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AROUND SOLOMON’S DESCENT ALGEBRAS

C. BONNAFE & G. PFEIFFER

ABSTRACT. We study different problems related to the Solomon’s descent al-
gebra X(W) of a finite Coxeter group (W,S): positive elements, morphisms
between descent algebras, Loewy length... One of the main result is that, if
W is irreducible and if the longest element is central, then the Loewy length

of (W) is equal to [%W

INTRODUCTION

Let (W, S) be a finite Coxeter system. The descent algebra (W) of the finite
Coxeter group W is a subalgebra of the group algebra QW with a basis {zs :
I C S}, where 7 is the sum in QW of the distinguished coset representatives of
the parabolic subgroup Wy in W. It is a non-commutative preimage of the ring of
parabolic permutation characters of W, with respect to the homomorphism 6 which
associates to xy the permutation character of W on the cosets of Wr. Solomon [E]
discovered it as the real reason why the sign character of W is a linear combination
of parabolic permutation characters. He also showed that Ker# is the radical of
S(W).

The special case where W is the symmetric group on n points, i.e., a Coxeter
group of type A, _1, has received particular attention. This type of descent algebra
occurs as the dual of the Hopf algebra of quasi-symmetric functions. Atkinson [@]
has determined the Loewy length of X (V) in this case.

For general W, the descent algebra has been further studied as an interesting
object in its own right. Bergeron, Bergeron, Howlett and Taylor [] have con-
structed explicit idempotents, decomposing ¥(W) into projective indecomposable
modules. Recently, Blessenohl, Hohlweg and Schocker [ could show that 6
satisfies the remarkable symmetry 6(z)(y) = 0(y)(x) for all 2,y € Z(W).

The main purpose of this article is to determine the Loewy length of X (W) for
all types of irreducible finite Coxeter groups W. With the exception of type D,, n
odd, this is done through a case by case analysis, using computer calculations with
CHEVIE [ for the exceptional types, in the final Section 5. Our results show
in particular, that if W is irreducible and if the longest element wy is central in W

5]

then the Loewy length of (W) is exactly {7w, whereas in the other cases, it lies

5]

between [7—‘ and |S|. Moreover, in Section 3, we study ideals generated by ele-

ments of X1 (W), the set of non-negative linear combinations of the basis elements
xr of ¥(W), and show that the minimal polynomial of an element of X (W) is
square-free. Section 4 deals with various types of homomorphisms between descent
algebras, some restriction morphisms and one type related to self-opposed subsets.
A restriction morphism between the descent algebra of type B, and the descent
algebra of type D,, is also defined. Section 2 sets the scene in terms of a finite
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Coxeter group W and a length-preserving automorphism o. The general object of
interest is (W), the subalgebra of fixed points of o in Z(W).

REMARK - If W, is a Weyl group of type B, there exists an extension X!, of the
descent algebra X(W,,) which was defined by Mantaci and Reutenauer [@] and
studied by Hohlweg and the first author [BH]. In [B], the first author investigates
similar problems for this algebra (restriction morphisms, positive elements, Loewy
series...): for instance, X! has Loewy length n.

ACKNOWLEDGEMENT - Some of the research leading to this paper was carried out
when the authors were visiting the Centre Interfacultaire Bernoulli at the EPFL in
Lausanne, Switzerland. They would like to express their gratitude for the Institute’s
hospitality.

1. NOTATION, PRELIMINARIES

1.A. General notation. If X is a set, P(X) denotes the set of subsets of X and
P#(X) denotes the set of proper subsets of X. If k € Z, we denote by P¢ (X)
the set of subsets I of X such that |I| < k. The group algebra of a group G over Q
is denoted by QG. If G is a finite group, let Irr G denote the set of its (ordinary)
irreducible characters over C. The Grothendieck group of the category of finite
dimensional CG-modules is identified naturally with the free Z-module Z Irr G and
we set QIrrG = Q®z ZIrr G. If A is a finite dimensional Q-algebra, we denote by
Rad A its radical. If a € A, the centralizer of a in A is denoted by Z4(a). The set
of irreducible characters of A is denoted by Irr A.

1.B. Cozeter groups. Let (W,S) be a finite Coxeter group. Let £ : W — N be
the length function attached to S and let < denote the Bruhat-Chevalley order
on W. Let wy denote the longest element of W. If I € P(S), let W; denote the
subgroup of W generated by I. Recall that (W7, I) is a Coxeter group. The trivial
character of Wi is denoted by 1;. A parabolic subgroup of W is a subgroup of W
which is conjugate to some Wi.

1.C. Solomon descent algebra. If I C S, we set
Xi={weW |Vsel, ws>w}.
Recall that an element w € W lies in X7 if and only if w(A;) C ®T. Let
rr = Z w € QW.
weXy

Let

YXW)= @& Qzy <C QW
IeP(S)

If F is a subset of P(S), we set

E}‘(W) = I?}_@Z‘[.

In particular, ¥pg)(W) = X(W). Let 0 : X(W) — QIrr W be the unique linear
map such that 6(x;) = Ind%} 17 for every I C S. Let (&1)7ep(s) denote the Q-basis
of Homg(X(W), Q) dual to (x1);ep(s). In other words,

T = Z &r(x)xy
IeP(S)

for every x € N(W). If s € S, we write x5 (resp. &) for xg, (resp. {r4y) for
simplification.
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If I and J are two subsets of S, we set
Xry= (X[)_l NXjy.

We write I = J if there exists w € W such that J = ™I (or, equivalently, if
W and W; are conjugate subgroups of W). The relation = is an equivalence
relation on P(S) and we denote by A the set of equivalence classes for this relation:
it parametrizes the W-conjugacy classes of parabolic subgroups of W. We still
denote by C the order relation on A induced by inclusion. Let A : P(S) — A be
the canonical surjection. We can now recall the following result of Solomon [E]

Solomon’s Theorem. With the previous notation, we have:
(a) If I and J are two subsets of S, then

Trxry = E xd*l[ﬂ]

deXry
(b) Z(W) is a unitary sub-Q-algebra of QW .
c ( — QIrr W is a morphism of Q-algebras.

) %

(c) 0:

(d) K Z@ [*:CJ
)RadE(W) Ker#.

E(W) is called Solomon’s descent algebra of W. If I, J and K are three subsets
of S, we set

Xk ={d e X1y | dilIﬁJ: K}.

