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The precise boundary trace of positive solutions of the

equation ∆u = u
q in the supercritical case.

Moshe Marcus and Laurent Veron

To Häım, with friendship and high esteem.

Abstract. We construct the precise boundary trace of positive solutions of
∆u = uq in a smooth bounded domain Ω ⊂ R

N , for q in the super-critical
case q ≥ (N + 1)/(N − 1). The construction is performed in the framework of
the fine topology associated with the Bessel capacity C2/q,q′ on ∂Ω. We prove

that the boundary trace is a Borel measure (in general unbounded),which
is outer regular and essentially absolutely continuous relative to this capac-
ity. We provide a necessary and sufficient condition for such measures to be
the boundary trace of a positive solution and prove that the corresponding

generalized boundary value problem is well-posed in the class of σ-moderate
solutions.

1. Introduction

In this paper we present a theory of boundary trace of positive solutions of the
equation

(1.1) −∆u + |u|q−1u = 0

in a bounded domain Ω ⊂ RN of class C2. A function u is a solution if u ∈ Lq
loc(Ω)

and the equation holds in the distribution sense.
Semilinear elliptic equations with absorption, of which (1.1) is one of the most

important, have been intensively studied in the last 30 years. The foundation
for these studies can be found in the pioneering work of Brezis starting with his
joint research with Benilan in the 70’s [2], and followed by a series of works with
colleagues and students, up to the present.

In the subcritical case, 1 < q < qc = (N + 1)/(N − 1), the boundary trace
theory and the associated boundary value problem, are well understood. This
theory has been developed, in parallel, by two different methods: one based on a
probabilistic approach (see [11, 5, 6], Dynkin’s book [3] and the references therein)
and the other purely analytic (see [13, 14, 15]). In 1997 Le Gall showed that this
theory is not appropriate for the supercritical case because, in this case, there

1991 Mathematics Subject Classification. Primary 35J60, 35J67; Secondary 31B15, 31B20,
31C15.

Key words and phrases. Nonlinear elliptic equations, Bessel capacities, fine topology, Borel
measures.

1



2 MOSHE MARCUS AND LAURENT VERON

may be infinitely many solutions with the same boundary trace. Following this
observation, a theory of ’fine’ trace was introduced by Dynkin and Kuznetsov [7].
Their results demonstrated that, for q ≤ 2, the fine trace theory is satisfactory in
the family of so-called σ-moderate solutions. A few years later Mselati [17] used
this theory and other results of Dynkin [3], in combination with the Brownian
snake method developed by Le Gall [12], in order to show that, in the case q = 2
all positive solutions are σ-moderate. Shortly thereafter Marcus and Veron [16]
proved that, for all q ≥ qc and every compact set K ⊂ ∂Ω, the maximal solution of
(1.1) vanishing outside K is σ-moderate. Their proof was based on the derivation
of sharp capacitary estimates for the maximal solution. In continuation, Dynkin [4]
used Mselati’s (probabilistic) approach and the results of Marcus and Veron [16]
to show that, in the case q ≤ 2, all positive solutions are σ-moderate. For q > 2
the problem remains open.

Our definition of boundary trace is based on the fine topology associated with
the Bessel capacity C2/q,q′ on ∂Ω, denoted by Tq. The presentation requires some
notation.

Notation 1.1.

a: For every x ∈ RN and every β > 0 put ρ(x) := dist (x, ∂Ω) and

Ωβ = {x ∈ Ω : ρ(x) < β}, Ω′
β = Ω \ Ω̄β , Σβ = ∂Ω′

β .

b: There exists a positive number β0 such that,

(1.2) ∀x ∈ Ωβ0 ∃! σ(x) ∈ ∂Ω : dist (x, σ(x)) = ρ(x).

If (as we assume) Ω is of class C2 and β0 is sufficiently small, the mapping
x 7→ (ρ(x), σ(x)) is a C2 diffeomorphism of Ωβ0 onto (0, β0) × ∂Ω.

c: If Q ⊂ ∂Ω put Σβ(Q) = {x ∈ Σβ : σ(x) ∈ Q}.

d: If Q is a Tq-open subset of ∂Ω and u ∈ C(∂Ω) we denote by uQ
β the

solution of (1.1) in Ω′
β with boundary data h = uχ

Σβ(A)
on Σβ .

Recall that a solution u is moderate if |u| is dominated by a harmonic function.
When this is the case, u possesses a boundary trace (denoted by tr u) given by a
bounded Borel measure. The boundary trace is attained in the sense of weak con-
vergence, as in the case of positive harmonic functions (see [13] and the references
therein). If tru happens to be absolutely continuous relative to Hausdorff (N − 1)-
dimensional measure on ∂Ω we refer to its density f as the L1 boundary trace of u
and write tr u = f (which should be seen as an abbreviation for tru = fd HN−1).

A positive solution u is σ-moderate if there exists an increasing sequence of
moderate solutions {un} such that un ↑ u. This notion was introduced by Dynkin
and Kuznetsov [7] (see also [9] and [3]).

If µ is a bounded Borel measure on ∂Ω, the problem

(1.3) −∆u + uq = 0 in Ω, u = µ on ∂Ω

possesses a (unique) solution if and only if µ vanishes on sets of C2/q,q′ -capacity
zero, (see [15] and the references therein). The solution is denoted by uµ.

The set of positive solutions of (1.1) in Ω will be denoted by U(Ω). It is well
known that this set is compact in the topology of C(Ω), i.e., relative to local uniform
convergence in Ω.

Our first result displays a dichotomy which is the basis for our definition of
boundary trace.
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Theorem 1.1. Let u be a positive solution of (1.1) and let ξ ∈ ∂Ω. Then,

either, for every Tq-open neighborhood Q of ξ, we have

(1.4) lim
β→0

∫

Σβ(Q)

udS = ∞

or there exists a Tq-open neighborhood Q of ξ such that

(1.5) lim
β→0

∫

Σβ(Q)

udS < ∞.

The first case occurs if and only if

(1.6)

∫

D

uqρ(x)dx = ∞, D = (0, β0) × Q

for every Tq-open neighborhood Q of ξ.

A point ξ ∈ ∂Ω is called a singular point of u in the first case, i.e. when (1.4)
holds, and a regular point of u in the second case. The set of singular points is
denoted by S(u) and its complement in ∂Ω by R(u).

Our next result provides additional information on the behavior of solutions
near the regular boundary set R(u).

Theorem 1.2. The set of regular points R(u) is Tq-open and there exists a
non-negative Borel measure µ on ∂Ω possessing the following properties.

(i) For every σ ∈ R(u) there exist a Tq-open neighborhood Q of σ and a moderate
solution w such that

(1.7) Q̃ ⊂ R(u), µ(Q̃) < ∞,

and

(1.8) uQ
β → w locally uniformly in Ω , (tr w)χ

Q
= µχ

Q
.

(ii) µ is outer regular relative to Tq.

Based on these results we define the precise boundary trace of u by

(1.9) tr cu = (µ,S(u)).

Thus a trace is represented by a couple (µ,S), where S ⊂ ∂Ω is Tq-closed and
µ is an outer regular measure relative to Tq which is Tq-locally finite on R =
∂Ω\S. However, not every couple of this type is a trace. A necessary and sufficient
condition for such a couple to be a trace is provided in Theorem 5.16.

The trace can also be represented by a Borel measure ν defined as follows:

(1.10) ν(A) =

{

µ(A) if A ⊂ R(u),

∞ otherwise,

for every Borel set A ⊂ ∂Ω. We put

(1.11) tru := ν.

This measure has the following properties:

(i) It is outer regular relative to Tq.
(ii) It is essentially absolutely continuous relative to C2/q,q′ , i.e., for every Tq-open
set Q and every Borel set A such that C2/q,q′ (A) = 0,

ν(Q) = ν(Q \ A).
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The second property will be denoted by ν ≺≺
f

C2/q,q′ . It implies that, if

ν(Q \A) < ∞ then ν(Q∩A) = 0. In particular, ν is absolutely continuous relative
to C2/q,q′ on Tq-open sets on which it is bounded.

A positive Borel measure possessing properties (i) and (ii) will be called a
q-perfect measure. The space of q-perfect measures will be denoted by Mq(∂Ω).

We have the following necessary and sufficient condition for existence:

Theorem 1.3. Let ν be a positive Borel measure on ∂Ω, possibly unbounded.
The boundary value problem

(1.12) −∆u + uq = 0, u > 0 in Ω, tr (u) = ν on ∂Ω

possesses a solution if and only if ν is q-perfect. When this condition holds, a
solution of (1.12) is given by

(1.13) U = v ⊕ UF , v = sup{uνχ
Q

: Q ∈ Fν},

where

Fν := {Q : Q q-open, ν(Q) < ∞}, G :=
⋃

Fnu

Q, F = ∂Ω \ G

and UF is the maximal solution vanishing on ∂Ω \ F .

Finally we establish the following uniqueness result.

Theorem 1.4. Let ν be a q-perfect measure on ∂Ω. Then the solution U of
problem (1.12) defined by (1.13) is σ-moderate and it is the maximal solution with
boundary trace ν. Furthermore, the solution of (1.12) is unique in the class of
σ-moderate solutions.

For qc ≤ q ≤ 2, results similar to those stated in the last two theorems, were
obtained by Dynkin and Kuznetsov [7] and Kuznetsov [9], based on their definition
of fine trace. However, by their results, the prescribed trace is attained only up
to equivalence, i.e., up to a set of capacity zero. By the present results, the solu-
tion attains precisely the prescribed trace and this holds for all values of q in the
supercritical range. The relation between the Dynkin-Kuznetsov definition (which
is used in a probabilistic formulation) and the definition presented here, is not yet
clear.

The plan of the paper is as follows:

Section 2 presents results on the C2/q,q′ -fine topology which, for brevity, is called
the q-topology.
Section 3 deals with the concept of maximal solutions which vanish on the boundary
outside a q-closed set. Included here is a sharp estimate for these solutions, based
on the capacitary estimates developed by the authors in [16]. In particular we
prove that the maximal solutions are σ-moderate. This was established in [16] for
solutions vanishing on the boundary outside a compact set.
Section 4 is devoted to the problem of localization of solutions in terms of boundary
behavior. Localization methods are of crucial importance in the study of trace and
the associated boundary value problems. The development of these methods is
particularly subtle in the supercritical case.
Section 5 presents the concept of precise trace and studies it, firstly on the regular
boundary set, secondly in the case of σ-moderate solutions and finally in the general
case. This section contains the proofs of the theorems stated above: Theorem 1.1
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is a consequence of Theorem 5.7. Theorem 1.2 is a consequence of Theorem 5.11.
Theorem 1.3 is a consequence of Theorem 5.16 (see the remark following the proof
of the latter theorem). Finally Theorem 1.4 is contained in Theorem 5.16.

2. The q-fine topology

A basic ingredient in our study is the fine topology associated with a Bessel
capacity on (N − 1)-dimensional smooth manifolds. The theory of fine topology
associated with the Bessel capacity Cα,p in RN essentially requires 0 < αp ≤ N
(see [1, Chapter 6]). In this paper we are interested in the fine topology associated
with the capacity C2/q,q′ in RN−1 or on the boundary manifold ∂Ω of a smooth

bounded domain Ω ∈ RN . We assume that q is in the supercritical range for (1.1),
i.e., q ≥ qc = (N + 1)/(N − 1). Thus 2q′/q = 2/(q − 1) ≤ N − 1. We shall refer to
the (2/q, q′)-fine topology briefly as the q-topology.

An important concept related to this topology is the (2/q, q′)-quasi topology.
We shall refer to it as the q-quasi topology. For definition and details see [1,
Section 6.1-4].

We say that a subset of ∂Ω is q-open (resp. q-closed) if it is open (resp. closed)
in the q-topology on ∂Ω. The terms q-quasi open and q-quasi closed are understood
in an analogous manner.

Notation 2.1. Let A, B be subsets of RN−1 or of ∂Ω.

a: A is q-essentially contained in B, denoted A
q
⊂ B, if

C2/q,q′ (A \ B) = 0.

b: The sets A, B are q-equivalent, denoted A
q
∼ B, if

C2/q,q′ (A∆B) = 0.

c: The q-fine closure of a set A is denoted by Ã. The q-fine interior of A is
denoted by A⋄.

d: Given ǫ > 0, Aǫ denotes the intersection of RN−1 (or ∂Ω) with the ǫ-
neighborhood of A in RN .

e: The set of (2/q, q′)-thick (or briefly q-thick) points of A is denoted by
bq(A). The set of (2/q, q′)-thin (or briefly q-thin) points of A is denoted
by eq(A), (for definition see [1, Def. 6.3.7]).

Remark. If A ⊂ ∂Ω and B := ∂Ω \ A then

(2.1) A is q-open ⇐⇒ A ⊂ eq(B), B is q-closed ⇐⇒ bq(B) ⊂ B.

Consequently

(2.2) Ã = A ∪ bq(A), A⋄ = A ∩ eq(∂Ω \ A),

(see [1, Section 6.4].)

The capacity C2/q,q′ possesses the Kellogg property, namely,

(2.3) C2/q,q′ (A \ bq(A)) = 0,

(see [1, Cor. 6.3.17]). Therefore

(2.4) A
q
⊂ bq(A)

q
∼ Ã

but, in general, bq(A) does not contain A. The Kellog property and (2.1) implies:
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Proposition 2.1. (i) If Q is a q-open set then Q̌ := eq(∂Ω \ Q) is the largest
q-open set that is q-equivalent to Q.
(ii) If F is a q-closed set then F̂ = bq(F ) is the smallest q-closed set that is q-
equivalent to F .

We collect below several facts concerning the q-fine topology that are used
throughout the paper.

