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SEMILINEAR BEHAVIOR FOR TOTALLY LINEARLY
DEGENERATE HYPERBOLIC SYSTEMS WITH
RELAXATION

G. CARBOU*, B. HANOUZET* AND R. NATALINT!

ABSTRACT. We investigate totally linearly degenerate hyperbolic sys-
tems with relaxation. We aim to study their semilinear behavior, which
means that the local smooth solutions cannot develop shocks, and the
global existence is controlled by the supremum bound of the solution.
In this paper we study two specific examples: the Suliciu-type and the
Kerr-Debye-type models. For the Suliciu model, which arises from the
numerical approximation of isentropic flows, the semilinear behavior is
obtained using pointwise estimates of the gradient. For the Kerr-Debye
systems, which arise in nonlinear optics, we show the semilinear behavior
via energy methods. For the original Kerr-Debye model, thanks to the
special form of the interaction terms, we can show the global existence
of smooth solutions.

1. INTRODUCTION

We study the behavior of smooth solutions to the Cauchy problem for some
hyperbolic operators in one space dimension. We consider N x N systems
which are in the form

(1.1) Ou+ A(u)0,u = F(u), t >0, z € R,

with the initial condition

(1.2) u(z,0) = up(z), x € R.

Here u = (u1,...,un) € RN, A(u) is a N x N-matrix with smooth coeffi-

cients, F'(u) is a smooth vector function of the unknown u; ug is a sufficiently
smooth function. Furthermore, we assume that the operator d; + A(u)d, is
strictly hyperbolic, i.e. the N eigenvalues of the matrix A(u) are real and
distinct,

(1.3) )\1(’11,) < Ag(u) <0 < /\N(’U,)
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In the following we are going to assume always that the C'-norm of wg is
bounded:

(1.4) Juollcrmy == lluoll Loy + gl Lo (r) < 400

Under these assumptions, it is well known that the Cauchy problem (1.1),
(1.2) has a unique local (in time) smooth solution, see for instance [25, 22].
This solution can be globally defined, as for instance in the linear case.
However, if the matrix A depends on u or F' depends in a nonlinear way
from u, singularities can appear in the solution, even for smooth initial data,
in a finite time 7™ (ug), the so-called blow-up time. The following results are
now classical, see [1, 25]:

i) If T*(up) < 400, then:
for all ¢ < T™*(uo), [|u(t,-)|lcr(m) < +00
(1.5)
and sup  |[Ju(t, ')”Cl(R) = +o0.
0<t<T* (uo)
ii) If the system (1.1) is semilinear, i.e.: A does not depend on u, and
T*(up) < 400, then:
for all t < T*(ug), |jul(t, ')HCI(R) <+
(1.6)
and sup [Ju(t, )|l Lo ) = +o0.
0<t<T™* (uo)

iii) If the system (1.1) is truly quasilinear, i.e.: A depends effectively on
u, and T%*(ug) < 400, then singularities have a different nature and
shock waves can appear. Namely, the following situation is allowed:

for all ¢ < T*(ug), [[ult,")]|c1 () < +00,

sup [u(t, )|l oo ) < 400
(1.7) 0<t<T™*(ug) b

and sup || Ozu(t, )| Loo(r) = +o00.
L 0<t<T*(ug)

However, in the quasilinear case, (1.7) is not true for every system.

Definition 1.1. We say the system (1.1) has a semilinear behavior if, for
every smooth initial datum which satisfies (1.4) and such that T*(ug) < 400,
we have that (1.5) implies (1.6).

Therefore, for a system with a semilinear behavior, shock waves cannot
appear. Actually, for such a system, if for a local smooth solution, defined
on an interval [0, T, we have
sup_[lu(t, -)|| oo ) < 400,
0<t<T
then

sup ||0u(t, ‘)HLOO(R) < +o00.
0<t<T
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Let us now introduce the right and left eigenvectors of A(u):

A(u)ri(u) = Ai(u)ri(u),
(1.8)
PA(u)li(u) = Ni(w)li(u), i=1,...,N.

They depend smoothly on u and they are normalized such that
tlz(u)Tj(u) = 51]7 Z?] = 1a R N?
where 0;; is the standard Kronecker’s symbol.

Following the classical definitions, first introduced by P.D. Lax [21], the
i-characteristic field is genuinely nonlinear at v € RY if

(1.9) X (u)ri(u) # 0.

A characteristic field which is not genuinely nomlinear for all u € RV is
called linearly degenerate. If this is the case for the i-field, then

(1.10) X (u)ri(u) = 0.

Definition 1.2. The system (1.1) is called totally linearly degenerate (TLD)
if all of the characteristic fields of the matriz A(u) are linearly degenerate.

Consider the following problem, already proposed by Majda [25] and more
recently by Brenier [7]: have the TLD systems the semilinear behavior?

In the following, we are going to investigate this problem for some relaxation
approximation models to quasilinear hyperbolic systems (for an introduc-
tion to this topic see for instance [26, 5] and references therein). These
models have the form (1.1). Even if most of the examples of relaxation
approximations are written as semilinear systems, which trivially verify the
conjecture, this is not the most general case. Recently some quasilinear
relaxation approximations, which verify the TLD property, have been pro-
posed as quite effective approximations for various hyperbolic systems, see
[4, 5, 13]. These models yield numerical schemes such that the solution of
the corresponding Riemann problem is quite simple, since only contact dis-
continuities are allowed. In this class, the most interesting example is given
by the Suliciu-type relaxation model, which will be investigated in Section
3. Another interesting and more physically motivated model, is the Kerr-
Debye relaxation system, see [9, 10, 11] and references therein, which arises
in nonlinear optics and will be investigated in Section 4.

