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Abstract. We study the limit, when k& — oo, of the solutions u = uj of (E)
Sru — Au+ h(t)ud = 0 in RN x (0, 00), ug(.,0) = kdo, with ¢ > 1, h(t) > 0. If
h(t) = e=“(®)/t where w > 0 satisfies to fol Vw(@®)t~1dt < oo, the limit function
Uco is a solution of (E) with a single singularity at (0,0), while if w(t) = 1,
Uso 1s the maximal solution of (E). We examine similar questions for equations
such as Oqu — Au™ + h(t)u? = 0 with m > 1 and 9yu — Au+ h(t)e* = 0.
Diffusion versus absorption dans des probleémes paraboliques semi-
linéaires
Résumé. Nous étudions la limite, quand k — oo, des solutions u = uy, de (E)
Ot — Au+ h(t)u? = 0 dans RY x (0, 00), ug(.,0) = kdp avec ¢ > 1, h(t) > 0.
Nous montrons que si h(t) = e/t ot w > 0 vérifie fol Ve)t—ldt < oo, la
fonction limite uso est une solution of (E) avec une singularité isolée en (0, 0),
alors que si w(t) = 1, uco est la solution maximale de (E). Nous examinons
des questions semblables pour des équations des type suivants dqu — Au™ +
h(t)u? =0 avec m > 1 et Oyu — Au + h(t)e* = 0.

Version frangaise abrégée

Soit ¢ > 1 et h : Ry — R une fonction continue, croissante telle que h(t) > 0
pour t > 0. Il est facile de vérifier que toute solution positive u de

(1) O — Au+ h(t)u? =0  dans RY x]0, +o0[

satisfait a

2 t) < U(t) := 1 th d e Y(z,t) € RN x]0

@ e v = (-1 [ noas) (1) € RYx]0, +o0].

Si h e LY(0,1, tNa/24dt), il est classique que pour tout k& > 0 il existe une unique
solution (dite fondamentale) u = uy, de () sur R x]0, +oo] vérifiant uy(.,0) = k.
Par le principe du maximum k +— wuy, est croissant et deux cas peuvent se produire:
(i) ou bien us = limg_,oo ux = U. Ezplosion initiale compléte.

(ii) ou bien us, est une solution de ([) singuliere en (0,0) vérifiant lim; o us (0, t)
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= 0 pour tout = # 0. Fxplosion initiale ponctuelle.

Theorem 1. (I) Si h(t) = e=7/* pour un o > 0, alors ue = U.
(IT) Si h(t) = e=*®/t o0 w est monotone croissante sur |0, +oo] et vérifie, pour un
a € [0,1], inf{w(®#)/t*: 0 <t <1} >0 et fol Vwt)t=ldt < oo, alors us a une

explosion initiale ponctuelle.

Dans le cas de ’équation

(3) 0w — Au+ h(t)e" =0 dans RY x]0, +o0],
toute solution u satisfait a
¢
4) u(z,t) < U(t) := —In </ h(s) ds> V(z,t) € RV x]0, +o0],
0

et Dexistence d’une solution fondamentale u = uy, est assurée si h(t) = e~*® avec
hmt*,+oo tN/Qb(t> = +o00.

Theorem 2.(I) Si h(t) = e=<""" pour un o > 0, alors us = U.
(IT) Si h(t) = e=<"""" ot w vérifie les conditions du Théoréme 1, alors uso a une
explosion initiale ponctuelle.

Nos méthodes nous permettent ausi de traiter I’équation des milieux poreux avec
absorption.

Main results

Let ¢ > 1 and h : (0,00) — (0,00) be a continuous nondecreasing function. It is
easy to prove that any positive solution u of
(1) Oru — Au+ h(t)u? =0  dans RY x (0, +00)
verifies

t —1/(g—1)
(2)  u(x,t) <U{):= ((q - 1)/ h(s) ds) V(z,t) € RY x (0, 00).
0

If h € LY0,1, th/th), it is classical that, for any k£ > 0, there exists a unique so-
lution (called fundamental) u = uy of ([]) sur RN x (0, 00) such that uy(.,0) = k.
By the maximum principle k£ — uy is increasing and the following alternative occurs:
(i) either uoo = im0 up = U. Complete initial blow-up.
(ii) or us is a solution of ([]) singular at (0,0) such that

lim; 0 ueo(x,t) = 0 for all x # 0. Single-point initial blow-up.

