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X�cK^4P`SUYHQ5[ ^_[%Q�hBh SUh�i WIc5h
N3SbN3P`Nc'&�^4T�c<j�ZBW�SUh�i

2
Z�hBSUP`N#Q5P0XKQ>WKp ^BX�T3SscMj #7T�X�NIZ�[ P`SUh�i SUh Q!WIc+N3P0c'&

22 )�: p�SbN�X���Q�Y ^4[%XmN�p
c5a-N#P�p
Q�P7WIQI^
Q>W�SUP��WKc�h
N3P]T�Q5SUh4XKjHN3ZBn�^4[%Q5hBNrQ�T�XAh_c5P j�c�Y'SUh4Q5hBP a"SUP�p�N3PRX�^4VRa"SbN�XA[\SUh4XKQ�T ^_TKc<j�ZBW�P]Ssc5h WKc5N3PsN )
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65ì·æ�ßáè�ä'æÇõvé�æ/ßáà*æ�õCä5ä��Cé�çWêòã�äuñ�æ�õCä0ìuêsæÇßáç*é·ãvíÇì�ã(�sæ�ß�ìuà*õòé�í(ì�àCãáô�ìuàCä0í��CðCêCã´é·à�ñuð
�Cæ/ó'ß�æÇõ
3
êNä�ï�ßáì�ëòíµó'ß±æ�õ

êCïÇìsë��vè�æÇßáì�àÍàCì�æ�é�æ0���Cãáã(è�é�êòé�è�ß±æ�ôuö � ß±æ�õÏí�æ�ä�êså�ó'ß´íºäjêCï�ìsë��òè�æ�ß�ìuà.è�ìuíºæ�í8ñ �µï�ì�êNä�ïÇæ�ôq:jß´í�àCì·æ0$uä�ï�ß �òäwëIé�à�ô
çWìuïÇäjë��Cä�æÇì�æÇõòä'�Áéuè�æ)æÇõòé·æ�ß±æ�è�é�à~ðNä�êòïÇä���ä�ï�é·ðCãáä�æ�ìkêòïÇìsë��òè�ä�ìuàCã�ô ���òã�ã1ðòé·æ�è�õ.íºßáî�äwí0æ�ìkí�é+$�äA�
�sä8ëIè�ìuíºæ
êvä8ï/ðòé·æ�è�õ*ßáàòíºæÇä8éuë*ì���í�é�æK�Cï�é�æÇßáàCâ�æ�õCä,êòïÇìsë��òè�æÇßáì�à?è8é·êòéuè�ß�æ�ô�ö-9Cì�ï 
��6Þ��µå©Þ � ó/ä5ßáà$æÇï�ìsë��òè�ä5æÇõCäe��ì�ãáã�ì�ó'ßáàCâ
ësä��òàòß±æ�ß�ìuàòí'ì�àkêCï�ìsë��òè�æ�ß�ìuà�ãáä�$uä�ã´í 	
� Ö����
� �
�ÁÙ���� ����� �
�6Ú�� �8Ö�Û � �6Û��PÚ�� �����ÁÙ�� �(� �/ÖuÚ �QÙAÛ6Ü�� ; c5THQJi�S"�5X�h�^_[%Q�hBhBSUh�i�#eQr^BX�T3SscMj

t
SbNAN�Q5Ssj�PRc

nKX ,

• * V�N�Q�P`Z�T�Q�P�XIjJS & ^_T�cMj5ZBW�P`Ssc�h2SbNAQ5P &IZ�[U[�WIQK^BQ�W�SUP�� . xt = Pt

1

• � V�N�Q5P]Z�T�Q5PRXIj S &e^_T�cMj5ZBW�P]Ssc5h WIc�T3T�X3N]^Bc5h4j+N#PRc PUpBX#YHQ-�>SUYDZ�Y h Z�YJnIX�TJc & &IZ�[U[.nIQ5PRWKpBX3N%#8a"SUP�p
c�Z�P7Q�h �&IT�Q>W�P]Ssc5h4Q5[-nKQ�P�WIp .
xt = bPt/BtcBt

1

•
; T�Q�W�P]Ssc5h_Q�[ #FS &7P�p
X�T�XDX��>SbN3PsNAQ &IT�Q�W�P`Ssc�h_Q�[ nIQ5PRWKp .

xt mod B 6= 0
Q�h_j

xt < Pt

1

•
; � g . ; Z�[U[�� � Q5PRWKpqg S%lMX	1 
1h4Q5[U[��!S &#P�p
Xr^
X�T3SscMj2SbN�h_X�SUPUpBX�T * V�N�Q�P`Z�TKQ5PRXKj�# � V�N�Q5P]Z�T�Q5PRXIj #�hBZ�[U[$.slMX�TKc^4T�c<j�ZBW�P]Ssc5h<18h_c�T &IT�Q>W�P]Ssc5h4Q5[ )=: p�SbN WIc�T3T�X3N]^Bc5h4j+NFPRc7Q"^4T�cMj5ZBW�P`Ssc�hHc &�c�hB[���&IZ�[U[�nIQ�P�WIp
X�NC. xt mod Bt =
0
1 )

�Aä�æJ�òíWï�ä�ç*é·ïK	~æ�õòé�æjßáà é2��ï�éuè�æÇßáì�àvé·ã(êNä�ï�ßáì�ë é·à ä�çjêsæ�ôÏíÇêòé�è�ä`ï�ä�ç*é·ßáàòí�ß�à�é	ðòé·æ�è�õ éuí�ó�ä�ãáã'é�íWé·à
�Cà��òíºäwë.êCïÇìsë��vè�æÇßáì�à è8é·êòéuè�ß�æ�ô�ö
�0ä�àòè�ä�ñ�é�æ�ãáä8é�íºæ�ì�àòä*çWìuïÇäJ�Càòß±æ�è8é·àÍðNä?êCï�ì�ë
�òè�äwë~ó'ß�æÇõ àCì	éuëCësß�æÇßáì�àòé�ã
�
�sä8ëkè�ìuíºæ8ö"�9õCß´í9íºß�æ��vé�æÇßáì�àkíºõòì��Cã´ë?ðNä0�>�òß±æ�ä)ï�é·ï�ä0ßáà�é�à`ìuêsæÇßáç*é·ãÒíÇè�õòä8ë��Cãáä�ñsó'õòßáè�õ�ßáí�ä��sêCï�ä8í�íÇä8ëH��ìuïÇç*é�ã�ãáô
ß�à �µï�ì�êNä�ïÇæ�ô+�sö"9<ßáï�íºæ8ñCó�ä�ß�à$æ�ïÇìsë��òè�ä)æÇõCä7��ìuã�ãáì�ó'ß�àòâWësä��òàCß�æÇßáì�à�ó'õCß´è�õ�â�ä�àòä�ï�é·ãáß�î8ä8í�,0ä��òàCß�æÇßáì�à�� 	
� Ö����
� �
�ÁÙ���� ��� � �
�	� ��Ù��6Ü
��Ú�� � �6Ö�Û!� ��������� ����� N3ZBn�^4[%Q5h SbN nKQ�P�WIp WIc5h
N3P]T�Q5SUh4XIjkS &#SUPAWIc5h P�Q�SUh
N�Q�P
YJc5NIP c5h4X &ITKQ�W�P`Ssc�h_Q5[
^
X�T3SscMj )
�9õCäA��ìuã�ãáì�ó'ßáàCâ`êCï�ì�êNä�ïÇæ�ô�â�ä8àCä�ï�é·ãáß�î8ä8í5æÇõCäjêCï�ì�êNä�ïÇæ�ô�ì��.��ß�êCêòçjé�à �C:<;
��;>�'ó'õCßáè�õÍé�í�í��Cçjä8í,ì�àCãáô �
�sä8ë