Let us now present a short review of the state of the art for the general case of
TLD systems of the form (1.1). For N = 2 the situation is mostly clear, since
in that case the systems are diagonalizable by Riemann invariants. In [28],
it is proved that a 2 x 2 strictly hyperbolic TLD system has the semilinear
behavior. Otherwise, if system (1.1) is homogeneous, namely F' = 0, and
one of the two eigenvalues is genuinely nonlinear in one point, there exist
C® initial data with compact support, such that the corresponding solutions
have shocks in finite time, see [25, 1]. Let us also point out that, according
to a counterexample in [27], shocks can appear even for TLD 2 x 2 systems,
if the strictly hyperbolicity assumption fails.
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The situation for N > 3 is not yet completely understood. In the case of
homogeneous diagonal TLD systems, the results obtained in [28] imply the
global existence of smooth solutions for all initial data, so T*(up) = +o0
and there is nothing to prove. For the general (non diagonal) homogeneous
TLD case, many results are known about the global existence of solution for
small initial data, see [8, 20, 14] and references therein. However, from an
example in [18], it is known that finite time blow-up of solutions can occur
for some (suitably large) initial data. So, at least for these initial data, it is
still possible to address the problem of the semilinear behavior.

For systems with a non vanishing source, both in the TLD and in the general
case, all kinds of behavior are possible, since the source term can be suffi-
ciently dissipative to avoid the formation of singularities and to yield global
existence of smooth solutions for small initial data, see for instance [15]. On
the other hand, for some choices of the source term, smooth solutions can
blow up for all initial data.

In this paper we aim to investigate the semilinear behavior for some specific
models with relaxation we mentioned before: the Suliciu-type and the Kerr-
Debye-type models. These models are both written as strictly hyperbolic
TLD models on a open domain in R3, with a partially dissipative source
term.

The plan of our paper is as follows.

In Section 2, first we investigate the properties due to the linear degener-
acy using the John’s decomposition [19], which yield a fast conclusion on
some quite academic examples. We also present the Suliciu and Kerr-Debye
models.

The following section is devoted to the study of the Suliciu model. The semi-
linear behavior is obtained since the system is rich according to the definition
in [29, 30]: there exists a regular change of variable which makes the system
diagonal and the differential part has a conservative form. Therefore we
can apply a general result: rich strictly hyperbolic TLD systems have the
semilinear behavior. Let us remark that recently this paticular result has
been independently obtained in [24].

The Kerr-Debye system is not rich, and so it does not fit in the previous
framework. In the last section, we extend the previous results of [10], to
deal with a more general class of TLD systems and for general source terms,
by showing the semilinear behavior via energy methods. For the original
Kerr-Debye model, thanks to the special form of the interaction terms, we
can show the global existence of smooth solutions.

2. THE JOHN’S DECOMPOSITION AND SOME EXAMPLES

2.1. The John’s formula. The John’s formula, see [19] and also [17, 20],
is a key ingredient for the study of singularities of systems of type (1.1).
Using this formula it is possible to highlight the réle of linear degeneration
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phenomena. To obtain the formula, we decompose the spatial gradient of u
on the right eigenvectors of A(u)

(2.1) Ozu = ijrj(u), with p; = ";0,u.
Therefore, (1.1) reads

N
(2.2) dpu+ > piXi(u)rj(u) = F(u).

Differentiating (2.1) with respect to ¢ and using (2.2) to evaluate dyu, we
obtain

O3u = Zf?tpm Z PPk M ()1 () (1)

7,k=1

N
+ ijr;(u)F u
=1

On the other hand, we differentiate (2.2) with respect to z, to find

8,52$u = Z Aj(u)0zpjri(u Z )\, Zpkrk )pjri(u)

(2.3)

(2.4)
N

N N
_Z)‘J w)p;r j )(Zpkrk(u))+F/(u)(zpkrk(u))
k=1 k=1

Finally, taking the scalar product (2.2) and (2.3) by the left eigenvalue I;(u),
we find the John’s formula:
(2.5)

atpl + )\ xpz = szpk)‘ )

+Zpk (w)rg(u) — rp(u)F(u)), i=1,...,N.

For homogeneous systems the last term vanishes. The first two terms are
quadratic in p = ¥(p1,...,pn), with variable coefficients depending on u.
The F(u)’s contribution is concentrated in the third term, which is linear
in p, with coefficients depending on u. If the system (1.1) is diagonal, the
decomposition reduces to

N N
(2.6) Oipi + Ni(w)Oppi = — Zpipkauk Ai(u) + Zpkauk F;(u).
s} =1
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When the system (1.1) is TLD, there is no squared term in (2.5) or (2.6),
i.e.: no term of the form p?. It is well-know that this property plays a funda-
mental réle in the analysis of semilinear hyperbolic problems with quadratic
interactions, see for instance [33, 2]. We are going to see that in some simple
examples, this is enough to conclude for the semilinear behavior.

2.2. Some examples. First, let us consider two homogeneous 2 x 2 TLD
systems introduced by T.T. Li and F.G. Liu, which show a C! blow-up of
solutions for some smooth initial data, see [23] and also [20]. Let us consider
a system of the form

(2.7) Oru + A(u)0yu =0
We take, for the first example,

-1 00
(2.8) A(u) = —e¥2 0 0
—2e %2 0 1

This system is strictly hyperbolic and TLD, since the eigenvalues are given
by

(2.9) AM=—-1< A =0< A3 =+1.
The right and left eigenvalues are given, respectively, by
(2.10)
I1(u) =%(1,0,0), lo(u) = t(—e*2,1,0), I3(u) =(—e742,0,1).
The corresponding John’s decomposition is
Op1 — Op1 = 0,
(2.11) Oip2 = €“*pipa,
Oip3 + Ozp3 = —€ “*pip2.
The second example uses the matrix
-1 00
(2.12) Aw)=| —(1+43) 0 0
U2 01

The eigenvalues are still given by
(2.13) AM=—-1< A =0< A3 =+1,

and the right and left eigenvalues are given, respectively, by
(2.14)
ri(u) = '(1,1+uj, —gu2), ra(u) ="(0,1,0), r3(u) =1(0,0,1),

I1(u) =*(1,0,0), lo(u) = (= (14 u3),1,0), I3(u) = t(%ug,o, 1).
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The corresponding John’s decomposition is now given by

Op1 —Ozp1 = 0,
(2.15) Op2 = 2ugpip2,
O3+ Oups = —uopipa.