Proposition 2.2. Let qc = (N + 1)/(N − 1) ≤ q.

i: Every q-closed set is q-quasi closed [1, Prop. 6.4.13].

ii: If E is q-quasi closed then Ẽ
q
∼ E [1, Prop. 6.4.12].

iii: A set E is q-quasi closed if and only if there exists a sequence {Em} of
compact subsets of E such that C2/q,q′(E \ Em) → 0 [1, Prop. 6.4.9].

iv: There exists a constant c such that, for every set E,

C2/q,q′ (Ẽ) ≤ cC2/q,q′ (E),

see [1, Prop. 6.4.11].

v: If E is q-quasi closed and F
q
∼ E then F is q-quasi closed.

vi: If {Ei} is an increasing sequence of arbitrary sets then

C2/q,q′ (∪Ei) = lim
i→∞

C2/q,q′ (Ei).

vii: If {Ki} is a decreasing sequence of compact sets then

C2/q,q′ (∩Ki) = lim
i→∞

C2/q,q′ (Ki).

viii: Every Suslin set and, in particular, every Borel set E satisfies

C2/q,q′ (E) = sup{C2/q,q′(K) : K ⊂ E, K compact}

= inf{C2/q,q′(G) : E ⊂ G, G open}.

For the last three statements see [1, Sec. 2.3]. Statement (v) is an easy con-
sequence of [1, Prop. 6.4.9]. However note that this assertion is no longer valid
if ’q-quasi closed’ is replaced by ’q-closed’. Only the following weaker statement
holds:

If E is q-closed and A is a set such that C2/q,q′ (A) = 0 then E ∪A is q-closed.

Definition 2.3. Let E be a quasi closed set. An increasing sequence {Em} of
compact subsets of E such that C2/q,q′ (E \ Em) → 0 is called a q-stratification of
E.
(i) We say that {Em} is a proper q-stratification of E if

(2.5) C2/q,q′ (Em+1 \ Em) ≤ 2−m−1C2/q,q′ (E).

(ii) Let {ǫm} be a strictly decreasing sequence of positive numbers converging to
zero such that

(2.6) C2/q,q′(Gm+1 \ Gm) ≤ 2−mC2/q,q′ (E), Gm := ∪m
k=1E

ǫk

k .

The sequence {ǫm} is called a q-proper sequence.
(iii) If V is a q-open set such that C2/q,q′ (E \ V ) = 0 we say that V is a q-quasi
neighborhood of E.

Remark. Observe that G := ∪∞
k=1E

ǫk

k is a q-open neighborhood of E′ = ∪Em but,
in general, only a q-quasi neighborhood of E.
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Lemma 2.4. Let E be a q-closed set such that C2/q,q′ (E) > 0. Then:

(i) Let D be an open set such that C2/q,q′(E \ D) = 0. Then E ∩ D is q-quasi
closed and consequently there exists a proper q-stratification of E ∩ D, say {Em}.
Furthermore, there exists a q-proper sequence {ǫm} such that

G = ∪∞
m=1(Em)ǫm ⊂ D

and

(2.7) ∪Em = E′ ⊂ O ⊂ Õ
q
⊂ D where O := ∪∞

m=1(Em)ǫm/2.

Consequently

(2.8) E
q
⊂ O ⊂ Õ

q
⊂ D.

(ii) If D is a q-open set such that E
q
⊂ D then there exists a q-open set O such that

(2.8) holds.

Proof. If A1, A2 are two sets such that A1
q
∼ A2 and A1 is q-quasi closed then

A2 is q-quasi closed, (see the discussion of the quasi topology in [1, sec. 6.4]). Since

E ∩ D
q
∼ E and E is q-closed it follows that E ∩ D is q-quasi closed. Let {Em} be

a proper q-stratification of E ∩ D and put E′ = ∪∞
m=1Em. If E′ is a closed set the

remaining part of assertion (i) is trivial. Therefore we assume that E′ is not closed
and that

C2/q,q′(Em+1 \ Em) > 0.

To prove the first statement we construct the sequence {ǫm}∞m=1 inductively so that
(with E0 = ∅ and ǫ0 = 1) the following conditions are satisfied:

Fm := Em \ (Em−1)
1
2 ǫm−1 , C2/q,q′ (Fm) > 0,(2.9)

C2/q,q′ (F ǫm
m ) ≤ 2C2/q,q′ (Em \ Em−1), F ǫm

m ⊂ D,(2.10)

ǫm < ǫm−1/2, m = 1, 2, . . . .(2.11)

Choose 0 < ǫ1 < 1/2, sufficiently small so that

Eǫ1
1 ⊂ D, C2/q,q′ (E2 \ E

ǫ1/2
1 ) > 0.

This is possible because our assumption implies that there exists a compact subset
of E2 \ E1 of positive capacity. By induction we obtain

(2.12) Eǫm
m ⊂ E

ǫm−1

m−1 ∪ F ǫm
m ⊂ D

and consequently

(2.13) Eǫm
m ⊂ ∪m

k=1F
ǫk

k , m = 1, 2, . . . .

Since Fm ⊂ Em, (2.13) implies that

(2.14) G := ∪∞
k=1E

ǫk

k = ∪∞
k=1F

ǫk

k , Gm := ∪m
k=1E

ǫk

k = ∪m
k=1F

ǫk

k .

The sequence {ǫm} constructed above satisfies 2.6. Indeed, by (2.5), (2.10) and
(2.14),

C2/q,q′ (G \ Gm) ≤
∞
∑

k=m+1

C2/q,q′ (F ǫk

k )(2.15)

≤ 2
∞
∑

k=m+1

C2/q,q′ (Ek \ Ek−1) ≤ 2−m+1C2/q,q′ (E).
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Next we show that the set

O′ := ∪∞
k=1E

ǫk/2
k

is q-quasiclosed. By (2.13),

(2.16) O′ = ∪∞
k=1F

ǫk/2
k , O′

m := ∪m
k=1E

ǫk/2
k = ∪m

k=1F
ǫk/2
k .

Hence, by (2.5) and (2.10),

(2.17) C2/q,q′ (O′ \ O′
m) ≤

∞
∑

k=m+1

C2/q,q′ (F
ǫk/2
k ) ≤ 2−m+1C2/q,q′ (E).

Since O′
m is closed this implies that O′ is quasiclosed. Further any quasiclosed set

is equivalent to its fine closure. Since O ⊂ O′ it follows that Õ ⊂ Õ′ q
∼ O′ ⊂ G.

We turn to the proof of (ii) for which we need the following:

Assertion 1. Let D be a q-open set. Then there exists a sequence of relatively
open sets {An} such that

(2.18) Dn := D ∪ An is open, C2/q,q′ (Ãn) ≤ 2−n, Ãn+1

q
⊂ An.

The sequence is constructed inductively. Let D′
1 be an open set such that

D ⊂ D′
1 and A′

1 = D′
1 \ D satisfies C2/q,q′ (Ã′

1) < 1/4. Let A1 be an open set such

that Ã′
1 ⊂ A1 and C2/q,q′ (Ã1) ≤ 1/2. Assume that we constructed {A′

k}
n−1
1 and

{Ak}
n−1
1 so that the sets Ak are open, (2.18) holds and

(2.19)
D′

k = D ∪ A′
k is open, {D′

k}
n−1
1 is decreasing,

C2/q,q′ (Ã′
k) < 2−(k+1), Ã′

k ⊂ Ak.

Let D′
n be an open set such that

D ⊂ D′
n ⊂ D′

n−1, C2/q,q′ (Ã′
n) < 2−(n+1) where A′

n = D′
n \ D.

Then A′
n ⊂ A′

n−1 and consequently Ã′
n ⊂ An−1. Since An−1 is open, statement (i)

implies that there exists an open set An such that

Ã′
n

q
⊂ An ⊂ Ãn

q
⊂ An−1, C2/q,q′ (Ãn) ≤ 2−n.

This completes the proof of the assertion.

Let An and Dn be as in (2.18). By (i) there exists a q-open set Q such that

E
q
⊂ Q ⊂ Q̃

q
⊂ D1.

Put

Qn := Q \ (∪n−1
1 (Ãk \ Ak+1), Q∞ = Q \ (∪∞

1 (Ãk \ Ak+1).

Then Qn is a q-open set and we claim that

a: Q∞ is quasi open,

b: E
q
⊂ Qn

q
⊂ Dn,

c: Q̃n

q
⊂ Dn ∪ (∪n

1 ∂qAi)

Since Qn is q-open, a follows from (2.18) which implies:

Q∞ ∪ (∪∞
n (Ãk \ Ak+1) = Qn, C2/q,q′ ((∪∞

n (Ãk \ Ak+1) ≤ 2n−1.
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We verify b, c by induction. Put Q1 = Q so that b, c hold for n = 1. If b holds
for n = 1, · · · , j then,

Qj+1 = Qj \ (Ãj \ Aj+1), E
q
⊂ Qj

q
⊂ Dj,

which implies b for n = j + 1. If c holds for n = 1, · · · , j then,

Q̃j+1 ⊂ Q̃j \ (Aj \ Ãj+1)
q
⊂ D ∪ (∪j

1∂qAi) ∪ Ãj+1) = Dj+1 ∪ (∪j+1
1 ∂qAi),

so that c holds for n = j + 1.
Taking the limit in b as n → ∞ we obtain

E
q
⊂ Q∞

q
⊂ D.

Taking the limit in c as n → ∞ we obtain

Q̃∞

q
⊂ D ∪ (∪∞

1 ∂qAi).

However, by the same token,

Q̃∞

q
⊂ D ∪ (∪∞

k ∂qAi) ∀k ∈ N.

Therefore, by (2.18), Q̃∞

q
⊂ D. Thus (ii) holds with O = Q∞. �

Lemma 2.5. Let E be a q-closed set and let D be a cover of E consisting of q-
open sets. Then, for every ǫ > 0 there exists an open set Oǫ such that C2/q,q′ (Oǫ) <
ǫ and E \ Oǫ is covered by a finite subfamily of D.

Proof. By [1, Sec. 6.5.11] the (α, p)-fine topology possesses the quasi Lindelöf
property. Thus there exists a denumerable subfamily of D, say {Dn}, such that

O = ∪{D : D ∈ D}
q
∼ ∪Dn.

Let On be an open set containing Dn such that C2/q,q′ (On \Dn) < ǫ/(2n3). Let K
be a compact subset of E ∩ (∪∞

1 Dn) such that C2/q,q′ (E \K) < ǫ/3. Then {On} is
an open cover of K so that there exists a finite subcover of K, say {O1, · · · , Ok}.
It follows that

C2/q,q′ (E \ ∪k
n=1Dn) ≤ C2/q,q′ (E \ K) +

∑

n

C2/q,q′(On \ Dn) < 2ǫ/3.

Let Oǫ be an open subset of ∂Ω such that E \ ∪k
n=1Dn ⊂ Oǫ and C2/q,q′ (Oǫ) < ǫ.

This set has the properties stated in the lemma. �

Lemma 2.6. (a) Let E be a q-quasi closed set and {Em} a proper q-stratification
for E. Then there exists a decreasing sequence of open sets {Qj} such that ∪Em :=
E′ ⊂ Qj for every j ∈ N and

(2.20)
(i) ∩ Qj = E′, Q̃j+1

q
⊂ Qj,

(ii) limC2/q,q′ (Qj) = C2/q,q′ (E).

(b) If A is a q-open set, there exists a decreasing sequence of open sets {Am} such
that

(2.21) A ⊂ ∩Am =: A′, C2/q,q′(Am \ A′) → 0, A
q
∼ A′.
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Furthermore there exists an increasing sequence of closed sets {Fj} such that Fj ⊂
A′ and

(2.22)
(i) ∪ Fj = A′, Fj

q
⊂ F ⋄

j+1 =: Dj+1,

(ii) C2/q,q′ (Fj) → C2/q,q′ (A) .

Proof. (a) Let {ǫm} be a sequence of positive numbers decreasing to zero
satisfying (2.6). Put

Qj := ∪∞
m=1(Em)ǫm/2j

.

Then E′ = ∩Qj and

(2.23) Q̃j

q
⊂ Q′

j := ∪∞
m=1E

ǫm/2j

m ⊂ Qj−1.

Indeed Q′
j is quasi closed so that Q̃′

j
q
∼ Q′

j . This proves (2.20)(i).
If D is a neighborhood of E′ then, for every k there exists jk such that

∪k
m=1(Em)ǫm/2j

⊂ D ∀j ≥ jk.

Therefore,

C2/q,q′ (Qj \ D) ≤ C2/q,q′ (Qj \ ∪
k
m=1(Em)ǫm/2j

) ≤ 2−k+1C2/q,q′ (E) ∀j ≥ jk.

Hence

(2.24) C2/q,q′(Qj \ D) → 0 as j → ∞.

Let {Di} be a decreasing sequence of open neighborhoods of E′ such that

C2/q,q′(Di) → C2/q,q′(E′).

By (2.24), for every i there exists j(i) > i such that

(2.25) C2/q,q′ (Qj(i) \ Di) → 0 as i → ∞.

It follows that

C2/q,q′ (E′) ≤ limC2/q,q′ (Qj(i)) ≤ limC2/q,q′ (Di) = C2/q,q′(E′) = C2/q,q′ (E).

This proves (2.20) (ii).

(b) Put E = ∂Ω \ A and let {Em} and {ǫm} be as in (a). Then (2.21) holds with
Am := ∂Ω \ Em. In addition, (2.22)(i) with Fj := ∂Ω \ Qj is a consequence of
(2.20)(i).

To verify (2.22) (ii) we observe that, if K is a compact subset of A′ then, by
(2.24),

C2/q,q′ (K \ Fj) → 0.

Let {Ki} be an increasing sequence of compact subsets of A′ such that

C2/q,q′ (Ki) ↑ C2/q,q′ (A′) = C2/q,q′(A).

As in part (a), for every i there exists j(i) > i such that

(2.26) C2/q,q′(Ki \ Fj(i)) → 0 as i → ∞.

It follows that

C2/q,q′ (A′) ≥ limC2/q,q′ (Fj(i)) ≥ limC2/q,q′ (Ki) = C2/q,q′ (A′) = C2/q,q′ (A).

This proves (2.22) (ii). �
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Lemma 2.7. Let Q be a q-open set. Then, for every ξ ∈ Q, there exists a q-open
set Qξ such that

ξ ∈ Qξ ⊂ Q̃ξ ⊂ Q.