æÇï�é·àòíÇêvìuïºæ�é�æ�ß�ìuà è�ì$í�æ�íL��ßáà 
��6Þ��1å�Þ � ñF�
�sä8ë�æÇï�é·àòíÇêvìuïºæ�é�æ�ß�ìuà è�ì$í�æ`è�ì�ï�ïÇäwíºêNì�àvëCí�æ�ìÍæÇõCä �B��äwë è�ìuíºæ?êvä8ï
ðòé�æ�è�õ ��ö @ æ�íºæ�é�àòëCíµæÇõòé·æ/ðNä�æ�ó�ä�ä�à?æ�ó/ì�è�ì�àòíÇä8è��sæÇß($�ä5ï�ä�âuä�àCä8ï�é·æÇßáì�àWêvìuß�à$æ�í�ñ$æÇõòä�ï�ä5ßáí�é�æ/çWì$í�æ/ì�àCä8��ï�éuè�æÇßáì�àvé·ã
ðòé�æ�è�õ�êCï�ìsë��òè�æÇßáì�àAö
� Ú�Ù �(Ö$Ú ��×�� � � Ö ��Ù % �(ÙNÜ
� �
�QÙ � � Ú�Ù �(Ö$Ú ��× � �#p
X�h ^4T�cMj5ZBW�P`Ssc�hwWIc+N3P`NLQ�T�XLN3PRX�^4VRa"SbN�X!WIc5h4WIQ��5X #JPUpBX�TKX
X��>SbN3PsNrQ5h cK^4P`SUYHQ5[
^_[%Q�hBhBSUh�i�a�p�SsWIp2WIQ5h nIX'j>XKWIc�Y ^Bc+N�XIj#SUh P�c�nIQ5PRWKp2WKc�h
N3P]T�Q5SUh4XKjHN3ZBn�^4[%Q5hBN )

* T�cMc'& ) � är�òíÇä�é·à�ß�à$æ�ä�ï�è�õòé·àCâuä�é·ï�â��Cçjä�à$æ'æ�ì*êCïÇì5$uä)æÇõCä�êòïÇìuêvä8ïºæ�ôuö 
/ì�àvíºß´ësä�ï5é�à�ì�êsæ�ß�ç*é�ã�íÇè�õòä8ë��Cãáä
π
ñòè�ìuàuæ�é·ßáàCßáàCâ*éWí��CðCêòãáé�à

S(uv)

ó'ß�æÇõkæ�ó�ì'��ï�é�è�æÇßáì�àòé�ãÒêvä8ïÇßáìsëCí
t′
é�àòë

t′′
ñ
t′ < t′′

ö (/ô?æÇõCä�ësä��òàCß�æÇßáì�à�ì��1é
íC�CðòêCãáé�àAñ�æ�õCä/ßáà�$�ä8àuæ�ì�ï�ô�ã�ä<$�ä�ã´í

st

é�æ<æÇõCä9ðNä�â�ßáàCàCßáàCâ)ì��òäwé�è�õ�êNä�ï�ßáì�ë
t ∈ [t′+1, t′′]

ßáí�íºæÇï�ßáè�æÇãáô�êvì$íºß�æÇß($�äuö � ä
ó'ß�ãáã�è�ìuçjêòé·ï�ä)æÇõCä�è�ìuíºæ9ì���é�à$æÇß´è�ßáêòé�æ�ß�àCâ*éWêòé�ïºæ'ì��<æÇõòä�êCïÇìsë��vè�æÇßáì�à�ì��

t′′
é·æ

t′
ó'ß±æ�õ�æÇõCä�è�ìuíºæ9ì���ëCä�ã´é�ô$ßáàCâ

é�êvé·ïÇæ9ì��6æ�õCä�êCï�ìsë��òè�æ�ß�ìuà�ì��
t′
�Cà$æÇßáã

t′′
ö

�Aä�æ.�òí/ëCä�àCì�æÇä5ð�ô
∆pt(x)

æ�õCä0ç*é·ï�â�ßáàòé·ãvè�ìuíºæ(ì��^êòïÇìsë��òè�ß�àòâ�ì�àCä0ä���æÇï�é0�CàCß�æ�é·æ/êNä�ï�ß�ìsë
t
ßáà`í��CïÇêòã%�òí(ì��

é·à*é·çjì��òàuæ
x
ñ�ßPö äuö

∆pt(x) = pt(x+1)−pt(x)
ö @ à?é�íºßáçjß�ã´é·ï1ó9é�ô�ó�ä5ësä�àCì�æÇä

∆hab(s)
æÇì�ðNä9æÇõCä0õCì�ã´ësßáàCâ

è�ìuíºæµßáàòè��Cï�ï�ä8ë�ð$ô�ì�àCä'éuëCësß�æÇßáì�àòé�ã
�CàCß�æµß�à?íºæÇìsèI	0��ï�ì�ç æÇõCä'ä8àòëWì��^êvä8ïÇßáìsë
a
æÇßáã�ãòæÇõCä'ðNä�âuß�àòàCß�àòâ�ì��^êvä8ïÇßáìsë

b
ö

� õCß�ãáä
p
é�àòë

h
ï�ä�ç*é·ßáà*è�ìuàòè�é+$uär��ßPö äuö<ó'õòß�ãáä5àCì�àCä8ó �
�sä8ë*è�ì$í�æ�é·êCêNä8é�ï�í1ìuï(ësß´íÇé�êCêNä8é·ï�íI��ñ�æ�õCä8íÇä ���Càòè�æÇßáì�àòí

é·ï�ä1àCì�àså�ßáàòè�ï�ä8éuíºßáàCâòö 60ì�óIãáä�æ �òíAßáà$æÇï�ìsë��òè�ä
∆f(q) = ∆pt′(xt′+q)+∆ht′t′′(st′+1+q)−∆pt′′(xt′′−q−1)

ö
9Cï�ì�ç æÇõCä9êCï�ä8è�ä8ësßáàCâ)í�æ�é�æÇä8çjä�à$æ�í8ñ

∆f(q)
ß´í<é0àCìuàså�ß�àòè�ïÇäwé�íÇß�àòâ ���Càòè�æ�ß�ìuà�ì��

q
ó'õCßáã�ä�àCì,íÇä�æK�Cê�è�ìuíºæ�í<é·êCêNä8é�ï8ö

@ æ)ï�ä�êCï�ä8íÇä�à$æ�í0ä��séuè�æ�ã�ôkæÇõòä�ì5$uä�ï�è�ìuíºæ5ßáàòë��òè�ä8ëIð$ô�é�àuæ�ßáè�ß�êvé�æÇßáàCâ�ì�àCäD�CàCß�æe��ï�ì�ç
t′′
æÇì

t′
ñ 	$àòì�ó'ß�àCâ?æÇõòé·æ

q�CàCß�æ�í'õòé+$uä)é�ã�ï�ä8éuësô?ðNä�ä8à�é�à$æÇß´è�ßáêòé�æ�ä8ëkè�ì�çjêòé�ïÇäwë*æ�ìWêòãáé�àCàCßáàCâ
π
ö

•
@ �

∆f(0) < 0
ñ<æÇõCä8àÏß±æWßáí�çjì�ï�ä?ä8è�ì�àCìuçjßáè8é·ã1æ�ì�æÇï�é·àòíC��ä�ï�ì�àCäm�CàCß�æ'��ï�ì�ç

t′′
æÇì

t′
ñ-	�ä8ä�êCßáàCâ	ß�æ�ßáà

íºæÇìsèI		ðNä�æ�ó�ä�ä8àÍæÇõCä*æ�ó�ì�êvä8ïÇßáìsëCí8ökÞ��òè�õÏé�êòãáé�àCàCßáàCâ�ßáí0��ä8é�íÇßáðCã�ä�íºßáàòè�ä
t′
è�é�àCàCì·æ�ðNäH�1å©íÇé·æ��Cï�é�æ�ä8ë

