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1 Introduction

Is there a relationship between income or wealth inequality and business
cycle fluctuations? Recent data concerning the Latin American and OECD
economies as well as the East Asian “tigers” suggests a positive answer. In
1990, the Gini coefficient of the distribution of income was on average 59.5%
for Brazil, Chile, Mexico and Venezuela, and respectively 34% for the OECD
countries and 35.5% for Hong Kong, Korea, Taiwan and Singapore. At the
same time, the former were subject to much greater fluctuations in their
respective growth rates than were the latter: during the 80’s, the standard
deviation of the rate of output growth was on average 5.9% for the above
mentioned Latin American countries, and respectively 2.7% for the OECD
and 2.8% for the East Asian countries. Building on these data, Breen and
Garcia-Penalosa [11] show the existence of a significant positive correlation
between a country’s volatility and income inequality.

In the present paper we explore the role of the distribution of wealth
on macroeconomic volatility from a theoretical perspective. The analysis
is based on the fact that instability easily occurs in perfectly competitive
multi-sector growth model. We then take the view that the link between
wealth inequality and volatility should be first understood in the absence
of any distortion. The simplest neoclassical economy allowing for dynamic
instability is the Uzawa two-sector model with a consumption good and an
investment good. We slightly enrich the standard model by endogeneising
the labor supply. In this model the level of wealth inequality is characterized
by the distribution of shares of capital. The message of the present paper
is that within this standard framework in most of the realistic situations
wealth equality is a stabilizing factor. More precisely, wealth inequality
generates macroeconomic volatility when agents are heterogenous in their
preferences and these belong to the HARA class, i.e. individual absolute risk
tolerance is linear, a result holding independently of the wealth distribution.
The conclusion also holds when agents have preferences characterized by
non linear absolute risk tolerance and individual wealth follows a Pareto
distribution.

The sharp results obtained in this paper are at odd with the previous
related literature. Truly, the role of income and wealth inequality on macroe-
conomic volatility has been until recently largely ignored by the theoretical
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literature. Furthermore, the studies that do treat this issue consider models
with externalities, increasing returns and rigidities in which dynamic insta-
bility of the long run equilibrium, either deterministic or stochastic, easily
occurs. In these models, the various forms of market imperfections intro-
duce many degrees of freedom and prevent from getting clear-cut results.
Indeed, in some cases inequality is shown to be a stabilizing factor, as in
Herrendorf et al. [26] or Ghiglino and Sorger [21], while in others the effect
has opposite sign. A good example is here Aghion et al. [1] where inequal-
ity in the form of unequal access to investment opportunities across agents
results in output and investment volatility. Closer to the present analysis,
is the paper by Ghiglino and Venditti [22] that also investigates the link
between inequality and instability in a neoclassical model. They conclude
that wealth inequality may have an effect on instability only when the co-
efficient of absolute risk tolerance is not linear and that the direction of the
effect depends on the fourth derivative of the utility function. The value of
these results is highly reduced by these restrictions. Indeed, the exclusion
of HARA preferences is not an advisable feature of the model while the sign
of the fourth derivative is difficult to assess empirically. !

In the present paper we show that the lack of sharp results in Ghiglino
and Venditti [22] is in part due to their assumption of inelastic labor sup-
ply. This is not too surprising as we know that the inclusion of leisure in
the choices of the agents strongly affect the stability properties of the equi-
librium in neoclassical growth models. In the present paper we also exploit
preference heterogeneity further. Indeed, if agents with different wealth have
different preferences, and thus different attitudes toward risk, the degree of
inequality has a stronger effect than with homogeneous preferences. This al-
lows us to obtain a relationship even when preferences belong to the HARA
class. Finally, we exploit the shape of the wealth distribution, particularly
by assuming a Pareto wealth distribution in which inequality is characterized
by the Gini index. These three differences allow us to provide the clear-cut
result that wealth equality has a positive effect on macroeconomic stability
in realistic scenarios.

To conclude, we should note that there is a renewal of interest in the

!See also Ghiglino [18], Ghiglino and Olszack-Duquenne [19] and Bosi and Seegmuller
[10] for similar analysis based on particular specifications for technologies and/or prefer-
ences.
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possibility that macroeconomic volatility could affect the distribution of
wealth, an issue we do not consider in the paper. For instance, Caroli
and Garcia-Penalosa [13] show that higher volatility increases income in-
equality if agents with different endowments have different attitudes towards
risk,? while Garcia-Pefalosa and Turnovsky [16] provide a similar conclusion
through the effect of greater production uncertainty.?

The rest of the paper is organized as follows: The methodology and
the main results are briefly summarized in Section 2 while the model is
introduced in Section 3. Section 4 is concerned with the definition of the
equilibrium and the analysis of the effect of wealth inequality on the steady
state. Section 5 discusses the existence of endogenous business cycle fluctu-
ations. The occurrence of output volatility is related to wealth inequality
in Section 6. Section 7 focusses on the particular case of a Pareto distribu-
tion with homogeneous preferences characterized by non linear individual
absolute risk tolerance indices, while Section 8 concerns a general wealth
distribution in the case of HARA preferences. Section 9 shows the robust-
ness of our main conclusions when inelastic labor is considered and Section
10 concludes the paper. All the proofs are gathered into a final Appendix.

2 Summary of the paper

Starting from the decentralized model with many agents, our methodology
consists in aggregating heterogeneous preferences within a central planner
utility function which depends on a set of welfare weights. As the second
welfare theorem ensures that any Pareto efficient allocation can be decen-
tralized as a competitive equilibrium with transfer payments, we solve the
weighted central planner problem. The competitive equilibrium is then ob-
tained for a set of welfare weights associated with optimal allocations that
saturate the budget constraints of all the consumers. Then we show that the
welfare weights are continuous functions of the initial conditions so that the
local dynamic properties of the general equilibrium model with heteroge-
neous agents and those of the planners’ problem with welfare weights fixed
at their steady state value are identical.

Building on Bosi et al. [9], we provide conditions on the technologies

2See also Cecchi and Carcfa-Pefialosa [14].
3See also Garcfa-Pefialosa and Turnovsky [15].
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and the social utility function, aggregating individual preferences along the
steady state, for the existence of endogenous business cycles fluctuations
either damped in the long run or persistent through period-2 cycles.* As
initially shown by Benhabib and Nishimura [5], we need a capital intensive
consumption good sector in order to allow some oscillations of the capital
stock “to get through” the Rybczinsky theorem. But the properties of pref-
erences also matter: first, fluctuations in the consumption levels along the
equilibrium path require a large enough social elasticity of intertemporal
substitution in consumption, i.e. a large enough social absolute risk toler-
ance with respect to consumption. Second, a low enough social elasticity of
labor supply, i.e. a low enough social absolute risk tolerance with respect to
labor, is necessary to prevent the agents from smoothing the fluctuations of
their wage and capital incomes associated to the fluctuations of the capital
stock.?

The next step is to relate the conditions for the existence of endogenous
fluctuations to the degree of wealth inequality. The measure of inequality in
our framework is based on the distribution of capital shares across agents.
Wealth inequality is thus rising when a bilateral transfer between two agents
consists in increasing the income of the agent who is initially richer than the
other. We show that when the social absolute risk tolerance indices with
respect to consumption and labor are non linear, a modification of the degree
of inequality affects the individual and the aggregate steady states and thus
affects the local stability properties of the equilibrium. The non linearity of
the social indices can be obtained in two cases: either when the individual
absolute risk tolerance indices are non linear, or when they are linear (as
with HARA preferences) but agents have heterogeneous preferences.

We then give clear-cut conditions on the slopes of the social absolute
risk tolerance indices with respect to consumption and labor in order to

“It is worth noticing that following Benhabib and Nishimura [6] a more standard def-
inition of macroeconomic volatility based on stochastic oscillations could be considered
through the concept of cyclic sets. Indeed introducing small stochastic shocks into a
deterministic model characterized by periodic cycles generates cyclic sets.

®When the labor supply is highly elastic, fluctuations of the wage rate and the rental
rate of capital may be compensated by large modifications of the labor supply. The
fluctuations of income are thus smoothed and the cycles can be eliminated. On the
contrary, when the labor supply is weakly elastic, fluctuations of the capital stock generate
fluctuations of incomes and cycles become persistent.
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get a positive correlation between the degree of wealth inequality and the
occurrence of macroeconomic volatility. The basic intuition for this result
is the following: when a bilateral transfer increasing the degree of wealth
inequality is considered, the consumption and labor choices of the two agents
who are affected by the transfer are modified in such a way that the aggregate
steady state levels of consumption and labor are changed. This in turn
modifies the steady state values of the social absolute risk tolerance indices
with respect to consumption and labor. When these modifications are such
that the former increases while the latter decreases, or equivalently the social
elasticity of intertemporal substitution in consumption increases while the
social elasticity of labor decreases, endogenous business cycle fluctuations
occur. In other words, increasing the level of wealth inequalities modifies the
attitude towards risk of the planner and leads to macroeconomic volatility.

The conclusions appear quite robust as we are able to prove the results in
three leading cases. First, the positive relationship between inequality and
volatility is obtained when individual wealth is distributed according to a
Pareto distribution and agents have homogeneous preferences characterized
by non linear individual absolute risk tolerance indices. Second, a similar
result holds for general wealth distributions when agents have heterogeneous
HARA preferences characterized by linear individual absolute risk tolerance
indices. Finally, we also show that all these results still hold even if the labor
supply is inelastic. In particular, we prove that in this case the introduction
of some heterogeneity of preferences across agents is a fundamental driving
force leading to our results.

3 The model

3.1 Consumers

There are n agents and the total population is constant over time. In each
period consumers provide elastically an amount of labor /;, ¢ = 1,...,n , with
l; <l and S li=¢, [ > 0 being the agent’s endowment of labor. At the
initial period t = 0, each agent i is also endowed with a share 6; of the initial
stock of capital ko with )" ;6; = 1. In order to simplify the formulation,
we will assume that the n agents are ordered according to their initial capital
endowment, i.e. 6; > 0; for i < j. Let (6;)7_, = 0 be the vector of initial
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shares. Consumer’s preferences are characterized by a discounted additively
separable utility function of the form

o
U, L) = 8 [ui(xit) + vi(Lir)] (1)
t=0
where § € (0,1) is the discount factor, z;; the consumption of agent i at
time t, £ = | — I its leisure at time t, and z', £ are respectively its
intertemporal streams of consumption and leisure. Agents are therefore
different with respect to their preferences and their initial wealth. Each
instantaneous utility function satisfies the following basic restrictions:

Assumption 1. u;(x;) and v;(L;) are C2, such that u(z;) > 0, vi(L;) > 0,
u/(z;) < 0, /(L) < 0 for any xz; > 0, L; > 0, and satisfy the Inada
conditions lim,, o u;(x;) = +o0, limg, o vi(L;) = 4o00.

Denote by w; the wage rate, r; the gross rental rate of capital and p;
the price of investment good at time ¢, all in terms of the price of the
consumption good. In a decentralized economy, an agent ¢ maximizes his
intertemporal utility function (1) subject to a single intertemporal budget
constraint

Z Riyx; = Z Rywelyy + 0;roky withi=1,...,n. (2)
=0 =0

where the discount factors R; are defined as:
t

1
R, —
=11 1+d,
7=0
with d; the common interest rate which satisfies dy = [rg — p—1]/p—1 and

dy = [re + (1 — p)pr — pe—1]/pe—1 for any ¢t > 1.5

3.2 Producers

We consider a two-sector economy with a consumption good yg and a capital
good y. The consumption good is entirely consumed and the capital good

5This equation reflects the absence of arbitrage opportunities in a perfect foresight
equilibrium. It is also called the portfolio equilibrium condition (see Becker and Boyd [2]).
The difference between the equation evaluated at time ¢t = 0 and t > 1 comes from the
fact that at the initial date there is no residual capital coming from the previous period
and in some sense we have ko = y_1.
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partially depreciates in each period at a constant rate pu € [0,1]. There
are two inputs, capital and labor. Each good is produced with a standard
constant returns to scale technology:

yo=fOK%10), y= &L

with k? + k! < k, k being the total stock of capital, and [° 4 [* < ¢, ¢ being
the total amount of labor.

Assumption 2. Fach production function f7 : Rﬁ_ —R,, j=0,1, is C?,
increasing in each argument, concave, homogeneous of degree one and such
that for any x > 0, f{(0,z) = fJ(z,0) = +oo, f{(+o00,z) = f3(z,+00) = 0.