For these two examples it is easy to establish the semilinear behavior. More
precisely, let T > 0 be such that us € L*>(]0,T[xR), so that also ri(u) €
L*>([0,T[xR). Therefore, by some straightforward computations in (2.11)
or in (2.15), it is easy to see that p1,p2, p3 € L>([0, T[xR) and then d,u €
L*>®(]0, T[xR). On the other hand, it is possible to show, see [23], that the
L°°-norm of the considered smooth solution blows up in 1.

Finally we consider a system introduced by A. Jeffrey [18]. The matrix A(u)
in system (2.7) is

—cosh(2ug) 0 —sinh(2usg)
(2.16) Au) = cosh(ug) 0  sinh(ug)

sinh(2ug) 0 cosh(2u2)

The eigenvalues are still given by

(217) Al=—-1< A =0< A3 =41,
and the right and left eigenvalues are given, respectively, by
(2.18)

r1(u) = *(—cosh(us), 1,sinh(uz)), r2(u) =40,1,0),
r3(u) = *(— sinh(us), 0, cosh(uz)),
l1(u) = (- cosh(ug),0,sinh(uz)), la(u) = (cosh(usg), 1,sinh(uz)),

I3(u) = *(sinh(us), 0, cosh(uz)).
The corresponding John’s decomposition is

Oip1 — 01 =  —2p1p3 — pap3,
(2.19) Oip2 = 2p1ps + paps,

Oip3 + Ozp3 = pip2.

This system is semilinear and the right-hand side is a quadratic constant
coefficients form. Therefore, we can use the Tartar’s result in [33], which
show the existence of global solutions for (2.19) for small initial data in
LY(R) (for p). For this system, however, Jeffrey has shown in [18] the blow-
up of smooth solution in finite time, at least for some special (large) initial
data.

Here we want to show, using the methods introduced in [2], the existence of
blow-up solutions to system (2.19) and then to obtain by a different method,
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the break-down of solutions to the Jeffrey’s model. We look for a solution
o(t,z) to (2.19) in the form of a polarized traveling profile

o(t,x) = P(x — ct)' (A1, A2, A3).

Take a # 0, ¢ # 0,+1,—1, and ¢(§) = g*a ¢ for some fixed value £*. The
function

c _c+1 cle+1
(220) olta) = vl — at)t (S, L AL,

a a alc—1)

is a solution to (2.19) out of the set {(z,t), z—ct = £*}. To yield an actual
solution to (2.19) corresponding to a given Cauchy datum p(0,x) = po(z),
we use the finite speed of propagation. Choose for instance

c>2, & =-2
(2.21)
po € C§°(] — 2,+2[), po(x) = ¢Y(z)A for |z| < 1.

Then, the unique solution p(¢,z) to (2.19) with initial condition pg is such
that

p(t,z) = o(t, x)
fort >0, t <14z, t<1—2x andt < % Therefore, p blows up at
T <T:= i
Next, we construct ug € (C°(] — 2, +2[))* such that
(2.22) Ozup = po171(uo) + pozr2(uo) + po3rs(uo)-

With this object we can modify pg on | — 2, 2[\[—1, 1] preserving (2.21) such
that /(Pm(f) + po2(£))dé = 0 so that
R

wae) = [ (01() + ma€))d € CF(R).

We fix now pg; and pg3 such that

/R (cosh uoa(€)pow (€) + sinh oz (€ )pos (€))dé = 0,

and
/R(Sinh ug2(&)po1(§) + coshugz(§)pos(§))dé = 0,

so that ug defined integrating (2.22) is compactely supported in [0, 2].

Hence, the smooth solution of the Cauchy problem for (2.7) with A(u) given
by (2.16), blows up in T* < T. Let us notice however that, by this argument,
we do not know if also u blows up in 7. Then, the problem of the semilinear
behavior for the Jeffrey’s model stays unsolved.
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2.3. The Suliciu model. The original model proposed by Suliciu in [32],
was a semilinear approximation to the following one dimensional p-system
arising in elasticity

0tu1—8zu2 = 0,

Oyug — Oz (p(ur)) = 0, p'(ug) > 0.
The viscoelastic Suliciu approximation is

Opur — Oyug = 0,

Owug — Oz = 0,
O — pdyuy = (p(u1) —v),
where p is a positive constant and € << 1 is the relaxation parameter.
Many authors have investigated the convergence properties of this model
when ¢ — 0, see [12] and references therein. More recently a similar model
has been proposed for the approximation of the system of isentropic gas
dynamics in Eulerian coordinates

Owp + az(pu) = 0,
(2.23)
Or(pu) + 0x(pu® +p(p)) = 0.

Here, p > 0 is the density of the gas, u its fluid velocity and the pressure
function p = p(p) satisfies p'(p) > 0. In [5] and [13], the following Suliciu
relaxation approximation was introduced:

Op + Ox(pu) = 0,
(2.24) Or(pu) + Oz (pu +7) = 0,

O (pm) + Ou(pum + Pu) = Lp(p(p) — ),
for a constant ¢ > 0 to be fixed later.

Set U = (p,u,7) and 2 = {U € R3; p > 0}. It is easy to see that the system
(2.24) can be written in the standard form

(2.25) U + A(U)o,U = F(U),
with A defined in 2 and given by

U op 0
(2.26) AU)=| 0 u 1/p

0 /p wu
and

1

(2.27) F(U) =%(0,0,=(p(p) = )).

Notice that, when the source term for (2.24) is completely general, namely

it is given by
FU) ="(£(0), L(U), 5(0)),
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the interaction in (2.25) reads

1 1
F(U) ="(f1(0), ;(fz(U) —ufi(U)), ;(fs(U)) - fi(U)).
This system (2.25) is strictly hyperbolic and TLD in 2. Indeed, its eigen-
values are given by

(2.28) Al(U):u—g<)\2(U):u<)\3(U):u+%,
and the right and left eigenvectors are given, respectively, by
c c

2.29)  r(U)="1,—=,—), ro(U) =%(1,0,0), r3(U) = (1, -, —
(2:29) ()(p2p2)()( )()(pr)
and

2 2 2 2 2
2. I _t PoP —t( Py _tig PP
( 30) 1(U) (0’ 2’9 2)? Z(U) ( 0, 2)’ 3(U) (07 C’QCQ)
Let

3
G(U,p) =Y _px (F'(U)ri(U) = ri(U)F(U)) .
k=1

The John’s decomposition of system (2.26) is

Op1 + M (U)0p1 = —%PIZD - %plp:’) + ' (U)G,
(2.31) Op2 + X(U)0wp2 = (p1p2 +p2ps) + '12(U)G,
Oip3 + A3(U)0zps = %plps + %pws +13(U)G.