Proof. By definition, every point in Q is a q-thin point of E0 = ∂Ω \ Q.
Assume that diam Q < 1 and put:

rn = 2−n, Kn = {σ : rn+1 ≤ |σ − ξ| ≤ rn}, En := E0 ∩ Kn ∩ B̄1(ξ).

Thus En is a q-closed set; we denote E = ∪∞
n=0En. Since ξ is a q-thin point of E,

∞
∑

0

(r−N+1+2/(q−1)
n C2/q,q′ (Bn ∩ E))q−1 < ∞, Bn = Brn

(ξ),

which is equivalent to
∞
∑

0

(

r−N+1+2/(q−1)
n C2/q,q′ (En)

)q−1
< ∞.

Let {Em,n}∞m=1 be a q-proper stratification of En. Let ǭn := {ǫm,n}∞m=1 be a
q-proper sequence (relative to the above stratification) such that ǫ1,n ∈ (0, rn+2)
and

C2/q,q′(Vn) < 2C2/q,q′ (∪En) where Vn := ∪∞
m=1E

ǫm,n
m,n ∩ B1(ξ).

Then Vn ⊂ Kn−2 \ Kn+2, ξ is a q-thin point of the set G = ∪∞
0 Vn and ξ 6∈ G.

Consequently ξ 6∈ G̃.
Put

Zn := ∪∞
m=1E

ǫm,n/2
m,n ∩ B̄1/2(ξ), F0 := ∪∞

0 Zn.

Since Zn ⊂ Vn it follows that ξ is a q-thin point of F0 and ξ 6∈ F̃0. Consequently
Q0 := (Q ∩ B1/2(ξ)) \ F̃0 is a q-open subset of Q such that

ξ ∈ Q0, Q̃0 ⊂ (Q̃ ∩ B̄1/2(ξ)) \ F0 ⊂ (Q̃ ∩ B̄1/2(ξ)) \ E ⊂ Q.

�

3. Maximal solutions

We consider positive solutions of the equation (1.1) with q ≥ qc, in a bounded
domain Ω ⊂ RN of class C2. A function u ∈ Lq

loc(Ω) is a subsolution (resp.
supersolution) of the equation if −∆u + |u|q−1u ≤ 0 (resp. ≥ 0) in the distribution
sense.

If u ∈ Lq
loc(Ω) is a subsolution of the equation then (by Kato’s inequality [8])

∆|u| ≥ |u|q. Thus |u| is subharmonic and consequently u ∈ L∞
loc(Ω). If u ∈ Lq

loc(Ω)
is a solution then u ∈ C2(Ω).

An increasing sequence of bounded domains of class C2, {Ωn}, such that Ωn ↑ Ω
and Ω̄n ⊂ Ωn+1 is called an exhaustive sequence relative to Ω.

Proposition 3.1. Let u be a non-negative function in L∞
loc(Ω).

(i) If u is a subsolution of (1.1), there exists a minimal solution v dominating u,
i.e., u ≤ v ≤ U for any solution U ≥ u.

(ii) If u is a supersolution of (1.1), there exists a maximal solution w dominated
by u, i.e., V < w < u for any solution V ≤ u.

All the inequalities above are a.e. .
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Proof. Let uǫ = Jǫu where Jǫ is a smoothing operator and u is extended by
zero outside Ω. Put ũ = limǫ→0 uǫ (the limit exists a.e. in Ω and ũ = u a.e.). Let
β0, Ωβ, Σβ etc. be as in Notation 1.1. Since uǫ → ũ in L1(Ω) it follows that

uǫ

∣

∣

Σβ

→ ũ
∣

∣

Σβ

in L1(Σβ)

for a.e.β ∈ (0, β0). Choose a sequence {βn} decreasing to zero such that the above
convergence holds for each surface Σn := Σβn

. Put Dn := Ω′
βn

. Assuming that u

is a subsolution of (1.1) in Ω, uǫ is a subsolution of the boundary value problem
for (1.1) in Dn with boundary data uǫ

∣

∣

Σn

. Consequently ũ is a subsolution of the

boundary value problem for (1.1) in Dn with boundary data ũ
∣

∣

Σn

∈ L1(Σn). (Here

we use the assumption u ∈ L∞
loc(Ω) in order to ensure that uq

ǫ → ũq in L1
loc(Ω).)

Let vn denote the solution of this boundary value problem in the L1 sense:

−∆vn + vq
n = 0 in Dn, vn = ũ on Σn.

Then vn ∈ C2(Dn) ∩L∞(Dn), vn ≤ ‖u‖L∞(Dn) and the boundary data is assumed

in the L1 sense. Clearly ũ ≤ vn in Dn, n=1,2,. . . . In particular, vn ≤ vn+1 on
Σn. This implies vn ≤ vn+1 in Dn. In addition, by the Keller-Osserman inequality
the sequence {vn} is eventually bounded in every compact subset of Ω. Therefore
v = lim vn is the solution with the properties stated in (i).

Next assume that u is a supersolution and let {Dn} be as above. Since u ∈
Lq(Dn) there exists a positive solution wn of the boundary value problem

−∆w = uq in Dn, w = 0 on Σn.

Hence u + wn is superharmonic and its boundary trace is precisely ũ
∣

∣

Σn

. Conse-

quently u + wn ≥ zn where zn is the harmonic function in Dn with boundary data
ũ
∣

∣

Σn

. Thus un := zn−wn is the smallest solution of (1.1) in Dn dominating u. This

implies that {un} decreases and the limiting solution U is the smallest solution of
(1.1) dominating u in Ω. �

Proposition 3.2. Let u, v be non-negative, locally bounded functions in Ω.

(i) If u, v are subsolutions (resp. supersolutions) then max(u, v) is a subsolution
(resp. min(u, v) is a supersolution).

(ii) If u, v are supersolutions then u + v is a supersolution.

(iii) If u is a subsolution and v a supersolution then (u − v)+ is a subsolution.

Proof. The first two statements are well known; they can be verified by an
application of Kato’s inequality. The third statement is verified in a similar way:

∆(u − v)+ = sign +(u − v)∆(u − v) ≥ (uq − vq)+ ≥ (u − v)q
+.

�

Notation 3.1. Let u, v be non-negative, locally bounded functions in Ω.

(a) If u is a subsolution, [u]† denotes the smallest solution dominating u.

(b) If u is a supersolution, [u]† denotes the largest solution dominated by u.

(c) If u, v are subsolutions then u ∨ v := [max(u, v)]†.

(d) If u, v are supersolutions then u ∧ v := [inf(u, v)]† and u ⊕ v := [u + v]†.

(e) If u is a subsolution and v a supersolution then u ⊖ v := [(u − v)+]†.
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The following result was proved in [9] (see also [3, Sec. 8.5]).

Proposition 3.3. (i) Let {uk} be a sequence of positive, continuous subsolu-
tions of (1.1). Then U := supuk is a subsolution. The statement remains valid if
subsolution is replaced by supersolution and sup by inf.

(ii) Let T be a family of positive solutions of (1.1). Suppose that, for every pair
u1, u2 ∈ T , there exists v ∈ T such that

max(u1, u2) ≤ v, resp. min(u1, u2) ≥ v.

Then there exists a monotone sequence {un} in T such that

un ↑ sup T , resp. un ↓ sup T .

Thus supT (resp. inf T ) is a solution.

Definition 3.4. A solution u of (1.1) vanishes on a relatively open set Q ⊂ ∂Ω
if u ∈ C(Ω ∪ Q) and u = 0 on Q. A positive solution u vanishes on a q-open set
A ⊂ ∂Ω if

u = sup{v ∈ U(Ω) : v ≤ u, v = 0 on some relatively open neighborhood of A}.

When this is the case we write u ≈
A

0.

Lemma 3.5. Let A be a q-open subset of ∂Ω and u1, u2 ∈ U(Ω).
(a) If both solutions vanish on A then u1 ∨ u2 ≈

A
0. If u2 ≈

A
0 and u1 ≤ u2 then

u1 ≈
A

0.

(b) If u ∈ U(Ω) and u ≈
A

0 then there exists an increasing sequence of solutions

{un} ⊂ U(Ω), each of which vanishes on a relatively open neighborhood of A (which
may depend on n) such that un ↑ u.

(c) If A, A′ are q-open sets, A
q
∼ A′ and u ≈

A
0 then u ≈

A′
0.

Proof. The first assertion follows easily from the definition. Thus the set
of solutions {v} described in the definition is closed with respect to the binary
operator ∨. Therefore, by Proposition 3.3, the supremum of this set is the limit of
an increasing sequence of elements of this set.

The last statement is obvious. �

Definition 3.6. (a) Let u ∈ U(Ω) and let A denote the union of all q-open
sets on which u vanishes. Then ∂Ω \ A is called the fine boundary support of u, to
be denoted by supp q

∂Ωu.

(b) For any Borel set E we denote

UE = sup{u ∈ U(Ω) : u ≈
Ẽc

0, Ẽc = ∂Ω \ Ẽ}.

Thus UE = UẼ .

Lemma 3.7. (i) Let A be a q-open subset of ∂Ω and {un} ⊂ U(Ω) a sequence
of solutions vanishing on A. If {un} converges then u = limun vanishes on A. In

particular, if E is Borel, UE vanishes outside Ẽ.

(ii) Let E be a Borel set such that C2/q,q′ (E) = 0. If u ∈ U(Ω) and u vanishes on
every q-open subset of Ec = ∂Ω \ E then u ≡ 0. In particular, UE ≡ 0.

(iii) If {An} is a sequence of Borel subsets of ∂Ω such that C2/q,q′ (An) → 0 then
UAn

→ 0.
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Proof. (i) Using Lemma 3.5 we find that, in proving the first assertion, we
may assume that {un} is increasing. Now we can produce an increasing sequence
of solutions {wn} such that, for each n, wn vanishes on some (open) neighborhood
of A and limwn = limun. By definition limwn vanishes on A.

Let E be a q-closed set. By Lemma 3.5(a) and Proposition 3.3, there exists an
increasing sequence of solutions {un} vanishing outside E such that UE = lim un.

Therefore UE vanishes outside Ẽ.

(ii) Let An be open sets such that E ⊂ An, An ↓ and C2/q,q′(An) → 0. The

sets Ãn have the same properties and, by assumption, u vanishes in (Ãn)c :=

∂Ω \ Ãn. Therefore, for each n, there exists a solution wn which vanishes on an

open neighborhood Bn of (Ãn)c such that wn ≤ u and wn → u. Hence wn ≤ UKn

where Kn = Bc
n is compact and Kn ⊂ Ãn. Since C2/q,q′ (Kn) → 0, the capacitary

estimates of [16] imply that limUKn
= 0 and hence u = 0.

(iii) By definition UAn
= UÃn

. Therefore, in view of Proposition 2.2(iv), it is
enough to prove the assertion when each set An is q-closed. As before, for each n,
there exists a solution wn which vanishes on an open neighborhood Bn of (Ãn)c

such that wn ≤ UAn
and UAn

− wn → 0. Thus wn ≤ UKn
where Kn = Bc

n is

compact and Kn ⊂ Ãn. Since C2/q,q′ (Kn) → 0 it follows that UKn
→ 0, which

implies the assertion. �

Lemma 3.8. Let E, F be Borel subsets of ∂Ω.

(i) If E, F are q-closed then UE ∧ UF = UE∩F .

(ii) If E, F are q-closed then

(3.1)
UE < UF ⇐⇒ [ E

q
⊂ F and C2/q,q′(F \ E) > 0 ],

UE = UF ⇐⇒ E
q
∼ F.

(iii) If {Fn} is a decreasing sequence of q-closed sets then

(3.2) limUFn
= UF where F = ∩Fn.

(iv) Let A ⊂ ∂Ω be a q-open set and let u ∈ U(Ω). Suppose that u vanishes q-locally
in A, i.e., for every point σ ∈ A there exists a q-open set Aσ such that

σ ∈ Aσ ⊂ A, u ≈
Aσ

0.

Then u vanishes on A. In particular each solution u ∈ U(Ω) vanishes on ∂Ω \
suppq

∂Ω u.

Proof. (i) UE ∧ UF is the largest solution under inf(UE , UF ) and therefore,
by Definition 3.6, it is the largest solution which vanishes outside E ∩ F .

(ii) Obviously

(3.3) E
q
∼ F =⇒ UE = UF , E

q
⊂ F ⇐⇒ UE ≤ UF .

In addition,

(3.4) C2/q,q′ (F \ E) > 0 =⇒ UE 6= UF .

Indeed, if K is a compact subset of F \ E of positive capacity, then UK > 0 and

UK ≤ UF but UK � UE . Therefore UF = UE implies F
q
∼ E.

(iii) If V := limUFn
then UF ≤ V . If UF < V then C2/q,q′ (suppq

∂Ω V \ F ) > 0. But
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suppq
∂Ω V ⊂ Fn so that suppq

∂Ω V ⊂ F and consequently V ≤ UF .

(iv) First assume that A is a countable union of q−open sets {An} such that u ≈
An

0

for each n. Then u vanishes on ∪k
1Ai for each i. Therefore we may assume that

the sequence {An} is increasing. Put Fn = ∂Ω \ An. Then u ≤ UFn
and, by (iii),

UFn
↓ UF where F = ∂Ω \ A. Thus u ≤ UF , i.e., which is equivalent to u ≈

A
0.

We turn to the general case. It is known that the (α, p)-fine topology possesses
the quasi-Lindelöf property (see [1, Sec. 6.5.11]). Therefore A is covered, up to
a set of capacity zero, by a countable subcover of {Aσ : σ ∈ A}. Therefore the
previous argument implies that u ≈

A
0 �

Theorem 3.9. (a) Let E be a q-closed set. Then,

(3.5)
UE = inf{UD : E ⊂ D ⊂ ∂Ω, D open}

= sup{UK : K ⊂ E, K compact}.

(b) If E, F are two Borel subsets of ∂Ω then

(3.6) UE = UF∩E ⊕ UE\F .