�
t′
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−∆f(0)
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ìuêsæÇßáç*é·ãáß±æ�ô?ì��
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•
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∆f(0) > 0
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t′
é�àòë

t′′
ñ(é·àvë

t′′è8é·àCàCì�æ,ðNäWém�1å©íÇé·æ��Cï�é�æ�ä8ë�êNä�ï�ß�ìsëO�
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ßáí�è�ìuàòíÇßáësä8ïÇäwë�é#��ï�é�è�æÇßáì�àòé�ã�êNä�ï�ß�ìsëB��ör�9õCä�ï�ä8í��Cã�æÇßáàCâ�í�è�õCäwë�å

�Cãáäjè�ìuíºæ�õòé�í�ësäwè�ï�ä8é�íÇä8ë	ð$ô	é·æ)ãáä8éuí�æ
∆f(0)

�Áêvì$íÇíÇß�ðòã�ô�ìuàCäWíÇä�æK�Cê~ßáà�$�ä8àuæ�ì�ï�ô�è�ìuíºæ�çjé�ô	ëCßáí�é·êCêNä8é�ï
ðNä�æ�ó�ä�ä8à
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é�àòë

t′′
��ñCó'õCß´è�õkè�ì�à$æÇï�é�ësß´è�æ�í�æÇõCä�ìuêsæÇßáç*é·ãáß±æ�ô`ì��
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�9õ��ví�ñ�ó�ä(ç'�òí�æ�õòé+$uä
∆f(0) = 0

ö�(�ì�æÇõ�æ�ï�é�àòíC��ì�ï�çjé·æÇßáì�àòí6ësì0àòì·æ1é5v^ä8è�æ<æÇõòä�è�ìuíºæ6ì��òæÇõCä9íÇè�õòä8ë��Cãáä�ö � ä
è�õCìuíÇä0æ�ìWé�êCêCãáô*æÇõòäe�vï�íºæ/æ�ï�é�àòíC��ì�ï�çjé·æÇßáì�à?ð�ô?é�àuæ�ßáè�ß�êvé�æÇßáàCâWì�àCä)êCï�ìsë��òè�æ�ß�ìuàm�Càòß±æ0é·æ�êNä�ï�ß�ìsë

t′
ö �0ì�ó/ä<$�ä8ï8ñ

íºßáàòè�ä
∆f

ßáí�àCì�àCåPßáàòè�ï�ä8éuíºßáàCâvñ
∆f(q) ≤ 0

��ì�ï
q ≥ 0

ñ<é·àòëIæ�õ��ví�ó�ä?è�é·à é�àuæ�ßáè�ß�êvé�æÇä*é�íÇä8è�ì�àòëÒñ<ékæÇõCßáï�ëÒñ
ö�ö�ö��CàCß�æ8ñ��Cà$æÇßáãµé�íÇä�æK�Cê.è�ìuíºæ�é·êCêNä8é�ï�í)ì�ï)æ�õCäjêCãáé�àCàCßáàCâkðväwè�ì�çjäwí�ß�à���äwé�íÇß�ðòã�äuöjÞ�ßáàòè�ä�æ�õCäjß�à�$uä�à$æÇìuïÇô�ãáä�$�ä8ã
ßáí,í�æ�ïÇß´è�æ�ã�ôkêvì$íºß�æÇß($�ä�ðNä�æ�ó�ä�ä8à

t′
é�àòë

t′′
ñNíC�vè�õ	é*íºä�æ��Cê~é�êCêNä8é·ï�í9ó'õCä8à�æÇõCär��ï�éuè�æÇßáì�àvé·ãAðòé·æ�è�õ�é�æ,êvä8ïÇßáìsë

t′ðväwè�ì�çjäwí ���òã�ãPö �9õ��òí8ñ�ó�ä/è�é�à�é�àuæ�ßáè�ß�êvé�æÇä.�Cê�æ�ì0æ�õCä9é·çjì��Cà$æ
q = min{Bt′−(xt′ mod Bt′), xt′′ , Pt′−xt′}

ö
E�æ)æ�õCß´í)æÇßáçWäuñ�ä8ß±æ�õCä�ï

t′
ì�ï

t′′
ß´í)àCì·æ�é·à�ô�çjì�ï�äjé#��ï�é�è�æÇßáì�àòé�ã<êNä�ï�ßáì�ëIßáà~æ�õCäjàCä�óÔêCãáé�àCàCßáàCâòö=�'ä�êNä8é·æÇßáàCâ

æÇõCß´í'êCï�ìsè�ä8í�í8ñ$ó�ä�è�é�à`æ�õCä�àkæ�ï�é�àòí���ìuïÇç
π
ßáàuæ�ì*é·àCì�æÇõCä8ï'ì�êsæ�ß�ç*é·ãAí�è�õCäwë��Cãáä�æÇõòé·æ $uä�ï�ß �vä8í�æÇõòä�êCïÇìuêvä8ïºæ�ôuö

2

� ä)àCì�ó�ßáàuæ�ïÇìsë��vè�ä,é�àCì·æ�õCä�ï�ësì�çjßáàòé·àvè�ä0êòïÇìuêvä8ïºæ�ôjßáàòíºêòß�ï�ä8ë*ð�ô-(9é�	uä�ïµä�æ9é�ãQö �C:<;!��=>��ó'õòì�íºæ�é�æ�ä8í(æÇõòé·æ
æÇõCä8ïÇä�ä��sß´í�æ�í6é�à�ì�êCæÇßáçjé�ãuêòãáé�àCàCßáàCâ)í��òè�õ�æ�õòé�æ ��ì�ï<ä8éuè�õ�êNä�ï�ß�ìsë

t
ñ
st(Pt−xt)xt = 0
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æÇõCä�ðNä�âuß�àCàòß�àCâ*ì��6äwé�è�õ�íC�CðCåPßáà$æÇä�ïK$�é·ã 	
� Ú�Ù �(Ö$Ú ��×�� : p
X SUh(�5X�h P�c�T��![%X �5X�[8Q�P0PUpBX nIX]i�SUhBh SUh�iqc &�Q NIZBn�VRSUhBPRX�T �+Q�[ S[kf ]

#rSUh_W�[\ZBj>XKjkSUh Q!N3ZBnR^_[%Q�h
S(uv)

#1SbN8i�S"�5X�hkn-�

ŝv
k =

{
0

S &
k = u

.
k
SbN0P�p
XDnIX]i�SUhBh SUh�i�c'&0P�p
X0N3ZBn�^4[%Q5h<1

(
∑v−1

t=k dt) mod B
c5P�p
X�T3a"SbN�X
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��N7Z�h_j�X�T3[\SUh4XKj�n-�HPUpBXrh4c5PRQ5P]Ssc5h�#1P�p�SbN0SUh �+X�hBPRc5T��H[%X �5X�[-c5hB[ �mj�XR^
X�h_j5N'c5h2P�p
XAh_X��>P1T�X�i�X�h4X�T�Q�P`Ssc�hH^Bc5SUh P
v )

* T�cMc'& ) (�ô	ësä��òàCß�æÇßáì�à.ì��/ékí��CðCêCã´é·à S(uv)

