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1 Introduction

Over the last two decades, the increasing development of international glob-
alization and market integration have raised the question of the contagion
of macroeconomic instability across countries. Indeed, international trade
interlinks the business cycles of trading countries, as it relates economic ac-
tivities of agents in one country to those in another. As a result, a country’s
business cycle may be spread throughout the world.

It is well-known since Benhabib and Nishimura [2, 3] that in multisec-
tor optimal growth models,! endogenous fluctuations (periodic cycles) easily
arise.? However, these results are provided within a closed-economy frame-
work with a single representative agent. Building on the papers of Becker
[1], Bewley [4], Yano [12, 13] and Epstein [6], that have demonstrated that
in a perfect foresight model with many consumers a competitive equilibrium
path behaves like an optimal growth path, Nishimura and Yano [10] extend
the analysis of Benhabib and Nishimura [3] to a two-country, two-sector,
two-factor trade model in which consumption and capital goods are freely
mobile between countries once trade opens whereas labor is internationally
immobile. They analyze the interlinkage in the business cycles of large coun-
try economies in a free-trade equilibrium: starting from the identification
of the determinants of each country’s global accumulation pattern in an
autarky equilibrium, they characterize fluctuant and monotone free-trade
equilibrium paths. Their analysis being quite general, it remains however
difficult to interpret in terms of the fundamentals their main conditions.

Considering a specialization of the formulation of Nishimura and Yano
[10] based on Cobb-Douglas technologies and linear preferences in both
countries, Nishimura, Venditti and Yano [9] give conditions on the capi-
tal intensity differences across sectors in each country to obtain a contagion
of business cycles throughout the world. In order to avoid the specializa-
tion of countries, they assume decreasing returns in the consumption good
sectors. Their main result consists in showing that if in each country endoge-
nous fluctuations arise under autarky, then business cycles also arise once

! Going back to at least the contribution of Oniki and Uzawa [11], dynamic analysis of
international trade is made within two-sector optimal growth models.

2See also Boldrin and Montrucchio [5] for the consideration of more complex (chaotic)
behavior of optimal paths.
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international trade opens. However, they consider a degenerate autarky sta-
tionary distribution in which each country exactly produces in the long run
the amount of capital necessary to produce both goods. While they sug-
gest that a non-degenerate free-trade distribution with international trade
of both goods may exist and may be associated with a contagion of one
country’s business cycles to the world level even though the other coun-
try is characterized by stability under autarky, they do not provide clear
conditions for such a result to hold.

The objective of the current paper is precisely to tackle this problem. We
extend the formulation of Nishimura, Venditti and Yano [9] by considering
decreasing returns in both sectors of both countries. We first show that for
a stationary capital stock at the world level, two types of stationary distri-
butions across countries may occur: an autarky distribution in which each
country exactly produces in the long run the amount of capital necessary to
produce both goods but trades with the other country along the transition
path, and a free-trade distribution in which one country is characterized by
net exports in capital and net imports in consumption while the other is
characterized by net imports in capital and net exports in consumption.

Second we analyze the local stability properties of each type of station-
ary distribution. We start by providing factor intensities conditions for the
existence of period-two cycles in a closed-economy under decreasing returns.
Once international trade opens, focussing first on the autarky distribution,
we prove that if both countries have optimal period-two cycles under au-
tarky, then endogenous fluctuations also occur under free-trade. In this
case, the existence of international business cycles is derived from the ex-
istence of business cycles in each country. This result generalizes the main
conclusion of Nishimura, Venditti and Yano [9] to economies with decreas-
ing returns in both sectors. Then, building on the same type of arguments,
we give factor intensities conditions for the existence of period-two cycles
along the free-trade distribution. However, we prove that business cycles
may occur at the world level once trade opens even though the capital im-
porting country is characterized by a saddle-point stable steady state under
autarky. In this case, opening to international trade generates a contagion of
the capital exporting country’s business cycles and thus has a destabilizing
effect on the capital importing country.

This paper is organized as follows: The next section sets up the basic
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model. In Section 3 we study the stability properties of the competitive equi-
librium path in closed economies under decreasing returns. Section 4 pro-
vides the main results on the existence of endogenous business cycles within
open economies under free-trade. Section 5 contains concluding comments.
All the proofs are gathered in a final Appendix.

2 The model

We consider a simple perfect foresight trade model with two countries and
two goods. Each country i = A, B is characterized by an infinitely-lived
representative agent with single period linear utility function given by

u(c) = ¢
with ¢’ the consumption level. We assume that the labor supply is inelastic.
There are two goods: the pure consumption good, z*, and the pure capital

good, k!. Each good is produced with a Cobb-Douglas technology. We
denote by z! and 3° the output of sectors ¢! and k*:
o' = EARKD™ (L), o = &, (KL

with 55, 5; > (0 some normalization constants. We assume decreasing returns
to scale in both sectors, i.e. (i + 85 < 1 and of + o} < 1.3 Labor is
normalized to one, L + L; = 1, and the total stock of capital in country
i is given by K + K, = k'. Moreover capital fully depreciates at each
period. Goods z" and k' are assumed to be freely mobile between countries
once trade opens, whereas labor is internationally immobile both before and
after the opening of trade. It follows that along a free-trade equilibrium,
the market clearing conditions for goods z* and k' are as:

P =af+af, kARG =yt + P (1)

On the contrary along an autarky equilibrium, the market clearing condi-

tions become

3 A possible interpretation of decreasing returns would be to assume the existence of a
factor in fixed supply such as land in the technology, namely
i igpriyad crinad o pinl—al—ad i qriNBE TiN\BL  pi1—-BE -]
x' = E(K) (L) (Le) Ly = ‘cf‘y(K'y)ﬁ1 (Ly)ﬁ2 (‘Cy) i
Returns to scale are therefore constant when considering this factor but decreasing with
respect to capital and labor. In such a case, the income of the representative consumer is

increased by the rental rate of land. Our formulation implicitly assumes a normalization
L.=1Ly=1.
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¢} = kg+1 =yt (2)
In each country, the optimal allocation of factors across sectors is ob-

tained by solving the following program:

max EHKH) (L)%
o B

sty = ENKD)P(LE) (3)
1=1L.+ L
k' =Kl+ K]

Denote by ¢, pi, wi and 7 respectively the prices of the consumption
good and the capital good, the wage rate of labor and the rental rate of
the capital good at time t. In free-trade equilibrium, q{‘ = qf , pf‘ = ptB
and 7' = rP must hold. On the contrary, because labor is immobile across
countries, w! may differ between countries even in the free-trade case. In
the following we will choose the consumption good as numeraire and thus
adopt the normalization q{‘ = th = 1. The Lagrangian corresponding to

program (3) is:
Lo = EUKL)(LL) + ph (€K (Li)% — o)

+ w%'(l— Zt— &H?ﬁ(’fi- gt_K:;t)

(4)

For any (ki yi), solving the first order conditions with respect to
(K‘ét& ét{K.;t’ L;,?) gives ing)gts KZ, L, K; 'ancll L; as C? functions of (ki, y?),
Le. Ki(ki,y), LE(k}, i), Ki(ki,yi) and Li(kf, y}). We may thus define the
social production function of country i as:
T (ki yi) = EKo(ki, yi) ™ Le(kf, i) (5)
Using the envelope theorem we derive the equilibrium prices:
ri=Tilkiyi), v = —Ts(kp ui) (6)

where T} = 0T /0k' and T4 = 9T /dy*.4

4Since the technologies exhibit decreasing returns to scale, the competitive firms earn
positive profits that have to be distributed back to the households who own physical cap-
ital. It can be shown as in Mino [7] that solving a planning problem in which the planner
maximizes the discounted sum of utilities, under free-trade or autarky, subject to the so-
cial production function (5) and the market clearing conditions (1) or (2), is equivalent
to solving a decentralized problem in which the households maximize a discounted sum
of utilitites subject to some budget constraint based on given sequences of prices and the
distributed profits.
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3 Closed economy under decreasing returns

In a closed economy the equilibrium is derived from the following optimiza-
tion program:

+OO . . .
max Y p"T*(ki,y})

3

Yo t=0
i i
st Kip1 =i
kb given

with p € (0, 1] the discount factor. The corresponding Euler equation is thus

TQZ( i) é—l—l) +IOTIZ( é—}—la §+2) =0 (7)
A closed-economy steady state is defined by ki = ki 41 = yi = k' and is
obtained by solving Tg(ki, k:") + pr(k;i, k;’) =0.

Proposition 1. There exists a unique closed-economy steady state k' for
country i such that:

- 5 .
Rio= (P ' [giq 308465 | 15
k (aéﬁié‘é—l—(a’lﬂé—aéﬁi)p,@i) [%(Pﬁl) ! 2} !

Moreover, the stationary optimal demand for capital in the investment good

sector is given by K;* =g' = pBiyt = pBik
The linearization of the Euler equation around k' gives the following
characteristic polynomial:

P(Zz()‘) = pTIZQ(Z:Za El))‘2 + A {TQZQ(Ezv El) + plel(Ezv EZ)} + Tf2(E27 EZ) =0 (8)

As usual with Cobb-Douglas technologies, factor intensities may be de-
termined by the exponents of the functions.

Lemma 1. The investment (consumption) good sector of country i is capital
intensive if and only if 3i/85 > (<)ot /b,

Building on the contribution of Benhabib and Nishimura [3], we can get
global monotone convergence of the optimal path when the investment good
is capital intensive:

Proposition 2. If the investment good is capital intensive, the optimal path
of country i, {ki}i>0, monotonically converges to the closed-economy steady
state k.
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In the converse capital intensity configuration, the optimal path is no
longer monotone and global results are not easily derived from simple con-
ditions on factor shares in each sectors. However we can get local results
from a direct inspection of the characteristic polynomial and obtain condi-
tions for the existence of endogenous fluctuations.

Proposition 3. In country i, let the consumption good be capital intensive
with i i i qi < @185(1-af—aj)

aifs —abbi > e
and of > (1+ 34)/2(8% + B5). Then there exists p € (0,1) such that the
closed-economy steady state k' is saddle-point stable for any p € (p,1]. More-
over, when p crosses p from above, k' becomes locally unstable and there
exist saddle-point stable (locally unstable) period-two cycles in a left (right)

neighbourhood of p.