Theorem 1. (I) If h(t) = e~/ for some o > 0, then us = U.
(IT) If h(t) = e/t where w is nondecreasing on (0,400) and verifies, for some
a€0,1), inf{w(®)/t*:0<t <1} >0 and

(3) /01 Y wit) .

then uso has single-point initial blow-up.
Concerning equation

(4) O — Au+ h(t)e" =0 dans RY x (0, +00),



any solution u verifies
t
(5) u(z,t) <U(t) := —In (/ h(s) ds> V(z,t) € RN x (0, +00).
0

and the existence of a fundamental solution u = wuy, is ensured if h(t) = e~*(*) where
hmt*,+oo tN/Qb(t) = +o00.

Theorem 2. (I) If h(t) = O(e’ea/t) for some o > 0, then us, = U.
(IT) If h(t) = =< where w satisfies the conditions of Theorem [], then us has
single-point initial blow-up.
Our methods apply to equations of porous media type
(6) Ou — Au™ + h(t)u? =0 in RY x (0,00),

withm > 1, ¢ > 1and h : (0,00) — (0, 00) is nondecreasing. As above, any positive
solution satisfies (B). If b € L((0,1;¢=(@D/(m=142N" g4y for any k > 0 there
exists a solution u = uy, of (f) such that ug(.,0) = kdy. Since k — uy, is increasing,
the same alternative as in case of (ﬂ) OCCUI'S CONCerning oo .

Theorem 3. Assume q >m > 1. (I) If h(t) = O(ta=™/(m=1) " then uy, = U.
(IT) If h(t) = tla=m)/(m=D,=1(t) where w is nondecreasing and positive on (0, +00)
and verifies

1 UJG
(1) /O Mdt o,

t

where
m2—1

(N(m—=1)+2(m+1))(g—1)’
then uso has single-point initial blow-up.

9:

Sketch of the proofs. The complete initial blow-up results are proved by construct-
ing local subsolutions by modifying the very singular solutions of some related
equations. Since for equation (ﬂ), the proof is already given in [E] we shall outline
the (more complicated) construction for equation (ff).

Lemma 4. If h(t) = ot =20t I meT! for some o > 0, complete initial blow-up
occurs for equation (f}).

Proof. Writing h(t) = e~ is is first observed that fundamental solutions uy, of
(H) exist for all k > 0 if lim;_o t"/?a(t) = co. For £ > 1, let v = v ¢ be the very
singular solution of

(8) v — Av + et =0

in RY x (0,00), where oy and ¢ are positive constants. The choice of ay = (N +
2)/(£ —1)/2 — 1 ensures the existence of v, ¢. Furthermore, if we write

9c \ /(=1
Vao,e(@,1) = (m) O fu(/ VD),

then fo(n) <1 for n € RY and

N +2
fe

0
— f, =0.
D) e
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By the maximum principle 0 < f; < fir < 1 for £ > £ > 1. For the particular
choice £* = (N +4)/(N2), we can use the expression of the asymptotic expansion
of the very singular solution given in [fl],

fe- (1) = ClPe™ (1 4 o(1)) as o] — oo,
from which follows f¢(n) > fe-(n) > 6*(jn|* + e~ "*/* for some 6* > 0, any
n € RY and ¢ > ¢*. Thus there exists § > 0 depending only on N such that
(10)  voo(a,t) > 5/ D 1=N2(122 4 e~ 71P/4 iz 1) € RN x (0, 00).

Because any positive solution u of () satisfies (f]), we have to prove that we can
fix ¢ and 7 > 0 such that

(11) ct® (p* +1) > h(t)e” V(t, p) € (0,7] x [0, V(t)].

