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1 Introduction

Let © be a bounded domain of R, N > 1 and g a nondecreasing continuous function defined
on R and vanishing on (—oo, 0]. This article is concerned with the following question: Given
a positive Radon measure v on ), does it exist a largest Radon measure p below it for which
the initial value problem

Ou—Au+gu)=0 inQr:=Qx(0,7T)
u=0 in 9Qr =00 x (0,T) (1.1)
u(.,0)=p in Q.

admits a solution? Whenever u exists, it is called the reduced measure associated to v. A
positive Radon measure for which ) is solvable is called a good measure. This type
of problems is now well understood for nonlinear elliptic equations. This relaxation phe-
nomenon appeared in the measure framework in the paper [ by Vazquez dealing with
solving the problem

—Au+e™ =y in R (1.2)

He proved that the reduced measures is the sum of the non-atomic part of ;1 and the atomic
part where the coefficients of the Dirac masses at any atom a are truncated from above at



the value 27r/a. Recently the general relaxation problems for the nonlinear elliptic equations

—Au+gu)=p inQCRY
(u) (1.3)
u=0 1in 0N
and
—Au+gu)=0 inQCRN
(1.4)
u=ypu in 09

are studied respectively by Brezis, Marcus and Ponce [[J] and Brezis and Ponce [[f]. They
prove the existence of a reduced measure p* and study its properties, in particular its
continuity properties with respect to the capacity W2 for problem ([L.3[), or the (N-1)-
dimensional Hausdorff measure for problem ([L.4]).

In this article we study the initial value problem in this perspective and we prove that
for any positive bounded Radon measure p in €2 there exists a largest measure p*, smaller
than y such that (L.1]) is solvable. We study the set of good measures relative to g and
prove that any good measure is absolutely continuous with respect to the Hausdorff measure
HY. In a similar way we study the Cauchy-Dirichlet problem

Ou—Au+g(u)=0 inQr:=Qx(0,T)
u=p in 9Qr =00 x (0,T) (1.5)
u(.,0) =0 in Q,
and we prove that the reduced measure is absolutely continuous with respect to the same
Hausdorff measure HY.
The proof of many results here follows the ideas borrowed from the theory of reduced

measures for elliptic equations as it is developed in [E] and [@] We choose to expose them
for the sake of completeness.

2 Initial value problem

In this section © is a bounded domain in RY and p(x) = dist (z,9Q). We denote by ()
the set of Radon measures in  and, for o € R, by 9M(Q2) the subset of p € M(Q) satisfying

[ @il <.
Q

Thus MG () is the positive cone and MY (Q) the set of bounded measures. For ¢ € [1,00),
we denote by LZQ (Q) the corresponding weighted Lebesgue spaces. For 0 < 7 < o < T
we set Qr o = Q% (1,0), Qo = Q x (0,0) and denote by 9,Q-, := IQ x (1,0] and
91Qo = 00 x (0, 0] the lateral boundary of these sets. Throughout this paper we make the
following assumption on g

g is a nondecreasing continuous function defined on R and vanishing on (—o0,0]. (2.1)



Definition 2.1 Let p € ML (Q). A function uw € L*(Qr) is a weak solution of in Qr
if g(u) € L,(Qr) and

[ uac—usc+coyas= [ can (2.2)
Qr Q
for all ¢ € CZ’Ol (Qr), which is the space of functions in C*Y(Qr) which vanish on 0Q x

[0, TIUQ x {T}.

We define in a similar way a weak subsolution (resp. supersolution) of () by imposing
the same integrability conditions on u and g(u) and

// (—ud¢ — uAC + (g(u)) drdt < /Cdu, (2.3)
Qr Q
resp.

//QT (—ud( —uAC+ (g(u)) dedt > /Qc du, (2.4)

for all positive test functions in the same space. More generally we define a subsolution
(resp. supersolution) of equation

Ou—Au+g(u)=0 inQr (2.5)
as a function u € L}, (Qr) such that g(u) € L}, (Qr) and

loc

// (—udi¢ —uAC + Cg(u))dadt <0, (2.6)
Qr
resp.

// (—udi¢ —uAC + (g(u))dadt > 0, (2.7)
Qr
for all positive test functions ¢ in the space 002 Qo).

If a solution of () exists, it is unique, and we shall denote it by u,. It is not true that
problem ([L.1]) can be solved for any positive bounded measure p although it is the case if
p is absolutely continuous with respect to the N-dimensional Hausdorff measure H”.

Definition 2.2 A measure for which the problem can be solved is called a good measure
relative to g. The subset of ML (Q) of good measures relative to g is denoted by G%(g). If
p € ML () belongs to G (g) for any g satisfying 1)), is called a universally good measure.

There are many sufficient conditions which insure the solvability of ([L.1]), for example

/] 9Bl o)zt < . (2.8)
where E[y] is the heat potential of p in €, that is the solution v of
Oow—Av=0 in Qr
v=0 1in QT (2.9)
v(,,0) =p in Q.



We recall the parabolic Kato inequality
Lemma 2.3 Let W be a domain in Q x R, v € L} (W) and h € L} (W) such that

loc loc

—Ow+ Av>h inD(W). (2.10)

Then
—0vg + Avy > hxpuso  in D'(W). (2.11)

Proof. Let {0;} be a regularizing sequence with compact support in the N + 1 ball BEJ. (0)
(¢ = 0as j— 00), and v; =vxo0;. If V.C W is such that dist (V, W¢) > 0, v; is defined
in V whenever ¢; < dist (V, W¢). Then

—0w; +Avj > h; =hxo; in D/(V), (2.12)
and everywhere in V. For § > 0 let
0 ifr<—4¢
r+0)%
j6(r): ( 25) if —6<r<0

1)
7’+§ lf7’>0

Since
=05 (vj) + Ajs(v5) = j5(v5) (=0vj + Avy) + 5§ (v)[ V| = j5(v)hy,
and ¢ € C§° (W) is nonnegative and has compact support in V, it follows that