ñÒæ�õCäjß�à�$�ä8à$æÇì�ï�ô�ã�ä<$�ä8ã�é·æ,æ�õCäjðvä8â�ßáàCàCßáàCâkì��/äwé�è�õIêvä8ïÇßáìsëÒñ
ä��Cè�ä8êsæ

u
é·àòë

v
ñ�ßáí<íºæÇï�ßáè�æÇãáô,êNìuíÇß±æ�ß%$uä�ö �(ïÇìuêvä8ïºæ�ô �'ßáçWêòã�ßáä8í�æÇõòé·æAæÇõòä�ï�ä(ä��sß´í�æ�í�é�à�ì�êsæ�ß�ç*é·ã$êCã´é·àCàòß�àCâ

π̂
ó'õCä�ï�ä

ì�àCãáô#9,(9Þ`êCï�ìsë��òè�æ�ß�ìuà�è8é·à?æ�é�	uä0êCã´é�è�ä,ßáàòíÇßáësä)æ�õCä�íC�CðòêCãáé�àAö @ �6ó�ä,ó'ï�ß�æÇä)ß�à�$�ä8à$æÇì�ï�ô �òì�ó è�ì�àòíÇä�ïK$�é�æÇßáì�à*ßáà
ZB

ñ�ó�ä0õòé+$uä
ŝt+1 = ŝt− dt [B]

íÇßáàòè�ä
x̂t = 0 mod B

ö(Þ��CçjçWßáàCâD�Cê?æ�õCä8íÇä)ä<���òé�æ�ß�ìuàòíµðNä�æ�ó�ä�ä8à`êNä�ï�ß�ìsëCí
k
é·àvë

v
ó�ä0ßáçjçjä8ësß´é�æ�ä�ãáô*â�ä�æ

ŝk = ŝv +
∑v−1

t=k dt [B]
ö"E0í

ŝv = 0
ð�ô?ësä��vàCß±æ�ß�ìuà`ì���é�í��CðCêCã´é·àAñ�ó�ä8	�àCì�ó

æÇõCäD$�é·ã(�Cä�ì��
ŝk

çjìsë��Cãáì
B
ö (�ô	ësä��òàCß�æÇßáì�àIì��/é�íC�CðCåPßáà$æÇä�ïK$�é·ãPñ

ŝk

çA�òíºæ)ðNäWä<���òé·ã6æÇì
ŝk mod B

ñÒó'õCß´è�õ
â�ß($�ä8í�æ�õCä�ä��sêNä8è�æ�ä8ë���ì�ï�çA�òãáéòö

2

E0í<é0è�ìuïÇìuã�ã´é·ï�ô�ñM�òíÇß�àòâ,é·â$é·ßáà�ß�à�$uä�à$æÇìuïÇô.�òì�óÏè�ìuàòíºä8ï�$�é·æÇßáì�àAñwó/ä�è�é�à�ësä8ë
�òè�ä/æÇõCä9é·çjì>�Cà$æ6ì��CêòïÇìsë��òè�æÇßáì�à
é�æ'æÇõòä�ðvä8â�ßáàCàCßáàCâjì��1éWí��Cðså�ßáàuæ�ä�ïK$�é·ã 	
��ÙvÚ�Ù ��� �sÚ�×�� : pBX ^4T�cMj5ZBW�P`Ssc�hkQ5P�P�p
XDnKX�i�SUhBh SUh�i�c'&rQ#NIZBn�VRSUhBPRX�T �+Q�[ S[kf ]

#1SUh4W�[ ZBj�XIjHSUh QJN3ZBn�^4[%Q5h
S(uv)

#
SbN�i�S"�5X�h n6�

x̂k =
∑f−1

t=k dt + ŝv
f − ŝv

k ) :
p�SbN $�ZBQ�hBP]SUP!�mSbNJQ�Y'Z�[ P`S ^4[%XHc'&

B
S &

k
SbNDh_c5P P�p
XHnIX�i�SUh hBSUh�iLc'&

PUpBX0N3ZBnR^_[%Q�h )
��ì�íÇô$à$æ�õCä�æ�ßáíÇä�æ�õCä*ësß%vNä8ïÇä8àuæ�ësìuçjß�àòé�àòè�äwí�ñÒó�äWâ�ß($�äWß�à 9<ß�â>�CïÇä#�`æÇõCä*íºæÇïK�òè�æK�Cï�ä�ì���é�ðòé�æ�è�õ.è�ì�àòíºæÇï�é·ßáàCä8ë
íC�CðòêCãáé�à ��ì�ï�æÇõòä2�Càòè8é·êòéuè�ß�æ�é·æÇä8ë�êCïÇìsë��vè�æÇßáì�à�è8é�íÇä�ö � ä.õòé+$�ä~ì�àCãáô�í�	�ä�æ�è�õCäwë æÇõòäIësß%vNä8ïÇä8à$æ�ãáä�$�ä8ãáí�ì��
êCïÇìsë��vè�æÇßáì�à`êvì$íÇíÇß�ðòã�ä�é�æ�ä8é�è�õ`êvä8ïÇßáìsëÒñ�ó'ß±æ�õCì��sæ'âuß%$�ßáàCâ�éWè�ì�çjêCãáä�æ�ä0ãáßáíºæ8ö � ä�ësä�$uä�ãáì�ê?ßáà?æ�õCä,àòä���æ9íÇä8è�æÇßáì�à

V

V

V

V

V

V

V

@A@
@A@
BAB
BAB

CACDAD

t

x
LTL

FTL

no production(u v)
[k f]
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é`ësô�àòé�çWß´è�êCïÇìuâ�ï�é·çjçjß�àòâ?é·ãáâ�ì�ï�ß�æÇõCç;æÇì��òàòëIé·à	ìuêsæÇßáç*é·ã�íÇè�õCäwë��Cãáä�ßáà�æ�ß�çjäjè�ì�çjêCãáä��sß�æ�ô
O(T 3)

ñÒðòé�íÇä8ë
ì�àkêCïÇä<$�ß�ì>�òí'ësì�çjßáàòé·àvè�ä�êCï�ì�êNä�ïÇæÇßáä8í8ö

�
��� ��� ��� � ����� � ��� � � � � ���	��
 ����� � � 
�
 �

�9õCäµêCï�ß�àvè�ßáêCã�ä1ì��uæ�õCä(é�ã�âuì�ï�ß±æ�õCç�ñ<���Cß�æÇä(è�ãáéuíÇíÇßáè8é·ãáã�ôuñ�ß´íÒæÇì5è�ì�çjê
�sæ�ä�æÇõCä(çWßáàCßáçA�CçUè�ì$í�æ
Z∗

R(u, v)
é�í�íºìsè�ß´é�æ�ä8ë

æÇì�äwé�è�õ*êNìuí�íºßáðCãáä0ðòé·æ�è�õ?è�ì�àòíºæÇï�é·ßáàCä8ë*í��CðCêòãáé�à
S(u,v)

ö �0íÇß�àòâ�æÇõòä,ësäwè�ì�çjêNìuíÇß±æ�ß�ìuà*êCï�ì�êNä�ïÇæ�ô �Cñ�æ�õCä,è�ìuíºæ/ì��
é·àjì�êsæ�ß�ç*é�ãòíÇè�õòä8ë��Cãáä5è�é�à�æ�õCä�à*ðNä0è�ì�çjê
�sæ�ä8ëWß�à

O(T 2)
ð�ô�é�íÇõCì�ïÇæÇäwí�æÇåPêòé·æÇõWã�ß(	�ä5ëCô$àvé·çjßáè9êòïÇìuâ�ï�é·çjçjß�àCâ

