fact that Bloch electrons are non-relativistic.

The paper is organized as follows. In the next section we give a reminder of the diago-
nalization procedure of [R1] for an arbitrary matrix valued Hamiltonian. We provide some
detailed formulas for the diagonalized energy operator at the second order in A as well as
for the Berry phases at this order. Section 3 applies this formalism to the case of a Bloch
electron in an external electromagnetic field. The diagonalized Hamiltonian at the second
order in h is written in terms of the transformed dynamical variables and magnetization
operators. In section 4, we consider the case of P Bloch electrons interacting through an
internal electromagnetic field. Diagonalizing the matter part of the Hamiltonian to the
second order in A and solving for the electromagnetic field yields the P particles effective

Hamiltonian. Last section is for the conclusion.



II. DIAGONALIZATION OF AN ARBITRARY MATRIX VALUED
HAMILTONIAN

To start with, an outline of the approach developed by Gosselin and Mohrbach to diago-
nalize formally an arbitrary matrix valued Hamiltonian is given, with the notations of GM
[BT]. Let consider an arbitrary quantum mechanical system whose state space is a tensor
product L? (R?) ® V with V some internal space. In other words, the Hamiltonian of this
system can be written as a matrix H (R,P) of size dimV whose elements are operators
depending on a couple of canonical variables X = (R, P). The archetype example is usually
the Dirac Hamiltonian with ¥V = C*, but as shown in [[J] the following set up fits with all
system presenting an energy band spectrum, as for Bloch electron (where V correspond to
the energy band indices), a system which is the main concern of the present paper.

In BT, a method to find an unitary matrix U (X) to diagonalize any arbitrary matrix-
valued quantum Hamiltonian H (X) such that ¢ (X) = UH (X) U™ is the diagonal in-band
energy operator was achieved.

As explained in the introduction, the principle of this method is to link continuously
an Hamiltonian in which the variables are considered as classical (i.e. i = 0) to the true
Hamiltonian we aim at diagonalizing (that is at scale h). The idea is to diagonalize the
Hamiltonian for A = 0, which appears in general to be much easier, and then to come back
to scale h to obtain the required Band Hamiltonian. To perform this program, we have to
proceed in an indirect way. Actually, we first need to introduce a family of canonical variables
(Rq, P, ) indexed by a continuous parameter o € [0, i, such that the commutators are given
by [Rfl, Pfl} = o and then, to introduce for any arbitrary function F' (R, P,) both a notion
of differentiation and integration describing the variation of F' (R,,P,) as «a varies. These
notions have to take into account the fact that the commutation relations are depending on
a. It leads us naturally to introduce the notion of infinitesimal non commutative canonical
variables (dR,,dP,) as well as a form of differential calculus presenting some formal analogy
with the non commutative stochastic calculus. The introduction of these differentials notion,
will allow to connect ultimately our Hamiltonian at scales 0 and h.

More precisely now, we introduce a space of non commuting infinitesimal operators
dX! = {dR!,dP!} i =1,2,3 indexed by a continuous parameter «, that satisfy the fol-

lowing infinitesimal Heisenberg algebra with a reversed sign [ng, dPg,] = —1dadq,qa0;; and



[deX, dR&,] = [dPé, dPg,] = 0. From it, we define a set of running coordinate and momen-
tum operators by writing the following formal sums R, = R'— fj dRj, and P! = P'— fj dP;

with the choice of convention dR!, = R!, — R!, ,, and dP. = P{— P! ,  so that the running

a—da a—da
operators satisfy [R:, PJ] = iad;; and [R., RI] = [P, PJ] = 0. For a = h we recover the
usual canonical operators R = Riand P = P{ which evidently satisfy the canonical Heisen-

berg algebra. The differential of an arbitrary function F (X, a) where X! = {R’, P.} on

this space is given by

6 6
) 1 ) ) ) .
dF (X4, a) = E Vxi F (Xa,a)dX] — 1 § VxiVyi F (X, @) (dXLdX] + dXdX])
i=1 i,j=1

+ <W + (F (Xa,a))) do (3)
with 4,5 = 1.6. We also assume that X! = R’ for i = 1,2,3 and X! = P! for
i = 4,5,6 .The notation (F (X,,«)) (which in [[4] was corresponding to the operation
—1AsymV p, VpiF (X4, a)) is defined as a specific procedure on a series expansion of F
in the variables R, P! in the following way : let F' be a sum of monomials of the kind
M (R,) M (P,) M;3 (R,,) .... the M; being arbitrary monomials in R, or P, alternatively.
Let the operator Vg, Vpi acts on such an expression by deriving all combinations of one
monomial in R,, and one monomial in P,. For each of these combinations, insert a dR’, at
the place where the derivative Vp, is acting and in a same manner a dPJ at the place where
the derivative Vp: is acting. This leads to an expression with two kind of terms, one kind
being proportional to the dR{dP?, and the second proportional to dP/dR!. Then rewrite
this expression in terms of dR!dP? + dPJdR!, and dR'dP’ — dP!dR!, = —i§”da. Then
(F (X,,a)) is defined as minus the contributions of terms proportional to —id“da in the
computation in the procedure just considered. This definition implies a procedure which is
clearly dependent of the symmetrization chosen for the expansion of F'.

To make the definition of (F'(X,, «)) clearer, consider some important practical exam-
ples. If the function F has the following form F = 1 (A (R,) B (P,) + B(P.) A(R,))
which corresponds to a frequent choice of symmetrization in R, and P,, then (F (X,,a)) =
1[A(Ra), B (P,)]. Another choice of symmetrization leads in general to a different result.

For instance, if we rewrite the same function F' in a fully symmetrized form in R, and P,

(that is invariant by all permutations in R, and P,) which is also often used, we have now
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have a different result since (F' (X, «)) = 0.

Nevertheless, this dependence of (F' (X, «)) in the symmetrization choice is not aston-
ishing at all.  Actually changing the symmetrization of a function F' (X,,«) introduces
some explicit terms in o which changes also the term 0, F'da present in the differential Eq.
(B). As a consequence, neither the partial derivative with respect to «, nor the bracket are
invariant by a change of form. But, what is invariant is the sum 9, F + (F'). This assertion
is shown in [R1].

Now, what really matters for us in Eq. (f) is this invariant term proportional to do this

is why we define an expectation operation & (.) so that

oF (X4,
& (ar (o)) = & ( (P52 4 (r (X0 ) do) (1)
o’
Combining the expectation operator as well as the differential allows to relate a function
evaluated at the physical scale i, F' (X, k) to that same function evaluated at the scale 0,
F (Xo,0) that is when the canonical variables are considered as classical ones. Actually by

integration of the previous relation one has:

roun-e{roos [(Z8) ran)a)) o

(we use a property that the expectation operator satisfies € (F'(Xp, h)) = F (Xy, h)).

Here recall that we denote by X, the dynamical variables when P and R are considered
as commuting classical variables that is when A = «. This last formula is the starting point
of the method. Iterating this relation, by successive differentiations and integrations, one
can relate a full quantum function F' (Xj, /) to the same function evaluated with classical
variables Xy. This will prove very useful in a problem of diagonalization of a matricial
Hamiltonian since in that case, the diagonalization when the canonical variables X, commute
reduces to the diagonalization of an usual matrix of finite size. Thus diagonalizing our
Hamiltonian at scale 0, that is finding an F'(X,,0) is in general an easier task.

However, this not the end of the story. Having found a way to relate F'(Xp, h) to its
classical counterpart is not enough since we want ultimately to recover expressions of interest
evaluated at Xy not at the A = 0 scale. This kind of coming back process after a ”classical”
diagonalization is performed by an other operation defined in [BT]. It allows in the previous
integral relation to replace, inside the expectation, X, and X, by X at the price of a

modification of the expression inside the integral. Define the exponentiated Bracket plus
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Shift operator (EBS) between s and «; as acting on any function F' (X,,, a2) to yield an
other function depending on (X,,, a2), a1 > ay :

exp (— ()5, 0,) = Texp <_ /a R Sxadoz)

_ Z/Mn«ﬂl@ [y (i, x| o [, S5, | A8

where the Shift operation Sx, sets the dynamical variables X, to X,, and satisfies
Sx.5x, = Sx, whatever the values of a and 3. Apart from the repeated application
of the Bracket (.), the EBS operation has the virtue to shift progressively the variables
from X, the ”classical variables” to X = X}, the full quantum variables. Actually its main

property is the following :

a2— 0]

EF (Xay, a2) = Eexp (= ()2, ., ) F (Xazs 2)
so that it can of course be specialized to :
EF (Xo,0) = Eexp (= ()5n) F (X, 0)

These two formulas can be understood intuitively as follows. The EBS operation changes
the function (by the action of the bracket defined above) but also changes progressively
the variables from X,, to X,, (through the shift operator). As a consequence, and despite
the appearances, the expression in the right hand side £ exp <— <.)§2Ha1) F(Xa,,q2) is a
function of X,,. Moreover, both the EBS operation and the shift of variable compensate
each over to produce the equality with the left hand side.

With this mathematical construction in hand it was possible to write the solution of
our diagonalization procedure for a general matrix valued Hamiltonian through an unitary
transformation U as the solution of the following system of integro-differential equations.

Introducing Uy (Xg) the diagonalization matrix when A = 0, such that the classical energy

matrix obtained as gy (Xo) = UyHy (Xo) Uy is a diagonal matrix, we could write :

e(X) =€ ([Texp [ /0 <a<he—<->§~noae—<->§~ada}} €0 (XO)) (6)
UX) =€ ([’Texp [ /O <a<he_<'>§ﬂhNae_<'>§ﬂada]] Us (X0)> (7)

S

ag—aq

7T is the notation for the time ordered product, the operator exp (— () ) acts as ex-

plained above, and O, and N, act in the following way :
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The operation Ongg(Xa) = (2 4 () €a (Xa) can also be written as Oueo (Xa) =
(T, + M,) g0 (X,,) with a translation operator 7' and a ”"magnetization” M operator (this

terminology is explained in [[4]) where

1
Tueo(Xa) = Py {5 (ARV 120 (Xa) + Voo (Xa) AR+ ALV g (Xa) + Vo (Xa) Al ) }

Myeo(X,) = i{”{[go (Xo) AR AT~ [0 (Xo), AR ARY 1 H.C)

0
w2 v (e + 0) ) ) oy ®)
oo
These equations require some explanations. First, the operators AX are given by

A (Xo) = i [Ua (Xa) VeUS (Xa)] 9)
and A; (Xa) = —i [Us (Xa) VRUS (Xa)]

and P, and P_ are respectively the projectors on the diagonal and off-diagonal elements of

matrices. From Eq. (§) one can deduce the following relation

£ (Texp { /O <a<hTada] “ (X0>) — e (x)

where x = (r, p) and r and p are new covariant coordinate and momentum operators defined

in the following way :

r R+AR

p = P4+A" (10)

The Berry connections terms being defined as :

= [ PR dat | %HP* R [Af}l]} +H.C.] dosda+ .
0<a<h 0<a<h O0<a1 <o

= [ AT [ %Hm wx)vx [ p, [Agl}} +H.c.] doda + ..
0<a<h 0<a<h O<a1<a

and X denotes the vector (R,P). In fact in [RI] we show that A® and AF have to be
corrected by a third order in % terms 6 AR and 6 AY but these terms will always be neglected
here.

Therefore, the operator T" as a part of O naturally leads to the emergence of the covariant

dynamical coordinates which turn out the be the physical dynamical variables of particles

as shown in several situations [[3][[4][I9[1].
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Second, using the gauge setting to zero the anti-hermitian diagonal elements of U, [BT]

we have
Nola = Ka% + <->) Ua] = [l {P_ {% (AT VrEa + VR eaAd + AV pea + vplsaAfj)}
%P {[ea AZ] AT — [0 AT AT} + H.C.] - 273 {[AR AR UL (11)

where the inverse of the commutator operation [, &,] has the following properties

[[ea) " Mea] = [ed] . [Mye] =M for [M,e,]#0
e "M =0 if [M,e]=0 (12)

for an arbitrary matrix valued operator M. It means that the operator [., 5a]_1 acts on the
space of endomorphism of the state space in the following way : it is zero when acting on
the kernel of the operator [.,e,] whose action is to compute the commutator with e,, and is
the inverse of [.,€,] on the complementary subspace of the kernel.

Note that, as it will appear clearly later on, having both ¢ (X) and U (X) at order n in
h, and reinserting in the exponential of Eqgs. () ([]) allows us to find ¢ (X) and U (X) at
order n+1in A. A needed assumption for this procedure to work is that the diagonalization
g0 (Xo) = UpHy (Xo) Uy is explicitly known when /A = 0, i.e. when P and R are treated as
commuting variables.

We end up this section with a technical remark that will be important for the sequel. As
shown in our formula ([]) the solutions for the diagonalization process depends on &g (X),
Up (Xp). While the final results do not depend on the way variables are symmetrized (that
is the order we write the products of components of X, one has to start with an initial
symmetrization for the diagonalized energy at the zeroth order as well as for Uy (Xg) or
equivalently the Berry phase. Since this detail will be important only at the second order in
h while considering the Bloch electron in an electromagnetic field, we do not mention any
choice for the moment.

Egs. () (1)) show that a diagonal Hamiltonian representation can be found to any
desired order in A, and in the following we will carry it out until the second order. Let start

first with the first order.
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A. Covariant dynamical operator algebra

From equations Eq. ([() we readily deduce the following non trivial algebra between the

dynamical operators

[Ti, Tj] = ZhQG)Z = ih? (VPZ.AR]. — ijARi) + B2 [AR]., ARJ
[pi,pj] = ZhQG)Zp = —ih? (vRiApj - ijAPi) + R? [Apl,, APJJ
[pi,rj] = —ihdy; + ih*OY = —ihd;; — ih? (Vg Ag, + Vi Ap) + 1 [Ap, Ag,]  (13)

where the terms ©;; are Berry curvatures definitions. Of course these non trivial commuta-
tion relations also give new contributions to the equations of motion and thus lead to new
phenomena [IG][IT][H][[A LY. The commutation relations are valid to any order in A, but

in practice we can compute them as well as the energy ¢ (X) in a series expansion in h.