[ st @6+ a0y det > [ Gitashgi o .
w w

Letting j — oo, and using the fact that j5 and j§ are continuous and, for some subsequence
still denoted {e;}, {(ve,,he,)} converges to (v,h) in L, and almost everywhere in W, we
derive from the Lebesgue theorem

/ Js(0) (006 + Ag) da dt > / 7 (0)hb e dt.
w w

e and js(v(x,t)) converges to 0 if v(z,t) < 0 and to 1 if
v(z,t) > 0, i.e. to X[u>0. Using again the Lebesgue theorem, we obtain

Now js(v) converges to v+ in L}

/ vt (0rp + A¢) dx dt > / X[v>0)he dz dt,
w W
which is (R.11]). O

Remark. In an equivalent way, we can state Lemma E as follows: If v € Lj, (W) and
h e L, (W) are such that
Ov—Av<h inDW). (2.13)
Then
8tv+ - A’U+ S h,)([vzo] m D/(W) (214)



Definition 2.4 Let u € Li, (Qr). 1- We say that u admits the Radon measure j1 as an
initial trace if it exists

esslimt_,o/ u(.,t)pdx = /¢du Vo € Co(Q2). (2.15)
Q Q

We shall denote p = Trq(u).

2- We say that u admits the outer regular positive Borel measure v = (S, 1) as an initial
trace if it exists an open subset R C Q and p € M4 (R) such that

esslimt_,o/u(.,t)qbdx = /qﬁdu Ve € Co(R). (2.16)
Q Q
and, with S = Q\ R,
ess limt_,o/u(.,t)qﬁdx =00 Vo e Cy(),¢>0,¢>0 somewhere on S. (2.17)
Q

We shall denote v = tro(u).

The trace operator is order preserving. The proof of the following result is straightforward.

Proposition 2.5 Let u and @ in L, .(QT).
1- Suppose Tra(u) = p and Tro(a) = fi. Then

u<u=— i< u. (2.18)

2- Suppose tro(u) = v ~ (S, 1) and tro(i) = v ~ (S, i). Then

i<u=S8CS and s < pse. (2.19)

The next classical results characterize the nonnegative supersolutions or subsolutions. We
give their proof for the sake of completeness.

Proposition 2.6 Let u € LY(Qr) be a nonnegative supersolution of in Qr such that
g(u) € LY(Qr). Then there exists a positive Radon measure p such that p = Trq(u).

Proof. If 0 < o0 < 7 < T are two Lebesgue points of ¢ — |lu(.,t)||;. and ¢ € CZ(Q), ¢ > 0,
we set Qo,r = Q x (0,7), take ((z,t) = X[s,-](t)¢(x) (by approximations) and derive from
the definition that

/Qu(., Nédz /Qu(., )b dz+ //Qm (—uC + Cg(u)dzdt > 0. (2.20)

Set

H(o) = //Qw (—ulo + p g(u)) du dt

Then H € L*(0,7) and the mapping

o ¥(o) = /Qu(.,a)gbdz — H(o)



is a.e. nondecreasing on (0, 7] and it admits an essential limit L(¢) € R as 0 — 0. Therefore
it exists

£(p) = ess limgﬁo/u(., 0)¢dx,
Q
and the mapping ¢ — ¢(¢) defines a positive Radon measure p in Q. |

It is possible to get rid of the integrability assumption on w if it is assumed that
vanishes on the boundary and €2 is bounded.

Proposition 2.7 Let u be a positive supersolution of n Qr which vanishes on 0,Qr
in the sense that (2.4]) holds for all nonnegative ¢ € CZ’Ol(QT). If g(u) € L)(Qr), there
exists p € ML(Q) such that p = Tra(u).

Proof. As a test function we take ((z,t) = X[o,+)(t)¢1(x) where ¢, is the first eigenfunction
of —A in WO1 ’2((2), ¢1 > 0 and \; the corresponding eigenvalue. Thus () is replaced by

/Qu(.,T)qsl dz — /Qu(.,o)gbl dx + //Q“ (M + g(u)) prdz dt > 0. (2.21)

X(r) = / / et

clo)= [ [ gt ded

If we set
and

then (R.21]) reads as
X'(o)+MX(0)+G(o) > X'(1) ae. 0<o<T,

which yields to
di <€/\10X(0') - / eM(G(E) — X'(1)) dt) > 0.
o g

The conclusion follows as in Proposition E Notice also that another choice of test function
yields to u € L1(Q). O
For subsolutions of (R.5]) we prove the following.

Proposition 2.8 Let u € LY(Qr) be a nonnegative subsolution of ) in QT such that
g(u) € LY(Q1). Then there exists a positive outer reqular Borel measure v on ) such that
v =tro(u).

Proof. Defining H as in the proof of Proposition @ we obtain that
o ¥(o) = /u(.,a)¢dz + H(o)
Q

is nonincreasing on (0, 7] and it admits a limit L*(¢) € (—o0, 0] as ¢ — 0. For any & € )
the following dichotomy holds,



(i) either there exists a ¢ € CZ(Q) verifying ¢(£) > 0 such that L(¢) < oo,
(ii) or for any ¢ € CZ(Q) verifying ¢(£) > 0, L(¢) = .

The set R(u) of £ such that (i) occurs is open and there exists u € M (R(u)) such that

L(¢) = /72 o ¥ < CoRw)

The set S(u) = Q\ S(u) is relatively closed in Q. Further, if ¢ € Cy(Q) is nonnegative and

positive somewhere on S(u), there holds

ess limtﬁo/ u(.,0)¢dx = oo.
Q

The outer regular Borel measure v is defined for any Borel subset E C ) by

W(E) = /Edu if £ C R(u)
o ifENS(u) £ 0.