é·ãáâ�ì�ï�ß�æÇõCç�ö-�9õCä)è�ì�çjê
�sæ�é�æ�ß�ìuà?ì��Aæ�õCä)ì�êsæ�ß�ç'�Cç è�ìuíºæ/ì��6é�í��CðCêòãáé�à`ï�ä�ãáß�äwíµì�à`æÇõCä)àCì�æÇßáì�à?ì���íC�CðCåPßáà$æÇä�ïK$�é·ãPö
de�Cï/é�êCêCï�ìué�è�õWæ�é�	�äwí(éuë�$�é·à$æ�é�â�ä5ì��ÒæÇõCä)ësì�çjßáàòé·àòè�ä5êCï�ì�êNä�ïÇæÇßáä8í(êCïÇì5$uä�à*ßáà*æÇõòä0êCï�ä�$�ßáì��òí/íºäwè�æÇßáì�à?æÇìr��ìsè��òí
ì��Cï(íÇä8é�ï�è�õ�ì�àWæÇõòä5êvä8ïÇßáìsëCí1õòé+$�ßáàCâ�é·àjä�à$æ�ä�ï�ß�àCâ�ßáà�$�ä8àuæ�ì�ï�ô�ã�ä<$�ä8ãCã�äwíÇí1æÇõòé�à�æ�õCä5ðòé·æ�è�õ*íÇß�î8ä

B
ö"�9õCä'ï�ä8é�íÇì�à

ßáíµæÇõòé·æµæÇõCäwíºä'êNä�ï�ßáì�ëòí(é·ï�ä�æÇõCä0ì�àCãáô�ìuàCä8í1ó'õòßáè�õ?è8é·àjõòé+$�ä5é�êNìuíÇß�æÇß($�ä'êCï�ìsë��òè�æ�ß�ìuàH�>�vé·à$æÇß�æ�ô��s�µï�ì�êNä�ïÇæ�ô�����ö

/ì�àòíÇßáëCä�ï9æÇõvé�æ

u
é·àòë

v
é·ï�ä�æ�ó/ì?è�ì�àòíÇä8è��sæÇß($�ä�ïÇä8â�ä8àCä�ï�é�æ�ß�ìuà�êNì�ßáà$æ�í8ñvé·àvë�ã�ä�æ

S[kf ]

ðNä�é?í��Cðså�ßáàuæ�ä�ïK$�é·ã
ß�àòíÇß´ësäkæÇõCß´í*íC�òðCêCã´é·àAö E0í*íºæ�é�æ�ä8ë ð�ô �µïÇìuêvä8ïºæ�ô��Íé�àòë 
/ìuïÇìuã�ã´é·ï�ô��sñ1æ�õCä�êCïÇìsë��vè�æÇßáì�à�êCã´é·àCàòß�àCâ.ßáà�æ�õCä
íC�CðCåPßáà$æÇä�ïK$�é·ã

S[kf ]

ßáí�ä8àuæ�ß�ï�ä�ãáôJ	�àCì�ó'à#��ìuï�éWè�ä8ïºæ�é·ßáà?ì�êsæ�ß�ç*é�ãNêòãáé�àCàCßáàCâòñsíÇß�àòè�ä,ß�æ5ësä�êNä�àvëCí�ì�àCãáô*ì�à
v
ö"�Aä�æ

�òí9ësä�àCì�æÇä,ð$ô
Cv[k, f ]

æ�õCä�è�ìuíºæ/ì��AæÇõòßáí�ì�êCæÇßáçjé�ãvêòãáé�àCàCßáàCâ�ìuà*æÇõCä�í��Cðså�ß�à$æÇä8ï�$�é�ã
S[kf ]

ñsé�í�íC�òçWßáàCâ
v
éuíµæ�õCä

àCä���æ0ï�ä�âuä�àCä8ï�é·æÇßáì�à`êNì�ßáà$æ8ö �9õCß´í0è�ì$í�æ5ßáàòè�ã%�òëCä8í'êCï�ìsë��òè�æÇßáì�à�é�æ0êNä�ï�ßáì�ë
k
êCã(�òí'ßáà�$�ä�à$æ�ì�ï�ô?õCì�ã´ësßáàCâjæÇßáãáãAæÇõòä

ðvä8â�ßáàCàCßáàCâ�ì��/êNä�ï�ßáì�ë
f
öD�9õòäWó9é�ôkæÇì�è�ìuçjê
�sæÇäjä&%*è�ß�ä8à$æÇãáô�ß�à

O(v2)
æÇõòäjè�ìuíºæ�í

Cv[k, f ]
ì��/é�ã�ã1êNìuí�íºßáðCãáä

íC�CðCåPßáà$æÇä�ïK$�é·ã´í.��ì�ï0é'�
�sä8ë�ï�ä�â�ä8àCä�ï�é�æ�ß�ìuà`êNì�ßáà$æ
v
ó'ß�ãáãAðNä�ësä�æ�é·ßáã�äwë�ßáà E5ãáâ�ì�ï�ß�æÇõCç �sö

��ì�è�ìuçWêB�sæÇä*ësô�àòé�çWß´è�é�ã�ãáô
Z∗

R(u, v)
ñ6ó/äWßáàuæ�ïÇìsë��vè�ä

Z∗
s [k, v)

æ�õCä?è�ì$í�æ�ì��9é·àIì�êsæ�ß�ç*é·ã1êòãáé�àCàCßáàCâ�ðNä�å
æ�ó/ä8ä�àkæÇõCär�òï�íºæ5êNä�ï�ß�ìsë

k
ì��µé*í��Cðså�ß�à$æÇä8ï�$�é�ãAé·àòë

v
ñCæÇõòä�àCä���æ5ï�ä�âuä�àCä8ï�é·æÇßáì�àkêvìuß�à$æ8ö @ �1ó/ä0	�àCì�ó æÇõòé·æ5æÇõòä

íC�CðCåPßáà$æÇä�ïK$�é·ãNä�àòëòí'é�æ9êvä8ïÇßáìsë
f
�Áêvì$íÇíÇß�ðòã�ô

f = v
��ñòíÇß�àòè�ä0æ�õCä)êCãáé�àCàCßáàCâWßáí.�
�sä8ë�ð�ô

v
ì�à

S[kf ]

ñ (�ä8ã�ãáç*é·à�
 í
íC�CðCåPìuêsæÇßáç*é·ãáß±æ�ô�êCïÇßáàòè�ß�êCãáä5é·êòêCã�ßáä8í1é�àòëWó/ä'õvé+$�ä

Z∗
s [k, v) = Cv[k, f ]+Z∗

s [f, v)
ö"9<ßáâ��Cï�ä ��â�ß($�ä8í1é�êòßáè�æ��Cï�ä

ì��(æ�õCä8íÇä?ësß%vNä8ïÇä8à$æ�àòì·æ�é·æÇßáì�àòí8ö �5ä�àvè�äjó/ä*è8é·àÍè�ì�çjê
�CæÇä*ësô�àòé·çjß´è�é�ã�ãáô
Z∗

s [k, v)
ðòé�íÇä8ëIì�àIæÇõCäjï�ä8è��Cï�íÇß($�ä

ä<���òé�æ�ß�ìuà 	
Z∗

s [k, v) = min{ Cv[k, f ] + Z∗
s [f, v) | k < f ≤ v }

Þ�ßáçjß�ã´é·ï�ãáô�æÇì�æ�õCä5è�ìuçWêB�sæÇßáàCâ�ì��
Cv[k, f ]

ñ�ó�ä'è�é·à*è�ì�çjê
�sæ�ä
Cv(u, k]