B. Diagonal representation at the first order in /

In this section we derive by a straightforward application of Eq. () the semiclassical

effective diagonal in-bands Hamiltonian ¢ for one particle. Using the fact that at this level

foh Ondacgy (Xo) = R (Th + Mp) 0 (X) we have
e = g9 (X) + A (Th + Mp) g0 (X) + O(R?) (14)

From the definition of 7" and M in Eq. () we see that we must determine the quantities
X = (.A,Pi‘, .Al,;) Eq. (f) defined previously. At this level of the approximation and due to
the factor h in the previous equation it is enough to know this quantity at the zeroth order

in h. Skipping the h index, they are thus simply given by

AX = AR = iU, (X) VU (X)
Al = A7 = =il (X) VrU; (X)

where as before Uy is the matrix that would diagonalize the Hamiltonian if R and P where
commuting variables (that is the matrix Uy which diagonalizes the classical energy when
h = 0). It means that, interestingly, at this first order in A, the diagonalizing matrix U is

the matrix defined at the order A° in which the classical variables X, have been replaced by
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the quantum operator X. This is the clue of the method: at each order A" we just need to
know the matrix U at the order A"~!. Therefore, the semiclassical diagonalization is within
the present approach simple to achieve (and simpler than any other method we are aware
for) as it only requires the determination of the matrix diagonalizing the classical energy.
Introducing also the covariant dynamical operators x = X+AX with the Berry con-

nection A* = KP, [.A?ﬂ, as well as the integrated non projected Berry connections

AX = foh AXda = hAX at this order, the diagonal energy Eq. ([[4) can be written as

e = 0 () + 5P { |20 (X), AT A% =[50 (X), A AT f O(RD) (1)
where summation over ¢ is assumed. Here gy (x) corresponds to the classical diagonal energy
operators in which the classical variables X, have been replaced by the full noncomutative
covariant operators which satisfy a non commutative algebra as we will see later when
considering the practical examples. The second contribution which is of order A, gives for
instance for Bloch electrons in a magnetic field B as we shall see later, the coupling between
B and the magnetic moment operator .

Note also that this general diagonal energy for an arbitrary one particle system was

already derived in previous works by different methods [[5][[4] and turns out to be very
useful for the study of several different physical systems [I6][[g][L9)[L7].

C. Diagonal representation at the second order in #

The Hamiltonian diagonalization at this order requires the matrix U at the first order:
U (X) = Uy (X) + hl; (X) Up (X) where U (X) is determined from the relation hU; (X) =
foh NydaUy (X) as a consequence of Eq. ([]) . With expression ([[T) we readily obtain :

1
Up (X) = [,e0] " [P {5 (A?llego (X) + Vo (X) Ay" + Ag' Vaeo (X) + Vg (X) Ay’

5 {[e0 00 AB] 5 - [r0 000, AP A} - § [l 48]

At the same order the (non-diagonal) Berry connections AX = (AaR, Ag) are again given by
1
AS (Xa) =1 [Ua (Xa) VPU; (Xa)] = aUa (Xa) Ran—f (Xa) (17)

and AP (Xo) = —i [Us (Xo) VRUF (Xa)] = éUa (X,) Pl (X.)

(16)
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where now U (X,) is the transformation to the first order in «a i.e. Uy (X,) + alU; (X,), in
which X is replaced by the running operator X,. Using the hermiticity of AX, so that one
has AX = AX + (.Aé()Jr we can expand AX as :

AX = (% (1L+ ol (Xa)] U (X)) 22 (U5 (Xa) [1+ 0l (X,)]) + %HO) S

«

(the é factor reminds that in our definition of AX the Gradient with respect to X, is
normalized, i.e. divided by «). After some recombinations, the previous expression can be

written in a more convenient form :

o

AX = %UO (Xa) [Xa,Uf (Xa)] + H.C.

+% (U1 (Xa) [U (Xa) XaUf (Xa)] + [U (Xa) XoUf (Xa)] U (Xa)] + HC. — X,
using now the fact that at the lowest order Uy (Xq) [2=, Uy (Xa)] = A¥ (Xa), one has :

AR = [Uo o) [Xa,Uf (Xa)] + H.C]

[ o) AF (Xo) + AX (Xo) Uy (Xa) + [Xa, U (Xa)] + H.C]
decomposing U;" (X ) into Hermitian and antihermitian part we are thus led to :
AX = % (Uo (Xa) [Xa,Uf (Xa)] + HC.) + [Xa4+AY,ah (U} (Xa))]
+ (ATH (UF (Xa)) + 1 (U (Xa)) AT)

where ah (Z) and ah (Z) denote the antihermitian and Hermitian part of an operator Z

respectively. Now with Eq. ([[) and after the integration, we are led for A* = hAF + h2AF

to the following expression :
AX = 4X (R+%A{fl, P+%A§l) — [B, X, + AX] (18)
where we introduced the notations
AX (R+%A§l, P+%A§l> = A+ 7 (AR AT+ Y AT+ HCY (19)
and

1 1
[ e0] ™! (79_ {éAglleeo (X) + §Ag’lvplgo (X) + H.c.}
— 7 { |20 (00 AR AT = [0 (%), A AGF + H.c.})
1 1
[ e0) " (P_ {—AglVRle() (X) + §Ag’lvplgo (X) + H.C.}

_i {PAGP AT — P ATP AT+ H-C-}) (20)
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These formula, although abstruse will be useful in our next sections. Having found the
matrices U (X) and AX at the required order we can now determine the series expansion for

the diagonalized Hamiltonian to the second order in A. From equation Eq. () we can write

e(X) =¢e0(X)+ /ORO daeg (X / al/ On,dandageg (Xq,) — h <50 (X))

where the last contribution is given by

_%ﬁ<50 (X)) = %hAsym {Vp VR0 (X)}

The first contribution foh Ondaey (X) can be expanded as before as:
h h 1
/ Ondagy (X) = / P, {5 (AFV g0 (Xa) + VReo (Xo) A + AV peo (Xa) + Ve (Xa) Afjl)}
0 0

h .
+/ P, {%{[50 (Xa), AH] AD =[50 (Xa) , AR AR} + H.C.
0

#on (5 +0) Hexn) vz faa

where the Berry connections have to be expanded to the first order, whereas the second

order contribution .
a1 h
/ Ooq / OQQdOéQdOélEQ (X) — 5 <€0 (X)>
0 0

has to be expanded to the zeroth order in the Berry connections. Notice that due to the
integration process, the squared terms in AR, AF as well as the first order terms in the
Berry phase get a % factor.

The consequence is that these contributions can be recombined to yield :

= (X) = e (X)+%77+{[50 (), A" APL—[ (), A AT = e (x), | A7, A7 |}
L[l 0] 0~ ot e e
([0, 4%] 47— [0, 4 l} A AP AR - 2 (e () 21)
with :
Al — %{ %(ﬂAX VX)} Al (x) + H.C.
Al = % {1 - % (P AX. vx)} Al (x) + H.C.
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and where we have denoted again AX (X) = foh AX (X)da. Remark that the last term
—1 (g4 (x)) in the expression for & (X) is of order A? since (¢ (x)) involves some commutators
and is thus of order h. As explained above, one can, at each order of the expansion, safely
replace the canonical operators X = (R, P) by the covariant ones x = (r, p) which are given
by the following expression to the second order (dropping once again the h index) :

hQ
x = X+ A% = X+hAY + 3 A (22)

with : A% = (AR, A7) and (as before we drop the index h) X = (R,P) = X; = (Ry, Pp):

AR = /73+ [AR] da + /% %(7% [AX] Vx+ HC.) / P [Ag] | + HC.| dayda

o<a<h o<a<h 0<ai<a

2 2
- P, {hAg‘ <R+ZA§’, P+%A§l) —~ % [B,R + Ag‘}] + % (P [AF] VxPy [AF] + H.C.)

AP — / P, [AP] do + / % % (P4 [AX] .Vx + H.C\) / Pi [AL ]| + HC.| dovda + ...

o<a<h o<a<h <o <a

2 2
=Py {hAg (R+ZA§Z, P+ZA§Z) — % [B,P+ Aé’}] + hz (Py [AX] .VxP; [AF] + H.C))

Remark ultimately, that had we chosen the variables X rather than x to express our Hamil-

tonian, we would have rather written at our order of approximation :

AR — % {1 + % (P+A§.VX)} AP (X) + H.C.
- 1 1
AP = 3 {1 +5 (P+A§.VX)} A" (X) + H.C.

However, as explained before, the transformed variables x fit better to write the Hamiltonian
since they enter directly in gq (x).

Eq (B1) is the desired series expansion to the second order in £ of the diagonal Hamilto-
nian. In the next section it will be the angular stone for the computation of the effective
in-bands Hamiltonian of a Bloch electron in an external electromagnetic field. Once this

will be achieved the case of several Bloch electrons will be investigated.

III. BLOCH ELECTRON IN AN ELECTROMAGNETIC FIELD

To start, an outline of the first order diagonalization for the special case of an electron in

an crystal lattice perturbated by the presence of an external electromagnetic field considered
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in refs. [I6] and [[J] is given.
The Hamiltonian of an electron in an crystal lattice perturbated by the presence of an

external electromagnetic field is

H:%Jrvp(l%)jteV(R)

(e < 0) where V,, (R) the periodic potential, A and V' the vector and scalar potential respec-
tively. Our purpose is this section is to compute the diagonal in-bands energy Hamiltonian
for this system to the second order in a series expansion in A. This can be done by using
the general results of the previous section, in particular with Egs. (I[3) (B1l). The major
difficulty to find the diagonal representation relies on the fact that in presence of an electro-
magnetic field, the lattice translation operators T do not commute any more (see [L1] and
references therein). To deal with this problem it is convenient to express the total magnetic
field as the sum of a constant field By and small nonuniform part 6B(R). The Hamiltonian
can be written H = Hy + eV (R), with Hy the magnetic contribution (V' being the electric
potential) which reads
Hy = ﬁ (P —eA(R) —edA(R))* 4V, (R) (23)
where A(R) and JA(R) are the vectors potential of the homogeneous and inhomogeneous
magnetic field, respectively. V, (R) is the periodic potential. The large constant part By
is chosen such that the magnetic flux through a unit cell is a rational fraction of the flux
quantum h/e. The advantage of such a decomposition is that for 0A(R) = 0 the magnetic
translation operators are commuting quantities allowing to exactly diagonalize the Hamil-
tonian and to treat JA(R) as a small perturbation. The state space of the Bloch electron is
spanned by the basis vector |n, k) = |k) ® |n) with n corresponding to a band index and k
a common eigenvalue of the translation operators. In this representation K |n, k) = k|n, k)
and the position operator is R =i0/0K which implies the canonical commutation relation
[Ri, Kj] = 19,;. Note that here R and K, rather than R and P will play the role of canonical
variables.
The diagonalization of the Hamiltonian in Eq.(R3) is first derived for 6A = 0 by di-
agonalizing simultaneously H, and the magnetic translation operators T. Start with an
arbitrary basis of eigenvectors of T. As explained in [[J], in this basis Hy can be seen as

a square matrix with operators entries and is diagonalized through a unitary matrix U(K)
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which depends only on K (since U should leave K invariant, i.e., UKU" = K), such that
in-bands energy matrix is ¢ = UHU " = ¢¢(K) + V(URU™), where ¢¢(K) is the unpertur-
bated (0A = 0) diagonal energy matrix made of the magnetic bands elements ¢, (K) with
n the band index.

Now, to add a perturbation dA(R) that breaks the translational symmetry, we have to
replace K in all expressions by

M=K - %ciA(R) (24)

the (band) electron momentum and as the flux §B on a plaquette is not a rational multiple
of the flux quantum, we cannot diagonalize simultaneously its components II; since they do

not commute anymore. Actually
R[IT, T] = iec*§ By (R) (25)

To deal with this non-commutativity, we adapt our method to diagonalize the Hamiltonian
perturbatively in A. To start, an outline of the first order diagonalization for the special case
of an electron in an crystal lattice perturbated by the presence of an external electromagnetic

field considered in refs. [[[§ and [[§ is now given.

A. Semiclassical diagonalization: Generalized Peierls substitution

Following section II, the diagonalization at the lowest order is just obtained by replacing
U(K) by U (IT) . This last matrix would actually diagonalize the Hamiltonian if R in JA(R)
was a parameter commuting with K). Note that a subtlety arises here (and that we will
find again later) in the application in our method. We do not consider, at this level that
R and K commute, but only that the R in JA(R) and V' (R) commutes with K. In other
words we assume that R has been replaced by a parameter in these potentials. The reason
of this difference with our general set up comes from the fact that the initial diagonalization
is not performed for a function of, say, P alone, but both of P and R through the periodic
potential. However this difference does not alter our method which allows to recover the
contributions of the electromagnetic potential as a series of A.

As consequence of our procedure, the non projected Berry connections are Aé%" =
iUV, U and A = eV, 0AL(R).A*. However, it turns out be more relevant to replace K

by the covariant momentum IT in the physical expressions so that instead of .Aé( " we better
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consider the quantity Ag’ = eAngmekml. Remark that the Berry connections just defined
are non diagonal and are matrices whose index correspond to interband transitions.

The physical dynamical variables for the n-th band dynamics to the first order in A
imply a projection on the n-th band. For the intraband coordinate operator r =r, =

P,(U(II)RU™(IT)) we obtain
r~ R+ AF(7) + O(h) (26)

and for covariant intraband momentum we obtain in the same manner 7 = 1, = IT + Al"
which writes also

T~ T4 eAf(7) x 0B(r)/h+ O(h) (27)

with AR = AP, (AOR) and P, the projection on the n-th band. Remember that previously P,
was the projection on the diagonal elements of a matrix. Using now the general expression
for the semiclassical Hamiltonian Eq. ([[§), we obtain the desired semiclassical nth-band

Hamiltonian (dropping the index n) ¢ (7, r) as :
e(mr)=c¢o(m)+eV(r) — M(n).0B(r) (28)

where ¢ (7) is the unperturbated nth-magnetic band energy in which K has been replaced
by 7, a procedure that we can adequately call the generalized Peierls substitution and which
was introduced for the first time in [[[§]. The second term in Eq. (B§) constitutes the
electrostatic potential, and the third is the coupling between ¢B and the magnetic moment
(or magnetization) which is given:

—ie

M(m) = Pul G

[2o(m). RAF(m)] x RAR ()

It can explicitly check that this expression of the magnetization is the same than previous

expression found with different approaches [[1]|[24].