Notice that by definition, as i1 < ¢ < nl, we have y < fl(k,¢) <
fY(k,nl). The monotonicity properties and the Inada conditions in As-
sumption 2 then imply that there exists & > 0 such that f'(k,nl) > k when
k < k while f1(k,nl) < k when k > k. The set of admissible 3-uples (k, y, ¢)
is thus defined as follows

D= {(k‘,y,ﬁ) eR30<I<n,0<k<F Ogygfl(k,ﬁ)} (3)

It is easy to show that D is a compact, convex set.

There are two representative firms, one for each sector. For any given
(k,y,¢), profit maximization in each representative firm is equivalent to
solving the following problem of optimal allocation of productive factors
between the two sectors:

Thy )= max o fO020)
sty < fURLIY
KO+ kL < kK (4)
O+ <

KK 10011 >0
The social production function T'(k,y,¢) describes the frontier of the pro-
duction possibility set associated with interior temporary equilibria such
that (k,y,¢) € D, and gives the maximal output of the consumption good.
It also summarizes the trade-off between production of the final good and
productive investment. Under Assumption 2, for any (k,y,¥) € D, T'(k,y,{)
is homogeneous of degree one, concave and we assume in the following that
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it is at least C2.7 We formulate the aggregate profit maximization as follows

(kgl,?)}év T(k,y,0) +py —rk —wl (5)

and we derive that for any (k,y, /) € intD, with intD denoting the interior
of the set D, the first order derivatives of the social production function give

Tl(kayag) =T, TQ(k7y7£) =D T3(k7y7€) =w (6)

4 Competitive equilibrium and Pareto optimum

From the first welfare theorem, we know that every competitive equilibrium
obtained in the decentralized economy is a Pareto optimal allocation. Let

A= {nl,---mn\m >0and » 7= 1}

i=1
be the unit simplex of R". A Pareto optimal allocation is a solution to the
following planner’s problem for a given vector of nonnegative welfare weights

n= M, ..,nn) € A:

n

max Zm Z 8" [ui(wit) + vi(l — lit)]
{zse,lit, Yt }e>0 p i —

s.t. Z$it = T(ke, ye, ly)
i=1

=4
=1

ki1 =y + (1 — p)ky

ko given,

The solution to the above program depends on the vector n and on kg.
The set of Pareto optima is obtained when 7 spans A. As markets are
complete and under Assumptions 1 and 2, the second theorem of welfare
economics also holds: any Pareto efficient allocation can be decentralized as
a competitive equilibrium with transfer payments. We may then characterize
an equilibrium with transfer by solving the weighted dynamic optimization

"Benhabib and Nishimura [4] show that T'(k,v,£) is C* under Assumption 2.
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program (7).2 A given competitive equilibrium is then obtained for a 7
such that the associated allocations saturate the budget constraint of all the
consumers.

In order to simplify the analysis, we formulate the weighted dynamic
optimization program (7) in reduced form. Let U(z,f) be a social utility
function such that for n = (91,...,7,) € A

Uz, by) = max Zm [ul(:nlt) + vl — lit)]
i=1

{zit,lit}e>0

s.t Z Tt = Ty (8)
i=1

dlu=14
i=1
The value function U(z, ¢) can be characterized as follows:

Lemma 1. Under Assumption 1, the value function of program (8) is ad-
ditively separable, i.e. U(x,l) = u(z) — v(¢) with u(xr) and v({) some C?
functions such that u'(x) > 0, v'(¢) > 0, u”(z) <0, v"(£) > 0 for any x > 0,
¢ >0, and lim,_gu'(z) = +o0, lim,_,,;v'({) = 4o0.

We may then define the indirect social utility function

Vi(ke, ki1, b)) = u(T (ke, kepr — (1 — ke, £4)) — v(€y) (9)
From (3), we also derive the set of admissible paths. As ¢; < nl and ki1 =
ye + (1 — p) ke, we have ki < fl(kg, £) + (1 — ,u){ct < fHEeynl) +(1—pk =
g(kt). Assumption 2 implies that there exists &k > 0 such that g(k;) > k¢
when k; < k while g(kt) < kit when k; > k. Tt follows that it is not possible
to maintain stocks beyond k. The set of admissible paths (k¢ ki1, €;) is
thus defined as follows

D= {(k‘t,ktﬂ,ft) €R3|0 < 4 < nl,
0<hy <k, (1— ks <y < fHlke,ly) + (1 — ,u)k;t}

The planner’s problem is then equivalent to

8This aproach has been pioneered by Negishi [31] and applied to dynamic models by
Bewley [7] and Kehoe et al. [27] among others.
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“+00

max Y 6"V (ke kiya, by)
{kt,lt}i>0 =0 (10)

st.  (knkis1,6) €D
ko given
Note that the solution depends on k.
In the present framework it is a standard result that the set of interior
Pareto optima is the set of {k,¢;};>0 that are solutions to the following
system of Euler equations

Va(ke, kg1, 8) + 0Vi(kig1, kg2, big1) = 0 (11)
‘/?)(ktakt-i-lagt) =0 (12)

and that satisfy the transversality condition

th+m (5tktV1(]€t, kt+1,€t) =0

Notice that using (6) and (9), the Euler equations become:

—U/(xt)Pt + 5ul($t+1) 11— (1= wpera] = 0 (13)
u (z)wy —v'(G) = 0 (14)

Our methodology consists in providing a local stability analysis of the
optimal path in a neighborhood of the steady state obtained as a station-
ary solution of the Euler equations. Within an optimal growth model with
heterogeneous agents, the steady state has to be considered along two di-
mensions. At the aggregate level, an interior steady state is a sequence
(kt,y, by) = (K*, pk*, 0%), Vt > 0, with xy = x* = T(k*, uk*, 0*), py = p* =
=T (k*, pk*, 0*), e = r* = Ty(k*, pk*, %) and wy = w* = Ts(k*, uk*, 0*),
that solves the Euler equations (13)-(14). Since T'(k,y,¥) is a linear homo-
geneous function, and denoting k = k/{, an aggregate steady state may be
also defined as a pair (k*, £*).

At the individual level, an interior steady state for agent i is a sequence
of consumption and labor supply (zi, li;) = (z,[}) that solves the first order
conditions corresponding to the individual maximization of the intertempo-
ral utility function (1) subject to the intertemporal budget constraint (2).
Of course, the whole set of individual steady states (z},l}), i = 1,...,n,

satisfy «* =3 " | «f and £* =3 | I*. Moreover, the endogenous trade-off
between consumption and leisure implies that these stationay values of in-

dividual consumption and labor supply depend on the initial distribution of

10



halshs-00281379, version 1 - 22 May 2008

capital 0 = (6;)7_, with §; = 1—2?:172-# 0;. We then provide a comparative
statics analysis based on the consideration of an increase of some 6; which
necessarily implies a decrease of some other 6;, everything set equal beside.

Theorem 1. Let Assumptions 1 and 2 hold. Then:
i) There exists a unique aggregate steady state (k*,€*) which is the solu-
tion to the following pair of equations

_% = fi(k1(r, prs, 1), 1 (5, s, 1)) = (69) 7"
u (0T (k, e, 1)) Ts (i, e, 1) — o' (£) = 0

with ¥ = [1 — §(1 — p)] L.

i) If vi(l) < ul((1—8)Ir*Kk*€*0;) for any i =1,...,n, there exist unique
steady state values for the individual consumptions x}(0) € (0,2*) and labor
supplies 1 (0) € (0,0*) that satisfy the following system

zi(0) = w*lX(0)+ (1 —0)0r k*(*o;

Z ’ (15)
i@ (0)w" = vyl = 1(6))

with w* = T3(k*, uk*, 1), ™ = Ty(r*, pe*, 1), €6 = >0 15(0) and z* =
CT(k* ps*, 1) =S80 25(0).°

i) 23 (0) and I7(0) are C1-functions of §, for anyi = 1,...,n. Moreover,

u

a variation of the share 0; implies for agent i

o7 (6) orx(0)
=0, >0, g <0 (16)
and there is an agent j # i such that
ox* (6 oLz (0
e <0, T4t >0 (7)

Remark 1. Using the linear homogeneity of T'(k,y, ), we get the following
expression of the wage rate at the steady state w* = z*/¢* — (1 — §)Ir*r* .
It follows from (15) that =} and [} can be also expressed as functions of the
aggregate steady state values for consumption z* and labor £*.

°In a similar but aggregate model, Sorger [36] shows that a continuum of stationary
equilibria occurs. In our framework, as the steady state is obtained for a given set of welfare
weights 7, the same result is obtained and corresponds to the existence of a stationary
equilibrium for each n € A.

11
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The pair (k*,¢*) is called the Modified Golden Rule. We may then
provide a characterization of the aggregate consumption and labor supply
(x*,¢*) which will be fundamental in the analysis of the link between wealth
inequality and macroeconomic volatility.

We introduce two elasticities characterizing the agents’ preferences: The
elasticity of intertemporal substitution in individual consumption

e (i) = —uj(x) fuf (xi)a; > 0 (18)

and the elasticity of the individual labor supply with respect to wage
i) = gt = —vil = 1)/vl (I = )l > 0 (19)
which is derived from the first order condition (15). From these expressions

we define the individual absolute risk tolerance indices for consumption and
labor as follows

pi(xi) = eh(zi)zi, 7ills) = (L)l (20)

These are in fact the inverse of the corresponding absolute risk aversion.
Because leisure is an argument of the utility function, i.e. €/(l;) > 0
for any ¢ = 1,...,n, Theorem 1 implies that the individual decisions

(xF(0),1x(0)) and the aggregate levels of consumption and labor supply de-
pend on the initial distribution of capital. We have indeed:

Corollary 1. Let Assumptions 1 and 2 hold. Then ¢* and z* are C'-
functions of 0, and 0*/00; > 0 if and only if

eg(lj) > E;(lz) (21)

eh(z;) T cnl@i)

Moreover, 0x*/06; = T (k*, uk*,1)00* / 06;.

Notice however that the aggregate consumption per worked hours, x* =
x*/0*, is invariant with respect to the initial distribution of capital, i.e.
ax* / 89] =0.

The main conclusions of Theorem 1 are quite intuitive. An increase of
agent i’s share of capital 0; generates a higher wealth and allows him to
enjoy higher consumption x; and leisure £; . As a result his labor supply is
decreased. But at the same time, when 6; is increased, there must be some
other agent j for which the share of capital is decreased as > ; 6; = 1 and
thus 0; =1 — Z?:l,i;«éj 0;. This explains why agent j has to lower his levels

12
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of consumption z; and leisure £; . As a result his labor supply is increased.
This explains the result of Theorem 1-iii).

Concerning the result of Corollary 1, the intuition is the following. From
a global point of view, an increase of #; will generate larger aggregate
amounts of consumption z* and labor ¢* if agent i’s reaction is relatively
more important with respect to consumption and relatively less important
with respect to leisure than agent j’s reaction. This property is obtained
under condition (21).

5 Endogenous competitive business cycles

Near the steady state the behavior of the non-linear dynamic system (13)-
(14) is equivalent to the behavior of the linearized system. The dynamic
properties of the steady state are then related to the eigenvalues of the
Jacobian matrix associated with the linearized system. On the one hand,
the characteristic roots depend on the first and second order derivatives of
the social production function T'(k, y, £) through the relative capital intensity
difference across sectors
bk.y ) = 5 (5 - %) (22)
as well as on the elasticities of the consumption good’s output and the rental
rate with respect to the capital stock
Eck(k,y,@ = le/T > 0, Erk(k,y,ﬁ) = —Tllk/Tl >0 (23)
Notice that b(k,y,¢) > (<)0 if and only if the investment (consumption)
good is capital intensive. As shown in Benhabib and Nishimura [5] and Bosi
et al. [9], the existence of endogenous fluctuations requires b(k,y, £) < 0.
On the other hand, the characteristic roots depend on the first and
second order derivatives of the social utility function through some standard
curvature indices.

Definition 1. Let U(x,¢) = u(x) — v(€) be the social utility function, as
defined by (8) and Lemma 1 , and p(z) = —u'(x)/u"(x) > 0, v({) =
V'(€)/v"(€) > 0 be the social absolute risk tolerance respectively for con-
sumption and labor.