(c) Let E, Fn, n = 1, 2, . . . be Borel subsets of ∂Ω and let u be a positive solution
of (1.1). If either C2/q,q′ (E∆Fn) → 0 or Fn ↓ E then

(3.7) UFn
→ UE .

Proof. (a) Let {Qj} be a sequence of open sets, decreasing to a set E′ q
∼ E,

which satisfies (2.20). Then Q̃j ↓ E′ and, by Lemma 3.8(iii) UQj
↓ UE . This implies

the first equality in (3.5). The second equality follows directly from Definition 3.4
(see also Lemma 3.5).

(b) Let D, D′ be open sets such that Ẽ ∩ F ⊂ D and Ẽ \ F ⊂ D′ and let K be a

compact subset of Ẽ. Then

(3.8) UK ≤ UD + UD′ .

To verify this inequality, let v be a positive solution such that suppq
∂Ω v ⊂ K and

let {βn} be a sequence decreasing to zero such that the following limits exist:

w = lim
n→∞

vD
βn

, w′ = lim
n→∞

vD′

βn
.

(See Notation 1.1 for the definition of vD
β .) Then

v ≤ w + w′ ≤ UD + UD′ .

Since, by [16] UK = VK , this inequality implies (3.8). Further (3.8) and (3.5) imply

UE ≤ UF∩E + UE\F .

On the other hand, both UF∩E and UE\F vanish outside Ẽ. Consequently

UF∩E ⊕ UE\F vanishes outside Ẽ so that

UE ≥ UF∩E ⊕ UE\F .

This implies (3.6).

(c) The previous statement implies,

UE ≤ UFn∩E + UE\Fn
, UFn

≤ UFn∩E + UFn\E .
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If C2/q,q′ (E∆Fn) → 0 , Lemma 3.7 implies lim UE∆Fn
= 0 which in turn implies

(3.7).
If Fn ↓ E then, by Lemma 3.8, UFn

→ UE . �

Notation 3.2. For any Borel set E ⊂ ∂Ω of positive C2/q,q′ -capacity put

(3.9)
Vmod(E) = {uµ : µ ∈ W

−2/q,q
+ (∂Ω), µ(∂Ω \ E) = 0},

VE = sup Vmod(E)

Theorem 3.10. If E is a q-closed set, then

(3.10) UE = VE .

Thus the maximal solution UE is σ-moderate. Furthermore UE satisfies the capac-
itary estimates established in [16] for compact sets, namely:

There exist positive constants c1, c2 depending only on q, N and Ω such that, for
every x ∈ Ω,

(3.11)

c2ρ(x)
∞
∑

m=−∞

r−1−2/(q−1)
m C2/q,q′ ((E ∩ Sm(x))/rm)) ≤ UE(x) ≤

c1ρ(x)
∞
∑

m=−∞

r−1−2/(q−1)
m C2/q,q′ ((E ∩ Sm(x))/rm)),

where

ρ(x) = dist (x, ∂Ω), rm := 2−m, Sm(x) = {y ∈ ∂Ω : rm+1 ≤ |x − y| ≤ rm}.

Note that, for each point x, Sm(x) = ∅ when

sup
y∈E

|x − y| < rm+1 < rm < ρ(x).

Therefore the sum is finite for each x ∈ Ω.

Remark. Actually the estimates hold for any Borel set E. Indeed, by definition,
UE = UẼ and C2/q,q′ ((E ∩ Sm(x))/rm)) ∼ C2/q,q′ ((Ẽ ∩ Sm(x))/rm)).

Proof. Let {Ek} be a q-stratification of E. If u ∈ Vmod(E) and µ = tr u then
uµ = supuµk

where µk = µχ
Ek

. Hence VE = supVEk
. By [16], UEk

= VEk
. These

facts and Theorem 3.9(c) imply (3.10). It is known that UEk
satisfies the capacitary

estimates (3.11). In addition,

C2/q,q′ ((Ek ∩ Sm(x))/rm)) → C2/q,q′ ((E ∩ Sm(x))/rm)).

Therefore UE satisfies the capacitary estimates. �

4. Localization

Definition 4.1. Let µ be a positive bounded Borel measure on ∂Ω which
vanishes on sets of C2/q,q′ -capacity zero.

(a) The q-support of µ (denoted q-supp µ) is the intersection of all q-closed sets F
such that µ(∂Ω \ F ) = 0.

(b) We say that µ is concentrated on a Borel set E if µ(∂Ω \ E) = 0.

Lemma 4.2. If µ is a measure as in the previous definition then,

(4.1) q-suppµ
q
∼ suppq

∂Ω uµ.
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Proof. Put F = suppq
∂Ω uµ. By Lemma 3.8(iv) uµ vanishes on ∂Ω \F and by

Lemma 3.5 there exists an increasing sequence of positive solutions {un} such that
each function un vanishes outside a compact subset of F , say Fn, and un ↑ uµ. If
Sn := suppq

∂Ω un then Sn ⊂ Fn and {Sn} increases. Thus {S̄n} is an increasing
sequence of compact subsets of F and, setting µn = µχ

S̄n
, we find un ≤ uµn

≤ uµ

so that uµn
↑ uµ. This, in turn, implies (see [14])

µn ↑ µ, q-suppµ
q
⊂ ∪̃nS̄n ⊂ F.

If D is a relatively open set and µ(D) = 0 it is clear that uµ vanishes on D.
Therefore uµn

vanishes outside S̄n, thus outside q-supp µ. Consequently uµ vanishes

outside q-supp µ, i.e. F
q
⊂ q-supp µ. �

Definition 4.3. Let u be a positive solution and A a Borel subset of ∂Ω. Put

(4.2) [u]A := sup{v ∈ U(Ω) : v ≤ u, suppq
∂Ω v

q
⊂ Ã}

and,

(4.3) [u]A := sup{[u]F : F
q
⊂ A, F q-closed}.

Thus [u]A = u ∧ UA, i.e., [u]A is the largest solution under inf(u, UA).
Recall that, if A is q-open and u ∈ C(∂Ω), uA

β denotes the solution of (1.1) in

Ω′
β which equals uχ

Σβ(A)
on Σβ .

If limβ→0 uA
β exists the limit will be denoted by uA.

Theorem 4.4. Let u ∈ U(Ω).

(i) If E ⊂ ∂Ω is q-closed then,

(4.4) [u]E = inf{[u]D : E ⊂ D ⊂ ∂Ω, D open}.

(ii) If E, F are two Borel subsets of ∂Ω then

(4.5) [u]E ≤ [u]F∩E + [u]E\F

and

(4.6) [[u]E ]F = [[u]F ]E = [u]E∩F .

(iii) Let E, Fn, n = 1, 2, . . . be Borel subsets of ∂Ω. If either C2/q,q′ (E∆Fn) → 0
or Fn ↓ E then

(4.7) [u]Fn
→ [u]E .

Proof. (i) Let D = {D} be the family of sets in (4.4). By (3.5) (with respect
to the family D )

(4.8) inf(u, UE) = inf(u, inf
D∈D

UD) = inf
D∈D

inf(u, UD) ≥ inf
D∈D

[u]D.

Obviously

[u]D1 ∧ [u]D2 ≥ [u]D1∩D2 .

(In fact we have equality but that is not needed here.) Therefore, by Proposition 3.3,
the function v := inf

D∈D
[u]D is a solution of (1.1). Hence (4.8) implies [u]E ≥ v.

The opposite inequality is obvious.
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(ii) If E is compact (4.5) is proved in the same way as Theorem 3.9(b). In general,

if {En} is a q stratification of Ẽ,

[u]En
≤ [u]F∩En

+ [u]En\F ≤ [u]F∩E + [u]E\F .

This inequality and Theorem 3.9(c) imply (4.5).

Put A = Ẽ and B = F̃ . It follows directly from the definition that,

[[u]A]B ≤ inf(u, UA, UB).

The largest solution dominated by u and vanishing on Ac ∪ Bc) is [u]A∩B. Thus

[[u]A]B ≤ [u]A∩B.

On the other hand

[u]A∩B = [[u]A∩B]B ≤ [[u]A]B.

This proves (4.6). (iii) By (4.8)

[u]E ≤ [u]Fn∩E + [u]E\Fn
, [u]Fn

≤ [u]Fn∩E + [u]Fn\E .

If C2/q,q′ (E∆Fn) → 0 , Lemma 3.7 implies lim[u]E∆Fn
= 0 which in turn implies

(4.7).
If Fn ↓ E then, by Lemma 3.8, UFn

→ UE . If u is a positive solution then

inf(u, UE) = inf(u, inf
n

UFn
) = inf

n
inf(u, UFn

) ≥ inf
n

[u]Fn
.

Since {Fn} decreases w = infn[u]Fn
is a solution. Hence [u]E ≥ w. The opposite

inequality is obvious; hence [u]E = lim[u]Fn
. �

Lemma 4.5. Let u be a positive solution of (1.1) and put E = suppq
∂Ω u.

(i) If D is a q-open set such that E
q
⊂ D then

(4.9) [u]D = lim
β→0

uD
β = [u]D = u.

(ii) If A is a q-open subset of ∂Ω,

(4.10) u ≈
A

0 ⇐⇒ uQ = lim
β→0

uQ
β = 0 ∀Q q-open : Q̃

q
⊂ A.

(iii) Finally,

(4.11) u ≈
A

0 ⇐⇒ [u]A = 0

Proof. Case 1: E is closed. Since u vanishes in A := ∂Ω \ E, it follows that
u ∈ C(Ω ∪ A) and u = 0 on A. If, in addition, D ⊂ ∂Ω is an open neighborhood of
E then

∫

Σβ(Dc)

udS → 0

so that

(4.12) lim
β→0

uDc

β = 0.

Since

uD
β ≤ u ≤ uD

β + uDc

β in Ω′
β

it follows that

(4.13) u = limuD
β .
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If we assume only that D is q-open and E
q
⊂ D then, for every ǫ > 0, there exists

an open set Oǫ such that D ⊂ Oǫ, E ⊂ Oǫ and C2/q,q′ (O′
ǫ) < ǫ where O′

ǫ = Oǫ \D.
It follows that

uOǫ

β − uD
β ≤ UΣβ(O′

ǫ)
in Ω′

β

and limǫ→0 UΣβ(O′
ǫ)

= 0 uniformly with respect to β. Since limβ→0 uOǫ

β = u it

follows that (4.13) holds. The same argument shows that (4.12) remains valid.
Now (4.13) implies (4.9). Indeed

u = limuD
β ≤ [u]D ≤ u.

Hence u = [u]D. If Q is a q-open set such that E
q
⊂ Q ⊂ Q̃

q
⊂ D then u = [u]Q ≤

[u]D. Hence u = [u]D.
In addition (4.12) implies (4.10) in the direction =⇒. Assertion (4.10) in the

opposite direction is a consequence of Lemma 2.7 and Lemma 3.8 (iv).

Case 2. We consider the general case when E is q-closed. Let {En} be a stratifi-

cation of E so that C2/q,q′ (E \ En) → 0. If D is q-open and E
q
⊂ D then, by the

first part of the proof,

(4.14) lim
β→0

([u]En
)D
β = [u]En

.

By (4.5)

(4.15) uD
β ≤ ([u]En

)D
β + ([u]E\En

)D
β .

Let {βk} be a sequence decreasing to zero such that the following limits exist

w := lim
k→0

uD
βk

, wn := lim
k→0

([u]E\En
)D
βk

, n = 1, 2, · · · .

Then, by (4.14) and (4.15),

[u]En
≤ w ≤ [u]En

+ wn ≤ [u]En
+ UE\En

.

Further, by (3.7),

[u]En
→ [u]E = u, UE\En

→ 0.

Hence w = u. This implies (4.13) which in turn implies (4.9).
To verify (4.10) in the direction =⇒ we apply (4.15) with D replaced by Q.

We obtain,

uQ
β ≤ ([u]En

)Q
β + ([u]E\En

)Q
β .

By the first part of the proof

lim
β→0

([u]En
)Q
β = 0.

Let {βk} be a sequence decreasing to zero such that the following limits exist:

lim
k→∞

([u]E\En
)Q
βk

, n = 1, 2, . . . , lim
k→∞

uQ
βk

.

Then

lim
k→∞

uQ
βk

≤ lim
k→∞

([u]E\En
)Q
βk

≤ UE\En
.

Since UE\En
→ 0 we obtain (4.10) in the direction =⇒. The assertion in the

opposite direction is proved as in Case 1. This completes the proof of (i) and (ii).
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Finally we prove (iii). First assume that u ≈
A

0. If F is a q-closed set such that

F
q
⊂ A then there exists a q-open set Q such that F

q
⊂ Q̃

q
⊂ A. Therefore, applying

(4.9) to v := [u]F and using (4.10) we obtain

v = lim vQ
β ≤ limuQ

β = 0.

In view of Definition 4.3 this implies that [u]A = 0.

Secondly assume that [u]A = 0. Then [u]Q = 0 whenever Q̃
q
⊂ A. If Q is a

q-open set such that Q̃
q
⊂ A then [u]Q = 0 and hence u ≈

Q
0. Applying once again

Lemma 2.7 and Lemma 3.8 (iv) we conclude that u ≈
A

0. �

Definition 4.6. Let u, v be positive solutions of (1.1) in Ω and let A be a
q-open subset of ∂Ω. We say that u = v on A if u ⊖ v and v ⊖ u vanish on A (see
Notation 3.1). This relation is denoted by u ≈

A
v.

Theorem 4.7. Let u, v ∈ U(Ω) and let A be a q-open subset of ∂Ω. Then,

(4.16) u ≈
A

v ⇐⇒ lim
β→0

|u − v|Qβ = 0,

for every q-open set Q such that Q̃
q
⊂ A and

(4.17) u ≈
A

v ⇐⇒ [u]F = [v]F ,

for every q-closed set F such that F
q
⊂ A.