1. Dynamical operators algebra and equations of motion

From the dynamical operators a new algebra has to be considered . Indeed we have
[Ti, rj} = iO(m)¥
hr' 7] = iee" 5By (r) + ie*c™*6 B! 6 B0 /Iy
[, hn?] = ihé" — iec?*6 By, (r)©" (1) (29)
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with @9 (1) = 9'Al (1) — & A'(7) the Berry curvature. Whereas the term of order 652 in
(7%, 79] is usually negligible, it turns out that all terms in [r?, iw’] are essential for the correct

computation of the semiclassical equations of motion which are

r = dg/hOT — 7 x O(7)
hic = eE +er x 0B(r) — M.06B/0r (30)

where we have defined the vector O = £*0,; /2. As shown in the following, the generaliza-
tion Peierls substitution, not only is essential for the correct determination of the equations

of motion, but also for the Bohr-Sommerfeld (BS) quantization condition.

2.  Bohr-Sommerfeld quantization

To underline the relevance of the generalized Peierls substitution at the level of the
semiclassical quantization of energy levels for an electron motion in an external uniform
magnetic, we adapt the arguments of ref. [RJ]. For V' = 0 the equations of motion Eq. (B0)
become

r=2D <%) and Ar =eD (% XB) (31)
with D71 = 1+ £B0O. For convenience 6B = B is chosen in the z-direction B =Bk, the
energy reads € = g¢ () — M, (7) B. Consequently the orbits satisfies the conditions ey =const
and 7, =const. The semiclassical quantization of energy levels can be done according to the

Bohr-Sommerfeld quantization rule

where K| is the canonical pseudo-momentum in the plane perpendicular to the axis 7, = cte.
The integration is taken over a period of the motion and n is a large integer. Now, it turns
out to be convenient to choose the gauge Zy = BX, A, = A, = 0. In this gauge, one
has m, = P, = cte, and the usual covariant momentum II, = K, — %X . In this case
the BS condition reads ¢ IT,dIl, = ihe}g (n+1/2). Assuming that the physically relevant
variables are instead the covariant ones, writing thus BX = B(x — A,) the generalized
covariant momentum defined as m, = II,, — %Aw becomes

7Ty = Ky — ?.T (33)
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which is formally the same relation as the one between the canonical variables, but now
relating the new covariant generalized dynamical operators. This relation with the help of
the equations of motion Eq. (BI]) gives K y =Ty + <Pz =0 thus K, is a constant of motion
so that § KydY = Ky ¢ dY = 0 and Eq.(B2) becomes simply § K,dX = 27 (n +1/2). Now
using the definition of the generalized momentum K, = m, — %B and the differential of

Fidgrg — dA,, the Bohr-Sommerfeld condition Eq.

1 1
%mdwy = —27eB (n + 5 5 7{ Aldﬂl) (34)
7r

where the integral is now taken along a closed trajectory I' in the 7 space and i $ A dr =

the canonical position dX = dxr — dA, =
(B2) becomes

¢p is the Berry phase for the orbit I'. Integration in Eq. (B4) defines the cross-sectional area
f mpdmy, = So(eo, K,) of the orbit I' which is the intersection of the constant energy surface
g (m) =const and the plane 7, = K, =const. As shown in RH] Sy(¢ = ¢ — M, B, 7,) can

then be written as

2rle| B (n 1 1 [ M. (n) dﬁ) 35)

So(é,ms) == 27 % " 5nie) J 10e/hom .
here drx = \/W is an elementary length of the 7 orbit. We have thus succeeded to
deduce the required result Eq. (BJ) (first found by Roth [f] in a different way and without
mentioning the Berry phase), as resulting from the generalized Peierls substitution in the
BS condition. The importance in this expression of the Berry’s phase for electrons in metal
in connection to band degeneracy was later discussed by Mikitik and Sharlay [Bq]. Eq. (BY)
implicitly determines the energy levels €, (K,). For instance for the case where the Fermi
surface is an ellipsoid of revolution characterized by two effective masses, a transverse m

and a longitudinal m; one has
2 K2
o= (e ) (36)
and S(e, K) is a disc of radius square 7%. Therefore for M, =const we have the following
generalized relation for the Landau levels:

Bh 1 h*K?
8,1:&(71—0———(;53—%]\4)4- -

my 2 le] 7 2my

which shows that both the magnetic moment and Berry’s phase can influence the energy
levels. A nice illustration of this result is provided by electrons in graphene with broken

inversion symmetry [[[7].
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B. Second order diagonalization

As explained in section 2, the Hamiltonian diagonalization at this order requires the
computation of the Berry connections and the covariant dynamical variables. This will thus
be our first task. Note that, from now on, for the sake on simplicity, we will keep the

notation introduced in the previous section, 6B = B.

1. Computation of the Berry phases and dynamical variables to the second order

Starting from the general expressions for the non projected Berry phases at the second

order Eqgs. [3T90 we have in the present case for AX = foh AXda -

h h
AX = pAX (R+ZA§Z,K+ZA§)
h2

_ 1 1
—? {[, Eo] ! . (P_ {iAtl)DvilEo + éAgllef‘:O + HC})

—i {P,A(})%kPJr.Aé%l + H-C-} Erm€Bm, X + h-Agc}

where now X = (R, K) and the same for Y. We aim now at writing the connection A*
in a more convenient form as an expansion in terms of the zero-order (actually first order
in i) AF. To do so, we first start to express the crystal momentum Berry phase A¥ as a
function of the position Berry phase AR. The computation of A¥ involves a commutator
with K + A that we compute first. Notice that the first order energy operator £y in Eq.
(P8) and the Berry connections at the zeroth order depend on IT = K—7A as well as on
Al = eV AL AR which allows us to write the commutator of K,, + hAX™ with any such
operator , e.g. [Km + hAé(m, } in the following way :

(Ko + ALK ] = eV, A, [Rl +RAR }

Let us stress that this formula is not valid for the electric potential term appearing in the
Berry phase formula since it depends exclusively on R. The action of [Km + hA, ’”,] on
this term has thus to be computed independently. The additional contribution due to the
electric field and the magnetic field to the momentum Berry phase is seen easily from the
formula for the to be

h? 1 R, ie R R
—ivg |l (AT VR, VRV (R)) = 5 {P-AR x PL AR} Vi, B
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Now the first term and the last term in the crystal momentum Berry phase can also be
replaced as a function of the position Berry phase contribution. But at this point we need
to go back to the technicality mentioned in the first section. While the final results do not
depend on the way variables are symmetrized, one has to choose an initial symmetrization
for the diagonalized energy at the zeroth order as well as for the Berry phase. For the
diagonalized energy, we will choose to write it as a series of symmetric monomials in the
momentum II. Concerning the Berry phase for the crystal momentum the natural choice
is to symmetrize initially the variables such that at the lowest order in A one has A¥K =
1V, Al (R) AR + 1e ARV R, A; (R). This will introduce some technical problem later, but
it is the most simple choice for us. As a consequence, we obtain readily for the terms of

interest :
K h R h2 Y K
1 1 h h
= —heVp, A [ R+-AR ) AR ( R+ A K- A
2 4 4 4
1. = hog 1 go 1 p
+§h¢40 R+Z'A0l GVRmAl R‘FZAo ,P+ZAO

2

I3
+ eV, A (Py [AR] Vy Py [Af"] + H.C.)
so that can now gather all these terms and compute A% as a function of A% :

AFm = % (evaAl <R+iA§‘,P+iA§) AP ARy, A, (R%A}},P%Ag))
_h? o1 R ie
i [[.,go] (AR, ViV (R)) = 5 {P-AR x P AR .vaB}
The potential A; being developer to the first order in A. As expected, only the con-
tribution due to the electric term is not rewritten as a function of A®. The quan-
tity —i’ [[.,éo]_l . (A(?IVRMVRZV (R)) — P AR} x PL AR} .VRMB} can be computed

on the bands as being equal to :

M A1 e
iy [l (AR TaV () = 5 (P AR P AY) VB
MN
Ry
h? (-’40 ) Ve, VeV (R) 32 |
~ 2 AgéVM — &N 4 {P_AOR x 7DﬁL‘AOR}MN Vg, Bif M #N

=0if M=N
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so that we have for the (M, N) component :

[<6vaAl <R+§Ag{> ARl + ARlevaAl <R‘|‘§AOR)>:|

Ry
” (AO )MN Ve VeV (R) e

Ky _
Ay =

N | —

MN

+ 9 éOM — éON - Z {,P_.Ag{ X P.;.A?}MN .vaB 5MN
1
= 5 [(eVir, A (R) A% + ARV, A (R))]

h2
+ 5V, Vn, A (R, P) (AfflAé%’“ n Ag%m{fl)

Ry
s (AO )MN Vi, VeV (R) 52

2 Zort — Eon — AP AT < PLAT} ViR, B oy

_|_

where we defined the notation & unN =1 —90un,

As explained before, the relevant variables for the physical expressions are rather the
momentum variables IT = K — A. Since at first order we already had A = eAf x B we
would expect a similar formula at the second order. However, since our method has been
designed to deal with quantities symmetrized as functions of R and K, it appears that the
momentum variable does not appear directly in our Hamiltonian. We thus postpone its
introduction till the computation of the diagonalized Hamiltonian.

We can now, as a second step, concentrate on the position Berry phase. We rewrite it as

h2
AR = BAR 4+ {AGV R AR + AV AR+ HLC

2
+ [R + AR, % L2 KP {%Agﬁvfﬁa(} (X) + %Aé(lVKleo (X) + HC})H

2

h
+ [R + hAG, 67 (P_AJ"PLAS" + H.C.) 5””‘.34

We can also rewrite the third term (M, N) component as :

([., ] " KP {%Aghvmeo (X) + %Aé(lvmao (X) + HC})D

MN
1 (AORZ) Vg, (eom + €on) + (Aé(l> Vi, (gom + €on)
= - M - L L MN if M £ N
2 oM — EoN
=0ifM=N

Using also, for quantities depending on IT=K — A and R that (.Aé% l) Vg +
MP

(Aé(’)MP Vi, = —eB. ((A}) up X V) at the lowest order in 7 we now give an expanded
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formula for the position Berry phase at the second order :

() = (RAD) = 2 3™ 6B (AR) ¢ Tir) (AR) py + M = )

h2 (A(}]%I>MNVRIV(R)+€B. ((A(];{)MN X V]‘[) (éOM‘FéON)A

+—1V p - Omn

2 €oM — EON

2 (AT) VRV R+ B ((AR) 5y x Vi) (Gop + Zow)
5 (A?) ap OPM = - A

2 = EoP — EON

B (A0Y) VRV (R)+eB. ((AF),p % Vi) (on + op)
9 Z ( ) 5 2 drr (A0) v

2 Eom — Eop

—— VI ((A(];{)MN X (A(?)NN) 'BgMN
() g (A8) s (48),) B 1)
_i? (Z ((‘Ag{)MP X (A(I})PP) 'B5MP (‘Ag{)PN + H'C'>

and its projection on Band N.

P (ARy) = (A%) = (RAF) v~ 257 (B ((AR) 0 Vi) (A) )
+%2 <(A§)NP (Aé%l)PN + (Aé%l)NP (Ag{)PN) Z)il‘—/ (51;\25 PN

2 Eop — EON

e O
"H%:Lz Z ((‘A(IJ{)NP ((‘A(IJ{)PN X (AOR)NN) o ((‘A(IJ{)NP X (‘A(IJ{)PP (AOR)PN) 'B) OpN
+H.C. "

For later purpose we will need also the modified Berry phase AR appearing in the dynamical

Band variable ry. A direct application of our general set up of the previous section yields.
A% = ANN —|— (PN [.AY} NvPn [AO} —+ HC)

= ANN _'_ (AONN v13»’40]\[]\/' + AONN VPAONN + HC)
2

h

Ultimately, the projected dynamical variables follow directly from our general method of

diagonalization. They are given by the canonical variables shifted by the modified projected
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Berry phases :

ry = R‘FA%
ky = K+ AX =K+ AS,
1 h h
Ty o= M+ AT =T+ 2 {eAxB <R+1A£‘,P+1A§) +H.C.]

Note that since —iVRm%Q [, &0 " <A§ZVRIV (R) + H.C.) has no diagonal element

AN = %[(evaAl (R) AN + AYeVr, A <R))Lw
2

h
+ VR Vi, A (R, P) Py (AFAT + AT AT
2

N hz eV Vi, A (R, P) (Py [AF] Py [AF] + Py [Af] Py [AF1])

2. Band Hamuiltonian

We now turn to the Problem of deriving the diagonalized Hamiltonian. As explained in

section II, the effective diagonal Hamiltonian for the Nth band can be written (see Eq. (B1))
)
Hy (X) = 2on (%) + %PN {060, A7) A7 — [z (), A7] A7)

L [0 00— o, A ] ]

— [P [[20 0 AT A7 =[5 (), AP ]| AR, A7 AT — g (g0 (x)) (37)
Where Py is the projection on this band. As explained in [BI] this Hamiltonian can be
rewritten in a more enlightening way as :

iy = & )+ M [eo] + 50 [M [z} + V (+) =  {e0 ()
Where the magnetization operator M acts on the following way :

MIX] = 4%7% { [X, A’ﬂ ARt [X, Afﬂ ARZ} Y HC.

As consequence, the Hamiltonian is given by a series of magnetization terms acting on the
"classical” Hamiltonian, that is the Hamiltonian obtained for classical commuting dynamical
variables. We will more give detailed formula for the various terms as functions of the first
order Berry phases, but we turn first to the problem of choice of variables in writing the

energy operator.



29

a. Momentum variables. Second order generalized Peierls substitution For the mo-

ment, the pair of canonical variables implied by our method are the "non physical one”

r = (I'N, kN)

ry = R—i—A%

ky = K+ A =K + A%,

One aims at replacing ky by a ”physical” momentum variable which reduces to IT = K—3
at the lowest order. To do so assume the electric potential is set to 0 since it plays no role

here, and rewrite the quantity oy (x) that arises in the diagonalized Hamiltonian as :
eon (x) = eon (kv — A (ry))

so that one would be tempted to choose ky — A (ry) as the right momentum variable.

However a computation of this quantity yields :

ky —eA (ry) = K+ A§ —eA (R+ AY)
1
~ K- A(R)+5e [VAl (R) AR + ARV 4, (R)}

eV, VA (R P) Py (Al AL+ A AL
+%26VVR;€AI (R,P) (PN [AORZ} Py [AORk} + Pn [.A(I)%k] Pn [AORZ}>

e [VRkA (R) A% 4 ARv, A (R)}
2

_%ekaleA (R,P) (PN [Aé%l} Pn [Agk] + PN [Agk] Pn [Aé%l}>

— I+ eAR x B(R) + eZ [PN [A{fk] (AR x V5, B (R)) + H.C.]

