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Abstract

We establish recurrences formulas of the order of the classical groups that allow us to
find a generalization of Euler’s angles for classical groups and the invariant measures of
these groups. We find the generating function for the SU(2)c SU(3) basis in the Fock-
Bargmann space and a new basis of SU(3). This new basis is eigenfunction of the square
of kinetic moment in product spaces of spherical harmonics. We generalize the
generating function of SU (2) and we find invariant polynomials of SU (3) which are
elements of the basis of SU (6). Using the above results we deduce the method of
calculation isoscalar factors. We expose this method and we give the generating function
for a particular case. Finally we determine the generating function of the elements of the
representation matrix of SU(3) and we derive the analytical expression of these elements.

1-Introduction

The applications of the SU (n) group theory have occurred in numerous research areas,
nuclear physics, high-energy particle theory and experimental nano-scale physics.
Several problems remain under investigation: the parameterization of these groups [1-3]
the Wigner D-functions [4-5] and the determination of Wigner’s 3j coefficients. The
Wigner’s 3j coefficients are very important for applications and are not completely
solved despite the extensive efforts that have been put into this problem by many authors
[6-22]. A major obstacle encountered in any approach is the outer multiplicity problem
and the complicated calculations. The Kronecker product of two irreducible
representations of SU(n), n=3, can be represented as a sum of irreducible representations
(IR), a given IR may appear more than once.

In the SU(3) case, the problem has been studied by diverse methods and often without
the knowledge of previous works[12].The Van der Waerden approach for SU(2),based on
the construction of invariant polynomials, has been followed by several authors [10-12].
Among others Resnikoff who follow the works of Moshinsky et al. [6-9], in Bargmann
space [23] for the study of the group SU(3), but the difficulty of the calculations and the
multiplicity problem had to permit progress. Another approach is the tensor operator
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method proposed by Biedenharn and collaborators [13-17]. This method was revisited in
the late eighties using the Vector Coherent State (VCS) theory, [18-21]. Although the
results seem no simpler than those found earlier.

In this work we start from the order of the classical groups to determine recurrences
formulas from which we derive the parameterization or the generalization of Euler’s
angles for these groups. We prove the connexion of the measure of SU(n) with the
measure of product of cylindrical basis of harmonic oscillator or two dimensions Fock-
Bargmann spaces. Our approach for SU (n) is based on the above connexion, the
construction of the generating function and the propriety SU(n—1) < SU(n) to

determine the generating function of Wigner 3j coefficients and the invariant polynomials
or Van der Waerden invariants.

We have already found the generating function [22] of the basis of SU(3) groups by
coupling three basis of two dimensions Bargmann basis, or harmonic oscillator basis,
using Schwinger coupling method [28]. Instead the basis of Bargmann we can take the
basis of spherical harmonics then we find a new basis eigenfunctions of the square of
angular momentum. We generalized the generating function of SU(2) basis by a simple
and an empirical way for the determination of Van der Waerden invariants which may be
found as elements of the basis of SU(6). We deduce then the good coupling of angular
momentum for U (3) patterns [17]. Our unambiguous proof [25] of expressions for 3j
symbols was reconsidered, together with a calculation of Wigner’s D-matrix elements.
This paper is intended to give a revision and a comprehensive review of our approach.

In part 2 we review the Wigner’s D-matrix and Gel’fand basis for SU (n). Part 3 is
devoted to the generalization of Euler angles to the classical groups. In parts 4-7 we
construct the generating functions of SU (3) in Bargmann space, in spherical harmonic
basis and the generalization to SU (n). In part 7 we consider the U (3) patterns and the
SU (2) coupling. Generating function of invariant polynomials of SU (n) and isoscalar
factors of SU (3) are in parts 8 - 9. The part 10 is devoted to the derivation of the
Wigner’s D-matrix elements for SU(3).

2-Review of Wigner’s D-matrix and Gel’fand basis for SU(n)

We give a quick revision of Fock-Bargmann space, the properties of classical groups,
the basis of Gel'fand and of Wigner’s 3j symbols for unitary groups.
2.1 The Fock-Bargmann space
n
z
All analytic functions @p(2) = N form a basis of Hilbert space, which is known by the

Jn!

Fock-Bargmann space or Analytic Hilbert space.

With <(Pn|(Pm>:II(Pn(Z)(Pm(Z)dH(Z):Sm,n (2.1)
du(z) is the cylindrical measure

du(z) =e @, z = X +iy,dzdz = dxdy (2.2)
T

for applications we use the formulas:
'[e“eyzdy(z):exy (2.3)
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(flg)=(flzg). {zflg)=(f]g) @4)

f, g are polynomials in z.
2.2 The classical groups
The classical groups are the unitary, orthogonal and the symplectic. We make a briefly
revisions of the properties of these groups.
1-The special orthogonal group SO(n): the special orthogonal group SO(n) is the group
of nxn orthogonal matrices (A,? ) with unit determinant and dimension, the number of
parameters, N(n,0)= n(n-1)/2.
2- Special unitary group SU(N): the special unitary group SU(n) is the group of nxn
unitary matrices (Aé ) with unit determinant and dimension N(n,1)=n*— 1.
3-The symplectic group Sp(n): The symplectic group Sp(n) is the group of n x n
quaternionic matrices (Aﬁ ) that preserve the standard hermitian form on Q" with
Dimension N (n,2)=n(2n+1).
2.3 Gel’fand Basis for SU(n)

The n® Weyl infinitesimal generators Ej j (i, j=1... n) of the unitary group obey

the commutation relations

[E;

ij>

Ekl 1= 5jk Eil - 5i| Fki : (2.5)
These generators may be written in terms of creations and destruction of n-dimensional
harmonic oscillators as:

E;=>. a8, (2.6)
[h1,
The Gel’fand basis for SU (n) is: ‘ hij> =|([h],, (2.7)
(M)
With [h], =[h,, hy, s, - Doy ]
And him 2 m—1 2 hpym

h
The application of the unitary transformation to the basis Ghin J> is
n

[h]n = [h]n [h]n
((h)nj> = (%)D(h'),(h)(u n) ( (h)nJ> (2.8)

The elements of the matrix of SU(n) are D([E])” (h)(U n)

1 <r <s<n, is the state of highest weight [14].