Then, Solomon’s Theorem (a) can be restated as follows:

(1.1) Trxryg = Z |X[JK|.TK.
KeP(S)

1.D. Simple 3 (W)-modules. The intersection of two parabolic subgroups of W
is a parabolic subgroup. Therefore, if w € W, we define W(w) to be the minimal
parabolic subgroup of W containing w. We denote by A(w) € A the parameter of
its conjugacy class. The map

A:W —A

is constant on conjugacy classes and is surjective: indeed, if A € A, if I € A\, and if
¢ is a Coxeter element of Wy, then A(c) = A. The inverse image of A € A in W is
denoted by C(\). Tt is a union of conjugacy classes of W.

IfAe A let 7y : B(W) - Q, z — 0(z)(w), where w € C(\). Recall that 0(x) is
a Q-linear combination of permutation characters, so 6(z)(w) lies in Q. Moreover,
7x does not depend on the choice of w in C(A), and is a morphism of algebras. Also,
the map

7: A — IrX(W)

A T
is bijective. By definition, if w € W and x € (W), then
(1.2) TA(w) (@) = 0(z)(w).
Finally, recall that
(1.3) TA(‘]) (:L'[) = |X[.].]|.
It follows that
(1.4) rxy — Taw ()2 € Lps gy (W)

for every x € L(W).
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2. AUTOMORPHISMS OF COXETER GROUPS

2.A. General case. We fix in this section an automorphism ¢ of W such that
o(S) = S. Since £ oo = ¢, o induces an automorphism of 3(W) which is still
denoted by o. The subalgebra of fixed points of ¢ in 3(W) is denoted by Z(W)7.

Lemma 2.1. Let A be a sub-Q-algebra of Z(W). Then Rad A = AN Rad X (W).

Proof. Let I = ANRadX(W). Since (W) is basic (i.e., all its simple modules
are of dimension 1), Rad X(W) is exactly the set of nilpotent elements of X (V).
Therefore, Rad A C Rad X(W). In particular, Rad A C I. Moreover, I is a two-
sided nilpotent ideal of A. So I C Rad A and we are done. O

Corollary 2.2. Rad(2(W)?) = (Rad E(W))U.

The automorphism o acts on P(S) and this action induces an action of o on A.
The set of g-orbits in A is denoted by A/o. It is easily checked that
(2.3) moo =T,

for every A € A. In particular, if we denote by 77 the restriction of 7y to 3(W)7,
then

(2.4) 7‘;\7 = Tg(A)'

It is also clear that 7¢ is an irreducible character of X(W)7.

Proposition 2.5. The map A — Irr(E(W)U), A — 75 induces a bijection Ao ~
Irr (S(W)?).

Proof. By Corollary @ and since Q has characteristic 0, € induces an isomorphism
of algebras

S(W)7/Rad(S(W)7) ~ (Im ).
So we have a natural bijection between Irr Z(W)? and Irr(Im §)7. If X € A, let ey
be the idempotent of Imé such that (Im6)ey is a simple X (W)-module affording
7. Then

Imb = & Qey
AEA
and o(ex) = ex(x). So,

moy = & Q> e

QeA/o AeQ

This completes the proof of the proposition. O

2.B. Action of wg. Let o¢ denote the automorphism of W induced by conjugation
by wo, the longest element of W. Then 0¢(S) = S, so og induces an automorphism
of X(W). Of course, we have

(2.6) EW)? = Zsw)(wo).

Let us introduce another classical basis of X(W). If w € W, we set
R(w) ={s €S| ws>w}.

Then

(2.7) R(wow) = S\ R(w).

If J € P(S), we set
Yy ={weW|R(w)=J}

and Yy = Z w e QW.
weYy
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Then
(2'8) Ty = Z Y7,

IcJ

so ys € (W) and (ys)sep(s)_is a Q-basis of ¥(W). Note that ys = {1} and
Yo = {wo}, so wy € L(W). By .4, we have

(2.9) YoYs = WolYJ = Ys\J-
The centrality of wy can be characterized by the invertibilty of the elements y .

Proposition 2.10. The longest element wq is central in W if and only if y; is
invertible for all J € P(S).

Proof. Clearly x € (W) is invertible if and only if 0 ¢ {0(z)(w) : w € W}
Moreover, wg € Wy unless I = S. And by Mobius inversion,

Yy = Z(,l)IIIfI-IIzI:szL Z (—=)HI=1lg,.

IDJ IeP#(S):JCI

Suppose wy is central in W. Then wy € Ny (W) for all I € P(S) and the index
|Nw (Wr) : Wil is even for I € P#(S). Let w € W. Then 6(x;)(w), which is a
multiple of |Nw (Wy) : Wi|, is even for I € P#(S). And 6(y,s)(w), which is the
sum of £60(zr)(w) for certain I € P#(S) and §(rs)(w) = 1 is odd, in particular
not zero.

Conversely, if wg is not central in W, there is a maximal proper subset I C S
such that I*° # I. (Otherwise s“° = s for all s € S, in contradiction to wy
being non-central.) It follows that, if w is an element of the same shape as I, then
O(zr)(w) = |[Nw(Wr) : Wi| = 1. Hence yr = 2y — xg implies 0(y;)(w) =1 -1 =
0. O

If I € P(S), we set
1\ M=K
B= 3 () e
KeP(I)
Note that (z)7ep(s) is a basis of ¥(W). Using R.g, it is easily checked that

(2.11) o) = (f%)m 3 (—)ly,.

JEP(S)
Therefore, by @, we get
(2.12) wory = (=)l
So, if wy is central in W, we can improve @:
Lemma 2.13. Let I € P(S) and z € X(W)°°. Then
xx'y € Ta)(@)r] + Xp_ e (W).

Proof. Let us write
rx} = E ayx’;.
JcI

Evaluating &7 on each side, we get that oy = 7x()(z) (see [L4). Since  commutes
with wy, it follows from that ay =0 if [J| — |[I| =1 mod 2, as desired. O
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3. POSITIVITY PROPERTIES

We denote by X7 (W) the set of elements a € ¥(W) such that £7(a) > 0 for every
I € P(S). Note that z; € 1T (W) for every I € P(S). If a, b € X7 (W), then

(3.1) a+beXt(W)
and, by Solomon’s Theorem (a),
(3.2) ab € XT(W).

The aim of this section is to study properties of the elements of X (W) (ideals
generated, minimal polynomial, centralizer...).