ñ�æÇõCä5è�ìuíºæ�ì��òæ�õCä �òï�í�æµí��Cðså�ß�à$æ�ä�ïK$�é�ãsì��

V

I

tf] v)[k

v [k,f]C

Z* [k,v)

Z* [f,v)

I

I

9<ß�â>�Cï�ä � 	1,0ô�àòé�çjßáè�è�ìuçjê
�sæ�é·æÇßáì�à�ì��
Z∗

s [k, v)
ö

æÇõCä�í��CðCêòãáé�àAñvíÇß�çjêCãáô�è�õòé·àCâuß�àòâjæÇõCä�ßáàCß�æÇß´é·ã6ß�à�$�ä8à$æÇì�ï�ô?ãáä�$uä�ã�è�ì�àòësß�æÇßáì�àq�ÁßQö ä�ö
ŝv

u = 0
��ö �5ä8àòè�ä�ó�ä�âuä�æ'æÇõòä

ä<���òé�æ�ß�ìuà
Z∗

R(u, v) = min{ Cv(u, k]+Z∗
s [k, v) | u < k ≤ v }

ö-�9õòä,ësß%vNä8ïÇä8à$æ�íºæÇä�êvíµì��Òæ�õCä,è�ì�çjê
�sæ�é�æ�ß�ìuà
ì��

Z∗
R(u, v)

é�ïÇä5í��Cçjç*é·ï�ß�î8ä8ëjßáà?êòíÇä��òëCì·å©è�ìsësä'ßáàmE5ãáâ�ìuïÇß�æÇõCç :�ö @ àjæ�õCä0ã´é�íºæ�íºæÇä8êAñ�æ�õCä,è�ìuíºæ(ì���é�à*ì�êsæ�ß�ç*é�ã
íÇè�õCäwë��Cãáä

OPT [u]
ì�à�í��Cðså©íºäM�>�òä�àòè�ä

u, . . . , T + 1
ßáí0ësô�àòé·çjß´è�é·ãáãáô`è�ìuçWêB�sæÇäwëkéuí'éjíºõCìuïºæ�ä8íºæ'êòé�æ�õkßáàkæÇõCä

â�ï�é·êCõÍó'õCä8ïÇä?àòì�ëCä8íWé·ï�äjæÇõCä�ïÇä8â�ä�àòä�ï�é�æÇßáì�à.êNì�ßáàuæ�í�é�àòëÏé·ï�è�í�é·ï�ä*ó/ä8ß�âuõuæ�ä8ëÍó'ß�æÇõ æ�õCä�è�ìuíºæ
Z∗

R(u, v)
æ�ì

êòé�í�í���ïÇìuç àCìsësä
u
æ�ìWàòì�ëCä

v
ö
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� � �NÙvÚ � � � % �H�µï�ß�àvè�ßáêCã�ä�íºæÇä8êòí9ì��<æÇõòä�é·ãáâ�ì�ï�ß�æÇõCç*��ìuï
P = +∞�������	��

� E0à�ß�àòíºæ�é�àòè�ä�æ�ì*íÇè�õCäwë��Cãáä

� �	�����	��� �9õCä�ì�êsæ�ß�ç*é�ãÒêCãáé�àCàCßáàCâ*è�ì$í�æ
��ÙvÚ

v = 1
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96ßáâ��òïÇä0= 	(Þ�æÇïK�òè�æK�CïÇä�ì��<éjðòé·æ�è�õ�è�ì�àví�æ�ï�é�ß�àCäwë`í��CðCêCã´é·à�ó'ß�æÇõ�íºæ�é�æ�ß�ìuàòé·ï�ô*êCï�ìsë��òè�æ�ß�ìuàkè8é·êòéuè�ß�æ�ô
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ì��'õòé+$�ß�àòâ�êCïÇìsë��vè�æÇßáì�à ßáàòíÇßáëCä*æÇõCäkíC�òðsåPßáà$æÇä8ï�$�é·ãPñ6æÇõCä�ß�à�$�ä8à$æÇì�ï�ô	ãáä�$uä�ã/é·æ�é�êNä�ï�ß�ìsë
t
�
k < t ≤ f ≤ v

�
àCì�ó ëCä�êNä�àòëCí�ì�àÍæ�õCä?à��Cç�ðvä8ï�ì��5í�é�æK�Cï�é·æÇäwëIêNä�ï�ßáì�ëòí�ðvä�æ�ó/ä8ä�à

t
é·àvë

f
öL��ä�æA�òí�ësä�àòì·æÇä`ð$ô

s̃t(ϑ)
æÇõòä

ä�à$æÇä8ïÇßáàCâ*ßáà�$uä�à$æÇìuïÇô*ãáä�$uä�ã�é·æ
t
ß �1ä��Céuè�æÇãáô

ϑ
(/å�í�é�æK�Cï�é·æÇäwë`êNä�ï�ß�ìsëCí5ì�è8è��Cï0ß�à

t, . . . , f − 1
ö @ à�$�ä8àuæ�ì�ï�ô �òì�ó

è�ì�àvíºä8ï�$�é�æ�ß�ìuà`âuß%$uä8í
	

s̃t(ϑ) =

f−1∑

i=t

di + ŝv
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ß �
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s̃t+1
ñ>��ì�ï(âuß%$uä�à

f
é·àòë

v
ñuìuàCä5è�é�à?è�ìuçWêB�sæÇä

G
��ìuï(é·ãáã

t
é�àòë

ρ
ó'ß�æÇõ?é�è�ì�çjêCãáä��sß�æ�ô�ßáà

O(T 2)
ö @ æ9ï�ä8í��Cã�æ�í(æÇõòé·æ ��ì�ï'é�âuß%$uä�à?ï�ä�âuä�àCä8ï�é·æÇßáì�à?êNì�ßáà$æ
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k
ñ�ö8ö�ö8ñ

v − 1
ö �9õCä?ßáà�$�ä8àuæ�ì�ï�ô �òì�ó è�ì�àòíÇä�ïK$�é�æÇßáì�àÍè�é�à ðvä

ó'ïÇß�æºæ�ä�à�àCì�ó éuí 	

ŝv
k(ρ[kv)) =

{
0

ß%�
k = u

�
k
ß´í9æÇõòä�ðvä8â�ßáàCàCßáàCâjì��<æÇõCä�í��CðCêCã´é·à_�

(
∑v−1

t=k dt − ρ[kv)P ) mod B
ì·æ�õCä�ï�ó'ßáíÇä


/ì�àòíÇßáëCä�ï?éÍíC�òðsåPßáà$æÇä8ï�$�é·ã
S[kf ]

ßáàòè�ã%�òëCä8ë�ß�à�éÍí��CðCêCã´é·à
S(uv)

ö�Þ�ßáàòè�ä�ßáà�$�ä8àuæ�ì�ï�ô ã�ä<$�ä8ã5é�æ*êvä8ïÇßáìsë
k
ß´í

���Càòè�æ�ß�ìuà	ì��1æ�õCä�à��Cç�ðvä8ï,ì��-�µå�í�é�æK�Cï�é·æÇäwë�êvä8ïÇßáìsëCí'æ�ß�ãáã6àòä���æ0ï�ä�â�ä8àCä�ï�é�æ�ß�ìuà�êvìuß�à$æ8ñvæÇõòä�è�ì$í�æ
Cv[k, f ]

ßáí0àCì
çWìuïÇäkä�à$æ�ß�ï�ä�ãáô ësä�æ�ä�ï�çWßáàCäwëÏð�ô

v
ö 9Cìuï�âuß%$uä�à

ρ[k,v)

é�àòë
ρ[fv)

