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Abstract

In the present paper we compare the theory of mixtures based on Rational
Thermomechanics with the one obtained by HAMILTON principle. We prove that
the two theories coincide in the adiabatic case when the action is constructed with
the intrinsic Lagrangian. In the complete thermodynamical case we show that
we have also coincidence in the case of low temperature when the second sound
phenomena arises for superfluid Helium and crystals.

1 Introduction

The first mathematical model of homogeneous mixture of fluids in the context of Rational
Thermodynamics was due to TRUESDELL [[. The compatibility with the second prin-
ciple of thermodynamics was well established by MULLER in the framework of classical
mechanics [f] and by HUTTER and MULLER in relativity [f].

In the framework of binary mixture of EULER fluids, DREYER [{, f] was able to revisit
the well known LANDAU model of superfluidity [f, []. The second sound phenomena in
the case of liquid He IT is now well explained from a macroscopic point of view. Recently
RUGGERI [§] observed that a mixture of two EULER fluids can be regarded as a single heat
conducting fluid. This result is advantageous to explain the second sound phenomena of
crystals with the same model than for superfluid helium.

A different approach was given by GAVRILYUK et al, [J], GAVRILYUK and GoOUIN [0,
[[7]. They consider a variational approach to describe two-velocity effects in homogeneous
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mixtures: a Lagrangian of the system is chosen as a difference of the kinetic energy of the
two constituents and a volumic potential which is Galilean invariant depending on the
relative velocity of components. The equation of motions of the two components are not
in balance form (in fact they are in balance form in Lagrangian variables associated with
each component). Nevertheless, the momentum and the energy equations for the total
mixture are in the clasical balance form.

The present work compares the previous approaches and proves that the two theories
coincide in the mechanical case when the Hamiltonian action is constructed with the
intrinsic Lagrangian, i.e. does not depend on the relative velocity. Such is the case with
the Lagrangian considered by GOUIN in [[[J. In the thermodynamical case we prove
also the coincidence in the case of low temperature and we obtain a complete agreement
between the two approaches and the superfluid model considered first by LANDAU.

2 The Binary Mixtures of Euler Fluids

The thermodynamics of a homogeneous mixture of n constituents is well codified as a
branch of Extended Thermodynamics [[[3]. It is based on the metaphysical principles
of TRUESDELL [1] which postulates the same balance laws of a single fluid for simple
mixtures.

2.1 The Balance System

The equations of balance of mass, momentum and energy of the constituents read as
follows

0
gg +div (p,ve) = Ta,
apava :
5 T div (p,Va®V, — t,) = m,, (a=1,2,...n), (1)

0(3pat2+puza) (/1
By + div 5%% + Do €a ) Va —taVe + Ao ¢ = €.

These equations have the same form as the balance equations for a single body, except

for the non-zero right hand sides which represent the production of masses, momenta and

energies. These productions are due to interaction between the different constituents. Of

course, since the total mass, momentum and energy of the total mixture is conserved, we

must have . "
> 7.=0, > m, =0, > e, =0.
a=1 a=1

where p,, Va4, €4, ta, d, are the mass density, velocity, internal energy, stress and heat flux
respectively of the a-component of the mixture.



If we sum the equations ([l]) over all constituents and introduce

the density p=>_ p,, the velocity v =>_ Pa v, (2)
a=1 a=1

the diffusion velocity u, = v, — v, (3)

the stress tensor t = (t, — p,u.Qu,), (4)

a=1

the intrinsic energy density pe; = > p,eq, (5)
: : 1 & 2

the internal energy density  pe = pe; + 5 > paus, (6)

a=1
- 1
and the heat flux q =) {qa + pa(ea + éuz)ua - taua} : (7)

a=1

we obtain for the total mixture:

The balance mass

% 4 (pv) =0 ©)
The balance equation of momentum
dpv
gt +div(pvev—t)=0, 9)
The balance of energy
O (Lpv? + pe 1
%+div{(§pv2+pe)v—tv+q} = 0. (10)