3.A. Ideals. A subset F of P(S) is called saturated (resp. equivariantly saturated)
if, for every I € F and every I’ € P(S) such that I’ C I (resp. A(I") C A(I)), we
have I' € F. If F is equivariantly saturated, then it is saturated. If F is saturated
(resp. equivariantly saturated) then, by Solomon’s Theorem (a), Xx(W) is a left
(resp. two-sided) ideal of X(W).

EXAMPLE AND NOTATION - Then P¢ 1(S) is an equivariantly saturated subset of
P(S). Moreover, if I C S, then P(I) and P#(I) are saturated subsets of P(S). O

Proposition 3.3. Let F be a saturated subset of P(S) and let xx denote the
character of the left X(W)-module X z(W). Then

XF = Z TX(I)-

IeF
Proof. This follows immediately from B (]

If a € (W), we set
Fla)={IeP(S)|3JeP(S), (&(a) #0and I C J)}
Feq(a){I € P(S) |3 J € P(S), (&5(a) # 0 and X(I) C A(J))}.

Note that F(a) C Feq(a). Then F(a) (resp. Feq(a)) is saturated (resp. equivari-
antly saturated) and, by Solomon’s Theorem (a),

(3.4) E(W)a C Zr)(W)
and
(3.5) aX(W) C Zx,, (a)(W).

The next proposition shows that equality holds in @ whenever a € X ().
Proposition 3.6. Let a € X7 (W). Then

aX(W) = £, (a)(W).
In particular, S(W)a C aX(W).
Proof. We may, and we will, assume that a # 0. Let F = Feq(a) and Z = aX(W).
Then F is equivariantly saturated and Z C $x(W) (see B.§). Now let I € F. We

shall show by induction on |I| that x; € Z.
First, note that
aro = (3 1Xilér(@))ee
IeP(S)
so, by hypothesis, axg = mxy with m > 0. Therefore, g € Z. Now, let [ € F
and assume that, for every J € F such that |J| < |I| — 1, we have x; € Z. We want
to prove that x; € Z. Let Iy € P(S) be such that A(I) C A(Ip) and &g, (a) # 0.
By the positivity of @ and by Solomon’s Theorem (a), this shows that £;(ax) > 0.
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But azr =} jep(p) &s(azr)zy. Since axy € T and x; € T for every J € P#(I), we
get that x; € Z, as desired. O

Corollary 3.7. Let a € Xt (W). Then a is invertible in (W) if and only if
§5(&) > 0.

Corollary 3.8. Let as,..., a, € ST(W). Thena; +---+a, € X7 (W) and
aX(W)+ -+ a, X(W) = (a1 + -+ a.)Z(W).
Proof. By Proposition @, we have
aX(W) + -+ a;X(W) = Zz, (1)U - UF eq(ar) (W)
But it is clear that
Feqlar) U+ U Feqlar) = Feqlar + -+ + ar).
By applying Proposition @ toa=ai+ -+ a,, we get the desired result. [

3.B. Minimal polynomial. If a € (W), we denote by f,(T) € Q[T its minimal
polynomial. Let m, : (W) — (W), z — ax be the left multiplication by a and
let M, be the matrix of m, in the basis (x;)jep(s). The minimal polynomial of a
is equal to the minimal polynomial of the linear map m, (or of the matrix M, ). By
, M, is triangular (with respect to the order C on P(S)) and its characteristic
polynomial is
I @-mwa).
JeP(S)
In particular

(3.9) fa is split over Q.
The main result of this subsection is the following:

Proposition 3.10. Let a € XY (W). Then f, is square-free.

Proof. Before starting the proof, we gather in the next lemma some elementary
properties of elements of X (W).

Lemma 3.11. Let I, J and K be three subsets of S such that
J C K and let a € ST (W). Then:
Xk CXryand Xixkg C X177
(B) ™) (a) < ™A (a)-
(¢) If Tary (@) = Tany (@) and if £1(a) # 0, then:
(cl) X155 = Xikk-
(C2) IfJ & K, then Xixj = @.
Proof of Lemma . It is clear that X;x C X7;. Now, we have
Xixx ={d e Xix | K C % I}, so (a) follows. Now, by L3, we
have
Ta(k) (@) = Z &1(a)| X1 k|-
I€P(S)
So (b) and (cl) follow immediately from (a) and this equality.
Let us now prove (c2). So assume that 7x(x)(a) = Tacs(a), that
§1(a) 7é 0 and that X7 s 7& . Let d € Xiigy. Then d € X;;
by (a) and J = ¢ TN K C @ 'I. In other words, d € X ;.

Therefore, d € Xixx by (c1) and, since J = ¢ ' TN K, we have
J = K, as expected. O
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Let £ € Q be an eigenvalue of m,. Let F = {J € P(S) | Tacs(a) = £}. Note
that 7 # @. Since the matrix M, = (£5(azKk))k,sep(s) is triangular, it is sufficient
to show that the square matrix ({7(azk))k,jer is diagonal. So, let J and K be
two elements of F such that £;(axk) # 0. We want to show that J = K. First,
since £j(axk) # 0, we have J C K. Moreover, there exists I € P(S) such that
¢r(a) #0and Xy g # &. But, by (2), we have X175 = X1xk. Now, let d € X1k
(such a d exists by hypothesis). Then d € X;y and J =<4 TN K C ¢ 'I. In other
words, d € X775. Therefore, d € X7k and, since J = 1N K, we have J = K,
as expected. (I

Corollary 3.12. Let a € X7 (W) and let n > 1. Then a"X(W) = aX(W) and
E(W)a" = Z(W)a.

Proof. Tt is sufficient to prove this result for n = 2. If a is invertible, then the result
is clear. If a is not invertible then, by Proposition , the minimal polynomial
fa of a is divisible by T and not by T2. This shows that a € Q[a]a? = Qla]a®. So
a? € B(W)a and a? € aX% (W), as expected. O

Corollary 3.13. Let M be a X(W)-module and let xpr denote its character. Write
XM =Txn, + -+ 7Ta,, with A1,..., A € A (possibly non-distinct). Let a € LT (W)
and let £ € Q. Then

dimg Ker(a — £1dy, | M) = |{1 <i <7 | 7, (a) = &}

Proof. Indeed, if x € 3(W), then (7, (x))1 < i < » is the multiset of eigenvalues of =
in its action on M. But, by Proposition @, a acts semisimply on M. This proves
the result. O

EXAMPLE 3.14 - Consider here the left 3(1¥)-module QW , with the natural action
by left multiplication. Let y denote its character. Then it is easy and well-known
that

x(zr) = W]
for every I € P(S). Therefore,
(a) X=Y 1= Ta@):
AEA weW
Indeed, by , we have

Y A (@) = Y 0z (w) = [W(0(ar), Ls) = [W].

weWw weW
Therefore, if a € X7 (W) and € € Q, it follows from Corollary and that
(b) dimg Ker(a — {Idgw | QW) = {w € W | 0(a)(w) = ¢}. O

3.C. Centralizers. The aim of this subsection is to prove a few results on the
dimension of the centralizer of elements of ¥ (W). We first start with some easy
observation.