ñ/ó/ä�è�é�à è�ì�çjê
�sæ�ä�ßáà�$�ä�à$æ�ì�ï�ôIãáä�$uä�ã´í
ské·àòë

sf

é�àòë æ�õ��ví*ësä8è�ì�çjêvì$íºä`æÇõCä�êCï�ì�ðòã�ä8ç ßáà$æÇìÍè�ìuçWêB�sæÇßáàCâIæÇõCä�ðNä8íºæWêCã´é·àòàCß�àòâIìuàÏæÇõòä�í��Cðså�ßáàuæ�ä�ïK$�é·ã
ïÇäwíºêNä8è�æÇßáàCâ�æÇõòìuíÇä5ß�à�$uä�à$æÇìuïÇô�ã�ä<$�ä�ã´í8ö ��ä�æF�òí/àCì�æÇä

Cv[k, f ](ρ[k,f ], ρ[f,v))
æ�õCä5çjß�àòß�ç'�Cç è�ì$í�æ(ì��Aé�íÇè�õòä8ë��Cãáä

ì�à�æ�õCä�í��Cðså�ß�à$æ�ä�ïK$�é�ã�æ�õòé�æ�é�ësçjß�æ�í,ä��Cé�è�æÇãáô
ρ[k,f ]

�1å�í�é�æK�Cï�é�æÇäwë�êvä8ïÇßáìsëCí,ì�à
S[kf ]

é·àòë
ρ[f,v)

�1å©íÇé·æ��Cï�é�æ�ä8ë
êvä8ïÇßáìsëCí1ì�à*í��Cðså©íºäM���Cä�àòè�ä

f, . . . , v−1
ö @ à*í��òè�õ*é�íÇè�õòä8ë��Cãáä�ñ�êCïÇìsë��vè�æÇßáì�à*é·æµêvä8ïÇßáìsë

k
è�ì�ï�ïÇäwíºêNì�àòëòí�æ�ì�æÇõCä

æÇì·æ�é·ã^ësä�ç*é�àòëjß�à�íC�CðCåPßáà$æÇä�ïK$�é·ã
S[k,f ]

ó'õCß´è�õ*ß´í(àCì�æ�í�é�æ�ßáíC�òä8ëjð�ôjíÇé·æ��Cï�é�æ�ä8ëjêNä�ï�ß�ìsëCíe��àCä8ß±æ�õCä�ï��1å©íÇé·æ��Cï�é�æ�ä8ë
àCì�ï (/å©íÇé·æ��Cï�é�æ�ä8ëB��ñB	�àCì�ó'ßáàCâWæÇõòé·æ0æ�õCä�ä�à$æ�ä�ï�ß�àCâ*ßáà�$�ä8àuæ�ì�ï�ô?ß´í

ŝv
k(ρ[kf ] + ρ[f,v))

é·àòëkæ�õCä0�òàvé·ã�ßáà�$�ä8àuæ�ì�ï�ô
é�æ

f
ß´í

ŝv
f (ρ[f,v))

ö � ß±æ�õ�çjé·æÇä8ïÇß´é·ãÒðòé�ãáé�àòè�ä�è�ì�àòíºæÇï�é·ßáà$æ�ó�ä�õòé+$�ä�ì�àòã�ô
3
êNìuí�íºßáðCßáã�ß�æÇßáä8í���ìuï

xk

	

x̂k =





P
�
k
ß´í �1å©í�é�æ��òï�é·æÇä8ë ��ñsì�ï

Q
�
k
ßáí�(/å©íÇé·æ��Cï�é�æ�ä8ëB��ñ�ì�ï

(∑f−1
t=k dt + ŝv

f (ρ[f,v))− ŝv
k(ρ[kf ] + ρ[f,v))− ρ[kf ]P

)
mod Q
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ó'ß±æ�õ	æÇõòäWéuëCësß�æÇßáì�àCàòé�ã<è�ì�àòíºæÇï�é·ßáà$æ�í5æÇì����Cã�ã%�òãáã<æÇõCäjësä�ç*é�àòë~é·æ
k
ñAé�àòë�æÇìkðväjé?ç'�Cã�æÇßáêCã�äWì��

B
ß%�/àCì�æ0æÇõòä

ðvä8â�ßáàCàCßáàCâIì��'æÇõCä�í��CðCêCã´é·àAö � ä�ësä�àCì�æÇäm��ì�ïjíºõCìuïºæWð�ô
ϑ̂k

æÇõCä ���Cì·æ�ß�ä8à$æ�ßáàÏæÇõòä�/1�vè�ãáßáësß´é·à�ësß($$ß´íÇß�ìuà�ì��
∑f−1

t=k dt + ŝv
f (ρ[f,v))− ŝv

k(ρ[kv)])−ρ[kf ]P
ð$ô

Q
ö,(9é�íÇä8ëjì�àjæ�õCä

3
êvì�æÇä�à$æ�ßáé�ãvêCï�ìsë��òè�æÇßáì�àòíµé·æ

k
ñ$ó/ä5æÇõCä8à

õòé+$�ä)æÇõòäe��ìuïÇç'�Cã´é 	

Cv[k, f ](ρ[k,f ], ρ[f,v]) = p̄k(x̂k) + min





F (k, ϑ̂− 1, ρ[kf ] − 1)
ß%�

x̂k = P

F (k, ϑ̂− 1, ρ[kf ])
ß%�

x̂k = Q

F (k, ϑ̂, ρ[kf ])
ì�æÇõCä8ïÇó'ß´íºä

ó'õCä�ï�ä
F (t, ϑ, ρ)

ß´í�æÇõCä�çjßáàCß�ç'�CçDè�ì$í�æjì��)é~êCã´é·àòàCß�àòâ2��ï�ì�ç æÇõòäkä8àòëÏì��0êNä�ï�ß�ìsë
t
æÇßáã�ã�æÇõòäkðNä�âuß�àòàCß�àòâ

ì��'êvä8ïÇßáìsë
f
ñ�ó'ß±æ�õÏàCìL��ï�é�è�æÇßáì�àòé�ãµàCì�ï'9 ('ÞÍêNä�ï�ßáì�ëòí�ñ<ð
�sæWó'ß±æ�õÏä��Cé�è�æÇãáô

ϑ
(/å�í�é�æK�Cï�é·æÇäwëIêNä�ï�ßáì�ëòí�é·àòë

ρ�1å�í�é�æK�Cï�é�æÇäwë êNä�ï�ß�ìsëCí8öq�9õCäkß�à�$�ä8à$æÇì�ï�ô.ã�ä<$�ä�ã'é·æWäwé�è�õÏêNä�ï�ß�ìsë�çA�òíºæWðNäkâ�ï�ä8é�æ�ä�ï�æÇõòé�à
B
é·àòë æÇõCä��òàòé�ã

ß�à�$�ä8à$æÇì�ï�ô*é�æ
f
ç'�òí�æ'ðNä

ŝv
f (ρ[f,v))

ö160ì·æÇß´è�ä)æ�õòé�æ9æÇõòä)ßáà�$�ä8àuæ�ì�ï�ô�ãáä�$uä�ãAé·æ�êNä�ï�ß�ìsë
t
ß´í9õCä�àòè�ä�ä<���òé·ãNæ�ì�æ�õCä

�>�vé·à$æÇß�æ�ô
s̃t(ϑ, ρ) =

∑f−1
i=t di + ŝv

f (ρ[f,v))−ϑQ− ρP
ö � ä,õvé+$�ä9æÇõòä8��ìuã�ãáì�ó'ß�àòâ�ïÇäwè��Cï�íÇß%$uä'ä��sêCï�ä8í�íºßáì�àD��ì�ï