Un

The Gel’fand state for which h . =h

A special result which is immediately available from table techniques [14] is the so-
called semi-maximal case:

rn >
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-1 n-1
(hly (12.5) \ M n1 =P n (12.k) hy n =i n-
D thy Y)= _/—H Qi) XH(U(IZ..k—l,n)) e
(max) (max) k=1 k=1

(2.9)

u((llz2 L()) Is the minors constructed from the matrix (Un).

The normalization is:
(p| ,n—1 pj,n)! n-l (pi,n - pj,n _1)!

N=]] [1

I<j (p| ,n pj,n _1)!il<j (pi,n—l - pj,n _1)!

Pin = Pip +n—i
2.4 The conjugate representation and Wigner’s symbols

2.4.1 The conjugate representation
Define the transformation

[h]n [h *
s ((h)nj>c > Uy

(h)

GE:DC (2.10)

The conjugate of the basis states is

) () ) [

2.4.2 The Wigner’s symbols
The direct product of two representations may be reduced according to the formula

(h'1®h*1=> (ph’], (2.11)

Where (p) is the multiplicity or the number of time the representation [h3 ] N is contained

n [h']®[h?] .
1\ |[Ih°T]\[[[h°]
<h3>>p {<h3>]> (<h3>j> —

[hﬁ} _ <[h1][h21
£<h3) >p h%z (hH(h?)

The coefficients in this expression are the Clebsh-Gordan coefficients [10-12].

I [h3]]> {[h31}>
(2.13)
((h) (h)/

The vector —— Z
s 13
is an invariant by unitary transformation with unity norm in the triple product space.
When we replace it with the above mentioned:
hi
([ ]nJ (2.14)
(hi ) n

! [hl][hz][h3]> 3
Hpy= 2 —— I1
v hlzh:2 dh3 <(h1)(h2) (h3) Cpi=1
3 1 2 3
The coefficients ! <[ 1h ][h3]> [[h ], [h ], [h ]]
(h*) cp (h) (hy) (h3) ),

Y \(Dh?)

With
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Are Wigner’s 3j symbols of SU (n), which are defined up to a phase factor. H(p) isa

invariant polynomial by the transformation U(n) and it is the generalization of the Van
der Wearden’s invariant of the group SU(2). These invariants has the following
properties
(1,2,3) _
Tuy "Hpy =H,) (2.15)

With (Ho [Hon) = 30100 (2.16)
These properties mean that the invariant polynomial is function of elementary invariants.

These elementary invariants are not independent for n > 3 and as a particular case we
choose H(p)as subspace of SU(3 (n-1)) which are function of the compatible elementary

invariants.
3. On the Euler angles for the classical groups

We derive first from two kinds of recurrences relations the parameterization of the
classical groups and then the measures of integration on SO (n), SU (n) and the
connexion of the measure of unitary groups with the measures of integration in Fock-
Bargmann spaces.

3.1.1 Generalization of the Euler parameterization of SO(3)
In Quantum mechanic we write the matrix elements of rotation by

(Im'[R(wp|Im) = (Im'e &~ *e 71| Im) (3.1)

We observe in the above expression that for every rotation in the space \Im} there

is a rotation in the dual space <Im'\ . In this interpretation, we can write the finite
transformation of classical groups in the form:

Anm = Anm—l Brrmn Anm—1 (3.2)
With m =0, 1 and 2 for orthogonal, unitary and symplectic groups.
In the following we derive two kinds of recurrences formulas

3.1.2 First recurrences relations for the number of parameters
It’s simple to verify the recurrences relations

N(n,m)=N(n-1Lm)+2"n-1, m=0,12. (3.3)

So the order of the matrix n has 2™ n — 1 parameters more than the matrix of order n-1.
Since the point (0,...,0,1) is invariant by the group of order n-1 this means that the last

column and the last row are the components of the unit vectors of points on the unit
sphere S™, of the Euclidian space E,(K),K =R,C,H =Q.

: Last
Al=| - Col. (3.4)
Last Row a,,

3.2.3 Second recurrences relations for the number of parameters
It’s also simple to verify the recurrences relations
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N(n,m)=2N(n—1,m)—N(n—-2,m)+2M m=0,2. (3.5)
In the expression
A" = A" B"A", (3.6)
It is quite evident that the parameters of left and right are different.
A=A =ALBLALBIALBLAL
= ALBLIALBY AL IBL AL,

[BY.A,1=0 (3.7)
Then number of parameters of A becomes 2N(n —1,m)-N(n —2,m)+2™ and the

But

We choose

number of parameters of B/is2™ . Therefore we find the same result of the recurrence
relation (3.5).

Therefore we write A'=A"=A" B" .B'A",B" A", (3.8)
To find Anm we must choose the parameters such that the last line, or the last column, are

the components of the vector T = (X;,X,,....X, ), =1 and[B",A",]=0. In this case
the range of parameters is imposed by the range of the variation of the angles of the
vectorr .

It is important to note that every parameterization components of the vector I
corresponds to a parameterization of classical groups and therefore the parameterization
is not unique.

3.3 Parameterization of SO(n)

In this case A" = A" B" A", m = 0 the matrix B, is function of one variable and

The expression [B?, A’ ,]=0 means that Br? leave invariant A,?fz.