Note that equations (§, [, [(J) have the same form as those for a single fluid. Moreover in

1
equation ([[() for the balance of energy we observe that the total kinetic energy is 5 pv?

is not the sum of the kinetic energy of the components. In fact we have

1

—p’U Z pa a o Z Pl Z

By analogy with the intrinsic internal energy we call intrinsic kinetic energy the expression
1 & 9

== v
2 C;L pa a

As we consider a single absolute temperature 7', the aim of extended thermodynamics for
fluid mixtures is the determination of the 4n + 1 fields :

mass densities Pa
velocities \D (a=1,2,...n).
temperature T



To determinate these fields we need an appropriate number of equations. They are based
on the equations for each constituent of balance of mass ([[);, momentum (f); and con-
servation of energy of the total mixture ([[0).

2.2 The Equations of Binary Mixture of Euler Fluids

We consider a binary mixture of EULER fluids, i.e. fluids that are neither viscous nor
heat-conducting :
q. =0, t, = —pal, (a=1,2).

Instead of the mass and momentum balance laws for the second component, we use the
equivalent equations of total conservation for mass and momentum. Therefore, associated
with the 9 unknown fields (py, py, V1, V2, T'), we have the 9 balance equations:

dp .
N +div(pv) =0

0 .
—gtl +div (pyv1) =71

a/.;V+div(pv®v—t):0 (11)
ot
Ipyvi

ot

+ div (p1V1®V1 + plI) = 1y

0 (Lpv? + pe 1
%+div{<§p02+pe)v—tv +q}:O

with

a3

1 2
P, <5a + éua> +pa} Uy,
2
(

t=— Z pI+p,u,®u,), (12)
a=1
2
b= Zpow
a=1

2.3 The Entropy Principle and Thermodynamical Restrictions

The compatibility between the system ([l) and the entropy principle expresses in the form

(%S +div {pSv + ¥} >0, (13)



which yields several restrictions on the constitutive equations [[J] :

pS = piSi+pySe (14)
P = pilp1, T); pa = p2(pa, T); €1 = e1lpy, T); €2 = e1(py, T) (15)
such that
b1 P2
TdSl = d81 - 3 dp17 TdSQ = d€2 - dp2 (16)
P1 2
q 1
v = T T (priyar + popipus) . (17)
where pu, = ¢, + Pa _ TS, is the chemical potential of constituent a.

a

2.4 The Mixture considered as a Single Heat conducting Fluid

RUGGERI [§] proved that it is possible to write the velocities of the two constituents in
terms of mass velocity and heat flux centers :

«a «Q
Vi=V+—q, Vy=vV--—q
P1 P2
where
1 oLy p2 1,
- g, - — 224 - . 18
- (el + o + 2u1> <€2 + ’, + 5 U2 (18)

Introducing the concentration ¢ = &, equations ([1]), and ([1]); can be written in terms
p

of p,c,v and q and the system ([[1]) becomes:

68—'.;+div(pv):0
Meriv (pev+aq) =T
ot
opv a?
BT + 1V<pV®V +p +pc(1—c) q®q> 0 (19)
d(pev+ : ?
er le{pCV@V‘F% q®q+a(v®q+q®v)+l/1}:—bq
a<%pv2+p€) 1 a2v.q
el TP 4 divd (0 Jv (oL v )af -
ot * 1V{<2pv TeErp V+<pc(1—c)+ )q}



To eliminate the index 1, we write as in [§], v = p;,7 = 71 and m; = —bq. In an
extended thermodynamic model with 9 fields, the binary mixture can be considered as a
single heat conducting fluid with a variable concentration.