The next lemma is the parabolic counterpart of an elliptic result proved in [E]

Lemma 2.9 Let f € L)(Qr) and u € L' (Qr) such that

//QTu(atC—i—AC)dxdt = —//QTdexdt

for every (¢ € CZ’Ol (Qr). Then

lim n// |u| dx dt = 0.
noee Qrn{p(z)<n=1}

(2.22)

(2.23)

Proof. We assume first that f > 0, then v > 0. Let H be a nondecreasing concave C?
function such that H(0) =0, H'(t) = —1for 0 <t <1and H(¢t) =1 for t > 2. Let & be

the solution of

0o + A§p = -1 inQr
&(,T)=0 inQ
&(z,t) =0 in 0Q x [0, 7.
Let w,, = n~H(n&y), then

—Owy, — Aw,, > —nH"(n&) |V£0|2 > ny |V§0|2 :

{go<n—1}

Therefore

/ fwndxdt = —// u(Opwy, + Awy,)dx dt > n// |V§0|2 udx dt.
Qr Qr Qr

(2.24)



But w, < min{&,n~!}, therefore, by the Lebesgue theorem,

0= lim // fw,dzdt = lim n// |Véo|? uda dt.
n—oo QT n—oo QT

Let € > 0, by Hopf lemma on Qr—., there exists ¢; > 0, ¢a > 0 such that |V&| > ¢1 on
O x [0, T — €]; thus c2&y < p < ¢; *& and

lim n// udx dt = 0.
nmee Qr—eN{éo(z)<n—1}

Clearly we can extend f to be zero for ¢ > T and u to be the weak solution of

8t1] + Au = 0 in QT1T+E
(., T) =u(.,T) inQ
U(z,t) =0 in 0Q x [T,T + €.
Notice that it is always possible to assume that T is a Lebesque point of ¢ — |lu(.,t)]| ;.

inasmuch this function is actually continuous. Replacing T' by T+ ¢, we derive () Next,
if u has not constant sign, we denote by v the weak solution of

Gtv—Av: |f| in QT
v(,,0)=0 inQ
v(z,t) =0 in 00 x [0,T].

Then |u] < v and the proof follows from the first case. O
Lemma 2.10 Let f € L,(Qr) and u € L*(Qr) such that

—// w(0:¢ + AQ)dx dt < / fCdzdt (2.25)
Qr Qr

for every ¢ € C?,’Ol (Q7), ¢ > 0. Then, for the same class of test functions ¢, there holds

—//QT(6t§+AC)u+dx dt < //QTm{uzo}fgd:c dt. (2.26)

Proof. By Lemma , () holds for any ¢ € Cg’l(QT). Let {y,} be a sequence of
functions in Cg’l(QT) such that 0 < 7, < 1, yu(z,t) = 1if p(x) > n~Lort > nt
[VAnll e < Cn, |AYn]l e < Cn? and ||04yn ]| < Cn. Given ¢ > 0 in CZ’OI(@T), CYn 18
an admissible test function for Kato’s inequality (), thus

*// (0¢(Cyn) + A(Cym))usdz dt < // F(Cyn) da dt. (2.27)
Qr Qrn{u>0}



When n — oo the right-hand side of (R.27]) converges to the right-hand side of (.26 |).

Moreover 0¢(¢Vn) = 11 0¢¢ + COtVn, V((Yn) = YV + (Vy, and A(Cyn) = 1A+ (A, +
2V(.V~,. Thus

at(C'YH) + A(C'yn) = 'Ynatc + Catq/n + VnAC + CA’WL + QVC-VV'@-
Since ¢ vanishes on 99 x [0, 7] and is bounded with bounded gradient, there holds
‘// (COym + CAY, + 2V V) u' dzdt‘ < Cn// ut dxdt
Qr Qrn{p(z)<n=1}
which goes to 0 as n — oo. This implies (2.26]). O

If we deal with subsolution or supersolutions of problem (Jl.1]) we have the following
results

Theorem 2.11 Let y € DJT}F(Q) and u be a monnegative subsolution of ) Then the
wnitial trace of u is a positive Radon measure fi such that i < p. Furthermore, if )
admits a weak solution u,, there holds u < uy,.

Proof. Step 1. There holds ji < u. If o is a Lebesgue point of t — ||a(.,t)|| ;. and ¢ € CZ(),
¢ >0, we can take ((z,t) = X[0,0](t)¢(2) (by approximations) and derive from (B:3]) that

/u(.,a)qbdx + // (—uAC+ Cg(u))dxdt < /qﬁd,u, (2.28)
Q Qo Q
thus, by Proposition R.§, using the fact that u € L'(Q7) and g(u) € L;(QT),
ess lim [ u(.,0)pdx < /(bd,u. (2.29)
c—0 Jo Q

It follows that the initial trace o ~ (S(u), i has no singular part (S(u) = 0) and g < p.
This implies that ¢ — m(¢) is a measure dominated by u that we shall denote by fi. It
represents the initial trace of @, and we shall denote it by

fi = Tro(i). (2.30)

Next we take ¢ € CZ’Ol (Qr), ¢ > 0, and get at any Lebesgue point ¢ as in Proposition @-
Proposition

// (—ud:¢ — uAC + Cg(u)) dadt < /u(, o)¢ dx,
QU,T Q
we derive, by letting o — 0,

// (—udhC — uAC + ¢ g(u)) da dt < /g(., 0) dji. (2.31)
Qr Q



Step 2. There exists uj and uy < u,. For k > 0 set gi(r) = min{g(r), k} and let u = uE be
the solution of

Ou — Au+ gp(u) =0 in Qr :=Qx(0,T)
u=0 indQr =2 x (0,T) (2.32)
u(.,0) =g in Q.

o k ok k o,k K k K /
Defining in gle same way u,;, we obtain ug, < up, up > ug and wy, > Uy > uy for k' > k > 0.
If¢e C’? ’Ol(QT) is nonnegative, there holds

//QTCgk(u,’j)dxdt/Qcclu+//QT (0:¢ + AQ) ulida dt. (2.33)

Clearly uﬁ converges to some U > u,, when k — oo, the right-hand side of (B-33]) converges

N /diwr//QT (0:¢ + AQ) Udz dt,

and g (%’i) converges to g(U) a. e. By Fatou

/ Cg(U)dz dt <lim inf/ Cgk(uﬁ)dx dt,
Qr k=00 Qr
thus, using the monotonicity of g,

/ QTCg(u#)dasdtS/ QTCg(U)dasdtS/QCduﬁL//QT (0:¢ + AQ) Udz dt.  (2.34)

Because u,, satisfies (2.2]), all the three terms in (R.34]) are equal, U = u,, and

khlgo //QTCgk(uﬁ)dxdt :/ QTCg(uM)d:E dt. (2.35)

Next uﬁ decreases and converges to some U, g (uz) — g(U) a.e., and

//QTCQ(U)dz dt < klingo //QTCgk(uﬁ)dxdt = /diﬂJr //QT (0:¢ + AC) Udz dt.