Let a € X(W). Let pg : X(W) — L(W),  — ax — za. Then

(3.15) Ker piq = Zsowy(a)
so that
(3.16) dimg X(W) — dimg Zs,w)(a) = dimg(Im g, ).
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Proposition 3.17. Let a € X7 (W). Then

dimg Zswy(a) = 2151 — | Foq(a)| + dimg X(W)a — dimg (Im g, N E(W)a).
In particular,

dimg Zsw) (@) < 21 = | Feqla)] + dimg S(W)a < 25 — | Foq(a)| + ().
REMARK - Recall that F(a) C Feq(a) so that the right-hand side of the above
inequality is always < 2/°I. o

Proof. Let © : aX(W) — aX(W)/%(W)a be the canonical projection. Let f :
(W) — aX(W), ¢ — ax. Then 7o f is surjective by definition. Moreover, note
that the image of p, is contained in a3 (W). By definition, wo f = wopu,. Therefore,
T O g 1s surjective. In particular,

dimg(Im p1q) = |Feq(a)| — dimg X(W)a + dimg(Im pe N E(W)a).
So the result now follows from B.16. O

ExXaMPLE 3.18 - The following example shows that the first inequality in Propo-
sition might be strict. Assume here that W = &, is of type As. Write
S ={s1, 82, 83}, with s183 = s3s1. Then

dimg Zs(w) (T{sy,55)) = 5
and 2lsl — | Feq(@(sy,501)] + dimg X(W)z gy, 5,3 = 6. O
Corollary 3.19. Let a € X7 (W) and assume that RadX(W)NX(W)a = 0. Then
dimg Zs oy (a) = 219! — | Foq(a)| + dimg S(W)a.

Proof. Since Im p, C Rad X(W), the hypothesis implies that Im p, N X(W)a = 0.
So the result follows now from Proposition . O
EXAMPLE 3.20 - Let s € S. Let C(s) denote the set of elements of S which are
conjugate to s in W and let ¢(s) = [C(s)|. Let a =} ,cc () uwe # 0 be such that
ay 2 0 for every ¢ € C(s). Then

(1) Feq(a) = C(s) U{a}.

Moreover, if t € C(s), then & (zz;) = & (va;) for every @ € S(W) (see [.J and [4).
Therefore,

(2) YS(W)a=Qad® Qrg.

In particular,

(3) Rad £(W) N S(W)a = 0.

It then follows from (1), (2), (3) and Corollary that
(4) dimg Zyw)(a) = 218l — c(s) + 1.

Note that this equality holds if a = z5. O
Corollary 3.21. Let a € XT(W) and let n > 1. Then Zyw(a") = Zsw)(a).

Proof. Since Zswy(a") C Zsw)(a), we only need to prove that the dimensions
of both centralizers are equal. First, by Corollary @., we have dimg X(W)a =
dimg X(W)a™ and dimg aX(W) = dimg a"X(W). So, by Proposition ﬁ, we only
need to prove that

(Pn) dimg(Im pgn N E(W)a) = dimg(Im pe N E(W)a).

We will show (P,) by induction on n, the case where n = 1 being trivial. So we
assume that n > 2 and that (P,—1) holds. First, note that pen(x) = apgn—1(z) +
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pa(z)a™ L. Therefore, pgn(z) € X(W)a if and only if apgn-1(z) € L(W)a. But,
by Corollary B.19, the map  : aX(W) — aX(W), u + au is an isomorphism and
stabilizes X(W)a. Therefore, apgn—1(z) € X(W)a if and only if pgn-1(x) € Z(W)a.
In other words,

Im jign N X(W)a = &~ H(Im prgn—1 N S(W)a).
This shows (P,). O

3.D. Counter-examples. In this subsection, we provide examples to show that
the different results of this section might fail if the positivity property is not satis-
fied.

e F'IRST STATEMENT OF PROPOSITION @ - Assume here that W = &3 is
of type Ay and write S = {s1,s2}. Let a = x5, — x5,. Then Rad 3 (W) = Qa.
Therefore, aX(W) = Qa # L x,, (a)(W).

e SECOND STATEMENT OF PROPOSITION B.q - Assume here that W = &, is
of type Az. Write S = {s1, 52, s3}, with s1s3 = sgs1. Let a = x5, — 5,.5,. Then
Zsy — Xs, belongs to X(W)a but does not belong to aX(WW).

e COROLLARY B.7 - Assume here that W = &3 is of type Ay and write S =
{51, 82}. Let a = x5 — x5,. Then {s(a) > 0 but a is not invertible.

e COROLLARY B.§ - Let a € ¥+ (W) be non-zero. Then aX(W) + (—a)X(W) =
aX(W) # (a+ (—a))X(W) = 0.

e PROPOSITION AND COROLLARY B.19 - Let a € Rad (W) be non-
zero. Then f,(T) = T™ for some n > 2, so f,(T) is not square-free. Moreover,
E(W)a # Z(W)a™ =0 and aX(W) # a"S(W) = 0.

o COROLLARY - Let a € RadX(W) be non-central. Then there exists
n > 2 such that a™ = 0 is central.

4. SOME MORPHISMS BETWEEN SOLOMON DESCENT ALGEBRAS

4.A. Restriction morphisms. Whenever K C S, F. Bergeron, N. Bergeron,
R.B. Howlett and D.E. Taylor have constructed a so-called restriction morphism
between Y(W) and X(Wi). They do not say that they are morphisms of algebras
but this can be deduced from some of their results , 13 and Proposition 2.6].
However, we present here a simpler proof (see Proposition @)

In this subsection, we recall the definition and the basic properties of these
restriction morphisms, and we prove some results on their image. We first need
some notation:

NoOTATION - If K C S, we denote by XX, o 0, =p, Ax, Ax
and T){( for the objects defined in Wx instead of W and which
correspond respectively to X, xr, 0, =, A, X and 7.