Notice that when compared with the results of Benhabib and Nishimura
[3] derived under constant returns in both sectors, the assumption of a cap-
ital intensive consumption good is not sufficient to get optimal oscillations.
The capital intensity difference needs to be strong enough to compensate
the degree of decreasing returns.

4 Open economy under free trade

Under the assumption of linear utility functions, as shown in Nishimura and
Yano [10], a free trade equilibrium path may be interpreted as an optimal
path with respect to a linear world welfare function of the following form.
Vikoy) = max - Tk ) + T2 (R, y0)
st. kP +EP <k
v +uP <y

The first order conditions give:
T (ki yt) = TE(RE,yf) = 0 o)
Tk vit) = TP (R uf) = 0

The intertemporal free-trade equilibrium is finally derived from the following
optimization:
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“+oo
t
HZ?X t:ZO PV (kt, yt)

st. ki1 =yt
ko = k64 + k(’? given
The corresponding Euler equation is thus

Va(kt, k1) + pVi(keyr, ko) = 0
From the first order conditions (9), the envelope theorem gives
Vi(kes k) = T (K2 (ke ki), y® (ke ken)) = T (6 ke k), y7 (B, ki)
Vo(ke, keg1) = T (P ke, keg), yP (ke kega)) = T3 (B (ke k1), 7 (ke ki)

and the Euler equation becomes
T3 (kP (ke kesr), y” (ke ken)) + pT0 (K7 (K, ker2), y 7 (B, kea2))
= T3 (kA (ke ko) y (B ) + pT7 (kA (K, ker2), 9™ (Rt ki) (10)
=0
Let us denote k* the steady state solution of
Vo(E*, k") + pVi (K", k") =0 (11)

The steady state k* gives a total stationary amount of capital at the world
level. Contrary to the closed-economy case, an explicit computation of k*
cannot be derived from (11). Moreover, the distribution across the two
countries remains to be determined.

4.1 Stationary distributions

The Euler equation along a free-trade equilibrium (10), when compared with
the Euler equation along a closed-economy equilibrium (7), clearly shows
that different types of distributions are compatible with a total stationary
stock of capital at the world level k*. In particular, an autarky distribution
in which each country exactly produces in the long run the amount of capital
necessary to produce the consumption and investment goods may occur, i.e.
k' = 4*. Consider indeed the closed-economy steady state given in Lemma
1 for each country, i.e. k4 and k”. Using the normalization constants !
and 5;, we can show that k = k4 + kP is also a steady state of the open
economy under free-trade:
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Proposition 4. Let E{f = &8 = Ef = 1 and consider k', i = A, B, as
giwen in Proposition 1. Then there exists ECA > 0 such that the autarky
distribution k = k* + kB is a solution of equation (11), i.e. k = k*, if and
only if EA = EA.

The corresponding amount of stationary consumptions under this capital
distribution can be immediately derived from (5), as

¢ =Tk k) =T (12)
Notice that considering the autarky distribution does not imply that coun-

tries do not trade. They may actually trade during the transition dynamics
while the long run equilibrium is characterized by autarky.

We also have to consider the existence of a free-trade distribution such
that k* = k4* + kB* in which one country, say A, is characterized by net
imports of capital, i.e. k4* > y4* while country B is characterized by net
exports of capital, i.e. kP* < yP*. Proceeding as in Proposition 4, we can
use the normalization constants £ and 5; to prove that such a free-trade
distribution exists. We actually focus on a particular solution such that
kA = 0y > A% and EB* = yB* /0 < yP* with 6 > 1 a given constant.

Proposition 5. Let 8 = é’f =1 and consider a constant 6 € (1,1/ppP).
Then there exist EA* > 0 and 5&4* > 0 such that the free-trade distribution
L = k.A* + k,B* — gyA* + yB*/H with

ApA B?A 1
Ax a8 1-8 A A\BA4+BA] =58
W = 0 () 5 s ]
8B Ly (13)
B = o A | epoppo) T |10
aB BB+ (aPBB—aB ) pBE6 -

is a solution of equation (11) if and only if EX = EA* and 5;4 = 5{/4*.

We now have to compute the stationary consumption levels associated
with this distribution of capital. At the free-trade steady state with 6 €
(1,1/ pﬂIB ), the country ¢’s production of the consumption good is derived
from (5) as: ‘ S

T’L* — T'L(k:l*, kl*)
We know that country A imports capital goods while country B exports
capital goods, namely



halshs-00280528, version 1 - 19 May 2008

My = (0= Dy, xP = (25 P
In order to have a balance of trade in equilibrium, we derive from this that
country A has to export consumption goods while country B has to import
consumption goods. Let n > 1 and consider the following distribution of
consumption across the two countries

Ax
CA* — TT < TA*, CB* — UTB* > TB*

It follows that
x4 = (L)1 ME = (- 1)1
Therefore, the balance of trade is in equilibrium in each country if
NXA =X —pMi =0, NP =pxP - ME =0

or equivalently
(0 - Dpyt* = (254) T, (%50 pyP* = (n — TP

with p the relative price of the investment good. Taking the ratio of these
expressions yields the following corollary:

Corollary 1. Let 8 = 8 =1, EA = g4, E{f = 83‘/4*, 0 c (1,1/ppP)
and consider the free-trade distribution of capital as given by (13). Assume
also that o (0 — pB{Y) /ot (1 — pBPO) > 1. Then the associated free-trade
distribution of consumption is ¢ = ¢ + ¢B* = T4 /n + nTB* with n =
T4 T8 = o (0 — pB") /i (1 — pBPO) and

cA* = TBx B — A (14)

It is worth noticing that the autarky and free-trade distributions cannot
co-exist since they are respectively associated with different values for the
normalization constants £¢, 8;.5

We may now provide a detailed stability analysis of the two possible
distributions of the stationary capital stock £* across countries.