(2.36)
Since 0 < ¢ gx (ug) < gk (ul’j) In order to prove that
lim // Cgr(uf)da dt = / ¢ g(U)dz dt, (2.37)
k=00 Qr Qr

we use the following classical result : Let h,, > hy, > 0 two sequences of measurable functions
in some measured space (G,3,dm) which converge a. e. in G to h and h respectively. Then

lim [ h,dm = / hdm = lim [ h,dm = / hdm.
G G G

n—oo n—oo G

10



Therefore (R.35]) implies (R.37]). From (R.36]) we get
/ Cg(U)dxdt = /Cdﬂ + // (9,¢ + AC) Udz dt. (2.38)
Qr Q Qr

This relation is valid with any ¢ € Cg’ol (Qr) with constant sign. It implies in particular that

Tro(U) = fi. Thus uj exists and U = uj.
Step 3. We claim that u < uj. Set w = u — uy, it follows from (R.31]),

// (—w0i¢ — wAC + (g(u) — g(up))¢) dxdt <0 (2.39)
Qr
for any ¢ € CZ’Ol (Qr), ¢ > 0. Using Lemma we derive

1/ (~(0C — AQws + +(g(w) — glu))) dwdt O (240)

Qrn{w*>0}
We take ¢ = &y given by () Since g is nondecreasing, we derive
// wydzrdt <0. (2.41)
Qrn{w* >0}

Thus v < up < uy. O

Remark. It is noticeable that Step-2 of the proof of Theorem can be stated in the
following way. If u € Dﬁfr (Q) is a good measure, any measure i such that 0 < i < pis a
good measure.

Consider p € ML (Q). The relaxation phenomenon associated to ([L.1]) can be con-
structed in the following way. Let {gi} be an increasing sequence of continuous nondecreas-
ing functions defined on R, vanishing on (—o0, 0] and such that

(1) 0<gu(r) <cgrP+c¢, Yr>0, Vk>0
2.42
(i%) klim ge(r) =g(r) VreR, ( )

for some positive constants ¢, and ¢}, and p € (1, (N +2)/(N + 1)). Since (R.8]) is satisfied,
there exists a unique solution u = uy to

O — Au+ gi(u) =0 in Qp
uw=0 in 9,Qr (2.43)
u(.,0)=p in Q.
It is noticeable that, if the assumption p € 904 () were replaced by p € MY (Q), the
exponent p in () should have been taken smaller than (N + 2)/N. In the sequel C' will
denote a positive constant, depending on the data, not on k, the value of which may change

from one occurrence to another. Our first result points out the relaxation phenomenon
associated to the sequence {u}.

11



Theorem 2.12 When k — oo, the sequence {uy} converges in L*(Qr) to a some nonneg-
ative function u* such that g(u*) € L;(QT), and there exists a positive measure p* smaller
that p with the property that

Ou* — Au* + g(u*) =0 in Qr
u* =0 in 0Qr (2.44)
u*(.,,0) =p* in Q.
Furthermore u* is the largest subsolution of problem )
Proof. By [ﬂ, Lemmal.6] there holds

el + NowCan)ly < € [ pd (2.45)

and, by the maximum principle,
up <E[p] in Q. (2.46)

For any € > 0 we denote Q.1 = 2 X [¢,T]. Since E[y] is uniformly bounded in Q. for
any € > 0, it follows by the parabolic equations regularity theory that, uj is bounded in
C'ee/2(Q. ) for any 0 < o < 1. Furthermore, if k& > k, gr (ur) > gr(ug) thus uy is a
super-solution for the equation satisfied by ug/. This implies ur > up and u* := limg_, o0 Uk
exists and satisfies

u" <E[g] in Qr.

Because of (2.46|) uniform boundedness holds also in LP(Qr), for any p € [1, (N+2)/(N+1)).
By the Lebesgue theorem the convergence occurs in LP(Qr) too, for any p € [1,(N+2)/(N+
1)), and locally uniformly in Q7 by the standard regularity theory. By continuity gg(ux)
converges to g(u*) uniformly in Qe 7, thus u* satisfies

du* — Au" +g(u™) =0 in Qr

and vanishes on 9yQ7. By the Fatou theorem

// g(u*)¢ dx dt < liminf // gk (ug)C dx dt,
Qr k=00 Qr

for any ¢ € C(Q1), ¢ > 0, and there exists a positive measure A in Q7 such that
gr(ur) — g(u®) + A,

weakly in the sense of measures. Thus for any ¢ € C’Z’Ol (Q7), there holds

//QT(—u*atC—u*AC-I—g(u*)C)dxdt:/QC(;E,O)dM_/ o (2.47)

Since gx(uy) converges to g(u*) uniformly in Q. for any € > 0, the measure A is concen-
trated on Q x {0}. We denote by A its restriction to Q x {0}, set

pr= =

12



and derive from (R.47]),
(—u 0 —u*AC+ g(u")()dxdt = [ {(x,0)du". (2.48)

/ QT Q
This implies v* = u,+ and Tro(u*) = p*, thus p* is a positive measure. Let v be a
nonnegative subsolution of problem (R.2]). By Proposition P.§ there exists ji € 9 () such

that Tro(v) = i and & < p. Since gi(v) < g(v), u is a subsolution for problem () By
Theorem v < ug = ug,,. Thus limg_o ur = u* > v. O

Theorem 2.13 The reduced measure p* is the largest good measure smaller than p.