Proof. By definition, u ≈
A

v is equivalent to u ⊖ v ≈
A

0 and v ⊖ u ≈
A

0. Hence,

by Lemma 4.5 (specifically (4.11)),

(4.18) [u ⊖ v]F = 0, [v ⊖ u]F = 0,

for every q-closed set F
q
⊂ A. Therefore, if Q̃

q
⊂ A, Lemma 4.5 implies that

((u − v)+)Q
β → 0, ((v − u)+)Q

β → 0.

(Recall that u⊖v is the smallest solution which dominates the subsolution (u−v)+.)
This implies (4.16) in the direction =⇒; the opposite direction is a consequence of
Lemma 3.7.

We turn to the proof of (4.17). For any two positive solutions u, v we have

(4.19) u + (v − u)+ ≤ v + (u − v)+ ≤ v + u ⊖ v.

If F is a q-closed set and Q a q-open set such that F
q
⊂ Q then,

(4.20) [u]F ≤ [v]Q + [u ⊖ v]Q.

To verify this inequality we observe that, by (4.19),

[u]F ≤ [v]Q + [v]Qc + [u ⊖ v]Q + [u ⊖ v]Qc .

The subsolution w := ([u]F − ([v]Q + [u⊖ v]Q))+ is dominated by the supersolution
[v]Qc + [u ⊖ v]Qc which vanishes on Q. Therefore w vanishes on Q. Since the
boundary support of [w]† is contained in F it follows that [w]† ≡ 0 so that w ≡ 0.

If u ≈
A

v and F
q
⊂ Q ⊂ Q̃

q
⊂ A then (4.20) and (4.18) imply,

[u]F ≤ [v]Q.
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Choosing a decreasing sequence of q-open sets {Qn} such that ∩Qn
q
∼ F we obtain

[u]F ≤ lim[v]Qn
= [v]F . Similarly, [v]F ≤ [u]F and hence equality.

Next assume that [v]F = [u]F for every q-closed set F
q
⊂ A. If Q is a q-open

set such that Q̃
q
⊂ A we have,

u ⊖ v ≤ ([u]Q ⊕ [u]Qc) ⊖ [v]Q ≤ [u]Qc ,

because [u]Q = [v]Q. This implies that u ⊖ v vanishes on Q. Since this holds for
every Q as above it follows that u ⊖ v vanishes on A. Similarly v ⊖ u vanishes on
A. �

Corollary 4.8. If A is a q-open subset of ∂Ω, the relation ≈
A

is an equivalence

relation in U(Ω).

Proof. This is an immediate consequence of (4.16). �

5. The precise boundary trace

5.1. The regular boundary set. We define the regular boundary set of a
positive solution of (1.1) and present some conditions for the regularity of a q-open
set.

Definition 5.1. Let u be a positive solution of (1.1).

a: Let D ⊂ ∂Ω be a q-open set such that C2/q,q′ (D) > 0. D is pre-regular
with respect to u if

(5.1)

∫

Ω

[u]qF ρdx < ∞ ∀F
q
⊂ D, F q-closed.

b: An arbitrary Borel set E is regular if there exists a pre-regular set D such

that Ẽ
q
⊂ D.

c: A set D ⊂ ∂Ω is σ-regular if it is the union of a countable family of
pre-regular sets.

d: The union of all q-open regular sets is called the regular boundary set of u,
and is denoted by R(u). The set S(u) = ∂Ω \ R(u) is called the singular
boundary set of u. A point P ∈ R(u) is called a regular boundary point
of u; a point P ∈ S(u) is called a singular boundary point of u.

Remark. The property of regularity of a set is preserved under the equivalence

relation
q
∼. However note that a point is regular if and only if it has a q-open

regular neighborhood .

Lemma 5.2. If D is a q-open pre-regular set then every point ξ ∈ D is a regular
point. Furthermore there exists a q-open regular set Q such that

(5.2) ξ ∈ Q ⊂ Q̃ ⊂ D.

If F is a regular q-closed set then there exists a regular q-open set Q such that

F
q
⊂ Q.

Proof. By Lemma 2.7, for every ξ ∈ D, there exists a q-open set Q such that
(5.2) holds. Therefore Q is a regular set and ξ is a regular point. The last assertion
is a consequence of Lemma 2.4. �
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Definition 5.3. Let u be a positive solution of (1.1) and let {Qn} be an

increasing sequence of regular q-open sets. If Q̃n

q
⊂ Qn+1 we say that {Qn} is a

regular sequence relative to u.
If Q is a q-open set, {Qn} is a regular sequence relative to u, Qn ⊂ Q and

Q0 := ∪∞
n=1Qn

q
∼ Q we refer to Q0 as a proper representation of Q and to {Qn} as

a regular decomposition of Q, relative to u.

Lemma 5.4. Let u ∈ U(Ω). A q-open set Q ⊂ ∂Ω is σ-regular if and only if it
has a proper representation relative to u. In particular every pre-regular set has a
proper representation.

Proof. The ’if’ direction follows immediately from the definition. Now sup-
pose that Q is σ-regular. Then Q = ∪∞

1 En where En is q-open and pre-regular,
n = 1, 2, · · · . By Lemma 2.6, each set En can be represented (up to a set of capacity

zero) as a countable union of q-open sets {An,j}∞j=1 such that Ãn,j

q
⊂ An,j+1

q
⊂ En.

We may assume that An,j ⊂ En; otherwise we replace it by An,j ∩ En. Put

Qn = ∪k+j=nAk,j .

If k + j = n then Ãk,j

q
⊂ Ak,j+1 ⊂ Qn+1. Hence

Q̃n

q
⊂ Qn+1, Q0 := ∪Qn

q
∼ Q.

�

Theorem 5.5. Let D be a q-open set such that C2/q,q′ (D) > 0.

(i) Suppose that

(5.3) lim inf
β→0

∫

Ω′
β

(uD
β )q(ρ − β) dx < ∞.

Then D is pre-regular.

(ii) Suppose that D is a pre-regular set. Then there exists a Borel measure µ on D

such that, for every q-closed set E
q
⊂ D,

(5.4) tr [u]E = µχ
E
.

Proof. (i) Let {βn} be a sequence decreasing to zero such that

(5.5)

∫

Ω′
βn

(uD
βn

)q(ρ − βn) dx ≤ C < ∞, ∀n.

By extracting a subsequence if necessary we may assume that {uD
βn
} converges

locally uniformly in Ω to a solution w. Then, by Lemma 4.5, if E is q-closed and

E
q
⊂ D,

(5.6) [u]E = lim
β→0

([u]E)D
β ≤ lim

n→∞
uD

βn
=: w.

By (5.5) and Fatou’s lemma,
∫

Ω

wqρ dx ≤ C < ∞.

Hence, by (5.6),

(5.7)

∫

Ω

([u]E)qρ dx ≤ C < ∞.
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Thus D is pre-regular.

(ii) By Lemma 5.4, D possesses a regular decomposition {Dj}. Put

wj = [u]Dj
.

Then {wj} is increasing and its limit is a solution w0 ≤ w with w as defined in

(5.6). Thus w0 is a moderate solution. If E
q
⊂ D is a q-closed set then, by (4.6),

[u]E∩D̃j
= [wj ]E ≤ [w0]E ≤ [u]E .

By Lemma 2.5, for every k ∈ N there exists an open set Ok and a natural number

jk such that C2/q,q′ (Ok) < 1/k and E \ Ok

q
⊂ Djk

. By Theorem 3.9

[u]E ≤ [u]E∩D̃jk

+ [u]Ok
.

Since [u]Ok
→ 0 we conclude that

(5.8) [w0]E = [u]E ∀E
q
⊂ D : E q-closed.

If w0 is moderate then tr [w0]E = µχ
E
tr w0, which implies (5.4).

We turn to the case where w0 is not moderate. The solution wj is moderate
and we denote

µj = tr wj , µ = limµj .

By (4.6), wj = [wj+k]Dj
. Therefore µj = µj+kχ

Dj
= µχ

Dj
. Therefore if E is q-

closed and E
q
⊂ Dj for some j, (5.4) holds with µ as defined above. If E is q-closed

and E
q
⊂ D then E

q
∼ E′ := ∪(E ∩Dj) = ∪(E ∩ D̃j). Put Ej := E ∩ D̃j . It follows

that

tr [u]Ej
= µχ

Ej
↑ µχ

E′.

Since D is pre-regular, [u]E is moderate. Put E′
j = E \Dj and observe that ∩∞

1 E′
j

is a set of capacity zero so that (by Lemma 3.8) UE′
J
↓ 0 and hence lim[u]E′

j
↓ 0.

Since

[u]E ≤ [u]Ej
+ [u]E′

j
and [u]E′

j
↓ 0

we conclude that

tr [u]E ≤ lim tr [u]Ej
= µχ

E′.

On the other hand

tr [u]E ≥ tr [u]Ej
→ µχ

E′ = µχ
E
.

This implies (5.4). �

Corollary 5.6. Let D be a q-open set such that C2/q,q′(D) > 0. Suppose that,

for every q-open set Q such that Q̃
q
⊂ D,

(5.9) lim inf
β→0

∫

Ω′
β

(uQ
β )q(ρ − β) dx < ∞.

Then D is pre-regular.

Proof. This is an immediate consequence of Lemma 2.4 and Theorem 5.5. �
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5.2. Behavior of the solution at the boundary. In this subsection we
provide a characterization of regular and singular boundary points of a positive
solution by the limiting behavior of the solution as it approaches the boundary in
a q-open neighborhood of each point.

Theorem 5.7. Let u be a positive solution of (1.1) in Ω and let Q be a q-open
subset of ∂Ω of positive capacity.

(i) If ξ ∈ S(u) then, for every nontrivial q-open neighborhood Q of ξ,

(5.10)

∫

Σβ(Q)

udS → ∞, as β → 0.

(ii) If ξ ∈ R(u), there exists a q-open regular set D such that ξ ∈ D. Further there

exists a q-open set Q such that ξ ∈ Q ⊂ Q̃ ⊂ D. Consequently

(5.11) sup
0<β<β0

∫

Σβ(Q)

udS < ∞, uQ = lim
β→0

uQ
β exists

and uQ is moderate. If µ
Q

:= tr [u]Q then, for every q-closed set E
q
⊂ Q,

(5.12) tr [u]E = µ
Q
χ

E
.

Proof. (i) If Q is a q-open set for which (5.10) does not hold, there exists a
sequence {βn} converging to zero such that

∫

Σβn (Q)

udS → α < ∞.

This implies that there exists a constant C such that (5.5) holds (with D replaced
by Q). By Theorem 5.5, Q is pre-regular and by Lemma 5.2 every point in Q is a
regular point. Therefore, if ξ ∈ S(u), (5.10) holds.

(ii) By Definition 5.1 there exists a q-open regular neighborhood D of ξ. By

Lemma 2.7 there exists a q-open set Q such that ξ ∈ Q ⊂ Q̃ ⊂ D. By Theo-
rem 4.4 and Lemma 4.5,

u ≤ [u]D + [u]Dc and lim
β→0

∫

Q̃

[u]Dc(β, ·)dS = 0.

Therefore

lim sup
β→0

∫

Q

u(β, ·)dS ≤ lim sup
β→0

∫

Q

[u]D(β, ·)dS < ∞

so that (5.3) holds. In view of this fact, Theorem 5.5 and the arguments in its proof
imply assertion (ii). �

5.3. q-perfect measures.

Definition 5.8. Let µ be a positive Borel measure, not necessarily bounded,
on ∂Ω.

(i) We say that µ is essentially absolutely continuous relative to C2/q,q′ if the fol-
lowing condition holds:

If Q is a q-open set and A is a Borel set such that C2/q,q′ (A) = 0 then

µ(Q \ A) = µ(Q).

This relation will be denoted by µ ≺≺
f

C2/q,q′ .
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(ii) µ is regular relative to q-topology if, for every Borel set E ⊂ ∂Ω,

(5.13)
µ(E) = inf{µ(D) : E ⊂ D ⊂ ∂Ω, D q-open}

= sup{µ(K) : K ⊂ E, K compact}.

µ is outer regular relative to q-topology if the first equality in (5.13) holds.

(iii) A positive Borel measure is called q-perfect if it is essentially absolutely con-
tinuous relative to C2/q,q′ and outer regular relative to q-topology. The space of
q-perfect Borel measures is denoted by Mq(∂Ω).

Lemma 5.9. If µ ∈ Mq(∂Ω) and A ⊂ ∂Ω is a non-empty Borel set such that
C2/q,q′(A) = 0 then

(5.14) µ(A) =

{

∞ if µ(Q \ A) = ∞ ∀Q q-open neighborhood of A,

0 otherwise .

If µ0 is an essentially absolutely continuous positive Borel measure on ∂Ω and
Q is a q-open set such that µ0(Q) < ∞ then µ0

∣

∣

Q
is absolutely continuous with

respect to C2/q,q′ in the strong sense, i.e., if {An} is a sequence of Borel subsets of
∂Ω,

C2/q,q′ (An) → 0 =⇒ µ0(Q ∩ An) → 0.

Let µ0 be an essentially absolutely continuous positive Borel measure on ∂Ω.
Put

(5.15) µ(E) := inf{µ0(D) : E ⊂ D ⊂ ∂Ω, D q-open},

for every Borel set E ⊂ ∂Ω. Then

(5.16)
(a) µ0 ≤ µ, µ0(Q) = µ(Q) ∀Q q-open

(b) µ
∣

∣

Q
= µ0

∣

∣

Q
for every q-open set Q such that µ0(Q) < ∞ .

Finally µ is q-perfect; thus µ is the smallest measure in Mq which dominates µ0.

Proof. The first assertion follows immediately from the definition of Mq. We
turn to the second assertion. If µ0 is an essentially absolutely continuous positive
Borel measure on ∂Ω and Q is a q-open set such that µ0(Q) < ∞ then µ0χQ

is
a bounded Borel measure which vanishes on sets of C2/q,q′ -capacity zero. If {An}
is a sequence of Borel sets such that C2/q,q′(An) → 0 and µn := µ0χQ∩An

then
uµn

→ 0 locally uniformly and µn ⇀ 0 weakly with respect to C(∂Ω). Hence
µ0(Q ∩ An) → 0. Thus µ0 is absolutely continuous in the strong sense relative to
C2/q,q′ .