4.2 Monotone convergence

At a steady state under free-trade we have y = k and the characteristic
polynomial may be written as follows:

Pr(A) = pVio(k*, K" )N2+A [Vaa (", k") +pVia (k)] + Vo (K", k%) = 0 (15)

5See Appendix 6.4 and 6.5 for detailed expressions.
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As in the closed economy case, we can get global monotone convergence
of the optimal path when the investment good is capital intensive in each

country:

Proposition 6. If the investment good is capital intensive in each country,
the optimal path at the world level, {ki}i>0, monotonically converges to the
free-trade steady state k*.

This result applies both to the autarky distribution k* = k = k4 4+ k% and
to the free-trade distribution k* = k4* + kB*.

4.3 Endogenous fluctuations

We now focus on local stability results when the consumption good is capital
intensive. As in the closed economy case, such a capital intensity configu-
ration may be associated with endogenous fluctuations. In a first step we
study the properties of the optimal path at the world level around the au-
tarky distribution.

Proposition 7. Let 55,4 =&8 = Ef =1,8 =E&4, 0 € (1,1/pBP), and
consider the autarky distribution k = k% + kB as defined in Proposition 4.
Assume also that in each country i = A, B, the consumption good is capital
intensive with . o aii(loai—ai)

o1 f — gt > W (16)
and of > (1+ B)/2(8% + 3%). Then there exists p € (0,1) such that the au-
tarky steady state k* = k is saddle-point stable for any p € (p,1]. Moreover,
when p crosses p from above, k becomes locally unstable and the optimal
path at the world level is characterized by saddle-point stable (locally unsta-

ble) period-two cycles in a left (right) neighbourhood of p.

Considering Proposition 3, Proposition 7 implies that if both countries are
characterized by endogenous fluctuations under autarky, then the equilib-
rium under free-trade is also characterized by endogenous fluctuations. Put
differently, a market integration, in which international trade concerns con-
sumption and investment goods, does not rule out periodic cycles that
may exist under autarky. This result generalizes the main conclusion of
Nishimura, Venditti and Yano [9] to economies with decreasing returns in
both sectors.

10
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In a last step we study the properties of the optimal path around the
free-trade distribution as defined by Proposition 5

Proposition 8. Let £8 = £ =1, EA = g2, SA EA* 0 € (1,1/pBP),
and consider the free-trade dzstmbutwn k* = kA* + kB* as defined by Propo-
sition 5. Assume also that in each country i = A, B, the consumption good

1s capital intensive with

1 - 4850
ai' B3t — ag' ot > % EA (17)

and B B BB
a}1562 — Q3 51 1*0‘17*“2 - ﬁ2B (18)

1-af  1-6p1
If the following conditions also hold

A o 0087 —-BH+261+55
e (A a) (19)
and
1-88 -5 +0(288+65)
af > gy (20)

there exists p € (0,1) such that the free-trade steady state k* is saddle-point
stable for any p € (p,1]. Moreover, when p crosses p from above, k* becomes
locally unstable and the optimal path at the world level is characterized by
saddle-point stable (locally unstable) period-two cycles in a left (right) neigh-
bourhood of p

Proposition 8 provides conditions on the technologies of both countries for
the existence of endogenous fluctuations at the free-trade steady state which
are similar to those given in Proposition 7. However, notice that for country
A condition (17) in Proposition 8 may hold while condition (16) in Propo-
sition 7 does not, whereas for country B condition (18) implies condition
(16). As a result, we derive the following Corollary.

Corollary 2. Let 8 = Ef =1, A =&, S;j‘ = 5{;‘*, 0 < (1,1/pBP), and
consider the free-trade distribution k* = k** +kB* as defined by Proposition
5. Assume also that in each country i = A, B, the consumption good is
capital intensive with

A A

1—a1 042 o 62 1—a1 —a 0‘1 A9
1a1 1pﬂ"">041ﬂ2 a251 laA pﬁf‘

and

B aB B aB 1-aB—ab oBpB
alﬁZ_OéZﬁl >#119521

1—af

11
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for any given p € (0,1]. If the following conditions also hold

A 00— —BH+26{+55
() (21)
and
B 1-pE—pB+0(28F+82)
O > TSR (22)

there exists p € (0,1) such that the free-trade steady state k* is saddle-
point stable for any p € (p,1]. Moreover, when p crosses p from above, k*
becomes locally unstable and the optimal path at the world level is charac-
terized by saddle-point stable (locally unstable) period-two cycles in a left
(right) neighbourhood of p, while the steady state under autarky in economy
A is saddle-point stable with monotone convergence.

We have thus proved that business cycles may occur at the world level once
trade opens even though the capital importing country is characterized by
a saddle-point stable steady state under autarky. In this case, international
globalization and market integration generate a contagion of the capital
exporting country’s business cycles and thus has a destabilizing effect on
the capital importing country.