Equation of evolution ([[9), is a natural extension of the CATTANEO equation for the
heat flux. Thermal inertia term « together with term v have to be interpreted as new
constitutive functions. The advantage of this procedure comes from the fact that the two
functions are now understandable in the light of mixture theory: term v plays the role of
one-component pressure while the thermal inertia term « given in ([§) is the inverse of

the difference between the non-equilibrium enthalpies of the two constituents.

2.5 The Superfluidity and Second Sound

DREYER [f] proved that the LANDAU theory of superfluidity is a particular case of simple
mixtures with the thermodynamical peculiarities :

1
Ss = 07 :us - ,un + §<Vs - Vn>2 = 07 ms = TsVs, (20)

where the indexes n and s correspond to normal and the superfluid components.

By neglecting the quadratic term in the second equation, in the small diffusion case the
two chemical potential p, and g, must be equal. Consequently, the relation pu, = p,
allows to obtain one field variable in terms of the others and it is possible to write

ps = ps(p,T)

In this case equation ([[I), evaluates the mass production value 7, and the superfluid
helium framework becomes a theory with 8 fields (i.e. the system is formed by equations

(1)1, (L), ([C@)4,(T)5 or equivalently equations ([9)1,([T9)s,([[F)4,([[H)s ).

The condition (P0); is the most complex. In fact ([1), with ([I)2 can be rewritten
(see [{] for details) :

v,

ot

This equation is in balance form only when the involutive constraint curl vy = 0 holds.
In this case the system ([[d) coincides with the Landau model [f] :

1
+V <§v§+us) + curl vy X vy = 0.

aﬁ—i +div (pv) = 0,
%jtdiv(/w@v—t) =0,
ot
(21)
ovy

1 2
ot +V(§vs+“3> =0,

0 (%pvQ + pe)

i L,
o +d1v{<§pv +p5)v—tv +q}—0.

6



Taking into account (R4), (I7) and (B0)1, the entropy law reduces to the CLAUSIUS form:

opS
% + div (pS v+ %) = 0. (22)
where the heat flux ([J); is:
1 2 2
q=pTS u, + 3 (psusuSernunun) . (23)

In the diffusion velocity we neglect the third order terms and we obtain the LANDAU
entropy law for the heat flux []. The entropy flux becomes pS v, and the entropy is
convected by the normal component
apS
P2 | div (pS v,) =0. (24)
ot
To focus on the thermal wave associated with the second sound we consider a rigid body
at rest with constant density. For the superfluid component, the system of energy and
momentum equations is :
dpe
— +divq =0,
ot 4
ov,
ot

1
+V (5'03 +MS> = 0,

with q = pT'S v,,. Such a system is in the form ([J) for a single fluid :

0
8%5 +divq=0
d(aq)
ot
The system coincides with the one deduced by RUGGERI and coworkers for the model

of second sound in crystals [[4]. Such a model explains the change of form of the initial
square thermal waves both in crystals [[4, [, [ and in the superfluid helium [I7)].

+ Vv = —bq

3 The Hamiltonian Procedure for Two-Fluid Mix-
tures

To obtain the equations of motion and energy, the procedure is the following:

Let us suppose that the mixture of two miscible fluids is well described by the two-
component velocities vy, vo, the densities p;, p, and the intrinsic internal energy 3 = pe;.
The intrinsic internal energy is a Galilean invariant and does not depend on the reference
frame. We consider the general case where 3 depends on p;, p, but also of the relative

7



velocity w = v; — vy through the norm w = |v; — vo| [f]. The intrinsic kinetic energy is

1
E.= 3 (plvf + pgvg).
Without dissipative effects, chemical reactions and with conservation of masses of the two
components, an extended form of HAMILTON principle of least action is used in the form

0l =0 with [= Ldxdt,
Wo

where the Lagrangian is L = E. — B(py, py,w), W = [to,11] X D is a time-space cylinder
and the variations must vanish on the boundary of W. The virtual motions of the mixture

are defined in [f, [L0].