It is not easy to deduce the semilinear behavior directly from (2.31). To
show this property we are going to use in Section 3 the definition of richness
of a systems. According to [30], see also [29], a strictly hyperbolic system is
rich if it has a conservative form and it is diagonalizable along its Riemann
invariants.

Proposition 2.1. The Suliciu model (2.25), (2.26) is a rich system in €.

Proof. The Riemann invariants for the Suliciu model are

1 ™
(2.32) wy =T —cu, we=—+—, w3 =7+ cu.
p c
We have also
/ 2¢2 / / .
wiry = p—%, wiry =0, wirs = 0;
/ / 1 /
wyry = 0, Wyly = — 5, WaTy = 0;
br1=0, wira=0 Ly = 25
w37“1 — U, U)3T’2 — VU, w37”3 — 5 .
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Therefore wy is a 2,3-Riemann invariant, ws is a 1,3-Riemann invariant, ws
is a 1,2-Riemann invariant. The map (2.32) defines a diffeomorphism from
Q to Qp := {W € R3;2c%wy — wy — w3 > 0}, and it holds

1 1
(2.33) p=2c%12ctwy —wy —w3) "L, u= 2—C(w3 —wy), ™= 5(101 + ws).
In the new unknown W = (wy, we, ws), the system has the diagonal form
(2.34) oW + A(W)o,W = F (W),
where
A1(W) 0 0
AW) = 0 A2 (W) 0
0 0 As(W)
(2.35)
%(wg — cws) 0 0
= 0 3 (w3 — wy) 0
0 0 —%(wl - 62w3)

The system is strictly hyperbolic in €7 and, thanks to (2.34), also rich. O

2.4. The Kerr-Debye model. The Kerr-Debye model is a relaxation ap-
proximation of the Kerr model in nonlinear optics [34]. Recall that the
propagation of the electromagnetic waves is described by the Maxwell equa-
tions

0¢D — curl H =0,

0¢B + curl £ =0,

div D =div B =0.

The Kerr model describes an instantaneous response of the medium, where
the constitutive relations read

B = uoH, D =¢o(1 +&.|E*)E.

The Kerr-Debye model describes a delayed response of the medium, by the
constitutive relations

B =uoH, D :EO(1+X)E7

where x solves the equation

1

815X - ;(ET‘EP - X)a

the constant 7 > 0 being a delay time. The analytical convergence of the
Kerr-Debye to the Kerr model has been investigated in [16] for the Cauchy

problem and in [9, 10, 11] for the initial-boundary value problem. Following
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[9], we deal with the following one dimensional version of the Kerr-Debye
model

Od+9h = 0,

1
a = — — s
tX c (" —x)
with d = (1 4 x)e. If the initial condition

(2.37) (d, h, x)(0,z) = (do, ho, x0)(x)

is such that xo > 0, then for every positive time, where the solution is
defined, we still have x(t,z) > 0, and we can replace e by (1 + x)~'d in
system (2.36). So, setting u = (d, h,x) and 2 = {u € R3;x > —1}, we can
rewrite the system (2.36) as

(2.38) Ou + A(u)dyu = F(u),

where A(u) is given in Q by

0 1 0
(2.39) Aw)= 1+x)™" 0 —(1+x)2d
0 0 0
and
(2.40) F(u) ="(0,0, 2((1 4 x)7d ~ x).

This system is strictly hyperbolic and TLD since its eigenvalues are given
by

< Na(u) =0 < Az(w) = (1+x) 72,

=

(2.41) A(u) = =14+ x)"
and the right and left eigenvectors are given, respectively, by

() = (1, —(1+x)72,0), ra(u) ="((1+x)"'d,0,1),

(2.42)
ry(u) = (1, (14 x)72,0),
and
h(u) = 3L =1+ )2 =1+ X)), la(u) =(0,0,1),
(2.43)

l3(u) = %t(lv (1 + X)I/Za _(1 + X)_ld)
Let G be given by

3

G(U.p) = pr (F'(U)re(U) = ri,(U)F (V).
k=1
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The John’s formula for the Kerr-Debye model is given by
(2.44)

Opr + M(U)0pr = —2(1+ X) " 2pips + 1+ X) " 2paps + 1 (U)G,

atPQ == tl2(U)G7

Oips + A3(U)0ups = —2(1+ %) 2papa + 2(1+ x) " Zpaps + s (U)G.

Remark 2.1. Unlike the Suliciu model, the Kerr-Debye model is not a rich
system. There are no functions which are at the same time the Riemann
invariants for the first two characteristic fields. In Section 4, we establish
the semilinear behavior for a generalized version of the Kerr-Debye system,
using energy estimates. Moreover, for the original Kerr-Debye system, we
are also able to prove global existence for smooth initial data.

3. THE SULICIU MODEL

3.1. Semilinear behavior of rich systems. Consider the N x N system
(1.1) and assume it is strictly hyperbolic and rich. So, such a system can be
written in a diagonal form as

(3.1) oW + A(W)o,W = G(W),
where A(W) = diag(M(W),...,An(W)), and
Al(W) < )\Q(W) < < )\N(W)

Moreover, according to [30, 29], the following relations are always verified
(set 0; := Ow,):

Oi\j _ 5 Ok \j
Ai — A M — A
From these relations there exist N smooth functions «;(1W) such that:
_ O
BRYEPYE
If moreover we assume that the system is TLD, then, in the diagonal form
(3.1) we have
(3.4) OiXi=0,i=1,...,N.