Then we write

I, 0 0
B'=| 0 cosd sing! (3.9)
0 —sinfd' cos@"/

If we choose in E the spherical coordinates 0,,0,,...0,,_, we write
& =sind, ,...sinf,sin b,

(3.10)
&, =cosl,
with  0<0;<2r, 0<0;<mj=2,.,n-1
and F=r,=0X,%X,..X,), Xj =r&;.

We find the Vilenkin parameterization [26] for SO(n) and therefore we shall use the same
notations. Any rotation g of the group SO (n) can be set as follows

Where g% = g,(6)...9, (6}) (3.11)
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And g, (6’((r?:11))) =B/ is the transformation

X, =X_ cos@ +x sing]
X, =X, sin@y +x, cosfy (3.12)
3.4 Parameterization of SU(n)

In the case of m = 1, the matrix B,11 is function of two variables anddet(B) =1.

The expression [B), A, ,]=0 means that BrI] leave invariant A\Lz and the solution
is not unique for n>2. If we parameterize like above the last column by the spherical

coordinates z; = re'Vi Ei,r=1, we write

_. k
k| e Vi 0

uy = L UE O,y =B2 =g;(0Ndi (v (3.13)

0 e+i\;/;<
I, 0 0
k —iyf
di(wi)=| 0 e 0.
0 0 etV
u=u®™D_ yd

k k, . k k . k k . k
Where u® = uf (plou OF, k). u BF vk, ) (3.14)
We can also consider other useful options (22), for example
-k
k _|e 0
ur = Livk | Ut (6.w) =B, = 9,(6)d; ()
0 e

iy
e Vil 0

di(yk)=
i(vi) 0 e—i(n—l)\lf%(

u=u™D y®

Where u® = uf (pou, OF w5)..u, 05, vk ) (3.15)

2 a &
SU(2) U,(@)=A :( _ _j (3.16)
-4, 4
3.5 Parameterization of SO(6)
It’s known that the Lie algebra of SO(6) and the Lie algebra SU(4) are isomorphic.
Therefore, there are a non-singular mapping between the generators of SO(6) and SU(4).
Since such mapping preserves the Lie bracket structure, we can deduce a
parameterization of SO(3), SO(4), SO(5) and SO(6) using the expressions of the
generators (2.5) and the harmonic oscillator basis [27-30].
3.6 The invariant measure on the group SU (n)
the invariant measure is the result of the product of invariants measure on the sphere

$2""! with n = 1... n. We determine first the invariant measure of the group SO(n) and

then for the group SU (n).



hal-00280459, version 1 - 18 May 2008

3.6.1 The invariant measure of the group SO (n) and Euclidean measure
the metric on the sphere S" is: ds* =dr* + rz[l—[in:] d&l]
By use the polar coordinates

ds* =dr’> +r’*d@>, +r’sin’ @, 6>, +....+r’sin* @, ..sin’ 6,d6]
Hence dv, =r""dé = Ar"Vsin" g, ,...sin0,d6,..d6, ,

We choose the constant A so that the measure on the sphere is equal to one.
1

oC 5 2
Since je‘x dx=1/(n)* ,
And in the Cartesian n-dimensional harmonic oscillator we have

[ e [, dx = [ e dr :Ie—fz r"drdé = %(r(g) /(ﬂ)g)Idcf Yy

So A=T(n/2)/2z""
Finally dV, = Asin" @, ,...sin6,d6,..d6 (3.17)
The invariant measure on the group SO(n) is:
n-1 k .
dg = A, J ][ ]sin'™" 0%de" (3.18)
k=1 j=I
With A, =TT, @(k/2)/27"'?))

The invariant measure 0§ of SO (n) is the angular part of the measure of product of
Cartesian harmonic oscillator.

[Te™ dr' =T, e™ (m)dr)ds, d& =], dsh
The number of parameters of SO(n) is n(n—1)/2 =2° (1_[?=1 i) — N with n is the number

of parameters I; .
3.6.2 The invariant measure of the group SU(n) and Fock-Bargmann spaces
By use of the polar coordinates Z =(z,,2,,..2,), Z; =rg; =re "¢,

The metric on the sphere S 2n-1 s
ds? =dr® +r’[Y" d(5)d(G)]
ds* =dr® +r’[> dy°&” +d&]
Therefore

dVv, =dz = A(, &)sin"? 6, ,...sin6,d6,..d6, dy,..dy, (3.19)
= AQT}, &)@ T, dw,

We deduce the connection between the 2n-dimensional cylindrical basis of harmonic
oscillator, the measure of integration of Bargmann spaces of dimension 2n and the

measure on the sphere S 2n-1,
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We obtain
e [T, dzdz, =e™" r*'], &dédy,
And therefore we note for the following of this work
du ) =TT, du(z)

We determine A by observing that
fduu,) = je r>"drd(U, )——r(n)—jd(U) A

A=T(n)/2z").
Finally:
dv, =(@(n)/2z")[ ] & sin"?6,.,...sin6,d6,..d6, dy,..dy, (3.20)
the same arguments for the derivation of the measure of integration of SO (n)
remain valid in the case of SU (n), [26-27]. It follows that the measure of integration of

the group SU (n) must be taken as the angular part of the measure of product of basis of
the cylindrical harmonic oscillators.

duU) =TT e dz'dz' = ([Te™™ (r)*'drdU?), (3.21)
With 2' =(z{,25,..,2)),(r)* =2'7'
And dUd =(T.,dUy (3.22)

The number of parameters SU (n) is N> —1=2' (Z?:z 1) —(n—1) with (n-1) is the
number of parameters { I; } and the sum is the dimension of the space. We obtain then the

relationship between the measure of Fock- Bargmann space and the measure on the
unitary group.