Assertion (5.16) (a) follows from (5.15). It is also clear that µ, as defined by
(5.15), is a measure. Now if Q is a q-open set such that µ0(Q) < ∞ then µ(Q) < ∞
and both µ0

∣

∣

Q
and µ

∣

∣

Q
are regular relative to the induced Euclidean topology on

∂Ω. Since they agree on open sets, the regularity implies (5.16) (b).
If A is a Borel set such that C2/q,q′(A) = 0 and Q is a q-open set then Q \A is

q-open and consequently

µ(Q) = µ0(Q) = µ0(Q \ A) = µ(Q \ A).

Thus µ is essentially absolutely continuous. It is obvious by its definition that µ is
outer regular with respect to C2/q,q′ . Thus µ ∈ Mq(∂Ω). �
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5.4. The boundary trace on the regular set. First we describe some prop-
erties of moderate solutions. In this connection it is convenient to introduce a
related term: a solution is strictly moderate if

(5.17) |u| ≤ v, v harmonic,

∫

Ω

vqρ dx < ∞.

A positive solution u is strictly moderate if and only if tr u ∈ W
−2/q,q
+ (∂Ω) (see

[15]).
Notation 5.1. Let Π : Ωβ0 → ∂Ω be the mapping given by Π(x) = σ(x) (see
Notation 1.1) and put Πβ := Π

∣

∣

Σβ

.

1: If φ is a function defined on ∂Ω put φ∗ := φ ◦ Π. This function is called
the normal lifting of φ to Ωβ0 . Similarly, if φ is defined on a set Q ⊂ ∂Ω,
φ∗ is the normal lifting of φ to Ωβ0(Q).

2: If ϕ is a function defined on Σβ we define the normal projection of ϕ onto
∂Ω by

ϕβ
∗ (ξ) = ϕ(Π−1

β (ξ)), ∀ξ ∈ ∂Ω, Πβ = Π
∣

∣

Σβ

: Σβ 7→ ∂Ω.

If v is a function defined on Ωβ0 then vβ
∗ denotes the normal projection of

v(β, ·) onto ∂Ω, for β ∈ (0, β0).

Proposition 5.10. Let u be a moderate solution of (1.1), not necessarily pos-
itive. Then:

(i) u ∈ L1(Ω) ∩ Lq(Ω; ρ) and u possesses a boundary trace tr u given by a bounded
Borel measure µ which is attained in the sense of weak convergence of measures:

(5.18) lim
β→0

∫

Σβ

uφ∗dS = lim
β→0

∫

∂Ω

uβ
∗φdS =

∫

∂Ω

φdµ,

for every φ ∈ C(∂Ω).

(ii) A bounded Borel measure µ is the boundary trace of a solution of (1.1) if and
only if it is absolutely continuous relative to C2/q,q′ . When this is the case, there

exists a sequence {µn} ⊂ W−2/q,q(∂Ω) such that µn → µ in total variation norm.
If µ is positive, the sequence can be chosen to be increasing. Note that these facts
imply that µ is a trace if and only if |µ| is a trace.

(iii) u is strictly moderate if and only if |tr u| ∈ W−2/q,q(∂Ω). In this case the
boundary trace is also attained in the sense of weak convergence in W−2/q,q(∂Ω) of

{uβ
∗ : β ∈ (0, β0)} as β → 0. In particular (5.18) holds for every φ ∈ W 2/q,q′

(∂Ω)∪
C(∂Ω).

(iv) If µ := tr u and {µn} is as in (ii) then u = limuµn
. In particular, if u > 0

then u is the limit of an increasing sequence of strictly moderate solutions.

(v) The measure µ = tr u is regular relative to the q-topology.

(vi) If u is positive (not necessarily strictly moderate), (5.18) is valid for every

φ ∈ (W
2/q,q′

+ ∩ L∞)(∂Ω).

Remark. Assertions (i)-(iv) are well known. For proofs see [15] which also contains
further relevant citations.
Proof of (v). If µ is a trace then µ+ and µ− are traces of solutions of (1.1).
Therefore it is enough to prove (v) in the case that µ is a positive measure.
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Every bounded Borel measure on ∂Ω is regular in the usual sense:

µ(E) = inf{µ(O) : E ⊂ O, O relatively open}

= sup{µ(K) : K ⊂ E, K compact}

for every Borel set E ⊂ ∂Ω. Since

µ(E) ≤ inf{µ(D) : E ⊂ D ⊂ ∂Ω, D q-open}

≤ inf{µ(O) : E ⊂ O ⊂ ∂Ω, O relatively open}

it follows that such a measure is also regular with respect to the q-topology.

Proof of (vi). By (ii) there exists an increasing sequence of strictly moderate
solutions {vn} such that vn ↑ u. If µn := tr vn then

lim
β→0

∫

Σβ

vnφ∗dS =

∫

∂Ω

φdµn,

for every φ ∈ W 2/q,q′

(∂Ω). Since {µn} increases and converges weakly to µ = tr u
it follows that µn → µ in total variation. Hence

∫

∂Ω

φdµn →

∫

∂Ω

φdµ

for every bounded φ ∈ W 2/q,q′

(∂Ω). If, in addition, φ ≥ 0, we obtain

lim inf
β→0

∫

Σβ

uφ∗dS ≥

∫

∂Ω

φdµ.

On the other hand, since u∗
β → µ in the sense of weak convergence of measures, it

follows that

(5.19) lim sup

∫

E

u∗
βdS ≤ µ, lim inf

∫

A

u∗
βdS ≥ µ

for any closed set E ⊂ ∂Ω, respectively, open set A ⊂ ∂Ω). It is easily seen that,
in our case, this extends to any q-closed set E (resp. q-open set A). Therefore if A
is q-open and

µ(A) = µ(Ã),

then

(5.20) lim

∫

A

uβ
∗dS = µ(A).

If φ ∈ W 2/q,q′

(∂Ω)∩L∞(∂Ω) and I ⊂ R is a bounded open interval then, by [1,
Prop. 6.1.2, Prop. 6.4.10], A := φ−1(I) is quasi open. Without loss of generality
we may assume that φ ≤ 1. Given k ∈ N and m = 0, . . . , 2k − 1 choose a number
am,k in the interval (m2−k, (m + 1)2−k) such that µ

R
(φ−1({am,k}) = 0. Put

Am,k = φ−1((am,k, am+1,k]) m = 1, . . . , 2k − 1, A0,k = φ−1((a0,k, a1,k])

and

fk =

2k−1
∑

m=0

m2−kχ
Am,k

.

Then fk → φ uniformly and, by (5.20),

lim
β→0

∫

∂Ω

fkuβ
∗dS =

∫

∂Ω

fkdµ
R
.

This implies assertion (vi). �
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Theorem 5.11. Let u ∈ U(Ω).

(i) The regular set R(u) is σ-regular and consequently it has a regular decomposi-
tion {Qn}.

(ii) Let

(5.21) v
R

:= sup{[u]Q : Q q-open and regular }.

Then there exists an increasing sequence of moderate solutions {wn} such that

(5.22) suppq
∂Ω wn

q
⊂ R(u), wn ↑ vR.

(Thus vR is σ-moderate.)

(iii) Let F be a q-closed set such that F
q
⊂ R(u). Then, for every ǫ > 0, there

exists a q-open regular set Qǫ such that C2/q,q′ (F \Qǫ) < ǫ. If, in addition, [u]F is
moderate then F is regular; consequently there exists a q-open regular set Q such

that F
q
⊂ Q.

(iv) With {Qn} as in (i), denote

(5.23) vn := [u]Qn
, µn := tr vn, v := lim vn, µR := limµn.

Then,

(5.24) v = v
R
.

Furthermore, for every q-open regular set Q,

(5.25) µ
R
χ

Q̃
= tr [u]Q = tr [v

R
]Q.

Finally, µ
R

is q-locally finite on R(u) and σ-finite on R0(u) := ∪Qn.

(v) If {wn} is a sequence of moderate solutions satisfying conditions (5.22) then,

(5.26) µR = lim tr wn

(vi) The regularized measure µ̄R given by

(5.27) µ̄
R
(E) := inf{µ

R
(Q) : E ⊂ Q, Q q-open ∀E ⊂ ∂Ω, E Borel}

is q-perfect.

(vii) u ≈
R(u)

v
R
.

(viii) For every q-closed set F
q
⊂ R(u):

(5.28) [u]F = [v
R
]F .

If, in addition, µ
R
(F ) < ∞ then [u]F is moderate and

(5.29) tr [u]F = µ
R
χ

F
.

(ix) If F is a q-closed set then

(5.30) µ
R
(F ) < ∞ ⇐⇒ [u]F is moderate ⇐⇒ F is regular.

Proof. (i) By [1, Sec. 6.5.11] the (α, p)-fine topology possesses the quasi-
Lindelöf property. This implies that R(u) is σ-regular. By Lemma 5.4 R(u) has a

regular decomposition {Qn}. Recall that Q̃n ⊂ Qn+1 and C2/q,q′ (R(u)\R0(u)) = 0.

(ii) This assertion is an immediate consequence of (5.21) and Proposition 3.3.

(iii) By definition, every point in R(u) possesses a q-open regular neighborhood.
Therefore, the existence of a set Qǫ, as in the first part of this assertion, is an
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immediate consequence of Lemma 2.5. Let Oǫ be an open set containing F \ Qǫ

such that C2/q,q′ (Oǫ) < 2ǫ. Put Fǫ := F \ Oǫ. Then Fǫ is a q-closed set, Fǫ ⊂ F ,

C2/q,q′(F \ Fǫ) < 2ǫ and Fǫ

q
⊂ Qǫ.

Assertion 1. Let E be a q-closed set, D a q-open regular set and E
q
⊂ D. Then

there exists a decreasing sequence of q-open sets {Gn}∞n=1 such that

(5.31) E
q
⊂ Gn+1 ⊂ G̃n+1

q
⊂ Gn

q
⊂ D

and

(5.32) [u]Gn
→ [u]E in Lq(Ω, ρ).

By Lemma 2.6 and Theorem 4.4, there exists a decreasing sequence of q-open
sets {Gn} satisfying (5.31) and, in addition, such that [u]Gn

↓ [u]E locally uniformly
in Ω. Since [u]Gn

≤ [u]D and the latter is a moderate solution we obtain (5.32).
Put

En := ∪n
m=1F1/m, Dn := ∪n

m=1Q1/m.

Then En is q-closed, Dn is q-open and regular and En

q
⊂ Dn. Therefore, by

Assertion 1, it is possible to choose a sequence of q-open regular sets {Vn} such
that

(5.33) En

q
⊂ Vn ⊂ Ṽn

q
⊂ Dn, ‖[u]Vn

− [u]En
‖

Lq(Ω,ρ)
≤ 2−n.

By Theorem 4.4,

[u]F ≤ [u]En
+ [u]F\En

and [u]F\En
↓ 0.

Therefore [u]En
↑ [u]F .

If, in addition, [u]F is moderate then

[u]En
↑ [u]F in Lq(Ω, ρ)

and consequently, by (5.33),

[u]Vn
→ [u]F in Lq(Ω, ρ).

Let {Vnk
} be a subsequence such that

(5.34)
∥

∥

∥
[u]Vnk

− [u]F

∥

∥

∥

Lq(Ω,ρ)
≤ 2−k.

Recall that En

q
⊂ Vn ∩F and that C2/q,q′ (F \En) ↓ 0. Therefore C2/q,q′ (F \Vn) →

0. Consequently F
q
⊂ W := ∩∞

k=1Vnk
and, in view of (5.34), [u]W is moderate.

Obviously this implies that W is pre-regular (any q-closed set E
q
⊂ W has the

property that [u]E is moderate) and F is regular. Finally, by Lemma 2.4, every
q-closed regular set is contained in a q-open regular set.

(iv) Let Q be a q-open regular set and put µ
Q

= tr [u]Q. If F is a q-closed set such

that F
q
⊂ Q then, by Theorem 5.5,

(5.35) [u]F = µ
Q
χ

F
.

In particular the compatibility condition holds: if Q, Q′ are q-open regular sets then

(5.36) µQ∩Q′ = µQχ
Q̃∩Q̃′ = µQ′χ

Q̃∩Q̃′.
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With the notation of (5.23), [vn+k]Qk
= vk and hence µn+kχ

Q̃k
= µk for every

k ∈ N.
Let F be an arbitrary q-closed subset of R(u). Since C2/q,q′ (F \ Qn) → 0 it

follows that

(5.37) [vn]F = [u]F∩Q̃n
↑ [u]F .

In addition, [v]F ≥ lim[vn]F = [u]F and v ≤ u lead to,

(5.38) [u]F = [v]F .

If Q is a q-open regular set, [u]Q = lim[vn]Q ≤ lim vn =: v and so vR ≤ v. On the
other hand it is obvious that v ≤ v

R
. Thus (5.24) holds.

By (5.35) and (5.37), if F is a q-closed subset of R(u) and [u]F is moderate,

(5.39) tr [u]F = lim tr [vn]F = limµnχ
F

= µ
R
χ

F
,

which implies (5.25). This also shows that µ
R
χ

F
is independent of the choice of

the sequence {µn} used in its definition. This remains valid for any q-closed set

F
q
⊂ R(u) because C2/q,q′(R(u) \R0(u)) = 0 and µ

R
is σ-finite on R0(u). The last

observation is a consequence of the fact that R0(u) has a regular decomposition.
The assertion that µ

R
is q-locally finite on R(u) is a consequence of the fact

that every point in R(u) is contained in a q-open regular set.

(v) If w is a moderate solution and w ≤ v
R

and suppq
∂Ω w

q
⊂ R(u) then τ := tr w ≤

µ
R
. Indeed

[w]Qn
≤ [v

R
]Qn

= vn, [w]Qn
↑ w =⇒ tr [w]Qn

↑ τ ≤ lim tr vn = µ
R
.