5 Concluding comments

In a perfect foresight model with two countries characterized by Cobb-
Douglas technologies and decreasing returns, we have investigated the way
endogenous business cycles of countries may spread all over the world
through international trade.

We have first identified the determinants of each country’s global accu-
mulation pattern in the closed economy configuration. As in the case with
constant returns studied by Benhabib and Nishimura [3], endogenous fluc-
tuations require a capital intensive consumption good. However, the capital
intensity difference needs to be strong enough to compensate the degree of
decreasing returns in the consumption good sector.

Secondly, we have shown how real business cycles may occur at the
world level once trade opens. We have proved that two types of stationary
distributions across countries compatible with a global stationary capital
stock may occur: an autarky distribution which is associated with countries
that do not trade in the long run but trade along the transition path, and a

12



halshs-00280528, version 1 - 19 May 2008

free-trade distribution in which one country is characterized by net capital
imports while the other is characterized by net capital exports. Dealing
in a first step with the autarky distribution, we have shown that if the
consumption good in each country is sufficiently capital intensive as in the
closed economy configuration, then endogenous business cycles occur at the
world level. In this case, the existence of endogenous fluctuations in both
countries under autarky implies the existence of endogenous fluctuations at
the world level.

Dealing finally with the free-trade distribution, we have proved that en-
dogenous fluctuations may occur at the world level once trade opens even
though one country is characterized by monotone convergence of the opti-
mal path under autarky. In this case, globalization and market integration
generate a contagion of macroeconomic instability across countries as the
business cycles of one country spreads throughout the world.

6 Appendix

6.1 Proof of Proposition 1

We start by characterizing the first partial derivatives of the social produc-
tion function.

Lemma 6.1. The first partial derivatives of T*(k',y') are given by:
Ti(k,y) = Elaj(ahB) (ki —g')oited—1(AT)=o
. . . Ti k:i, i . . . i c1_pi_pni
T.y) = (el g/ A0 g
where
A = abik + (al - sy

. Lo . . . Ei(ad /31)5% (Ki)ﬁi+ﬁé
g = gk, y)=1K,€[0,k] [y = —r 12— ——
Y [ B i+ (o B~y B1) K32

Proof: From the Lagrangian (4) we derive the first order conditions:

Elol (KM ML) =1 = 0 (23)
Sl (KM (L) —wi = 0 (24)
Ep' BTN L =t = 0 (25)
Eip By (KLY — W 0 (26)

13
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Using K¢ = k' — K;, LZ =1— L%, and merging (23)-(26) we obtain:

ayi (k' — K))

Li = __ b N
¢ (o 3% — oﬂQﬁi)K; + a4 31k
g ol K,

v (af 85 — ahB1) K} + abBik?
K, = K -K,

K, = g(k.y)=g
where

Lo . . i . i (o 31)0% (i \BL 08
gk, y') = S KL € [0, (K)P] / yf = Sl 20 L2
[0} 81 kP +(0 By — 0y 87 ) K] 72

To simplify notation let:
A= Rk 4 (01 — a3y
From (23), (27) and (29) we obtain:
Ti(k',y') = r' = Elai (K — g')* 15 (ah5/AT)
and from (25), (28), (30) and (33):

i iy i Elad (adBI/ANCE i g +ad—1(,i\1—Gi gL
—Te kl, 1) — ! — - 1 21 . k* — 1 2 1 2
2( Yy ) p gyﬁl (aiﬁé/ﬁi)ﬂ2 ( g ) (g )
From (33) and (34) we finally derive

TiR %) 5 i ) AiN— i il i G
Ty, ) = ~ T (o 35/ A1) g%

We may now prove Proposition 1. Using (31) we derive

T3k, y") = —Ti(k',y")

y* By

i

(28)
(29)
(30)

(31)

(35)

It follows that at the closed-economy steady state g' = pBiy' = pBik’.

The expression of the steady state is finally obtained by solving T4(k?, k%) +

pTi(k k) = 0.

6.2 Proof of Proposition 2

We start by characterizing the second partial derivatives of T°(k*, y):

Lemma 6.2. The second partial derivatives of T'(k',y?) are given by:

14
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Tiy (K, o) = Ti(k'y') [ [(1—ai)(a]Bh—asB))—abBh](k'—g")—(1—af —ah)ai B3k’
LA™ ki—g’ ol (B +BL)ki+(af By —ak B])g’

Tiy (K, ) = Ti(k'y") g ] —(1—ai)(e)fy—ayB]) (k' —g")+(1—af—aj)a] Bk’
12(%", F—g' yB b (A Ak (o, Bi—al L) g7

S 2
. . N Tl(k‘l,yl) gi
k) = 8 ()

o { Q=B (K g0k 5 (0 —g) —(B{—ai) (@} Bi—ah0) ( —g')+(1—af —af ol B3k’
ab (BT +B5) k(o By b Bh)g7

with |H (K, y")| = T (K, y") T (', y') — T (K, ") > 0.

