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Abstract: The aim of this paper is to discuss the role of the returns to scale at the
private and social levels on the local determinacy properties of the steady state in a
continuous-time two-sector economy with sector-specific externalities. First we show that
when labor is inelastic, for any configuration of the returns to scale, local indeterminacy
is obtained if there is a capital intensity reversal between the private and the social levels.
Second, we prove that when labor is infinitely elastic, saddle-point stability is obtained as
soon as the investment good sector has constant social returns while local indeterminacy
arises if the investment good sector has increasing social returns, provided the consumption
good is labor intensive at the social level and the elasticity of intertemporal substitution
in consumption admits intermediary values. Finally, we show that local indeterminacy
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has increasing social returns.
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1 Introduction

The existence of local indeterminacy in infinite-horizon models with exter-
nalities is a well established fact.! As initially shown by Benhabib and
Farmer [2], this conclusion is generally a consequence of large enough in-
creasing returns at the social level, a large enough elasticity of intertempo-
ral substitution in consumption and a large enough elasticity of the labor
supply.? It is worth noticing however that all these contributions deal ei-
ther with an agregate model or with a two-sector model characterized by
identical technologies at the private level.

As increasing returns do not clearly appear to be supported by empirical
evidences,® Benhabib and Nishimura [5] have shown in a seminal contribu-
tion that local indeterminacy is also compatible with constant returns at the
social level in a two-sector model with sector-specific externalities. Assum-
ing a linear utility function with respect to consumption, they have proved
that this result is based on a capital intensity reversal, the consumption good
being capital intensive at the private level but labor intensive at the social
level. More interestingly, this result is established without any restriction
on the elasticity of labor supply.*

Generalizing the Benhabib-Nishimura formulation by the consideration
of a non-linear utility function with respect to consumption, Nishimura and
Venditti [16] and Garnier, Nishimura and Venditti [8] have shown that while
local indeterminacy is fundamentaly based on a large elasticity of intertem-
poral substitution in consumption, it requires a low enough elasticity of the
labor supply. Moreover, they have proved that saddle-point stability is en-
sured as soon as the elasticity of the labor supply is large enough. Clearly,
this last conclusion appears to be in complete opposition with the results

derived under increasing social returns within aggregate or two-sector mod-

!See Benhabib and Farmer [4] for a survey of the literature.

2See also among others Benhabib and Farmer [3], Lloyd-Braga, Nourry and Venditti
[6], Nishimura, Nourry and Venditti [14], Pintus [17], Wen [18].

3See Basu and Fernald [1].
“See also Benhabib, Nishimura and Venditti [6].
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els. Our goal in the present paper is to understand such a drastic difference
between the two formulations. We will then precisely examine the role of
returns to scale on the occurrence of local indeterminacy.

We consider a two-sector model with Cobb-Douglas technologies, sector-
specific externalities, endogenous labor and a non-linear separable CES util-
ity function. Contrary to the Benhabib and Farmer [3] formulation, we
consider different technologies at the private level (the capital intensity dif-
ference at the private level is non zero) in order to deal with a more gen-
eral model. Moreover, we assume that one of the two sectors has constant
social returns to scale while the other sector is characterized by constant
returns either at the private or at the social level. Proceeding that way,
we get a framework compatible with both the Benhabib-Farmer [3] and the
Benhabib-Nishimura [5] formulations.

We first show that when labor is inelastic, for any of the two configu-
rations for the returns to scale, local indeterminacy is obtained under the
same type of condition exhibited by Benhabib and Nishimura [5], namely
a capital intensity reversal between the private and the social levels. We
then clearly establish the robustness of this condition in particular when the
social returns to scale are increasing.

Second, we prove that when labor is infinitely elastic, saddle-point sta-
bility is obtained as soon as the investment good sector has constant social
returns. On the contrary, if the investment good sector has increasing social
returns, local indeterminacy may arise provided the consumption good is
labor intensive at the social level and the elasticity of intertemporal substi-
tution in consumption admits intermediary values. Considering these two
results simultaneously we finally prove that local indeterminacy requires a
low elasticity of labor when the investment good has constant social re-
turns, but requires either low enough or large enough elasticity of labor
when the investment good has increasing social returns. More generally, we
show that when mild externalities, i.e. weakly increasing social returns in
the investment good sector, are considered, local indeterminacy is ruled out
for intermediary values of the elasticity of labor supply. To summarize, we
show that the drastic difference between the Benhabib-Farmer [3] and the
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Benhabib-Nishimura [5] formulations fundamentaly relies on the returns to
scale at the social level in the investment good sector.

The rest of the paper is organized as follows: Section 2 presents the basic
model, the intertemporal equilibrium, the steady state and the characteristic
polynomial. The main results are exposed in Section 3. Some concluding
comments are provided in Section 4 and a final Appendix contains all the

proofs.

2 The model

2.1 The production structure

We consider an economy producing a pure consumption good yg and a pure
capital good y;. Each good is assumed to be produced by capital x1; and
labor g, j = 0,1, through a Cobb-Douglas technology which contains
sector specific externalities. The representative firm in each industry indeed

faces the following technology, called private production function:
yj =z wyy e (Xoj, X1j), j=0,1 (1)
with 8;; > 0. The positive externalities are equal to
e(Xoj, X1j) = X X}
with b;; > 0 and X;; denoting the average use of input ¢ in sector j. We
assume that these economy-wide averages are taken as given by each indi-

vidual firm. At the equilibrium, since all firms of sector j are identical, we

have X;; = z;; and we may define the social production functions as follows

Boj . Buj
Yj = 5"0?]331;] (2)
with Bij = B + bjj. In order to consider mild external effects and to

avoid endogenous growth, we will assume that Bij <1,4,7=0,1. We do
not a priori impose any restriction on the returns to scale at the private
and social levels. However, we will be interested in the analysis of two
standard configurations: a first one with constant social returns and thus
decreasing private returns, a second one with constant private returns and
thus increasing social returns. Total labor is given by ¢ = xgg + zg1, and the

total stock of capital is given by x1 = x19 + 11.



halshs-00281382, version 1 - 22 May 2008

Choosing the consumption good as the numeraire, i.e. pg = 1, a firm in
each industry maximizes its profit given the output price p1, the rental rate
of capital wy and the wage rate wy. The first order conditions subject to
the private technologies (1) give

aij = wij/y; = pifij/wi, 14,5 =0,1 (3)
We call a;; the input coefficients from the private viewpoint.

Considering that the total labor is given by ¢ = xgy + xp1, and the
total stock of capital is given by x1 = x19 + x11, the factor market clearing
equation is directly obtained from the private input coefficients as defined

by (3):

Lemma 1. Denote z = (¢,z1), y = (yo,y1) and A = [ai] = [p;Bi;/wil.
Then Ay = .