From the variations of HAMILTON action, we obtain the equations of motions in the form

@(;{ta +curl ky X vy +V (g—pﬁa — % v2 + kava> =0 (a=1,2) (25)
where | 98w
k,=v, — (—1)“p—aa—w;_

The momentum conservation law is obtained by summing on a = 1,2 equation (PJ)

multiplied by p, :
9 (pyvi + pyva) N V( op o3 —ﬁ)

ot P30 ",

85W®W>:0 (26)

di - =
+ div <plvl X Vi + paVa & Va " w

0]
Additive terms come from the dependance of 3 in w and in the mechanical case pl—ﬁ +

dp,
op
pQW — 3 represents the total pressure p.
2

The conservation of energy is obtained by summing on a = 1,2 equation (Pf) multiplied
by peVa -

0 (1 1 0 _ 7] ow
e (5,011}% + épgvf + 3+ wa—f)) + div <p1V1£ +kivy + ,OQVQW + k2v2> =0. (27)
1 2

In paragraph 2, we consider the case where [ is independent of w and the entropy principle
(L5) presented in [IJ] yields 5 = pye1(py) + pec2(ps). Then, equation (R5) writes

ov, 1

8—\;+curl Vg xva+V<§ v2+,ua> =0, (a=1,2). (28)
Multiplying equation (P§) by p, straightforward calculations yield equation ([[1]); with
m, = 0. Equations (26, B7) yield equations ([[I)s, ([[1)5 and balance of mass equations



correspond to 7, =0 (a = 1,2).

A purely mechanical case is the adiabatic one and we have verified the following results :
In the adiabatic case with intrinsic Lagrangian L = E. — per difference between the in-
trinsic kinetic energy and the intrinsic internal energy per = pie1(py) + pac2(ps), the
system deduced from Hamilton principle coincides with the system coming from Rational
Thermomechanics.

4 The Hamiltonian Procedure for Superfluid Helium

In the case of a binary mixture some change must be done in the definition of wvirtual
motions presented by SERRIN in [[§. Let us consider the motion of Helium II as two
diffeomorphisms

z=M(Z), z=M,(Z,)

where z = (i) corresponds to the Eulerian variables in time-space and Z = (;&) L, =

A . : : : . .
(X" ) correspond to the Lagrangian variables associated with the barycentric motion
n

and the normal component motion of helium II. In coordinate form,

M@= (50%) M@= (J5%)

We consider three one-parameter families of virtual motions which are sufficient to obtain
the governing equations :

t
(F) {x=®

with @ (\, X, 0) = ¢ (A, X),

t=yg ()\7X) = 0n ()‘nv Xn)
X = (ﬁn <)\n7 Xn7 8)

with @, (A, X, 0) = @, (A, Xo),

t=G(\X,e) =G, (M, Xy, €)
(F2) { x=¢(\X)
X =@, (M, X,)

with G (A, X,0) =G, (M, X,,0) = g (A, X) = gn (A, X0).

The three families generate the virtual displacements

0 0 0 0 (%
C = = a@ ) Cn = = ai)n ) Ct = = 86
£ g e=0 én 85 e=0 0 0 e=0



The virtual motion (F) generates an associated displacement dZ,, of the normal compo-
nent. Indeed, the relations
g <)‘7 X) = Gn <)\n7 Xl)
¢, (N, X,) =P (\ X, e)

imply 9a. 0q,
o\ 10X,

C=1 09, 0p, |0%n
o\, B 0X,

By using the definition of the deformation gradient F proposed in Appendix we get

0 , 0
§Z, =Cn{  with C,= (29)
-F;'v, |, F!