As shown in Wilson [38], the social absolute risk tolerance indices are
obtained from the individual ones, given by (20). The resulting expressions
are
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ple) =Y pii(0), () = %u(l(®)) (24)
i=1 i=1

For given discount factor § and technology parameters (b, €.k, €.k ), the local
stability properties of the steady state also depend on £*, p(¢*T™*) and ~(£*).
Notice that the model with inelastic labor can be obtained by assuming
Y(*) =0

As explained in Section 4, our strategy of analysis consists in character-
izing the competitive equilibrium through the analysis of the Pareto optimal
solution of the central planner’s program (10). The equilibrium path is then
the solution to the planner’s intertermporal maximation problem, where
the planner’s utility, or social utility, is the sum of the individual utilities
weighted by the welfare weights. Consequently, the social utility function
depends on the welfare weights, which themselves depend on the equilibrium
allocations that in turn depend on the initial condition and on the distribu-
tion of individual capital endowments. This means that without regularity
properties of the welfare weights, the local stability of the steady state can-
not be obtained directly from the local stability of the planner’s optimum
with fixed welfare weights.

In fact, we have shown in Theorem 1 and Corollary 1 that the aggregate
and individual steady states are continuous functions of the distribution
of capital shares § = (0;)!;. As shown in Kehoe et al. [27] and Santos
[35], if the value function of the dynamic optimization program (10) is twice
continuously differentiable, the welfare weights are continuous functions of
f, and the local dynamic properties of the competitive equilibrium can be
analyzed from the planner’s problem defined in terms of the social utility
function with welfare weights fixed at their steady state value. Indeed, local
stability means that with initial conditions slightly away from the steady
state, the welfare weights will be close to their steady state values. The
following Lemma, gives a sufficient condition for the C? -differentiability of
the value function of the dynamic optimization program (10) and thus for
the continuity of the welfare weights.

Proposition 1. Under Assumptions 1 and 2, the welfare weights
(M,..-ymm) € A are continuous functions of the initial individual shares
of capital 0 = (0;)i=1 if for any (ki, kiy1,4;) € intD:

14
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To(ke, kepr — (1 — p)ke, Cr)
+ bk, ke — (1 — p)ke, £) T (ke kgr — (1 — p)ke, €) # 0

A sufficient condition for (25) to hold is b(ks, ki1 — (1 — p)ke, €) < 0, i.e.
the consumption good is capital intensive.

(25)

From (24) and Proposition 1 we derive that p(z) and ~(¢) are continuous
functions of the initial individual shares of capital 8 = (0;)7_;. As a direct
consequence, we finally conclude that the dynamic properties of the com-
petitive equilibrium can be analyzed from the planner’s problem defined in
terms of the social utility function with fixed welfare weights.

Proposition 2. Under Assumptions 1 and 2, let condition (25) hold. Then
the stability properties of the steady state of the general equilibrium model
with equilibrium welfare weights and of the optimal growth model with ap-
propriate fized welfare weights are equivalent.

Building on Proposition 2, we consider from now on capital intensity
configurations under which condition (25) is satisfied and we pursue our
analysis of the equilibrium path of the optimal growth model with welfare
weights fixed at their steady state values. Our objective is to derive a
relationship between the local dynamical properties of the equilibrium path
in a neighborhood of the steady state and the degree of inequality in the
economy referering to the distribution of capital across agents.

As we will measure wealth inequality through the vector € of shares of
capital and since the stability properties of the steady state depend on the
absolute risk tolerence indices (as well as on technology) it is useful to define
the bounds of the intervals of the admissible values for p(x) and ~(¢) when
the distribution of individual capital shares 6; spans the feasible set. Let

p=minp(z™(9)), p=maxp(z”(0)), y=miny(£'(0)), 7=maxy(¢(0)

We then have by definition p(z*(6)) € (p, p), 7(£*(0)) € (v,7). As we will
see there are many situations in which these bounds nay be computed.

We are now ready to relate the stability of the steady state with the
absolute risk tolerance indices. However, first we analyse the role of tech-
nology. As shown in Bosi et al. [9], the existence of endogenous fluctuations
in a two-sector optimal growth model with elastic labor requires a capital
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intensive consumption good with b € (—1/(1 — p),0). The intuition for
this fact, initially provided by Benhabib and Nishimura (1985), is based on
the Rybczinsky theorem: an instantaneous increase in the capital stock k;
implies a decrease of the output of the capital good y; which lowers the
investment and the capital stock in the next period k:y1. But, from the
same mechanism, this decrease of k;y1 implies an increase of the output of
the capital good ;11 which increases the investment and the capital stock
in period t + 2, ks1o. Fluctuations of the capital stocks are obtained if
this mechanism is strong enough with respect to the depreciation rate of
capital.'® It is worth noticing that the restriction on the capital intensity
difference across sectors appears to be compatible with recent empirical ev-
idences. Building on aggregate Input-Output tables, Takahashi et al. [37]
have shown that over the last 30 years the OECD countries are characterized
by a more capital intensive consumption good sector than the investment
good sector.

The properties of preference also matter in the existence of fluctuations
via the absolute risk tolerence indices. Indeed, the existence of persistent
fluctuations requires two main ingredients. On the one hand, the agents
have to accept fluctuations in their consumption levels and thus need a
large enough elasticity of intertemporal substitution in consumption, i.e. a
large enough absolute risk tolerance with respect to consumption. On the
other hand, as labor is supplied endogenously a low enough elasticity of the
labor supply, i.e. a low enough absolute risk tolerance with respect to labor,
is necessary in order to prevent the agents from smoothing the fluctuations
of their wage and capital incomes implied by the fluctuations of the capital
stock.

The following two Propositions are adapted from Proposition 4 in Bosi
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et al. [9] and will be the basis for our main results stated in the next Section.
The first one deals with the existence of damped fluctuations. Consider the
following two critical values for p(z*) and ~(£*):

6192 c .SC* I *
Pe = ~HTHI B, = At
=2 (1) T8+ 15 bl (1 (26)
_ __s 1—pb s ) — *\
Ye = [1;5 1721#b +519] [1%5 1+1(i;l;:)b+19:| [p(x*) = pe] =T [p(x*) — pc]

9From the capital accumulation equation in (7), we easily get dkiy1/dks = b~ +1— pu.
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and assume b € (—1/(1 — p),—1/(2 — )] U [=/(1 + 6(1 — w)),0) so that
pe > 0, and . > 0 for p(z*) > pe.

Proposition 3. Under Assumptions 1 and 2, let the consumption good be
capital intensive with b € (—1/(1 —p), —1/(2 — p)]U[—0/(1 + (1 — w)),0).
1. If p(x*) < pe, then for any v(€*) € (v,75), the steady state is saddle-
point stable with monotone convergence.
2. If p(x*) > pe, then the steady state is saddle-point stable with mono-
tone convergence when y(¢*) > ~. while it is is saddle-point stable with
oscillating convergence when ~(£*) < ..

Notice that the existence of damped fluctuations requires p. < p and
Ye € (7,7)-

The second Proposition focusses on the existence of persistent oscilla-
tions. Let us introduce the following additional critical value:

= - 20(1448)92ecpz” =A™
P [14(2—p)d] [6+[1+(1—u)6]b] o T
e () T80+ 52 ] 1+ 2 )bl [5+b(1+8(1 )] ”
s Tab - *
T [E@HHM] | 152 20 o5 () —p;] 27
S — = =

= 'y [p(x*) — py]

and assume b € (—=1/(2 — ), —6/(1 +06(1 — p))) so that 0 < p. < py, and
0 <5 < e when p(z*) > py.

Proposition 4. Under Assumptions 1 and 2, let the consumption good be
capital intensive with b € (—1/(2 — u), —5/(1 + 6(1 — p))).

1. If p(z*) < pe, then for any v(£*) € (v,7), the steady state is saddle-
point stable with monotone convergence.

2. If p(x*) € (pe, py), then the steady state is saddle-point stable with
monotone convergence when y(€*) > ~. while it is is saddle-point stable with
oscillating convergence when y(£*) < ..

3. If p(x*) > py, then the steady state is saddle-point stable with mono-
tone convergence when y(€*) > ., saddle-point stable with oscillating con-
vergence when Y(€*) € (v¢,7.) and becomes locally unstable with oscillating
divergence when y(€*) < ~v¢. Moreover, ¢ is a flip bifurcation value and
there generically exist period-two cycles, in a left (or right) neighborhood of
v¢, which are saddle-point stable (or unstable).
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Notice that py < p and v € (7,7) are necessary conditions for the
existence of persistent oscillations.

6 The role of wealth inequality on output volatil-
ity

In this section we explore the link between wealth inequality and stabil-
ity. Focussing on inequality rises two issues. The first concerns the eco-
nomic variable under consideration. In the model, the primitives are the
shares in initial capital, hour endowments and preferences. However, the
relationship between these fundamentals and individual wealth at equilib-
rium is not straightforward because of the role of labor supply. Strictly
speaking, consumers use their income to buy the consumption good and
to consume leisure time. As time discount is identical across individuals,
their consumption along the steady state is a good representation of indi-
vidual wealth. Furthermore, in the present model commodity prices, inter-
est rates and wages are independent of the distribution of capital shares,
a property that greatly simplifies the computations. Formaly, the individ-
ual consumption is implicitly defined by equations (15). It follows that
along the steady state the individual wealth Q;(6) of an agent i is given by
Qi(0) = > 12, 0'(0) = ﬁ(w*lj(@) + (1 = 0)9r*r*0*(0)0;) = ¢i(0), i.e. it
depends on the individual labor supply and the steady state values of aggre-
gate labor which themselves depend on the vector of shares 6. Consequently,
the distribution of the initial shares of capital § = (6;)"_; determines com-
pletely the distribution of individual wealth © = (€2;(#))"_,. The notions of
inequality in wealth or in shares of capital will then be used equivalently.

The second issue concerns the characterization of inequality. On the ba-
sis of Propositions 3 and 4, we need a measure of wealth inequality which
can be linked with the steady state values of the absolute risk tolerance
indices p(z*) and v(£*). As the steady state values x* and ¢* are functions
of the distribution # = (#;)}_,, we then consider a simple definition of in-
creasing inequality based on the distribution of shares of capital and on the
Pigou-Dalton transfer principle.

Definition 2. Assume that the n agents are ordered according to their ini-
tial share of capital in decreasing order, i.e. 0; > 8; for i < j. Con-
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sider a benchmark economy A characterized by a distribution 64 = (9{)7_,.
There is a larger inequality in some economy B if the associated distribu-
tion OF = (6,{?)221 s such that 9;4 < HZB and 93-4 > 939 for some agents i, j
such that j > i, while for the remaining agents k # i,j, 0 is unaffected.
Such a case in which economy A is less unequal than economy B is denoted
9A <71 65,

We consider bi-lateral transfers between two agents ¢, j in which agent i,
who owns intially a larger share of capital than agent j, ends up holding an
even larger share while agent j, who initially owns a lower share of capital,
ends up with an even lower share. Notice also that the transfers are mean-
preserving so that the two distributions 64 = (6)7_, and 68 = (#5)1_,
may be easily compared.

The fact that wealth inequality may have an effect on macroeconomic
volatility is a consequence of Propositions 3 and 4. Indeed, as shown by
Theorem 1 and Corollary 1, a modification of the distribution of shares of
capital # implies modifications of p(z*) and ~(¢*). Then the local stability
properties of the steady state are affected by changes in the wealth distri-
bution provided p(z*), p. and p; on the one hand, and v(¢*), 7. and s on
the other hand, are changed at the same rate. In fact, the critical values
Pe, PfyYe, Vs are not constant but are linear functions of x* and £* respec-
tively. In the optimal growth literature (see Benhabib and Nishimura [5])
this fact generates the usual difficulty that the conditions for local stability
or for the occurrence of cycles are implicit. In the present analysis, this
fact allows for the existence of a correlation between wealth inequality and
instability provided the social absolute risk tolerance indices p(z*) and ~(¢*)
are not linear functions of z* and £*. The difficulty is that the curvature
of these indices involves the third and fourth order derivatives of the utility
function, which are not limited by the standard assumptions on preferences.

However, an important point is that the non linearity of the social abso-
lute risk tolerance indices p(z*) and (¢*) does not requires the non lineariry
of the individual absolute risk tolerance indices. Building on Wilson [38],
Hara et al. [25] have recently provided a characterization of the curvature
properties of the social absolute risk tolerance index for consumption. Ap-
plied to our formulation and recalling from Remark 1 that the individual
stationary values for consumption x; are functions of the aggregate con-
sumption level z*, we get from formula (24):
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Proposition 5. (Hara et al. [25]) The curvature of the social absolute risk
tolerance with respect to consumption is given by

n N\ 2 n T
pl(x) = Z (%ﬁ;) ol (z;) + ﬁ Z ({;; [0 () — p’(:z:)]2 (28)

1=1

" Oz
/ _ ioreo
A = 3Gk (29)

A similar conclusion is obviously obtained for the social absolute risk
tolerance with respect to labor. This result shows that non linear social
indices are obtained either when the individual indices are themselves non
linear, or when there is some heterogeneity in agents’ preferences. We thus
introduce the following additional Assumption on individual preferences:

Assumption 3. Either agents have homogeneous preferences characterized
by non-linear p;(x;) and ~;(l;), or agents have heterogeneous preferences.