For this kind of systems the John’s decomposition is specially simple and
effective. Thanks to (3.3), we can prove the following result.

(3.2) O ik

Theorem 3.1. A strictly hyperbolic system with source term, which is both
rich and TLD, has the semilinear behavior.

Proof. We consider the Cauchy problem for the system (3.1), with a smooth
initial condition Wy, which is bounded in C'. We assume that the local
smooth solution is defined and bounded on [0, T[xR:

(3.5)  there exists C > 0 such that: |W(t,z)| <C, 0<t<T, z € R.
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To show the semilinear behavior it suffices to show that p = 0,W is also
bounded on the same strip [0, 7[xR. Since the system is TLD, using (3.4),
we can show that p = !(py,...,pn) = Y (Opwr, ..., 0, wy) is a solution to the
Cauchy problem

(3.6)

Opi + Ni(W)upi + | YN (W)ps | pi =Y 0kGi(W)pg, i = 1,..., N,
JF k
(3.7) p(0,2) = 0 Wp(x).
Now, for j # i, we have
pj = ()\z — )\j)*l(ﬁtwj + /\i(W)(‘)ij — G](W)) .
So, using (3.3) we obtain
S0 Wps | == 050i(W)(sw; + (W) aw; — G5(W)))
J#1 J#i
= — (0 + N (W)0p)ai(W) + Y djei(W)G5(W).
J
Inserting this equality in (3.6), we obtain

(3.9)
(O + Xi(W)0r)pi  —[(0r + Xi(W)Or) i (W)]pi

=— [ D2 0,0sG;(W) | pi+ D> 06Gi(W)pi.
j k

So, setting ¢; := e~*W)p, the function ¢ is the solution to the Cauchy
problem

(3.9)
0ugi + Ni(W)aqi = — | > 0;0(W)G(W) | @i
j
—|—€_ai(W) (Z 8kGi(W)e°‘k(W)qk> y 7= 1, e 7]\f,
k
(3.10) 4;(0,2) = e~ M9 wg;(x), i =1,...,N.

The system (3.9) is a diagonal linear system with smooth and bounded
coefficients on the strip [0, 7[xR. Therefore the function ¢, and then also
p = 0, W, is bounded on the same strip as required.

O

Remark 3.1. For N = 2, we recover the results in [28], since in this case
the conditions (3.2) are empty and so trivially verified. On the other hand,
for N > 3, these conditions appear to be quite restrictive.
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Remark 3.2. In Theorem 3.1, the assumptions are taken globally on RY.
However, in many cases, it should be possible to restrict the analysis to an
open bounded domain of RY.

3.2. Semilinear behavior of the Suliciu model. Let us focus now on the
system (2.24), but for a generic source term. In the unknown U = (p, u, ),
we have (2.25), where A is given by (2.26) and F' is a smooth interaction
term. We write the system for the Riemann invariants W = (w1, ws, w3)
given by (2.32), which is

(3.11) AW + A(W)A,W = G(W),

where A(W) is given by (2.35). This system is strictly hyperbolic in Q; =
{W € R3;2c?ws — wy — w3 > 0}, since we have
c 1 5
AQ—/\l :)\3—)\2:*:*(20 wg—wl—wg).
p 2
It is easy to see that the system is rich and TLD in the same domain and
the functions «y;, for j = 1,2, 3 are explicitly given by

(3.12) o] =g = a3 = — log(2c2w2 —wy — ws).

Therefore, we can write the system (3.9) and come back to the original
variables if

2 2
(3.13) 22wy — wy — w3 = “ s
p

Let us also observe that, for the original variables, the matrix A(U) is just
defined and strictly hyperbolic in the domain Q = {U € R3;p > 0}. Now,
following [25], the loss of regularity for the local smooth solutions can be
stated in the following more precise form: If T*(Uy) < +o0, then

i) supg<iers (10U || Loc ) + 102U || o)) = +00
or
ii) for every compact set K CC Q, U(t) escapes from K ast / T*.

To establish the semilinear behavior, we have to avoid the singularity coming
out from the vanishing of the density p. Hence, we are going to assume that
our local smooth solutions of Cauchy problem for equation (2.25), is defined
and bounded on the strip [0, T[xR and moreover

(3.14) 3dp > 0 such that p(t,x) > p, 0<t<T, z € R.

Therefore, the function W given by (2.32), satisfies (3.5); actually W (¢, x)
is in a compact set of Qq for 0 <t < T, x € R. Then, thanks to (3.9), 9, W
is bounded in [0, T[xR, and the same is true for 9,U. So, we have proved
the following result.

Theorem 3.2. For the Suliciu model (2.25), with A(U) given by (2.27) and
F being a smooth source term, let Uy be an initial data such that T*(Uy) <
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+oo. Assume that there exists p > 0 such that p(t,x) > p in [0, T*[xR.
Then

sup ||U(t,-)||Loow) = +00.
0<t<Tx

According to Theorem 3.2, the smooth solutions to Suliciu model cannot
develop shocks, as far as the density p is strictly positive. However, it is still
possible to wonder about the existence of global solutions, and in particular
when the source term is given by the relaxation term (2.27) and, for some
fixed interval I in R, the subcharacteristic condition

(3.15) vEel, &p(€) <

holds. This condition has been introduced in [4] to guarantee the dissipativ-
ity of the system (see also the next Subsection 3.3). Nevertheless, even under
these conditions, it is possible to show the blow-up of smooth solutions in
finite time.

More precisely, if we take the pressure law

_ G
(3.16) p(p) = S

with the interaction term given by (2.27), the subcharacteristic condition
(3.15) holds on I =)0, +oo| for ¢ < ¢?. Following an example given by F.
Bouchut [6], we are going to show the existence of a smooth solution for this
system, such that p(¢,x) > p > 0, and which nevertheless blows up in finite
time.

let us rewrite system (2.24) in the Lagrangian coordinates, still denoted by
(t,z). We have

8t(%)—8xu = 0,

(3‘17) 8tu+8m7r = 0,
o + Poou — gmm—w%

When p(p) is given by (3.16), this system is linear in the unknowns (%, u, ).
We are going to find a solution to (3.17) such that % is bounded, but vanishes
in finite time, which then implies that p — +o0.

