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The precise boundary trace of positive solutions of the
equation Au = u? in the supercritical case.

Moshe Marcus and Laurent Veron

To Haim, with friendship and high esteem.

ABSTRACT. We construct the precise boundary trace of positive solutions of
Au = u? in a smooth bounded domain Q@ C RY, for ¢ in the super-critical
case ¢ > (N +1)/(N —1). The construction is performed in the framework of
the fine topology associated with the Bessel capacity Ca /4 4 on 9Q2. We prove
that the boundary trace is a Borel measure (in general unbounded),which
is outer regular and essentially absolutely continuous relative to this capac-
ity. We provide a necessary and sufficient condition for such measures to be
the boundary trace of a positive solution and prove that the corresponding
generalized boundary value problem is well-posed in the class of o-moderate
solutions.

1. Introduction

In this paper we present a theory of boundary trace of positive solutions of the
equation

(1.1) —Au+ |ulu =0

in a bounded domain Q C RY of class C2. A function u is a solution if u € L (1)
and the equation holds in the distribution sense.

Semilinear elliptic equations with absorption, of which (IE) is one of the most
important, have been intensively studied in the last 30 years. The foundation
for these studies can be found in the pioneering work of Brezis starting with his
joint research with Benilan in the 70’s [, and followed by a series of works with
colleagues and students, up to the present.

In the subcritical case, 1 < ¢ < g = (N + 1)/(IN — 1), the boundary trace
theory and the associated boundary value problem, are well understood. This
theory has been developed in parallel by two different methods: one based on a
probabilistic approach (see | E I Dynkm S book [E and the references therein)
and the other purely analytic (see . In 1997 Le Gall showed that this
theory is not appropriate for the Supercrltlcal case because, in this case, there
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may be infinitely many solutions with the same boundary trace. Following this
observation, a theory of ’fine’ trace was introduced by Dynkin and Kuznetsov [ﬁ]
Their results demonstrated that, for ¢ < 2, the fine trace theory is satisfactory in
the family of so-called o-moderate solutions. A few years later Mselati [@] used
this theory and other results of Dynkin [E], in combination with the Brownian
snake method developed by Le Gall , in order to show that, in the case ¢ = 2
all positive solutions are o-moderate. Shortly thereafter Marcus and Veron [E]
proved that, for all ¢ > ¢. and every compact set K C 9, the maximal solution of
() vanishing outside K is o-moderate. Their proof was based on the derivation
of sharp capacitary estimates for the maximal solution. In continuation, Dynkin |
used Mselati’s (probabilistic) approach and the results of Marcus and Veron
to show that, in the case ¢ < 2, all positive solutions are o-moderate. For ¢ > 2
the problem remains open.

Our definition of boundary trace is based on the fine topology associated with
the Bessel capacity Cy/q,4 on 9€, denoted by T,;. The presentation requires some
notation.

Notation 1.1.
a: For every z € RV and every > 0 put p(z) := dist (z,9Q) and

Qg:{er:p(:ﬁ)<ﬁ}, IB:Q\QB, 25269%.
b: There exists a positive number [y such that,
(1.2) Ve e Qg, lo(z) € : dist(z,0(z)) = p(z).

If (as we assume) € is of class C? and [y is sufficiently small, the mapping
z +— (p(z),0(z)) is a C? diffeomorphism of Qgz, onto (0, 5y) x Q.

c: If Q C IO put Xp(Q) ={xeXs: o(x) € Q}.

d: If @ is a T4-open subset of Q2 and v € C(9Q) we denote by ug the
solution of ([L.1]) in Qj; with boundary data h = Uz (a) O s.

Recall that a solution u is moderate if |u| is dominated by a harmonic function.
When this is the case, u possesses a boundary trace (denoted by tru) given by a
bounded Borel measure. The boundary trace is attained in the sense of weak con-
vergence, as in the case of positive harmonic functions (see [ and the references
therein). If tru happens to be absolutely continuous relative to Hausdorff (N — 1)-
dimensional measure on 9¢) we refer to its density f as the L' boundary trace of u
and write tru = f (which should be seen as an abbreviation for tru = fdHy_1).

A positive solution u is o-moderate if there exists an increasing sequence of
moderate solutions {u,} such that w, T u. This notion was introduced by Dynkin
and Kuznetsov [ff] (see also [H] and [J]).

If  is a bounded Borel measure on 052, the problem

(1.3) —Au+u?=0in, wuw=pond

possesses a_(unique) solution if and only if p vanishes on sets of Cy/, o/-capacity
zero, (see and the references therein). The solution is denoted by u,.

The set of positive solutions of ([L.1]) in Q will be denoted by U(Q). Tt is well
known that this set is compact in the topology of C(Q), i.e., relative to local uniform
convergence in (2.

Our first result displays a dichotomy which is the basis for our definition of
boundary trace.
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THEOREM 1.1. Let u be a positive solution of () and let € € 0). Then,
either, for every T -open neighborhood Q of &, we have
(1.4) lim udS = oo
F=0J55(Q)
or there exists a T4-open neighborhood Q) of & such that

(1.5) lim udS < oo.
A=0J50@)

The first case occurs if and only if

(16) [ wiptade =ce, D= (0.0 % Q
D
for every € ,-open neighborhood Q) of .

A point € € 9Q is called a singular point of u in the first case, i.e. when ([L4)
holds, and a regular point of u in the second case. The set of singular points is
denoted by S(u) and its complement in 9Q by R(u).

Our next result provides additional information on the behavior of solutions
near the regular boundary set R(u).

THEOREM 1.2. The set of regular points R(u) is Tq-open and there exists a
non-negative Borel measure p on 0S) possessing the following properties.

(i) For every o € R(u) there exist a T4-open neighborhood Q of o and a moderate
solution w such that

(1.7) Q CR(u), Q)< oo,
and
(1.8) uﬂQ —w locally uniformly in Q , (trw)x, = WX

(i1) w is outer regular relative to T,.

Based on these results we define the precise boundary trace of u by

(1.9) tru = (u, S(u)).
Thus a trace is represented by a couple (p,S), where § C 0 is T4-closed and
i is an outer regular measure relative to €, which is Tj-locally finite on R =
00\ S. However, not every couple of this type is a trace. A necessary and sufficient
condition for such a couple to be a trace is provided in Theorem .

The trace can also be represented by a Borel measure v defined as follows:

" - fr s m
for every Borel set A C 0€2. We put

(1.11) tru:=wv.

This measure has the following properties:

(1) It is outer regular relative to Tg.

i) It is essentially absolutely continuous relative to Cy/, o, i.€., for every T, ,-open
( ) Yy Yy /4,9’ ) Y 240D
set @ and every Borel set A such that Cy /4 4 (A) = 0,

v(Q) =v(Q\ A).
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The second property will be denoted by v <f< Ca/q,q- It implies that, if

v(Q\ A) < oo then v(Q N A) = 0. In particular, v is absolutely continuous relative
to Cy/q, 0n Tg-open sets on which it is bounded.
A positive Borel measure possessing properties (i) and (i) will be called a
q-perfect measure. The space of g-perfect measures will be denoted by M,(05).
We have the following necessary and sufficient condition for existence:

THEOREM 1.3. Let v be a positive Borel measure on OS2, possibly unbounded.
The boundary value problem

(1.12) —Au+u?=0, u>0inQ, tr(u)=v ond

possesses a solution if and only if v is g-perfect. When this condition holds, a
solution of ([L.12)) is given by

(1.13) U=v&Up, v:sup{u,,XQ Qe F},

where

F,:=1{Q: Q g-open, v(Q) < o}, G:= U Q, F=00\G
Fnu

and Up is the mazimal solution vanishing on OQ\ F.
Finally we establish the following uniqueness result.

THEOREM 1.4. Let v be a g-perfect measure on 0S2. Then the solution U of
problem ([L.13) defined by ([L13) is o-moderate and it is the mazimal solution with
boundary trace v. Furthermore, the solution of (J.12)) is unique in the class of
o-moderate solutions.

For g. < ¢ < 2, results similar to those stated in the last two theorems, were
obtained by Dynkin and Kuznetsov [ﬂ] and Kuznetsov [E], based on their definition
of fine trace. However, by their results, the prescribed trace is attained only up
to equivalence, i.e., up to a set of capacity zero. By the present results, the solu-
tion attains precisely the prescribed trace and this holds for all values of ¢ in the
supercritical range. The relation between the Dynkin-Kuznetsov definition (which
is used in a probabilistic formulation) and the definition presented here, is not yet
clear.

The plan of the paper is as follows:

Section 2 presents results on the Cy/, ,-fine topology which, for brevity, is called
the ¢-topology.

Section 3 deals with the concept of maximal solutions which vanish on the boundary
outside a g-closed set. Included here is a sharp estimate for these solutions, based
on the capacitary estimates developed by the authors in [E] In particular we
prove that the maximal solutions are o-moderate. This was established in [Lg]] for
solutions vanishing on the boundary outside a compact set.

Section 4 is devoted to the problem of localization of solutions in terms of boundary
behavior. Localization methods are of crucial importance in the study of trace and
the associated boundary value problems. The development of these methods is
particularly subtle in the supercritical case.

Section 5 presents the concept of precise trace and studies it, firstly on the regular
boundary set, secondly in the case of o-moderate solutions and finally in the general
case. This section contains the proofs of the theorems stated above: Theorem D
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is a consequence of Theorem @ Theorem [L.9 is a consequence of Theorem .
Theorem B is a consequence of Theorem p.16 (see the remark following the proof
of the latter theorem). Finally Theorem [l.4 is contained in Theorem .

2. The ¢-fine topology

A basic ingredient in our study is the fine topology associated with a Bessel
capacity on (N — 1)-dimensional smooth manifolds. The theory of fine topology
associated with the Bessel capacity C,,, in RY essentially requires 0 < ap < N
(see , Chapter 6]). In this paper we are interested in the fine topology associated
with the capacity Cy/q,4 in RY~1 or on the boundary manifold 9 of a smooth
bounded domain Q € RN. We assume that ¢ is in the supercritical range for ([L.1]),
ie,q>q.=(N+1)/(N—-1). Thus 2¢'/¢g=2/(¢—1) < N — 1. We shall refer to
the (2/q, ¢')-fine topology briefly as the g-topology.

An important concept related to this topology is the (2/q,¢’)-quasi topology.
We shall refer to it as the g-quasi topology. For definition and details see [m,
Section 6.1-4].

We say that a subset of 99 is g-open (resp. g-closed) if it is open (resp. closed)
in the g-topology on 9f2. The terms g-quasi open and g-quasi closed are understood
in an analogous manner.

Notation 2.1. Let A, B be subsets of RV~1 or of 9.
a: A is g-essentially contained in B, denoted A é B, if
Ca/q,¢(A\ B) =0.
b: The sets A, B are g-equivalent, denoted A < B, if
Cs/q,¢ (AAB) = 0.

¢: The g-fine closure of a set A is denoted by A. The g¢-fine interior of A is
denoted by A°.

d: Given € > 0, A¢ denotes the intersection of R¥~! (or 9Q) with the e-
neighborhood of A in RV.

e: The set of (2/q,q)-thick (or briefly g-thick) points of A is denoted by
bg(A). The set of (2/g,¢')-thin (or briefly ¢g-thin) points of A is denoted
by eq(A), (for definition see [fi], Def. 6.3.7]).