Using the fact that the input coefficients form the private viewpoint a;; are
functions of w and p, i.e. a;; = p;Bi;/wi = a;j(w;, pj), a total differenciation

of the above factor market clearing equation gives:

Lemma 2. Denote dz = (d¢,dz1)" and dy = (dyo,dy1)’. Then

[6‘100 yo + 01 yl} dwo + 9201y, dp,

ow ow, op
dx = Ady + ’ ’ ' (4)
[%‘Z}f Yo + %alelm} dwy + 8@‘;111 y1dp1

From (3) we get p; = aj;w;/Bi; or equivalently pjﬁij = aijwi(ﬁij/ﬂij).
Let us then define 5
Qij = g2 @ij (5)
We get pjﬁij = a;;w;, and taking the sum over ¢ gives the price equation
prer ;
p — 00 10 . A/w (6)
Bo1+511

with p = (1,p1)", w = (wp,w1)’ and A= [a;j]. We will call a;; the input co-

efficients from the social viewpoint.® Substituting the first order conditions

5If the agents take account of externalities as endogenous variables in profit maximiza-
tion, the first order conditions subject to the social technologies (2) give these social input

coefficients.



halshs-00281382, version 1 - 22 May 2008

(3) into the social production function (2) and solving for p; gives an ex-
pression of the input coefficients from the social viewpoint a;; as a function
of w and y:

1=Po; -6, _Boj__ B

G 3 Boj+B1j (4 —
aij = (Big/wi)y; " (Boj/wo) 705713 (B /wy) P05t

Substituting this expression into (6) gives the factor-price frontier:

Lemma 3. Denote p = (1,p1). Then:

—Bnn—0 Bog B10
1-Bgo—~ . ) _ )
A 035 - wa ) PootAio (w1 ) Boo+Bio
Yo 0 0 Boo 10
= o 7
b 1-Bo1—An Bo1 B11 ( )
B11 Bo1+8 wi \ Bo1+8
0 Bor+ wo. 01t+tP11 [ W1 01+P11
Y Bo1 B11

Using the fact that the input coefficients from the social viewpoint a;; are

functions of w and y, a direct differenciation of the factor-price frontier gives:

Lemma 4. Denote dp = (0,dp1)’ and dw = (dwg, dwy)’. Then

1 1-Boo—fio 1

- d
dp = Boo+B10 0 Aldw + Boo+PB10 Yo o (8)
1 1—Bo1—B11 p
Fort+Bur Bor+Bu Y v

Notice that the first term on the right-hand-side is obtained from the equiv-
alence between (6) and (7).

Solving equations (4) and (8) with respect to dy and dw allows to com-
pute the partial derivatives [dy/dz], [dy/dp], [dw/dz] and [dw/dp] (see Ap-
pendix 5.2 for details). In the following we will then treat y and w as func-

tions of z and p, namely y; = §;(x1,¢,p1) and w; = w;j(z1,¢,p), j =0,1.°

2.2 Intertemporal equilibrium and steady state

The economy is populated by a large number of identical infinitely-lived

agents. We assume without loss of generality that the total population

5Notice that if the returns to scale are constant at the social level, then 1 —Boj —Blj =0

and the factor prices w are functions of the output price only, i.e. w; = w;(p1), 7 =0,1.
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is constant and normalized to one. At each period a representative agent
supplies elastically an amount of labor ¢ € (0,¢), with £ = 1 his endowment
of labor. He then derives utility from consumption ¢ and leisure £L =1 —/¢

according to the following function

- leo £1+'y
u(c,l) = = — A1)

with ¢ > 0, v > 0 and A a normalization constant. The elasticity of in-
tertemporal substitution in consumption is thus given by €. = 1/0 while the
elasticity of the labor supply is given by ¢, = 1/7. Considering the exter-
nal effects (eg, e1) as given, profit maximization in both sectors described in
Section 2.1 gives demands for capital and labor as functions of the capital
stock, the production level of the investment good, total labor and the ex-
ternal effects, namely Z;; = ;;(z1,y1,¢,€0,€1), i,j = 0,1. The production
frontier is then defined as

_ __ ~Boo ~B10
c=T(x1,y1,4 e0,e1) = Toy'T7 €0

From the envelope theorem we easily get w; = Ti(x1,y1,¢,€0,€1), p1 =
_TQ(xla Y1, Ez €0, 61) and wo = T3($l) Y1, ga €0, 6]_).
The intertemporal optimization problem of the representative agent can

be described as:

/+°° [T(wl(t%yl(t%ﬁ(f)»eo(t),61(75))1_" (O oty
0

max

{z1(t),y1(t),L()}
s.t. &1(t) = y1(t) — gz (t)
x1(0) given

-0 A(l+7)

{e;(t) }+>0, 7 =0,1, given

where § > 0 is the discount rate and g > 0 is the depreciation rate of the

capital stock. We can write the modified Hamiltonian in current value as:

T e e l1-0o 14y
n o= I 1(t)’y1(t)’f<i)’00(t)’ 1(t)) —/f((?JW) +aq1(t) (n1(t) — gz1 (1))

with ¢ (¢) the Lagrange multiplier which corresponds to the utility price of
capital in current value. The necessary conditions for a solution of the above

dynamic optimization problem are given by the following equations:
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q(t) = pi(t)e(t)™’ (9)

WA = woelt) (10)
t1(t) = yi(t) — gxa(t) (11)
@) = (0+g)q(t) —wi(t)e(t)™” (12)

As shown in Section 2.1, we have in the general case wy = wo(z1, ¥, p1) and
¢ = go(z1,4,p1) = T(x1,01(x1,4,p1), 4, e0(x1,¢,p1),€1(x1,¢,p1)). There-
fore, solving equation (10) describing the labor-leisure trade-off at the
equilibrium, we may express the labor supply as a function of the cap-
ital stock and the output price, ¢ = {(z1,p1). Then, we get yo =
c(x1,p1) = Jo(w1,4(1,p1),p1), 1 = y1(21,p1) = G1(21, (1, p1),p1) and
w1 = wi(z1,p1). Considering (9)-(12), the equations of motion are finally

derived as

1 =y (x1,p1) — gx1

(13)
p1= E(Zi,m) (6 +9)p1 —wi(z1,p1) + 00(11171,111) 8%61 (yi(x1,p1) — gx1)
with
E(@i,p) =1- o250 (14)

Notice that E(z1,p1) is equal to 1 minus the product of the inverse of the
elasticity of intertemporal substitution in consumption by the elasticity of
the consumption good’s output with respect to the price of the investment
good.
Any solution {z1(t), p1(t)}+>0 that also satisfies the transversality con-
dition
lim 6_6tp1 (t)l’l(t) =0
t——+00
is called an equilibrium path.
A steady state is defined by a pair (27, p}) solution of
yi(z1,p1) = gz
(15)
wi(z,p) = (6+g)m
In order to simplify the analysis, we use the normalization constant A which
enters the utility function in order to choose a particular value for the steady

state labor supply. We get the following result:
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Proposition 1. There is a unique value A* > 0 such that when A = A*,
there exists a unique steady state (z%,p}) > 0 with £* = ((x},p}) =1 €
(0,1). Moreover, the expressions (x3,p}) do not depend on the preference

parameters o and 7.

The nice feature of this normalization is that the normalized steady state
will remain constant while the elasticity of intertemporal substitution in
consumption or the elasticity of the labor supply are varied. This will allow
to provide a clear analysis of the local stability properties of the equilibrium

path.

2.3 Characteristic polynomial

Linearizing the dynamical system (13) around (z7, p}) gives:

Oy _ Oy1
ox1 op1
J = 1 (Pl dc (0 o) 1 o) P dc B (16)
L P1 dc (O0y1 _ w1 S _ w1 P1 _Oc 0yi
F [Uc* o0z (69:1 g) 6x1] FE |:5+g op1 +Uc* oz 3p1:|

As we show in Appendix 5.2, all these partial derivatives are functions of o
and . The role of v of course occurs through the presence of endogenous
labor but remains implicit at that stage mainly because of our methodology
to derive the dynamical system (13) from the first order conditions (9)-(12).