Let us look for a solution of the form

(3.18) t(L ) = ey (L0, D),
p po’ " po
This yields
0 —ik 0
(3.19) o+ 0 0 ik [p=o0.
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Choosing ¢ = 3, k2 c? = é, A= 3—16 is a triple eigenvalue of the matrix of

the system (3.19). Therefore, for every fixed constant 3 > 0, the vector

1 1 , : t
— Bk ikx —5:¢(1 v
p(t, z) poﬂﬁ el g0
ket t
(320) "U,(t,.’lf) - ﬂel e 35(1 + g - @)7
(t, z) cg+‘62k"’”—it( 142
m(t,x) = —— +1pc’ ke e 3et(— —),
2 9e

1 .
is a solution to (3.17) for the initial condition '(—, 3e®*®, —C—O). Fixing
0 0

po > 0, it is possible to take § large enough to obtain that the real part of

% vanishes in finite time.

3.3. Other properties of the Suliciu model. Next we aim to show that
the Suliciu model (2.24) fits in the general framework of the partially dis-
sipative hyperbolic systems with a strictly convex entropy function, which
have been recently investigated in [15] and [3]. Therefore, following [13],
we modify the source term (assuming that the subcharacteristic condition
(3.15) is always verified) in order to construct a regular entropy function.

We have that the function h(§) = p(&) + 2 is invertible for ¢ € I and so we

3
can set, for m + % € h(I),
2
(3.21) p=h"t(r+ ).
p
Notice that, p and p are connected by the relation
c? c?
(3.22) T+ — =pp) + —.
P p

In (2.24), we replace the source term %p(p(p) —7) by %p(p(ﬁ) —7), so that
the system (2.25) reads now

(3.23) oU + AU)o,U = F(U),
with A(U) given by (2.26) and

(3.24) F(U) ="(0,0, - (p(p) — ).

This new system has the same properties we have studied in Subsection 3.2,
and shares with the original Suliciu model also the equilibrium manifold.
This follows by considering that the equilibrium manifold is given by F/(U) =
0, which is equivalent to p(p) = 7. Therefore, using (3.22), we have % = %,
which implies p = p.

Fixing the relaxation parameter £, we can show the global existence of
smooth solutions at least for initial data which are small perturbations of

constant equilibrium states.
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Theorem 3.3. Let U = (p > 0,u,7 = p(p)) a constant state belonging to
the equilibrium manifold of the system (3.23), with A(U) given by (2.26) and
F(U) by (3.24). Let Uy be a smooth perturbation of U. There exists § > 0
such that, if ||[Uy — UHHQ(R) < 0, then there exists a global smooth solution

U to system (3.23) corresponding to the initial condition Uy and
U —U € C%0, +oc[; H*(R)) N C([0, +-00[; H'(R)).

Proof. The Theorem follows from Theorem 1 in [15], by proving that the
system (3.23) has i) a strictly dissipative entropy according to Definition 2
in [15] and 4i) the Shizuta-Kawashima condition [31] holds.

i) Let us rewrite (3.23) for the conservative variables U : (p, v, w) := (p, pu, p).
Let ¢ be the function defined by

_p(p0)

c2

(3.25) P'(Y) =

First we show that the function &, given by

v? w? A +w
3.26 EU)= —+ ——
(3.26) U) 2p+262p+p90< ; )
is a strictly convex entropy for (3.23) and
(3.27) KE(U) + 0, (pu€ (U) + mu) = L5 (m = p(p))*.

Set X = “—22 + 5z and Y = % + 7. Then E(U) = p(X + ¢(Y)) and we have
UEW) + 0y (pu (U) +7u) = L5 (m = p(p)) (7w + P/ (V).

Then (3.25) implies (3.27). Concerning the strict convexity, let us notice
that, if the function ¢ is convex in Y, then £ is also strictly convex. Now,
thanks to the subcharacteristic condition (3.15), we find that
(Y
(V) = — P'(p(Y)) 0,

2

c? (p/(ﬁ(y)) - (ﬁ(i’))Q)
We also have that the entropy function £ is dissipative, since
& (p,v,w) — & (p,v,w)) F(p,v,w)

(3.28)
= 5’(p,v,w)F(p,v,w) = _5% (m _p(ﬁ))2 <0.

Finally, we show that £ is a strictly dissipative entropy. Following [15], let
us introduce the entropy variable

(3.29) W= &(p,v,w) = (U, Us, V).

So the condition holds, since

c2

(3.30) F(W) =*0,0, —;V).

ii) To check the Shizuta-Kawashima condition, we have to verify that the

eigenvalues of A(U) are not belonging to the kernel of F'(U), where F is
given by (3.24).
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The right eigenvectors r; are given by (2.29), so, from

2
F/(U)Tl = F,(U)T’g = t(0,0, —;?) ?é 0,

and
2

_ C A _
F'(U)ra = (0,0, —gp’(p)p’(y)) #0,
we deduce that the Shizuta-Kawashima condition holds. O

Remark 3.3. Thanks to Theorem 1 in [15], we can estimate the entropy
variable (3.29) as follows (for e =1):
(3.31)

sup ||U*UH§12(R)+/ 10 (M) i@y T2 @y + IV ()72 @ydr
0<t<+oo 0

< C||Uo = Uol1 32 gy

for some positive constant C. Also, it is possible to describe the asymp-
totic behavior for large times of the smooth global solutions, see [3] for more
details.