Proof. Clearly p* is a good measure smaller than p. Assume now that fi is a good measure
smaller than g. Then u; is a subsolution for problem (R.2]). By (Theorem R.11) u,- is
larger than w;. Thus Tro(up) = i < Tro(uu-) = p*. O

The next technical result characterizes the good measures

Theorem 2.14 Let u € M (Q). Then p € G(g) if and only if gr(ur) — g(u) in the weak
sense of measures in M (Qr).

Proof. Assume gy (ux) — g(u) in the weak sense of measures in M (Qr). Letting k — oo
in (R.33]), we obtain (R.2]) for any ¢ € C’Z’&(@T). Thus v* = u,. Thus p* = p and g is a
good measure. Conversely, assume g is a good measure. By Theorem , w* = p. Thus
uy, — u* = u, and u — u, in L*(Q) and a.e. in Q. Assume ¢ € C5 (Qr), ¢ > 0. We let
k — oo in () and derive ,

klin;o//QTgk(uk)Cdxdt/QCdqu//QT (8C+Ag)u#dzdt//QTg(u#)Cdzdt,

(2.49)
by (R.2]). Because {g(ug)} is uniformly bounded in L})(QT), the result follows by density.
]

As in [@] an easy consequence of Theorem is the following result which points out
the fact that g and p* differ only on a set with zero N-dimensional Hausdorff measure.

Corollary 2.15 Let p € Dﬁﬁ_ (Q). There exists a Borel set E C Q, with Hausdorff measure
HN(E) =0, such that (u — pu*)(E°) = 0.

Proof. Let p = p, + ps be the Lebesgue decomposition of w, p, (resp. pus) being the
absolutely continuous (resp. singular) part relative to the Hausdorff measure HY in RY.
Both measures are positive. Since u, € L})(Q), it is a good measure. Then u, < u* by
Theorem . Therefore

0<p—p" <p—pr=ps.
Since p, is singular relative to HY, its support E satisfies HY(E) = 0. This implies the
claim. 0
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Corollary 2.16 Let pu € MY () such that p(E) = 0 for any Borel set E C Q with HY (E) =
0. Then u is a good measure.

Proof. Let E C € is a Borel set with HY(E) = 0, then u,.(E) = 0. Since u(E) = 0, it
implies ps(F) = 0. Because the support of g is a set with zero N-dimensional Hausdorff,
W=y = Q. O

Theorem 2.17 Let puy, g € ML(Q). If py < po, then pi < ph. Furthermore
My — py < po — 1. (2.50)
Proof. For k >0 let u=uyg,; (i = 1,2) be the solution of

O — Au+ gp(u) =0 in Qr
uw=0 in 9,Qr (2.51)
u(.,0) =p; in .
Since p1 < po, up,1 < Ug,2. By the convergence result of Theorem P.12 - the relaxed solutions

uf satisfies uj < ub. Since pf = Tro(u}), it follows pi < pi. We turn now to the proof of
() If ¢ € C*Y(Qy), ¢ > 0, which vamshes on 9¢Q¢, we have from the weak formulation

[ (e = wa)(@ + A0 + Clorlus) - guluz)) dadt
Qt

/§x0 (2 — p1) /th (uk,2 — ugk1)de
We fix £ € C2(Q), € > 0 and choose for ¢ the solution of

(%( + AC = 0 in Qt
¢=0 on 9pQy
((z,t) =¢§ inQ,

Then, letting k — oo, we derive
[ w3~ mgde < [ 00 ),
Q Q
Finally, if ¢ — 0, using the trace property and the fact that ¢(z,0) — £ in Cy(£2), we obtain

/Q €d(us — 117) < /Q €z — ur).

This implies (R-50]). O

Corollary 2.18 If u is a good measure, any positive measure v smaller than p is a good
measure.
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Proof. Let v € ML (Q), v < p. By (R.50])

Thus p = p* = v =v". O

Corollary 2.19 Let py,po € ML(Q). 1- If p1 and po are good measures, then so is
inf{p1, pa} and sup{p1, po}.

2- If E C Q is a Borel set and p € MLQ), p¥e = [1e]*

3- Assume that py and po are mutually singular. Then (p1 + p2)* = pi + us.

Proof. 1- The fact that inf{u;, s} is a good measure is clear from Corollary P.1§. Let
v =sup{p1, p2}. Then py < v* and po < v*. Then v = sup{u1, po} < v*.

2- We recall that yg(A) = p(E N A), for any Borel subset A of Q. We can also write
UWE = X g Since p > p*, x> Xp" and also p* > x,p*. Thus x,u* is a good measure
and [y, pu]* > x,p* by Theorem @ Conversely, [x,p]* < x,p implies that x,[x,u]* =
[Xzu]". But x,p < pimplies [x,pu]* < p* and therefore [x, u]* = X5 [Xzul" < Xpp™

3-If 1 and g are mutually singular, then so are p} and p3. Actually, puy + po = sup{p1, ua}
and pj + ps = sup{pj, p3}. By assertion 1, [sup{uj, p3}]" = sup{ui, p3}. Then pj +pj is a
good measure smaller than pq + po, thus pi 4+ p5 < (u1 + pe)*. Conversely, there exist two
disjoint Borel sets A and B such that p; = x, 11 and pa = x, pe and gy +pa = X, p1+X 5 H2-
Thus (1 + p2)* = (Xap1 + Xpp2)® and x, (p1 + p2)* = (Xap1 + Xab2)™ = Xap] = K.
Similarly, x, (#1 + p2)* = (Xp 1 + XpH2)" = Xpp5 = p5. Since

(1 4 p2)™ = Xaops (1 + p2)™ = X, (1 + p2)™ 4 x5 (01 + p2)”,
the result follows. O

Theorem 2.20 The set G(g) is a convex lattice. Furthermore

[inf{u, v}]* = inf{p", v*}, (2.52)

and
[sup{p, v}]* = sup{p", " }. (2.53)

Proof. For the sake of completeness, we present the proofs of these assertions which actually
the ones already given in [B]. Let u1, 2 € G%(g) and v = sup{1, o }. Since p; < v, it follows
from Theorem that p; = pf < v*. Thus sup{ui, p2} < v* which reads v < v*, and
equality follows. Next, assume 6 € [0,1]. Then pg = Op1+(1—0)pe < v = sup{u1, p2}. Since
v € G%(g), and any measure dominated by a good measure is a good measure, ps € G*(g).
It follows by Theorem that pe = pp.