Proof: Recall that by definition of ¢* we have the identity:
y b + (ol — abB)g')% = £;(ai 8% (¢) % (36)
Total differentiation gives after simplifications:
g'{dy' A + By [abBidR + (B — a48)dg'] } = (B} + B3y Aldg’
We then get

dg* a%,@%gi

91 = a7 QLB Bk (ol By—abBl)g’
2 Ayt Ty By [as (Bl +B)K (ol B —as B )]

The second partial derivatives of T%(k?, ') are obtained by differentiating
(33) and (34):

Ti (K, y) = _ (—ai—ad)(1-g)Ti(k'y')  ob[asBi+(aif—asBi)ei]|Ti (k' y')
11 7y - ki_gi At
i orpi iy (1—odi—ad)giTi(k y')  ab(alBi—alBi)giTi(k y")

Tih (K y') = e — e

T (K y') = (170437%%)793?5(;61'@1) + (1*ﬁf*5§;§?§T§(ki,yi)

o (Bi—ob)(e1By—alB)gs T (k' ')
A?

The final expressions of these derivatives are obtained after simplifications
built on (35) and the fact that

Aigi

g k g1 O‘é(ﬁi‘*‘ﬂ%)k”‘(aiﬁ%_aéﬂi)91 Yy 6192
l_gi = . elBghral
1 ab (B +05)k+(af B —ay 81 g’

Strict concavity of the production functions implies that the determinant of
the Hessian matrix of T*(k?, ') satisfies |H* (K, y*)| = T}, (K, y*) Tao (K, ') —

15
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Tiy (K, y")? > 0. O
We may now prove Proposition 2. If the investment good is capital intensive
we derive from Lemma 6.2 that Tiy(k%, y*) > 0 for any (k%,4"). The result

then follows from Theorem 3 (p. 296) in Benhabib and Nishimura [3].
O

6.3 Proof of Proposition 3

Consider the second partial derivatives of T%(k,3") evaluated at the autarky
steady state. Straightforward computations give after simplifications:

Pl — —[(1 - a})(aifh — abB)(1 - pB}) — (1 - af — ab)ai ]

= —P:(0)

Pal) — _(1— Bi)(1— pBi) [ab + p(ai B — abBi)] < 0

i . . 37
Pl = {214 p)[(1 - a})(@iBh - adB]) (1 - p) e
— (1—af —ah)aiB] — (1 - pB))(1 — B)) [0 + p(a} B — b)) }

= —Pi(-1)
with
P = Ti(k' )p >0 (38)

ki (1—pB}) oy (81 +85)+() By —ab 1) p3i]
We derive that P!(0) > 0 if and only if the consumption good is capital
intensive with

oy — b > U el = g (39)
Notice that the right-hand-side is an increasing function of p. Therefore, if
o4} — a3} > YEEE
then P%(0) < 0 for any p € (0,1]. Consider now P!(—1) when p = 1. By
definition we have
Pa(—1) = 2T5,(K' k') — T1 (k' k') — Too (K", k')

Ti 1.0 .G TZ 1.0 L.i 1
_ _( 1 —1 ) ( il(lfzvlj"l) 1@2(@17@1) > ( ) >0
TIZ(k 7k ) T22(k 7k ) -1
On the other side, when p = 0 we get
Pi(—1) = ab [201 (8] + 3) — 1 - 5i]
Therefore, if

A > G+ (40)

16
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there exists p € (0, 1) such that Pi(—1) > 0 for any p € (p, 1] and Pi(—1) <
0 in a left neighbourhood of p. We then conclude that when p € (p, 1] the
steady state is saddle-point stable with two negative eigenvalues and when
p crosses p from above one eigenvalue crosses —1. The result follows from
the flip bifurcation theorem.

]

6.4 Proof of Proposition 4

A steady state is obtained as a solution (k4, k%, 44,45, k) of the following

system
T (kA yh) + pT (%, ) = 0 (41)
T; (kBij)erTl (K%, y") = 0 (42)
Tk y?) - TP (K5 y%) = 0 (43)
T3 (K y™) —TzB(kB,yB) = 0 (44)
A+ kP =yt +9P = & (45)

with ¢4 +cB = V(k, k) = TA(k4, k) + TB(kB, kP). We get from equations
(41)-(42) the following property for a steady state under free-trade:

Lemma 6.3. At a steady state under free-trade, the following relationship
holds: R LA
vABE ~ yBpp P

Proof: The first order conditions (43)-(44) show that TJA(kA, yh) =
TP(kB,yP), j = 1,2. Since Ty(k',y") = —T{(k',y")g"/y' B}, we derive that
g JyAB = gB /yPBE. Consider now the Euler equation (10) evaluated at
a steady state under free-trade. We get —Ti(k',y') = pTi(k%,y') and the
result follows. ]

We may now prove Proposition 4. Using Lemmas 6.1 and 6.3, equations
(41) and (42) may be written as

AnALA A /854
1(% ARAL (0 BA—afB1)pBiy >

B o B = F
,BB
1 (B8P (BB —aBB)esPyP \ P _
sy 0‘1 ﬁ2 p
It follows that the autarky steady state, i.e. k4 = y? = k4 and kB =
yP® = kP, with k' given in Proposition 1, is a solution of the previous

17
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equations and satisfies equation (45). Considering T}(k*,y") in Lemma 6.1
with 5&4 =&8 = Ef = 1, equation (43) with k' = y* = k'’ is satisfied if and
only if £4 = £A with