Assumption 3 is not trully restrictive as we know that with homogeneous
preferences leading to linear p; and +;, inequality has no effect on stability.

Building on Theorem 1 and Corollary 1, we need also to introduce condi-
tions that characterize the relationship between the aggregate steady state
and the distribution of individual wealth. Consider the bound A; and I';,
Jj =c¢, f, defined by (26) and (27), and let us denote Y; = I';T* [p/(z*) — A;].

Definition 3. Let (¥, ®) € {(A:, Ye), (Af, Tf)} be given. Agents i and j
are said to be elasticity-ordered if and only if one of the following sets of
conditions hold:

i) €l (1)) ;) < l(li) /e (), /(@) < U and 7'(¢) > ®,

i) € (1;)/eh(x;) > eili) /el (x;), p/(a*) > ¥ and v/ (£*) < ®.
Conditions i) and ii) are motivated by the result in Corrolary 1. They ensure
that the aggregate labor supply is a decreasing or an increasing function of
the share of capital §; owned by agent 7 and thus require different properties
for the slopes of p(z*) and v(£*). We will then consider a transfer between
agents ¢ and j with ¢ < j, i.e. 0; > 6;. As 0 = (0;)}~, with §; = 1 —
ZZ:M £ 0., this transfer will be such that the new distribution of capital
shares is 6 = (5,)?:1 with 0; = 0; + ¢, éj =0; —cand € > 0.1

" Notice that many transfers may be considered consecutively.
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In order to simplify the formulation, we now introduce two different types
of assumption concerning the capital intensity difference that are based on
Propositions 3 and 4.

Assumption 4. The consumption good is capital intensive with b €
and v € (7,7)-

Assumption 5. The consumption good is capital intensive with b €
(—1/(2 = 1), =8/(L+8(1 = w)), (¥, @) = (A7, Tp), py < p and 77 € (79):
Moreover, ~; is a flip bifurcation value giving rise to saddle-point stable
period-two cycles in its left neighborhood.

Assumption 4 is linked to the existence of damped fluctuations while
Assumption 5 concerns the occurrence of persistent fluctuations. Although
this last assumption concerns non trivial restrictions on the non-linear part
of the Euler equation, a number of robust examples of saddle-point stable
period-two cycles have been provided by Boldrin and Deneckere [8] and
Mitra and Nishimura [28].

The following Theorem is the most general result of the paper. It shows
that under the stated conditions a sufficiently high level of wealth inequality
leads to endogenous business cycle fluctuations in a neighborhood of the
steady state.

Theorem 2. Let Assumptions 1, 2 and 3 hold, together with either As-
sumption 4 or Assumption 5. Let <f,% be the restriction of <1 to the pairs
of elasticity-ordered agents according to Definition 8. Then there exists a
distribution 0° such that one of the following cases holds:

1 - If Assumption 4 is satisfied, the steady state is saddle-point stable
with monotone convergence for any economy E such that OF <f,% 6° and is
saddle-point stable with oscillations otherwise.

2 - If Assumption 5 is satisfied, the steady state is saddle-point stable
with oscillating convergence for any economy E such that 6F %? 6° and is
unstable with oscillating divergence otherwise. Moreover, there generically
exist saddle-point stable period-two cycles for any economy E characterized
by a distribution 6% in a right neighborhood of 6°.

21



halshs-00281379, version 1 - 22 May 2008

The results contained in the previous theorem are at the same time very
general and specific. They can be viewed as general as no restriction is im-
posed on the distribution of wealth and both technology and preferences are
not bound to belong to any given analytical class, as for example we do not
impose them to be CES. They are also specific in the sense that the restric-
tion to redistributions satisfying the property formalised in Definition 3 is
necessary because we state the result without specifying the set of feasible
wealth distributions. In fact, this condition is not necessary when individual
wealth follows a Pareto distribution.

In the following two Sections we will sharpen our results by imposing
reasonable restrictions on the fundamentals. The next Section restricts the
attention to Pareto distributed individual wealth and preferences giving rise
to individual absolute tolerance to risk which are not linear. The second
next Section deals with the case in which the absolute tolerance to risk are
linear. In this case, a preference heterogeneity is necessary, even in a very
mild form, but the conclusions hold independently of the wealth distribution.

Finally, note that the results in Theorem 2 are obtained provided the
stated conditions on absolute risk tolerance index for consumption p(x*)
hold. This is important in respect with two recent contributions. First,
as shown in Calvet et al. [12],'2 an increasing social absolute risk toler-
ance p(z) is obtained when the individual absolute risk tolerance indices
are increasing.!® Second, Guiso and Paiella [24] have provided an empirical
investigation of the absolute risk tolerance. They use household survey data
to construct a direct measure of absolute risk tolerance based on the maxi-
mum price a consumer is willing to pay to buy a risky security. They relate
this measure to consumers’s endowment and attributes, and to measures
of background risk and liquidity constraints. They find that risk tolerance
is an increasing function of endowment. Theorem 2 then shows that with
some appropriate restrictions on the slopes of p(z*) and ~(¢*) which are
compatible with standard positive individual elasticities of intertemporal
substitution in consumption and of the labor supply, more wealth inequality
generates more macroeconomic volatility.

12See also equation (29) in Proposition 5.

13Using (15) in Theorem 1 and Remark 1, and applying the same methodology as in
Appendix 11.2 (proof of Theorem 1), it is easy to show that dz;/dx > 0 and dl;/0¢ > 0
foranyi=1,...,n.
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7 The role of inequality when wealth is Pareto dis-
tributed

The analysis presented so far holds for arbitrary distributions of shares in
initial capital. However, there is strong empirical evidence that income and
wealth distributions follow specific patterns and that these are persistent.
In the case of the US economy, over the last century the data are character-
ized by skewed distributions of income and wealth with relatively large top
shares,'* and with heavy upper tails (power law behavior).!® Building on
these characteristics, in this Section we restrict the analysis to the family of
Pareto wealth distributions and investigate the effect of increasing inequal-
ities on the dynamics within this familly. Pareto wealth distributions are
common choices as they are skewed to the right, display a heavy upper tail
(slowly declining top wealth shares) and are very concentrated.

In the case of Pareto distributed wealth a useful result is that the Gini
index G is connected to the exponent a of the Pareto distribution by

G=m

Therefore, within this class of wealth distributions, large values of « corre-
spond to more equal societies. Estimates of G vary greatly depending on
the country and on the used data set. For the US in the 90’s some studies
indicate a Gini index as high as 0.78. Across countries the Gini index typi-
cally varies between 0.2 for very equal societies to 0.8 for unequal societies.
These bounds on G imply a range for o, o = % + % € [1.125, 3], where the
upper bound is for the most unequal societies. As the degree of inequality
is directly given by the Gini index G throughout the parameter «, our aim
is then to show that variations of o imply variations of the absolute risk
tolerance indices p(z*) and v(£¥).

It should be noted that while Pareto distributions appear to cover some
stylized facts characterizing the data, there are however several issues related
to this specific choice. First, Pareto distributions are not a good represen-
tation of the empirical distribution for low values of individual wealths. For
the low wealth region, log-normal distributions provide a better fit. A sec-
ond problem is that Pareto distributions have unbounded support, a fact

1See Piketty and Saez [33], Wolff [39, 40].
!%See Nirei and Souma [32].
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that generates a bias when compared to the data. Finally, a third set of
issues concern whether the variable is continuous or discrete and whether
it is assumed that the population is finite and countable or not. As the
present model is specified for a discrete and finite set of individuals, we need
to focus on the discrete version of the Pareto distribution, which is the Zeta
distribution. In this case, the variable itself is also discretized.

7.1 The Zeta distribution and its implementation

The discrete version of the Pareto distribution is the Zeta distribution. Note
that for a discrete random variable, the associated probability measure p
has a countable support S = {1, z2,...} and u is completely determined by
w(x1), p(z2), ... In the case of the Zeta distribution S is normalized in a way
such that S = {1,2,3,...}

Definition 4. The Zeta distribution is characterized by the probability mea-

sure u defined for natural values s € N with u(s) = % .

We will assume that the true distribution of wealth is a Zeta distribution
in which the support S is obtained by letting s = ﬁ where w is individual
wealth and wpi, the minimum of w, i.e. the subsistence level of wealth.
This implies that wealth can only take values which are multiples of wpin.

The model of the present paper involves a countable and finite population
n. This implies that only integer values of u(s)n can be modeled. However,
in the sequel we show that for a sufficiently large population n, the Zeta
distribution can be approximated by a distribution ji (of finite support) with
integer values of ji(s)n for all s. We also show that this distribution can be
decentralized, i.e. it is implementable. Consider the following definition.

Definition 5. Let u be the probability measure associated to the Zeta dis-
tribution. Let T'), be the distribution with probability measure n, such that
when p(s)n ¢ N*, n,(s) is defined by the condition |u(s) —n,(s)] < 1/2n
with N, (s)n € N*, and when p(s)n € N*, n,(s) = u(s).

For sufficiently large populations, I',, is a good approximation to the
original Zeta distribution. Indeed, if we consider the sequence of economies
indexed by their population n and characterized by a measure 7, we get:
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Lemma 2. The sequence of distributions 1"y, of measure 1, converges to the
distribution of measure i, i.e. limy,_ o0 |pt(s) — nn(s)| = 0 for all s.

The previous results implies the following.

Corollary 2. For any (Tmin, @, €,&) with Tyin > 0,0 < a < 1,e > 0, > 0,
there exists ng such that for any n > ng, there exists a distribution I' =Ty,
of measure n = ny, such that nn(s) only takes integer values for all s € N and
which is e-close to the original Zeta distribution, i.e. ||n — u|| < €, where ||.||
is the weak (pointwise) norm for distributions. Furthermore, the associated
Gini index is e-close to 1/(2ac — 1) :

G(I‘)—ﬁ <e

The final issue is wether the distribution 7 can be implemented. We obtain
the following conclusion

Lemma 3. The distribution I' of measure n obtained in Corollary 2 corre-
sponds to a feasible finite sequence of individual endowments in initial capital
0, with Y ;| 0; free but finite.

We may then consider that the distribution of individual wealth follows
with a sufficiently high level of approximation a Zeta distribution. As noted
above, along the steady state the distribution of wealth and the distribution
of individual consumption are identical.

Assumption 6. Individual wealth is distributed according to a Zeta distri-
bution of support S = {Wmin, 2Wmin, 3Wmin, --- }

7.2 Inequality, Gini index and endogenous fluctuations

In order to obtain clear results we assume that agents are homogeneous
with respect to their utility function and we focus on a specific class of
preferences which corresponds to the slightest deviation with respect to the
CRRA formulation.

Assumption 7. Individual preferences are such that individual absolute
risk tolerance indices regarding consumption and leisure are of the form

! (z; iad vi(L; 1—L;)Y Ik
pilai) = — ) = 5 and ;) = ~ 5 = R K

with o, @,v,v > 0 and where L; =1 — l; is individual leisure.
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The class of preferences generating such individual risk tolerances is large
and includes the CES (or CRRA) utility function. In fact a sufficient con-
dition is that

ui(x;) = exp <—0:ii_:> and v}(L;) = exp (’y%) (30)

For consumption, when ¢ < 1 individual absolute risk tolerance p;(x;) is a

strictly concave function while for ¢ > 1, p;(z;) is a strictly convex. When
¢ # 1 and according to Gollier [23], the most plausible value for ¢ is o = 2.
The CRRA specification is obtained when ¢ = 1. In this case azg_@ /(1 =)
becomes log z; and u}(x;) = exp(—ologz;) = ;7. The associated utility
function is then w;(z;) = x; °/(1 — o). A similar expression holds for the
utility of leisure. As a result, choosing values for ¢ and v close enough to
one allows to consider individual absolute risk tolerance indices arbitarily
close to the linear formulation characterizing CRRA utility functions.

From Assumption 6 normalized incomes follow a Zeta distribution. As
noted before, along the steady state we have xz; = w; so that normalized
individual consumption Z; = x;/@min also follows a Zeta distribution. The
associated value of p(z) is

Z'(P : a— —
pla) = =i S = plo) (31)
where ((a) = > o0 | s~* is the Riemann Zeta function. Notice that to ensure

a finite value for (a—p) we need to assume a > 14¢. From the distribution

of consumption we compute the risk tolerance to leisure as follows
l—¢, v 1—
T=v T C(at+=Fv)

3(0) = B =L (o - (1 - )] LD 5
with @ = logw and w as defined in (6). As soon as (v — 1)(1 — ¢)[o —

(32)

(1 —¢)w] > 0, the functions p(«) and () are respectively decreasing and
increasing in «. As inequalities increase when « decreases, we conclude that
p(x*) = p(a) and y(€*) = F(«) are respectively increasing and decreasing
functions of the level of inequality.