Remark. If A C 99 and B := 990\ A then

(2.1) A is g-open <= A C e4(B), B is ¢g-closed <= by(B) C B.
Consequently
(2.2) A= AUby(A), A°=ANe,(0Q)\A),

(see [, Section 6.4].)
The capacity Cy/4 4 possesses the Kellogg property, namely,
(2.3) Ca/q,q4 (A\ by(A)) =0,
(see [ll, Cor. 6.3.17]). Therefore
(2.4) Al bA) LA
but, in general, b,(A) does not contain A. The Kellog property and (@) implies:
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PROPOSITION 2.1. (i) If Q is a q-open set then Q := e, (0 \ Q) is the largest
q-open set that is q-equivalent to Q.

(it) If F is a q-closed set then F = by(F) is the smallest q-closed set that is q-
equivalent to F.

We collect below several facts concerning the g¢-fine topology that are used
throughout the paper.

PROPOSITION 2.2. Let ¢ = (N +1)/(N —1) <gq.
i Every q-closed set is q-quasi closed [ﬂ, Prop. 6.4.13].
ii: If E is g-quasi closed then E X E [m, Prop. 6.4.12].
ili: A set E is g-quasi closed if and only if there exists a sequence {E,,} of
compact subsets of E such that Cy/q ¢ (E\ Ep) — 0 [, Prop. 6.4.9].
iv: There exists a constant ¢ such that, for every set F,

Cg/q,q/ (E) S CCg/qﬂ/ (E),
see [ll, Prop. 6.4.11].

v: If E is g-quasi closed and F ~ E then F is q-quasi closed.
vi: If {E;} is an increasing sequence of arbitrary sets then

C2/¢1,q’ (UE;) = llggo CZ/!M’ (E:).
vii: If {K;} is a decreasing sequence of compact sets then
02/‘1711/ (ﬁK’L) = zliglo CVQ/q,q/ (Kz)

viii: Fvery Suslin set and, in particular, every Borel set E satisfies
Ca/q,¢ (E) = sup{Cyq.¢(K): K C E, K compact}
= inf{C5/44(G): E CG, G open}.

For the last three statements see [, Sec. 2.3]. Statement (v) is an easy con-
sequence of [, Prop. 6.4.9]. However note that this assertion is no longer valid
if ’g-quasi closed’ is replaced by ’g-closed’. Only the following weaker statement

holds:
If E is q-closed and A is a set such that Cyq o (A) = 0 then E'U A is q-closed.
DEFINITION 2.3. Let E be a quasi closed set. An increasing sequence {E,,} of
compact subsets of E' such that Cy/q ¢ (E \ Epn) — 0 is called a g-stratification of
E.
(i) We say that {E,,} is a proper g-stratification of E if
(2.5) Co/gq (Bmi1 \ En) <2777 Ch) o (E).

(ii) Let {en} be a strictly decreasing sequence of positive numbers converging to
zero such that

(26) Cg/qu/ (Gm+1 \Gm) S 2_m02/q7q/ (E), Gm = U’;anlEzk.

The sequence {e,,} is called a g-proper sequence.
(iii) If V' is a g-open set such that Cy/4 o (£ \ V) = 0 we say that V is a g-quasi
neighborhood of E.

Remark. Observe that G := Up2, E}* is a g-open neighborhood of E' = UE,, but,
in general, only a g-quasi neighborhood of E.
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LEMMA 2.4. Let E be a q-closed set such that Cy/q o (E) > 0. Then:

(i) Let D be an open set such that Cyq o (E\ D) = 0. Then E N D is q-quasi
closed and consequently there exists a proper q-stratification of EN D, say {En}.
Furthermore, there exists a q-proper sequence {€} such that

G=Uy_{(E,) CD

and

(2.7) UEm=E cOCO&D where O:= U (B ) /2.
Consequently

(2.8) EtocodD.

(i) If D is a g-open set such that E é D then there exists a g-open set O such that

(B-§) holds.

PRroOOF. If Ay, As are two sets such that A, A Ay and A is g-quasi closed then
As is g-quasi closed, (see the discussion of the quasi topology in [ﬂ, sec. 6.4]). Since
END A FE and E is g-closed it follows that £ N D is q—quasi closed. Let {E,,} be
a proper g-stratification of FN D and put £’ = US_ . If E’ is a closed set the
remaining part of assertion (i) is trivial. Therefore we assume that E’ is not closed
and that

Cg/%q/ (Em+1 \Em) > 0.

To prove the first statement we construct the sequence {e,,}5°_; inductively so that
(with Ey =0 and ¢y = 1) the following conditions are satisfied:

(2.9) F,,:=E,\ (Em-1)2°""1, Ca/q,q (Fm) >0,
(2.10) Co/q,q (Fg) < 2C5/q,q¢ (Em \ Em—1) e C D,
(2.11) €m < €m—1/2, m=1,2,....

Choose 0 < €1 < 1/2, sufficiently small so that
ES C D, Cyyy(Bs\ ES?) > 0.

This is possible because our assumption implies that there exists a compact subset
of FEy \ E; of positive capacity. By induction we obtain

(2.12) Em CETUE™ CD

and consequently

(2.13) Epr CUL Fr, m=1,2,....

Since Fy, C Ey,, (P-13) implies that

(2.14) G :=U EF = U FF, Gy = UL EF = UL FiF.

The sequence {e;,} constructed above satisfies P.6. Indeed, by (R.5), (.10) and
(.14),

(2.15)  Caygq (G \ Gm) §:<zmq

k=m+1

<2 Z Cg/qu/ (Ek \Ek—l) < 2_m+102/q1q/ (E)
k=m+1
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Next we show that the set
0 = U EX?
is ¢-quasiclosed. By (2.13),

(2.16) O = UX FH? 0 = U X = U PO,

Hence, by (E) and (),

(2.17) Ca/g.q (0'\ OL) Z Ca/aar 6“2) <270y 0 o ().
k=m+1

Since O}, is closed this implies that O’ is quasiclosed. Further any quasiclosed set
is equivalent to its fine closure. Since O C O’ it follows that O c O’ L 0’ c G.
We turn to the proof of (ii) for which we need the following:

Assertion 1. Let D be a g-open set. Then there exists a sequence of relatively
open sets {A,,} such that
(218)  D,:=DUA, isopen, Chyy(A,) <27 Ay & A,

The sequence is constructed inductively. Let D} be an open set such that
DcC 12’1 and Ay =Di\ D s:':mtisﬁes Cs/q,q (A]) < 1/4. Let A; be an open set such
that A7 C Ay and Cqy 4 (A1) < 1/2. Assume that we constructed {A}}7" and
{Ax}77! so that the sets Ay are open, (2.1§) holds and
(2.19) D) = DU A} is open, {D}}7~! is decreasing,

2.19 -
Cg/qq ( ) <27 (k+1) A;C C Ak

Let D], be an open set such that
DcCD,CD, i, Cyyg(A) <2 ") where A/, =D/ \ D.

Then A/, ¢ A’ and consequently A, C A, _;. Since A, _; is open, statement (i)
implies that there exists an open set A, such that

<, q - g

Al C A, CA, C A, CQ/qq( n) <277
This completes the proof of the assertion.

Let A,, and D,, be as in - ). By (i) there exists a g-open set @ such that

EEQcOE D
Put
Qn = Q\ (U7 (AR \ Ar1), Qoo = Q\ (U (Ar \ Ap).

Then @, is a g-open set and we claim that

a: (o is quasi open,

b:  ECQ,C Dy,

c: Qn é D, U (UT0,4;)
Since @, is g-open, a follows from () which implies:

Qoo U (U%O(Ak \ Ak-i-l) = Qn, C2/q,q’((uzo(‘4k \Ak+1) < 21,
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We verify b, c¢ by induction. Put Q1 = @ so that b, ¢ hold for n = 1. If b holds
forn=1,---,j then,

P q q
Qi1 =@\ (4;\ 4;41), ECQ;CDy,
which implies b for n = j + 1. If ¢ holds for n =1,--- , j then,
. - - q 4 N ,
Qi1 CQi\ (A5 \ Aj41) C DU (U9,4) UAjp1) = Dy U (U710, 4)),

so that ¢ holds for n = j + 1.
Taking the limit in b as n — co we obtain

E& Qo CD.
Taking the limit in ¢ as n — oo we obtain
Qs € DU (U0, A;).
However, by the same token,
Qs C DU (U®0,4;) Vk €N,
Therefore, by (B-13), Qs ¢ D. Thus (ii) holds with O = Q.. O

LEMMA 2.5. Let E be a q-closed set and let D be a cover of E consisting of q-
open sets. Then, for every e > 0 there exists an open set O such that Cy/q o (Oc) <
€ and E \ O, is covered by a finite subfamily of D.

PRrROOF. By [fll, Sec. 6.5.11] the (a, p)-fine topology possesses the quasi Lindelsf
property. Thus there exists a denumerable subfamily of D, say {D,}, such that
O=U{D:DeD}LuUD,.

Let Oy, be an open set containing D,, such that Cy/4 ¢/ (On \ Dy) < €/(273). Let K
be a compact subset of E'N (Uf°D,,) such that Cy/, o (E\ K) < €/3. Then {O,} is
an open cover of K so that there exists a finite subcover of K, say {O1,---,O}.
It follows that

Cogq (E\US_1Dp) < Coqq (BN K)+ Y Coyqq(On \ D) < 2¢/3.

Let O, be an open subset of 9Q such that E\ Us_D,, C O, and Cy/, 4 (Oc) < e.
This set has the properties stated in the lemma.

LEMMA 2.6. (a) Let E be a g-quasi closed set and {E,,} a proper q-stratification
for E. Then there exists o decreasing sequence of open sets {Q;} such that UE,, :=
E’ C Qj for every j € N and

(2.20) () NQ=E, QncQ,
(i) lmCyq . (Q;) = Czyq.q (E).

(b) If A is a g-open set, there exists a decreasing sequence of open sets {An} such
that

(2.21) ACnNA, =4, Cyyg(An\4)—0, ALA.
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Furthermore there exists an increasing sequence of closed sets {F;} such that F; C
A’ and

(@) UF=A4, F&FSy = Djg,

(11)  Coyq,q (F}) = Co/q,¢ (A)

PRrROOF. (a) Let {en} be a sequence of positive numbers decreasing to zero
satisfying (R.6). Put

(2.22)

Q1= Uy (Em) %

m=1
Then E' =NQ, and
2 q / [e%e] 6771/2“7.
(2.23) Qj C Qj =Up 1 Em C Qj—l-

Indeed Q) is quasi closed so that Q; L Q. This proves ®:20)(1).
If D is a neighborhood of E’ then, for every k there exists ji such that

Upet (E) ™/ C D ¥j 2 ji.

Therefore,

CQ/M’ (QJ \D) < C2/q,q’ (Q] \Uﬁmzl(Em)Em/y) < 2_k+102/q7q’ (E) N
Hence
(224) Cg/%q/ (Qj \D) — 0 as ] — OQ.
Let {D;} be a decreasing sequence of open neighborhoods of E’ such that

Ca/q,q(Di) = Coyqq (E).

By (B-24), for every i there exists j(i) > i such that
(225) Cg/%q/ (Q](z) \Dz) — 0 as ’L — Q.
It follows that

CQ/q,q’ (E/) S lim C2/q,q’ (Qj(z)) S lim C2/q,q’ (DZ) = C2/q,q’ (EI) = C2/q,q’ (E)
This proves (2.20) (ii).
(b) Put E = 9Q\ A and let {E,,} and {e,,} be as in (a). Then (R.2]) holds with
A, = 00\ Ep,. In addition, (R.22)(i) with F; := 9Q \ Q; is a consequence of
(R-2d) ().