This property is very useful for the calculation of the isoscalar factors of unitary groups,
paragraph (9), using the Bargmann spaces, after the introduction of the additional
parameters {I; }.

4- Generating function of the basis SU(2) cSU(3)

In this section we review the Schwinger’s method of SU(2) as a useful way for the
construction of the generating function of SU(3) and for the remainder of this work.
4.1 Schwinger’s generating function of 3j symbols of SU(2)

The basis of the representation of the group SU (2) in the space of Fock-Bargmann is

J+m Z, j—m

And (¢ (2)) =) Mg _(z 4.1
0 (D)=t A (on(@), =D 0 (@) (4.
In the product space Hizlqo im, (Z ) the invariants of SU (2) or the elementary scalars
are: [2122], [2123], [2223] (4.2)
With [Xy]=X1y2 =X y;and (xy) = Xy, + X3y,

Van der Waerden has determined the invariants of SU(2)
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H(p) _ 1 [Z.122] j1+j.2'j3[z.lz3 ].jlszjrb [Z%Z3]jj1+jz'+j3
JA D! Gy +J2 - 3G + 32 - 300 + 2 - 50!
By =0i+i-Jda =0l + 15591 =0 + )2 + s (4.3)
J=+]+],+]s
To deduce the 3j symbols of SU (2), we multiply this function by

1 73720 320 325
@, (L) =[J+D12t Lz 3 : (4.4)
e (J =2 =2 ) =2]3)!

And so we get the generating function of polynomials invariant of SU (2).
texp[t{r, [z'z*]+ 7, [z'Z2° ]+ 7, [z°Z°]}] = Zj @5 GDH (2

To determine the generating function of the coupling of two angular momentums we

replace Z% by — 232 and 232 by Z% in the above expression. We obtain the Schwinger's
formula

G(t,7,2) = texp[tizs[X, Y]+ 7,(2X) + 7,(2y)}] =

0 O 0 0

exp[t{73[au ) 8V] +7 (Z au ] + 72(2 avj]}exp[(ux) +(vy)]
= L(t,7,Z,(X, y)) exp[(UX) + (vy)

This formula can be applied to the calculation of several coupling of angular momentum

where the great interest of this method. The introduction of the parameter t in (4.4) is

useful for the determination of normalization of the basis in the case of several coupling

in angular momentum.

4.2 Generating function of the basis SU(2)cSU(3)

We make a simple revision of our work [22], which is the extension of Schwinger’s

construction to the generating function of the basis SU(2)c SU(3). We are coupling three

basis of two dimensions harmonic oscillator or two dimensions of Fock-Bargmann space.
1 1,1 1 2 2,2 2

We put: : (Zi ’ Zz’ %) X 22 (. Zz; 232) (4.6)

2, =(21,27), 7, =(25,73), 73 = (23, 23)

(4.5)

With ziJ eC

Au

The vectors Vi

(z',2%) of the space D, ., are eigenfunctions of the Casimir operator

of the second order T?, the projection of T , T, on the z-axis and the hypercharge Y. The

eigenvalues of these operators are respectively t (t + 1),{, and y.

'|'+ zzli’ T_ zzzi,
0z, 0z,
1 0 0
T =—(z2,——12 _—),
1=y )

10
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Y =12 0 +2, 0 -2z, 0 4.7)
0z, 0z, 0z,
The Casimir operator of second order is:
T =T,T, +D)+T,T.

According to the relation (3.7) we have

TV =0 And T, =Yz = (48)
z,

In what follows we work out two successive couphng to obtain the generating function of
the basis of the group SU (2) <SU (3).

The vectors V (Z z )belong to the space D, ® D, ® D, which has the basic
elements ¢, (2" j2m2 (2% j,m, (Z;) and has the generating function

exp[Z(x I21)] with(xJz )y = ijzJ

i=1
The generating functions of the eigenfunctions WtO (Z1= Z,) of T?and T, can be
Deduced by applying the operator L, = L(t,z,Z,(x",x%)) to eXp[Z:in:l(Xi Zi)]
We get the first coupling
¥ =t exp it [LASD ]+ 1 (Z2') + 1, (Z 27 Jexpl(X52; + X323)] (4.9)

In this expression we haver = (1,,7,,7,).

We note in the following the minors by 8(1’2)

i j ok
2X1,2) L2) A(L2) A(L2)y _ | 51 1 1
A = (APPASIAGDY =20 Z) 2z (4.10)
2 2 2
Zl Z2 Z3

1’22 And Z3by AI , AI andA3,1 1, 2.
We obtain the second coupling by the application of the operator
L, =L(t',7,Z",(z,x’)) to ¥ .
So that the relation (4.8) is satisfied we put Z', = 0 in the result of the second coupling

then we get the generating function of the basis vectors V

1.2
(tto, )(z ,Z27).
tltl‘ eXP[t1t2A(3L2) +tit‘2t1[zzA(1l’2) - ZlA(zl 2)]"‘
ttr, 2\ [(Z,A, +Z,A)]+tt 7,2 A=
5yt VAPV A0 D it 712,
i JA+D2t+1)A!
Au

11
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tqtvﬂ q Zt+tozt toz.vp T'; p

Ol (= )Nt + 1)t —ty)! pI(A — 5

(tto W (@2

With

. (u=a)!p!
Vit (2,29 = NG Zk( j(u q—k)[p-(r k)]

x(2)"7(2y) T (2) P (AT (=AY (AT

The normalization is

N (Ausar) = § A+DW(u+p—-qg+1)! (2t—r)}2
pIal(u—PIA- P+ p+DI(A+u—q+D! (2!
And
y=—C2A+w)+3(p+q), 0<p<A,
Lo p—qQ
t 2+ 5 0<q<yp, 4.11)
t,=t—r r=0,1,...,2t.