If the technologies are such that Assumption 4 or 5 holds, we then derive
the following result:

Theorem 3. Let Assumptions 2, 6 and 7 hold, together with either As-
sumption 4, or Assumption 5. Assume also that (1 —¢)w <0, a>1+¢
and (v —1)(1 — ) > 0. Then there exists d > 0, & > 1+ ¢ and a level
of wealth inequality characterized by a Gini index G = 1/(2a — 1) such that
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when o € (0,5), one of the following cases holds:

1 - If Assumption 4 is satisfied, the steady state is saddle-point stable
with monotone convergence for any economy E such that Gg < G and is
saddle-point stable with oscillations otherwise.

2 - If Assumption 5 is satisfied, the steady state is saddle-point stable
with oscillating convergence for any economy E such that Gg < G and is
unstable otherwise. Moreover, there generically exist period-two cycles, in a
right neighborhood of G, which are saddle-point stable.

Theorem 3 improves the results of Theorem 2 when wealth is Pareto
distributed. Importantly, we drop any restriction on the set of agents where
the redistributions can take place. We provide in this particular case clear-
cut conditions on the level of wealth inequality to get endogenous business
cycle fluctuations. We show indeed that an increase of the Gini index implies
the occurrence of macroeconomic volatility. Of course such a result is based
on a large enough individual elasticity of intertemporal substitution a:f_l /o
as each consumer has to accept fluctuations of his consumption level.

Notice that if ¢ = 1, i.e. if the utility function is of the CES type with
respect to consumption, the expression (56) no longer depends on «, while
if v = 1, i.e. if the utility function is of the CES type with respect to leisure,
the expression (56) is equal to zero as lim,_; ((a+ (1 — p)v/(v — 1)) = 1.
Therefore, when (vr—1)(1—¢) = 0 the occurrence of endogenous fluctuations
no longer depends on the degree of inequality. As the nature of the results
does not depend on whether ¢, v < 1 or ¢, v > 1, the problem occurring at
¢ =1 or v =1 can be considered as a discontinuity corresponding to the
fact that Assumption 3 is not satisfied. It is worth pointing out however
that Theorem 3 still holds for any values of ¢ or v arbitrarily close to one.

8 The role of inequality with heterogeneous CES
preferences

In Section 7, we have shown that large enough inequalities generate macroe-
conomic volatility when wealth is distributed in the economy according to a
Pareto distribution and the common utility function of each agent is charac-
terized by non linear individual risk tolerance to fluctuations in consumption
and leisure. However, these results do not apply to CES utility functions be-
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cause in this case risk tolerance is linear. In the current Section, we consider
a general distribution of wealth and introduce a mild heterogeneity across
agents concerning preferences. We then show that large enough inequalities
may generate macroeconomic volatility even with CES utility functions.
We assume that consumer ¢’s intertemporal utility function is given by
my T (L= L)t

LT AN t
U L) =>4 T (33)
t=0

with 6 € (0,1), o0; > 0 and 7; > 0. Consequently, p;(x;) = x;/0; and
vi(l;) = l;/~;, with l; = [ — £;. Notice that the individual absolute risk
tolerance indices are increasing functions of consumption and labor. As
mentioned previously (see footnote 13 ), it is easy to show that dz;/0z > 0
and 0l;/0¢ > 0 for any i = 1,...,n, and Proposition 5 implies that the
aggregate absolute risk tolerance indices are also increasing functions of
consumption and labor.

We consider the simple case in which except agent 1, all the other n — 1
agents have identical preferences. More precisely, agent 1 is characterized
by the pair of parameters’ values (o1,71), while each agent j = 2,...,n
is characterized by the common pair (0j,7;) = (o,7). We also assume
that all agents j = 2,...,n own the same share of capital 6 while agent
1 owns a share 61 > 6. For a given share #; € (1/n,1), we thus derive
Oo=(1-61)/(n—1).

The aggregate absolute risk tolerance indices are such that

pla)=98L 4 9nnl>0 o/(0)= Gt + G221 >0

— Oz o1 o

It follows that for given values of (o1,71) and a given set of technologies
leading to the bounds (¥, ®), appropriate choices of (o,7) allow to satisfy
one of the two cases of the conditions reated to Definition 3 and thus show
that an increase of wealth inequality may generate macroeconomic volatility.
However, in order to prove that all the conditions of Theorem 2 may be
satisfied, we need to specify a set of production functions.

Following Nishimura et al. [29] and Nishimura and Venditti [30], let us
consider CES technologies such that

_ _ s/(s=1) _ _ s/(s=1)
Yo = (aolé s —l—qu‘é 1/<) v Y1 = <ﬁoli v +ﬁ1k‘i 1/<>
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with ag + a1 = By + 1 = 1. Both sectors are characterized by the same
elasticity of capital-labor substitution ¢ > 0. In order to simplify the formu-
lation, we assume that the capital stock fully depreciates within one period,
i.e. 4= 1. We have also to impose the following restriction

g\t -
§><1+m) :§€(0,1)
in order to ensure the existence and uniqueness of the steady state values for
the capital-labor ratio x* and the consumption per capita T* = T'(k*, k*, 1).
In order to show that the local stability of the steady state is modified
when the degree of wealth inequality is increased, i.e. when the value of 6
is increased, we provide illustrations for each of the cases 1- and 2- exhibited
in Theorem 2. In the following results, we define an economy as a 8-uple
of parameters (aq, 1,¢,9,01,71,0,7). Following Propositions 3 and 4, we
have to assume that the consumption good sector is capital intensive, namely
ar/og > B1/Bo.
The next Proposition deals with the correlation between wealth inequal-
ity and the existence of damped oscillations.

Proposition 6. There exist a non-empty set of values of n and an open set
of economies (a1, f1,5,0,01,71,0,7) withs¢ > 1,1 > 01 >0 andy > 1>,
such that case 1- in Theorem 2 holds. Then, a sufficiently high level of wealth
inequality leads to the existence of damped fluctuations in the neighborhood
of the steady state.

The following Proposition finally deals with the correlation between
wealth inequality and the existence of persistent fluctuations.

Proposition 7. There exist a non-empty set of values of n and an open set
of economies (a1, f1,5,0,01,71,0,7) withs¢ > 1,01 >1 >0 andy >y > 1,
such that case 2- in Theorem 2 holds. Then, a sufficiently high level of wealth
inequality leads to the existence of period-two cycles in the neighborhood of
the steady state.

Persistent fluctuations, i.e. the occurrence of saddle-point stable period-
two cycles, is obtained if the flip bifurcation is super-critical, i.e. if the second
part of Assumption 5 holds. In such a case, Proposition 7 shows that a low
level of wealth inequality is associated to the existence of damped fluctu-
ations in the neighborhood of the steady state, and an increase of wealth
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inequality will lead to the occurrence of persistent fluctuations. Although
the second part of Assumption 5 corresponds to non-trivial conditions on
the non-linear part of the Euler equation, a number of robust examples pro-
vided in the literature on optimal growth show that these conditions are
usually satisfied.'6

Propositions 6 and 7 then show that as soon as heterogeneous preferences
are considered, a positive correlation between wealth inequality and business
cycle fluctuations can be exhibited. Importantly, this can happpen even
with increasing individual absolute risk tolerance in accordance with recent
empirical findings by Guiso and Paiella [24].

9 The case with inelastic labor: comparisons and
further results

In Ghiglino and Venditti [22], we have considered a similar two-sector op-
timal growth model but with inelastic labor. In such a framework, the
aggregate amount of labor is normalized to 1 and each agent has a fixed
endowment of labor I; such that »_© ;l; = 1. Consumer i’s preferences are
then characterized by a discounted utility function of the form

U(z') = Z §'ui(wir)
=0

with u;(x;) satisfying the corresponding part of Assumption 1 . If we con-
sider the individual elasticities of the labor supply with respect to wage as
defined by (19), assuming inelastic labor supplies yields €}(l;) = 0 for any
i =1,...,n. It follows that the individual and social absolute risk toler-
ance indices for labor as defined by (20) and (24) are equal to zero, i.e.
vi(l;) = v(¢) = 0. A straightforward modification of Theorem 1 then gives
the individual steady states as follows

(2%, 0;) =1 [2" — (1 = O)VITE"] + (1 — 0)9Tyk™0; (34)
where ©* = T'(k*, uk*,1) = T* is the aggregate consumption which is now
independent from the distribution of wealth. Notice that the consumption
level z7 of agent ¢ only depends on the individual share of capital 6; while

in the case of endogenous labor, z; depends on the whole distribution of
shares 0 = (6;)7";.

16See for instance Boldrin and Deneckere [8] and Mitra and Nishimura [28].
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As the continuity of the welfare weights when labor is inelastic is obtained
under the same condition given in Proposition 1, simple modifications of
Propositions 3 and 4 when (/) is set equal to 0 provide conditions for the
existence of damped and persistent fluctuations. Consider indeed the critical
bounds p. and py respectively given by (26) and (27):

i) When b € (—=1/(1—p),—1/(2—p)]U[=0/(1+6(1 —p)),0), the steady
state is saddle-point stable with oscillations if p(z*) > p..

ii) When b € (=1/(2—p),—0/(1 +6(1 — p))), the steady state is saddle-
point stable with oscillating convergence if p(z*) € (pc, py) with py a flip
bifurcation value, and there generically exist period-two cycles, in a right
(or left) neighborhood of ps, which are saddle-point stable (or unstable).

As in the case with endogenous labor, we now show that a positive corre-
lation between wealth inequality an macroeconomic volatility can be easily
obtained in two basic configurations: either when agents have heterogeneous
preferences characterized by a linear absolute risk tolerance index under a
general unspecified distribution of wealth, or when agents have homogeneous
preferences characterized by a nonlinear absolute risk tolerance index under
a Pareto distribution of wealth.

9.1 Preferences heterogeneity and output volatility

Although the aggregate consumption level is independent of the initial dis-
tribution of wealth when labor is inelastic, a modification of the degree of
inequality based on bi-lateral transfers may still have an effect on the ag-
gregate value of the absolute risk tolerance index p(z*). Indeed, building
on (24) and the criteria introduced by Rothschild and Stiglitz [34], Ghiglino
and Venditti [22] show that a rise of the degree of inequality characterizing
the distribution of capital shares 6§ = (6;)"_; increases the value of p(z*)
provided this function is strictly convex. As the local stability properties of
the optimal path depend on the value of p(z*), this implies that sufficiently
high levels of wealth inequality lead to endogenous fluctuations in a neigh-
borhood of the steady state if the social absolute risk tolerance p(x) is a
strictly convex function.

These conclusions a priori suffer from a strong limitation. Indeed, re-
strictions on the curvature of the aggregate absolute risk tolerance index
refer to the fourth order derivative of utility functions, and except weak
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indirect evidence given for instance by Gollier [23], the literature does not
provide a clear characterization of the sign of this derivative. From this
point of view, the conclusions obtained in Theorem 2 under elastic labor ap-
pear to be more powerful as they only refer to the third derivatives of utility
functions which have been recently characterized on empirical ground.!”

However, Proposition 5 implies that a convex social absolute risk toler-
ance index is obtained even when the individual indices are linear as soon as
there is some heterogeneity of preferences across agents. As an illustration
of this last case, consider the class of preferences given by a HARA utility
function such that o

wi(w) = 157 (2 4ey) (35)

with a; > 0,¢e; > 0, o; > 0. The associated individual absolute risk tolerance
is then
pi(z;) = 25 + &

As shown in Ghiglino and Venditti [22], if all agents have homogeneous

HARA preferences with (a;,e;,0;) = (a,e,0), the social absolute risk tol-
erance is linear, i.e. p”(z) = 0, and wealth inequality plays no role on the
occurrence of macroeconomic volatility.'® However, building on Proposition
5, we get from (34) that dx;/0z > 0 and formula (28) implies p”(z) > 0 as
soon as there are two agents i, j with different utility functions such that
(ai, €,0:) # (aj, €5, 05).

Let us adapt Assumptions 4 and 5 to the case of inelastic labor.