To verify () (ii) we observe that, if K is a compact subset of A’ then, by

(B-29).
Cg/qu/(K \ F]) — 0
Let {K;} be an increasing sequence of compact subsets of A’ such that
C2/q.q (Ki) T C2yq,q (4) = Ca/q,q (A).

As in part (a), for every i there exists j(¢) > ¢ such that
(226) Cg/%q/ (K»L \ Fj(l)) — 0 as ¢ — oo.
It follows that

CQ/q,q’ (AI) Z lim CQ/q,q’ (Fj(l)) Z lim CQ/q,q’ (Kl) = CQ/q,q’ (A/) = CQ/q,q’ (A)
This proves (2.29) (ii). O
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LEMMA 2.7. Let Q be a g-open set. Then, for every € € Q, there exists a q-open
set Q¢ such that

£€QeC Qe CQ.

PROOF. By definition, every point in @ is a g¢-thin point of Ey = 99Q \ Q.
Assume that diam @ < 1 and put:

rn=2"" Kp,={0:rpu1 <|loc—& <r}, E,:=FENK,NDB¢).
Thus E, is a g-closed set; we denote E = U2 (E,,. Since { is a ¢-thin point of E,

Z(T;N+1+2/(Q71)C2/q,q’ (BaN E))(kl <oo, B,=5B.,(),
0

which is equivalent to
- _ -1
Z (Tn N+1+2/(q 1)02/“/ (En))q < 0.
0

Let {Ep,n}2_; be a g-proper stratification of E,,. Let € := {e,, n}oo_; be a
g-proper sequence (relative to the above stratification) such that €1, € (0,7p42)
and

Cayq,q (V) <2034, (UE,) where Vi, := Uy Epmr N By (§).
Then V,, C Kp—2 \ Kpy2, £ is a ¢-thin point of the set G = UV, and £ € G.
Consequently ¢ & G.
Put

T = U B> 0 Byja(€),  Fo = U Z.

Since Z, C V), it follows that & is a g-thin point of Fp and § ¢ Fy. Consequently
Qo := (@ N By/2(§)) \ Fo is a g-open subset of ) such that

£€Qo, Qo C(QNB1y(&))\ Fo C(@NByya(§)\ECQ.

3. Maximal solutions

We consider positive solutions of the equation ([L.1) with ¢ > g., in a bounded
domain @ C RY of class C%. A function v € L] () is a subsolution (resp.
supersolution) of the equation if —Awu + |u|?"tu < 0 (resp. > 0) in the distribution
sense.

If u e L} () is a subsolution of the equation then (by Kato’s inequality B
Alu| > |ul9. Thus |u| is subharmonic and consequently u € L2 (Q). If u € L} ()
is a solution then u € C?(Q).

An increasing sequence of bounded domains of class C?, {Q,,}, such that Q,, T Q

and Q,, C Q,,11 is called an ezhaustive sequence relative to €.

PROPOSITION 3.1. Let u be a non-negative function in L2 ().

loc
(i) If u is a subsolution of (E), there exists a minimal solution v dominating u,
i.e., u <v < U for any solution U > u.

(11) If u is a supersolution of (|L.1]), there exists a mazimal solution w dominated
by u, i.e., V< w < u for any solution V < u.
All the inequalities above are a.e. .
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Proor. Let u. = J.u where J. is a smoothing operator and u is extended by
zero outside Q. Put & = lim._,o u. (the limit exists a.e. in Q and @ = u a.e.). Let
Bo, Qs, X5 etc. be as in Notation 1.1. Since ue — @ in L' (Q2) it follows that

~ . 1
ue}zﬁﬂu}zﬁ in L (Xp)
for a.e.0 € (0, 8y). Choose a sequence {3, } decreasing to zero such that the above
convergence holds for each surface £,, := Xg,. Put D,, := Q/ﬁn' Assuming that u
is a subsolution of () in Q, u, is a subsolution of the boundary value problem
for (@) in D,, with boundary data u€| . Consequently @ is a subsolution of the

=

boundary value problem for ([L.1]) in D, with boundary data 11|E € LY(%,). (Here

we use the assumption u € Lf° () in order to ensure that ud — a? in L}, .(£2).)

Let v,, denote the solution of this boundary value problem in the L' sense:
—Avp +vl =0 in D, v, = U on Xj,.

Then v, € C%(D,,) N L>®(Dy,), vy, < [ull = (p, and the boundary data is assumed
in the L! sense. Clearly & < v, in D,, n=1,2,... . In particular, v, < v,41 on
3. This implies v, < vy41 in D,,. In addition, by the Keller-Osserman inequality
the sequence {v,} is eventually bounded in every compact subset of Q. Therefore
v = limw, is the solution with the properties stated in (i).
Next assume that u is a supersolution and let {D,} be as above. Since u €
L4(D,,) there exists a positive solution wy,, of the boundary value problem
—Aw=u?inD,, w=0on%,.

Hence uw + w,, is superharmonic and its boundary trace is precisely 11|E . Conse-

quently v+ w,, > z, where z, is the harmonic function in D,, with boun?iary data
a\z . Thus u,, := 2, —w, is the smallest solution of ) in D,, dominating u. This

implies that {u,} decreases and the limiting solution U is the smallest solution of

(IL.1) dominating u in Q. O
PROPOSITION 3.2. Let u,v be non-negative, locally bounded functions in Q.

(i) If u,v are subsolutions (resp. supersolutions) then max(u,v) is a subsolution

(resp. min(u,v) is a supersolution).

(i) If u,v are supersolutions then u + v is a supersolution.

(iii) If u is a subsolution and v a supersolution then (u —v)4 is a subsolution.

PrOOF. The first two statements are well known; they can be verified by an
application of Kato’s inequality. The third statement is verified in a similar way:

A(u—v)y =signy(u—v)A(u —v) > (u? —v?) 4y > (u—v)i.

O
Notation 3.1. Let u,v be non-negative, locally bounded functions in 2.
a) If u is a subsolution, [u|; denotes the smallest solution dominating .

b) If u is a supersolution, [u]" denotes the largest solution dominated by w.

(

(

(c) If u, v are subsolutions then v V v := [max(u, v)];.

(d) If u, v are supersolutions then u A v := [inf(u,v)]! and u @ v := [u + v]T.
(

e) If u is a subsolution and v a supersolution then u © v := [(u — v)4];.
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The following result was proved in [B] (see also [, Sec. 8.5]).

PROPOSITION 3.3. (i) Let {ur} be a sequence of positive, continuous subsolu-
tions of (@) Then U := supuy is a subsolution. The statement remains valid if
subsolution is replaced by supersolution and sup by inf.

(ii) Let T be a family of positive solutions of ([L.1)). Suppose that, for every pair
uy,ug € T, there exists v € T such that

max(ug,uz) < v, resp. min(ui,uz) > v.
Then there exists a monotone sequence {u,} in T such that
Uy Tsup?, resp. un | sup7.
Thus supT (resp. inf T ) is a solution.

DEFINITION 3.4. A solution u of ) vanishes on a relatively open set Q C 02
ifue CQQUQ) and u =0 on Q. A positive solution u vanishes on a g-open set

AcCoif
u=sup{v €eU(Q) : v < u, v =0 on some relatively open neighborhood of A}.

When this is the case we write u j 0.

LEMMA 3.5. Let A be a g-open subset of OQ and uq,us € U(Q).
(a) If both solutions vanish on A then uy V us j 0. If uo j 0 and u; < uy then

u1 ~ 0.
A

(b) If w € U(RN) and u ~ 0 then there exists an increasing sequence of solutions

{un} CU(Q), each of which vanishes on a relatively open neighborhood of A (which
may depend on n) such that wy, 1 u.

(c) If A, A" are q-open sets, A~ A’ and u ~ 0 then u ~ 0.

PROOF. The first assertion follows easily from the definition. Thus the set
of solutions {v} described in the definition is closed with respect to the binary
operator V. Therefore, by Proposition E, the supremum of this set is the limit of
an increasing sequence of elements of this set.

The last statement is obvious. O

DEFINITION 3.6. (a) Let u € U(€2) and let A denote the union of all g-open
sets on which u vanishes. Then 990 \ A is called the fine boundary support of u, to
be denoted by supp jqu.

(b) For any Borel set E we denote
Up =sup{u e U(Q) : u ~ 0, E° = 90\ E}.
EC
Thus Ug = Ujp.

LEMMA 3.7. (i) Let A be a g-open subset of 00 and {u,} C U(Q) a sequence
of solutions vanishing on A. If {un} converges then u = limu, vanishes on A. In
particular, if E is Borel, Ug vanishes outside E.

(i) Let E be a Borel set such that Cy/q o (E) = 0. If u € U(Q) and u vanishes on
every q-open subset of B¢ = 0Q\ E then uw = 0. In particular, Ug = 0.

(iii) If {An} is a sequence of Borel subsets of 02 such that Cy/q,q(An) — 0 then
Ua, — 0.
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PROOF. (i) Using Lemma @ we find that, in proving the first assertion, we
may assume that {u,} is increasing. Now we can produce an increasing sequence
of solutions {wy,} such that, for each n, w,, vanishes on some (open) neighborhood
of A and lim w,, = limu,,. By definition lim w,, vanishes on A.

Let E be a g-closed set. By Lemma @(a) and Proposition @, there exists an
increasing sequence of solutions {u,} vanishing outside F such that Ug = lim u,,.
Therefore Ug vanishes outside E.

(ii) Let A, be open sets such that £ C A,, A, | and Cy/q4(An) — 0. The
sets A, have the same properties and, by assumption, u vanishes in (A4,)¢ :=
o0\ A,,. Therefore, for each n, there exists a solution w, which vanishes on an
open neighborhood B,, of (fln)° such that w,, < wu and w, — u. Hence w, < Uk,
where K,, = B¢ is compact and K,, C A,,. Since Ca/q,¢ (Kn) — 0, the capacitary
estimates of [[L] imply that lim Ug, = 0 and hence u = 0.

(iii) By definition Ua, = Uz . Therefore, in view of Proposition BA(iv), it is
enough to prove the assertion when each set A, is ¢-closed. As before, for each n,
there exists a solution w,, which vanishes on an open neighborhood B,, of (An)c
such that w, < Ua, and Ua, — w, — 0. Thus w, < Uk, where K,, = B; is
compact and K,, C A,. Since Ca/q,¢ (Kyn) — 0 it follows that Ug, — 0, which
implies the assertion. (]

LEMMA 3.8. Let E, I be Borel subsets of 0f2.

(i) If E, F are q-closed then Ug ANUp = Upnp.
(i) If E, F are q-closed then

Up <Up < [ECF and Cyqq(F\ E)> 0],

(3.1)
Ug=Ur < FE 3 F.

(iii) If {Fy,} is a decreasing sequence of q-closed sets then
(3.2) limUp, =Upr where F =nNE,.
(iv) Let A C 99 be a g-open set and let u € U(S2). Suppose that u vanishes q-locally

in A, i.e., for every point o € A there exists a q-open set A, such that

o€ A, CA, uA%O.

Then u vanishes on A. In particular each solution u € U(Y) vanishes on O\
Supphe U.
PPsa
PROOF. (i) Ug A Up is the largest solution under inf(Ug,Ur) and therefore,
by Definition @, it is the largest solution which vanishes outside £ N F'.
(ii) Obviously

(3.3) EAF—=Up=Up, ECF « Ug<Up.
In addition,
(34) C2/q,q’ (F\E) >0= Ug 7é Up.

Indeed, if K is a compact subset of F'\ E of positive capacity, then Ux > 0 and
Uk < Up but Ux £ Ug. Therefore Up = Ug implies F LE.
(iil) If V :=lim Up, then Up < V. If Up <V then Cyq o (suppj,, V' \ F) > 0. But
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supphg V' C F, so that suppf, V C F and consequently V < Up.