Any solution from (13) that converges to the steady state (x7, p}) satisfies
the transversality condition and is an equilibrium. Therefore, given z;(0), if
there is more than one initial price p;(0) in the stable manifold of (z7, p}),
the equilibrium path from x1(0) will not be unique. In particular, if J
has two eigenvalues with negative real parts, there will be a continuum of

converging paths and thus a continuum of equilibria.

Definition 1. If the locally stable manifold of the steady state (x7,p}) is

two-dimensional, then (x7,py) is said to be locally indeterminate.

The eigenvalues of J are given by the roots of the following characteristic
polynomial
PN =X —-TA+D (17)
with
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D(o = = Oy _ 0 dy1 9
( 7’7) é {(Bgﬁ ) (5 - Twpll) (9py1 8wx11}
T(o,v) = Liom + 0 — wy —+ Pi | 0c 9y 0 dy
( ’ ) E {3$1 Y 8wp11 Uci [8;1 73]31 o apc1 <Bzi ):|}

(See Appendix 5.2 for the detailed expressions of these derivatives). Local

(18)

indeterminacy requires therefore that D(o,~v) > 0 and 7 (o,v) < 0.

Notice from Appendix 5.2 that if constant social returns to scale are
assumed in both sectors then dw;/0x1 = 0 and the Determinant and Trace
are equal to the expressions obtained by Benhabib and Nishimura [5] with
o = 0 or by Garnier, Nishimura and Venditti [8] with & > 0.

3 Main results

Our main objective is to study the role of returns to scale at the private
and social levels on the local determinacy properties of the long-run equilib-
rium. In order to simplify the analysis and to consider a framework as close
as possible to the formulations of Benhabib and Farmer [3], Harrison [11],
Harrison and Weder [12], when one sector will be characterized by increas-
ing social returns, we will assume that the other sector has constant social
returns.

We will build the analysis by considering two polar cases. In the first
case we assume a linear utility function with respect to labor, i.e. an infinite
elasticity of the labor supply (v = 0). In the second case we consider the
model with inelastic labor (7 = 4+00). We will finally derive conclusions for

the general case with v € (0, +00).

3.1 Local indeterminacy with inelastic labor supply

When the utility function is non-linear with respect to consumption, i.e.

o >0, and v = +00, we get a formulation with inelastic labor in which

1—
u(e) = 5

since £ € (0,1) and lim,_ ;o0 €277 /(1 +7) = 0.
As initially shown by Benhabib and Nishimura [5], the local indetermi-

nacy properties within two sector models are based on the capital intensity
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difference across sectors at the private and social levels. Using the defini-
tions of input coefficients given in Section 2.1 allows to characterize these

capital intensity differences as follows:

Definition 2. The consumption good is said to be:
i) capital intensive at the private level if and only if ai1ap0 —arpaor < 0,

ii) capital intensive at the soctal level if and only if aG11a00 — G10d01 < 0.

We may conveniently relate these input coefficients to the Cobb-Douglas

parameters:7

Proposition 2. At the steady state:
i) the consumption good is capital (labor) intensive from the private per-
spective if and only if

_1_ BuB
b=1- g, < (>)0

ii) the consumption good is capital (labor) intensive from the social per-
spective if and only if

1— B1oBo1 < (>)0

b Booins

Under constant social returns in both sectors and a linear utility function
with respect to consumption (¢ = 0), Benhabib and Nishimura [5] have
proved that local indeterminacy arises if the consumption good is capital
intensive from the private perspective (b < 0), but labor intensive from
the social perspective (b > 0). Building on the same kind of technological

restrictions, we obtain the following conclusions:

Theorem 1. Let v = +o0o and consider the critical value

5= — b(BooBr1—B10B01)[5+9(1—B11)] (19)

Boo(1—b)(5+g)+B10[6+9(1—B11b)]
Then the following results hold:

i) When both sectors are characterized by constant social returns, i.e.
1-— 500 — 510 =1- 301 — Bll = 0, the steady state is locally indeterminate
if and only if

"See Benhabib and Nishimura [5].

10
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b<0,b>0 ando e 0,0%)
with o* = 6.

ii) When the investment good sector is characterized by constant social
returns, i.e. 1 — 301 — Bll = 0, while the consumption good sector is charac-
terized by increasing social returns, i.e. 1 — BOO — 510 < 0, there exists g > 0
such that the steady state is locally indeterminate if

2 (1=Boo—P10)[0+g(1—B11b)] e *
b<0, b> Boo[d+g(1—B11)] » 9€(0,9) and o €[0,07)

with

o =0 —

(1=Boo—P10) [Bo1 (1=b) (5+9)+B11 [5+9(1—B11b)]] (20)
Boo(1-b)(5+9)+B10[6+9(1—B11b)]

iit) When the investment good sector is characterized by increasing so-
cial returns, i.e. 1 — B01 — 311 < 0, while the consumption good sector is
characterized by constant social returns, i.e. 1 — Boo - Blo = 0, the steady

state is locally indeterminate if

b< UBu—bl49) 50 and o€ [0,0%)

(1-P11)g
with 5 5 A 5
oF = & — +9(1—-B11) A (1*501*511)[§+g(1*510511b)] (21)
9 [Bo0(1=b)(6+9)+B10[6+9(1—B11b)]|B11

Notice that all the three configurations require the same restriction on the
elasticity of intertemporal substitution in consumption, namely e, = 1/0
needs to be larger than the inverse of the elasticity of the consumption good’s
output with respect to the price of the investment good, i.e. e, > 1/0* =
(pi/c*)(0c/Op1). This restriction implies thus that E(x7, p7) > 0. However,
increasing returns at the social level allow to get local indeterminacy with
lower values for the elasticity of intertemporal substitution in consumption
than in the case with constant social returns. As the consumption good is
assumed to be capital intensive at the private level, i.e. b < 0, we have
indeed in i) and i), o* > 5.

Theorem 1 provides for the first time in the literature a general analysis of
local indeterminacy in a real two-sector model with increasing social returns.
Indeed, all the previous contributions dealing with increasing social returns

were derived from Benhabib and Farmer [3] in which the technologies of both

11
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sectors are identical at the private level, i.e. in our notations b = 0.8 Within
such a framework, the technological conditions for local indeterminacy are
not related to capital intensity differences across sectors. It follows that
comparisons with contributions dealing with constant returns to scale at
the social level such as Benhabib and Nishimura [5] or Garnier, Nishimura
and Venditti [8] were difficult to obtain. Theorem 1 then shows that the
social returns to scale being constant or increasing, local indeterminacy is
fundamentaly obtained if there is a capital intensity reversal between the
private and the social levels and the elasticity of intertemporal substitution

in consumption is large enough.

3.2 Local indeterminacy with infinitely elastic labor supply

When the utility function is non-linear with respect to consumption and the

labor supply is infinitely elastic, i.e. ¢ > 0 and v = 0, we get
u(e, l) = -/

leo'

1-0

As shown in Benhabib and Farmer [2], Lloyd-Braga, Nourry and Venditti
[13], Nishimura, Nourry and Venditti [14] or Pintus [17], the occurrence
of local indeterminacy in aggregate models requires the consideration of
a large enough (close to infinite) elasticity of the labor supply. Such a
restriction is also necessary in two-sector models derived from Benhabib
and Farmer [3] in which the technologies of both sectors are identical at
the private level (b = 0) and the returns to scale are increasing at the
social level. However, as we have shown with Theorem 1, two-sector models
provide a framework in which local indeterminacy arises through different
channels than aggregate models where the intertemporal allocations of labor
play a crucial role. Indeed, in a multi-sector framework, the existence of a
continuum of equilibria is based on intertemporal reallocations of productive
factors between sectors and is fully compatible with inelastic labor, the
returns to scale being constant or increasing at the social level.