+%QekaVAl (R,P) Py (AzflAf?k + Aﬁmf?l)

While the first three terms are physical since they involve the momentum IT and the magnetic
field, the last one is problematic since it will involve in the Hamiltonian some symmetric
combinations of the vector potential of the kind Vg, A; + Vg, Ax. The appearance of such
terms is non physical but has nothing surprising here since we ordered all our expressions in
R and K, not in R and Il. As a consequence, we cannot expect in one individual expression
to have only contributions of the momentum and magnetic field operators. An other way

to understand this problem is to remember our choice of symmetrization for the crystal
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momentum Berry phase that was easy to handle but does not fit when aiming at rewriting
the Hamiltonian in terms of II. Actually, having let the derivatives of the electromagnetic
potential half on the left and half on the right automatically induces commutators terms
proportional to Vg, A;+V g, Ai. However, we know that the overall process of diagonalization
of the initial Hamiltonian has to depend only on IT, R, B (R) so that we know that the
symmetric contributions Vg, A; + Vg, Ay to the Hamiltonian have to cancel.

This assertion will be checked explicitly for the above problematic
term  whose contribution (developing eon (x) to the required order) s
%QeVRk Vg, A (R,P) Py <.AORI.A§’“ + A?’“Aé%l) Vi, con (x), when diagonalizing the Hamil-
tonian. Actually we will find a counterpart to it. However, it is unnecessary in general
to check the cancellation. These have to vanish by construction, so that we can discard
them directly. Their local appearance in individual terms will be discussed briefly while
computing the Bracket term for oy (x).

As a consequence of this discussion, our relevant variable for the momentum in the

Hamiltonian will be :
h
7= I+ e} x B(R)+ e [pN [Agk] (AR x Vi, B(R)) + H.C.}
and in the sequel, the relevant couple of canonical variables will be :

(x) = (rn, 7n) = (r,7)

(the index N being understood).
b. Magnetization terms At this order of approximation, and using our expressions for
the Berry phases, one can directly develop the expression for M [gq] to obtain the following

decomposition :

M) = —5 (1(x) B () + B () 1 (x)) ~ i () Vi, B (x)

+ Darwin term

where the Darwin term refers to an expression which reveals to be of the same kind as the

Darwin term in the Dirac Hamiltonian as we will see soon.
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In this expression we have defined

Hn = —%PN { [50 (x) ,ARL} AR’”} ghmm
iy = —1—16771\/ H[éo (x) ,.flRm] ,VH,CAR"H glmn
S o0 AR] L (PAR X PLAR) )+ e (o ) { (PAR x PeAR) Y]y Al

These expressions are directly obtained by expanding the magnetization term M [g9] =
ﬁPN { [50, /lRl} AFr — [50, AKZ} /lRl} and computing the commutators that appear when
letting the magnetic field half on the right and half of the left of the relevant expressions.
Note at this point that, doing so, some contributions involving Vg, A; + Vg, Aj, appear that
cancel the corresponding contribution arising from the second order in A development of
gon (x) as announced before.

More precisely, the derivation of u (x) and ¥ (x) is as follows : starting with the term
1Py { [50 (x) ,flRl} AP — [eo (x) ,/ipl] ARl} we have to put the magnetic field half to the
left and half to the right in the following way

o { [0, 44] 45 e 4] 4

_ %ePN { [50 (%), ARL} (AR"VlAn + lenARn) _ [50 (x), (AR"VlAn + lenARn)} ARz} Y HC.

Letting the gradient of the potential to the left or to the right yields the required contribution
for p (x) and fi* (x) is obtained by computing the commutators involving the gauge field.
These terms are (we skip Py for convenience and introduced a 3 to take into account the

integral over «) :

%e <[50 (x) ,ARZ} [VlAn — V., A, AR"D — j—z [VlAn, [eo (x) ,AR"] ARZ}
1

e [(ARn g0 (%), ViA] AP 1 2 (%), Vi A,] AP ARI)} He

= e ([20 0 A"] T, 4%, 5) = 55 Wik [0 ) A ] 4]

1€
16
. ([ARn, e (%), ViA,] ARz} 4 ko (%), ViAL] (ARnARz n ARLARn)) Y HC.

16
- e (e A T 9,50 < 3 e [ o0, 4] 4]

—%66 ([AR", g0 (%), len]] AT+ [go (%), Vi, [ARn’ ARZ}

+ g0 (%), Vidy] (ARnARl + ARZARn)) YHC.
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the projection of the last term

I—ge leo (%) , Vid,] Py (AR"ARl + ARIARn) Y HC.

1 N “ N N
= —2eViVu APy (ARnARl + ARIAR") Vi, con (%)

gives a contribution that cancel the one we have neglected in the momentum term as an-

nounced before. Moreover

_1166 20 (x), ViA,] [/wn, ARI] +HC. = - [1166 20 (x), ViA,] | [ARn, ARLH

and this term does not contribute to the diagonal part at our order of approximation.

The last term we are left to compute is then :

—%ee"lk ([50 (x) ,ARL} VHPAanRka) _ (1166 [len, [50 (x) ,ARn] ARL} + H.C.)

_ (1—2,@ [AR", leo (%) len]] AR 4 H.(J.)

e ([ A7) T ] 9] e[t 0.4 4]
e[ o ] 4

_ _%egnlk ([50 (x) ,ARI} VHPARnVRka) T %evpvl/&n,vnp HEO (x) ,ARH] ,ARL}
—%e (AR [e0 (x), Vi, ], A%

_ —%ee"lk ([c0 0. A% Vi, 47, B,

+3—Zevpv1An, Vi, (Hgo (%) ,ARH} ,ARI] n Hgo (%) ,ARZ} ,ARn] n HARl,ARn} o (X)D
—;;26 HARn, o (X) | len]} ,ARZ} v HARl, o (%) | len]} ,ARn]

+ HARn, ARZ} 50 (%) ,len]}

where we used twice the Jacobi in the last identity to rewrite
LeV,Vi4,, Vn, Hso (x) ,ARZ} ,AR"] and —Le [AR", [e0 (x), VI A, ,ARZ]. While iso-
lating the contribution in the magnetic field, that is proportional to Vg, A; — Vg, Ay and
introducing Py only the first term in the last identity remains, which yields the first term
in the magnetization if. The contribution Vg, A; + Vg, Ay can be disgarded as discussed

in the next subsection.
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The two last contributions for iy arise from the term

—EIP_ AR X PLARY,
LePy { [eo (x) ,ARZ] AR [eo (x) ,AKI] /lRl} yields directly the terms announced.

Now, concerning the Darwin contribution, it is given by :

Vg, B derived before in the expansion of AKt TInserted in

. K2 B
Darwin term = - [; <A0l)NM (A™) v | VR VRV (R)
R
hQ (AO )MN valeV <R>
"—Z [80 (X) 7-’40 ]NM éOM — éON
Its derivation is straightforward and corresponds to isolate in

1ePy { [eo (x) ,ARZ] AR [eo (x) ,AKI] /lRl} the contribution of AXt involving the
potential term (see above). At our order of approximation, the AX terms reduce to AX.
The last important magnetization contribution in the Hamiltonian is due to the squared

action of the magnetization operator M. This is of second order in field and can be written

M M [eo]] = (@)ZPN { [77+ ([éow‘igl] Agt — [éow‘igl} Aéjl) aAgm} A

4
— P (|20 AT | AT = [0, AT] AT ) Al | Afm |+ HC
_ (%) oy {[Ps ([e0. P AP P_AR) P AE"] P_ A ety Byng By |
= [quBqu

c.  Computation of —h (g9 (x)) The form for the diagonalized Hamiltonian given in

(first equat) is taken from [2I]. As explained in this paper the computation of the energy

h

and in particular of the term —3 (g0 (x)) has to be performed by assuming a certain kind

of symmetrization for the various expressions, that is a way to order the powers of R and
K in expressions as gq. Its value is in fact the track of the initial choice of symmetrization
in the diagonalization process. Let us remark first, that since at the lowest order (that is
zeroth order in h), only £ (x) mixes R and K, the term —2 (g, (x)) will reduce to —2 (¢ (x)).
Second, and more importantly, let us stress that the final Hamiltonian is independent of this

ordering, but this last one is necessary to give a precise meaning to each expression. The

h

bracket term —3 (&9 (x)) has in fact to counterbalance different choices of symmetrization

and provide ultimately the same diagonalized Hamiltonian.
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Concerning the choice of symmetrization between the canonical variables R and K a
symmetric form in R and K is in general chosen, such as putting the powers of K half
on the left and half to the right. An other choice is a complete symmetrization in R and
K, that is permuting this to variables in all monomials, all permutations being equally
weighted. However, both this type of symmetrization does not fit here since the relevant
variable is IT= K — eA (R). We thus have rather to consider a symmetrization in the gauge
invariant variable IT.  We will compute —2 (£, (x)) in two cases that might be relevant for
the applications, depending on the problem at stake.

Assume first for £ (x) a completely symmetrized form in the powers of components of I1I.
That is, we will consider & (x) written as a series of terms of the kind W[, TT, IT;, ...
symmetrized in the indices ¢;. This form corresponds in fact to the most general one, not
taking into account any spatial symmetry for the problem

The (.) operation defined in [21] has been recalled in the first section and can be computed
explicitly for &y, in the following way :

Start with Witt2is-inT[, T1, T1,,...IT; , W42 heing a completely symmetrized tensor.

Applying the rule given in the first section, the contribution of this term to —2 (&, (x))
is obtained by deriving (that is removing) by some momentum components II;, II; and

inserting Vg, A% One gets for this contribution :

—ze—Z\Iﬂm in [H“ I, Vg, AL, 0L T, —Hil...ﬂik...Hil_IVRilAikHilH...Hin]

where the hat recalls that the variable is omitted from the series. Let move the gradient of

the potential half on the left and half on the right to gather them by pair. We thus have :

h T N
—ieq W I Vi, AR Tl L, — T 0T 0, Vi, AZkHZlH...Hin]

A o _
= —ie—z\lﬂlw'”ln _Hh i1 |:sz Alk VR”A%] H,k+1H,lH,n]

_h ivig..in | ~ ;
_'_Zeg Z\I] 122...1n -Hllnlk i1 |:VR A k VRZLA k] Hil+1"'Hin:|

h? . . A A
tex . Vi, | Vi A% + Vi, A% Tyl 01, 01 T

k<p<l

h? . . A A
= +6§ Z VRiP [VR”A% +VRilAlki| H“H%H%H”HZ

k<p<l

n
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the last equality is obtained since Wii-in is completely symmetric so that the contribution
of Vg, A% — Vg, A vanishes.
As a consequence one has :

—g (€0 (x)) = %h (Bksjik) Vi, Vii,€o + contributions proportional to V (VA" + V; A7)

As a consequence, with our initial choice of symmetrization, —2 (y (x)) contains only
symmetric contributions. However, as we explained in the previous section, since by con-
struction ultimately ¢ (X) has to depend only on IT and B (since B appears as the com-
mutators of the components of IT), this symmetric contribution has to find its counterpart
in our previous development of the energy operator. This counterpart is automatically the
contributions we discarded before.

However, we can at this point explain a bit more how this works. Roughly, in the
diagonalization process, the Bracket of the energy enters in two ways in our method since
basically the trick to obtain the diagonalized Hamiltonian is to add and subtract (¢, (x))
(see [R1]], or more explicitly the differential equation in [I4]) to two different quantities that
do not contain any symmetric term .

The first way comes from developing

Ea (Xaera + an) - Ua (Xa) HO (XCM) Uonr (XCV)
= Ua (Xaera + an) HO (Xaera + an) U+ (Xaera + an) - Ua (Xa) HO (Xa) UO—:— (Xa)

«

This term, yields all the relevant contributions to the diagonalized Hamiltonian we derived
before. However, due to our initial choice of canonical variables R, K, the series expansion
of (UHoU™) led us also to some contributions proportional to V (V;A* + V,;A7). They arise
because the Bracket operation isolates non physical terms such V;A’. When we recombined
them to get magnetic field contributions the V (V;A’ + V,; A7) appeared.

The second way comes from developing
— [Ea (Xa+da + an) — &a (Xaera)]

that will yield the contribution — (&, (x)) including its symmetric contributions. But since
Uy (X,) Hy (X)) Ut (X,,) and &, (Xatdo) can be written in terms including only physical
variables R and IT (both the energy operator and diagonalization process are assumed to

depend on these variables), the symmetric contributions of these two terms come only from



36

Us Xotda +dXo) Hy (Xorda + dXo) U (Xatda + dXo) — €6 (Xatda + dX4), and as such
cancel by construction.

As a check, one can see that, typically, the contribution arising from (UH,U™") were
proportional to V;V,V,U+V, (VA + V;47) &, (x) o AV, AV, (V; A + V; A7) which is
exactly the kind of symmetric terms we were left with while computing the magnetization
term. But precisely these contributions are by construction equal to those produced by
B (e (x)) (since UHoU™ = g (x)). As a consequence, —2 (&, (x)) acts in fact as a compen-
sation term, and the overall terms in V (V;A’ 4+ V; A7) is constrained to cancel whatever
the form of the Hamiltonian or the Berry phases.

As a consequence of this discussion, we can neglect the symmetric term and keep definitely

for the choice of full symmetrization on the momentum components :

However, the choice of symmetrizing all powers of the momentum Il does not fit when
the system presents some symmetries. The Basic example is the Dirac Hamiltonian
satisfying rotational invariance, but one can also consider fermi surfaces having some
ellipsoidal form. In that case a natural choice of symmetrization can be done with respect
to some or several quadratic forms in the momentum of the kind II; A“TI; (typically for
the Dirac case A¥ = §V). To inspect this case, we will thus compute —2 (&, (x)) when
€0 (x) is written as a series expansion of products and powers of such quadratic forms
I;AYTL;. To do so, we develop &;(x) as a symmetrized series of monomial terms of the
kind C (X)'II; (Q)I1; (Y)! D. The (X)" and (Y)’ being shortcut for IT;A% and II;BY
with AY and B% some quadratic forms arising in the expansion. C, D, (Q) are arbitrary.
Note at this point that implicitly, (X)'II; (Q)TI,; (Y')’ has to be considered as part of a
sum of four symmetric terms obtained by permuting (X)’ and II,, II; and (V) that is
OO I (@)L (vY + T (X) (@)L, (V) + (%) TL (@) (V) T, + 11, (X)' (@) (v)/ I, .