B[ - B B B
T R e il (G

& =

T afada) ™ [ T s T [P aP P —aB PP
Then, since from (41) and (42) we have T (k4, k%) = TS (k4 k4)/p and
TE(kB, kB) = TP (kP,kB)/p, equation (44) also holds with k? = ¢ = k'. ]

6.5 Proof of Proposition 5

Consider equations (41)-(45). We know from Lemma 6.3 that equations
(41) and (42) imply ¢° = pBiy’, i = A, B. Assume then that k4 = Gy
and kP = yB/0 with § > 1 some constant. We will give conditions on
the normalization constants &I, Sé to get these expressions as solutions of
equations (41)-(45). Notice first from (45) that these restrictions imply k4 =
0kB and g4 = ppk? /0, g = ppPEBH. Substituting these expressions into

(31) with KZ/ = ¢’ and solving for k%, i = A, B, gives

ApA LAA 1
Ax ai'B 1-8 A A\BA4+BA] =58
W = 0 ()5S0
8B Ly (46)
K= o A | ebtonpo) T |10
oy B +(af BY —a3 B{)pA0 9

We may now use the normalization constants 5?;4 and Ef to get kA = 9kB*.
To simplify notation let

O = s B0+ (i B8 — a8 BB, ®F = B BP + (o BF — oF B pslo

Assuming Ef = 1, we derive from (46) that k4* = 0kP* if and only if
0 € (1,1/ppP) and 5;4 = 57;4* with

sB - 1-p4
_3B B B T _aB
cAe _ _(oFop/ep) 0 lwfe’ﬁl %11613 (47)
y AL A BA 2
(pB 1105 (af gt 02

Considering T} (k%,y*) in Lemma 6.1 with £Z = 1, equation (43) with k4 =
Oy?, kB = yB /6, and thus k4 = 0kP, is satisfied if and only if § € (1,1/pBP)
and £4 = £2* with

18
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A B B, B B__A
(@2 af (aBBF)*2 (1-pBPo)*1 To2 ~T(kB*)*1 ™

EM = 48
C 0414(04‘246{4)064(e—pﬁf)af+a§71(¢£)a28 ( )

Then, since from (41) and (42) we have T7(k, 3, é¢, é;) = Ti(k', yt, e, é;)/p,

i = A, B, equation (44) also holds with k4 = @y? and kP = yB /6. m

6.6 Proof of Corollary 1

Let &8 = Ef =1 and 2 = &2, 5;4 = 5&4* as given by (47) and (48), and
consider T?(k?,y") as defined by (5) with (27), (29), k%4 = 0y4, kP = yB /0,
and thus k4 = 0kB. We get

B
TAx —  ef0=pB) (%Bﬂf)% (1 — ppBg)et+af (Br)af

af;(lfpﬂia) (¥4 (49)
— 9 (0=pB]) pBx — 7 Bx
= ddaerel =0T -

6.7 Proof of Proposition 6

The linearization of the Euler equation around k* requires the computations
of the second partial derivatives of V(k,y). We know from Nishimura and
Yano [10] that they are obtained as follows:

Lemma 6.4. Along a free-trade equilibrium, the second partial derivatives
of V(k,y) satisfy the following:

Vin(k,y) = & [TARSyHEKE yP)| + TH R,y ) HA R, y)]]
Viz(k,y) = & [Ty HE(RE,yB)| + TH(KE, yP) HA kA, y )|
Vaa(kyy) = & [T,y HE (KB, y)| + TH(E, y %) HA kA, y )|
where
|H' (k' y")| = ThH(K,y) T3k, y") — Tip(k',y')* > 0

©

TH KA, yNTB (KB, yP) + TE (KB, yP) T3 (4, y*)
— THEA yNTE KB, yB) — T4 (K4, vy TE (KB, yP)
+ [HAGRA, yY)| + [HE (KB, yP)| >0

The stability analysis is made by studying the sign of P(0), P¢(1) and
Ps(—1). We easily show the following property:
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Lemma 6.5. The characteristic polynomial satisfies Py(1) < 0.

Proof: Consider the second partial derivatives of V(k,y) given in Lemma
6.4 with Lemmas 6.2 and 6.3. Let
Ti(K'y")p

R A G AT O T (50)

For the autarky distribution with k% — g¢ = k(1 — pg3i) > 0, we get:
B(1.B , B
Pr(1) = —HEGEEL (6 — g (1= 1Y) [ag! + plof' B8 — oz 8]
A k‘A A
= SN (6B — gB)(1 - 6P) [ + plaP BF — af ] >]

For the free-trade distribution with 6 € (1,1/p8FP), k4 — g4 = (0 —
pBMEA* /0 > 0 and kP — gB = (1 — pBPOKP* > 0, we get:

B(.B , B

Pr(1) = IS (6 — %) [p(1 = B (af' B3 — g B1)

+ af 85 + (1 - - B5)0]]
— MESEpIZZ0n [(1— 8P) [of + p(af 85 — af 5P)0)]
+ afBF(0 1)
Let us then denote () = p(1—3{")(af' 35 —ad ) +ad [35 +(1— B — 551 6).