If K CS,let Resk : X(W) — X(Wk) denote the Q-linear map such that
Resg (xr) = Z a4

deXkr
for every I € P(S). If K € L C S, we denote by Resk : £(W) — %(Wx) the map
defined like Resg but inside Wy,. Finally, if K’ € P(S) and if d € Xk are such
that K’ = K, then the map d, : X(Wx+) — (W), z + dzd~! is well-defined
and is an isomorphism of algebras. It sends X to x5 (I € P(K")). Let us gather
in the next proposition the formal properties of the map Resg:
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Proposition 4.1. Let K € P(S). Then:
(a) If x € X(W), then xx Resk (x) = xxk.
(b) Resk is an homomorphism of algebras.
(c) If K C L C S, then Resg = Resk oResy,.
(d) The diagram

QIrWw

Resg Res%}(

0
S(Wik) ———> QIrr Wy

18 commutative.
(e) If K' € P(S) and if d € Xk are such that K’ = K, then

Resg = d, o Resg .

Proof. 1If I C K, then zxa® = x;. So the map ux : X(Wk) — S(W), 2 — zxa
is well-defined and injective. (a) follows from this observation and from Solomon’s
Theorem (a). (b) and (c) follow from (a) and from the injectivity of px (note that
Resg (1) =1). (d) is a direct consequence of the Mackey formula. Finally, we have
2 = xgd. So (e) follows again from (a) and from the injectivity of px. O

The natural map P(K) — P(S) induces amap mx : Ax — A. The next corollary
is a generalisation of @, Theorem 3.6].

Corollary 4.2. If A € Ak, then 7, (\) = T3 o Resk.

Proof. This follows from Proposition [£.1] (d). O
The Corollary [£.9 can be written as follows: if I € P(K), then

(4.3) TA(I) = Tag (1) © Resk .

The next result generalizes [B], Theorem 2.3].

Proposition 4.4. (W) = KerResx ®X(W)ax and Ker Resk is the set of © €
(W) such that xxx = 0.

Proof. By Proposition (a), we have dimg(Im Resg) = dimg X(W )z k. There-
fore,

dimg(Ker Resk ) + dimg (W)z g = dimg L(W).
Now, let € X(W) be such that zzx € KerResg. According to the previous

equality, it is sufficient to show that zzx = 0. But, by Proposition [t.1] (a), we have
that za%. = 0. By Corollary , this implies that zxx = 0. (]

Corollary 4.5. The following are equivalent:

(1) Resg is surjective.

(2) dimZ(W)ag = 2K,

(3) X(W)zr = Zpr)(W).
Proof. By Proposition [L]] (a), we have that dimg X(W)zx = dimg(ImResk). By
Solomon’s Theorem (a), we have that X(W)xx C Yp(x)(W). Moreover, note that

dimg Sp gy (W) = 2/%1. The corollary follows from Proposition .4 and these three
observations. g
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We now investigate further the image of Resg. First, let
W(K) = {w e Xxx | “K = K},
Then W(K) is a subgroup of W and
Ny (W) = W(K) x Wk.
Moreover, W(K) acts on %(Wx) by conjugation.
Proposition 4.6. TmResg C X(Wx )W K),
Proof. This follows immediately from Proposition @ (e). O

Corollary 4.7. If Resg is surjective, then the map 7 : A — A is injective and
W(K) acts trivially on Wi .

Proof. This follows immediately from Corollary @ and Proposition @ O

EXAMPLE 4.8 - Assume here that W = &,, is the symmetric group of degree
n. View &,_; as a parabolic subgroup of W. Then, by [BGR||, the restriction
morphism %(&,,) — X(&,_1) is surjective. Therefore, by Proposition [L.]] (c) and
(e), if K is a subset of S such that Wy is irreducible, then Res is surjective.
Moreover, the map 7 is injective if and only if Wy is irreducible. So we have
shown that, if W is irreducible of type A, then Resg is surjective if and only if g
is injective. O
EXAMPLES 4.9 - Let W be irreducible of exceptional type. Let n = |S|. We
write S = {s1, s2,..., s, } following the convention of Bourbaki [BbK, Planches I-
IX]. For simplification, we denote by i1z .. .1 the subset {s;,, si,,...,s;, } of S (for
instance, 134 stands for {s1, s3, s4}). Then, computations using CHEVIE show that:
(a) If W is of type Eg, F7, Es, G2 or Hs, then Resg is surjective if and only
if |[K| € {0,1,|S]}.
(b) If W is of type Fy, then Resk is surjective if and only if K belongs to
{1234,123,234,13,14,23,24,1,2,3,4, &}
(¢) If W is of type Hy, then Resk is surjective if and only if K belongs to
{1234,123,1,2,3,4,2}. O

REMARK - The examples [l. show that the converse of Corollary [t.7 is not true
in general. O

We will see in the next subsection some other examples of restriction morphisms
(groups of type B or D) and some results concerning their images.

4.B. Type B, type D: another restriction morphism. We shall investigate
here some properties of X(W) whenever W is of type B or D. We fix in this
subsection a natural number n > 1. Let (W,,S,) be a Coxeter group of type B,.
We write S,, = {t, 51, $2,...,8,—1} in such a way that the Dynkin diagram of W,
is

t s1 S2 Sp—1

Let sy = tsit, S, = {s1,s1,82,...,8n—1} and W] =< S/ >. Then (W}, S]) is a
Weyl group of type D,,: its Dynkin diagram is

/
S1 S9 S3 Sn—1
51
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Recall that W, =<t > xW/. So X,, = {1,t} is the set of minimal length coset
representatives of W, /W/. We set x, = 1+t € QW,,. Note that conjugacy by
t induces the unique non-trivial automorphism of W, which stabilizes S),: this
automorphism will be denoted by o,,. If I C S/, or if I C S,, we denote by W;
the subgroup of W,, generated by I. It is a standard parabolic subgroup of W), or
of W, and it might be a parabolic subgroup of both. If I C S/, we still denote
by X IS" the set of w € W, such that w has minimal length in wW; and we set
xf” = ZweXf" w € QW,,. Therefore, if I C S},

S/
(4.10) P = (14t
If I C S,, then it is easy to check that
(4.11) Wrn W,; = WWIQS;L and Wi n W,,/L = W"WIQS;L-
Moreover, if t & I, then
(4.12) Wrn WTIL =W; and tW[ n WTIL = W.;.
We set
Xin=XNnX;"!
and o
S, _ n
Res, z7™ = Z T g € S(W)).
deX1 n
In other words, by and ,
S! .
n ftel,
(4.13) Res, zn = "Wins,
"t +x ifteglI.