(iv) First assume that A is a countable union of q—open sets {A,,} such that u ~ 0

n

for each n. Then u vanishes on U¥A; for each i. Therefore we may assume that
the sequence {A,} is increasing. Put F,, = 9Q\ A4,,. Then v < Up, and, by (iii),
Up, | Up where F = 92\ A. Thus u < U, i.e., which is equivalent to u j 0.

We turn to the general case. It is known that the («, p)-fine topology possesses
the quasi-Lindelof property (see [l Sec. 6.5.11]). Therefore A is covered, up to
a set of capacity zero, by a countable subcover of {A, : ¢ € A}. Therefore the
previous argument implies that u ~ 0 O

THEOREM 3.9. (a) Let E be a g-closed set. Then,

Ug =inf{Up : E C D C 99, D open}
=sup{Uxk : K C E, K compact}.

(b) If E, F are two Borel subsets of 02 then

(3.6) Up = Upnp © Up, p.

(c) Let EF,,, n =1,2,... be Borel subsets of 9Q and let u be a positive solution
of (L1). If either Cajqq (EAF,) — 0 or I, | E then

(3.7) Ur, — Ug.

(3.5)

PrROOF. (a) Let {@Q;} be a sequence of open sets, decreasing to a set E LE,
which satisfies (2.2d). Then Q; | E’ and, by Lemma B.d(iii) Ug, | Up. This implies
the first equality in (@) The second equality follows directly from Definition @
(see also Lemma B.9).

(b) Let D, D’ be open sets such that ENFCDand E \F C D" and let K be a
compact subset of E. Then

(3.8) Uk <Up+Up:.

To verify this inequality, let v be a positive solution such that supp},, v C K and
let {8,} be a sequence decreasing to zero such that the following limits exist:

T D /T D’
w= lim vg , w = lim vg .

(See Notation 1.1 for the definition of v£.) Then
v<w+w <Up+Upr.
Since, by [[L6] Ux = Vi, this inequality implies (B.8). Further (.§) and (B.9) imply
Ug <Upne +Up\F-

On the other hand, both Upng and Upg\r vanish outside E. Consequently
Urng @ UE\F vanishes outside F so that
Ug 2 Upng © Up\F-
This implies (B.6).
(¢c) The previous statement implies,

Ug <Up,ne +Ugp\F,, Ur, <Up,ne +Up\E-
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If Cy/q,¢ (EAF,) — 0, Lemma @ implies lim Ugar, = 0 which in turn implies

If F, | E then, by Lemma B.§, Ur, — Ug. O
Notation 3.2. For any Borel set ' C 99 of positive Cy /4 o-capacity put
59) Vinoa(E) = {uy : p € W"(09), u(02\ E) = 0},

VE = sup Vmod(E)

THEOREM 3.10. If E is a g-closed set, then
(3.10) Ug =Vg.
Thus the mazimal solution Ug is o-moderate. Furthermore Ug satisfies the capac-
itary estimates established in [E] for compact sets, namely:
There exist positive constants cy,cs depending only on q, N and Q) such that, for
every x € €,

C2P(x) Z 7“7711_2/(q_1)c2/q,q’((E N Sm(x))/rm)) < UE(x) <
(3.11) o

crp(z) Z T;L172/(q71)02/q,q’((E N Sm(2))/rm)),
where

p(x) =dist (z,09), 714 =27, Sp(z) ={y €00 : rr1 < |z —y| < 7T}
Note that, for each point z, Sy,(z) = 0 when

sup |z — y| < rmg1 < rm < p(x).
yek

Therefore the sum is finite for each x € €.
Remark. Actually the estimates hold for any Borel set £. Indeed, by definition,
Up=Ug and Cy/q¢ ((EN Si(2))/rm)) ~ Co)q,q (BN Si(x))/7m))-

PROOF. Let {EL} be a g-stratification of E. If u € Vyoa(F) and p = tru then
uy = supuy, where up = px,, . Hence Vg = sup Vg, . By 6], Ug, = Vi,. These
facts and Theorem E(C) imply () It is known that Ug, satisfies the capacitary
estimates (B.11). In addition,

CQ/qu’((Ek N Sm(x))/rm)) - C2/q,q’((E N Sm(x))/rm))-

Therefore Ug satisfies the capacitary estimates. (Il

4. Localization

DEFINITION 4.1. Let p be a positive bounded Borel measure on 92 which
vanishes on sets of Cy/, s-capacity zero.

(a) The g-support of x (denoted g-supp p) is the intersection of all g-closed sets F
such that p(0Q\ F) = 0.

(b) We say that p is concentrated on a Borel set E if u(0Q\ E) = 0.
LEMMA 4.2. If p is a measure as in the previous definition then,

(4.1) q-supp i~ SUpPPHe, Uy
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PROOF. Put F = supp}, u,. By Lemma B.4(iv) u,, vanishes on 9Q\ F and by
Lemma @ there exists an increasing sequence of positive solutions {u,} such that
each function u, vanishes outside a compact subset of F, say F;,, and u, T u,. If
Sp 1= suppjq un then S, C F, and {S,} increases. Thus {S,} is an increasing
sequence of compact subsets of F' and, setting pu, = px 5,0 e find u, <wy, <uy
so that u,, 1 u,. This, in turn, implies (see [L4])

e~

q —
pn T o,  g-suppp C Up,S, C F.

If D is a relatively open set and pu(D) = 0 it is clear that u, vanishes on D.
Therefore u,,, vanishes outside Sy, thus outside g-supp . Consequently u,, vanishes

outside g-supp p, i.e. F & q-supp L. O

DEFINITION 4.3. Let u be a positive solution and A a Borel subset of 9Q2. Put

(4.2) [u)a :==sup{v € U(Q) : v <wu, supphyv ¢ A}
and,
(4.3) [u] == sup{[u]p : F C A, F g-closed}.

Thus [u]a = u AUy, i.e., [u]a is the largest solution under inf(u, Uga).

Recall that, if A is g-open and u € C(99), uj denotes the solution of (L1)) in
QJ; which equals UX5, (ay OD 3.

If limg_.o ué exists the limit will be denoted by u*.

THEOREM 4.4. Let u € U(QD).
(i) If E C 09 is g-closed then,

(4.4) [ulg = inf{[u]p : E C D C 9Q, D open}.
(i) If E, F are two Borel subsets of O then

(4.5) [ulg < [ulrne + [ulp\r
and
(4.6) [[ulelr = [[u]rle = [u]pnF.

(iii) Let B, F,,, n = 1,2,... be Borel subsets of 0. If either Cy/q o (EAF,) — 0
or F, | E then

(4.7) [ulF, = [u]e-

PROOF. (i) Let D = {D} be the family of sets in (J.4). By (B.5) (with respect
to the family D )

(4.8) inf(u,Ug) = inf(u, inf Up) = inf inf(u, Up) > influ]p.

DeD DeD DeD
Obviously
[u]p, A [ulp, > [u]lpinD,-
(In fact we have equality but that is not needed here.) Therefore, by Proposition ,

the function v := inf,_,[u]p is a solution of ([L.1). Hence ([L.§) implies [u]x > v.
The opposite inequality is obvious.
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(i) If E is compact (.9 is proved in the same way as Theorem B.9(b). In general,
if {E,} is a ¢ stratification of E,
[ulg, < [ulrne, + [Ue\F < [UFnE + [u]p\F-
This inequality and Theorem B.9(c) imply (&.3).
Put A= FE and B = F. It follows directly from the definition that,
[[ulals <inf(u,Ua,Up).
The largest solution dominated by u and vanishing on AU B°) is [u]anp. Thus
[[ula]lp < [ulans.
On the other hand

[ulang = [[u]ans]s < [[ulals.
This proves (@) (iii) By ()
[ule < [ulp.nE + [ulm\F,, [ulr, < [ulr.ne + [Ulp,\B-

If Cy)q,q (EAF,) — 0, Lemma B.7 implies lim[u]gar, = 0 which in turn implies

I.f F,, | E then, by Lemma @, Ur, — Ug. If u is a positive solution then
inf(u,Ug) = inf(u, igf Up,) = i%f inf(u,Up,) > i%f[u]pn.

Since {F,} decreases w = inf,[u]F, is a solution. Hence [u]g > w. The opposite

inequality is obvious; hence [u|p = lim[u|p, . O
LEMMA 4.5. Let u be a positive solution of (E) and put E = supp}, u.

(i) If D is a q-open set such that E & D then

(4.9) [u]? = }}%u? = [u]lp = u.

(i) If A is a g-open subset of Of2,

(4.10) ujO — uQ:é%u§:0 VQq-open:QéA.

(i) Finally,

(4.11) uR 0= Wt =0

PROOF. Case 1: E is closed. Since u vanishes in A := 9Q \ E, it follows that
u€ C(QUA) and u=0on A. If, in addition, D C 99 is an open neighborhood of

FE then
/ udS — 0
Zp(De)
so that
4.12 li ‘=0.
(4.12) Bli% g 0
Since

ug §u§u€+u€c in Qb
it follows that
(4.13) u = lim ug.
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If we assume only that D is g-open and £ éD then, for every € > 0, there exists
an open set O, such that D C O, E C O, and Cy /4,4 (0O;) < € where O, = O\ D.
It follows that

ug” —ug <Usyop in @
and lime_.o Usg,or) = 0 uniformly with respect to 8. Since limg_.g uge = u it
follows that ([.13) holds. The same argument shows that ([.1J) remains valid.
Now (f£.19) implies ([£9). Indeed

u:hmug <[u]lp < u.

Hence u = [u]p. If Q is a g-open set such that F ¢ QcQ & D then u = [ulg <
[u]P. Hence u = [u]P.

In addition (f.19) implies ([.10) in the direction =. Assertion ([.10) in the
opposite direction is a consequence of Lemma @ and Lemma @ (iv).
Case 2. 'We consider the general case when E is ¢-closed. Let {E,,} be a stratifi-
cation of £ so that Cy/q o (E\ En) — 0. If D is g-open and E ) then, by the
first part of the proof,

(4.14) éig{)([U]En)é’ = [u]g,.
By ([L.3)
(4.15) uf < ([ule,)5 + ([ulp\e,)E -

Let {81} be a sequence decreasing to zero such that the following limits exist

1 D 1 D —
w-_lll—r%uﬁk’ Wy, .—%LO([U]E\ETL)M, n=12---.

Then, by (.14) and ([L19),
[Wp, <w < [ulg, +w, < [ulp, +Up\g,-
Further, by @),
[ulg, — [ulg =u, Ugg, —0.

Hence w = u. This implies ({.1) which in turn implies ([£.9).
To verify ) in the direction = we apply 1@.15) with D replaced by Q.
We obtain,

ug < ([We,)§ + (Wes,)§
By the first part of the proof

: Q _
lim ([u]5,)§ = 0.

Let {8k} be a sequence decreasing to zero such that the following limits exist:

kli{go([u]E\En)gkv n= 1725"'7 klinc}ougk
Then
Jim ugk < klingo([U]E\En)?k < Up\g,-

Since Ug\g, — 0 we obtain ({.10) in the direction =. The assertion in the
opposite direction is proved as in Case 1. This completes the proof of (i) and (ii).
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Finally we prove (iii). First assume that u ~ 0. If F'is a g-closed set such that

F & A then there exists a g-open set @@ such that F’ g Q & A. Therefore, applying
(.9) to v := [u]r and using (Jt.1q) we obtain

v = limvg < limug =0.
In view of Definition [i.3 this implies that [u]* = 0.