It is important to note that the normalization of the vector V(t t0.y) (z!,2%)results from

the coupling method unlike the previous works [7, 10 and 12].

Finally in the notations of the theory of angular momentum we write the first coupling
|(Gri2)imv)| jamz) ,v=ji—j2 and v =j; — o

the basis of SU (3) is derived from the second coupling |(jl J2)Im;(Jjg) I'm'(v +mg )> ,

We put m'— j'.

And (tt y)(z %)= < Zzu(jljz)ij(jL)j'j'(V+m3)>- (4.12)

5. The basis of SU(3) and the spherical harmonics

It’s well known that the generating function of the spherical harmonics may be written
in the form:
= | L
(az,r”) =[2ffl]2§<p.m(z)Y.m(F) (5.1)
a is a vector of length zero,a -a = 0 and its components
==&+, 8, =-i(&" +n’), a, =2&n
EJI +m_l-m

n _
|+m)!(|—m)!’z_(&’n)

@ym (2) is a base of Bargmann space.

with om(@) =

It's easy to deduce from (5.1) the correspondence between the operators Jof SU (2) and
the operators L of SO 3).

12
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With =1 (0)( ) and L=F x@% (5.2)

G Is Pauli’s spin Y.
5.1 The new basis
In the Bargmann space we write the coupling function in the form:

<z1z2u(mz)jm;(jjg)j'm'(wm3>>=
ZCJ PCHE o (2,2 Py, (25,210 (23.23)

We replace ¢y, by Yim in (3.12), and then we write the coupling function in the new

form:

V(Lm y)(fleF;) <F1F2f3 ||(|—1|—2)|—m;(|—|-3)|—' L'(v + m3)> =

LL L;,L,,L = = -
Yo Com L Ch Y, (YL (B)IYL ()
m=m, +m,

(5.3)

This new basis of SU (3) is orthonormal and eigenfunctions of L* and L, . We have also
the correspondence

T, T Tp-—>L,,L,L,

5.2 The Wigner’s D-matrix of the new basis
It is well known that the Wigner’s D-matrix of SU(2) are the generalization of spherical

harmonics and may be taken as the angular part of an orthogonal basis, Drf]’m, (z,2"),
in the four dimension space [22] with integration measure is the cylindrical one.
Considering the D} . (Z,2") instead of spherical harmonics we deduce the Wigner’s D-

_ = =

matrix of the ba51sV(,_ myy ((H1G) .
I _ i d el j
V( fmy(ia.mthys) Zm,m',q [Cv,lmj j' ml |”Zﬂ m] {HI lD I " ')}

[ChlslchlzJ ]

g.m',,j"m,m,,m
m=m, +m,, m'=m, +m,
We can write this expression using the elements of the matrix of SO (4)

Dty = 2ACa k] D) L@z b Ch ! ]

m, m'
P=J+1,0=1],— I,
Aut _ B dsa 3 Ey (paa) Ji ' i
SO V(j17m7YI)7(j25mv’Y2) - Z [Cq m J D ]m Jm) {D ; (ZI > ZI )}[anm'3 >j"]] (5.4)
m3,m's,q

We can write also this expression in a new form in the space of Bargmann:

13
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V(J1 m,y;),(J2.m%Y,) jdﬂ(z)dﬂ(z )[V(tt y)(zlazz)><
I_IileJI (Zw I)\/(tt y)(zvlaz'2 )]

By analogy with the spherical harmonic of three dimensions, the function V(ﬁlm’ v) GlIE))

(5.5)

can be interpreted as the angular part ofV(i“',L[l0 y)(Zl, 22) . It is simple to observe also that

the integral of three products of these functions may be expressed in terms of 9j symbol
[29].

6- Generalization of generating function of SU(2) to SU(n)

We observe that the parameters and their powers in the generating function of the
basis of SU(2) are linked to the raising and lowering operators and their powers then we
generalized it by an empirical way [24] to SU(n) basis. So we found from this new
generating function the states max , min of SU (n) and the generating function of SU (3)
basis. This function is practical for the derivation of the invariant polynomials of SU(n)
from the Gel’fand basis of unitary group SU(3(n-1)).

In the representation of Bargmann-Moshinsky [6-7] we write

hZAn¢n(ha(Xa y))Pﬁhi }(A(Z)) —eXP{Z¢ A (Z)}

n | X(m |)L(ml) y(m I)R(ml)

¢ (h, (X)) ] (6.1)
" HQH ¢L< m,! JR(m,1)!
With m =L(m,n) =h, N him ,n-1> =R(m,n) = hm,n—l - hm+1,n (6.2)

{A1(2)} Isall minors {A(2)} = {Al2 , 1, J=1,...,n} constructed from the complex
matrix for the selection of rows 1,2,...,I and columns i,ip,...,1].

h
In this representation the Gel'fand basis will be noted by F(Ehin J(A(Z)) .
n

6.1 The binary fundamental representation (B.F.R.) A7 (z)
A simple representation of the fundamental representation basis is very useful and
has a great interest not only for calculations but especially for the invariance, which is
connected with the complement of binary numbers.
We associate to each miner a table of n-boxes numbered from 1 to n. We put "one" in the
boxes i,i,,...,I, and zeros elsewhere.
1 I I, n
AZI =100 1 10 (6.3)
Table (1)

14
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We refer to this new representation by the binary representation which has (2" —2)

[13%4]
1

elements. A? (2)Is represented simply by the number “i”” written in binary an array of n-
boxes.