This can be extended by linearity to a map Res,, : X(W,,) — X(W},). This map
shares with the restriction morphisms many properties:
Proposition 4.14. With the above notation, we have:
(a) If x € X(W,,), then x, Res,(z) = zx,.
(b) Res,, is an homomorphism of algebras.
(c) Res?? oRes, = Res,_10 Resgzil.
)

n—1
(d) The diagram

b
X(W,) —— = QInr W,

W,
Res, Resy,”

9/

(W) i QIrr W),

15 commutative.

(e) ImRes,, = X(W,)7.
Proof. (a) Let I C S,,. We want to prove that 27" (14t) = (1+1) Resn(z}g;). First,
assume that ¢ ¢ I. Then Wi C W/ . Therefore, xf” =1+ t)z}g" Consequently,
2 (14+1) = (1402 (1+1)
= z}g;‘ + tz}g;‘ + xf;t + txf;t
= (1+0)(@ +air)
= (1+t)Resy(z7),
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as desired. Now, assume that ¢t € I. Then X,, = {1,¢} is a set of minimal length
coset representatives of Wr/(Wy N W), ). Therefore xf” T, = zﬁ}”ms, = znxa}}ms/ ,

as expected (note that the last equality follows from .

(b) First, note that Res, (1) = Resn(zgz) = xgé = 1 by definition. The fact that
Resp(zy) = Resy(x) Resy (y) for all z, y € 3(W,) follows immediately from (a) and
from the fact that the map u, : QW) — QW,, = — x,x is injective.

(c) follows also from (a) and from the fact x”z%,l = xgzilscn,l.

(d) follows from the Mackey formula for tensor product of induced characters.

(e) This follows easily from [.13. O

We conclude this subsection by two examples where the image of the restriction
map Resk is computed explicitly. The first one concerns type B (see Proposition
[.14) while the second one concerns the type D (see Corollary [.16).

Proposition 4.15. The map Res?:il : 2(W,) — B(W,—1) is surjective.
Proof. We have

Xg:,l = {Sisi+1 .. Sn—1 | 1 < 7 g n}

H {SiSifl...Sltslsg...Snfl | nggnfl}

Therefore, if d € W, and ifi € {1,2,...,n—1} are such that d=! € Xg:,lv ds; > d,
and ds;d~! € S,,_1, then
(*) dSid71 € {Si, Sifl}.
We define a total order < on P(S,—1). Let I and J be two subsets of S,,_1. Then
we write I < J if and only if one of the following two conditions are satisfied:
(1) 1] <[]

(2) |I| = |J| and I is smaller than J for the lexicographic order on

P(Sp—1) induced by the order t < 51 < +++ < 85,1 0N Sy _1.

It follows immediately from (x) that
Resg:i1 x5 € oa_]zfj"’l + Z Qz}g"’l
I<J

with ooy > 0 (for every J € P(S,—1)). The proof of the proposition is complete. [

Corollary 4.16. The image of the map Resgé :N(W)) — B(W/)_,) is equal to
257

Proof. This follows from Proposition (c) and (e) and from Proposition .15, O

REMARK 4.17 - If n is odd, then o,, = 09, the automorphism of X(W) induced
by conjugation by the longest element of W},. O

4.C. Self-opposed subsets. A subset K of S is called self-opposed if, for every
w € W such that YK C S, we have YK = K.

In this subsection, we fix a self-opposed subset K of S. If s € S\ K, we set
wr,s = wgusywk (here, if I is a subset of S, wr denotes the longest element of
Wr). Then, since K is self-opposed, we have wg s € W(K). Now, if I is a subset
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of S containing K, we set I(K) = {wg,, | s € I\ K}. Then (see for instance [[GH,
Remark 2.3.5])

(4.18) (W(K),S(K)) is a finite Coxeter group.
NOTATION - We denote by X}K), ng), A (k) and A(g) the objects
defined like X, 27, A or A but inside W (K).

Let ¢ : X(W) — L(W(K)) be the linear map such that

(K)

)T if K C 1,
xr =
V() {0 otherwise,

for every subset I of S.

Proposition 4.19. Assume K is self-opposed in S. Let I,J,L C S be such that
(K) _
K Q I, J,L. Then XI(K)J(K)L(K) = X]JL.

Proof. First note that, if [ k) is the length function of W (K) with respect to S(K)
then, for any s € S\ K, we have that I(ws) > [(w) if and only if [ x)(wwk,s) >
l(x)(w) (see [, Theorem 5.9]). It follows that Xy(?() = X ;NW(K) for every subset
J of S containing K. Moreover, Wy = W;NW(K).

Let d € Xj5p for some L C S containing K. Then K C L C I¢ implies
d € W(K). Also Wi N Wy = Wy, implies Wik o, N W) = (Wy W ()N W, N

W(K) = W,nW(K) = W), whence X1 € X| 3 sy for all K C L C 8.

Equality follows from that fact that Xg;())J(K) = X;;NW(K) is both the disjoint

union of the sets X%(Ig)J(K)L(K) with K C L C S and the disjoint union of the sets

X]JLWItthLgS O

Theorem 4.20. If K is a self-opposed subset of S, then ¥k is a surjective homo-
morphism of algebras.

Proof. The surjectivity of ¢k is clear from the definition. Also, ¥k (1) = Yk (xs) =
Ts(x) = 1. Let us now prove that ¢k is respects the multiplication. Let I, J be
two subsets of S. We want to prove that

(%) Uk (@rwy) = Pr (@)K ().
Assume first that I (or J) does not contain K. Then i (xr)Yx(zs) = 0. Let

d € Xys. If K is contained in dilIﬂJ, then K is contained in J or 9K is contained
in I C S, so K is contained in I or in J, which is impossible. So ¥k (z;z;) = 0.
Assume now that both I and J contain K. Then

Yrc(ermg) = Y Xl 20
KCLCS

In this case, () follows from Proposition [L.19. O

EXAMPLE 4.21 - Assume here that W is of type B, and keep the notation of
the proof of Proposition [t.15. Then {t} is a self-opposed subset of S and W ({t})
is of type Bj—1. So Theorem gives another surjective morphism between
the Solomon algebra of type B, and the Solomon algebra of type B,_;. This
homomorphism does not coincide with the one constructed in Proposition . O

EXAMPLE 4.22 - Assume here that (W, S) is of type E7 and assume that S =
{s; | 1 <4< 7} is numbered as in [Bbk, Planche VI|. In other words, the Dynkin
diagram of W is:



16 C. BONNAFE & G. PFEIFFER

S1 S7

S3 S4 S5 S6
O O i O O O

52

Let K = {s9,585,57}. Then K is self-opposed and W (K) is of type Fy. So Theorem
realizes the Solomon algebra of type Fy as a quotient of the Solomon algebra
of type E7. O

If I is a subset of S(K), we denote by wi (I) the unique subset A of S containing
K such that A(K) = I. Then the map wg : P(S(K)) — P(S) induces a map
@k : Mgy — A (indeed, by the definition of W (K), if I and .J are two subsets of
S(K) and if w € W(K) is such that I = J, then Ywg(I) = wk(J)). Then, if
I C S(K), we have, by [L.4],

_
(4.23) @ (1) = Tagey (1) © VK-

We close this subsection by showing that the morphisms Resy, and ¢k are com-
patible. More precisely, let L be a subset of S containing K. Then K is self-opposed
for W, and Wy, (K) is the parabolic subgroup of W(K) generated by L(K). Let
Yk B(WL) — (WL (K)) be the morphism defined like 5 but inside W,. Then
the diagram

sw) — Y5 s ()
(4.24) ReSL ResL(K)
’I/JL
S(Wr) K »(Wi(K))

is commutative. Indeed, if T is a subset of L containing K, we have i (x;) =
Tr(K) = J:L(K)wf((xf). In other words, Yk (zrrx) = xL(K)z/JI%(x) for every = €
Y(WL). So the commutativity of follows from Proposition i1 (a) and from
routine computations.

5. LOEWY LENGTH OF % (W)

The Loewy length of a finite dimensional algebra A is the smallest natural number
k > 1 such that (Rad A)* = 0. We denote by LL(WW) the Loewy length of X(W). If
o is an automorphism of W such that o(S) = S, we denote by LL(W, o) the Loewy
length of X(W)?. By Corollary @, we have

(5.1) LL(W,0) < LL(W).
By Solomon’s Theorem (e), LL(W) is the smallest natural number k& > 1 such that
(Ker 0)* = 0.

5.A. Upper bound. Let us start with an easy observation (recall that oy denotes
the automorphism of W induced by conjugacy by wo):
Lemma 5.2. Let k > 0. Then:

(a) (Ker).Zp(W) C Zp_1(W).
(b) (Ker§)70 .S (W) C Spo(W).
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Proof. Let J € P(S) be such that |J| <k and let x € Ker. Then 75 (z) = 0.
By [.4 we then have zz; € %1 (W), whence (a). If moreover z € (Ker )7°, then
za'; € X_o(W) by Lemma P.13. This shows (b). O

REMARK - It is not true in general that X5 (W).(Ker 0) C Xx_1(W). O

Corollary 5.3. We have:
(a) LL(W) < |9].

(b) LL(W, 00) < 2L

Proof. (a) We have Kerf) C X5 _1(W) and Kerf N Xo(W) = 0 (see Solomon’s
Theorem (d)). So, by Lemma b.9 (a), we have (Ker 6)1°l = 0.

(b) By Lemma p.9 (b), we have (Ker6)?® C %g_o(W) and (Ker§)™)" c
Ys|—2-(W) for every r > 0. This shows (b). O

EXAMPLE 5.4 - It is a classical result [[A], Corollary 3.5] that, if W is of type
Ay, then LL(W) = n. In this case, we also have LL(W,00) = {g—‘ Indeed,

let | = LL(W,00). By Corollary .4 (b), we have I < {g—‘ On the other hand,
let @ = 2, . 601} = T{ss,....sn}> Where S = {51, 82,...,8,} is numbered such that
(sisi11) = 1foreveryi € {1,2,...,n—1}. Then, by @, Proof of Corollary 3.5], we
have a € Rad (W) and a"~! # 0. In particular, (a2)[n771] # 0. But, og(a) = —a,
so o9(a?) = a?. Therefore, by Corollary P.3, we have a?> € Rad(S(W)?°). So
1> [g—‘, as desired. O

5.B. Type B. We keep the notation of subsection @ The aim of this subsection
is to prove the next proposition:
n

Proposition 5.5. If n > 1, then LL(W,,) = [gw

Proof. By Corollary . (b), we have LL(W,,) < {g—‘ Now, let r = VLT} It is
sufficient to find aq,..., a, € Rad X(W,,) such that a,...a; # 0.
F1<i<j<n—1,weset [i,j] = {s;,sit1,...,8;}. f1<i<r, weset
A = T[2i—1,n—2] — L[2i,n—1]-

Then a; € Rad X(W,,). We shall show that a,...a; #0. If 1 <1 < r, we set

2i—1

(26 —1
T, = Z(—l)f < J > z[j+1,n—2i+j]'

§=0
We will show by induction on 7 that
(P;) ai...a1 € QX1 + X, 051 (Wy,).

Note that, if (P,) is proved, then the proposition is complete. Now, (P;) holds
since a1 = 71. So, let i € {2,3,...,r} and assume that (P;_1) holds. By Lemma
B.9 (b), there exists three elements o, 3 and  of Q such that

@iT[j4+1,n—2(i—1)+5]
€ QT[j11,n—2i+j] T BTlj12,n—2i+j+1] T VT[j4+3,n-2i+j+2]
+ Xn—2i-1(W)
for every j € {1,2,...2¢ — 1}. The fact that a, 8 and v do not depend on j
follows from the fact that there exists w € X[j11 n—2(i—1)4j),[j'+1,n—2(i—1)+4/] Such
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that “[j'+1,n—2(i— 1)+ 4] =[j+1,n—2(i — 1) + j]. In particular, we have
Tj41,n—2(i—1)4+4]W = T[j'+1,n—2(i—1)+4/]- Since a; € Kerf, we have a +  + v = 0.
Also,

Lli+1,n=2(>i=1)+4]WOW[j+1,n—2(i=1)+j] = T[i+1,n-2(i-1)+j]
Therefore, « = 7. In other words,

Qi T[j41,n—2(i—1)+7]
€ aT[jg1,n—2i4j] — 2T[j+2,n—2i4j+1] T T[j+3,n—2i+j+2])
+ Xp_2i—1(W).

Hence, by the induction hypothesis, by Lemma @ (b) and by usual properties of
binomial coefficients, we have

a;...a1 € QXQTZ' + Zn,gi,l(Wn).

So it remains to show that
a #0.