For the sake of simplicity we only keep (X)'II; (Q) I1; (Y)Y, the symmetrization being

implicit and we skip the terms C' and D that play no role in the sequel. (X)'II; (Q)TI; (Y

h

contributes to —% (& (x)) by deriving (that is removing) II; II; and inserting V;A" (the
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sums over the indices 4,5 is understood):
Lo () V41 Q) (V) — (X) (Q) 7,4 (v))
= Len ((X) VA (@ () — (X) Q) Vi (v))
We can gather the potential terms by putting them half to the left of ) and half to the right

of Q. We can thus write this term at order h? (which is enough for us here given our order

of approximation)

Len ((X) V,4° Q) () — (X)/(Q) Vi (v))

= RO (@ BV + Sh(X) B (@) (V)

1 ) . X . 1 ) . ) )
—geh2vl (VA" + VA7) (X)' 'V, (Q) (V) + Zeif (X)'Vi(Q) (Y)Y V, (VA + VA7)
To the order A2, the terms %4 (X)' (Q) e/ By (V) + £h(X)" e/ B, (Q) (Y)’, once summed
over the symmetric monomials, involve all the possible permutations of /% B, inside the

series expansion of the second derivative of £;. As a consequence, we can write :

—g (€0 (x)) = %h (Bksjik) Vi, Vii,€o + contributions proportional to V (VA" + V; A7)

As explained just before, it is understood that By, is inserted in a completely symmetric way
inside the series expansion of Vi, Vi, &y (that is cyclically permuted inside the series).
Moreover, we can again discard the symmetric terms V (VA" + V,; A7).

We thus have with this choice of symmetrization :

h . ie . R
—5 <€0 (X)> = gh (BkEJ k) VHiijEO

We will conclude this section by obtaining a developer form for %eh (Bkej““) Vi, Vi éo. It
is performed by going back to its series expansion. Let us assume in a first time that &, is a
function of II? only (rotational invariance), so that we can choose a natural symmetrization
to express g (x) as a power series of IT2.

The sum of monomials of the kind
CHO(X)' (@) By (VY D+ “ShC (X)' B (@) (V) D
can be written (we now reintroduce our implicit permutations that let By to be half on the
left and half on the right of (X)* and (Y)?) :
i—zhcnigﬂ’ka (Q)IL;D + i—éhcm (Q) e* B, I1; D

+%eﬂ'ik3khcni (Q)ILD + i—ZhCHi (Q)IL;e"™ B, D
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Letting move the magnetic field half to the left and half to the right yields to the order A?
yields :
1€ hCTLE™ B, (Q)TLD + “her, 7k By 11, D
16 i€ k (Q) 7 + 16 7 (Q){—: k1l
e e ik
+1—6€] ByhC1IL; (Q) I1;D + 1—6hCH¢ (Q) 1L’ By D

+(V x B) .n§h20<Q) D
Concentrate on the first term. One has

5jikBk%€h [CTL; (Q) IL;D + C11,; (Q) I; D] + %h [CTL; (Q)TL; D + CTL,; (Q) I1; D] €7 By,

= aﬁkBk%eh [CTL; (Q)TL;D — CT1,; (Q) I1; D]
to the order A%. Now,
gﬂ’ka%eh [CTL; (Q)T; D — CT1,; (Q) I1; D]
= %ehC (Q) [0, T1;] D™ B,
+%ehcm [(Q),11,] D' By, — %ehCHj [(Q),11;] D™ By,

Summing over the symmetric monomials of the series expansion of &; , each of this commu-
tator will yield a corresponding contribution to —2 (&y (x)). The first commutator will yield

the contribution :

%hc (Q) 11, I1,) De7* B, = grﬁc (Q) D (7 By’
1 e2 ,
= é%f‘ﬂ (€9%By) 4 (Vi) &

e2

= S0 (B%) (Vi)* &0
the global % amounts for the fact that given our conventions the derivative with respect to
I1; are always on the left of the derivatives with respect to II;. This implies a % factor each
Vi, Vi, term. We have also used the fact that given the rotational invariance (Vm)2 and
(Vi,)? can be replaced by 4 (Vi2)?. Actually the commutator [IT;, IT,] amounts for taking

twice the derivative with respect to II; and II; (times €7*By,) and twice the derivative with
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respect to II; and II; yield each a contribution proportional to V2. On the other hand the
second commutator will lead to the contribution :

ie ijk 1e? 2 e A\ _jik ilm
+ShCIL (11, Q) DV By, — S—h ( Vi 2 (Vi) go> clik B eimp,

2
= Z_SHQ <(BQ) 2V Vi, (Vire)* 40 — BV, B Vi, 2 (Vie) go>

with the implicit convention, recalled by the ’, and implied by construction and the defini-
tions of (Q), II;, II;), that a factor IT? that has been derived by Vi, will not be derived
again by Vi, (the same convention applying of course for Vi Vi ). Similarly Vi Vi,
means that a power of IT? is not derived twice by II;.

The reason for the global % factor is the same as before, the derivatives with respect to
II; being on the left of the derivatives with respect to II;. A % factor has also arisen from
the fact that the derivative with respect to II; has to be taken between the derivatives with
respect to II; and II;. Due to the symmetrization of the variables, it amounts for only one
third of the derivative with respect to II;.

Similarly, the last term will give :
ie jik e oo A\ gk ljm
—ghcnj [(Q), 1] DeP* B, — Eh (Vi Vi, (Vi) &) €7" Bre"™ By,

2
_ Z_8h2 ((32) 2V, Vin, (Vi2)* €0 — BeViy, B Vi, 2 (Vi) go>

with the same convention as before for the derivatives.
Ultimately, we compute similarly the contribution :
(V x B) .H%hQC(Q) D — %gif (V x B) .I14 (V) &
= 2712 (V x B).II(Vi)? 4
Gathering all the relevant terms yields in the end :

h . e el P . , .
—5 <€0 (X)) = Eh (BQ) (VHQ)Q o + EhQ ((BQ) VHJVHJ, (VH2)2 Eo — BkakBthm (VHQ) 80)

+§h2 (V x B) II (Vi)

A direct computation shows that specializing to the case of the Dirac Hamiltonian in an
electromagnetic field, will be given in [2J].
The more general case can now be treated in a very similar way. Coming

back to the general form for the monomials, leads to consider again the monomials
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—%h(X) €75 B;, (Q) (V) — 2h(X) (Q)/™* By (Y)". Here to alleviate the notation we as-
sume again implicitly that By is put half on the left and half on the right of (X )Z and
(Y)’). the contribution to move them on the left of (X)" and the right of (V) leads to a
B (€y(x)) as before : £h*(V x B).Vn (Viz)? &y Concerning the
other terms, we recombine the monomial —%7 (X)* (Q) (Y)’ e#* By, with the corresponding

contribution +£k (Y)’ (Q) (X)€% By, (the €/ By, being implicitly half on the left and half

similar contribution to —

on the right of the expressions):

SR (@) (VY By + R (YY (@) (X) By
= —Sh [(X)'(Q ) - (Y (@ (X)'] B,
_ —gh () () = () (X)) (@B,
~Sh[(X) @] ) B+ SR [ (Q)] (X) B

As before, summing over the symmetric monomials of the series expansion of £; , each of this
commutator will yield a corresponding contribution in derivative of £y. The first commutator
in [(X) (V) — (X)) (Y)Z] is computed in the following way. The rotational invariance does
J

not exist anymore now, but (X)* and (Y')’ are still functions of II. As such they will yield

the contribution :

%h(@) () (V) = (X)) (V)] 7B,
- %%ﬁz (e9"Bi) (£ By) (Vi) (Vi) (Vi) (Vi) €0

Once again, the global % amounts for the fact that given our conventions the derivative with
respect to II; are always on the left of the derivatives with respect to II;.
Similarly, the second and third commutators will lead to the contribution :

~Ehx) (@), )] B Sh vy (@), ()] By

2
o 2_8712 (Vi Vie (Vi) - (V)] &) €75 Be'™B,,

2
€ / / 2 i nm
— 550 (Vi Vi, [(V0,) - (V)] 20) €95 Bic By,

2
- %ﬁ? ( hzvhz [(vﬂn) . (VHJ)] éO) gijkBkglntm

with again the implicit convention, recalled by the ' and implied by construction and the

definitions of (Q), (X)’, (Y)?), that the derivatives Vi, and Vi are not applied on the same
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quadratic term IT; ATI; in the series expansion of . [(Vnn) . (VH J)} is a notation to recall
that (V) (VHJ.) act both on the same quadratic term,

Gathering all the relevant terms yields ultimately for the general case :

_h
2

(0 (x)) = T=h (E7By) (£ Bu) (V) (Vi) (Vin,) (Vi) o

2
571 (Vi Vi, [(V,) - (V)] €0) € Bie™" By + < (V x B) .V (Vi) &

d. Final form for the Band Hamiltonian Gathering all the previous terms, and writing
€0 (m) as a completely symmetrized series in the powers of the momentum (in the lack of

any a priory symmetry), we have ultimately the diagonalized Hamiltonian :

Hy = &(x) +V (1) = 5 (#(x) B (o) + B (x) 1 (x)) i (x) V5, B (x) + B/iB

h2

iy

Z (‘AORZ)NM ("40 m)MN] Vr,. ViV (R)

R
h2 AOZ VRvalV (R)
+Z [50 (X)’Aom]NM ( )MN

Eom — EoN
(38)
The double scalar product B.ji.B meaning that the two index tensor p being contracted
twice with B.
e. FExample : Darwin term for the Bloch electron We now consider more specifically
what we have called the Darwin term. Its interpretation turns out to be more transparent

when B = 0, therefore we keep here only the electrostatic potential. In this case, we have
h h? _ 1

AR = AR <R+1A(Ifl, K) — e [h [ &0 . <7> {aAffllev R) + H.C.}) R+ Aﬂ

and A" = 0 as shown in [[d but at the second order we have the following contributions

and

(48, Far

oM — EON

(AK)MN - _%hQVRm Onn

showing that the non diagonal part of A¥ is non null. It will lead to a magnetization term

: the Darwin term. We can write :

2 Al VeV (R)
Vi, (AOR)PN—FMH N} +%NK( 0 >MN

5MN

N——

(), = (hAR) 2 { (af
MN 0/MN © 16 O ) mp

(), TV @) e (), T

Eop — EoN 2 Eom — Eop

Eom — EoN

~

h2
+5 (A?) MP 0Py

bip (AR) 4+ H.C.



42

and the projected variables :

2

h
(AR)N - ('AR)NN - (h'A(IJ{) MN + § <A§Z>MP VRz (AOR)PN

(A8 (40, (40),,, (480, i T
+H.C.
(4),, = 0

Therefore the Hamiltonian is :

Hy = éo(k)+V (r) + M [e)
=&+ V(r)— %ﬂ {[[é0, AS™] (X Kn]] — [[é0, [X Kn)] A™]} + H.C.

with :
X =[,&)]". (P {%Agﬁvmv (R) + H.C.})

which reduces to

. 1 l
Hy = b+ V) +5 |2 (A5") (AT x| Vi ViV (R)
Ry
e (),
+3 20 (%), AG™ | yas E— + H.C. (39)

This is an interaction in second derivative of the potential, Darwin type.

The effective in-bands Hamiltonian Eq. (B§) is the desired result concerning one Bloch
electron in an external electromagnetic potential and will be very useful for the latter com-
putation of the effective Hamiltonian of several Bloch electrons in self-interaction. But at
this point it necessary to compare if it is possible with previous approaches in particular
with Blount’s one.

[ Comparison with previous results In a powerful series of paper, Blount H|[E7 de-
signed a method to derive the diagonalized Hamiltonian both for a Bloch electron in a
constant magnetic field and the Dirac electron in an arbitrary magnetic field as series ex-
pansion in powers of the fields. In both cases, at the first order in A our results coincide
with his ones. At the second order, the direct comparison for the Bloch electron is difficult
to do, since Blount’s choice of variables (the canonical ones) differs from ours. However,

the comparison in the particular case of the Dirac electron (2 bands Hamiltonian) can be

performed and will be explained in detail in [23]. The result is that, despite some important
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similarities, our results differ slightly From Blount’s ones. Actually some mistake arise in
his results due to his choice of variables, which induces wrong expressions for the Berry
curvature, and as a consequence, in the Hamiltonian. As a consistency check we have shown
in 27, that at order #, we recover the usual Foldy-Wouthuysen formula for diagonalized

Hamiltonian of the Dirac electron in an electromagnetic field. This is apparently not the

case in [P7] where the coefficient of the squared magnetic field is apparently incorrect.

IV. INTERACTING BLOCH ELECTRONS

Having found the diagonalized Hamiltonian of a one particle system, we can now focus on
the multiparticles Bloch electrons in interaction. In this context we must consider the inter-
action mediated by the Coulomb interaction. Although this last one dominates the magnetic
interactions, it is known that, for material whose electrons have a non vanishing magnetic
moment, new effects such as interaction between the moments mediated by the magnetic
field can have important effects. For this reason, we are now interested in investigating the
diagonalization of the Hamiltonian of several electrons in self-interaction through the full
electromagnetic field. However, for practical reasons and to deal with tractable formula, we

will restrict ourselves to the case of relatively small interaction.

A. Derivation of the microscopic Hamiltonian

To start , we will derive the microscopic classical Hamiltonian for this system, before
going to the quantum version. Note that the electromagnetic field will always be considered
as classical and only the particles will be treated at the quantum level. Let us introduce the
non relativistic Lagrangian of P particles self-interacting through the electromagnetic field

and moving in a periodic potential V}, which is the only external potential:
1 @ (@) @y _ 1o pw 3 3
L=5> m (RO) — v, (R®) = SR, P + [ d'sd A= [ d*vedods

Here F,, is a classical electromagnetic field whose potential is (A,A), e are the particles
charges. The current J is given by J (x)=>__ed (X — R(O‘)> R and Jy is the density of
charges, Jo =) ed (X - R(O‘)>.
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Choosing a gauge for the electromagnetic field, for example the Coulomb gauge (see [2g]

), some computations lead to write the particles and field Hamiltonian as

P
. 1 . 2
H o= Y PORO LS (R(O‘)) - / B A+ / dBredy o+ 112, + = (v % A
a=1 «

1
—5 @+ VA +V, (R@)

with II.,, the solenoidal part of the electromagnetic momentum defined by II.,, = A satis-
fying the constraint V.II,,, = 0 [2g]. P(®) is the usual canonical particle momentum. Using

also our definition for J, we are thus led to :

P 2

_ eA( ) (R( ))) 1 . 1 ; 1 2 2

H = ; (@) +§/d xe |:A0(X)JQ(X)+§Hem+§(VXA) (VA
+V, (R(“>)

P (pl _ eA(a) (R(a>))2

= Z @ —i—% /d3xeA0 (x) Z ed (X - R(a))

a=1 «

W i [nzm by [PV AF = (T 1, () (40)

Recall that V, (R ) stands for the periodic potential. Note also that, given that the particle
density is a sum of delta function centered around the particles positions, the potential
2 [ dxeAy(x) Y, b (X - R(a)> reduces to :

2

% /d3xer (x) Z e (X — R(Oé)> — Z - |R(0§ RO
a#p

«

However, we will not use this ”solved form” right now and rather keep the electromagnetic
field Ap (x) (see below).