4. THE KERR-DEBYE MODEL

4.1. Semilinear behavior for a generalized Kerr-Debye model. In
[10] we proved the semilinear behavior for the Kerr-Debye system in the
one-dimensional case. The proof is based on a careful choice of variables:
we rewrite Kerr-Debye system in the variables U = (e, h, x), and we obtain

(1+x)0e+0h = —edyx = —% (€2 —x),
(4‘1) 8th + Bxe = 0,
_ L2
Oex = 6(6 X)-

Here, we study the following generalization of the Kerr-Debye system

Ao(x)0iu + A10zu = p(v),

(4.2)
atX = 1/](1})7
with the initial condition
(4.3) (u(0,2),x(0,2)) = (uo(x), X0(x)) := vo().
We make the following assumptions. The unknown v = (u,x) takes its

values in R"™" x R". Ay € C*(R"; M,,_»(R)), and for all x € R", Ap(x) is
a symmetric positive definite (n —r) x (n — r)-matrix such that

(4.4) Ja > 0,¥x € R, VE € R™™7, Ag(x)¢ - € > all¢]%.

Ay is a symmetric invertible (n — r) X (n — r)-matrix. The function ¢ €
C>®(R™;R™ ") with ¢(0) = 0 and ¢ € C*(R"™; R") with ¢(0) = 0. We denote
® = (p,1)). The initial condition vy € H*(R).
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Remark 4.1. As the original Kerr-Debye system, the system (4.2) is totally
linearly degenerate.

We have the following result.
Theorem 4.1. The system (4.2) has the semilinear behavior.

Proof. Let v be the regular maximal solution of the Cauchy problem (4.2).
Let us assume that its lifespan T™ is finite. From the continuation principle
in [25], we know that

(4.5) 0] Loo ([0, 7+[xR) + [0V || oo (j0,7+ [xR) + 102V oo (j0, 7+ [xR) = +00-

We will prove that if

(4.6) o] Loo (0, 7+ xR) < K,
then
0| oo (0, 7+ [x ) + 10zl oo (0,7 [x ) < +00,
which contradicts Majda’s result and shows the semilinear behavior.

The L? estimate. Taking the inner product of (4.2) with v we obtain

1d 1

—— [ (Ao()u - u + |x|*)dx = / O (v) - vdx + / O (Ao(x))u - udz.

2dt R R 2 R
Since ®(0) = 0, with (4.6), there exists a constant K such that

[ @) vs| < Ko,
R

In addition, since dyx = 1 (v), there exists a constant K such that
(4.7) [0l Lo ®) < K.
As 0:(Ao(x)) = AH(x)(0rx), using (4.6) we obtain
(4.8) 19:(Ao ) | oo 0,7+ [xr) < K-

Therefore, there exists K such that

/R@t(AO(X»u-ud:L‘ < Kol

and we obtain
1d

pap [ (A000u - ut [P < Kfolfaqe)

Integrating in time and using (4.4) we conclude by Gronwall’s Lemma that
there exists a constant C' such that

(4.9) 1]l oo o7+ z2(Ry) < C-

The H'-estimate. We differentiate the system (4.2) with respect to t and
we obtain
(4.10)
Ao(x)Ouu A10,0u (9 (Ao(x))Oru
+ = — + @'(v)@tv,
O 0 0
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with the initial data obtained by the equation (4.2)
Bpu(0,2) = (Ao(x0)) ™ (¢ (v0) — A18zu0), dex(0,x) = P(vo).-

Taking the inner product of (4.10) with 0;v we find

1d 1
th/(AO(X)atu-atqu|8tx|2)dx: 2/8t(AO(X))8tU’8tUdl‘
R R

—i—/Rq)'(v)(@tv) - Opv.

Using (4.8), (4.6) and Gronwall’s Lemma, we can see there exists a constant
C such that

(4.11) 100l Lo (fo,7+ L2 () < C-

Next, from (4.2), we have
Oz = (A1) (p(v) = Ao(x)Opu).
Hence, from (4.11), there exists C such that
(4.12) |0zl oo (0, 7# 22 (R)) < C-
In addition, derivating (4.2)2 with respect to x we have

010z X = 02 (v) (O x) + 019(v)(Opur).

Integrating in time from 0 to t, we obtain

On(t2) = dorals) + [ 020(0)(0:) + 00(0) 0.
Then we deduce
182X (t, ) 2@ < 10zx0llz2@y  + Jy 1020(0) || oo () 102 X | 22(R)
+[[019 () [| oo () | Oz v || L2 (w)
and so, using (4.6), (4.11), (4.12) and Gronwall’s Lemma, we find

HarXHLOO([O,T*[;LQ(R)) <C.

Therefore, we have obtained that there exists a constant C such that

(4.13) vl Lo o, mr (®)) + 1000 ]| Loo 0,7+ L2 (m)) < C-

The H%-estimate. We first remark that
Aux = ¢’ (v)(Opv)
so, using (4.6) and (4.13), we can see that there exists C' such that

(4.14) 192ex[| Lo 0,7 z2Ry)) < C-
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We differentiate (4.10) with respect to ¢ and we obtain

(4.15)
AO(X)atttU A10,0u (3t(140 (X))attu
+ =-2
Ot X 0 0
(Ot (Ao(x))Oru )
+ + (I)”(’U)(at’l), 8,5’0) + @’(v)(@ttv)
0

Taking the inner product of this equation with dyv we have
1d

—— [ (Ao(x)Ouu - Oy + O x|P)dr = I + ... + I,
2dt g

where

I = _g /R u(Ao(x))Orets - Oyt di,

I, = —/RAS(X)(@X’ ix)(Oru) - Opu du,
B = | 400@ux)(0rw) - do

I = /R B (0) (B0, Oyv) - Dy da,

I5s = / &' (v)(Ogv) - Opv dx.
Now, using (4.8) we ﬁnd]R
L] < K07 g
Next, from (4.6) and (4.7), we have
12| < K||Owull 2 (r) | Oeu]| 2wy
and from (4.6) and (4.14), we have
13| < K|[Ouull L2 (r)-
By (4.13), we know that v is bounded in L*((0,7%) x R). So
14| < K|0¢v]| poo ) 100 || 2 () | Ot v || 2 () -
Since v is bounded in L*°((0,7*) x R), we obtain
I < K[ 0ul|72 gy
From (4.10) we have
(4.16) 0w = (A1) (= Ao(x)Ouu — 0 (Ao (x))Ou + ¢ (v)(pv)).
By (4.8) and (4.11) we find, adding up the previous estimates,

d
= [ (Ao()0uu - O+ |Oux )z < C(1+ [|0uvl|72 g)),
R
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and by Gronwall’s Lemma we deduce
(4.17) 100l oo (0,7 22(R)) < C'
Next, using (4.16), we find
|0¢ul| Loo (0,751 (m)) < C
and, since 0,0, x = ¢ (v)(0,v), we have