For this, consider the case where j = 2¢ — 3 and write
T[2i—1,n—2]T[2i—2,n—1] = OT[2—2,n—3] T+ b$[2i717n72] + CT[2i n—1]

and T(2in—1]T[2i-2,n—1] = dT[2i—2,n—3] T €T[2i—1,n—2] T [T[2in—1]
with a, b, ¢, d, e and f in Q. We then have b—e = —2«. Since b # 0, it is sufficient
to show that e = 0. In other words, we need to prove the following lemma:

Lemma 5.6. Ifd S X[Q’L’,nfl],[QifQ,nfl]) then dil[Q'L', n— 1] # [2Z —
1,n—2].

Proof of Lemma @ We identify W,, with the group of permuta-
tions o of E = {+1,+2,...,4+n} such that o(—k) = —o(k) for
every k € E (t corresponds to the transposition (—1,1) while s
corresponds to (k,k + 1)(=k,—k —1)). If d € X[3,_2 1), then
d is increasing on {2i — 2,2i — 1,...,n — 2,n — 1}. If moreover
472 m—1] = [2i — 1,n — 2] (in other words, if 4[2i — 1,n — 2] =
[2i,n—1]), then d({2i —1,2i,...,n—1}) C {£2i, £(2i+1), - -+n}
and d has constant sign on {2i — 1,2¢,...,n — 1}. Two cases may
occur:

o If d(2i—1) > 0, then, since d has constant sign and is increasing
on {2i — 1,2i,...,n — 1}, we have d(n — 1) = n. But this is
impossible since d(n) > d(n — 1).

e If d(2i — 1) < 0, then, by the same argument, we have d(2i —
1) = —n. But this is again impossible since d(2i—2) < d(2i—1). O

The proof of (P;) and of the proposition is now complete. O

REMARK 5.7 - Assume here that W is of type Ba,+1, r > 1 and let 7, denote
the element of (W) defined in the proof of Proposition . Computations using
CHEVIE show that the following question has a positive answer for m € {1,2, 3}:

Question: Is it true that (Ker6)” = Q7.7 O

5.C. Type D. The following result is an easy consequence of Proposition @ (and
its proof) and of the existence of the homomorphism of algebras Res,,.

Corollary 5.8. Ifn > 1, then LL(W/, 0,) = {g—‘
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Proof. Let [ be the Loewy length of X(W/ ). Keep the notation of the proof of
Proposition .. Let a} = Res,, a;. Then, by Proposition (b) and (e), we have
a; € RadX(W) ) and a, ...a1 = aRes, 7, where o # 0. But, it is clear from the
definition of Res,, that Res, 7 #0. Soal....a} #0. Sol >r+1.

The fact that [ < 7 + 1 follows from Propositions . and (e). O

Corollary 5.9. Let n > 3. Then:
(a) Ifn is even, then LL(W)) = [n—l

2
(b) Ifn is odd, then LL(W)) > nt 3.

Proof. By Proposition (e),
(%) Res,, (Rad £(W,)) = Rad S(W)?" = (Rad S(W))7".

So (a) follows from (x), from Corollary f.3 and from Corollary f.§.

Let us now prove (b). Write n = 2r + 1 and keep the notation of the proof of
Corollary @ Let @ = (g sy 50} = T{s1,52,...,52,}- AN easy computation shows
that

allx{sl,SQ ..... Sor} S all + EP#({sl,SQ ..... S2r}) (W)

But, by the equalities (3) and (4) of the proof of Proposition and by Lemma
B.4 (b), we have o, .. 02X p# ({s1,52,....50,}) (W) = 0. Therefore,

Op ... 0'156{81,82,___752T} = 0r...01.
SINCe Ty sy, .. 50,3 = T{sy,s2,...,52,} & Where d = wyy jwo, we get that
Op...016=0p...0901(1 —d).

Therefore, o, ...01a # 0 (indeed, the coefficient of x,; is non-zero). But, a € Ker6
because [S] is odd. So LL(W3,., ) > 7+ 2, as desired. O

5.D. Lower bound. The aim of this subsection is to prove the following result:

Proposition 5.10. If W is irreducible, then LL(W) > LL(W, o) > [g—‘
Proof. By @, we only need to prove the second inequality. The proof of this
proposition will proceed by a case-by-case analysis. First, the exceptional groups
can be treated by using CHEVIE (see the Table given at the end of this paper). If W
is of type A, then this follows from Example @ If |S| = 2, then there is nothing
to prove. If W is of type B, this follows from Proposition @ If W is of type D,
this follows from Corollary @ The proof is complete. (]

The next result follows from Corollary E and Proposition

S
Corollary 5.11. If W is irreducible, then LL(W, 0¢) = [|—2|—‘

Corollary 5.12. If W is irreducible and wyq is central in W, then LL(W) = "@—‘ .
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5.E. Conclusion. The next table gives the known Loewy lengths of the algebras
Y(W)e for W irreducible and o is a length-preserving automorphism of W.

| Type of W | o(0) || IA/o| | LL(W,0) | do.di,da, ...
Ap 1 p(n) n
n
2 p(n) bw
n
B |1 2 #0) 51
2n—2
Ds, 1|l p(n) +p@2n)+ > p(r) n
o0
(n>2) 2 p(2n) + Z p(r) n
22:702
Dopy1 1 p(2n) + Z p(r) >n+2®
22:—02
(n>2) 2 p(2n) + Y p(r) n+1
D, 1 11T_0 2 16,5
2 9 2 12,3
3 7 2 8,1
Eg 1 17 5 64,47,28,12,3
2 17 3 40,23,5
Er 1 32 4 128,96, 34,2
B 1 41 4 256,215,106, 14
F, 1 12 2 16,4
2 2 10,2
Hs 1 6 2 8,2
H, 1 10 2 16,6
L(2m) 1 4 1 4
2 3 1 3
L(2m+1)| 1 3 2 4,1
2 3 1 3

The exceptional groups are obtained by using CHEVIE. Type A is mainly due to
Atkinson [@, Corollary 3.5] (see Example F.4). Types B and D are done in this
paper (except for the type Dap41). Dihedral groups are easy. It must be noticed
that the inequality (x) is an equality for n = 2 or 3. We suspect it is always an
equality. 4

In this table, d; denotes the dimension of (Rad(X(W)?))". These numbers are
not given for infinite series of type A, B or D. Note that dy = dim X(W)? and
that |A/o| = do — dy1. We denote by p(n) the number of partitions of n. We denote
by o(c) the order of o: it characterizes the conjugacy class of ¢ in the group of
automorphism of W stabilizing S.
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