Of course, an infinite number of equilibria may also occur within a two-

sector model with elastic labor. The following Theorem then provides an

8See Harrison [11], Harrison and Weder [12].

12
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analysis of local indeterminacy with an infinitely elastic labor supply. We
show that the results fundamentaly depend on the properties of the sectoral

returns to scale at the social level.

Theorem 2. Let v = 0. Then the following results hold:

i) When the investment good sector is characterized by constant social
returns, t.e. 1 —301 - Bll = 0, the steady state is saddle-point stable for any
o >0.

it) When the investment good sector is characterized by increasing social
returns, i.e. 1 — 301 — Bll < 0, while the consumption good sector is charac-
terized by constant social returns, i.e. 1 — BOO — 310 =0, there exist € > 0,

g >0 and & > g such that the steady state is locally indeterminate if

3 4 7 _(1—30}—@1)(54‘9) _ /3(315115 ) _
Bor+ Fu1 € (1,14+€), be ( Bung  Baobu(ors) and o € (c,0)

In case i), saddle-point stability is obtained for any type of social returns
to scale in the consumption good sector, i.e. either when 1 — Boo - 310 =0
or when 1 — Boo — 310 < 0. As shown in Appendix 5.4, it is also worth
noticing that the conditions for local indeterminacy in case ii) imply that
the elasticity of intertemporal substitution in consumption is lower than
the elasticty of the consumption good’s output with respect to the price of
the investment good, i.e. E(z},p}) < 0. Actually, we can show that when
small externalities are considered, local indeterminacy is ruled out as soon
as E(z7,p7) > 0.

Proposition 3. Let v =0, b > 0 and consider E(x1,p1) as defined by (14).
There exists € > 0 such that if Bo1 + P11 € (1,14 ¢€) and o is fized so as to
imply E(x7,p}) > 0, then D(0,0) < 0 and local indeterminacy is ruled out.

Theorem 2 shows that as soon as the investment good sector is character-
ized by constant social returns, the steady state is necessarily saddle-point
stable for any value of the elasticity of intertemporal substitution in con-
sumption and any amount of external effects. This result explains why local

indeterminacy is ruled out in two-sector models with constant social returns
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to scale in both sectors and large values for the elasticity of the labor supply.?

On the contrary, when the investment good sector is characterized by
slightly increasing social returns and is capital intensive at the social level,
local indeterminacy arises for intermediary values of the social capital inten-
sity difference and the elasticity of intertemporal substitution in consump-
tion. Notice that there is no particular restriction on the capital intensity
difference at the private level. This fact suggests that our conclusions are
compatible with two-sector models in which the private technologies are
identical across sectors, i.e. b =0, as in Benhabib and Farmer [3], Harrison
[11], Harrison and Weder [12]. Notice also that our conclusions hold with al-
most constant social returns to scale and thus extremely small externalities

in the investment good sector.

3.3 Local indeterminacy with elastic labor supply

Building on Theorems 1 and 2, we may now provide a complete picture
of the existence of local indeterminacy depending on the properties of the

social returns to scale in both sectors.

Theorem 3. Let v € [0,+00). The following results hold:

i) When both sectors are characterized by constant social returns, i.e.
1= Boo— Po=1—PBor — Bi1 = 0, consider o* = 6 as defined by (19) in
Theorem 1. Then for any o € [0,0%), there exists a bound y(o) > 0 such
that the steady state is locally indeterminate if and only if

b<0, b>0
and v > (o).

it) When the investment good sector is characterized by constant social
returns, i.e. 1 — Bgl — Bll = 0, while the consumption good sector is char-
acterized by increasing social returns, i.e. 1 — Bgo — Bro < 0, consider o* as
defined by (20) and the critical value g as given in Theorem 1ii). For any
g €(0,9) and o € [0,0%), there exists a bound y(o) > 0 such that the steady

state is locally indeterminate if

9See Nishimura and Venditti [16] for discrete-time models and Garnier, Nishimura and

Venditti [8] for continuous-time models.
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2 (1=Boo—P10)[6+g(1—B2b)]
b<0, b> Boo[6+9(1—p2)]

and v > (o).

iii) When the investment good sector is characterized by increasing social
returns, i.e. 1 — Bgl — Bll < 0, while the consumption good sector is char-
acterized by constant social returns, i.e. 1 — Bog — Blg =0, consider o and
o as given in Theorem 2iii). There exist € > 0, y(0) > 0 and 5(o) > (o)
such that for any Bo1 + B € (1,14 ¢€) and o € (g,0), the steady state is
locally indeterminate if

b < (1—[%01—@11)(54‘9) Z;E (_ (1—30}—B11)(5+9) A Bq1ﬂ115 )
(1-B11)g ’ B116119 ” BooB11(6+g)

and v € [0,7(0)) U (¥(o), +00).

Theorem 3 shows that as soon as the investment good sector is character-
ized by constant social returns, the existence of local indeterminacy is based
on a capital intensity reversal between the private and the social levels, a
large enough elasticity of intertemporal substitution in consumption and a
low enough elasticity of the labor supply. On the contrary, when the invest-
ment good sector is characterized by slightly increasing social returns, local
indeterminacy requires intermediary values for the elasticity of intertempo-
ral substitution in consumption but extreme values for the elasticity of the
labor supply. In other words, local indeterminacy is ruled out for interme-
diary values of . This result explains why all the literature with increasing
social returns only focusses on configurations with + close enough to zero.
The occurrence of saddle-point stability as -y is increased has suggested that
local indeterminacy would require a large elasticity of the labor supply as in
aggregate models. However, we prove that this is not true as indeterminacy
also arises when the labor supply is weakly elastic. Notice also that the
consideration of a low elasticity of labor supply appears to be much more

empirically plausible as shown by Blundell and McCurdy [7].

Remark: In case i) of Theorems 1 and 3 we provide necessary and suffi-
cient conditions for local indeterminacy as we are able to apply a geometrical

methodology initially introduced by Grandmont, Pintus and de Vilder [10].1°

19Gee Garnier, Nishimura and Venditti [9] for details.
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Indeed, under constant social returns in both sectors, the determinant D can
be obtained as a linear function of the trace 7 when o or  is varied. On the
contrary, as soon as increasing social returns to scale are introduced in one
of the two sectors, the complexity of the formulation prevents from having a
simple relationship between D and 7. That is why we provide only sufficient

conditions.

4 Concluding comments

We have considered a two-sector economy with CES technologies containing
sector-specific externalities and additively separable CES preferences defined
over consumption and leisure. We have discussed the existence of local
indeterminacy depending on the returns to scale at the private and social
level. Two basic configurations have been explored: constant social and
decreasing private returns to scale as in Benhabib and Nishimura [5], or
increasing social and constant private returns to scale as in Benhabib and
Farmer [2, 3].

First we have shown that when labor is inelastic, for any configuration
of the returns to scale, local indeterminacy is obtained if there is a capital
intensity reversal between the private and the social levels. We have then
proved the robustness of this condition in particular when the social returns
to scale are increasing.