10ex | oo (0,751 () < C-

Now, differentiating (4.2) with respect to x, we obtain

Ozt = (A1) 71 (¢ (0)(90) — A5 () (Fxx)Dew)
and the following estimate follows

1wl Lo 0,7+, 2 (R)) < C-
In addition
010rax = 019(0)DuX + 2089 () (Dyu, D)
+0{ (0)(Oau, yu) + 051 (v) (Dw X, O X).-
Integrating this equation, we obtain by Gronwall’s Lemma,
0z X | oo (0,7 L2(R)) < C-

Therefore we have proved that, provided (4.6), there exists a constant C
such that

[Vl oo 0,7+ 2Ry + 1000]] Loo (0,7 51 (R)) + 108V [| oo (0,732 (R)) < C
and, by Sobolev inequalities, we have
1020 Loo 0,7+ [xr) + (080 oo (0,7 [x &) < C,

which contradicts (4.5). O

For the Kerr-Debye system (4.1), we have u = (e, h), v =U = (e, h, x) and

1+x 0

Ao(x) =
0 1

We assume that the initial data yg > 0. Then from the last equation in
(4.1), x remains positive, and the condition (4.4) is satisfied on the domain
under consideration. So we can adapt the proof of Theorem 4.1 and we
obtain the following result.

Corollary 4.1. The Kerr-Debye system (4.1) has the semilinear behavior.
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4.2. Global solutions for the Kerr-Debye system. In the previous sec-
tion, in order to obtain the semilinear behavior for the Kerr-Debye system
(4.1), we only use the structure of the system (4.2); we did not make use of
the fact that the system (4.1) admits a strictly convex partially dissipative
entropy given by

1 1 1
(4.18) EWU) = (1 +x)e® + -h* + -x%
2 2 4
satisfying
1
(4.19) HEU) + 0,(eh) = —%(X — &%)

We rewrite the Kerr-Debye system using the variables U = (e, h, x):
(1+ x)0e + edyx + 0zh = 0,

ox = —(e=x).
with the initial condition U(0,z) = Uy € H?(R).

Theorem 4.2. The Cauchy problem (4.20) with the initial data Uy, such
that xo > 0, has a global smooth solution.

Proof. let us assume that the lifespan 7™ of the regular solution U is finite.
Then, from Corollary 4.1, we know that ||U||pe(jo,7+[xr) = +00. On the
other side, we will obtain by variational estimates that U = (e, h,x) is
bounded in L*°([0,T*[xR), so proving the result by contradiction.

The L? estimate. Integrating (4.19) on R we obtain

1d 1 €
—— 1 24 n2+ xHd /82d:0.
5 7 R(( + x)e“ + +2x)x+2 R|tX| x
Then there exists a constant C' such that
(4.21) 1Ull oo 0,7%;22(m)y < C-

The H' estimate. We differentiate (4.20) with respect to ¢ and we have
(1 + x)atte + 28,56875}( + e8ttx + axath = O,

(4‘22) 8tth+8x8te = O,

1
Oux = g(268t6 — Okx),
where the initial data on 0;U (0, x) is given by (4.20).

Taking the inner product of (4.22); with de and of (4.22)y with Oh we
obtain that

1d 3
- ((1 + X)(8t6)2 + (8th)2)dl‘ + = / 8,5)((8756)2 dx + / 8ttx68te =0.
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From (4.20)3 we have

/815)( (Ore)? / 2(0ye)? dx — i/ x(0pe)? dx
R

as well as from (4.22)3 we have

/attxeate— /\8ttx| d:v+d/ |8tx| dz.

Consequently we deduce

Ld . <(1 + x)(0se)? + (9h)* + ’615)(’2> dr + 23 /R€2(8te)2 dx

2 dt
+€/ |0 x| dx = 3/x(8te)2 dx
2 R 2¢e R

25

and thus, by Gronwall’s Lemma, we obtain that there exists a constant C

such that

(4.23) 10U || oo (0,72 (m)) < C.

Now, from (4.20)2 we have d,e = —0;h and so there exists a constant C
such that

(4.24) llell oo 0, 7%; 11 (R)) < C.

Then, by Sobolev inequalities, we conclude that
(4.25) le]l Loo (jo, 7+ [xr) < C.
Next, solving (4.20)3 we have

t—s

X(t,7) = xo(z) exp(~2) + /0 exp(— =) (e(s,2))? ds.

Therefore, from (4.25), we obtain

(4.26) Xl oo 0,7+ xRy < C-

In the same way, from (4.20);, we have
Ozh = —(1 + x)0re — edyx,
so using (4.24), (4.26) and (4.23), we find
(4.27) 1Al Loo (0,75, 1 (R)) < C,s
and again by Sobolev inequalities
(4.28) 12l Loo (jo,7+ [xr) < C-
Therefore we have proved that there exists a constant C' such that
1U | oo (jo,7+xr) < C,s

and we obtain a contradiction. Hence T™ = +o0.
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4.3. Stability for a constant equilibrium state. We can generalize The-
orem 4.2 for a perturbation U of a constant equilibrium state U = (€, h, ¥ =
(€)?): if the initial data U° satisfies that U° —U is in H?(R) with x°+x > 0,
then the solution of the Kerr-Debye system with initial data UY is global in
time and we have

U—-U e COR"; H*(R)) nCH(RT; H(R)).
So for this result, the smallness condition on ||[U° —U]| g2 (r) in [15] is relaxed.

Actually, more general stability results can be obtained in the framework of
[15, 3]: the function & given by (4.18), is a strictly dissipative entropy as in
[15] and the Shizuta-Kawashima condition holds if and only if € # 0. So in
this case, we obtain the estimates similar to (3.31). However, if € = 0, the
stability problem remains open.
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