Now, let {wn} be an increasing sequence of moderate solutions such that Fn :=

suppq
∂Ω wn

q
⊂ R(u) and wn ↑ v

R
. We must show that, if νn := tr wn,

(5.40) ν := lim νn = µR.

By the previous argument ν ≤ µ
R
. The opposite inequality is obtained as

follows. Let D be a q-open regular set and let K be a compact subset of D such
that C2/q,q′ (K) > 0.

wn ≤ [wn]D + [wn]Dc =⇒ v
R

= limwn ≤ lim[wn]D + UDc .

The sequence {[wn]D} is dominated by the moderate function [v
R
]D. In addition

tr [wn]D = νnχ
D̃
↑ νχ

D̃
. Hence, νχ

D̃
is a bounded measure and [wn]D ↑ uνχ

D̃
where

the function on the right is the moderate solution with trace νχ
D̃
. Consequently

v
R

= limwn ≤ uνχ
D̃

+ UDc .

This in turn implies

([v
R
]K − uνχ

D̃
)+ ≤ inf(UDc , UK)

the function on the left being a subsolution and the one on the left a supersolution.
Therefore

([v
R
]K − uνχ

D̃
)+ ≤ [[U ]Dc ]K = 0.

Thus, [v
R
]K ≤ uνχ

D̃
and hence µ

R
χ

K
≤ νχ

D̃
. Further, if Q is a q-open set such that

Q̃
q
⊂ D then, in view of the fact that

sup{µRχ
K

: K ∈ Q, K compact} = µχ
Q
,
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we obtain,

(5.41) µRχ
Q
≤ νχ

D̃
.

Applying this inequality to the sets Qm, Qm+1 we finally obtain

µRχ
Qm

≤ νχ
Q̃m+1

≤ νχ
Qm+2

.

Letting m → ∞ we conclude that µ
R
≤ ν. This completes the proof of (5.40) and

of assertion (v).

(vi) The measure µ
R

is essentially absolutely continuous relative to C2/q,q′ (see
Definition 5.8). Therefore this assertion follows from Lemma 5.9.

(vii) By (4.5)

u ≤ [u]Qn
+ [u]∂Ω\Qn

.

By Theorem 3.9(c)

[u]∂Ω\Qn
↓ [u]∂Ω\R0

.

Hence

lim(u − [u]Qn
) = u − v

R
≤ [u]∂Ω\R0

so that u ⊖ v
R
≈
R0

0. Since v
R
≤ u this is equivalent to the statement u ≈

R
v
R
.

(viii) (5.28) was established before, see (5.38). Alternatively, it follows from the
previous assertion and Theorem 4.7. If µ

R
(F ) is finite then (5.29) is a consequence

of (i) and (5.35). Indeed, Fn := F ∩Q̃n ↑ F0
q
∼ F . Hence, [u]F ≤ [u]Fn

+[u]F\Fn
and

C2/q,q′(F \ Fn) ↓ 0. Hence [u]F = lim[u]Fn
and tr [u]Fn

= µRχ
Fn

↑ µRχ
F0

= µRχ
F
.

Since µ
R
χ

F
is a bounded measure, [u]F is moderate and (5.29) holds.

(ix) If µ
R
(F ) < ∞ then, by (viii), [u]F is moderate and, by (iii), F is regular.

Conversely, if F is regular then [u]F is moderate and, by (5.25), µ
R
(F ) < ∞. �

5.5. The precise boundary trace.

Definition 5.12. Let qc ≤ q and u ∈ U(Ω).

a: The solution v
R

defined by (5.21) is called the regular component of u and
will be denoted by u

reg
.

b: Let {vn} be an increasing sequence of moderate solutions satisfying con-
dition (5.22) and put µR = µR(u) := lim tr vn. Then, the regularized
measure µ̄

R
, defined by (5.27), is called the regular boundary trace of u.

It will be denoted by tr
R
u.

c: The couple (trRu,S(u)) is called the precise boundary trace of u and will
be denoted by tr cu.

d: Let ν be the Borel measure on ∂Ω given by

(5.42) ν(E) =

{

(tr
R
u)(E) if E ⊂ R(u),

ν(E) = ∞ if E ∩ S(u) 6= ∅,

for every Borel set E ⊂ ∂Ω. Then ν is the measure representation of the
precise boundary trace of u, to be denoted by tru.

Note that, by Theorem 5.11 (v), the measure µ
R

is independent of the choice of the
sequence {vn}.
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Theorem 5.13. Assume that u ∈ U(Ω) is a σ-moderate solution, i.e., there
exists an increasing sequence {un} of positive moderate solutions such that un → u.
Let µn := tr un, µ0 := lim µn and put

(5.43) µ(E) := inf{µ0(D) : E ⊂ D ⊂ ∂Ω, D q-open},

for every Borel set E ⊂ ∂Ω. Then:

(i) µ is the precise boundary trace of u and µ is q-perfect. In particular µ is
independent of the sequence {un} which appears in its definition.

(ii) If A is a Borel set such that µ(A) < ∞ then µ(A) = µ0(A).

(iii) A solution u ∈ U(Ω) is σ-moderate if and only if

(5.44) u = sup{v ∈ U(Ω) : v moderate v ≤ u},

which is equivalent to

(5.45) u = sup{uτ : τ ∈ W
−2/q,q
+ (∂Ω), τ ≤ tr u}.

Thus, if u is σ-moderate, there exists an increasing sequence of strictly moderate
solutions converging to u.

(iv) If u, w are σ-moderate solutions,

(5.46) trw ≤ tru ⇐⇒ w ≤ u.

Proof. (i) Let Q be a q-open set and A a Borel set such that C2/q,q′ (A) = 0.
Then µn(A) = 0 so that µ0(A) = 0. Therefore µ0(Q \ A) = µ0(Q). Thus µ0 is
essentially absolutely continuous and, by Lemma 5.9, µ is q-perfect.

Let {Dn} be a regular decomposition of R(u). Put D′
n = R(u)\Dn and observe

that D′
n ↓ E where C2/q,q′ (E) = 0. Therefore

uµnχ
D′

n

↓ 0.

Since,

µnχ
R(u)

= µnχ
Dn

+ µnχ
D′

n
,

it follows that
∣

∣

∣
uµnχ

R(u)
− lim uµnχ

Dn

∣

∣

∣
≤ uµnχ

D′
n

→ 0.

Now

un ≤ uµnχ
R(u)

+ [u]S(u).

Hence

u − [u]S(u) ≤ w := limuµnχ
R(u)

= lim uµnχ
Dn

≤ u
reg

.

This implies u ⊖ [u]S(u) ≤ u
reg

. But the definition of u
reg

(= vR) implies that u
reg

≤
u ⊖ [u]S(u). Therefore limuµnχ

Dn
= u

reg
. Thus the sequence {uµnχ

Dn
} satisfies

condition (5.22) and consequently, by Theorem 5.11 (iv) and Definition 5.12,

(5.47) limµnχ
Dn

= µ
R
, tr

R
u = µ̄

R
.

If ξ ∈ S(u) then, for every q-open neighborhood Q of ξ,
∫

Ω
[u]qQρdx = ∞. This

implies: µn(Q̃) → ∞. To verify this fact, assume that, on the contrary, there exists

a subsequence (still denoted {µn}) such that supµn(Q̃) < ∞. Denote by vn,Q and
wn,Q the solutions with boundary trace χ

Q
trun and χ

Qctrun respectively. Then

un ≤ vn,Q + wn,Q =⇒ u ≤ vQ + wQ, vQ = lim vn,Q, wQ = limwn,Q.
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Then vQ is moderate and wQ vanishes in Q. If D is a q-open set such that ξ ∈ D ⊂

D̃ ⊂ Q then [wQ]D = 0. Therefore

min(u, UD) ≤ min(vQ, UD) + min(wQ, UD) =⇒ [u]D ≤ [vQ]D,

which brings us to a contradiction. In conclusion, if ξ ∈ S(u) then µ0(Q̃) = ∞
for every q-open neighborhood of ξ. Consequently µ(ξ) = ∞. This fact and (5.47)
imply that µ is the precise trace of u.

(ii) If µ(A) < ∞ then A is contained in a q-open set D such that µ0(D) < ∞ and,
by Lemma 5.9, µ(A) = µ0(A).

(iii) Let u ∈ U(Ω) be σ-moderate and put

(5.48) u∗ := sup{v ∈ U(Ω) : v moderate v ≤ u}.

By its definition u∗ ≤ u. On the other hand, since there exists an increasing
sequence of moderate solutions {un} converging to u, it follows that u ≤ u∗. Thus
u = u∗.

Conversely, if u ∈ U(Ω) and u = u∗ then, by Proposition 3.3, there exists an
increasing sequence of moderate solutions {un} converging to u. Therefore u is
σ-moderate.

In view of Proposition 5.10 (iv),

u∗ ≤ sup{uτ : τ ∈ W
−2/q,q
+ (∂Ω), τ ≤ tru} =: u‡.

On the other hand, if u is σ-moderate, τ ∈ W
−2/q,q
+ (∂Ω) and τ ≤ tru then (with

µn and un as in the statement of the theorem), tr (uτ ⊖un) = (τ −µn)+ ↓ 0. Hence
uτ ⊖ un ↓ 0, which implies that uτ ⊖ u = 0, i.e. uτ ≤ u. Therefore u ≥ u‡. Thus
(5.44) implies (5.45) and each of them implies that u is σ-moderate. Therefore the
two are equivalent.

(iv) The assertion =⇒ is a consequence of (5.45). To verify the assertion ⇐= it is
sufficient to show that if w is moderate, u is σ-moderate and w ≤ u then tr w ≤ tr u.
Let {un} be an increasing sequence of positive moderate solutions converging to u.
Then un∨w ≤ u and consequently un ≤ un∨w ↑ u. Therefore tr (un∨w) ↑ µ′ ≤ tr u
so that tr w ≤ tr u.

�

Theorem 5.14. Let u ∈ U(Ω) and put ν = tru.

(i) u
reg

is σ-moderate and tru
reg

= trRu.

(ii) If v ∈ U(Ω)

(5.49) v ≤ u =⇒ tr v ≤ tr u.

If F is a q-closed set then

(5.50) tr [u]F ≤ νχ
F
.

(iii) A singular point can be characterized in terms of the measure ν as follows:

(5.51) ξ ∈ S(u) ⇐⇒ ν(Q) = ∞ ∀Q : ξ ∈ Q, Q q-open.

(iv) If Q is a q-open set then:

Q pre-regular ⇐⇒ ν(F ∩ Q) < ∞ ∀F
q
⊂ Q : F q-closed(5.52)

Q regular ⇐⇒ ∃ Borel set A: C2/q,q′(A) = 0, ν(Q̃ \ A) < ∞.(5.53)
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(v) The singular set of u
reg

may not be empty. In fact

(5.54) S(u) \ bq(S(u)) ⊂ S(u
reg

) ⊂ S(u) ∩ R̃(u),

where bq(S(u)) is the set of C2/q,q′ -thick points of S(u), (see Notation 2.1).

(vi) Put

(5.55) S0(u) := {ξ ∈ ∂Ω : ν(Q \ S(u)) = ∞ ∀Q : ξ ∈ Q, Q q-open}.

Then

(5.56) S(u
reg

) \ bq(S(u)) ⊂ S0(u) ⊂ S(u
reg

) ∪ bq(S(u))

Remark. This result complements Theorem 5.11 which deals with the regular bound-
ary trace.

Proof. (i) By Theorem 5.11 (ii) u
reg

is σ-moderate. The second part of the
statement follows from Definition 5.12 and Theorem 5.13 (i).

(ii) If v ≤ u then R(u) ⊂ R(v) and by definition v
reg

≤ u
reg

. By Theorem 5.13 (iv)
tr v

reg
≤ tru

reg
and consequently tr v ≤ tru. (5.50) is an immediate consequence of

(5.49).

(iii) If ξ ∈ R(u) there exists a q-open regular neighborhood Q of ξ. Hence ν(Q) =
tr

R
u(Q) < ∞. If ξ ∈ S(u), it follows immediately from the definition of precise

trace that ν(Q) = ∞ for every q-open neighborhood Q of ξ.

(iv) If Q is pre regular then [u]F is moderate for every q-closed set F
q
⊂ Q and Q

q
⊂

R(u). By Theorem 5.11 (viii) this implies: tr [u]F = (µR(u))χ
F

and consequently
ν(F ∩ Q) = (µ

R
(u))(F ∩ Q) = (µ

R
(u))(F ) < ∞. Therefore (5.52) holds in the

direction =⇒.

Conversely, if Q is a q-open set, F a q-closed set, F
q
⊂ Q and ν(F∩Q) < ∞ then,

by Definition 5.12, F ∩ Q ⊂ R(u) which implies F
q
⊂ R(u) and µ

R
(u)(F ) < ∞.

Therefore, by Theorem 5.11 (viii) [u]F is moderate. This implies (5.52) in the
opposite direction.

If Q is regular there exists a pre-regular set D such that Q̃
q
⊂ D. Therefore

(5.52) implies (5.53) in the direction =⇒. On the other hand,

ν(Q̃ \ A) < ∞ =⇒ Q̃
q
⊂ R(u)

and µ
R
(Q̃) = µ

R
(Q̃ \ A) < ∞. Hence, by Theorem 5.11 (ix), [u]Q is moderate and

Q̃ is regular.

(v) Since suppq
∂Ω u

reg
⊂ R̃(u) and R(u) ⊂ R(u

reg
) we have

S(u
reg

) ⊂ R̃(u) ∩ S(u).

Next we show that S(u) \ bq(S(u)) ⊂ S(u
reg

).
If ξ ∈ S(u) \ bq(S(u)) then R(u) ∪ {ξ} is a q-open neighborhood of ξ. By (i)

u
reg

is σ-moderate and consequently (by Theorem 5.13 (i)) its trace is q-perfect.
Therefore, if Q0 is a q-open neighborhood of ξ and Q = Q0 ∩ ({ξ} ∪ R(u)) then

(tr u
reg

)(Q) = (tr u
reg

)(Q \ {ξ}) = (tr u)(Q \ {ξ}).