Second, we have shown that when labor is infinitely elastic, saddle-point
stability is obtained as soon as the investment good sector has constant
social returns. On the contrary, if the investment good sector has increasing
social returns, local indeterminacy may arise provided the consumption good
is capital intensive at the social level and the elasticity of intertemporal
substitution in consumption admits intermediary values.

Finally, we have proved that local indeterminacy requires a low elasticity
of labor when the investment good has constant social returns, but requires
either low enough or large enough elasticity of labor when the investment
good has increasing social returns. This last result clearly shows that the

conditions for the existence of local indeterminacy are strongly affected by
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the precise assumptions made on the returns to scale in the investment good

sector.

5 Appendix

5.1 Proof of Proposition 1

Maximizing the profit subject to the private technologies (1) gives the first
order conditions .
piBijy;/Tij = wi, 4,5 =0,1 (22)
Considering the steady state with y; = gz1 and wy = (§ + g)p1, we get
T = (;ﬁfuggxl (23)

Using the social production function (2) for the investment good we derive

B 1-f11

To1 = <6B%g) %1 (gz1) Por (24)
and thus . o
_P017TP11 lfﬂqlfﬁll
i (5%) or (gay) o (25)

From x1 = x19 + 11 we derive

T10 = 21 < - fffqg> (26)
Finally we easily obtain from (22):
5’01:0—511 B B11—
frofor _ zo1 210 o 210 — Brofor (%) Bo1 (gwl)% (27)

Boof11 — x11 Too zoo  Boofi1

so that, using (26):

_BoitBu 13y -8y, =hu

_ Jé; BooB 8 B — 5 . B 28
woo = (1- fg) Qoo (fu) Fo g g P (29)

Considering (25), (27) and zoy + zo1 = ¢, 1 = 10 + 11, We get

BQI 301+ﬁ'11 A
(f* gmgm ) 1-611 (%) 1-B11 Bo1
00711 / _ = (0*)1-Pu1 g* 2
P = () (29)
1— 1—
g B11 (1fﬁgb) B11

* —
xl —

with b given in Proposition 2. Equation (22) for i = 1 and j = 0 gives

wi = Brozgg iy’ (30)
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Considering (27), (29) and the fact that w; = (6 + g)p1 implies

B00-+B10— 3 _BooBo1+811)  fyg(1-Boy —B11)
x _ Pio _ Bu Poo+B10-1 BooBi1 Poo B11 Bo1 w
Py 5+g 5+g9 B1oPo1 o+g 9
Boo(1=511)~Bo1(1—-B10) Boo(1=B11)~Fo1(1~B10)
S R T ——T

The substitution of (26) and (28) into (2) gives the expression of ¢*, namely

3 3 3 _m BOO(lfﬁAOl*Bll)
p - 1 Bu q PootbBro BooB11 Poo B11 Bo1 g Bo1
o+g B1ofo1 d+g
Boo(1=-F11)+601510 Boo(1=F11)+601P10
X  (K*) Bo1 () 1-B11

Boo(1~p11)+601510

= X"(¢) o
Finally, using (22), (28) and (29) into (10) gives
1y— (170)BOOS1731127> ﬁolj'ﬁll ﬁOl"iﬁll_l ﬁAlAl_l

() =i _ Boo(x)* Biofor ( Bu Bo1 A *\ 4
A - lff%g Boof11 \ 0+g 9 o (/i ) o
g

As £ € (0,1), let us consider a value [ € (0,1). It follows therefore that if
A = A* with

_BoytBuy 1-Bo1—B11 1-f1q _ (1-0)Bgo(1-F11b)

159 BuoB (B g 14y o
A= Wﬁ?gﬁéi (an> o0 g Por (k) Por (I) -8y,
then ¢* = [ and the result follows. -

5.2 Computation of D(o,v) and 7 (c,7)

Consider the expressions (18) of the Trace and Determinant, and let yg =
c. We need therefore to compute the following derivatives of y and w,
namely: Oc/dx1, dc/dp1, Oy1/0x1, Oy1/Op1, Owy/Ox1, Owy/Ip1, Owy/dx1
and Ow;/0p;. We use a procedure by substitution starting from the total
differenciations of the factor-price frontier and the factor market clearing
equation given in Lemmas 2 and 4. Solving equation (8) in Lemma 4 with
dr1 = 0, we get the derivatives of the wage rate and of the rental rate with

respect to the price of investment good:

a1o [Boﬁrffu*(1*B01*/311)&1dﬂ+(1*5007[§10)hi1 de }

dwo v1 dpy B1o © 9p1
dpir  — @11G00—a10a01
A (31)
G0 | Bo1 4811 — (1—Bo1 —B11)PL B 1+ (1 Goog—By0) 201 P1 _de
dwy 000 {,@01—#611 (1=Bo1=P11) T g1 +(1=Poo 310)600 o dpy
dpi T G11G00—a10G01
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Similarly, solving equation (8) in Lemma 4 with dp; = 0, we get the deriva-

tives of the wage rate and the rental rate with respect to the stock of capital

ao1 [(1 Boo— 510)’811 Pl de (1 fBo1—f1) 2L dyl}

dwo _ B1o © dz1 y1 dxy

dxy G11G00—0a10a01 (32)
- 501 Pl dec _(1_A

dw, G {(1 Boo— /310) o daoy —(1=Po1— 511) dwl

dx1 a11G00—0a10G01

Notice that if we assume constant social returns as in Benhabib and
Nishimura [5], then 1 — Boo — Blo = 1- ﬁgo — Blo = 0. It follows
that the rental rate only depends on the price of the investment good as
dwy/dx; = dwy/dx1 = 0. Moreover, we derive from (31) that the deriva-
tives dwy /dp; and dwg/dp; depend on the capital intensity difference across
sectors at the social level and correspond to the Stolper-Samuelson effects.

Consider now equation (4) in Lemma 2. We easily derive from the defi-

nition of input coefficients at the private level (3) that

dwo Two’  Owy w1’  Op1 D1

Oagj _ _agy Oay; _ _ay;  Qap _ a; (33)

Moreover, we derive from the factor market clearing equation given in
Lemma 1 that

wy = mﬁ [ﬁnﬁoo—ﬁwﬁm} 5
wy = anama%ﬂ [511500—510511}

Substituting these expressions into (4) and solving for the derivatives of the
two ouput levels with respect to the price of investment good under the

restriction dx; = 0, we get after tedious but straightforward algebra:

- & [an + Taog BE(1 - for — )] | -
% = bia Tu c [(500%03?1 + Broarol)e + x10(1 — Boo — 510)}
o ddf [alo - Tao1wflc(1 - 500 — /310)} } _ ;l)%
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: —1 AL A —1
Wlth T = (a11a00 — a10a01) y T = (a11a00 — a10a01) and

D = 1+ 5P (1= foo — Bio0) (Boraorar + Briari Oy
+ (1 - Bor — A1) (Booaoor1 + Broarol)c (36)
+ 210(1 — Boo — Bro)(1 — for — @11)]