Assumption 8. b€ (—1/(1 —pu),—1/(2 = )] U[=6/(1 +6(1 — 1)),0) and
pe € (p,P)-
Assumption 9. b € (—=1/(2 — p),—0/(1 + (1 — p))), pr € (p,p) and

the flip bifurcation generates saddle-point stable period-two cycles in a right
neighborhood of py.

We have then

Proposition 8. Assume that individual preferences are represented by util-
ity functions of the HARA class as defined by (35 ). If there exist at least
two agents i, j with utility functions such that (a;,e;, 0;) # (aj,e;,0;), then

17See Guiso and Paiella [24].
BIndeed, pY/(x;) = 0 and when (a;, e;,0:) = (a,e,a), then pi(z;) = p'(z) = 1/(1 — o).
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the social absolute risk tolerance is convex and there exists a distribution 6°
such that one of the following cases holds:

i) If Assumption 8 is satisfied, the steady state is saddle-point stable
with monotone convergence for any economy E such that 0F <7 0° and is
saddle-point stable with oscillations otherwise.

it) If Assumption 9 is satisfied, the steady state is saddle-point stable
for any economy E such that 0¥ <7 8° and is unstable otherwise. Moreover,
there generically exist period-two cycles for any economy E characterized
by a distribution 6F in a right neighborhood of 6°, which are saddle-point
stable.

This Proposition provides a strong and clear-cut result in the sense that
individual HARA preferences always imply a positive relationship between
wealth inequality and macroeconomic volatility provided a slight amount of
preference heterogeneity across agents is considered.'®

These results echo the conclusions obtained with endogenous labor. In-
deed, in Section 8 we considered an economy with heterogeneous agents
characterized by CES preferences leading to individual linear absolute risk
tolerance indices. With Theorem 2 we showed a positive correlation between
wealth inequality and macroeconomic volatility. Therefore, the present anal-
ysis show that this conclusion does not depend on whether the labor supply
is elastic or not and that it is compatible with standard utility functions.

9.2 Pareto wealth distribution and output volatility

As in Section 7 we assume now that the distribution of individual wealth
follows a Pareto distribution of parameter « (or more precisely its discrete
analogue as given by the Zeta distribution, see Assumption 6). We also
assume that agents are homogeneous with respect to their preferences and
focus on a specific class of preferences. In particular, we assume that As-
sumption 7 holds so that their preferences give rise to p;(z;) = z¥ /o, with
o, > 0. The associated absolute risk tolerance index p(z) is obtained by
equation (54). For any value of ¢ € (0,1) U (1,400) such that a > 1+ ¢ we

9Tn Ghiglino and Venditti [22], we also provide illustrations of the correlation between
wealth inequality and macroeconomic volatility using homogeneous preferences character-
ized by a non linear individual absolute risk tolerance index. We use the specification as
given by Assumption 7 and (30).
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find that p(z*) = p(«) is an increasing and convex function of the level of
inequality, because inequalities increase when a decreases (see Figure 1 in
Appendix 11.7 for an illustration). Supposing that the technology is such
that Assumption 8 or 9 holds, Theorem 3 implies the following result:

Proposition 9. Let Assumptions 2, 6 and 7 hold, together with either As-
sumption 8, or Assumption 9. Assume also that ¢ € (0,1) U (1,+00) and
a > 1+@. Then there exists 7 > 0, & > 14+ and a level of wealth inequality
characterized by a Gini index G = 1/(2a — 1) such that when o € (0,5), one
of the following cases holds:

1 - If Assumption 8 is satisfied, the steady state is saddle-point stable
with monotone convergence for any economy E such that Gg < G and is
saddle-point stable with oscillations otherwise.

2 - If Assumption 9 is satisfied, the steady state is saddle-point stable
with oscillating convergence for any economy E such that Gg < G and is
unstable otherwise. Moreover, there generically exist period-two cycles, in a
right neighborhood of G, which are saddle-point stable.

To conclude, we have shown that when individual wealth follows a Pareto
distribution, an increase in inequality cannot reduce the level of macroe-
conomic volatility, a result that holds independently of whether labour is
provided elastically or inelastically,

10 Conclusion

We have considered a two-sector optimal growth model with endogenous
labor and heterogeneous agents with respect to preferences and their cap-
ital share. We have provided conditions on the slopes of the absolute risk
tolerance indices for consumption and labor in order to get a positive cor-
relation between wealth inequality and macroeconomic volatility. We have
shown that such a conclusion is easily obtained either when the absolute
risk tolerance indices are non linear, even with homogeneous preferences, or
when the absolute risk tolerance indices are linear provided some degree of
preference heterogeneity across agents is introduced.
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11 Appendix

11.1 Proof of Lemma 1

Without loss of generality assume that there are three types of consumers.
Let n; be the number of agents of type ¢ = 1,2,3 with n1 +ng +ng =n. It
is easy to show that all agents of the same type are given the same Pareto
weight.?? The social utility function is thus defined by

U(z,f) = max {ﬁlnlul(l’l) + mangus(w2) + n3nzus((z — nizy — naxs)/n3)

Tiyli)i—1

+ mnavi (L= 11) + manova(l — l2) + m3nzvs(l — (€ — nqly — n2l2)/n3)}

with 7; > 0 and 71 + 72 + 13 = 1. The first and second order derivatives of
the social utility function can be related to the derivatives of the individual
utility function of the agents. Indeed, the first order conditions associated
with program (8) give

Uy, z9,2;m1,m2) = mna (z1) — nanyu <%13_"m) =0 (36)

U2(21, 9, 2511, 12) = Nanauh(2) — N3ngul <%ﬂ:"m) =0 (37)
(11, b1 m2) = —mumavf (L= )+ mamay (1 — Emb=mala) — o (38)

D2(Iy, Ia, 411, m2) = —nanavh(l — la) + 13nav} <i_ W) =0 (39)

Notice that the first order conditions with respect to x; are independent from
the first order conditions with respect to [;. It follows that the social utility
function is additively separable, i.e. U(z,¢) = u(z) — v(¢). The following
expressions are easily obtained

T—N1T1—N2T2

W(@) = gl (TEHEEEE ) — d (@1) = mpu(a) > 0

u'(x) = muf(z1) G2

o ] ] (40)
V'(0) =3l (l — W) =mvi(l — 1) = mvh(l —13) >0
V() = -y (1 — 1) %

20The first order conditions associated with the maximization program (8) that defines
the social utility function give n; = A/uj(x;) with A > 0 the Lagrange multiplier associated
with the resources constraint. Consider then two agents j and k, j # k, of the same type,
i.e. such that u; = up, w; = wr and 6; = 0. It follows that x; and x are solutions of
two optimizations problems with the same utility function, the same initial resources and
the same budget constraint. Therefore we obviously derive x; = x) and thus n; = 1.
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2]

where x represents the aggregate consumption. The implicit function theo-
rem applied to (36) and (37) allows us to express x; as a function of z. In

matrix form we can write
-1

oz, oul  ou! ow!
ox _ ox1 Oxo ox
Oz v 92 o2
ox Ox1 Oxo ox
We then get
o1 _ a5 (T2 ) (25) >0 (41)
Ox mmnznzuy (z1)uf (x2)+ninznau (x1)uf (x3)+nanzniul (x2)uf (x3)

and thus «”(z) < 0. Similarly, the implicit function theorem applied to (38)
and (39) allows us to express [; as a function of £. In matrix form we have
-1

Ay o9 99! o%!
or _ ol;  Oly ol
A | 992 932 P2
of o, Oly or

We then get

_ _ 772773”é/(l_jl2)v§/(l_j13) _ _
¢ 771772’n31)i/ (l—l1 )vé’(l—lg)—l—?’]l 773”2Uil(l_l1)vg (l—lg)—l—?’]zngnlvg(l—lg)vé’(l—lg)

and v”(x) > 0. Under Assumption 1, we also derive from (40) that
lim, o/ (z) = +o0 and lim,_,,;v'(£) = +oc. 0

5

>0 (42)

11.2 Proof of Theorem 1

Denoting k = k/¢, we derive from (13)-(14) and the first order conditions
associated with program (4) that an aggregate steady state may be defined
as a pair (k*, £*) solution of the following equations
11 (k, pr, 1) 1 -1
—_ = k 1),1 1) =56"—-(1- 4
TQ(/{,/LK},l) fl( 1(’%7/“%7 )7 1(’%7/1"%7 )) ( M) ( 3)
u' (0T (, puts, 1)) Ts (k, pk, 1) — o' (€) = 0 (44)

Consider in a first step equation (43). Notice that the steady state
value for x only depends on the characteristics of the technologies and is
independent from the utility function. Moreover, equation (43) is equivalent
to the equation which defines the stationary capital stock of a two-sector
optimal growth model with inelastic labor. The proof of Theorem 3.1 in
Becker and Tsyganov [3] applies so that there exists one unique £* solution
of (43).

Consider in a second step equation (44) evaluated at k*. We get:
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T3(k*, pK, 1) = % =¢(0)

The function ¢(¢) is defined over (0,¢) and satisfies
o () = W (@ (O —u" @ (OT -

u’(.’E)Q

This monotonicity property together with the boundary conditions provided
by Lemma 1 finally garantee the existence and uniqueness of a solution
£* € (0,0) of equation (44).

Let us now consider the first order conditions corresponding to the indi-
vidual maximization of the intertemporal utility function (1) subject to the

intertemporal budget constraint (2):

Sul(zy) = mRy (45)
5%;([— th) = mRtwt (46)
Z Rixyy = Z Rywly + 0;m0ko (47)
t=0 t=0
Vi >0and¢=1,...,n, where 7; is the Lagrange multiplier associated with

the intertemporal budget constraint (2). From (6) we conclude that the
interest rate satisfies

14d, = rﬁ}(}i;ﬂ)llt _ _T1(h%)(;ﬁ;ﬁf)(h,yﬁ
for any t > 1 and 1+ dy = r9/p—1 for t = 0. The Euler equation (13)
evaluated at a steady state x; = z] gives 1 + d* = 5~1 and thus R, = §t.
Recall that from (6) we also get T} = r*, Ty = —p* and w* = Ty. The
intertemporal budget constraint (47) evaluated along the stationary path
with k; = k* for all t > 0 and p_; = p* becomes x} = w*I} + (1—6)0;p*k*/J,
with p* = d9r*. We then get

zf = wf+ (1—0)9r k™%, (48)
with k* = k*/¢*. Using (45) and (46), we finally obtain
uh (Wl + (1 = §)Or* k™ 0*0;)w* = vi(l — I¥) (49)

Assumption 1 implies lim; _;v}(I—1;) = 400 > u}(w*I+(1—=8)9r*k**0;)w*.
Therefore, if vi(l) < u}((1 — §)Vr*k*¢*0;) for any i = 1,...,n, there exist
unique steady state values for all individual consumptions z; and labor
supplies [} solutions of equations (48) and (49). Notice that since equation
(48) depends on §; and ¢* = 3" | I¥, we conclude that « and I} are functions

of the distribution of capital shares § = (6;)_;, namely x(6) and [(¢). For
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alli =1,...,n, consider finally equations (48) and (49) expressed as follows:

x; —w*l; — (1 —0)vr*Kk” (Z lj) 0, = 0
i=1

Wt —ofI— 1) = 0

(50)

with 0; =1 — Z;’:M# y 0;. Applying the implicit function theorem, we now
show that z}(0) and [;(#) are C'-functions. The 2n x 2n Jacobian matrix
of (50) with respect to (z},l)l, is

177
Ju J
oty = 11 Ji2
Jor J22
with Ji1 = Inxn,

= uf(z3) 0 .- 0 (=1 0 - 0
8 1 oo : 0
- Jor =w ' ' ; Ja = .
g : . 0 : : 0
N 0 e 00 ull(a)) 0 e 0 W=
' and
—
- 1-6, 0, 0,
o _
z) 92 1 92 92 92
[} : . :
- : : : :
2— gj:ll e 01— onjfl Hnjfl - ejll
™ 1— 0; e 1— 0; 0, 1— 6, - o 1- 0;
T al I 20 2012 2
g i#] i#] i#] i#] i#j
=} 041 Oj41 1=0j41 bjp1 - 041
2 .
1)
©

0, .8, 1-6,

Consider the matrix B = Jog — Jo1J12. Tedious computations available upon
request show that |B| # 0 with sign|B| = (—=1)" and B~ = |B|~! [bij]?jzl
with signb; = (—1)"! and signb;; = (—1)" for i # j. The Jacobian matrix

J(2;,1;) therefore admits an inverse such that

1 [ Inxn+J12B7 s —J1pB7!
(zi,l;) — —B_1J21 B—l

Tedious computations available upon request also show that
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[

ol
o0

i
J

:Inx(nfl)