Secondly assume that [u]* = 0. Then [u]g = 0 whenever Q EA T Qis a
g-open set such that Q & A then [u]o = 0 and hence u g 0. Applying once again
Lemma .7 and Lemma B.§ (iv) we conclude that u ~ 0. il

DEFINITION 4.6. Let u,v be positive solutions of (EI) in Q and let A be a
g-open subset of 9Q. We say that u = v on A if u © v and v © u vanish on A (see
Notation 3.1). This relation is denoted by u v

THEOREM 4.7. Let u,v € U(Q) and let A be a g-open subset of 0. Then,

4.16 ~v = i —v2=0
(4.16) uA v égw vy =0,

for every g-open set Q such that Q é A and

(4.17) urv < [ulr = [v]F,

for every q-closed set F' such that F é A.
PROOF. By definition, u ~ v is equivalent to u & v 7 Dandvou j 0. Hence,
by Lemma [L.5 (specifically (L11))),
(4.18) [uevlp=0, [veulp=0,
for every g¢-closed set F’ AT herefore, if Q ¢ A, Lemma @ implies that
(u=0)1)F =0, ((w—u))§—0.

(Recall that uSw is the smallest solution which dominates the subsolution (v—v).)

=

This implies (K.16) in the direction =>; the opposite direction is a consequence of
Lemma @
We turn to the proof of () For any two positive solutions u, v we have

(4.19) u+(—uwy <v+(u—v)y <v+udo.
If F'is a g-closed set and @ a g-open set such that F’ ¢ Q then,
(4.20) [ulr < [v]g + [u S v]g.
To verify this inequality we observe that, by (),

[ulr < [v]g + [vlge + [uE v + [uS vlge.

The subsolution w := ([u]r — ([v]g + [u©v]g))+ is dominated by the supersolution
[v]lge + [u © v]ge which vanishes on (). Therefore w vanishes on Q. Since the
boundary support of [w]; is contained in F' it follows that [w]; = 0 so that w = 0.

If u A and F ¢ QcQ & A then ({20) and (E1§) imply,

[u]F < [v]q-
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Choosing a decreasing sequence of g-open sets {@Q,,} such that NQ,, L F we obtain
[ulr <lim[v]g, = [v]F. Similarly, [v]r < [u]F and hence equality.

Next assume that [v]p = [u]F for every g-closed set F' EATE Q is a g-open
set such that Q & A we have,

uov < ([ulg @ [ulge) © [vlg < [ulge,

because [u]g = [v]g. This implies that u © v vanishes on . Since this holds for
every (Q as above it follows that u © v vanishes on A. Similarly v © u vanishes on
A. O

COROLLARY 4.8. If A is a g-open subset of OS2, the relation ~ s an equivalence
relation in U(Q).

PRrOOF. This is an immediate consequence of (f.16). O

5. The precise boundary trace

5.1. The regular boundary set. We define the regular boundary set of a
positive solution of (@) and present some conditions for the regularity of a g-open
set.

DEFINITION 5.1. Let u be a positive solution of ([L.]).

a: Let D C 09 be a g-open set such that Cy/, (D) > 0. D is pre-regular
with respect to wu if

(5.1) /[u]%pd:z: <0 VYFED,F g-closed.
Q

b: An arbitrary Borel set F is regular if there exists a pre-regular set D such
that £ & D.

c: A set D C 09 is o-regular if it is the union of a countable family of
pre-regular sets.

d: The union of all g-open regular sets is called the regular boundary set of u,
and is denoted by R(u). The set S(u) = 9Q \ R(u) is called the singular
boundary set of u. A point P € R(u) is called a regular boundary point
of u; a point P € S(u) is called a singular boundary point of w.

Remark. The property of regularity of a set is preserved under the equivalence
relation <. However note that a point is reqular if and only if it has a q-open
regular neighborhood.

LEMMA 5.2. If D is a q-open pre-reqular set then every point & € D is a regular
point. Furthermore there exists a q-open regular set QQ such that

(5.2) £eQcQcDh.

If F is a reqular q-closed set then there exists a regqular q-open set @ such that
q

FCQ.

Proor. By Lemma E, for every £ € D, there exists a g-open set @) such that
(@) holds. Therefore @ is a regular set and & is a regular point. The last assertion
is a consequence of Lemma @ (I
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DEFINITION 5.3. Let u be a positive solution of ([L1) and let {Q,} be an

~ 4
increasing sequence of regular g-open sets. If @, C Q,41 we say that {Q,} is a
regqular sequence relative to wu.

If @ is a g-open set, {@Q,} is a regular sequence relative to u, @, C @ and

Qo '=U>2,Qn L Q we refer to Qo as a proper representation of @ and to {Q,} as
a regular decomposition of @), relative to u.

LEMMA 5.4. Let u € U(Y). A q-open set Q C O is o-regular if and only if it
has a proper representation relative to u. In particular every pre-reqular set has a
proper representation.

PRrROOF. The ’if’ direction follows immediately from the definition. Now sup-
pose that @ is o-regular. Then @) = U®E,, where E, is g-open and pre-regular,
n=1,2,---. By Lemma E, each set F,, can be represented (up to a set of capacity

zero) as a countable union of g-open sets {4, ;}52; such that A, ¢ Ap i+ & E,.
We may assume that A, ; C E,; otherwise we replace it by A, ; N E,. Put

Qn - UkJrj:nAk,j-

If K4+ 57 =n then /Ikyj é Ak1j+1 C Qn+1. Hence

On € Quit, Qo:=UQ, 2 Q.

THEOREM 5.5. Let D be a g-open set such that Cyq o (D) > 0.
(i) Suppose that

(5.3) lim inf /Q (ug)(p — B) dx < oo.

B—0
Then D is pre-regular.

(i) Suppose that D is a pre-reqular set. Then there exists a Borel measure p on D

such that, for every q-closed set é D,

(5.4) trfulp = px,
PROOF. (i) Let {8,} be a sequence decreasing to zero such that
(5.5) / (ug)(p— Bn)dz < C < oo, Vn.
Q/
Bn

By extracting a subsequence if necessary we may assume that {uﬁDn} converges
locally uniformly in Q to a solution w. Then, by Lemma @, if E is g-closed and
E&D,

s D : D _.
(5.6) [ulg = éli%([u]E)ﬁ < nlLII()lo ug, =:w.

By (F-§) and Fatou’s lemma,

/ wipdr < C < 0.
Hence, by (b.6), ’
(5.7) [ eypds <0 <ox.
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Thus D is pre-regular.
(ii) By Lemma [.4, D possesses a regular decomposition {D,}. Put

wj = [U’]Dj'

Then {w;} is increasing and its limit is a solution wy < w with w as defined in
(E) Thus wy is a moderate solution. If F EDisa g-closed set then, by (@),

[ul grp, = [wjle < fwoe < [ulp.
By Lemma @, for every k € N there exists an open set Oy, and a natural number
Jx such that Cy/4 4 (Oy) < 1/k and E\ Oy & Dj,. By Theorem B9
) < [ulpnp, + o,

Since [u]o, — 0 we conclude that

(5.8) [wolz = [ulzg VE & D: E g-closed.

If wo is moderate then tr [wo] s = px ,tr wo, which implies (F.4).
We turn to the case where wp is not moderate. The solution w; is moderate
and we denote

i =trw;, p=limpy;.
By (1.6), w; = [wjyk]p,. Therefore p; = [j+kXp, = HXp,: Therefore if E is g-
closed and E ¢ D for some j, (@) holds with p as defined above. If F is g-closed

and E & D then E L E' .= U(END;) = U(END;). Put E; := END;. It follows
that

trulp, = pxs, T AX,-

Since D is pre-regular, [u]g is moderate. Put £’ = £\ D; and observe that N¢° £,
is a set of capacity zero so that (by Lemma @) Ugr, | 0 and hence lim|[u] B 1o
Since

[ule < [ul, + [ulp; and [u]p; | O
we conclude that
tr[ulp < limtr [u]g;, = px,,.
On the other hand
tr{ulp > trule, — ux, = 1Xp
This implies (f.4). O

COROLLARY 5.6. Let D be a q-open set such that Cy,q o (D) > 0. Suppose that,

for every q-open set Q such that Q ¢ D,

(5.9) 1iénjgf /% (ug)q(p - B)dx < .

Then D is pre-regular.

PRrOOF. This is an immediate consequence of Lemma @ and Theorem @ (I
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5.2. Behavior of the solution at the boundary. In this subsection we
provide a characterization of regular and singular boundary points of a positive
solution by the limiting behavior of the solution as it approaches the boundary in
a g-open neighborhood of each point.

THEOREM 5.7. Let u be a positive solution of (@) in Q and let QQ be a q-open
subset of 02 of positive capacity.

(i) If € € S(u) then, for every nontrivial q-open neighborhood Q of &,
(5.10) / udS — oo, as [ — 0.
Zs(Q)

(i) If £ € R(u), there exists a g-open regular set D such that £ € D. Further there
exists a q-open set Q) such that £ € Q C Q C D. Consequently

(5.11) sup / udS < oo, u? = lim ug exists
0<B<B0 JE5(Q) B—0

and u® is moderate. If o = tr[ulg then, for every q-closed set E ¢ Q,
(5.12) tr [ulp = foX e

PROOF. (i) If Q is a g-open set for which (5.1() does not hold, there exists a
sequence {f3,} converging to zero such that

/ udS — a < 0.
g, (Q)

This implies that there exists a constant C' such that (5.5) holds (with D replaced
by @). By Theorem @, Q@ is pre-regular and by Lemma @ every point in @ is a
regular point. Therefore, if £ € S(u), (p.1() holds.

(ii) By Definition @ there exists a g-open regular neighborhood D of £&. By
Lemma, @ there exists a g-open set ) such that £ € Q@ C @ C D. By Theo-

rem |14 and Lemma .3,

u < |ulp + [u]pe and gliii%/@[u][)c(ﬂ’ )dS = 0.

Therefore
limsup/ u(fB,-)dS < 1imsup/ [u]lp(B,-)dS < oo
B—0 Q B—0 Q
so that (5.3) holds. In view of this fact, Theorem .4 and the arguments in its proof
imply assertion (ii). O

5.3. ¢-perfect measures.

DEFINITION 5.8. Let u be a positive Borel measure, not necessarily bounded,
on 0f).

(i) We say that p is essentially absolutely continuous relative to Cy/q o if the fol-
lowing condition holds:
If Q is a g-open set and A is a Borel set such that C5/4 4 (A) = 0 then

wQ\A) = p@Q).
This relation will be denoted by u <f< Co/qq'-
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(i) p is regular relative to g-topology if, for every Borel set E C 012,
p(E) =inf{u(D): E C D C 01, D g-open}

5.13
(5.13) =sup{u(K): K C E, K compact}.

w is outer reqular relative to g-topology if the first equality in ) holds.

(iii) A positive Borel measure is called g-perfect if it is essentially absolutely con-
tinuous relative to Cy/, » and outer regular relative to g-topology. The space of
g-perfect Borel measures is denoted by M, ().

LEMMA 5.9. If u € My(99) and A C 9 is a non-empty Borel set such that
CQ/q,q’ (A) =0 then

oo if p(@\A) =00 VQ g-open neighborhood of A,
0  otherwise.