Substituting these expressions into (31) we get

% — —%{dlo — wllc(l — Boo — ﬁlO)amxl

n %fﬁﬂ {(1 — Bo1 — Br1)Broaroc + (1 — Boo — Bro)Briany

+ 21(1 = Boo — B10)(1 — Bor — Bll)} } (37)
‘fl% = %{doo + wloc(l — Boo — Bro)airl

b T [(1 — Bo1 — A1) Booaroc + (1 — Boo — 310)501a11y1] }

Proceeding similarly, substituting expressions (33) and (34) into (4) and
solving for the derivatives of the two ouput levels with respect to the stock

of capital under the restriction dp; = 0, we now get:

de oy dwy _ ann (dl € duwg

dri TaOl{l + w1 dz ao1 (dml + wo dxl) } (38)
dy1 Zydwy _ a1 (dl 4 L dwg

dry Ta()(){l + wy dxq aogo \ dz1 + wo dx

Substituting these two expressions into (32) and solving for the derivatives

of the wage rate and the rental rate with respect to the capital stock yields
%ff = ngczll {(1 — Boo — B10)Br1aoiyr + (1 — Bor — Bi1)Broacoc
- %1 [(1 — Boo — Br0)Briariyr + (1 — for — Bi1)Broaroc
+ @1(1 = Boo — Bro)(1 — B —Bn)]}
o = —%{(1 — Boo — B10)Boraoryr + (1 — Bor — B11)Booacoc
+ L1 = Boo — B10)(1 — Bor — P11)
- ddTZl [(1 — Boo — 510)501@113;1 +(1- Bo1 — Bn)ﬁooaloc} }

(39)
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Finally, substituting these two expressions back in (38), we obtain

dchl = *%{001 - wiﬁ’jyl (1 — Bor — Bu1) Brot
- % [“11 + ’ll)()j’:fllyl (1— for — QII)BOOZ'I} } w0)
i = %{GOO + 2ol (1= foo — o) Bl

- [alO - wfﬁ,ﬁc(l — Boo — 310)301331} }

Notice that if we assume constant social returns, i.e. 1— BOO - Blg =1- 301 -
B = 0, then these derivatives correspond to the Rybczynski effects either
when labor is inelastic, i.e. 7 = +o00, or when the utility function is linear
with respect to consumption, i.e. o = 0, as in these two cases d¢/dx; = 0
(see (42) below).

We have finally to derive the expressions of d¢/dzy and d¢/dp,. Total

differenciation of equation (10) gives:

ydl = £

wo

(%i’dwl + ‘fi%dpl) - U% (jTCIdzvl + c%dpl) (41)

Assume first that dp; = 0. We then get:
dl L 1 d d
M=t (e - i) (42)

Substituting dwg/dz, from (39) and dc/dzq from (40) in (42) gives

= = %%{Ua% + [(1 — Boo — B10)Brraoy )
— (1= Bor — B11)Brolol — CLOOC)} }
with
F=1+ %{U% + mﬂiﬁlcw [(1 — Bo1 — A1) (o Boox1 + Broaroc) )

+ (1= Boo — Bro)Brianys + z1(1 — Boo — Bro)(1 — Bor — 311)] }
Assume finally that dz; = 0. We then get

at £ (1 dw g dc
dpr — v (wo dp1 c dp1> (45)

Substituting dwg/dp; from (37) and dc/dp; from (35) in (45) gives
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% = 5%{%}“0 [0(300001561 + Broar1l) + (1 — oo — Bro)aoi w1

aio
Two

The expressions of D(o,~) and 7 (0,7) can be obtained after substitution
of (35), (37), (39), (40), (43) and (46) into (18). -

(46)

5.3 Proof of Theorem 1

Let v = +o00. We then conclude from (43), (44) and (46) that d¢/dx; =
d¢/dp; = 0 and F = 1. We may also derive useful expressions for the wage
rate and the rental rate for capital. Indeed, using the first order conditions
(22), the expression of the stationary agregate capital stock (29) with £* = 1,
(26) and (28) we get
wy = Cﬁoo%
(47)
wy = x%ﬁw%
i) If 1— Boo — B0 =1—Bo1 — f11 = 0, then D = 1 and dwy/dxy =
dwy /dx1 = 0. The proof of this result is provided in Garnier, Nishimura and
Venditti [9]. Notice that the critical bound ¢* is the value of ¢ such that

E =0, and is equal to

*

0" = e (48)
From (35), we get
dchl = —pr (Booaorz1 + Broarrl) (49)
Using (47), we then derive
oF — _ (BooB11—PB10Bo1)(BooB11—P10bo1)[6+g(1—B11)] —5 (50)

B00B10B01 (5+9)+510B00B11[6+9(1—B11b)]

ii) Assume now that 1 — Boo —Bio<0and 1 — By — Bll =0. Asb<0
and b > 0 we get TT < 0 and thus D > 0. Consider the partial derivative
dyy/dz; as given in (40). Using the definition of input coefficients at the
social level (5) we get with ¢* = 1:

dyi l{a000+(1—ﬁoo—ﬁ1o)ﬁ11}

dz1 De BooB11—PB10bo1
From (27) we know that
a11a00 — BOOBH
@10@01 B106o1
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From Lemma 1 we also derive that at the steady state ajoc = x1(1 — gai1).
But we know from (23), (25) and (29) that

_ B _ (B Bor
Q1= §lp g = (ﬁ) ot
" (i) (o)
xt BooB11 5 o+g (51)
)
We then get from all this and Proposition 2
dyn T J 6+9(1—PB11) + (1—Boo—PB10)
dei = 5+9(1—Bu1b) 5600

As b < 0 we have T < 0. It follows that dy/dz; < 0 if

7o _ (1=Boo—B10)[5+g(1-pub)] _ i
b> Boold+g(1—B11)] =b (52)

Consider the partial derivative dw;/dp; as given in (37). We know that

_ ﬂoo _ Boo a10a01 300511
oo = Boo Y00 = Boo ~an1 61001

Proceeding as previously we then derive

dwy T A d+g(1=pu) | (1=Boo—P10)
dpll —  DcBoo {ﬂooé-&-g( —B311b) + b }
Using the steady state relationships (15) we get
_ dwy _ S+g _ wo 5 d+g(1—pP11) (1*5007310)} }
Oty dp1 De {DC (BooBr1—PB10B01)Boo [600 6+9(1=p11b) + b

It follows then from (47)

b+g—du = ‘”g{D—

Boo + (1— 500[,310)[54-9(1—51117)}] } (53)

1
Boof11—B10bo1 [ blo+g(1—p11)]

From (36) we get

— 1*300j319 _ 3 w1z 3 m}
D 1+ (BooB11—PB10B01)(BooB11—F10Po1) [501[301 e T Pubu ¢

We finally derive from (47)

(1—Boo—B10) [Bor (1-b) (5+9) +B11 [0+9(1—B11b)]] (54)

D=1+ b(Boof11—B10601)[0+9(1—F11)]

Substituting this expression into (53) finally gives after simplifications:

(5+g—dw1—f%<o

dp1 D(BooBr1—P10B01)
as b < 0.
Consider the partial derivative dw;/dzq as given in (39). We get
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d T A 5 N5
Tor = e (1= Boo — Bio)Boraoiy1

As b <0, b > 0 and thus 77 < 0 we conclude that dwy /dzy < 0.
Consider the partial derivative dy;/dp; as given in (35). We get:

(0+9) [Booﬁoo +B10B10 0 +20 (1—/3'00—310)]

wiry

dy1 _ 1 %1

dpr D(BooB11—B10801)(BooB11—B100601) p1 P1
Using again (47), we obtain

dyy _ Boo[Boo[5+9(1—B11)](5+9)+Br0[6+9(1—B11b)][6+9(1—B11)]+(1—Boo—P10) [§+9(1-11b)](6+9)] &,

dpr D(BooB11—B10601)(BooB11—B10601)[0+9(1—B11)] p1
- 500[—(5+9)(1—b)300511g+[5+g(1—ﬂ11b)]ﬁ10511g+[5+9(1—511b)](5+9)]ﬂ a
B D(BooB11—B10801) (BooB11—B10801)[0+9(1—B11)] n I;m