6.2 Calculus of coefficients (pin (X,Y)

The coefficients (pin (X,Y) may be written as product of parameters y(u,A) and
X(1,A) . We determine the indices of these parameters by using the following rules:
a-We associate to each "one" which appeared after the first zero [see Tables (2-3)] a
parameter Y(W1,A) whose index A are the number of boxes and x the number of "one"
before him, plus one.
b-We associate to each zero after the first "one" [see Tables (2-3)] a parameter X(L,A)
whose index A4 is the number of boxes and g the number of "one" before him.
5.3 Gel'fand labelling and B.F.R. basis
We deduce from the tables (2-3) the expression of { A]i]zjjji'l } in Gel'fand labelling.

SUQ2)BFR |0 1| |1 0
1 0 1 0
We put: Gel' fand basis ( 0 j [ .
oxy) (2 x(L2)
Table (2)
0 1 2 3 4 5 6
SU(3)
t oo 010 Jo1o0o oo o1 10
B.F.R
0 0) (100 110 100 110y (110
Gel' fand
_ 0 10 1 0 1 0 10 11
basis
0 0 0 1 1 1
o(%y) Y13 yA)x(L2) yIL.2)x(23) x2.Dx(13) y23)x(12)  x(23)
Table (3)

Conversely, if we have a Gel'fand labelling of the B.F.R. we can deduce the position of
'one' in the table (1) and as a result the corresponding minor.
From a practical point of view we can determine all the elements of the B.F.R. of SU(n)

by filling tables of n-boxes by the number 1.2... (2 n_ 2) expressed in binary.
The compatible elementary scalar invariants which are the determinants of order n
6.3 Invariance by complementary of binary numbers (R-reflexion)

We know that each binary number has a complement then we deduce that A? has a
complement A7 . Therefore The B.F.R. is invariant by the transformation A" to AT
For SU (2) we have the transformation ¢ j, — (=D J+m ¢ j_mtaken into account that the

complement of [I 0] is[0 1] and conversely.
For SU (3) we also deduce the R-Conjugation of Gell-Mann (ResnikofY)

15
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Vitto.y) 2 D Vit to-y) (6.4)

The expression of complement % may be deduced from ¢|!, by changing y(m, /) with
x(/-m, /), and y(m, ¢ ) with x(£-m, /), and it follows that the expression (6, 1) remains
invariant by changing A? , ¢r|1 by K? % . We call this property of invariance by reflection

or complementarily invariance. We also note that in the basis of U(n) the complement of
[L1,---,1] is |0> in the oscillator basis and 1 in the Fock-Bargmann space.

7-The U(3) patterns and the SU(2) coupling quantum numbers

We are going to show that the result deduced by Biedenharn et al. [17] by the “tensor
pattern" for relationship between U (3) and a triple of SU(2) angular momentum is
deduced naturally with our method and we get the exact coupling.

The generating function of SU (3) in the Bargmann -Moshinsky basis is

h 3 12
hZ Asps(h,,. (Y, X)RGS j(A(Z)) =exp[A},'Y(2,3)+

(A%X(1,2) + A Y(L.2)X(2.3) + (A1Y(1,2) + A X(1,2) Y (1.3) + A5 X(1,3)]
The comparison of this term with the coupling generating function of SU (3)
We obtain:
y(,2)=2,, x(1,2)=2,, y(1,3)=7",, x(1L,3)=7',, 2(2,3) =t",, y(2,3) =t,
In the first coupling we associate parameters with their powers:
o0+t — ., > I- 0+,
t, >R23)—>h,-h;=—]+],+1],
Z, >R(1,2)>h,—h, =j+m,
Z,—>L12)y—>h,-h,=]-m

. h,-=h h,, +h
We deduce that j :%,m =h, _%

In the second coupling we associate also to the parameters of their powers
71> R(1,3)=hyp —hoy =—j3 + j+],
ry > L3 =h3 -hp=+j3+ -], (7.3)
Uy > L(23)=hp3 —hyy =+]3 - J'+]

For Z, =0 we obtain:

(7.1)

(7.2)

m=j', j'= (h13 ; h23), j3 — h13 _ h12 ';h23 — hzz (7.4)

We note by Ti the quantum numbers assumed by Biedenharn and al. [17] for the

coupling. We find that J, = j;, J,=]', ] =] . The right coupling is|(jj3)j') and not
|(j'j3) j) who is supposed by these authors. So the order is not the same and our method

clarifies the relationship between the coupling coefficients of the group SU (2) and the
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representation of SU (3).

8-The representation of the special invariants polynomials of SU(n)
by the Gel’fand basis SU(3(n-1))

In this work we limit ourselves to the invariant polynomials that are elements of the
basis of the representation of the group SU(3 (n-1)). These invariant polynomials are
function of what we call the elementary scalars and results from these some of conditions
on the indices of the Gel'fand basis.

8.1- The invariants polynomials

The invariants polynomials are function of the compatible elementary scalar invariants
which are the determinants of order n. taking into account expressions (2.10) and
h3 1y 31y =0 We deduce that the invariant polynomials have the form:

h,, hy, h, 0 0 0 0
h, - hy 0 00
0 O
hln . .
(p)= h,  .h (8.1)
hll

This shape is similar to double pattern of Biedenharn et al. (14).
8.2-The generating function of the coupling function
The generating function of the coupling coefficients of SU(n) is given by

h 3(n-1 S 4 SAl
hzSAa(n_l)(h)S¢3(n_1)(h,(yaX))PEhi( )}<A<z>)=exp{2 ¢n An<z>} (8.2)
Im 3(n=1) i

We will determine the first the compatible elementary scalar and the corresponding S¢r|‘ .
8.2.1 Identification of elementary scalar SA'n(z) and S¢r']

We determine the elementary scalars SAIn (z) which are the basic elements of the

Gel'fand basis of the SU (3 (n-1)). These scalars are formed of three rows of tables,
Where each row of (n-1) boxes. The first boxes ¢j of the row ‘1’ contain a “one” and

zero elsewhere. The ¢j satisfy the following requirements
0<a <n-1, > a =n (8.3)