In the same way, virtual motion (F,) generates an associated displacement 9,7 of the
barycentric motion

. 0 . o0
5, Z=C¢,  with C— (-Flv | F1>

Now, H (Z,¢) notes a perturbation of h (Z), the variation of h is

OH
0h = —
Oe

e=0
We can also introduce Lagrangian variations corresponding to the families (F,,) and (F;) :

_ oH,

OH,
h, =
Onln Oe

0=

and 5t ht =

e=0 e=0

The variations of the entropy S is a main step of our model: we make the physical
assumption that the entropy S is defined on the Z,-space. This result corresponds to
equation (R4)) proposed by LANDAU. Consequently, we deduce §,S = 0 and 6,5 = 0.
From relation (B9) we obtain

05 = 07, ox

Following the Hamiltonian procedure presented in paragraph 3, we consider the La-
grangian L as a function of p,v,p,,v,, S (L = L(p,v,p,,Va,S)). Such is the case
for the intrinsic Lagrangian L = é(pnvi + pv2) — B(p, p,, S) where p, and v, are given

by the relations :
Ps =P = Pn and v, = Pt (30)
P = Pn

10



Consequently,

S 1 S 1 S S
ov Lo, ov L), ov P I ov

_ P Pn y
dp P, Opn  Ps ov - p, vy, Ps

The variation of the Hamilton action corresponding to the first family is :

51 = / 5 (L det B) duwy
Wo

0
where B = 8_; is the Jacobian of M and W, is the associated Lagrangian domain in

the ( ;& )—space. Consequently,

oI = / (6L + L Div ¢) detB duwy.
Wo

Variations of L come from

oL oL 8L oL 8L
with,
O
ov = PVs;, avn = Pp\Vn Vs
oL 1 )
R = 8_/) = —51}3 + Vv — ﬁps(pn,ps, S), (31)
0L 1, 1, )
Rn = apn = 2U + 5'03 — VgV, — ﬁpn<pn7p57 )"—ﬁ (prwps? )7
oL
pT = —%
Moreover we have,
8Vn . 6vn apn a
5vn—azn C.¢= £ and 5pn_8z C, ¢ = . g

Since ¢ = (2) , we get (see Appendix for the variations dp and dv variations),

oLdE 0L v, oL
L+ LD = T av, ax &P g, 1VE
oL 9p oL 0
n L - -
Top ox ST AVET e ot
de v p, oL 8
—pst—i—pn(vn— ) £ pR div&+ R,—— E—l—Lleé—i—aS I

11



By using the expression

d 0 0 . .
PVs df (10 £ — (pVS) £+ le(ﬂ(V ® V) E) — div(pv @ vy) &
we get
L+ L div €& =
0 : .
o7 (Vs €) = <pvs> £+ div(p(vev,) €) — div(pvav.) &
+ @ﬂg—d:(Rsy+V(Rm+Jz@ﬁs+d'uf) oL Vs e
Pr¥n “ox VA2 P " Ox v 85
oL oLov 0 oL Ov, 0
<avpéﬁT+av% v, Ox %NQE
and from equations (BJ]),
L+ L Div ¢ =

( gt(pvs) div (pv @ vs) + V (pR) — RVp — p<g;> vs>£

+ 2 (o) + div(p(vev,) €) — div (p RE)+ div (L),

8t
where * notes the transposition. Consequently, the first equation of momentum is
v,
8‘;+V<v+ﬁ >:V5xcurlvs (32)

If we note p, = (3, , when v = 0 , equation (B2) yields

Ovs 1, B
at+v(?@+%)_o (33)

which is the LANDAU equation for the superfluid component. In fact LANDAU pointed
out that Helium II lose its superfluidity when the velocity is not small enough and the
supplementary term curl v, X v & 0 corresponds to this experimental evidence.