(5.14)  p(A) = {

If 1o is an essentially absolutely continuous positive Borel measure on OS2 and
Q 1is a q-open set such that po(Q) < oo then ,uon s absolutely continuous with
respect to Cyq o in the strong sense, i.e., if {A,} is a sequence of Borel subsets of
09,
Cg/qu/(An) — 0= ,UQ(Q n An) — 0.
Let po be an essentially absolutely continuous positive Borel measure on 0f).
Put

(5.15) w(E) :==1inf{uo(D): E C D C 02, D g-open},
for every Borel set E C 02. Then
(@) po<p, (@) =un@Q VQ q-open

(5.16) (b) ;L|Q = MO|Q for every q-open set Q such that po(Q) < oo .

Finally p is g-perfect; thus p is the smallest measure in M which dominates p.

ProOOF. The first assertion follows immediately from the definition of M,. We
turn to the second assertion. If g is an essentially absolutely continuous positive
Borel measure on 92 and @ is a g-open set such that po(Q) < oo then oy, is
a bounded Borel measure which vanishes on sets of Cy/, ,-capacity zero. If {A,}
is a sequence of Borel sets such that Cy/q 4(An) — 0 and pn = pioX,,,, then
uy, — 0 locally uniformly and p, — 0 weakly with respect to C'(99). Hence
1o(@Q N A,) — 0. Thus g is absolutely continuous in the strong sense relative to
Ca/q,q'-

Assertion (b.16) (a) follows from (5.15). Tt is also clear that u, as defined by
(p.1§), is a measure. Now if @ is a g-open set such that 1o(Q) < co then u(Q) < oo
and both MO’Q and ,u}Q are regular relative to the induced Euclidean topology on

0. Since they agree on open sets, the regularity implies (p.16) (b).
If Ais a Borel set such that Cy/q o/(A) = 0 and @ is a g-open set then Q \ A is
g-open and consequently

Q) = po(Q) = uo(Q\ A) = u(Q\ A).

Thus p is essentially absolutely continuous. It is obvious by its definition that u is
outer regular with respect to Cy/q 4. Thus p € My(09). O
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5.4. The boundary trace on the regular set. First we describe some prop-
erties of moderate solutions. In this connection it is convenient to introduce a
related term: a solution is strictly moderate if

(5.17) |u| <wv, v harmonic, / vipdr < co.
Q

A positive solution u is strictly moderate if and only if tru € W;Q/q’q(aQ) (see
[15)).
Notation 5.1. Let II : Qg, — 9 be the mapping given by II(z) = o(z) (see
Notation 1.1) and put Iz := H|E .

s

1: If ¢ is a function defined on 99 put ¢* := ¢ o II. This function is called
the normal lifting of ¢ to Qg,. Similarly, if ¢ is defined on a set Q C 99,
¢* is the normal lifting of ¢ to Qg,(Q).

2: If ¢ is a function defined on X3 we define the normal projection of ¢ onto
o) by

Pl €)= p(I;1(€), VE€aQ, Tlg= H\ZB P8 O

If v is a function defined on g, then v? denotes the normal projection of
v(8,-) onto 99, for 8 € (0, By)-

PRrROPOSITION 5.10. Let u be a moderate solution of (m), not necessarily pos-
itive. Then:

(i) uw € LY(Q) N LY(Q; p) and u possesses a boundary trace tru given by a bounded
Borel measure p which is attained in the sense of weak convergence of measures:

(5.18) lim [ w¢*dS = lim | u?¢pdS = / pdu,
B—=0Js5, B=0 /a0 o0

for every ¢ € C(09).
(ii) A bounded Borel measure i is the boundary trace of a solution of ([L1]) if and
only if it is absolutely continuous relative to Coq . When this is the case, there

exists a sequence {ji,} C W=2/99(0Q) such that u, — p in total variation norm.
If p is positive, the sequence can be chosen to be increasing. Note that these facts
imply that w is a trace if and only if |u| is a trace.

(iii) w is strictly moderate if and only if |tru| € W=2/29(9). In this case the
boundary trace is also attained in the sense of weak convergence in W72/q*q(8Q) of
{uf : € (0,60)} as 8 — 0. In particular (5.18) holds for every ¢ € W2/a:4' (5Q) U
C(09).

(w) If p == tru and {p,} is as in (ii) then u = limw,,, . In particular, if uw > 0
then u is the limit of an increasing sequence of strictly moderate solutions.

(v) The measure u = tru is regular relative to the q-topology.

(vi) If u is positive (not necessarily strictly moderate), (b.18) is valid for every
¢ € (WY A L) (09).

Remark. Assertions (i)-(iv) are well known. For proofs see [[L5] which also contains
further relevant citations.

Proof of (v). If pis a trace then u; and p_ are traces of solutions of ([L.I).
Therefore it is enough to prove (v) in the case that p is a positive measure.
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Every bounded Borel measure on 0f2 is regular in the usual sense:
w(E) =inf{u(0) : E C O, O relatively open}
=sup{u(K): K C E, K compact}
for every Borel set ' C 9€). Since
w(E) <inf{u(D): E C D C 09, D g-open}
<inf{p(O) : E C O C 99, O relatively open}
it follows that such a measure is also regular with respect to the g-topology.

Proof of (vi). By (ii) there exists an increasing sequence of strictly moderate
solutions {v,} such that v, T w. If y, := trov, then

lim U@ dS = o diin,
B—=0Js5, o0

for every ¢ € W2/24'(992). Since {u,} increases and converges weakly to p = tru
it follows that u, — u in total variation. Hence

by~ [
o0 o0
for every bounded ¢ € W2/a:¢' (09). If, in addition, ¢ > 0, we obtain

liminf/ uqﬁ*dsz/ o dpu.
=0 Js, o0

On the other hand, since uj; — p in the sense of weak convergence of measures, it
follows that

(5.19) limsup/ updS <y, liminf/ uzdS >
E A

for any closed set E C 95, respectively, open set A C 9Q). It is easily seen that,
in our case, this extends to any g-closed set F (resp. g-open set A). Therefore if A
is g-open and

then
(5.20) lim / uPdS = u(A).
A

If ¢ € W2/94 (9Q)NL>®(N) and I C R is a bounded open interval then, by [il,
Prop. 6.1.2, Prop. 6.4.10], A := ¢~1(I) is quasi open. Without loss of generality
we may assume that ¢ < 1. Given k € N and m = 0,...,2% — 1 choose a number
@m, k. in the interval (m27%, (m + 1)27%) such that pu,(¢~!({am.r}) = 0. Put

At = 6 (@mpy amirx]) m=1,...,2" =1, Aoy = ¢ ((aox, a1r])

and
2k_1

fi = Z m2_kXAm,k'
m=0
Then f; — ¢ uniformly and, by (),

lim [ fruldS = [ fedp,
B—=0 Jon 0

This implies assertion (vi). O
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THEOREM 5.11. Let u € U(R).

(i) The regular set R(u) is o-regular and consequently it has a regular decomposi-
tion {Qn}.

(i) Let

(5.21) vy = sup{[ulg : @ g¢-open and regular }.

Then there exists an increasing sequence of moderate solutions {w,} such that

q
(5.22) Suppgg wy, CR(u), wn T Vg

(Thus v, is o-moderate.)

(iii) Let F be a g-closed set such that F ¢ R(u). Then, for every e > 0, there

exists a g-open regular set Q. such that Cy;q o (F\ Qc) < €. If, in addition, [u]r is
moderate then F' is reqular; consequently there exists a q-open regular set ) such

that F & Q.
(iv)  With {Qn} as in (i), denote

(5.23) Up = [u]Q,, fn i=tro,, vi=limu,, pg = limpu,.
Then,

(5.24) V=g

Furthermore, for every q-open regular set @,

(5.25) HrX g = tr[ulg = tr [vgo.

Finally, p,, is g-locally finite on R(u) and o-finite on Ro(u) := UQ,,.

(v) If{w,} is a sequence of moderate solutions satisfying conditions ) then,
(5.26) fr = lim tr w,

(vi) The regularized measure fi, given by

(5.27) fR(E) :=inf{u.(Q): ECQ, Q q-open VE C 9Q, E Borel}

is q-perfect.

(vi)) Rﬁ) Vge

(viii) For every q-closed set F' & R(u):

(5.28) [u]lF = [vg]F-

If, in addition, p,(F) < oo then [u]r is moderate and

(5.29) tr[u]p = ppX
(ix) If F is a q-closed set then
(5.30) pr(F) < oo < [u]p is moderate <= F is regular.

PRrROOF. (i) By , Sec. 6.5.11] the («, p)-fine topology possesses the quasi-
Lindelof property. This implies that R(u) is o-regular. By Lemma @ R(u) has a
regular decomposition {@Qy }. Recall that Q,, C Qny1 and Cy /4 o (R(u)\Ro(u)) = 0.
(ii) This assertion is an immediate consequence of (b.21]) and Proposition B.3.
(iii) By definition, every point in R(u) possesses a g-open regular neighborhood.
Therefore, the existence of a set @, as in the first part of this assertion, is an
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immediate consequence of Lemma E Let O, be an open set containing F' \ Q.
such that Cy/q ¢ (Oc) < 2¢. Put F. := F'\ O.. Then F is a g-closed set, F. C F,

Co /g (F\ Fe) < 2¢ and F, C Q.

Assertion 1. Let E be a q-closed set, D a g-open reqular set and E é D. Then
there exists a decreasing sequence of q-open sets {G,,}°2; such that

(5.31) E¢ Gpiti CGusr ¢ Go & D
and
(5.32) [ulg, — [ulg in LU, p).

By Lemma @ and Theorem @, there exists a decreasing sequence of g-open
sets {G, } satisfying (£.31)) and, in addition, such that [u]e, | [u]g locally uniformly
in Q. Since [u]g, < [u]p and the latter is a moderate solution we obtain (f.39).

Put

E, = U?n:lFl/mv D,, := Un’mlel/m'

Then FE, is g-closed, D,, is g-open and regular and F, é D,,. Therefore, by
Assertion 1, it is possible to choose a sequence of g-open regular sets {V;,} such
that

(5.33) En & Vi CVa & Dyy |y, — [u]
By Theorem @,

—n
EnHLq(pr)— :

[ulp < [u]g, + [ulp\g, and [u]lpg, |O.

Therefore [u]g, T [u]F.
If, in addition, [u]F is moderate then

[ul, Tlulp in LY, p)
and consequently, by (),

[u]y,, — [u]p in LI(Q,p).
Let {V,,, } be a subsequence such that

(5.34) H[U]Vnk - [U]F‘ <2k,

La(Q,p)

Recall that E, ¢ VN F and that Cy )4 o (F'\ Ey) | 0. Therefore Cy/q o (F\'V;,) —
0. Consequently F Ew o= N2V, and, in view of (5.34), [u]w is moderate.

Obviously this implies that W is pre-regular (any g-closed set E & W has the
property that [u]g is moderate) and F' is regular. Finally, by Lemma @, every
g-closed regular set is contained in a g-open regular set.

(iv) Let @ be a g-open regular set and put u, = tr [u]q. If F'is a g-closed set such
that F' é @ then, by Theorem @,

(5.35) [ulr = 11X e

In particular the compatibility condition holds: if Q, @’ are g-open regular sets then

(5.36) HeNQ" = HQXgngr = HQ' Xgngr
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With the notation of (p.23), [vn+k]o, = vk and hence HntkXg, = Mk for every
ke N.

Let F' be an arbitrary g-closed subset of R(u). Since Cy/qq (F\ Qn) — 0 it
follows that
(5.37) [on]F = [U]prg, T [u]F-
In addition, [v]F > lim[v,]Fr = [u]r and v < u lead to,
(5.38) [ulp = [v]F.
If Q is a g-open regular set, [u]g = lim[v,]g < limwv, =: v and so v, < v. On the
other hand it is obvious that v < v,. Thus (f.24) holds.