Writing A under the form h(t) = —w/(t)e*®) where w(t) = ¢?® and 7 is a positive
decreasing C'* function, infinite at ¢ = 0, we first notice that it is sufficient to prove
this inequality for p = U(t), and in that case

(12) et (M 4 1) > —'(1)e’® vt e (0,7].

We take now (t) = o/t, and prove that there exists § > 0, depending only on N
such that, for any 0 < 7 < 30, estimate (@) holds with

= 6(172)0/77271(€(N+2)7N) ln'r.
The maximum principle and () imply that for any ¢ > 1 and k£ > 0 the solutions
u = uy of () and v = ¥, of

O — Av + et (vf 4+ 1) =0

with initial data kdy verifies 0 < ¥ ¢ < wug, on (0,7]. Therefore v < Uoo +
ct® 1 /(ap + 1) on (0, 7] leads to

40—|z|?  L(N4+2)—N 1

o (,7) 2 7 N2 ([af? 4 e T T e

Thus lim; ¢ ueo (2, 7) = 00, locally uniformly in B, /&> which implies the result.

The proof of Theorem E follows from the fact that for any o > ¢’ > 0 there

. . _ 1—1_ _—o'/t _ o/t
exists an interval (0, 0] where o't=2e%t ¢ >e ¢,

The single-point initial blow-up is proved by local energy methods. Because of
their high degree of technicality we shall just give a short sketch of them in the
simplest case of Theorem El For k > 0, let uy = u be the solution of the next result.

(13) { Ou—Au+h(t) [u]T u=0 inRY x (0,00)
13

u(z,0) = uor(z) = M;/Qk’N/an(:c) Ve e RV,

where 7, € C(RY) is nonnegative, has compact support in Bj,-1, converges weakly
to o as k — oo, and {M})} satisfies limy_,oo k~V/2M) = oo. Furthermore it
can be assumed that ||nx]|;> < cok™/2. The single-point initial blow-up will be a
consequence of



Lemma 5. For any 0 > 0 there exists C = C(d) such that:

1
(14) sup / up(x,t)dx +/ / ([Vug|® + u?)dedt < C  Vk € N.
te[0,1] J|z|>6 |z]>6

Proof. Forr G (0 1),7 > 0 weset Q(r ) = {:L' eERYN :|z| > 71}, Q" (1) = Q1) x(0,7],
Qr(1) = (r,1) and Q, = RV x , and denote

// \Vul® dz dt, Ir(r // wldz dt, Is(r // (t) [u| " da dt.

If we multiply the equation by u(z,t)e("=9/(2=") integrate on @, and use Hélder’s
inequality, we get, since h is nondecreasing,

(15) / u?(z,1)dz + I (r) + L(r) + I3(r) < c u?(x,r)d
RN RN
N(qg—1) =2 , 2 9
<er et h(r)aFt (—Ig(r)) T 4 ¢ u(z,r)dz.
Q(n)

Let 7 — p(7) be a smooth decreasing function, we define

(r,7) // [Vul® + p2u(z, )) e tdz dt,
™(7)

Ey(r,7) = // uw?drdt and f,(r,7) = sup{e‘”2t/ u?(x,t)dr 0 <t <r}
Q" (7)

Q)

and f(r) = fo(r,0). Then we introduce a parameter in the equation as in [H} by
multiplying it by u(x,t)exp(—p?(7)t) and integrating in the domain Q"(7) with
7> k71 Q"(r) and 7 > k~. After some simple computations we deduce:

fu(r,7) + 2B7 (r, 7) / / \Vul|® + p2u?(z, t)) e tdSdt V1> kL
(1)

Assuming 1 — 2’ /u? > 1/2, we deduce from last inequality:
2 dE!(r,7)

V7> k!
W) dr T

fu(T, T) + Ef(?‘, T) < -

and by integration
T)dT

1o pu(7T)dT
fu(r, ) (ef*l 2 1) + Ef(r,m2)e

The choice u(7) = r=1(r — k71)/8 (1 > k1) yields to

(16) / (x,r)dz —|—// <|V ul? + ——— k) ) >d:z:dt < 0167(7,;4: :