The previous expression is desired Hamiltonian for P classical electrons in interaction
and in a periodic potential. It will be the starting point for the quantification and for the
computation of the effective in-bands Hamiltonian to the second order in A. This order is
required to determine the magnetization-magnetization interaction in the same way that the
spin-spin interaction in the Breit Hamiltonian for Dirac particles [R3. The consideration of
interacting electrons, each of them being constrained to be in a single band, will require the
Hamiltonian diagonalization and the projection on each respective band. To do so we just

have to apply the method developer for the one particle scheme.
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Remark, at this point that the Hamiltonian could be further simplified by using the
Coulomb gauge condition which allows to replace directly the potential Ag. Actually, as a
consequence of the Coulomb gauge constraint one has —V2?A, = .J;. However, for the sake
of symmetry we aim at treating the electrostatic potential as an external field, as we do for
the vector potential, and to replace it after transformation. We will explain later why this

is in fact simpler and innocuous for the final result.

B. Diagonalization process

We will now diagonalize our Hamiltonian to the second order in A as before. The space
of states acting is the tensor product of P copies of the individual spaces V = ®q=1,.. pVa
with the Hamiltonian Eq. () in which V, is the periodic potential, A is the potential
created by the other charges on charge a and v (R(O‘)) = [ d*xeAy (x)ed (X — R(O‘)> the
electrostatic potential involving the particle a.

The Hamiltonian H is diagonalized at the second order in A in a straightforward way.

Using our previous experience with the one electron, consider :
Up = ®a1..pU

Where U@ are the individual particle diagonalization matrix found in the previous section
to the first order in h. Note that this matrix do no act on the electromagnetic field, whose
integration variable z is independent from the quantum mechanical operators R(®), P(®).
This is the usual procedure for this kind of system. We first diagonalize the part of the
Hamiltonian which describes the particles dynamics and leave the electromagnetic field
untouched (see for instance Feynman’s book for this procedure [R9]). This is essential in
order to have each particle living in a particular energy band. It means that we assume here
an adiabatic process in which the electromagnetic interaction does not cause interband jump.
If we were eliminating straight the electromagnetic field in the initial Hamiltonian Eq. ([0Q)
with the help of the Maxwell equations, we would of course get an equivalent Hamiltonian
for particles only, but it would automatically mix all the energy bands. Then the possibility
to assume an adiabatic process and to project each individual particles Hamiltonian on a
specific band would be lost.

Therefore we will choose the first route and after the diagonalization one will solve the
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Maxwell equations which will determine the exact form of the particle currents. These last
ones will then be further injected into the Hamiltonian to get the final in-bands effective
Hamiltonian of the particles. Let us show how this procedure works.

From Egs. (BY) (Q) the Hamiltonian in the diagonal representation of the particles part
is thus directly :

i = 3 & (1) 4 0 () = 5 37 (1 () B () 4 B () 1 )

e «

—iF (x) .V, B® (X(O‘)) +B@ 1.B®

R( ) . .
T Z [Z ( )N@M(a) <A0 >M(a>N<a>] Vi VgV (')

o (@) R N
ﬁ2 HES ) <X) ’Ag :|N(a)M(C¥) ('AOZ ) VR%?) VR(Q)} v (r( ))
4 Z M) N (@) :
4

) ~
a €0M(a) — EoN(@

% /d% {Hgm + % /d% (V x A)? — (VAO)Q}

The notations of the previous section have been kept, adding only the superscript (a) to

label the particles in Eq. (B§). For example, x(*) = (r(®) k@) is the couple of dynamical
variables for the particle (), x(® = (R (@) 4 AN( ),K @) Aﬁiz;) and the Berry phases

A N(a))’ AK(Q) involved in these operators have been computed in the single particle section.

Notice also that N is a shorthand for the multi-index N = (N (a)) recalling that the

a=1,...P
Hamiltonian describes P particles respectively in the bands N .. .N(”) Ultimately B(® is

the field acting on particle a.

C. Effective Hamiltonian for P particles and particles currents:

Our aim is now to replace the electromagnetic field in the Hamiltonian as a function of
the dynamical variables of the particles system. We first do so by solving the Hamiltonian

equations for the electromagnetic field in the limit of relatively weak interactions.

1. Dynamics for the Electromagnetic Field

To get rid of the electromagnetic field and writing an interaction Hamiltonian for the
particles, we first focus on the vector potential and start with the Hamiltonian equation for

the electromagnetic field in the Coulomb gauge [B9] :
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A(X,t) = Hem
I s, |53 o — !
em(th) = - dy 0Y9 <X_y)+a$28$]4ﬂ|X_Y| vxva <y’t)
7: i . . -
+7_i |:Hmat7HZem (X’ t)]
:_/d3y-5ia‘53(x—}’)+ 62 : ! _vaAj(yt)
_ 0z'0xd 4w |x — y | ’
i .. 82 1 - 5
_ 3 15853 (¢ _
/d Y _5 ) (X Y) + OxioxrI 47r|x—y|_ 0AI (Xat)Hmat

where H,,,; denotes the matter part (that is excluding the free part of the electromagnetic
field Hamiltonian). Using the gauge constraints : V.Il.,, = V.A = 0. we are led to :

N 0? 1 J o
Oxidxi A |x — y|| 647 (y,t) ™

A ((x0) = — [ @ [5”‘53 (x-)

where m stands for the functional derivative with respect to A® (y,t) .

2. Explicit expression for the current

We aim now at writing a more explicit formula for the effective current

7 (y,t) = —%Hmat. To do so, we decompose H,,,; as :

Hunat = 3 Egvio (7)) + 30 (1)
_% > (u (x@) B@ (x@) 4 B@ (x®) (X)) ~ 37 ¢ (%) Vg B (x)

+B@ .B@ 4 D@

where D@ stands for the Darwin term :

n? R o
D(a) = — 1 ( m)
4 [Z <AO ) N(@) pp(@) AO M () N (o)

M ()
() R(®
E(()a) (x) ,Agm Ay’ Vo@V 4@ | v (r(a))
N(e) pp(e) Fm R
M (@) N (@)

g g
oM () ON(e)

Vi Vv (')

+h—22 H

The computation of j/(y,t) = —mHmat has to be performed carefully since the depen-

dence in the gauge field in H,,,; is intricate. We aim at computing it as a function of the
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"physical” variables r(®, 7(® and not as a function of the initial microscopic canonical vari-
ables. However, the physical variables r(®, 7(® depend on the value of the fields evaluated

at the microscopic positions and momentum.

@ — R4 AR (Rm),H(a))

7@ — 1@ 4 AR (Rm)’H(a)) x B (R™)

h W @ o a a
e Py {A?k } (AR (R, 1) x VB (R) + H.C.)

to turn this difficulty we reintroduce the variables r(®, 7(® recursively in our Berry phases.

Starting with r®, at our order of approximation and using R(® = r(® AR(a) ( (@), W(a))

r@ = RO 4 AR (p@) gl _ (Ag“”.vﬂa)) AR (@) ()

= R(a)+AR(a) (I'(a),ﬂ'(a))

(we have neglected the terms in V, e that do not appear at order h* and skipped the
index N for the sake of simplicity). We do the same thing for the momentum by start-
ing to write it as a function of k(®, r(®. Given the definition of the momentum, we
explained before that it was not given by k(® — eA (r(a)), but rather k(® — eA (r(a)) —
%Qev r. VA (R, P) Py (.Aé% LA+ ASF AR l). It was explained that this variable had a phys-
ical meaning (the subtracted term was there to compensate a non gauge invariant term).

This last term cancels one term in the Berry phase for K(®. As a consequence,

7@ = K@ _ A (r®) = K© + 4K (Rm)’H(a)) —eA (r@)

-%QGVRkVAl (R, P) Py (A A + A A )

= K@ —eA (r®) + %e VA (R) Af (RO, 1)) 4 4% (RO, T19) .4, (R™)]
LT A (R P) (P [A2] Py (4] + Py 48] Py W])

= K — A (r@) + %e [VAZ (R@) A™ (2@ 7)) 4 4™ (x() 7)) v 4, (R(O‘))]

)
-gevkaAl (R, P) (Py [Af] Py [AF] + Py [Af } P [Af])
K — cA (r®) + %e V4 (R) A" (1, 7)1+ A" (60, 7)) V.4, (R)]
+h2eVV g A (r) Ay,
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Actually, as seen on their definition, the variables 7(® and r(® depend on A ( ) Rather
than solving these circular equations where the variables of interest appear on both side as
functions of the canonical variables R, P(®) we rather unsolved the dependence of the
variables in A and keep this circularity to compute the derivatives of interest, since it will
allow to express all the results as functions of the variables r(®), 7(®),

Keeping this in mind, we start by considering a simple example that will allow to find
some general rules for the computation of the functional derivatives with respect to the
gauge potential. Let GG be a function depending on a variable z (in our context r(®, ()
depending itself on a function a of = (here the gauge field) through the relation z = f (a (x)).

We aim at computing first ; G (x) where y is an independent variable (i.e. the space
parameter in our context).

Start first with 5 ( T = 5 y)f( a(z)):

5902 ) ax:éa(:c),ax
o = G (0(@) = e (aa)

It would be wrong to conclude that Ex reduces to d (x — y) because y is an independent

variables but x is not and depends on a. One rather has to consider that a (z) is an infinite

series of composition a (z) = a (f (a (2))) = f (a (f (a (2)))) = f (a(f (a (f (a (x)))))) and s0
on. A slight functional variation of a propagates along all the series and has to be taken

into account to write symbolically the infinite series :

sa () = & [a(f(a(f(a(f(a(f(a..] = Sa(f(a(f(a(f(alf(a.. + alf(5a(f(a(f(alf(a..
+a(f(a(f(Galf(alf(a... + a(f(alf(alf(Galf(a... +a(f(a(f(a(f(a(f(Fa... + ..

where the inserted § acts solely on the a directly on its right. The variation da () can be

rewritten as :

da (r) = 6a (x) + a(f(da () + a(f(a(f(da (x)))) + a(f(a(f(a(f(0a (2))))) + ...

where now x can be seen as a frozen variable (that is not depending on a) everywhere in
the right hand side. A direct application of the chain rule yields directly :

Sa(r) N Lo 2
Sty =0 10 @) F @)+ @) @) ]

so that
S bl Y F () ()
5a(y)af—f( ())5a(y) 6 (z—y) f'( ())[1+ () f(a(z)) + (d' (z) [ (a(2)))” +
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and ultimately :

G(2) =6 (x—y) G (2) f (al2)) |1+ d (2) ' (a(2)) + (d (2) f' (a(2))" + ]

Of course, this expansion is formal, and assumed to converge. Moreover, in the sequel the

sum will always be truncated to a finite order.

We can now translate this results in our context to compute the derivative —%Hmat

since it involves only a generalization to several variables. The formula are a bit more in-

volved since the circularity depends on three variables. Actually r'® depends on 7(® through

the Berry phase, 7(® depends on A, that depends on r'®. products like a’ (z) ' (a (x)) will

be now replaced by products of three types of derivatives, dgf:), dgff), a?pév) = VA. How-
ever, a simplification arises here. Actually, since the beginning, we have assumed that the
magnetic part of the interaction between the particles is relatively weak with respect to the
electrostatic potential. We will thus assume that the current is relatively weak, and the
expansion will be performed only at the first order in the field. As a consequence, at this

order of approximation, it is useful for the sequel to note that the composition series for

sk (x() ¢) k k (n(a)) _dri®
A reduces to [51‘ + V,A (r( )) m :

Introducing the needed indices, taking into account this approximation and going to

the second order in h we are led to the following results for the various terms involved in

b .
T SAI(x,t) Hoat

6 (240w (1) + D@)

ON (@)
< 5A (x,t)
() (@)
= 0 2(@) () (a) dwj k k (. () dr (@)
==X 5 iy (e (7 D) i | [0 9 ) iy 8 e )

and

v (r(o‘)) dr'®

J

)
_ (@) — _
Lirmy O Tl m e
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and also

3 (1 () B (x) + B (x) 1 (x)) = 3 () Vi B (x)

DO | =

0 |
0A* (x,t)
+B<a>.,1.B<a>}
1 )" 9 il g
— (a) ~k (a) ()
2 ; ( dAi (]r(a)) 8w§“) (x,1) A (jr(a)) 87“;.“) (1 (x') + 2" (x) .Vg,) | B (x'¥)
X6 (x — @) + H.C.
1 o N dr ) .
+§Za: [(u (x¥) x V) . (5§’+V,AP (r@) m) 5 (x — 1)
+ (28 (x©) x Vg, V6 (x — )] ] + H.C.

—% [B (X(a)) i (X(a)) x Vo (x —iR(O‘)> -V (X — R(O‘)> X i (X(a)) B (X(O‘))]

i

These expressions involve some derivatives that are computed as follows, as directly implied
drl(a) dﬂﬁa)
A (x@) dAR(r) cover the dependence of the transformed dy-

namical variables in A’ (r(a)). Recall that they have to be computed such that in A° (r(a)),

by our previous remarks.

the r(® is frozen, so that A’ (r(a)) is seen as an ordinary, or independent variable.