By (F-39) and (5.37), if F is a g-closed subset of R(u) and [u]r is moderate,
(5.39) tr[u]lp = limtr [v,]F = lim gn X p = X m
which implies (p.25). This also shows that p.x, is independent of the choice of
the sequence {u,} used in its definition. This remains valid for any g¢-closed set

Fé R(u) because Cy/q o (R(u) \ Ro(u)) = 0 and pu, is o-finite on Ro(u). The last
observation is a consequence of the fact that Ro(u) has a regular decomposition.

The assertion that p, is ¢-locally finite on R(u) is a consequence of the fact
that every point in R(u) is contained in a g-open regular set.

(v) If w is a moderate solution and w < v, and supp$, w ¢ R(u) then 7 :=trw <
My Indeed

wlg, < elo, =tn, [Wg, Tw=trwlg, T7<limtrv, = pu,.
Now, let {w,} be an increasing sequence of moderate solutions such that F,, :=
SUppPdg, Wn ¢ R(u) and wy, T v,. We must show that, if v, 1= trwy,,
(5.40) vi=limv, = pi,.

By the previous argument v < pu.. The opposite inequality is obtained as
follows. Let D be a g-open regular set and let K be a compact subset of D such
that Cy/q,4 (K) > 0.

Wy, < [wp]p + [Wn]pe = v, = limw,, < lim[w,]p + Upe.
The sequence {[wy]p} is dominated by the moderate function [v.]p. In addition
tr [wn]p = vux 5 T VX, Hence, vy is a bounded measure and [wy]p T Upy where
the function on the right is the moderate solution with trace vy ;. Consequently
v, = limw, < Uy + Upe.
This in turn implies
(lvelx =y )+ < nf(Upe, Uk)

the function on the left being a subsolution and the one on the left a supersolution.
Therefore

([velk —wwx )+ <I[[U]pe]x = 0.
Thus, [v]x < Upy and hence p X, < vx,. Further, if Q is a g-open set such that
Q & D then, in view of the fact that

sup{ftxX, : K € Q, K compact} = pux,
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we obtain,

(5.41) HrXq < VX5
Applying this inequality to the sets @, @m+1 We finally obtain

HrXam S VX, S VXap o

Letting m — oo we conclude that p,, < v. This completes the proof of (.40) and
of assertion (v).

(vi) The measure p, is essentially absolutely continuous relative to Cy/, 4 (see
Definition @) Therefore this assertion follows from Lemma @

(vii) By (L3)
u < [u]q, + [uan\q, -
By Theorem B.d(c)
[uaonq, | [u]ao\R,-
Hence
lim(u — [ulg,) = u — v < [uloo\r,

so that u © v, X 0. Since v, < u this is equivalent to the statement u ~ Vg
0

(viil) (p.2§) was established before, see (5.3§). Alternatively, it follows from the
previous assertion and Theorem [1.7. If pu,(F) is finite then (F.29) is a consequence
of (i) and (5.33). Indeed, F, := FNQ, T Fo ~ F. Hence, [u]r < [u] F,, +[u] p\ F, and
Csq,q (F'\ F,) | 0. Hence [u]p = lim[u]r, and tr[u|p, = pexp, T HrXry = HrXp
Since fi,x, is a bounded measure, [u]r is moderate and (f.29) holds.

(ix) If p(F) < oo then, by (viii), [u]r is moderate and, by (iii), F is regular.
Conversely, if F' is regular then [u] is moderate and, by (5.25), pux(F) <oco. O

5.5. The precise boundary trace.

DEFINITION 5.12. Let ¢. < ¢ and u € U(Q).

a: The solution v, defined by () is called the regular component of v and
will be denoted by u, .,

b: Let {v,} be an increasing sequence of moderate solutions satisfying con-
dition (5.23) and put g, = py(u) := limtrv,. Then, the regularized
measure fi,, defined by (), is called the regular boundary trace of u.
It will be denoted by tru.

c: The couple (tryu, S(u)) is called the precise boundary trace of u and will
be denoted by tr “u.

d: Let v be the Borel measure on 02 given by

W(E) {(trnu)(E) if ECR(u),

(5.42) v(E) =00 if ENS(u)#9,

for every Borel set £ C 0Q2. Then v is the measure representation of the
precise boundary trace of u, to be denoted by tr u.

Note that, by Theorem (v), the measure i, is independent of the choice of the
sequence {vy, }.
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THEOREM 5.13. Assume that u € U(Q) is a o-moderate solution, i.e., there
exists an increasing sequence {u,} of positive moderate solutions such that u, — u.
Let py, = truy,, po :=lim u, and put
(5.43) w(E) :==1inf{po(D): E C D C 02, D g-open},
for every Borel set 2 C 0. Then:

(i) p is the precise boundary trace of uw and p is g-perfect. In particular p is
independent of the sequence {un,} which appears in its definition.

(ii) If A is a Borel set such that u(A) < oo then u(A) = po(A4).

(iii) A solution u € U(Y) is o-moderate if and only if

(5.44) u=sup{v € U(Q) : v moderate v < u},

which is equivalent to

(5.45) u=sup{u,: 7€ W;Q/q’q(aﬂ), T < tru}.

Thus, if u is o-moderate, there exists an increasing sequence of strictly moderate

solutions converging to u.

(iv) If u,w are o-moderate solutions,
(5.46) trw <tru <= w < u.

PROOF. (i) Let @ be a g-open set and A a Borel set such that C5 /4 o (A) = 0.
Then p,(A) = 0 so that pg(A) = 0. Therefore po(Q \ A) = po(Q). Thus g is
essentially absolutely continuous and, by Lemma @, w is g-perfect.

Let {D,,} be a regular decomposition of R(u). Put D] = R(u)\D,, and observe
that D;, | £ where Cy/q o (E) = 0. Therefore

Ui Xy 10
Since,
HUnXg @) = HnXp, + MnXngv
it follows that
Uptn X ey lim Ui g, < “unx% — 0.
Now
Un < Uy o F [u] s (u)-
Hence
u— [u]s( < w:=lim Wit Xy = B U, S Uy

This implies v © [u]s() < u,.,. But the definition of u, (= v,) implies that u,,, <
u © [u]s(). Therefore limuy,, = u,. . Thus the sequence {uy,, } satisfies

condition (5.29) and consequently, by Theorem (iv) and Definition p.13,
(5.47) lim HnXp, = Hgy TR0 = [ig.

If £ € S(u) then, for every g-open neighborhood Q of §, [, [u]¢,pdx = oo. This
implies: Mn(@) — 00. To verify this fact, assume that, on the contrary, there exists

a subsequence (still denoted {u,,}) such that sup p,,(Q) < co. Denote by v, g and
wnp,q the solutions with boundary trace xtru, and x,.tr u, respectively. Then

Up < Vp,Q +Wn,g = u <l vg +wg, vg =limv,qQ, wg=Ilimw,q.
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Then vg is moderate and wg vanishes in Q). If D is a g-open set such that £ € D C
D C @ then [wg]p = 0. Therefore

min(u, Up) < min(vg, Up) + min(wg, Up) = [u]p < [vg]p,

which brings us to a contradiction. In conclusion, if £ € S(u) then po(Q) = oo
for every g-open neighborhood of £. Consequently p(§) = co. This fact and ()
imply that p is the precise trace of u.

(ii) If p(A) < oo then A is contained in a g-open set D such that p(D) < oo and,
by Lemma .9, 1(4) = pio(A).
(iii) Let u € U(2) be o-moderate and put

(5.48) u* :=sup{v € U(Q) : v moderate v < u}.

By its definition u* < u. On the other hand, since there exists an increasing
sequence of moderate solutions {u,} converging to u, it follows that v < w*. Thus
u = u*.

Conversely, if u € U(2) and u = u* then, by Proposition E, there exists an
increasing sequence of moderate solutions {u,} converging to u. Therefore u is
o-moderate.

In view of Proposition (iv),
u* <sup{u,:7€ W;Q/q’q(aﬂ), 7 <tru} =:ul.

On the other hand, if u is o-moderate, T € W;Q/q’q(aﬂ) and 7 < tru then (with
tn, and u, as in the statement of the theorem), tr (u; ©u,) = (T — pn )+ | 0. Hence
Ur O up, | 0, which implies that u, © u = 0, i.e. u, < u. Therefore u > ut. Thus
(5.44) implies (5.45) and each of them implies that u is o-moderate. Therefore the

two are equivalent.

(iv) The assertion = is a consequence of (b.45). To verify the assertion <= it is
sufficient to show that if w is moderate, u is o-moderate and w < w then trw < tru.
Let {uy} be an increasing sequence of positive moderate solutions converging to u.
Then u, Vw < u and consequently u,, < u,Vw T u. Therefore tr (u,Vw) T p’ <tru
so that trw < tru.

O

THEOREM 5.14. Let u € U(?) and put v = tru.

)
.52) Q pre-regular < v(FNQ)<oo VF ¢ Q : F g-closed
)

)
5.53) Q regular <= 3 Borel set A: Cy/, ,(A) =0, v(Q\ A) < cc.

(i) wu,., is o-moderate and tru,,, = tr u.

(i) Ifvel))

(5.49) v<u=trv<tru.

If F is a q-closed set then

(5.50) tr[u]lp < vy,

(iii) A singular point can be characterized in terms of the measure v as follows:
(5.51) EeSu) = v(Q)=00 VQ: £e€Q, Q g-open.

(iv) If Q is a g-open set then:

(

(
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(v) The singular set of u,, may not be empty. In fact

reg

(5.54) S(u) \ by(S(u)) € S(u,,,) C S(u) NR(w),

where by(S(u)) is the set of Cy,q o -thick points of S(u), (see Notation 2.1).
(vi) Put

(5.55) So(u):={€€dN: v(Q\S(u) =00 VQ: €, Q g-open}.
Then

(5.50) S(1,,) \ ba(S(w)) € So(w) € S(u,.,) Uby(S(w)

Remark. This result complements Theorem[5.11 which deals with the regular bound-
ary trace.

PROOF. (i) By Theorem (ii) u,,, is o-moderate. The second part of the
statement follows from Definition p.14 and Theorem (i).
(ii) Ifv < wthen R(u) C R(v) and by definition v,,, < u,, . By Theorem (iv)
tru, < tru,, and consequently trv < tru. () is an immediate consequence of
(B49).
(iil) If £ € R(u) there exists a g-open regular neighborhood @ of . Hence v(Q) =
tru(Q) < oo. If & € S(u), it follows immediately from the definition of precise
trace that v(Q) = oo for every g-open neighborhood Q of &.

(iv) If @ is pre regular then [u]r is moderate for every g-closed set F ¢ Q@ and @ ¢
R(u). By Theorem (viii) this implies: tr[u]p = (px(u))x, and consequently
V(FNQ) = (ue(w)(FNQ) = (ug(uw)(F) < co. Therefore (5.59) holds in the
direction =.

Conversely, if @) is a g-open set, F' a g-closed set, I’ C Q and v(FNQ) < oo then,

by Definition [5.13 , FNQ C R(u) which implies F ¢ R(u) and MR F
Therefore, by Theorem (viii) [u]F is moderate. ThlS implies (| in the

opposite direction.

If @ is regular there exists a pre-regular set D such that Q é D. Therefore
(6.53) implies (5.53) in the direction =>. On the other hand,

V(Q\ A) < 0o = Q & R(u)
and 1, (Q) = p4(Q \ A) < co. Hence, by Theorem (ix), [u]q is moderate and
Q is regular.