_ (1=8)vr*kre*

_ (1=8)9rtkTwr e

Insn + J12B™" oy = | BI7 | Bl Insen + 12 [big]) Joa] = | B [eij]
with signc; = (—1)" and signc;; = (—1)""! for i # j. The 2n x (n — 1)
Jacobian matrix of (50) with respect to 6 = (6;)7_; with 6; = 137", ., 0;

-1

0

Jg = (1 = 6)or k™ e*

0

0

0

0

0

o = O

n
1,j=1

We then conclude from the implicit function theorem that x}(6) and [} (9)

are C'l-functions with
—1 0

0

B [bij] 21 1

—ui (1)

[B] [bij]

0
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0o -1
0
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uj (x3)
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and

-1 0 0
0 . :
oz, __ (A=89rTeT e ¢ .
.., - el L
0 0o -
1
It follows that
oxf(0)  (1=8)9r*k**(cij—cis)
90, — B >0
0z (0) (1=8)9r*K*€*(cjj—cji)
J — _ 33 —Cj
o0, IB] <0 (51)
()  (1=0)0r* K w*e* (biju] (x})—biu} (z})) 0
o0, [B] <
oz (0)  (1-8)9r*k* w*€* (bj;uj (x7)—bjiu) (z}))
00, [B] >0 ]

11.3 Proof of Corollary 1

As 0*(0) = S0 15(0) and 2*(0) = S, o} (0) with [} () and z}(0) some C''-
functions, we conclude that £*(0) and z*(6) are also C''-functions. Moreover,
we derive from (51)

() = Ol (0)
00; 9

Recalling that 6; = 1 — >, it 0;, tedious computations available upon
request then give

ae*(0) (1 — 8)Ir* K w*e* - )
= v (U= 13) + w™uy (x5,
"7y *\, (T * ul (z7) ul/ (x})
x v (L= 15vi(l—17) [ =R ]

Under Assumption 1, we know that sign Hk;ﬁ”[vk(l —I3) 4+ wufl(z})] =
(—=1)"2 and thus sign|B)| | P (1= 1) + w2l (z3)] = (=1)2"=D > 0.
It follows therefore that 0¢*(6)/00; > 0 if and only if

Ug.'](z(_Jz;) > Uu(z(fz))
Using (18) and (19), this condition becomes (e{(lj)/eé(xj))(lj/:nj) >
(ei(li)/€t (x;))(l;/x;). But, as the n agents are ordered according to their
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capital endowment, i.e. 6; > 6; for i < j, starting from a configuration
of pure equality with 6, = 1/n for all k, we know from Theorem 1 that if
we increase 6; and thus decrease ; we get x; > x; and ¢; < ¢;. It follows
that [;/xz; > l;/z;. The last result is finally obtained from the fact that

x*(0) = T'(k*, pk*, 1)0%(0). 0

11.4 Proof of Proposition 1

In a one-sector economy with heterogeneous agents, Kehoe et al. [27] show
that the welfare weights are continuous functions of the initial capital stock.
This continuity property happens to be satisfied because the value function
of the planner’s problem (10) is C2. However, in a multisector economy such
a property is much more difficult to obtain. Santos [35] shows that the main
sufficient condition to get this property is to assume strong concavity for the
indirect utility function V(k, ki11) (see Assumption B and Theorem 2.2 in
Santos [35]). On a compact set, a C2 function V(ky, ks 1) is strongly concave
if its Hessian matrix is always non-singular and negative-definite. In other
words, the smallest eigenvalue in absolute value of the Hessian matrix needs
to be strictly positive over the domain of definition of V(k¢, kiyr1). In our
two-sector model with endogenous labor, the indirect social utility function
also depends on /;:

Ve, kg, €) = (T (kes ker — (1= p)ke, £e)) — v(y)
with ¢; a solution of equation (14):
W (T (ke ki1 — (1 — ke, €))wg — V' (8) = bk, ka1, b)) =0
Since under Assumptions 1 and 2
b3kt kg1, by) = U () w? + ' (z4)T33 — 0" (4) < 0

we derive from the implicit function theorem that ¢, = ¢(ky, ki) with 9(.)
a C''-function such that

_ u” (x1) (re+(1—p)pe)wi o’ (x¢) (Ts1 —(1—p) Ts2)
¢1(kt7 kt—i—l) I u”(!Et)lU%+U’(ZEt)T33—U”(Zt)
Va(ke, k1) = A ST

- u”(xt)w%—i-u’(xt)ng —v ()

We then obtain
V(kt, kep1) = w(T (ke keyr — (1 — ke, 0 (ke, k1)) — v((ke, key1))
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Consider now the social production function T'(k¢, ys, b¢) with vy = keyq —
(1 — p)ky and ¢y = (k¢ kyt1). Proceeding in a similar way as for the
set of admissible paths D, we derive that T (kt,ye, €¢) = 0 if and only if
ki11 = h(k). Assumption 2 then implies that there exists k > 0 such that
h(ky) > k; when k; < k while h(k;) < k; when ky > k. As a result, V(ky, kyy1)
is defined over the compact, convex set
D= {(kt,km) ER2|0< ky < by (1— )by < by < h(k;t)}

We know that T is homogeneous of degree one so that its Hessian matrix
Hyp(ky, kiqq) is singular for any (k¢, kiv1) € D. As shown in Benhabib and
Nishimura [5] and Bosi et al. [9], the second order derivatives of the social
production function depend on the allocations of capital and labor across
the two sectors. We get indeed

le(k‘,y,@) = _Tll(k Y, )b(k Y, )
Tll(k Y, )b(k Y, )
9

Toa(k,y, 0) =
Ti3(k,y,l) = =T (k,y,L)a(k,y, L) (52)
T23(k77y7 ) Tll(kvyv )a( ) ( y7£)
T33(k77y7 ) Tll(kvyv )a( ) ( y7£)2
where
b(k,y,0) =5 (’7—11 - ’75) (53)

is the relative capital intensity difference across sectors and a(k,y,¢) =
K9/1° > 0 is the capital-labor ratio in the consumption good sector. We
derive from (52):

1 —bt — Qg
Hrp(kt, k1) =T | b 07 ay
2

—Qa¢ Q¢ bt ay

with ay = a(kt,kt+1 — (1 — M)kt,w(kt,kt+1)) and bt = b(kmk,ﬂ.l — (1 —
w)ke, (ke ki+1)). The Hessian matrix of V is then

Hy (ki k1) = w'Ti < (1) _(11_M) ) ( _1bt _b;t ) ( _(11_ 1) (1) )
, 1 —(1—p) —a; —ay (I
—I-uT11<O 1 )(atbt atbt)<0 1/12>
+ o < Ty — (;2_ )3 ) (Ty— (1 — )Ty + Ty T+ Tatho )
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Tedious but straightforward computations finally give the determinant of
Hy (ki kiy1) as

_ v (@u (@e)v” (£) T (bere—pe)*
’HV’ - u”(wt)wf-l-u’(mt)ng—v”(Zt) 2 O

Under Assumptions 1-2, we conclude from Lemma 1 that the Hessian matrix
of V is non singular if over the interior of the set D we have byry —py # 0 or
equivalently, T (ky, kiy1— (1—p) ke, b)) +b(ke, kpp1 — (1—p) ke, €) T (Kt y kg1 —
(1 — p)ky, by) # 0. This property also implies that the value function of the
planner’s problem (10) is C2. O

11.5 Proof of Theorem 2

We begin by showing that if the social curvature indices p(z*) and v(¢*) are
linear functions, then the degree of inequality does not have any influence
on the existence of endogenous fluctuations. Linear expressions for p(z*)
and y(¢*) are obtained in particular when agents are identical with respect
to preferences and their utility function is CES (see (33)). In this case,
pi(z:) = xi)o, vi(l;) = l;/y, with [; = [ — L;, 0 > 0, v > 0, and thus
p(x*) = xz*/o and v(£*) = £*/vy. As a result, the inequalities entering the
conditions in Propositions 3 and 4 become:

p(z*) >p; & >4,

) <y & % <T*T; [l — Ay

g

for i = c¢,y, since x* = £*T*. As they are based only on parameters, it
follows that inequality does not have any effect on the occurrence of cycles.

Assume therefore that Assumption 3 is satisfied. We focus on bilateral
transfers between pairs of agents ¢ and j that are elasticity-ordered according
to Definition 3. Consider first the case in which Assumption 4 holds. Let
us denote (.(0) = p(T*0*(0)) — pc and &:(0) = v(£*(6)) — v. with p. < p and
Ye € (7,7%) as defined by (26). Proposition 3 shows that the steady state is
saddle-point stable with oscillating convergence if p(z*) > p. and y(£*) < .
Therefore, an increase of wealth inequality implied by an increase of the
share of capital 6; owned by agent ¢, and thus a decrease of the share of
capital 6; owned by agents j, leads to damped fluctuations if the functions
Cc(0) and &.(0) are respectively increasing and decreasing with respect to 6;.
We easily get
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T = Tl 1) — Al

00;
B = 25Oy () ~ DT [ (") — Al

These derivatives are respectively positive and negative in the following two
configurations:

1) if 90%(0)/06; < 0, p'(x*) < Ac and ~/'(€*) > T.T* [p/ (x*) — A,

i) if 90*(0)/00; > 0, p'(x*) > A. and ~/'(€*) < T.T* [p/(z*) — A.).

The final result then follows from Corollary 1.

Consider now the case in which Assumption 5 holds. Let us denote
Cr(0) = p(T™€*(6))—py and &5 (0) = ~(€*(6)) s with py < pand vy € (7,7)
as defined by (27). Proposition 4 shows that the steady state is locally
unstable with oscillating divergence if p(z*) > py and y(€*) < ~¢, and ¢
is a flip bifurcation value so that there generically exist period-two cycles,
in a left neighborhood of vy, which are saddle-point stable. Therefore, an
increase of wealth inequality implied by an increase of the share of capital
8; owned by agent 7, and thus a decrease of the share of capital ; owned by
agents j, leads to persistent fluctuations if the functions (;(6) and £.(6) are
respectively increasing and decreasing with respect to 6;. We easily get

0 [’ *(9 *(0 *
0 0 arx (0 * T T* * N

These derivatives are respectively positive and negative in the following two
configurations:

i) if 00%(0)/00; < 0, p/(x*) < Ay and o/ (€*) > T fT* [p'(x*) — Ay],

ii) if 90*(6)/00; > 0, p'(x*) > Ay and v/(£*) < T T [p/ (x*) — Ag].
The final result then follows from Corollary 1. ]

11.6 Proof of lemma 3

As there is a unique consumption good and agents have a common time
discount factor, along the steady state the distribution of wealth is identical
to the distribution of individual consumption. On the other hand we have
seen that x;(0) = wi;(0) + (1 — 6)Irkl; = wi;(0) + (1 — 6)Irk6,;. However,
the steady state quantities depend on the distribution of shares of capital, so
that even if k* is a steady state with a distribution 0, it is not a steady state
with a distribution #’. We therefore define a distribution y such y; = k6;
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so that Y1 | x; is not constrained to be 1. We then have z;(x) = wl;(x) +
(1 = 6)Irx;. For given values of all the z; it is possible to find values of the
X; such that the above n equations hold. Note that this is true even when
several agents have the same consumption and therefore get associated with
the same Y. ]

11.7 Proof of Theorem 3

As normalized incomes follow a Zeta distribution and along the steady state
x; = wj, normalized individual consumption Z; = x; /@iy also follows a Zeta
distribution. The associated value of p(x) is

_ L L e = 2L 3 e
@) = D ) = g
s STmi T Cla —
_ @Zs—a( Zm)(p _ ?m C(C(a)(p :ﬁ(Oé) (54)

where ((a) = >°o2, s is the Riemann Zeta function. As explained in
Section 7.1, the sequence z is not implementable. However, it can be ap-
proximated by an implementable distribution of measure n that gives rise
to a p which is arbitrarily close to p(z). Indeed, consider the distribution I
obtained in Lemma 2. Clearly, in this case

lim p(v(z)) = p(x)

n—oo
We therefore can ignore this issue and assume that = is implementable.
Notice that to ensure a finite value for ((a— ) we need to assume a > 1+ .
As the stability properties depend also on the risk tolerance to leisure
we need to know the distribution of leisure along the steady state. From
(15) we derive that within the class of preferences considered here, leisure is
related to consumption as follows

xlitp N 1-v
-0 ll—go tw= ’711—1/
with @ = logw and w as defined in (6), giving
_1 1—¢p
_ AT T
L=l — (- pa]| T ) (55)

Notice that this last equation requires (v — 1)(1 — p)[oc — (1 — ¢)w] > 0.
Combining (54) and (55) we then get
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1 V—l R 1—v 1 © o 11:1/1/
() = ;[7(1_90)[0—(1—90)10]] @;s (2(s))
el vt 1 ety
= [l gl = ) G

Some calculations show that as soon as (v — 1)(1 — p)[o — (1 — p)w] > 0,
the functions p(«) and 7(«) are respectively decreasing and increasing in a.
An illustration is given by the following Figure with ¢ = 0.5 and v = 1.5:

()

=Yl

—_
Q

=

2 5 2
Figure 1: p(«) and ().