We find for SU (3) seven scalar elementary compatible, which are represented by the
following tables:

AeA*=[1 0 1 1 0 0

JAZeA =[]l 11 0 0 0

9
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5

AeA°=[l 0 0 0 11

AN =l 10010

NeA®=l0 0 1 0 1 1

,ANeA*=0 01 110

2

Ae(AxA)=[l 01 0 1 0

8.2.2 Determination of S¢ri]

We determine for each elementary scalar the corresponding ¢ using rules a) and b).
In the expressions of ¢ we observe that some parameters are not included, this means that
y(m, £), and z(m, €) are nulls.
We deduce that the Gel’fand pattern is reduced to 7 indices variables:
hiz hi3 hyy 00

his hy hyy O
(0)= 13 g Thy (8.4)
iz hy; hgy
iy hy
hy;

The invariants polynomials are formed from one term or monomials and function of
compatible product of elementary invariant scalars. Different monomials are orthogonal
vectors and the normalization has already been calculate for SU (3) in the paper [10] or
may be deduced from the norm of bosons polynomials.

9-Generating function for isoscalar factors of SU(3)

The calculation of the coupling coefficients is carried out using the formula
3 i 1 2 3
[h']; 1 /[h']1[h*]|[h7]
H<( He)) = , ©.1)
{ T e )Mo Ja5 \hend)

and by replacing the bases and H () by their respective generating functions.

It is important to note that the calculation becomes too intractable for the
determination of coupling coefficients for groups SU (n), n > 3. We propose a way to
circumvent this difficulty (in part) using the connection of the measurement of SU (n)
and measurement of Fock-Bargmann space.

9.1 Gaunt integral and Wigner’s 3j symbols
9.1.1 Gaunt integral
The integral of the product of three-D or Gaunt integral is given by

jph D™ U DM U dU, = 9.2)
! n ' n ! n n '
(h1),(hy) (h2).(h2) (h3),(h3)

Z[{h‘l [h*], [hﬁ,J {[hl], [h*], [hﬁ,j
e\ () ()L () (hy) (hs) )
In the formula (7) we deduct:
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3

(1,2,3)
J.T(Un) L
i=

([h']”j>dun=ZH<p{[hll [h*], [hﬂj{[hj] h’] [hz]) ©93)
(hi)n (h'p) (h'l) (h'z) (h'3) (h) (h%) (h7) (p)

It follows that the symbols of Wigner are

; {[h']nJ>]dUn:([hl] [h’] [hﬂj ©.4)
(h)n (h) (hy) (hy) (p)

J(Ho T8 [1-_1[
i
So from a practical point of view the left is an invariant polynomial and the right may be
derived from the product of three generating functions after transformation and
integration. The integration works out in Bargmann space using our parameterization of
SU (n).
9.1.2 Wigner’s 3j symbols for SU (2)

A simple calculation shows that

J.T (1.2.3) (Uz)HeXP[rz(Xi 2Ydu(U,) =

(9.5)
exp[[x'x*1[2'2° 1+ [x'x*][z' 2’ 1+ [x*x’][2°Z*]]
we deduct from this expression that

| Gz, DTG [Texplr (x'2)1du(U,) = G(7,%). (9.6)

this new generating function is depending on the parameters (x) and not function of the
variables.
9. 2 Generating functions for isoscalar factors for SU(3)
We shall present first the general expression, then the method of calculation and finally
We give the result of a particular and interesting case.
9. 2.1 Expression of generating functions
It’s well known that the coupling coefficients of SU (3) are a product of isoscalar factor
by 3j symbol of SU (2).Therefore we use the method of generating function and the
expressions (9.3), (9.4) and (9.6) for the determination of the generating function for
these isoscalar factors.
For the clarity and to simplify the presentation we put

f :(X1u1> XU, XZ)’

- 9.7)
f= (yluza Yilps Y2)
and y(L3) =X, X(1,3) =X,, X(2,3)=Y,, Y(2,3)=Y,.
The generating function of SU (3) basis may be written as
G((x,y,u),A(2) =exp[ f -A"? + f - A']
[h], (©-8)

=ZA3<03(hW(X,y,U)1"3( j(A(Z)) ‘
By (h)3

To work in the Bargmann space we must replace U,,U,,X,,Y,,Y, by Lu,,ILU,,
rX,,nLY,,LY,and7 by, but we keep the same notation for x and y.

By using formulas (9.6-7) we write
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JBrn nOIHT 7 UGy X' Ku), A@) U )lduU;) =

[TE2 UG, rZU)UG; ((y" xR, A@)}duU,)IduUs) = (99

X (m,3) L'(m,3) yi (m 3)R‘(m,3)

Zh Hi:l A3Hm=1[ \/LI (m’3)' Ri (m,3)|

([hl]g [h*], [h°]; J(n” +u+6
() (), (0, 2
With T=t +t, +t, =0 +u,+u,

9. 2.2 the condition of integration
To calculate the integration in Bargmann space we apply the formula

I(p)=2[ exp(-r}) " dr,

(9.10)
)/ 2)Dy, (1,7)

p is an integer number.
In the case of the group SU (2), p =t, +t, + t;is an integer.

But in the case of SU (3) the power T is
3
2p-1= Zizl[z(ti)+ﬂi + A4+ —p;]+5

g =i, Pt
b2 2
It follows that 2p = [Z?Z1 (A +244)]+ 6 must be an integer number.

And

So it is necessary that (Z?:1 A;)/2 is an integer number therefore this implies that

?:1 A; must be an even number.
We have a new selection rule for the isoscalar factors of SU (3).
9. 3 Generating functions for general case
The integration of the part between brackets of (9.10) gives generating function
invariants by SU(2). Then we classify the results into three classes: the first one is a
function of the last column ofU ;; the second is a function of U yand the third terms
Is function of the invariants.