(v) Since supp}q, u,,, C 7% and R(u) C R(u,,,) we have

S(u,.,) € R(u) N.S(u).
Next we show that S(u) \ by(S(u)) C S(u,.,).
If € € S(u) \ bg(S(u)) then R(u) U {£} is a g-open neighborhood of €. By (i)
u,,. is o-moderate and consequently (by Theorem (i)) its trace is g-perfect.

reg

Therefore, if Qg is a g-open neighborhood of € and @ = Qo N ({£} U R(u)) then
(tru, ) (@) = (tru, )@\ {£}) = (tru)(@\{E}).

The last equality is valid because @ \ {{} C R(u). Let D be a g-open set such that
£eDCDCQ. Iftru(D\{£}) < oo then, by (iv), D is regular and § € R(u),
contrary to our assumption. Therefore tru(D\{{}) = oo so that tru, (Qo\{{}) =
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oo for every g-open neighborhood Qg of §, which implies § € S(u,.,). This completes
the proof of (f.54).

(vi) If € & by(S(u)), there exists a g-open neighborhood D of £ such that (D \
{€}) N S(u) = 0 and consequently

(5.57) (tru, . )(D\{&}) = (tru,)(D\ S(u)) = (tru)(D\ S(u)).
If, in addition, £ € Sp(u) then

(tru)(D\ S(u)) = (tru,,,)(D\{£}) = oo
If @ is an arbitrary g-open neighborhood of € then the same holds if D is replaced by
QN D. Therefore (tru,, )(Q\ {£}) = oo for any such Q. Consequently £ € S(u,,,),
which proves that So(u) \ be(S(u)) C S(u,.,).

On the other hand, if £ € S(u,,,) \ by(S(u)) then there exists a g-open neigh-
borhood D such that (5.57) holds and (tr u,.,)(D) = oco. Since u,, is o-moderate,
(tru,) is g-perfect so that (tru,,)(D) = (tru,.)(D \ {{}) = co. Consequently,
by ), (tru)(D\ S(u)) = co. If Q is any g-open neighborhood of ¢ then D can
be replaced by D N Q. Consequently (tru)(Q \ S(u)) = co and we conclude that
¢ € Sp(u). This completes the proof of (f.56).

O

LEMMA 5.15. Let F' C 0N be a q-closed set. Then S(Ur) = by(F).

PROOF. Let § be a point on 99 such that F' is Cy/4 o-thin at . Let Q be a

g-open neighborhood of ¢ such that Q & Fe. Then Urlg = Upng = 0. Therefore
¢ e R(UF)

Conversely, assume that £ € F NR(Up). By Theorem @ there exists a ¢-
open neighborhood @ of ¢ such that u® = limg_.o ug exists and 4@ is a moderate

solution. Let D be a g-open neighborhood of £ such that D é Q. Then Lemma Q
implies that [u]p is moderate so that D C R(u). In turn this implies that C /4 o (F'N
D) =0 and consequently F is ¢-thin at &. O

5.6. The boundary value problem.
Notation 5.2.

a: Denote by M (0) the space of positive Borel measures on 92 (not nec-
essarily bounded).
b: Denote by €,(0€2) the space of couples (1, F) such that F' C 99 is ¢-

closed, 7 € M (09), g-supp7 C IN\ F' and 7YX, . is g-locally finite.
c: Denote by T : €,(99Q) — DM, (99Q) the mapping given by v = T(r, F)
where v is defined as in (p.49) with S(u), R(u) replaced by F, F¢ respec-
tively. v is the measure representation of the couple (7, F).
d: If (1, F) € €,(0R) the set
(5.58) F,={€d:7(Q\F) =0 VQ g-open neighborhood of £ }

is called the set of explosion points of 7.

e~

Remark. Note that I;; C F' (because Tx,, , 18 ¢-locally finite) and F; C 9Q\ F
(because T vanishes outside this set). Thus

(5.59) F, C b, (0Q\ F)NF.
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THEOREM 5.16. Let v be a positive Borel measure on 0S2.
(i) The boundary value problem

(5.60) —Au+u?=0, u>0inQ, tr(u)=v ond

possesses a solution if and only if v € My (09).
(ii) Let (1,F) € €u(0Q) and put v :=T(1, F). Then v € My(09) if and only if

(5.61) T €My(09), F =0by(F)UF;.

(i) Let v € My(09Q) and denote

&, :={FE : E g-quasi-closed, v(F) < oo},

D, :={D: D g-open, D X E for some E € &t
Then a solution of () s given by u = v ® Ur where

(5.62)

(5.63) G:= UD, F:=0Q\G, wv:i=sup{uy,, @ EFe€&}.
D,
Note that if E € &, then vy, is a bounded Borel measure which does not charge
sets of Co )y o -capacity zero. Recall that if p is a positive measure possessing these
properties then u, denotes the moderate solution with boundary trace p.

(iv) The solution u = v@®UFp is o-moderate and it is the unique solution of problem
(b.6() in the class of o-moderate solutions. Furthermore, u is the largest solution
of the problem.

ProOF. First we prove
(A) Ifuel(2)

(5.64) tru=v = v e M,(090).
By Theorem .11, u,., is o-moderate and u ?) u,., Therefore
R(u

(tru)XR(u) = (tr U’Teg)XR(u)'
By Theorem .13, fi,, := tru,,, € My(99). If v is defined as in (5.63) then

(5.65) v = sup{[u]g : @ g-open regular set} = u

reg?

where the second equality holds by definition. Indeed, by Theorem , for every
g-open set @, [u]g is moderate if and only if v(Q \ A) < oo for some set A of
capacity zero. This means that [u]g is moderate if and only if there exists E € &,

such that Q £ E. When this is the case,
b fulg = ()X, = fin()X5 = VX

Thus v > u,_. On the other hand, if E € &,, then E ¢ R(u) and py(u)(E) =
tr(u)(E) < co. Therefore, by Theorem (ix), E is regular, i.e., there exists a
g-open regular set ) such that F ¢ Q. Hence u,, < [u]g and we conclude that
v < u,,,. This proves (5.6§). In addition, if E'NS(u) # 0 then, by Definition .13,
v(E) = co. Therefore v is outer regular with respect to g-topology.

Next we must show that v is essentially absolutely continuous. Let @ be a
g-open set and A a non-empty Borel subset of @ such that Cy/4 ,(A) = 0. Either
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v(Q\ A) = oo in which case v(Q \ A) = v(Q) or v(Q \ A) < co. In the second case
Q\ A C R(u) and

v(Q\ A) = [ip(Q\ A) = [ir(Q) < oc.
Let € € A and let D be a g-open subset of @ such that ¢ € D ¢ D C Q. Let B, be
a g-open neighborhood of A N D such that Ca/q,¢(Bn) < 27" and B, & D. Then

[ulp < [ulp, + [,  En:=D\Ba.
Since lim[u]p, = 0 it follows that [u]p = lim[u]g,. But
ulE,ll Lo, < CV(ER) < Cv(Q\ A).

By assumption, v(Q \ A) < oo. Therefore |[[ulpl|q(q, ,) < oo which implies that
D C R(u). Since every point of A has a neighborhood D as above we conclude
that A C R(u) and hence v(A4) = (trpu)(4) = 0. In conclusion v is essentially
absolutely continuous and v € M, (99).

Secondly we prove:
(B) Suppose that (1, F) € €,(09) satisfies (5.61) and put v := T(r,F). Then the
solution u =v ® Up, with v as in (), satisfies tru = v.

By (5.64), this also implies that v € M, (09).

Clearly v is a o-moderate solution. The fact that 7 is g-locally finite in F'¢ and
essentially absolutely continuous relative to Cy /4 o implies that

(5.66) G =00\ F CR((), (trv)xs;=TXe
It follows from the definition of v that F, C S(v). Hence, by Lemma .15,
(5.67) FrUby(F) C S(v)US(Up) C S(u) C F.

Hence, by (B.61)), S(u) = F, v =u, , and 7 = tru, . Thus tr°u = (7, F) which is
equivalent to tru = v.
Next we show:

(C) Suppose that (1, F) € €,(0Q) and that there exists a solution u such that
tr°u = (7, F). Then,

(5.68) T =tru=tru F =S8(u).

IfU = U, O Ur thentrU =tru and u < U. U 1is the unique o-moderate solution
of (6.64) and (7, F) satisfies condition (p.61)).

Assertion (p.6§) follows from Theorem (i) and Definition .19 Since (T
is o-moderate, it follows, by Theorem , that 7 € M, (09).
By Theorem (vi), u ?) u,,,. Therefore w :=uSwu,,, vanishes on R(u) so
R(u

reg’

that w < Ur. Note that u —u, < w and therefore
(5.69) u<u, ©wU
By their definitions Syo(u) = Fr and by Theorem (vi) and Lemma f.15,
SW) = S(u,.,) USUr) = S(u,.,) Uby(F).
= So(u) Uby(F) = Fr U by(F).

On the other hand, R(U) D R(u,) = R(u) and, as u < U, R(U) C R(u).
Hence R(U) = R(u) and S(U) = S(u). Therefore, by (.6§) and (p.70), F =

(5.70)
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S(U) = F; Uby(F). Thus (7, F) satisfies (5.61)) and tr°U = (7, F). The fact that
U is the maximal solution with this trace follows from (f.69).

The solution U is o-moderate because both u, and Ur are o-moderate solu-
tions. This fact, with respect to Up, was proved in [E]

The uniqueness of the solution in the class of o-moderate solutions follows from
Theorem (iv).

Finally we prove:
(D) If v € My(0Q) then the couple (1, F) defined by
(5.71) vi=sup{uyy, B €&}, Ti=tru, Fi=00Q\ R(v)
satisfies (p.61]). This is the unique couple in €(9Q) satisfying v = T(r, F).

The solution v is o-moderate so that 7 € M, (99).

We claim that v := v @ U is a solution with boundary trace tr°u = (7, F).
Indeed u > v so that R(u) C R(v). On the other hand, since 7 is ¢g-locally finite
on R(v) = 90\ F, it follows that S(u) C F. Thus R(v) C R(u) and we conclude
that R(v) = R(u) and F = S(u). This also implies that v = u_,

Finally

g

S(u) = S(v) US(Ur) = Fr Uby(F),

so that F' satisfies (5.61)).

The fact that, for v € M, (8Q), the couple (7, F) defined by (b.71) is the only
one in €(9N) satistying v = T(7, F) follows immediately from the definition of these
spaces.

Statements A—D imply (i)—(iv). O

Remark. If v € M,(99Q) then G and v as defined in (5.63) have the following

alternative representation:

(5.72) vi=sup{uy, : Q€ Fo}, G= UQ = UE,
Fu &y
(5.73) Fo=1{Q: Q g-open, v(Q) < oo}

To verify this remark we first observe that Lemma E implies that if A is a
g-open set then there exists an increasing sequence of ¢g-quasi closed sets { E}, } such
that A = U®E,. In fact, in the notation of (R.22), we may choose E,, = F,, \ L
where L = A’ \ A is a set of capacity zero.

Therefore
UpcleclJE=H.
D, Fu Eu

On the other hand, if F € &, then u (u)(F) = py(u)(E) = v(E) < oo and, by
Theorem (ix), E is regular, i.e., there exists a g-open regular set @) such that

E& Q. Thus H = Up, D.
If D is a g-open regular set then D = U®E,, where {E,} is an increasing
sequence of g-quasi closed sets. Consequently,

Uy, = lim Uy, -
Therefore

sup{uVXQ :QeD,} < sup{uVXQ :QeF}< sup{uVXE : Eeé&}.
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On the other hand, if F € &, then there exists a g-open regular set () such that

B Q. Consequently we have equality.
Note that, in view of this remark, Theorem B is an immediate consequence

of Theorem .
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