Variations of the Hamilton action are closely the same for the second family. The
variation of the entropy is 9,5 = 0 and consequently an entropy term is now appearing
in the equations of motion. The second equation of momentum is

%(pn(Vn —v,)) + div (o, Ve @ (Vi — V)

ou,,\ *
+ pn( 8x) (Vi — V) —p,VR, —p T VS =0 (34)

12



By summing equations (BZ) and (B4), equation (B4) can be replaced by the balance of
total momentum:

0 OL OL
§<pvs + ,On(Vn - VS)) + div (pV Q) Vs + PV @ (Vn - VS) - pa_p - pna—pn + L) =0.
Straightforward calculations yield the equation of momentum
dpv .
r + div (pv, @ v, + pvs @ Vs +p) =0, (35)

where p = p i, + p, 1, — B is the total pressure, with p,, = ﬁ;n.

T

0). The

Finally, the third family is associated with the vector displacement ¢, = (

variations of basic variables are calculated in Appendix :

dr d,T
s p=pVTVv, §v,= —Vnﬁ, 0tpy, = P VT vy, 05 =0.

O v=—Vv

The variation of the HAMILTON action is

or

5,1 = / (M n L—> det B duwyg
Wo 8t

with
oL oL oL oL oL
L=— — - - -
515 v 5tV + 8Vn 5tvn + ap 51&/) + 8pn 5tpn + Is (5158

Hence,

or or or
0L+ LE = —pVeV (5 + V1 V) — P (Vi — V)V, (E +Vr Vn>

0 oL
+pRVT VvV + 0, R VT Vv, + g (LT) — 57

- PVsV T) + % (pvsv) T — div(p(vsv) v 7') + div(p(vsv) V)T
_%(pn(vn — VS)VnT) + %(pn(vn - VS)Vn)T — div(pnvn(vn — VS)VnT)

0
_E(

+ div <,0n((vn - VS)Vn)Vn>T + div(pRv 7) — div(pR v) T

0 oL

g (LT) — —T.

+ div (annVnT) — div (annVn) T+ 8t

Consequently,

0
ot (PVsV + pp(Vi — V) v — L) +

13



div{(vsv — R) pv + [(Vp, — Vs)Vy — Ry] p,vin} =0
If we notice that

1 1
PVsV /)n(Vn - Vs)"n - L= §an72L + 5/)81)3 + ﬁ = pe

and
(vsv — R)pv + ((Vn — V)V, — Rn)pnvn =

1 1
(5”3 + ﬁ;)s)psvs + (5”121 + ﬁ;n)pnvn =q,

we obtain the equation of balance of the total energy in the form :
3 .
— + divq=0. (36)

We notice that the specific entropy S does not appear explicitly anymore in equations (89),
(BY), (BG) and we conclude : In the case of superfluid Helium the HAMILTON principle
yields the LANDAU model.

5 Appendix. Variation of Basic Tensorial Quantities

Let (A, X) be any generalized Lagrangian coordinates and (¢,x) the associated Eulerian

coordinates . (A X)
=9\

e 37
The relation dx = v dt + F'dX defines simultaneously the velocity vector and the defor-
mation gradient of motion (B7) :
_00 1 09 060y 1
- OX Oy’ 0X OXN0X 9g°

O\ o\

Vv

t=G(\X e)
Let {x:cb(A,X,s)

v is given by the formula :

be a virtual motion. The associated perturbation of the velocity

0P 1
u=—-a5a
N
and consequently,
gy w081 07 1
VoA, T oy Yoxdg
oA oA
For fixed values of Lagrangian coordinates the variation of v in Eulerian coordinates is :
dg dr d 0 0
5V:E—VE where EZEJFVa_x'

14



Analogous calculation for F is :

ox Vﬁ_x

F = <@— 87)1?.

Moreover, the EULER-JACOBI identity yields
0 det F = det F tr (F'0F).
Hence, the mass conservation law is : p det F = p, (X) and implies
op=—p(divE—V1-v)

Equation (1)), is the form of the mass balance for the normal component of Helium. If

we assume
Pn det Fn = Pon (An? Xﬂ) ’

which means that p, is defined on the Lagrangian space of the normal component, the
variation of p,, with respect to ¢, is always in the form :

Onpy = —p, (div €, — VT -v,).
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