The last equality is valid because Q \ {ξ} ⊂ R(u). Let D be a q-open set such that

ξ ∈ D ⊂ D̃ ⊂ Q. If tr u(D̃ \ {ξ}) < ∞ then, by (iv), D is regular and ξ ∈ R(u),

contrary to our assumption. Therefore tru(D̃\{ξ}) = ∞ so that tr u
reg

(Q0 \{ξ}) =
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∞ for every q-open neighborhood Q0 of ξ, which implies ξ ∈ S(u
reg

). This completes
the proof of (5.54).

(vi) If ξ 6∈ bq(S(u)), there exists a q-open neighborhood D of ξ such that (D \
{ξ}) ∩ S(u) = ∅ and consequently

(5.57) (tr u
reg

)(D \ {ξ}) = (tr u
reg

)(D \ S(u)) = (tr u)(D \ S(u)).

If, in addition, ξ ∈ S0(u) then

(tr u)(D \ S(u)) = (tr u
reg

)(D \ {ξ}) = ∞.

If Q is an arbitrary q-open neighborhood of ξ then the same holds if D is replaced by
Q∩D. Therefore (tr u

reg
)(Q \ {ξ}) = ∞ for any such Q. Consequently ξ ∈ S(u

reg
),

which proves that S0(u) \ bq(S(u)) ⊂ S(u
reg

).
On the other hand, if ξ ∈ S(u

reg
) \ bq(S(u)) then there exists a q-open neigh-

borhood D such that (5.57) holds and (tr u
reg

)(D) = ∞. Since u
reg

is σ-moderate,
(tr u

reg
) is q-perfect so that (tr u

reg
)(D) = (tr u

reg
)(D \ {ξ}) = ∞. Consequently,

by (5.57), (tr u)(D \ S(u)) = ∞. If Q is any q-open neighborhood of ξ then D can
be replaced by D ∩ Q. Consequently (tr u)(Q \ S(u)) = ∞ and we conclude that
ξ ∈ S0(u). This completes the proof of (5.56).

�

Lemma 5.15. Let F ⊂ ∂Ω be a q-closed set. Then S(UF ) = bq(F ).

Proof. Let ξ be a point on ∂Ω such that F is C2/q,q′ -thin at ξ. Let Q be a

q-open neighborhood of ξ such that Q̃
q
⊂ F c. Then [UF ]Q = UF∩Q̃ = 0. Therefore

ξ ∈ R(UF ).
Conversely, assume that ξ ∈ F ∩ R(UF ). By Theorem 5.7 there exists a q-

open neighborhood Q of ξ such that uQ = limβ→0 uQ
β exists and uQ is a moderate

solution. Let D be a q-open neighborhood of ξ such that D̃
q
⊂ Q. Then Lemma 4.5

implies that [u]D is moderate so that D ⊂ R(u). In turn this implies that C2/q,q′ (F∩
D) = 0 and consequently F is q-thin at ξ. �

5.6. The boundary value problem.

Notation 5.2.

a: Denote by M+(∂Ω) the space of positive Borel measures on ∂Ω (not nec-
essarily bounded).

b: Denote by Cq(∂Ω) the space of couples (τ, F ) such that F ⊂ ∂Ω is q-

closed, τ ∈ M+(∂Ω), q-supp τ ⊂ ∂̃Ω \ F and τχ
∂Ω\F

is q-locally finite.

c: Denote by T : Cq(∂Ω) 7→ M+(∂Ω) the mapping given by ν = T(τ, F )
where ν is defined as in (5.42) with S(u),R(u) replaced by F, F c respec-
tively. ν is the measure representation of the couple (τ, F ).

d: If (τ, F ) ∈ Cq(∂Ω) the set

(5.58) Fτ = {ξ ∈ ∂Ω : τ(Q \ F ) = ∞ ∀Q q-open neighborhood of ξ }

is called the set of explosion points of τ .

Remark. Note that Fτ ⊂ F (because τχ
∂Ω\F

is q-locally finite) and Fτ ⊂ ∂̃Ω \ F

(because τ vanishes outside this set). Thus

(5.59) Fτ ⊂ bq(∂Ω \ F ) ∩ F.
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Theorem 5.16. Let ν be a positive Borel measure on ∂Ω.

(i) The boundary value problem

(5.60) −∆u + uq = 0, u > 0 in Ω, tr (u) = ν on ∂Ω

possesses a solution if and only if ν ∈ Mq(∂Ω).

(ii) Let (τ, F ) ∈ Cq(∂Ω) and put ν := T(τ, F ). Then ν ∈ Mq(∂Ω) if and only if

(5.61) τ ∈ Mq(∂Ω), F = bq(F ) ∪ Fτ .

(iii) Let ν ∈ Mq(∂Ω) and denote

(5.62)
Eν := {E : E q-quasi-closed, ν(E) < ∞},

Dν := {D : D q-open, D̃
q
∼ E for some E ∈ Eq}.

Then a solution of (5.60) is given by u = v ⊕ UF where

(5.63) G :=
⋃

Dν

D, F := ∂Ω \ G, v := sup{uνχ
E

: E ∈ Eν}.

Note that if E ∈ Eν then νχ
E

is a bounded Borel measure which does not charge
sets of C2/q,q′ -capacity zero. Recall that if µ is a positive measure possessing these
properties then uµ denotes the moderate solution with boundary trace µ.

(iv) The solution u = v⊕UF is σ-moderate and it is the unique solution of problem
(5.60) in the class of σ-moderate solutions. Furthermore, u is the largest solution
of the problem.

Proof. First we prove

(A) If u ∈ U(Ω)

(5.64) tru = ν =⇒ ν ∈ Mq(∂Ω).

By Theorem 5.11, u
reg

is σ-moderate and u ≈
R(u)

u
reg

. Therefore

(tr u)χ
R(u)

= (tr u
reg

)χ
R(u)

.

By Theorem 5.13, µ̄
R

:= tr u
reg

∈ Mq(∂Ω). If v is defined as in (5.63) then

(5.65) v = sup{[u]Q : Q q-open regular set} = u
reg

,

where the second equality holds by definition. Indeed, by Theorem 5.14, for every
q-open set Q, [u]Q is moderate if and only if ν(Q̃ \ A) < ∞ for some set A of
capacity zero. This means that [u]Q is moderate if and only if there exists E ∈ Eν

such that Q
q
∼ E. When this is the case,

tr [u]Q = µ
R
(u)χ

Q̃
= µ

R
(u)χ

E
= νχ

E
.

Thus v ≥ u
reg

. On the other hand, if E ∈ Eν , then Ẽ
q
⊂ R(u) and µ

R
(u)(Ẽ) =

µR(u)(E) < ∞. Therefore, by Theorem 5.11 (ix), Ẽ is regular, i.e., there exists a

q-open regular set Q such that E
q
⊂ Q. Hence uνχ

E
≤ [u]Q and we conclude that

v ≤ u
reg

. This proves (5.65). In addition, if E ∩ S(u) 6= ∅ then, by Definition 5.12,
ν(E) = ∞. Therefore ν is outer regular with respect to q-topology.

Next we must show that ν is essentially absolutely continuous. Let Q be a
q-open set and A a non-empty Borel subset of Q such that C2/q,q′ (A) = 0. Either
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ν(Q \A) = ∞ in which case ν(Q \A) = ν(Q) or ν(Q \A) < ∞. In the second case
Q \ A ⊂ R(u) and

ν(Q \ A) = µ̄R(Q \ A) = µ̄R(Q) < ∞.

Let ξ ∈ A and let D be a q-open subset of Q such that ξ ⊂ D ⊂ D̃ ⊂ Q. Let Bn be

a q-open neighborhood of A ∩ D̃ such that C2/q,q′ (Bn) < 2−n and Bn

q
⊂ D. Then

[u]D ≤ [u]En
+ [u]Bn

, En := D̃ \ Bn.

Since lim[u]Bn
= 0 it follows that [u]D = lim[u]En

. But

‖[u]En
‖Lq(Ω,ρ) ≤ Cν(En) ≤ Cν(Q \ A).

By assumption, ν(Q \ A) < ∞. Therefore ‖[u]D‖Lq(Ω,ρ) < ∞ which implies that

D ⊂ R(u). Since every point of A has a neighborhood D as above we conclude
that A ⊂ R(u) and hence ν(A) = (tr

R
u)(A) = 0. In conclusion ν is essentially

absolutely continuous and ν ∈ Mq(∂Ω).
Secondly we prove:

(B) Suppose that (τ, F ) ∈ Cq(∂Ω) satisfies (5.61) and put ν := T(τ, F ). Then the
solution u = v ⊕ UF , with v as in (5.63), satisfies tr u = ν.

By (5.64), this also implies that ν ∈ Mq(∂Ω).

Clearly v is a σ-moderate solution. The fact that τ is q-locally finite in F c and
essentially absolutely continuous relative to C2/q,q′ implies that

(5.66) G := ∂Ω \ F ⊂ R(v), (tr v)χ
G

= τχ
G
.

It follows from the definition of v that Fτ ⊂ S(v). Hence, by Lemma 5.15,

(5.67) Fτ ∪ bq(F ) ⊂ S(v) ∪ S(UF ) ⊂ S(u) ⊂ F.

Hence, by (5.61), S(u) = F , v = u
reg

and τ = tr u
reg

. Thus tr cu = (τ, F ) which is
equivalent to tr u = ν.

Next we show:

(C) Suppose that (τ, F ) ∈ Cq(∂Ω) and that there exists a solution u such that
tr cu = (τ, F ). Then,

(5.68) τ = tr
R
u = tr u

reg
, F = S(u).

If U := u
reg

⊕UF then tr U = tru and u ≤ U . U is the unique σ-moderate solution
of (5.60) and (τ, F ) satisfies condition (5.61).

Assertion (5.68) follows from Theorem 5.14 (i) and Definition 5.12. Since u
reg

is σ-moderate, it follows, by Theorem 5.13, that τ ∈ Mq(∂Ω).
By Theorem 5.11 (vi), u ≈

R(u)
u

reg
. Therefore w := u⊖u

reg
vanishes on R(u) so

that w ≤ UF . Note that u − u
reg

< w and therefore

(5.69) u ≤ u
reg

⊕ w ≤ U.

By their definitions S0(u) = Fτ and by Theorem 5.14 (vi) and Lemma 5.15,

(5.70)
S(U) = S(u

reg
) ∪ S(UF ) = S(u

reg
) ∪ bq(F ),

= S0(u) ∪ bq(F ) = Fτ ∪ bq(F ).

On the other hand, R(U) ⊃ R(u
R
) = R(u) and, as u ≤ U , R(U) ⊂ R(u).

Hence R(U) = R(u) and S(U) = S(u). Therefore, by (5.68) and (5.70), F =
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S(U) = Fτ ∪ bq(F ). Thus (τ, F ) satisfies (5.61) and tr cU = (τ, F ). The fact that
U is the maximal solution with this trace follows from (5.69).

The solution U is σ-moderate because both u
R

and UF are σ-moderate solu-
tions. This fact, with respect to UF , was proved in [16].

The uniqueness of the solution in the class of σ-moderate solutions follows from
Theorem 5.13 (iv).

Finally we prove:

(D) If ν ∈ Mq(∂Ω) then the couple (τ, F ) defined by

(5.71) v := sup{uνχ
E

: E ∈ Eν}, τ := tr v, F := ∂Ω \ R(v)

satisfies (5.61). This is the unique couple in C(∂Ω) satisfying ν = T(τ, F ).

The solution v is σ-moderate so that τ ∈ Mq(∂Ω).
We claim that u := v ⊕ UF is a solution with boundary trace tr cu = (τ, F ).

Indeed u ≥ v so that R(u) ⊂ R(v). On the other hand, since τ is q-locally finite
on R(v) = ∂Ω \ F , it follows that S(u) ⊂ F . Thus R(v) ⊂ R(u) and we conclude
that R(v) = R(u) and F = S(u). This also implies that v = u

reg
.

Finally

S(u) = S(v) ∪ S(UF ) = Fτ ∪ bq(F ),

so that F satisfies (5.61).
The fact that, for ν ∈ Mq(∂Ω), the couple (τ, F ) defined by (5.71) is the only

one in C(∂Ω) satisfying ν = T(τ, F ) follows immediately from the definition of these
spaces.

Statements A–D imply (i)–(iv). �

Remark. If ν ∈ Mq(∂Ω) then G and v as defined in (5.63) have the following
alternative representation:

(5.72) v := sup{uνχ
Q

: Q ∈ Fν}, G =
⋃

Fν

Q =
⋃

Eν

E,

(5.73) Fν := {Q : Q q-open, ν(Q) < ∞}.

To verify this remark we first observe that Lemma 2.6 implies that if A is a
q-open set then there exists an increasing sequence of q-quasi closed sets {En} such
that A = ∪∞

1 En. In fact, in the notation of (2.22), we may choose En = Fn \ L
where L = A′ \ A is a set of capacity zero.

Therefore
⋃

Dν

D ⊂
⋃

Fν

Q ⊂
⋃

Eν

E =: H.

On the other hand, if E ∈ Eν then µ
R
(u)(Ẽ) = µ

R
(u)(E) = ν(E) < ∞ and, by

Theorem 5.11 (ix), Ẽ is regular, i.e., there exists a q-open regular set Q such that

E
q
⊂ Q. Thus H =

⋃

Dν
D.

If D is a q-open regular set then D = ∪∞
1 En, where {En} is an increasing

sequence of q-quasi closed sets. Consequently,

uνχ
D

= limuνχ
En

.

Therefore

sup{uνχ
Q

: Q ∈ Dν} ≤ sup{uνχ
Q

: Q ∈ Fν} ≤ sup{uνχ
E

: E ∈ Eν}.



PRECISE BOUNDARY TRACE 39

On the other hand, if E ∈ Eν then there exists a q-open regular set Q such that

E
q
⊂ Q. Consequently we have equality.

Note that, in view of this remark, Theorem 1.3 is an immediate consequence
of Theorem 5.16.
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