Starti ith 2"
ar mg W1 dAi(l‘(o‘))

~ () L } ) )
AR which is a function of the two variables 7(® and r®. We can thus write :

the dependence in the field comes from the Berry phase of rl(a),

~ R(O‘) - Rl(cx)

~ plo)
dr® oA drl® @A™ a4l oA

AT (x@) | 9n@ dA (@) T g, dAT (r@) | §AT (r)

)
the second term in the right hand side is of order A* since a; (L) is of order A% and
T

n

drgla)
dA? (r(o‘))

is of order A. At order A® one thus has :

~ R@® ~ pl®
@ 9A™  dnl® oA

AAT(f®) ~ pr@ dA (x@) 94 (r)

- r(@®
Practically, the partial derivative %R()) with respect to the field is obtained by decom-
posing :
~ R(® ~ gl
aA ! 3A ! a () R(Ot)
: = = - AT Q>Az (@) ()
DA (r(a)) HA? (r(a)) DA (r(a)) ( N Vi@ N (I‘ iy )
pAR”

(o)
- (Vi X Vyw) Ay (@ (@)
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(@)
and ai?(R @) is carried by the following term computed previously in the one particle case :

A= S e () xvn) (47),,)
P

(B (AR ) ARG+ HC)

_%2 (; (eB. ((-A(IJ{(Q)>NP X Vr[(a))) M5PN (AR(Q))PN — H.C.) +

€op — €0N
ieh? R(® R(® R(® R(® R(® R(®)
2 ((A8) (A7), o (A7) ) = (7)< (487),, (487),,)
8 > NP PN NN NP PP PN
+H.C
(@) )
813:9(x AR( * is a two tensor whose components (7,1) is given by : oA _ z—:”kX;(a)Vk

T QAt (r(a))

= () ) (), = (), ) Al )
- (ze« ) ), S (4) e
(A7), (), ().,
() (), (A ))) o+ HC,

and the gradient acts on ¢ (X — r(a)).

(@) (@)

. . d . .

Having given some expanded formula for y Air(l @ it thus remains to compute drmy”
T «@

dA? (r(o‘)) ’
To do so, recall again that the variable r(® is "frozen” with respect to A, which is thus

thought as an independent variable. We use also our previous result on the Berry phase :

wle) = KL — A (69) + 2o [V, (R) A% 4 279,4 (RO)]
eV Va, A, (5 A,

o= HE ), (), 0 (), (4),
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Define also A,,; = dAn.s \Y (a)V (a)A ( ) +e ;4n7ivr(a)vr(a) so that one has :

dAl( (a))
) aim
T ~n(a)
_— m = N _ ARi a) — o An (oz) - Amz
e dA? (r(@) o Vi — Vi A" () 7 @) "
dr,(la)

— o ARV ) -V A (p@) g
52 vrsn) Vrgn) (I' ) dA? (r(a)> + m,t

~Rr(@)
= 0" — AR Vrsg) + A

~ plo) ~ ~ pla)
gA™ ar® 94 drl® aA™

@ dA (@) T @ o @ dA (@) T §A (1)

Rgba) ~ R&a)

- vrgs) A" (I'(a) ) X

pa™ gl oa™"
~R(@ /e
== A"V ) =V (A" (@ — Ap
i o~ Ve A" (1) ot dA! (r(@) T ox (r(@) + Am,
to our order of approximation.

We can rewrite the last equation as :

(@) R

dr(®) oA"™ @ 0A
—— |0 — eV A" (r@ =—e |6 — ARV ) =V A" (r'Y) S + A
dAP (r(@) | EV @ (r ) 87?1([)‘) €1% r{e) r{e) (r ) DA (r(@) + Am,

which is solved to the second order in A and first order in field by :

- R
1 dr ~R® aA™
AT e ARG AT (2@
cam ey~ O AN Vi = Ve AT ) 5y
o™
+-eV (Q)A (r(o‘ ) (5;‘ - ARi(a)V <a>> + Ap
87?1([)‘) u
o R(O‘)
- 0A
— 5 AR ) -V AT @) s
0; Vi = VA" (r) QA (r(@)
- R - R
6.AR oA™

+eV o A" (r) o (@
7ri T

the gradient appearing at the end of the right hand side has to be understood as acting on

the delta function & (x — r(®)) in the expression for — > stt) (ég]lv)(a) (7)) + D(O‘)).

3. Solution for the Electromagnetic Field

With the current at hand, it is now possible to find the expression for the electromagnetic

field as a function of the particles dynamical variables. However, note that in the expression
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for j (x) the electromagnetic field appears everywhere through the Berry phases and explicitly
through the magnetic field. This means that in fact reinserting j (x) in the expression for
A (x) allows only to compute this last potential perturbatively. Assuming, as before that
the current is relatively weak, the right hand side can be expanded at the first order in the
field. The expressions depending on the field can be put to the left of the Maxwell equation.

which can be now written :

[0+ 60 (x)] A (x,t) = /d3y [52‘]‘53 (x—y)+ O:E?;xj Irlx = yd 7(¥:8) a0
with :
o ML DY) g )]s
@) )
: ; %agc(:)) %i) (67 = ANV 0+ Aniaca) + % 7 fe=x)

|A=0

=D [0 () x V)6 (x = x@) + [2" (x) x VR, VO (x = )] ],

The operator /O (x) will in fact yields negligible contributions in our applications. We give
nevertheless its form in the appendix for the sake of completeness. Note that the correction
d0 (x) to the Dalembertian are of order A% due to the definition of the terms involved.

As a consequence, we can thus write for the electromagnetic field :
Al(x,t) = / Gij (x —y,t —t) P (y, t"dydt’
with :
Gij(x—y,t—t)

B 1 _ o 3o 0? 1
N /[a v 0@ Xt t)l‘s Tt G —yl| |
ij

o2

A more tractable for the effective Green function G;; (x —y,t — t’) can be found if we move
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to the Fourier transform. Actually, one can write :

— (p?> =460 (p))

. . 5@'r - pl—gr 1 507’
- /exp (ip. (x —y) —iw (t = 1)) 27;2 <5rj +53 j_(p)) dpdw

w? — 2w

/ : ~ / iDr 1
Gw@-Yﬁ—t):L/%pml@—Y%ﬁw@—ﬂ)Gw—ig)<w2 ) dpd
rJ

= /exp (ip. (x —y) —iw (t — ")) Gi; (p,w) dpdw

and the operators G(©) 60, §G are given in Fourier components by :

Gz(‘j (pw) = r;
5ir - @
60y (p) = ﬁwm’ (p)

Gij (pvw) = G( ) (p7 ) (57"] + _%

and the Fourier transform 00 (p) is given in the appendix.
Now that we have given the effective photon propagator, note that we can decompose

the vector potential at order h? at a point x :
A0 = [ Gyx— vt O) e
~ / dt'y " [ (x9) + jif (x) Vg, ] €™V, Gij (x = x (¢) ¢ — ') dt’
= / Gij (x —y,t —t)) 7(y, t)dy*dt’ — / At MmN Gy (x — x @ ()t — 1)
where /\/llef is the effective magnetization differential operator :

Ml =" [om () + i, () V] 4

a

and the current j; is given by :

() (7(@) JrD(a))

0 (2o
n=ed

[((52] - ARﬁa)Vr§a> + AJ‘JIA:OH 5 (x _ r(a))

ja (x,t)
(@) "
Ov (x) |94 " pe A" @
_ Z PO @ (5¢ — A% Vi + An,i\A:o) + DA (@) § (x —r')

In V¥ recalls that the gradient is taken with respect to the variable x.
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4. Electromagnetic part of the Hamiltonian
We can now compute the Hamiltonian for the electromagnetic field as :
1 1 1 . [ O? 92 A
R A5 | R A)’ :-1/d3d3Al t) [0V ( =5 — V? — | Al(x,t
9 / g, + 2 / Z (v X ) 9 yar (X’ ) ot2 \ + oxtoxI (X7 )
1
=3 /dygdzgdt'dt”dx?’jl(y, tGy(x—yt—1t)

5ij 8_2 - v 62 G - t— t” m t/l
X 8t2 8$‘Za$3 jm (X z, ).7 <Z7 )

1 4
3 [t ar g x0G -yt - )7 (3. 0)

where the effective propagator G (x —y,t —t') is given through its Fourier transform :

~

Gx—yt—t)= [ exp(ip. (x —y) —iw (t — 1)) Gy; (p,w) dpdw

éij (pw) = Gu(pw) [(5lm (p2 - wz) —pzpm)] Gumj (Pw)

) 160, (p) 0r — 22 Oms — P2be 160 (p)
Gi' = 527’ 5 L £ 0 m 2 m —F 53 j - =
i (Pw) < +2p w2> p? — 2 (6um (P* = w*) — piom) p?—u? i+

0ij — 5 180, (p) 0 — 57 10— BE 60, (p)

p2_w2 2p2_w2 p2_w2 2p2_w2 p2_w2

If we neglect the retardation effect, which is legitimate since we work in the non relativistic

limit, we can discard the dependence in w, so that :

G B 5ij _ p;gj 160;, (p) 5,7 — % 1 0is — % 505]‘ (P)
i (P) = p? + 92 p2 p2 + 2 p? p?

and :

1 1 o ~
g/ﬁm%+§/fﬂVxAf=§/@%ﬁﬂxﬂG@—Wﬁ@M

DO | =

5. EBlectric potential

Now, the case of the electrostatic potential is a bit peculiar. As we said before, we replace

it through the potential equation in the Coulomb gauge : V2A0 JO, so that
J Paedo () Jo (x) = 3 [ dx [ dydo (%) g o (v) = [ dx (VAo)’
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Considering v (r(o‘)) alone, one has first :
v (r@) — % / d*z (VAp)*
= /d3xeA0 (x)ed (x — (@) — %/d‘g’x (VAy)?
_ ! /d xeAy (x) ed (X—r(“))

N /d3 /dgyjo IX—y\J< )

2 Z 4 ‘r(a —r(ﬁ)‘
= —ZV @) _pl 5)

a7
where V' (r(a)—r(ﬁ)) is the usual Coulomb interaction. The same token is applied to the
derivatives of v (r(o‘)) appearing in the Hamiltonian, so that the part involving the electro-

static potential can be written :

« hz R(a) RY, a
Heee = ZU (r( )) - ZZ [Z (AOZ )N(Q)M(a) ('AO )M(a)N(a)] VR%?)VRZ(Q)U (r( ))

« « M («)

(@) R;a”] R{® (@)
fon (), A NIM) <AO M) N(@) vR&’?)VRZ(a) v ()

+7:L22H

Eonr(e) — Eon(e

o Vo SV () 1)

1 [Z (AOL ) (AO )M<a>N<a)
R EY; N(@) pp(a) B#a

R(a)] A (@) _ ()
H ). A NE@ Mm@ <AO M(@) N() VR;?)VREQ) YoraV (¥ r)

1
+1 Z (@)

a Eonre — EoN (@
We can now come back to our previous remark about the replacing the electrostatic po-
tential before or after diagonalization. Had we chosen to replace this potential before ap-
plying the diagonalization procedure would have in fact led to the same contribution to
the Band Hamiltonian. Actually, it is straightforward to check that this early replacement
would have led to consider the potential %Za V (R(a) — R(ﬁ)) in the Hamiltonian (and no

more the potential v). This expression mixing the particles at an early stage would have
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altered the diagonalization process. Actually, the diagonalization matrix wouldn’t have
been the simple tensor product of individual particles diagonalization matrices, but would
have mixed the various spaces at first order in A. The result would be, at the order h?, in
crossed contributions in the Berry phase for K(*) (not for R(®) as can directly been checked).
Namely, the Berry phase for K(® would acquire a supplementary contribution proportional

a) B Rgg)
to ngr?)ngﬁ) 257&0‘ v (R( 'R )) (AO )N(B)M(B)

for the Diagonalized Hamiltonian, this term will not contribute to the Band Hamiltonian

On - Given our generalized results

nor to the dynamical operators at order h?. This is the reason why we choose to treat the
electrostatic potential in a less rigorous, but symmetric with respect to the vector potential,

way.

6. P particles Hamiltonian

We can now gather all our results to obtain the final form for the Hamiltonian

~l& [e% 1 @ 1 « @ @ [e% [e%
Hy = Zgé]@(a) () + 52‘/(1"( ) ) — 52 (u (x(®) B® (x)) + B@ (x) (X))

«

—i* (%) .V, B (x) + B®. i.B®

h2 Rl(a) Ro
4 " (@) _ p(8)
! 4 Z (AO N(@) @) (AO >M<a>N(a) VRE?)VREQ) Z V(r r'?)
oM B7a
() AR&,?)] .ARI(Q) - B
h_2 “&o (x) Ay N (@) 0 I RV R Zﬁ;éa (r r )
! “ égﬁ(a) - éON(a)

1 A . ,
v [ G - y) P

D. Application : Hamiltonian at the lowest order

We have seen in the previous section that, due to the complexity to the Maxwell equa-
tion, the Full Hamiltonian to the order A% cannot be computed exactly but has in fact to be
computed as a power series in the current. The Formula we gave included first order cor-
rections for the Green function. Here, to give an application of our method we will neglect
these first order corrections and consider the Hamiltonian at the lowest order in current,

that is quadratic in current. We will see that it will result in a kind of generalized Breit
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Hamiltonian, including magnetization-magnetization interaction. To do so, we divide our
work in two steps. First computing the Hamiltonian without electromagnetic interaction

and second including the electromagnetic corrections.

1. Coulombian interaction

If we neglect, the magnetic interactions, three simplifications arise. First, we can cancel
all contributions to the magnetic field. Second, 111 the first order Berry phases, AO & is
null, except if a = 3. As before, we will note AO the zeroth order Berry phase, keeping
in mind there are no crossed terms. Third, the crystal momentum dynamical variables are

unchanged through the transformation. Thus k® = K. The Hamiltonian reduces thus

to :

Z S () Z V (x® — )
R( ) Re
+ ; [Z ( )N(a)M<a> (AO )M(a)N(CM)

M (@)

VRﬁ,‘f)le(a) Z 174 (r(a) _ I.(ﬁ))

B#a

(a) R£f:>] R (@) _ +(8)
€o (X) 7"40 N (@) () ("40 L) N VR%‘L")VRZ(O‘) Eﬁ;éa 4 (I' r )

+h—22 H

) A
« oM (e) EQN(e)

where the dynamical variables in that set up are given by :

with

o h?
Aiga)) = (AR) N(@)N(@) — (hAg)N(a)N(a) + ) <A§Z>N(Q)P Vg, (A(I){)PN(Q)

h2 R Rl Rl R I VRZV (R)
L) <<AO ) N peo <A0 )P(Q)N(a) + <A0 )N(a)pm) (Ao )P(‘”N(“)> Ope e Eopl@ — Eqn(@
+H.C.
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2. Electromagnetic interaction at the lowest order and magnetization-magnetization interaction

We now turn to the electromagnetic part of the interaction in our Hamiltonian for P
particles. It is found by isolating, at the second order in the current the interaction terms
particles-electromagnetic field plus the internal Field Hamiltonian.