//Q(k)<|v ul® + >dzdt Vr > i =k 8 > = kT 4V2r

1o pu(T)dT
(B < Ef(r,m) V> >k

We will need standard global energy estimate of solution of problem ([[3) too:

(17) / lu(z, )| do + / (|Voul® + |ul® 4+ h(t)|u|T) dz dt
RN Qr

< C”UO,kH%Z(]RN) < cMjy Vr>0.
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Estimating the right-hand side terms in () and ([L6) by ([[7), we derive:
(18)

(i)

g—1 -2 M, —
L(r) < eor S5 h(r) 7 (= I () o + 220 ek ey s sk
T

NE

i=1

(ii) fo(r,7) + E9(r,7) +

-
Il

T—k~1 co My,
_— <
6472 By(r7) < r

e~ (T—k™1)?/64r V7 > 7E(r).

Next we choose My, = eek, fix €9 € (0,e~!) and define a pair (14, 71) by the following

relations: 1y = sup{r: I1(r) + Io(r) + I3(r) > 2M;°}; cor}* exp(f&z;k VM), = M°

& 71, = 8/ (1 — €0)eF + In(ca/ry). Taking 7 =74 + k71 in ([g)-i and solving the
corresponding O.D.E. yields the estimate:

3 r
(19) ZIi(T) <es(m+ k" DHE) V@Y e <y H(r) = / h(s)ds.

i=1 0
If we write h(t) = e=“(®)/t the assumption inf{w(t)/t* : 0 < ¢t < 1} > 0 implies
that H(r) > coe=“("/"r2 Ju(r) and, replacing 74 by its expression, ([[J) turns into

3 w(T)e_“’(T)/T 2/(g—1)
ZL-(T) < C4(\/Tk(1 —eo)ek +In(co /i) + k~HY (77"2 > Vr < rg.
i=1

Thus r; < by, where by, is solution of equation:

2/(¢—1)

N
by Ye—(bi) /b .
4 (\/T“k(l —eo)el +In(ca/br) + ki_l) (w(k)eb—Q) =2M;° = 2e0¢"
k

From this inequality using additionally assumption on w(t), we obtain inequalities:
cse® > w(by) /b, > cee¥, cg > 0; by > e~ 7% ¢y > 0. These inequalities yield:

(20) T < cgy/w(cge F) .
Using the definition of ry, inequality (E)—ii, the fact that 3M° < eMy_1 Vk >
ko(c) (¢ is from ([[7), 0 < €0 < e71), we deduce the main result of first round of
computations:

3 2
21) Y L(re) + folrk, i+ k) + Y Bi(r, i+ k7Y < 3M < @My

i=1 i=1
Next we organize the second round of estimates with u(r) = (7 — 7, — k71)/8,

rr—1 and 7i—1 be defined similarly as r; and 7%, up to the change of indices, using
obtained estimate (1) instead of ([[7). As result we derive:

3 2
(22) Zfi(rkﬂ)Jrfo(qu,TkJr Tk71+k71)+z Ei(ri—1, Tot Te—1+k 1) < eMj_s.
i=1 i=1

Fixing arbitrary n > kq(¢) and repeating the above described round of computations
k — n times, we obtain:
(23)

3 k—n 2 k—n
S L)+ fo | ta Y Thoi + R D Ei | ta, Y e kTN < @M,

j=0 i=1 j=0

i=1



and, since by induction Tk_j satisfies (@) with k replaced by k& — j, we obtain

/ Vw(s)ds d
(24) ZTkJ<CgZ Cge k] <010/96k i

We denote 7* (n) = limg_ o0 Cs Zj;g Vw(coe=F=N). We derive from (29) by letting

k — oo,

(25) sup / u?(x,t)dx + / / (|Duf® + u?)dz dt < eM,,_;.
0<t<rn J|z|>7*(n) 0 lz|>T*(n

Due to assumption (fl) 7*(n) — 0 as n — oo, therefore inequality () implies the

result.
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