Next, by Corollary .19, [inf{u*,v*}] is a good measure. Since [inf{u*, v*}] < [inf{y,v}], it
follow by Theorem P.13 that

inf{p*,v*} < [inf{p,v}*. (2.54)

Conversely,
inf{p, v} < p = [inf{p, v}|* < p,
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and similarly with v. Thus [inf{y, v}]* <inf{u*,v*}.

For the last assertion, by Hahn’s decomposition theorem there exist two disjoint Borel sets
A and B such that Q@ = AUB and sup{u, v} = x, p+ xzv. Actually, p > von Aand v > pu
on B. This implies also sup{p*,v*} = x,u* + x,v*. Thus, by Corollary p.1d,

[sup{p, v}]* = (Xakt + Xp¥)" = X 1" + XpV" =sup{p*,v"},

since sup{x , 1", x,v*} = sup{p*, v*}. O
Theorem 2.21 Let p,v € Dﬁfr Then

" = v < fp—vl]. (2.55)
Proof. We first assume p > v. By Theorem ,
0<pu —v'<pu-—w.

This implies (R.55]). Next we write sup{u,v} = v+ (u — v);. Since v < sup{u,v},
v* < [sup{u,v}]* = sup{u*,v*} by Theorem R.2(. Thus

[sup{p, v}]* —v* <sup{p, v} —v=(u—v)s.
Thus implies (p* — v*)4 < ( — v)4. Similarly (v* — p*)4 < (v — p) 4. O
In order to characterize the universally good measures, we introduce a capacity natu-

rally associated to the weak formulation of problem () This yields to a capacity type
characterization of HY. If K C Q is compact, we denote

cQ(K):inf{// |Opt) + AY| da dt -
Qr

(2.56)
(NS CZ’OI(QT), ¥(x,0) > 1 in a neighborhood of K} )
Theorem 2.22 For every compact K C ), we have
HY(K) = cq(K). (2.57)

Proof. Let K C € be compact.
Step 1. We claim that for any € > 0, there exists ¥ = ¢ € C’?’Ol(QT) such that ¥ > 0 in

Qr, ¢¥(z,0) >1 on K and
// |0¢) + Av| dx dt < eq(K) + €. (2.58)
Qr

Let € € CZ’& (Qr) such that £(z,0) > 1 on K and

// |0:¢ + AE| dxdt < cq(K) +€/2.
Qr
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Let {n,;} be a regularizing sequence depending only on the space variable and such that
the support of 7; is contained in the ball B, with ¢; — 0 as j — oco. If we extend & in
RN x [0,T] as a C%!-function, we set

fi(@,t) = n; 0,6 + AL (2,t) = /an(x —y) 10:€ + A¢| (y, t)dy.
If j — oo, {f;} converges to |9;& + A¢| uniformly in Q7. Let v; be the solution of
Oy + Av; = —f; in Qr
v = 0 in 8¢QT
v;(.,T)=0 in Q.
Clearly v; > 0 in Q7. Let v be the solution of
Ov+ Av=—10:£+ A€l inQr

v=0 in 8¢QT
v(.,T)=0 in Q.

By the maximum principle v > max{¢, 0}, thus v(z,0) > 1 on K. Because v;(x,0) — v(z,0)
uniformly on Q, for any 0 < a < 1, we can fix j, such that v;_ (2,0) > « on K and
HfjaHLl(QT) < [0+ ALl 10,y + €/4 Next ¢g = a~lv; . Then 1, > 0 in Qr, and
Ya(x,0) > 1 on K. Moreover

Oyt + Aty | dxdt = a1 O, + Av, | dedt
Jo Jo
QT QT

<al (// |0:€ + A¢| dmdt+e/4)
Qr

<a l(eq(K)+3e/4).

Next we fix
_ ca(K) +3e/4

ca(K)+e€
and derive (P.58]).
Step 2. There holds
HY(K) < co(K). (2.59)

From (R.58]),

//Q (— 0 — AY) dasdtg//Q 006 + AG| dodt < co(K) + c.

But

[, ot [veou- [ Sasasm)
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since ¥(x,T) =0, ¥(x,0) > 1 on K, and the normal derivative of 1) on 9;Qr is nonpositive.
This yields to (R.59]) because € is arbitrary.

Step 3. For any € > 0 there exists ¢ € CZ’Ol (QT) such that 0 < ¢ <1+e€in Qr, ¥(x,0) > 1
on K and

// |0ph + AY| dedt < HY(K) +e. (2.60)
Qr

For 6 > 0 let K5 = {z € RY : dist (z, K) < §}. By the regularity of HY, we can choose §
small enough such that
HY(K;nQ) < HY(K) +¢/5.

We fix £ € C}y (Qr) such that 0 < ¢ <1 and

1ifz e Ky
§(x,0) = . _
0 lf.TGQ\K(;.

po(x,t) = (1 - g)i

Since & + A¢| (z,t) =0 a. e. on {(z,t) : £(z,t) = 0} and {(z,t) : po(z,t) >0} C Q% [0,0],
we can choose ¢ such that

B)
// 5d5dt+// & 4+ AE| da dt < €/5.
0:Qr{(w,1):¢<pos} O1 {(20):€<p0}

We set u = p, — (po — &)+. Because p, is independent of z, the argument developed by
Brezis and Ponce [[f] applies in the sense that Au(.,t) € M(Q) and Au(.,t) = A&(.,t) on
{z: &(z,t) < po(t)} and more explicitely Oyu + Au = 9§ + A& on {(x,t) : &(z,t) < po(t)}.
In addition

Let 0 > 0 and

Oru = 51:/)0 - SignJr (po - 5)(atpa - at&),

and Oru = Oipy a.e. on {(z,t) : £(x,t) > po(x,t)}. Because p, is decreasing, we finally
obtain
Ou+ Au < 0on {(x,t) : £(x,t) > ps(z,t)}.