Notice that these properties do not depend on the curvature of p(z*) and
~v(¢*), i.e. on whether ¢ or v are larger or smaller than 1. For instance, a
similar table is obtained if we set o = 1.1 and v = 0.5

As inequalities increase when a decreases, we then conclude that p(z*) =
p(a) and vy(€*) = 7(a) are respectively increasing and decreasing functions
of the level of inequality. Building on Propositions 3 and 4, we may then
drop the conditions on the elasticity in Definition 3 which simply becomes
in the current framework: p'(z*) > ¥ with ¥ € {A., A¢}. For a given set of
technologies giving w = log w, and assuming that ¢ is such that (1—¢)w < 0,
it follows that this new version of Assumption 3 will be satisfied if the slope
of p(a) is large enough in absolute value, i.e. if o is low enough. Notice
that as J(«) is an increasing function of a , we do not need any particular
restriction on its slope. We may also compute precisely the bounds p, p, v
and 7. As lima—14, ((a — ) = 400 and limy— 400 ((a) = 1, we get from
(54) and (56):

1
= l. ) = — ) = 1. )
p= lim pla)=~—, p o pla) + oo (57)
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and

_ 1 v—1 ey C(1+<p+%l/)
1=t 5e) = sl - (- el T s (69)
~/ — v— N 131/
i=lm ple) = 3l - (- el &9)

11.8 Computations for the CES example

As shown in Nishimura et al. [29] and Nishimura and Venditti [30], with the
externality parameters set equal to zero and an identical elasticity of capital-
labor substitution across sectors, the steady state values for the capital-labor
ratio k* and the consumption per capita T* = T'(k*,k*, 1) are given by:

L (™
" ()

O
. =) (2) s\ 1 ; s
U= ey (1 (gogég) ) [ao (3(1)—6(1)) +041(551)17°<_51]

with (661)'™° > ;. We also derive the prices

1
1—¢ 1—¢_ s—1
r* =T =m [ozo <a16°) (651)50 b —|—O&1:|

aoB1

and ,3 (66 )17(_6 17;
p*:—T;:(ST*, w*:Ték:T*ﬁ_(lj< 150 1)

At the steady state we get the capital intensity difference across sectors

o~ - (35

the share of capital in total income

-1
Bo (a1Bo ™ (681 ~*=p
[1 + 6(1) <a(1)6(1)) < Bo ) (1- 55)}
and the ratio of elasticities
Eck 100 s((6B1)' = —pib)

- o >0
ok O () (220 1 (560)%)1(661 )15 ]

Consider now the consumption side of the model. Recall that except
agent 1, all the other n — 1 agents have identical preferences. More precisely,
agent 1 is characterized by the pair (o1,71), while each agent j = 2,...,n
is characterized by the common pair (¢j,7;) = (o,7). We also assume
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that all agents j = 2,...,n own the same share of capital #» while agent 1
owns a share 6; > 6. It follows that for a given share 6, € (0,1), we get
02 = (1 —01)/(n — 1). The first order conditions (48) give
1 = wh+A=-0)r'c" (1 +(n—1)l) 6
zj=x9 = wl+1-0)r*c*(l1+(n—-1))(1—-01)/(n—1)

with

o= M Yl = 1y = a7 () (60)
Solving the first equation with respect to Iy gives

_ —o1/m *\1/~ * _ * ok
. oz (w*)Y M [w*4(1-0)r*k*61]
lp = l2($1) - —1 (1-9)r*k*01(n—1) :

Solving the second equation and using the previous one then yields:
(L2(21)) 7 (w*) 7 = Iy (1) [w* + (1 = 8)r*w*(1 — 61)]

- (1- 6)7"*/{*%:171_01/’Y1 (w*)/n =0

x7(0) is obtained as a solution of this equation and allows to compute 5(6),
I7(0) and x3(6). We then get z*(6) = x7(0) + (n — 1)a3(0), £*(0) = I5(0) +
(n — 1)i5(6), and thus p(a*(8) = w}(8) /o1 + (n — )a5(8) /o, 2(E*(0)) =
5(0)/ + (n — 130/

We need also to define the intervals of admissible values for p(z) and
v(€). We start with the most equal distribution ¢ = (1/n,1/n,...,1/n).
The first order conditions (48) give

z{ = wilf+ 1A -9)r'w" (If+ (n-1)I5)/n

B =5 = wl+ (1= 8re (5 + (= 1ig) /n

with (60). Solving the first equation with respect to [§ gives

e rele g —(@§)=71/7 (W)Y [+ (1=8)r* k* /]
2 = l2($1) = [ - - (1=9)r*k*(n—1) ]

Solving the second equation and using the previous one then yields:
(15(x5)) 7777 (w7 — B () [w* + (1 = §)r*wr 22 ]
— (1—5)M($§)—01/’Yl(w*)1/71 :0

x1(0°) is obtained as a solution of this equation and allows to compute
12(0°), 11(0°) and x2(0°). We then get z(0°) = z1(0°) + (n — 1)z2(0°),
000°) = 11(6°) + (n — 1)I3(6°), and thus p = x1(0°) /o1 + (n — 1)x2(0°) /0,
Y =0L(0°)/7 + (n—1)2(6°) /7.
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We deal now with with the most unequal distribution 8" = (1,0,...,0).
From the first order conditions (48) we get

¢ = w4+ (1—0)r*s* (1% + (n — 1)1Y)
=zxy = w'l§
with (60). From the second equation we derive
22(0%) = (W), 1a(8%) = (') F
Solving the first equation with respect to z{ then yields:
2} — (@)~ (W )N T — (1= 8w (0 — 1)(w") 7 =0

since T* = w* 4+ (1 — §)r*k*. It follows that z1(6%) is obtained as a solu-
tion of this equation and allows to compute /1 (6%). We then get (%) =
21(6*) + (n — 1)(w") T 4(9%) = 1(6") + (n — 1)(w) =/,
and thus p = x1(0°) /o1 + (n — 1)(w*)HN/ @) o 5 = 11(6%) /1 + (n —
1)(w*)(1—a)/(o+v) /7.

11.9 Proof of Proposition 6

We proceed numerically by finding parameters’ values which satisfy b €
(=00, —1] U [=4,0), or equivalently

a1fo/(aoBr) € (0, (1+ (§CDB) ")V JU (1 4 (881) )"/, +00)  (61)
with p. < p and 7. € (7,7).

Let a; = 045, 81 = 0.2, § = 0.6, ¢ = 1.187, ¢ = 0.241, n = 25,
o1 = 0.65, 0 = 0.582, vy = 0.5 and v = 7.9. Then, using the expressions
given in Appendix 11.8, we find that b ~ —0.249, i.e. (61) is satisfied,
x1(0°) ~ 0.246, 22(0°) ~ 0.349, [1(6°) ~ 0.6, 12(6°) ~ 0.93, x1(0") ~ 1.458,
x2(0%) ~ 0.294, 1;(6%) ~ 0.059 and I5(6") ~ 0.944. It follows that x(6¢) ~
8.62, £(0°) ~ 22.98, x(0") ~ 8.52, L(0") ~ 22.72, p = p = p(x(0")) = 14.38,
p=p = px(0°)) = 14768, v = 7 = y(£(0")) = 2987 and 7 = 4 =
v(z(0°)) = 4.036.

Let us first consider an economy A with 6 = 0.05, #4 = 0.038 and
thus 64 = (0.05,0.038, - -- ,0.038). We get x%(64) ~ 0.253, 23(64) ~ 0.348,
15(64) ~ 0.579, 15(64) ~ 0.932 and thus z*(64) ~ 8.61, £*(#4) ~ 22.96,
p(x*(64)) ~ 14.754, 4(€*(64)) ~ 3.99, p. ~ 11.277 and ~, ~ 3.79.

Let us now consider an economy B with 68 = 0.5, 68 = 0.0208 and
thus 68 = (0.5,0.0208, - - - ,0.0208). We get z}(65) ~ 0.76, 23(67) ~ 0.322,
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15(6P) ~ 0.138, 15(67) ~ 0.937 and thus z*(07) ~ 8.49, ¢*(0F) ~ 22.648,
p(x*(0P)) ~ 14.46, v(£*(0P)) ~ 3.12, p. ~ 11.123 and ~,. ~ 3.64.

For any 6; € (0.05,0.5), we then find that p. < p < p, 7. € (7,%),
p(z*(0)) € (p,p) and ~v(£*(0)) € (v,%). For economy A, we have
v(*(04) € (v,%) while for economy B we have v(€*(05)) € (7,7).
Therefore there exists #) ~ 0.1058 € (0.05,0.5), 69 ~ 0.03726 and thus
0° = (0.1058,0.03726, - - - ,0.03726) such that v(¢£*(6°)) = 7.. Case i) in
Definition 3 and Assumption 4 hold. Therefore, case 1- in Theorem 2 im-
plies that a sufficiently high level of wealth inequality leads to a value of
~v(¢*) lower than . and thus to the existence of damped fluctuations. By
continuity there exists an open set of parameters’ values close to the previ-
ous values such that the same result holds. ]

11.10 Proof of Proposition 7

We proceed numerically by finding parameters’ values which satisfy b €
(—1,=9), or equivalently

a1Bo/(aofr) € ([L+ B VB) T 1+ 68) M) (62)

with py < p and vf € (v,7)-

Let ay = 0.85, 1 =0.2,6 = 0.1, ¢ = 1.49, ¢ = 0.589, n = 26, 01 = 1.666,
o = 0375, v1 = 1 and v = 24.2. Then, using the expressions given in
Appendix 11.8, we find that b ~ —0.304, i.e. (62) is satisfied, x1(0°¢) =~ 0.175,
x9(0°) =~ 0.168, 11(0°) ~ 1.044, 15(6°) ~ 0.913, x1(0") ~ 2.927, z(0") =~
0.053, 11(6%) ~ 0.0096 and I5(6%) ~ 0.93. It follows that z(6¢) ~ 4.38,
£(0°) ~ 23.88, z(0") ~ 4.267, £(0") ~ 23.26, p = p = p(z(0")) = 5.33,
p=p=p(0°)) =1132, v =7 =((0")) = 0.97 and ¥ = § = (z(0)) =
1.987.

Let us first consider an economy A with 6; = 0.04, 65 = 0.0384 and thus
04 = (0.04,0.0384,--- ,0.0384). We get x1(#4) ~ 0.178, x5(64) ~ 0.168,
15(604) ~ 1.016, 15(04) ~ 0.914 and thus z*(§4) ~ 4.377, £*(64) ~ 23.86,
p(z*(04)) =~ 11.3, v(£*(64)) =~ 1.96, p; ~ 1.496 and ~v; ~ 1.72.

Let us now consider an economy B with 8, = 0.2, #, = 0.032 and
thus 68 = (0.2,0.032,--- ,0.032). We get z%(07) =~ 0.587, z3(07) ~ 0.145,
5(608) ~ 0.14, 15(0P) ~ 0.915 and thus z*(65) ~ 4.22, (*(0P) ~ 23.03,
p(z*(67)) 2 10.05, v(¢*(0P)) ~ 1.086, p; ~ 1.44 and v ~ 1.51.
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For any 6; € (0.04,0.2), we then find that py < p < p, 7y €
(1,7), p(x*(0)) € (p,p) and v(£*(0)) € (7,7). For economy A, we have
v(*(01)) € (vs,%) while for economy B we have y(£*(65)) € (v,v).
Therefore there exists 69 ~ 0.05792 € (0.04,0.2), 69 ~ 0.03768 and thus
0° = (0.05792,0.03768, - - - ,0.03768) such that v(¢£*(6°)) = ~;. Case i) in
Definition 3 and Assumptions 5 hold. Therefore, case 2- in Theorem 2 ap-
plies: increasing the level of wealth inequality leads to decreasing values
of v(¢*) that will cross the flip bifurcation value ¢, and thus imply the
existence of period-two cycles. By continuity there exists an open set of
parameters’ values close to the previous values such that the same result
holds. ]
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