Notice then that if g = 0, we get

dy1 _ Bood m <
dp1 D(BooB11—B10601)(BooB11—F10601) P1

Therefore, there exists g > 0 such that when g € (0, g), dyi/dp; < 0.
Let us then assume that o € [0,0%), with ¢* as defined by (48) so that
E > 0. Using (49), (50) and (54) we derive that

(1—Boo—B10) [Bo1 (1-b) (5+9) +B11 [0+9(1—B11b)] (55)
Boo(1=b)(8+g)+B10[6+9(1—B11b)]

oc*f=0—

From all these results we conclude that if b < 0, b> é with é as defined
by (52), g € (0,g) and o € [0,0%), then D(c,+00) > 0.
Notice now from (35) and (40) that

d T T (j 3 d T
b = ~ Dwowr Pooaorz + Proannl) > 0, z= = —xae >0

As o € [0,0%) we derive from (18) that

— w c O
T(0,4+00) < T(3,+00) = % {0+ g J2 + b fedul <o (56)

The result follows.

iii) Assume finally that 1 — Boo - @10 =0and 1-— @01 — B11 < 0. Again,
as b < 0 and b > 0 we get TT < 0 and thus D > 0. Consider the partial
derivatives as given in (35), (39) and (40). We easily get
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i — _TT_(Gooagoz: + Broainl)e — L < 0

dp1 — Dwowie p1

d%cl = —%(Booamm + Broaril) >0

CcllTwll = _j;,Lopcl(l - BOO - Blo)ﬁmaol <0

Z% = %aoo <0

i = _%{%1 - w?,ffyl (1— for — 311)510} >0

Consider now the partial derivative dw;/dp; as given in (37). We derive at

the steady state

BPTI
d+g dp1 p P BooB11—P1obo1
From (36) we get
_ _ (=Bu-Bu)(+g) [A 3 o }
D 1+ (BooB11—P10P01)(BooB11—B10P01)g Boofoo + ,810/310101951

Using (47), we obtain after simplifications

= (1_B10—311) . ~
D=1+ b(BooBr1—F10B01)B11g [5 +9(1 ﬁloﬁnb)}

We then derive

dp1 " D(BooB11—PBrofor) bBi1g

As b < 0, it follows that 0 + g — dw; /dp; < if

S§+qg— dwy _ (0+g) {(1*3107311)(5+g)*(1*311)55119}

(1—B10—P11)(5+g)
b < (1—,311)ﬂ119

Let us then assume that o € [0,0%), with ¢ as defined by (48) so that
E > 0. Using (49), (50) and (54) we derive that

b

o =0 —

S+9(1=Pu1) __ (17301*Bll)[fSJrg(l*ﬁAwﬁub)] (57)
9 [Bo0(1-b) (6+g)+B10[6+9(1—B11b)]] B11

From all these results we conclude that if b < b, b > 0, and o € [0,0%), then
D(o,+00) > 0. The result follows using again (56). u
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5.4 Proof of Theorem 2

Let v = 0. We derive from (43) and (46) that
% = %{Ua% + woﬂ’ilcyl [(1 — Boo — 10) Br1aoiy

— (1= fo1 — B11)Bro(ol — aooc)} } (58)
% = %{woijlc [0(300%1961 + Broa11f) + (1 — oo — Blo)a01$1] - 7‘32,?0] }

with

F =4+ woﬁtyl [(1 — Bo1 — B11) (0 Boox1 + Broaoc)
+ (1 — Boo — Bro)Brraniyr + 21(1 — Boo — B10)(1 — for — Bn)]

i) Assume that 1 — 301 — [;11 = 0. Consider first the case with 1 — Boo —
BIO = 0. It follows that D = 1, dwy/dz; = dw;/dx; = 0, F = oay1/c and
thus

(59)

dt _apr  dt _ T [Bovacizit+Bioanl  agc
dri ~ a1’ dp1t T woail w1 To

Therefore we derive from (35), (37) and (40)

de _ Tawe  dwy _ g dyr _ 1
dp1 owoy ’  dp1 Taoo, dr1 ~ a1l
We also get from (14) o
E=1+ Lﬁglo

Using all these results and (18), we find after simplifications

m) 0o [1—(649)a11]+(5+9)a10do1]

D(O’,O):—< L <0

1100+ HOFLEL
so that indeterminacy is ruled out for any ¢ > 0.

Consider now the case with 1 — Bgo — Blg < 0. It is easy to show that
ap1 —(dl/dxy)ar; = 0. As aresult we derive from (39) and (40), dw; /dx; = 0

so that the determinant D(c, 0) simplifies as
D(0,0) =4 (52 —g) (5+9-92)

Moreover we get

c wow1

F — an [U+ Tm(l—/éoo—ﬁm)@n]
Consider then the partial derivative dy;/dz; as given in (40). We obtain

dy1 _ 1 dyr _ , _ 1=gann
I = oo and thus i — 9= Tan >0
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Consider now the partial derivative dw,/dp; as given in (37). We get after

simplifications dnn _ 2 1-fog—Brotof
dp1 wo Tpy(1=Poo=F10)811 |
wowy
and thus
1—Bo0—B10) (B11 —1)+0[B005’11 —B10B01 —Boo]
5 _dwi _ (s ( Al e
+ dp1 ( + g) (1—Boo—P10) P11+ (BooB11—F100601)

Consider now the partial derivative dc/dp; as given in (35). We have:

de — T _ _a1oc
dp1 wo Tp1(1-boo=F10)Bi1 4,
wowy

and thus

E—1—ghtde _ (1—Boo—P10)Br1+0[Boo Br1—B10B01+B10]
N ¢ Op1 " (1—Boo—Br0)B11+0(BooBi1—B10Bo1)
We may then derive that

1—gay; @[BooB11—B10B01—PBoo] —(1—Boo—PB10) (1—P11)
a1 [ BooB11—B10B01+B10|+(1—Boo—B10) P11
The numerator will be positive if and only if

(}—@00—@10{(1—@}1) =0
BooB11—PL10Bo1—Boo
while the denominator will be positive if and only if

_ (liﬁAooA*Ble)Bl} =op
BooB11—P1oBor1+B10

But as 1 — ﬁ01 — Bll = 0, we have oy = op. It follows therefore that
D(0,0) < 0 for any o > 0.

ii) Assume now that 1 — Boi — 11 < 0 and thus 1 — Bog — 1o = O.
Consider the partial derivatives as given in (35), (37), (39) and (40). We
easily get

D(0,0) = (6 +g)

o<

dyi T 3 3 vi  de _ T dwi _ T -

dpy Fwowlc(ﬁloaloc—i- o Booz1) — P17 dpr . g 110911, Wll = 0 g 200011

dwi _ Tpy 3 2 \A dyi _ o de _ Tpy A A\

Tor = "0 Ty (L 7 Bo1 = B11)Boos Gor = Fov @i = " Fagwg (L P01 = B11)Bio
with

o[ (BooB11—Br0Bo1)Br1g+(5+9) (1—Bo1 —Br1)Boo |+ [5+9(1—B11)](1—Fo1 —B11) Bio
(BooBr1—Br0Bo1)g(0+g)c
From all these results we can compute