In the non relativistic limit which is of interest for us, it takes the form :

0 (égj\;(a) (k@) + D (a)) + 220 V (2 =)

Hmagnetic = - Z € ak(a) Aj (r(a))
J

@ |A=0

A(a) «@ «@ o
1 (7 (e () 4 D) 457, v (0 x0)
—€
2 oK\ k™

AT (r@) AR (r(@)
|A=0

_ %Z (M (X(a)) _B(C“) (X(Oé)) + B(Oé) (X(Oé)) U (X)) _ ﬂk (X) .kaB(a) (X(oz)) + B(a).ﬁ.B(a)

+% /dy3dx3dtji(x, t)G (x —y) P (y,t)
Moreover, in first approximation, G (x —y) can be approximated by G (x —y) so that
5 [ W06 =) Py 0) = 5 [ a6 (x- v (3.
i 4 (x-y)i(x=y);

X— 2 A~
= [ty — iy

As seen before, the current decomposes as :
jl(y7 t) = jlz‘(ya t) + Mlef(Y7 t)glmlvg)

(we have used the fact that in the definition of the magnetization, the gradient of a delta

acts as minus a derivative) where the magnetization /\/lff and the current j; is given by :

M ) = M ()5 (3 )

= 3 [ (<) 4 i () Vi ] 8 (y — )

«

with M @) §5 the particle a individual particle magnetization, and

a@@ @m»+pw)

ON(@) . )

nily,t) = e ] e (5 - A9 +Aj,z‘>}A:05(y—I'( )
() ()

Ov () |9A™ n AR@® gA" a
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ultimately, as seen in the previous section v (r(o‘)) can be replaced by > sV (r(o‘) — r(ﬁ)).
These formula allow to derive directly the potential and the magnetic field in our approx-
imation :
r(@) (x—r(®) x—r(®)
(@) L) Ger ] e

B [x—r(@|’ M (r™) x (x —rl®)
Ax) = Z 2 |x — (@] + }X_I.(a)}Q

_ pla) ef (y(@) _ (@)
B(x):Z‘hX(X r3)+vam(r ) x (x — (@)

}X—I'(a)} ’X—r(a)’?)

«
We can now compute the various terms appearing in Hyagnetic- The first term, involving the

magnetization is given by :

530 (1 () B ) B (<) (<)) (<) T B (<) + B (<) B

= —= Z (a ( (a glmiy Gm( (ﬁ))jlj(r(ﬁ))+H_C_

a,B,0#0
_ﬂk (r(oz)) Elmiv Von Gij (r(a) _r(ﬁ)) jl(r(ﬁ)))
+ > (@) VLGE (=) 5y (e D)V, GY (x D) 51, (x)
a,B,0#0
+ Z (a) glrigimpyy v, GU (r(a _r8 )) . ( (B))
a,B,0#0

The gradient, in all these expressions and in the sequel, is understood as acting on the first

variable (here r(®).

The second relevant term is the energy of the internal magnetic field :

1 ) A
= /dygdxgﬁ(x t)Gy (x —y) J;(y. t)

2
- — Z g1 (@ G” r(@ —r @) 5, ()
2 o fans
1 : iy
£50 D0 (6) + it (1) Vi) VG (60 -2 ) 5y, (9) + HLC.
a.B,0#

1
-5 E L (r(a Irigimpyy N7 Go (X —Y) ftm (r(ﬁ))
a7ﬁ7a#6
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We gather these two contributions to get :
_Z Z ( x(@) B@ (x() + B (x©) (X)> — i (x) V5, B@ (x) + B B

1 .
+s / Ay et (x, 66 (x = y) 7 (3, )

1
- - S @)GE (1 —x @) 55 ()

a 5 a#f
+ Z pu (') MmN,V ,GE (x — y) o (£17)
a,B,a#3
X )G () ()0, G (1) 5
a,B,a#3

The last term of interest for us, can be developer in the following way :

A(a) k(@ D@ V (r® — B
Y. ( ( Egvi (K@) + ) + X2V (x ' )) AT (@)
o |A=0

(a)
Ok,

1, (7 ( Eone (K™) + Dm)) + YppaV (£ —x)
+=e
Ok ok,

) AT (r(@) AF (r@)
|A=0

& (29 (k@) 4 D
« «@ 1 ON(Q) 1 «@ «
= - E ]1(1“( ))A(r( ))+§6 ( ( ) )> A (r( ))Ak(r( ))
|A=0

Ok Ok}

= = Y ®)GE (@ ®) 5, (x)

a,B,a#p3
_% [ Z (m (I‘(a)) +i (r(a)) v ) Imixg — (yij (r(a —rl ))]1 ( ( ) +H.C
a,B,a#3
92 (2@ (k@) 1 ple
+162 ( ( EoN(@ ( ) + )) AJ (r(oz)) Ak (r(a))
2 Ok ok
J k |A=0

The first equality is implied by construction of 7, (r(o‘)) since this last quantity was precisely

(&, (K@) +D@)+ V(r(@)_p(8)
defined as Za e ( N (o )( ) >(Q)Z@¢Q (I‘ r ) '
Ok o
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We can now use the following facts :

GO (X - y) = D) |X _ y‘
(X —y);

elmiVmGéj (x—y) = ¥ 3
x — ]|

. ) o — UV sy (x — y)
Elrigimiy VG (x — y) = X7y

x -y’

Reintroducing the effective individual magnetization operator as :
Mef(@) (r(a)) = u (r(a)) + pF (r(a)) v

one can rewrite ultimately at the order h? :

. 71 (2®). (00— (3)) 3y (68 (£ —x(®)
(r( )) Jq (r(ﬁ)) + (@) —x ()]

2 ‘r(a)_r(ﬁ)‘

Hmagnetic = 9
B

1 (r(a)_r(ﬁ))
1 efl) (T 7TT) @Y\ LHC.
+2§5[M (!r<a>—r<ﬁ>3xﬁ(r )) e

MET@) (2(0) _p@) MeFB) (r(0) ()
|p(e) —r(5) |2

Mef(@) pqef(B) _ 3 — %ﬁMef(a).Mef(ﬁ)g (r(a)_r(ﬁ))

1
3 (;6 |p(e) —r(®) ‘3

(@) _p(8) (@)_(8)
(e w ~ () (@) s
> (‘hl(r )X\rm)_r(ﬁ)ﬁ)'“(r )'<\r<a>_r<ﬁ>‘3x‘7“(r )

ot B,a7y,B87y
1 (r®). () 2 ®) (2(2) —x ()

n(r®) - 2 (@) _p(8)
1 |p(@) (3| ef(a) (r —r )
+C%2 2 |r(@—r®)| M . }r(a)_r(ﬂ)‘?’
J
7 (£)y (K1) + D)
X
Ok Ok,
(@) (r(@) _pB)) () _(B)
n (r(Oé)) _-71< ) ( r(a)ir(ﬁ?(Q ) r(a)_r(ﬁ)
% | | +Mef(oz) % ( )
2 |r(@—r®)| |p(@) —r(®) ‘3

k

Note here that the double scalar product involving the 2 tensor ﬂ(r(a)) is performed on each

of its indices separately.
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The interpretation of the various terms can done by comparison to the very similar Breit
Hamiltonian for the Dirac electron. Given the current is decomposed in two parts due to the
velocity of the particles and their magnetization, the magnetic part of the Hamiltonian is
mainly a current-current interaction. The first term is the usual current-current interaction
involving 7; (r(“)) only, whereas the second term mixing 7; (r(o‘)) and the magnetization of
other particles is a magnetization-orbit coupling between different particles. This interaction
is formally similar to the spin-orbit interaction term, except that here we are here in a non
relativistic context, and that the magnetization arise as a band phenomenon. The third
term is for the magnetization-magnetization interaction term which is formally similar to
the spin-spin interaction term. The two last terms are new with respect to the usual Breit
Hamiltonian. The fourth one is again a magnetization orbit coupling but of higher order,
since it involves triples of particles. The last term is a correction to the energy due to the
development to the second order of the free energy. It is a shift of the individual particles
energy operator due to the field created by other particles. It should be present in the Breit
Hamiltonian but is in fact neglected while considering the quantum field derivation of this
last one since it is of order higher than - for the Dirac case ( [B0)).

3. Full Hamiltonian

Since our development was in the second order in the currents we can simply gather

the magnetic part and the electric part of the Hamiltonian to obtain ultimately the full P
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particles Hamiltonian :

~lo 6] 1 (0%
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! (£ 1)

- ef(e) o \° = /) (8)
+2§J<M D) e e

f<a> ( (a)_r(ﬁ))MEf(B)_(r(a)_r(ﬁ))
|r(@) —r(®) |2

Mef@) pqefd) _ gM

— 8T A (@) MeFO)§ (ple) ()

oy ‘r(a)_r(ﬁ)‘B
o (@ —® (@
+2 ). (\rm) r® ‘)3 Xi(x) x (@) —p(®) % 25 ()
o - -
o ]l(r(a)),(r(a)_r(ﬁ))(r(a)_r(ﬁ))
L[ (@) - REEwETL et o g EO=T?)
+@;§ 2 (@ —r®] + X k’r(a)_r(,@)’3
J
2 (5., (k) + D)
X
Ok oKy
(£ (). () ) (rle) ()

|p(@) x| (r(a)_r(ﬁ))

|p(@) —p(®) ‘3

ef(a)
2 [r@ )| + MEE XV

with :
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Recall at that point that we have performed a development in currents (or field) to the lowest
order. As such in all our expression the electromagnetic field is set to 0. As a consequence,
the variables k(®, r(® are computed with A = 0.

The dynamical variables are thus given by :

ry) = R@ 4 AR

k) = K@

Apart from the magnetic part of the Hamiltonian, already discussed, we have included the
usual electrostatic part, as well as the Darwin term, which is analogous to the eponymous
term in the Breit Hamiltonian. Note however that this term in our context is not only a
contact term (i.e. of Dirac delta type) since its form depends ultimately on the form of the
Berry phases that depend on the structure of the system at stake.

Let us also remark ultimately that the expansion performed, is different from the one
chosen in [B{] to derive the Breit Hamiltonian. Actually, the derivation of this last one

1

through the context of quantum field involves a power expansion in --, which is in fact

performed at the second order.

V. CONCLUSION

The diagonalization of the Hamiltonian for a Bloch electron in a magnetic field is an old
problem is solid state physics initiated principally by Blount [H], who developed a general
procedure for the removal of the interband matrix elements based on a asymptotic series
expansion in the fields strength. In this way, the actual effective one-band Hamiltonian was
obtained to the second order in the magnetic field. In this paper,we came back, in a way, to
this old problem, but by trying instead to derive an in-band Hamiltonian as a series expansion
in the Planck constant. A first attempt in this direction was done when we provided a
procedure at order A for an arbitrary matrix valued Hamiltonian [[J]. This method resulted
in an effective diagonal Hamiltonian in terms of gauge-covariant but noncanonical, actually
noncommutative, coordinates. It has also revealed that a generalized Peierls substitution
taking into account a Berry phase term must be considered for the semiclassical treatment of
electrons in a magnetic field 5. In particular, the Bohr-Sommerfeld quantization condition

when reformulated in terms of the generalized Peierls substitution leads to a modification of
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the semiclassical quantization rules as well as to a generalization of the cross-sectional area
derived by Roth [[J]. Soon later, the semiclassical diagonalization was extended to any order,
when we developed another method of diagonalization where i was considered as a running
parameter. This method allowed us to solve formally the problem in terms of a differential
equation for the diagonal Hamiltonian with respect to Planck constant A, which could, in
principle, be solved recursively by a series expansion in A [[4]. As an example, the energy
spectrum of a Bloch electron in an electric field was derived to all order in A. However, in
the presence of a magnetic field, the differential approach beyond the semiclassical turned
out to be very complicated.

In this paper, we solved the Hamiltonian diagonalization for a Bloch electron in an
electromagnetic field to the second order in A by applying a radically different procedure,
which was recently developed and provides a general diagonal expression for any kind of
matrix valued Hamiltonian [21]] (this diagonal expression is also solution of the differential
equation of [[4]). The main advantage of our method with respect to Blount’s procedure
is obviously that our result is valid even in the presence of strong external electromagnetic
fields. But a second important advantage with an expansion in A is that it allows us to
consider particles in interaction. Indeed, although the removal of the interband matrix
elements to the second order in A for a Bloch electron is important in itself, the principal
objective of this paper was the determination of the effective Hamiltonian of interacting
Bloch electrons living in different energy bands. As we have shown, even if the electrostatic
interaction dominates the magnetic one, effects like magnetic moment-moment interaction
mediated by the magnetic part of the full electromagnetic interaction requires a computation
to second order in A. Comparison with other methods is difficult because to our knowledge
other results for interacting Bloch electrons do not exist. Nevertheless because of the strong
analogy with the Dirac equation it is possible to try a comparison with the Breit Hamiltonian
for the Dirac electrons [R3]. As for Breit, we found that the electronic current is made
of two contributions: one comes from the velocity and the other is a magnetic moment
current similar to the spin current for Dirac [B]. It is this last one which is responsible
for the magnetic moment-moment interaction similar to the spin-spin interaction for Dirac.
Another important interaction revealed by our approach is the moment-orbit coupling by
analogy with the spin-orbit one. From the results of this paper, our goal in the future is to

consider the physical relevance of interactions bringing into play magnetic moments.
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VI. APPENDIX

Since  the  right hand  side of  the Maxwell ~ equation  involves

— [ By 696 (x = y) + 50

0
*Qxd 4r|x— y|:| 5AI(y,t)

H,.e the operator 00 (x) acts on A (x,t)

as

500 At == 3 [ |55 e ) 5o o] 500 A )

where the operator 0, (x) is obtained by isolating in %Hmat the linear term in the

T SAT

electromagnetic potential. Collecting the relevant terms yields directly :

(o)
an (r(a)) a ARJ
-2 @ @
« 7 n
ga"™ o™ ga™” dAu.
R(¥
Ve oAy | Ve e T e Ve | A ey Ve Vi
o (r®) A"
v (r (@) n (@)
e} = (B ANV |V ( (0 - A Vr%)>)] e
@ J
1 dr'® ) ar'®
1 (0) ( (@) j J (@)} o 7k (@) (@)
2;B (X ) dAZ(I‘( ))a ()( ) dAi(ra)a(oz) (M(X )+M (X) VRkB (X ))
1 A"
4= | (0 (x9) x V) | .47 (5) (o7 - A%"v m))) 5 (x — 1)
272 )
1 [0 [0 (e} (e} [0 (0]
—3 [B(x( )) ,u( ( )) ><V5( R )> —V5( — R( )> ><,u(x( )) B(X( ))]Z
5 5
H,, A +B@ ;.B(
(20 5A, (%) ) TR



69

The Fourier transform of this operator is straightforwardly obtained as being equal to :
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