Since h(1) > 0 and A/(6) > 0 we conclude that h(f) > 0 for any 6 > 1.
Therefore we derive Py(1) < 0 for any 0 € (1,1/pB3E). u

We may now prove Proposition 6. Using again Lemma 6.4 with Lemmas 6.2
and 6.3, we get:

Pf(o) = _%{(1_%)( 52 - Qg 51 )( A)

~ (L= o — ad)of' 5"

(1 - of )(aPBE — B BP) (KD — oP) (51)
- (1—-aP —ab)ap k;B}

Pr(=1) = 2(1 4 p)Ps(0) — P¢(1)
From Lemma 6.5 we know that Py(1) < 0. If the investment good is capital
intensive in each country then we get Pf(0) > 0 and thus Pp(—1) > 0. It
follows that the autarky and free-trade steady states are saddle-point stable
with positive characteristic roots. The result follows from Theorems 1 and
2 in Nishimura and Yano [10]. n
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6.8 Proof of Proposition 7

Consider the expressions of Pr(0) and Pg(—1) evaluated at the autarky
distribution with k = k4 4+ k% = y. Using the same arguments as in the
proof of Proposition 3 we first derive that if for any ¢ = A, B
Qg igi < 91f3(1—af—ab)

o182 — 0301 > Tana-a
then Pr(0) < 0 for all p € (0,1]. We also know that when p = 1, we have
by definition

Pe(—1) = 2Via(k, k) — Vii(k, k) — Vaa(k, k)

~ (1 ) < Vii(k, k) Via(k, k) ) < 1 ) =0 (52)
Via(k, k) Vaa(k, k) -1
since under decreasing returns the value function V' (k, y) is strictly concave.
On the other side, when p = 0 we get

B(1.B ,, B
Py-1) = —H2GZ"paaa Ioad (50 4 o) — 1 — 5]

HA kA, A

0N eBaf [2aP (5P + 0F) — 1 - 5
Therefore, if for any i = A, B, of > (14 £1)/2(8 + 35), there exists p €
(0,1) such that Pr(—1) > 0 for any p € (p,1] and Py(—1) < 0 in a left
neighbourhood of 5. We then conclude that when p € (p, 1] the steady state
is saddle-point stable with two negative eigenvalues and when p crosses

p from above one eigenvalue crosses —1. The result follows from the flip
bifurcation theorem. ]

6.9 Proof of Proposition 8

Consider the free-trade distribution k = k4 + k% as defined by Proposition
5 with with £F = &P =1, €& = &, & = & and 0 € (1,1/pp).
It follows that g4 = pB{kB, k4 — g4 = kB(O — ppd), 9B = ppEok~,
kB — gB = kB(1 — ppP0). From (51) we derive that

Pr(0) = —%%[(1—%)( 1485 — afB)(0 — pB1)

9o
_%kB[l_al af' Y — af B7)(1 — pBro)
5)ar
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Therefore, Pf(0) < 0 if

1
of B — afpft > 1t S10D = gy (53)
and B B BB
ap By — o pf > > Al o zy (54)

1—aP  1-6pBF —
Since the right-hand-side of these expressions is an increasing function of p,
we conclude that Pf(0) < 0 for any p € (0,1) if

A A
A l—al —ait aft 3510
a 52 D) 51 Ti-af 0 5
1
and
1—aB_aB oBj3B
al ﬁ2 /81 1 2 1 /62

1-af  1-088
Consider finally P¢(—1). From (52) we still have P¢(—1) > 0 when p = 1.
When p = 0, we get

Py(—1) = LGB agd [2af (81 + 58) — 0(1 — Bt — B4) — 267 — 64|
— MG 0B [2aPo(P + ) — (1 - BP — 65) — 6267 + 58]

Hence, if the following conditions hold

A o 0=~ +26 +53"
N 73] (55)
and
B 1-BP—GP10(28P+65)
(. (56)

there exists p € (0,1) such that Pr(—1) > 0 for any p € (p, 1] and Py(—1) <
0 in a left neighbourhood of 5. We then conclude that when p € (p, 1] the
steady state is saddle-point stable with two negative eigenvalues and when
p crosses p from above one eigenvalue crosses —1. The result follows from
the flip bifurcation theorem. J

6.10 Proof of Corollary 2

In the proof of Proposition 3, assume that inequality (39) applied to country
A is not satisfied, i.e. for any given p € (0, 1]

A A
A 1-af _"‘2 a162 A
alﬁQ—QQﬂl 1a1 1pﬁAfZ

It follows that the autarky steady state of country A is saddle-point stable
with monotone convergence for any given p € (0,1] since P2(0) > 0 and
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PA(1) < 0. Consider then condition (53) in the proof of Proposition 8.
Straightforward computations give Z{* > Z4'. Tt follows that all the con-
ditions of Proposition 8 for country A may be satisfied for the free-trade
steady state while the steady state under autarky is characterized by mono-
tone convergence for any given p € (0,1]. At the same time, we get for
country B that for any given p € (0,1], Z8 < ZB. Tt follows that if all the
conditions of Proposition 8 for country B are satisfied along the free-trade
steady state then the the optimal path under autarky is also characterized
by endogenous fluctuations (period-2 cycles) in the neighborhood of the flip
bifurcation value p. As a result endogenous fluctuations arise at the world
level while country A is characterized by monotone convergence under au-

tarky. ]
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