We notice that d;u is bounded, and, following [@},

0su 4+ Aul|gy = H(atu + Au)X (£>p,}

‘sm + H (Opu + Au)x{&pg}

o

_ H (Ou + Au)x e, }H 6 }|8£+A§| de dt
<po

// d(Oru + Au) // |0& + A dx dt (2.61)
{&2pc} {&<ps}

//QT (O + Au) + //{§<pa}|6£+A£| d dt

< —//QTd(Gtu 1 Au) +2¢/5.
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Next, by definition,

//QT (Opu + Au) = //QT atlAl)dzdtfj u(z, T(;u u(z,0))dx
MTa—det
/ z,0) dz//aIQT—det . e

:/fx,Odac—i—/ —-dSdt
Q 2eQrN{(z,t):¢<po }‘9”

< HN(Ks)/ +¢€/5
< HY(K) + 2¢/5.

We finally derive
0w + Aullgy < HY(K) + 4e/5. (2.63)

Next, we smooth the measure |0;u + Au| using a space convolution process with the same
74, as in Step 1. One can construct a function v € CE’OI(QT) such that 0 < ¢ < 1+4e¢€in Qr,
¥(x,0) > 1 on K and

// 106 + A dr dt < |9+ Aullgy + ¢/5. (2.64)
Qr

Combining (P-63]) and (.64]), one derive (.60]).
Step 4. There holds
ca(K) < HY(K). (2.65)

Actually, (£.60]) implies
co(K) < HYN(K) + e

Letting € — 0 yields to (R.65]). O

Thanks to this result we are able to characterize the universally good measures.

Theorem 2.23 Let p € ML(Q). Ifp € G(g) for any function g satisfying ), then
pe LS.
Proof. We follow essentially the proof of [[f, Th 7].

Step 1. We claim that for every Borel set ¥ C €, such that HY(X) = 0, there exists
a continuous function g verifying (R.1]) such that p* = 0 for any p € ML (Q) satisfying
n(X%) = 0.

Let {K,} en+ be an increasing sequence of compact subsets of ¥ such that K = U; K, and
u(X\ K) = 0. Since HY(K;) = 0 for any j > 1, it follows from Theorem [Step 3], that
there exists 9; € CZ’Ol (QT) such that 0 < ; <2in Qr, ¥;(z,0) > 1 on K, and

// 000 + At | du dt < 1/,
Qr
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In particular,
|atl/1j + A’L/)j| — 0 a.e.in QT,
and, since ; solves
Oh; + A =¢; inQr
Yi(x,T)=0 inQ
Yi(x,t) =0 on dQr
with €; — 0 in LY(Q7) it follows ¢; — 0 in L*(Qr) and a.e.. Furthermore there exists some
G € L (Qr) such that
p~ 0w + Ayl <G Ve N
By a theorem of De La Vallée-Poussin noticed in [E], there exists a convex function
h: (—00,00) — [0,00) such that h(s) =0 for s <0, h(s) > 0 for s > 0,
h(t
lim % =oo0 and h(G) € (QT)

t—o0

Let g = h* be the convex conjugate of h. We denote by p* = p*(g) the reduced measured
associated to g. Since u* € G(g), we denote by u the solution of the corresponding initial
value problem. Taking v; as a test function in () we obtain

//QT u(Opthj + Avpy) + jg(u)) de dt = /1/;] z,0)d (2.66)

We first assume that g € 99(2), thus we can take 1 as a test function (this is easily
justified by approximations) and obtain

I o st = [ (2.67)

Therefore
//Q (O + Avpj) +1big(u)) dx dt (2.68)
and
Oths 4 Adhs
—w(Ous; + Asy) + yg(u)] < 2L E AL o)
< h (p7 1 Othy + Atyl) p+ g(u)p + ¥g9(u) (2.69)

< h(G)p+ Cg(u)

By Lebesgue’s theorem, the right-hand side of () tends to 0 when j — oo. Thus
w*(K;) =0, for any j € N*, and finally p*(X) = 0.

Next we assume p € M'(Q). Then there exists an increasing sequence of p,, € 9M9()
with compact support in €2 such that p, T p. Using what is proved above, pf(X) = 0
and, by Theorem R.17, pu* < p — in, thus p*(2) < (4 — pn)(E). Letting n — oo implies
w () =0.

Step 2. If p € ML (Q) is good, for any Borel set ¥ C Q, with H¥~1(X) = 0, we denote
v = ls;. Then there exists g, such that g* = 0. Since v < u, v € G%(g), thus v = v* =0
and finally, (%) = 0. Thus p € L,(). O
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3 The Cauchy-Dirichlet problem

In this section ) is again a smooth bounded domain in RY and p(z) = dist (x,0). We
denote by M (9,Qr) the set of Radon measures in 9;Q7 and by M, (9,Qr), the positive
ones. The function g is supposed to satisfy () We consider the Cauchy-Dirichlet problem

Ou—Au+gu)=0 inQr:=Qx(0,7T)
u=p in 9Qr =00 x (0,T) (3.1)
u(.,0) =0 in Q,

Definition 3.1 Let u € M, (8,Qr). A function u € L' (Qr) is a weak solution of (3.1]) if
g(u) € L,(Qr) and

Y _ ¢
/ /QT< udhC — ulAC+  g(w) de /MTaydu, (3:2)

for every ¢ € Cg’l(QT).

Solutions of () are always unique; sufficient conditions for existence are developed in&.
We define, similarly to the cases of the initial value problem, super and subsolutions of

In which case, the equality sign in is replaced by > and < respectively, the integrability
conditions on u and g(u) being preserved. As simple example for existence of a solution it
is the case when ¢ satisfies

/ / 9B e D)) de < o (3.3)

In this formula P#[u] is the Poisson-heat potential of x in Qr, that is the solution of
O —Av=0 in Qr
v=p in 0,Qr (3.4)
v=20 in Q.
Definition 3.2 A measure p for which problem ) can be solved is called a good measure

relative to g for the Cauchy-Dirichlet problem. The set of good measures is denoted by
G%QR1(g), and a universally good measure is a measure which belongs to G%*%T (g) for any g

satisfying )
The notion of lateral trace is defined in [E] For 3 > 0, we denote
Qp={recQ:p(x) <p}, Uy={zecQ:p(x)>pF}and s = 9.