F =
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[ (BooB11—Br0Bo1+B10) B119+(5+9) (1—Bo1—B11)Boo | +[6+9(1—B11)](1—Bo1—B11) B1o

E = U[(ﬁooﬁu—310&01),@11g+(5+9)(1—301—,@11),@00]4—[5—1—9(1—511)](1—/@01—311)310
—
= N
dy1 ~o[(BooBr1—B10B01)[5+9(1—B11)] = (5+9) (1—Bo1—B11)Boo ]~ [6+9(1—B11)](1—Bo1 —B11) B1o
dey — 979 N
= gMy1/Il
5+ g— Ccll% _ (5+g)0[(300@1—310301—Boo)ﬁng-i—(é-i-g)(1—3(/)\1/_—311)300]+[5+g(1—511)](1—501—311)310
My,
= (0+9) =™
dy1 [6+9(1—B11)](Bo1+B11)B1r0—0[(BooS11—B10801)B119—(5+9) (Bo1+B11) Boo
dpr — 19 N
= mlg/\/;yll/m
dwy _ _aﬂ(1*3017[§11)[§009(5+g)
dx1 gr1 N
p1 dec _ _@(1*3017311)310g(5+g)
¢ dxq gz N
p1 de __ _Bloﬂug
c dp1 N

Notice that M > A/, and as b > 0, My, 1z, > 0 while M, /,, < 0. Moreover,
we derive that M > 0 if
B > _(5+9)(1*301*B11) _ 319 = l;l

B11B119 BooB11
and A
o> —— [0+9(=F1)]A=Fo1—fu)fo o1
(BooB11—B10Bo1+B10)B119+(6+9)(1—Bor1—B11)Boo
while N < 0 if (6+9) (1ot )
b~ _ 0+9)(d=Fo1—fu) _
b - B116119 - b2
and o
o< — [0+9(1=511)](1=Fo1—=F11)Bio = oy

(BooB11—B10Bo1)B11g+(0+9)(1—Bor—P11)Boo
Obviously we have 132 > 131 and we can easily show that oo > ¢1. Notice also
that when b > by and o < o5 then My, p, > 0.

We may now compute the determinant:
5 ~ A ~
D(0,0) = U558 [ My s M, = 75+ 9) My (1= o = Br)fo] - (60)

Therefore, there exists €; > 0 such that D(0,0) > 0 if Bor+ Bi1 € (1, 1+¢€),
I; > 62 and o € ((71,02).

Let us now compute the trace. We start with the following:
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(o) (rom D] _ oMy 4040 Mgy
E - M

_ o[(BooB11—B10801)[6(1+511)+9lg+8(3+9) (1—Bo1 —B11) Boo ] +3[5+9(1—B11)](1—Bo1 —B11) B1o

- M
=T
This expression is then negative if

7 0(0+9)(1—Bo1—p11)
b> [6(1+511)+9)B11g

bs

and I
e =Bu)A—pn—=Pi)Bl0
(BooB11—P10601)[6(14+P11)+9lg+6(5+9) (1—Bor—B11)Boo

with 132 > 53 and o3 < o9. Notice also that o1 < o3 if
by

o<

03

7 561(131{
b< (049)BooP11
It follows that there exists eo > 0 such that by > by when Gp1 + (11 €

(1,1 + €2). Consider then the second part of the trace:

p} [ 0c 0y 0c (Ou B 3109[6119/\/@1/“—(5+9)(1—301—311)Myl/p1] =T
— — = N = 42

Bc™ |9z opr  opr \ om
It follows that 79 < 0 if b > I;g and o € (01,092). By definition we have
7T (0,0) = 71 + 072. Notice that as o3 < o9, if 0 = 03, then 73 = 0 but
7T (0,0) = 73 < 0. On the contrary, if 0 = 09, then N' =0 and 75 = —c0
so that 7 (0,0) = —oo. Therefore, there exists 6 € (03, 02] such that when

be (62,54), 7(0,0) <0 for any 0 < G.

To conclude, let € = min{ej,e2}, 0 = 01 and ¢ = 6. Therefore, the
steady state is locally indeterminate if Bo1 + 511 € (L,1+e), be (132, 134) and

o€ (o,0). u

5.5 Proof of Proposition 3

Consider the expression E = M /N given in the proof of Theorem 2. Assume
that £ > 0. As M > N/, this is obtained if either N’ > 0 or M < 0.

i) Assume first that AV > 0, i.e. b>byand 0 > 09. As b > 0, we get
My, /2, > 0 while M., , < 0. Tt follows from (60) that there exists ¢ > 0
such that if Bo1 + f11 € (1,14 ¢), D(0,0) < 0.

ii) Asume now that M < 0, i.e. either b > by and o < o1, or b € (0,b).
Again, as b > 0, we get My, /z; > 0 while M, s, < 0. Tt follows from (60)
that there exists € > 0 such that if So1 + 811 € (1,1 +¢), D(0,0) <0. 7
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5.6 Proof of Theorem 3

Using Theorems 1 and 2, we may prove the different subcases of Theorem
3:

i) Let 1 — Boo — Bio = 1 — Bor — Bi1 = 0. The proof of this result is
provided in Garnier, Nishimura and Venditti [9]. Notice that the bound o*
is given by (50).

ii) Assume now that 1 — Boo — 1o < 0 and 1 — By; — B11 = 0. As shown
in Theorem 1ii), when v = 400, the steady state is locally indeterminate if

o _ (1=Boo—P10)[6+g(1=B11b)] = *
b<0, b> Boolo 2 B1)] , g€(0,9) and o €[0,0%)

where the bound o* is given by (55). On the contrary, we have proved with

Theorem 2ii) that when v = 0, the steady state is saddle-point stable for
any o > 0. The result follows.
iii) Assume finally that 1 —Boo — Blo =0and 1— Bgl —Bll < 0. As shown

in Theorem 1iii), when v = +o00 the steady state is locally indeterminate if

(=Bo1=p11)(0+g) x
b< b b>0 and o€l0,0%)

where the bound ¢* is given by (57). Moreover, as shown in Theorem 2iii),

when v = 0 the steady state is locally indeterminate if

3 3 A _(1*30}*311)0”9) A ﬁgﬁné ) _
oo+ o€ (1,1 +¢), be ( LDl ulid ) and o € (0,0)

with € = min{ej,e2}, 0 = 01 and 6 = & € (03, 02] as defined in Section 5.4.
We easily derive that there exists €5 > 0 such that oo < o* if 301 + 311 €

(1,1 +€3). As aresult ¢ < ¢*, and denoting now € = min{ej, €2, €3}, it
follows that when Bp1 + 11 € (1,1 + €), we may assume simultaneously all

the following restrictions

(101 -f11)(5+9)  j (_(1—30}—311)(5+9) _Bo1Buid )
b< (1-B11)g , be Br1B11g " BooBr1(6+9) (61)
and o € (g,0). The question is now to know whether local indeterminacy

may occur for any v > 0 when the above conditions are satisfied. The
answer is negative. Indeed, when v = +oo, if ¢ < &, then as shown in
Section 5.3, E(z7,p}) > 0. On the contrary, when v = 0, if b satisfies (61)
and o € (g,7), then as shown in Section 5.4, E(z},p}) < 0. Notice finally
that when o € (g,0), E(z7,p}) is a continous function of . It follows that
there exist intermediary values for - such that the determinant D(o,~) is

negative. The result follows.
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