) N 30 A - 3 —jadl e =
With (Ay) =2 UiAj U =z, (AY) =2 AN, U =17, (9.11)

i, KTy 3 ipRii oL Rk
And ([AY x A1;) :ijlug[A” x A7, (9.12)
We have also the following formulas:
[ expltr,* Jexplar,tldu(t) = exp[ar,’]

And [ explt;r, Jexp[af; Jdu(t) = exp[ar, 1.i =1,2.3.
Using the above formulas we find the expression
[exp it [ + %) (AL +E +35)(A)+(E +33)(A%) (9.13)
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+ (0, Y YA x A5 +2, Y Yt A < AT+, Y YRt A x AT )1+ (9.14)
LIY, =7 Y1 Xt — I XE)AD) + (Y2 =0yt — o y0 X0 )(AY) (9.15)

+ (¥ =LY = T YL )(AY) (9.16)
+ (T X xDIA X AT+ xxDIA X AT+ (0,3 x DA x AT, ] + 9.17)
Xy [,A A + 7, A A + o, A A +E](n)? ) du(U ) (9.18)

1-The expressions (9.14-15) expressed in term ofU 5.
2 - The expressions (9.16-18) expressed as a function of conjugate ofU ; or lT3 .
3 -(9.19) is the invariant by U ;.
We do the integrations in Fock-Bargmann space using (2.5) and the formula:
(axﬁ)-(exa):(a"i b-c
a-d b-d
So we get an expression, function of the elementary scalars and may be deduced

by an intuitive way in the case of the group SU (3).
For the final calculation we must use the Bargmann integral

[du(@)exp(~z' Xz + A'z+7'B) = (det X ) Texp(A'X 7IB) (9.20)
Which is valid whenever the hermitian part of X is positive definite. Here z is the
Components of the vector z=(z1,2,,...,Z, ) .
9. 4 Generating functions for thecase X, =Yy, =0 .

(9.19)

We find the following generating function for the special X, =Yy, =0
exp {[X2AY - A6 + XA A X Y2y [r, A - A + 7, A - A+
y3 -yl XA A -yl xPAY - A
(XAt x 7} -x20,x %0 + X3, x x YA (A x AY)
FOSER B 4yl A 1y R AR e xy IR A 021)
(=7 y) A A =X Y/ A - A)

The development of (9.21) and comparison with (9.11) gives the expression of
isoscalaires factors. It is important to emphasize that we can obtain compact useful

expressions for special cases of isoscalar factors from the formula (9.1) that we will be
published in another paper.

10. The Wigner’s D-matrix elements for SU(3)

The expression of Wigner's D-matrix elements for SU (3) was given in the appendix
of our previous work [22].But we will give more the method of calculation.
10.1 Generating function for the Wigner’s D-matrix elements for SU(3)

We shall derive the generating function of the Wigner’s D-matrix elements for
SU(3). We have

(P10 W) = [expl F1A"2 + FrA U, expl f-A77 + - A Wu(z)du(z®)  (10.1)
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Using (3.20) we can write the above expression in the form
(U5 W) = [exp[A"A” +G"A'lexp[ A - A +a - Aldu(z')du(z*)

Q, 1 0 0 XN
With a, [=|0 e cos% - sin% X0 |,
a . X
} 0 sin% eV cosZ. 2

h _tU ) U Sy -U '0' o' Ui
e | z(wqo)uz, h (W (p)u,2 :

A=(Y1S;, Y1815 ¥2)-
The generating function of D-matrix elements of SU(3) may be calculated by two
methods, either by using the Schwinger’s method and the formulas (1.4) or by a direct
calculation using the Bargmann integral (9.22) .
We have made the calculation by both method but we present the first because it is
faster. In applying the formula (1.4) twice on the expression

oY)

= (P'|A|P) = A 10.2
- (a4 (102
We find a linear system of Ali , as variables, which the resolution gives the following
expressions:
A LA . ~A,G" A N O N2V
A LA R VR e g AN O e a7
= EREL ) &, - S ), i - SR )

Using (3.18) we find
[exp[A-A” + @"A'lexp[A- A% + & - Aldu(z)du(2) =

ﬁl _ exp[a - (a;/iz(a ‘A")
(1-1-1")? (1-4-1"
The transformation introduced by Prakash et al. [4, 12] does not give this result and
our expression is much simpler than that obtained by those authors.
10.2 Expression of Wigner D-Matrix of SU (3)
To determine the expression of Wigner D- matrix of SU (3) we are developing
the generating function using the following formulas:

] (10.3)

1-x)" Z @+ Py (10.4)
-0 alp!
And 2(p1m (ul 9u2) Z D(m m) (Q)(pjm (ul auz)a (Q) = (1//49(P) (105)
Thus we find the expression of the matrix elements of SU (3)
Au Au 1 -DA-p' A+ pu—q+l +1)!
U, = Z..k X
y't't, ytt, NN' p"'"(A = p)NA+D(—g ) =" I!
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VOUp == (p-DIA - p— DN +#-q=DUi+ p— PW(i+ Diu—g-i+p-D!
\/(J1+m2)'(11 2)'\/(]2+m2)'(12_m2)'
(t 2t )(Q')d(m mz)(v3)d(m mz)(V3)eiw(m2+m2)D(tt0 to)(Q)
2, =l+u'—q-i,2m =1 -u'+q'-i,2j, =—j+ A=k, 2m', = p'- j - A"+ p'+k
A=A, u=u, k+l=q
A= p'—q+p, 2t=pu—q+p, 2t = x'—q'=p'-2(i— j), 2t =2(i+ ))—pu+q-p
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