We shall also denote ¥ = Xy = 99Q2. There exists Gy > 0 such that for any 8 € (0, Gy], the
mapping = € Qg +— (o(x), p(z), where o(z) is the unique point on 9 which minimizes the
distance from z to 99, is a C? diffeomorphism from Qg to X x [0, Bo]. If ¢ € L}, .(0:Q7),

we denote ¢°(z,t) = ¢(o(x),t), for any x € Y5 and dSj is the surface measure on Y5. for
the sake of simplicity
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Definition 3.3 Let u € L} (Qr). 1- We say that u admits the Radon measure p €

loc

M (0eQr) as a lateral boundary trace if it exists

T
ess limg g / / u¢? dSpdt = / / pdu VYo € Co(R). (3.5)
0 2/3 0:QT

We shall denote p = Try,qp (u).

2- We say that u admits the outer regular Borel measure v = (X, 1) as a lateral boundary
trace if it exists an open subset R C 0¢Qr and p € M4 (R) such that

T
ess limg_,o/ / up® dSpdt = 0o Vo € Co(9,Qr), ¢ > 0,¢ > 0 somewhere in S, (3.6)

with S = 9¢ \ R. We shall denote v = Trg,q, (u).

Propositions 2.5, 2.6, 2.7, 2.8 and Theorem are still valid, if we replace the notion of
initial trace by the notion of lateral boundary trace.The new version of Theorem is the
following.

Theorem 3.4 Let u be a nonnegative subsolution of . Then the lateral boundary trace
of u is a positive Radon measure fi such that p < p. Furthermore, if ) admits a weak
solution u,, there holds u < u,,.

We consider now a sequence of functions gy satisfying (2.42]). For any positive Radon
measure p on JyQr, it is possible to solve, with u = uy,

Gtu — Au + gk(u) =0 in QT
u=p in QT (3.7)
u(.,0)=0 1in Q.
The following result is proved as Theorem P.12

Theorem 3.5 When k — oo, the sequence {uy} converges in L*(Qr) to a some nonnegative
function u* such that g(u*) € L;(QT) and there exists a positive Radon measure pu* smaller
that p with the property that

Ou* — Au* 4+ g(u*) =0 in Qr
u* =pu* in 0Qr (3.8)
u*(.,0) =0 in Q.
Furthermore u* is the largest subsolution of problem )

Mutadis mutandis, the reduced measure p* on the lateral boundary inherits the prop-
erties of the reduced measure at initial time and the assertions of Theorems 2.13, 2.14,
Corollaries 2.15, 2.16, Theorem P.17, Corollaries 2.18, 2.19 and Theorems 2.20 and 2.21, are

22



valid in the framework of the lateral bondary reduced measure. The main novelty is the
intruction of a new capacity on 9,Qr. If K C 9;,Qr is compact, we denote

Copap (K) inf{//Q |0t + Av| dx dt

B 00 (3.9)
VNS C’?’Ol(QT), oy 2 1 in some neighborhood of K} .
' v
Theorem 3.6 For every compact K C 0¢Qr, we have
HY(K) = ¢,,q, (K). (3.10)

Proof. Let K C 0;Qr be compact.

Step 1. For any € > 0 there exists 1) € CZ’Ol (Qr), ¥ > 0 such that —9y(z,t)/0v > 1 in some
neighborhood of K.

Let € € C?,’Ol (Qr) such that —9vy(x,t)/0v > 1 on K and

//Q 0.6 + A¢] dadt < c,,,, (K)+¢€/2.

We extend ¢ as a C*! (RN x [0, T])-function and define f;, v; and v in the same way as in
the proof of Theorem , Step 1. Since f; — 0:£ + A uniformly in Qr,

ov;  Ov
e RNy
v v
uniformly in Q7. Since v and ¢ vanishes on 0;Q7 and at t = T, v > £, thus

193 ov
0< o < 5 on 9@,

and —0v/Jv > 1 in some neighborhood of K. For o € (0, 1) we fix jo such that —dv,, /v >
a on K and

// |0vvj, + Avj,| dmdtg// |0c€ + AE| da dt + €/4.
Qr Qr

We set 1) = a~lv;, and get

//Q |06 + A&| dadt < o™ (c,,q, (K) +3¢/4).

We end the proof as in Theorem P.22, Step 1.

Step 2. In this step we follow essentially the proof of [E, Lemma 8]. For any € > 0 there
exists 1 € CZ’Ol (Qr), such that 0 < ¢ <€, —0Y(x,t)/Ov > 1 in some neighborhood of K
and

// 10w + Avp| dedt < HN(K) +€¢ and ’ﬂ‘ <l4e€in Qr. (3.11)
Qr p
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Let 6 > 0 and N5(K) = {(z,t) : dist ((z,t), K)}, be such that
HY(N5(K) N1 0:Qr) < HY(K) + ¢

We take £ € Ceo (Qr) such that ¢ > 0in Qr, 9¢/0v = —1 on Ns2(K)N0,Qr and 0 /0v = 0
on 9eQr \ N5, 0 < —9¢/0v <1 and {/p <1+ ¢, we first take a > 0 small enough so that

// a’EdetJr// 10,6 + A¢|dz dt < e,
0:Qrnie<a} OV Qrn{é<al}

and set u = a — (a — ). Then, the same method as in Theorem Step 3 yields to
0w + Aullgy < HN(K) + 4e/5. (3.12)

The conclusion of the proof is similar. O

By an easy adaptation of the proof of Theorem we have the following characterization
of the universally good measures.

Theorem 3.7 Let € M (3Qr). If u € GO (g) for any function g satisfying (B.1]),
then p € LY(0,Q7).
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