F
	

F (t, ϑ, ρ) = ht(st+1(ϑ, ρ)) + min





F (t + 1, ϑ, ρ)
ß%�

s̃t+1(ϑ, ρ) ≥ dt+1

p̄t+1(Q) + F (t + 1, ϑ− 1, ρ)
ß%�

s̃t+1(ϑ− 1, ρ) ≥ dt+1

p̄t+1(P ) + F (t + 1, ϑ, ρ− 1)
ß%�

s̃t+1(ϑ, ρ− 1) ≥ dt+1

+∞
ß �

s̃t+1(ϑ, ρ) < B
ß%�

t + 1 < f
9Cì�ï1âuß%$uä�à

f
ñ
v
é�àòë

ρ[f, v)
ñuè�ì�çjê
�sæ�ß�àCâ

F
��ì�ïµé�ã�ãsêNìuí�íºßáðCãáä9æÇï�ß�êòã�ä�æ�í

(t, ϑ, ρ)
ßáí1éuè�õCß�ä<$�é·ðCãáä9ß�àWæÇßáçjä

O(T 3)
ñ

íºßáàòè�ä
s̃t

è8é·à�ðvä5ësäwë��òè�ä8ë�ß�à*è�ìuàòíºæ�é·à$æ<æÇßáçjä ��ïÇìuç êCïÇäwè�ä8ä8ësßáàCâ7$�é·ã(�Cä8í8ö��9õCä9æ�ß�çjä'è�ìuçjêCã�ä��sß±æ�ô�ì��Né�ã�âuì�ï�ß±æ�õCç
���������������! #"%$'& ðNä8è�ì�çjä8í6ß�à O(T 5)

ßáà�ì�ï�ësä8ïAæÇì)è�ìuçWêB�sæÇä�é·ãáãuêNìuí�íºßáðCãáä/è�ìuíºæ�í
Cv[k, f ](ρ[k,f ], ρ[f,v])

ì��víC�òðså
ß�à$æÇä8ï�$�é�ãáí ��ìuï0éjâ�ß($�ä8à�ïÇä8â�ä�àòä�ï�é�æÇßáì�àkêNì�ßáàuæ

v
ö �9õCä�íÇêòé�è�ä�è�ìuçWêòã�ä���ß�æ�ô`ß´í5íÇß�çjêCãáôkß�à

O(T 4)
æÇì�í�æ�ì�ï�ä)äwé�è�õ

$�é�ã%�òä�ö
�9õCä/ï�ä8è��Cï�íºß($�ä"��ìuïÇç'�Cã´é'æÇì�è�ìuçjê
�sæÇä

Z∗
s [k, v)(ρ)

ñ�ó'õCßáè�õ�ßáí6æ�õCä9ì�êsæ�ß�ç*é·ã$êCã´é·àCàòß�àCâ�è�ì$í�æ�ì5$�ä8ï
k, . . . , v−

1
ó'ß�æÇõ�ä��séuè�æ�ã�ô

ρ
�µå�í�é�æK�Cï�é·æÇäwë`êNä�ï�ß�ìsëCí9ß´í9â�ß($�ä8à�ð�ô 	

Z∗
s [k, v)(ρ) = min

f
min
ρ[kf]

{ Cv[k, f ](ρ[k,f ], ρ− ρ[k,f ]) + Z∗
s [f, v)(ρ− ρ[k,f ]) }.

�9õCäWè�ì�çjê
�sæ�é�æ�ß�ìuà	ì��/é�ã�ã6æÇõòä8íÇäWè�ìuíºæ�í ��ìuï�é?â�ß($�ä8à
v
è�é·àIðväjësìuàCä�ßáàIíÇêòé�è�ä

O(T 2)
é�àòë�æ�ß�çjä

O(T 4)
ñÒß �

è�ìuíºæ�í
Cv[k, f ]

é·ï�ä�êCï�ì5$$ß´ësäwëÒö �9õòä�ì�êsæ�ß�ç*é·ãAè�ìuíºæ'ì��<æÇõCä�í��CðCêCã´é·à
S(uv)

ß´í9æÇõCä8à 	
Z∗

R(u, v) = min
ρ
{ Z∗

R(u, v)(ρ) }

ó'ßáè�õIïÇäM�>�òß�ï�ä8í�ékè�ì�çjêCãáä��sß�æ�ô�ß�à
O(T 2)

æ�ß�çjäWæÇì�ësä�æÇä�ï�çjß�àòä�æ�õCä8íÇäJ$�é�ã%�òä8íe��ì�ï�â�ß($�ä8à
u
é·àvë

v
ö @ à~æ�ì·æ�é·ãPñ

æÇõCä�é�ã�âuì�ï�ß±æ�õCç õòé�í'éWæ�ß�çjä�è�ì�çjêCãáä��sß±æ�ô`ß�à
O(T 6)

��ìuï5é*íºêvé�è�ä)ßáà
O(T 4)

ö

� � ü�ùkÿ ��þ ����ü�ù ��ù�ý 	 �9û � 	��'ÿµú������
�
@ à æ�õCß´íjêòé·êNä�ï*ó�ä�õvé+$�äkêCïÇäwíºä8à$æÇä8ë êNì�ãáô$àòì�çjßáé�ã�æÇßáçWä	é�ã�âuì�ï�ß±æ�õCç*í�æÇì íºìuã%$uä`æ�õCä�íºßáàCâuã�ä�åPß�æÇä8çDã�ì�æ?íºßáî�ßáàCâ
êCïÇìuðCãáä�ç ó'ß�æÇõ í�æ�ä�êså�ó'ßáíÇä?è�ì$í�æ�í7��ì�ï�æÇõCä#�òàòè�é�êòé�è�ß±æ�é�æÇäwëÍé·àòë è�ì�àòíºæ�é�àuæ�è8é·êòéuè�ß�æ�é�æ�ä8ëÍè�éuíºäwí�ö @ à ì�ï�ësä�ï�æÇì
�òàòë.êvìuã�ô�àCìuçjßáé�ã�ãáô~íÇì�ã($�é�ðCãáäWä��Cé�è�æ�é�ã�âuì�ï�ß±æ�õCç*í�ñÒó�ä*ç*é�ësä*é�ëòësß±æ�ß�ìuàòé·ãµéuíÇí��Cçjêsæ�ß�ìuàòí�ì�àIæÇõCä*êòïÇìsë��òè�æÇßáì�à
é·àòë.õCìuãáësßáàCâ�è�ì$í�æ�í�öH�9õCä*êvé·ïÇæÇß´è��Cã´é·ï�ß±æ�ô�ì��/ì>�Cï�çjì�ëCä�ãµãáß�äwí�ß�à.æ�õCä*êCï�ì�ë
�òè�æ�ß�ìuà.è�ìuíºæ�íºæÇïK�òè�æ��Cï�äjó'õCßáè�õÍß´í
é�í�íC�CçjäwëkæÇì?ðNä�ä<���òé�ã�ãáä�àCâ�æÇõ	íºæÇä8êsåPó'ß´íÇä�ë��Cä�æ�ì*æÇõòä0�
�sä8ë�è�ìuíºæ�í5êNä�ï,ðòé�æ�è�õAö �9õCä�ësß´í�è�ì�à$æ�ß�à��Cß�æÇßáä8í0ß�à�æ�õCä
è�ìuíºæ ���Càòè�æÇßáì�à�ç*é�	�äwí�æÇõCä�ãáì·æ5íÇß�î8ß�àòâWêòïÇìuðCã�ä8ç çjì�ï�ä�ësß %?è��Cã±æ'æ�ì?íºìuã%$uä�ö
� äWß�à$æ�ïÇìsë��òè�ä8ë	íÇä�$uä�ï�é·ã<ësì�çjßáàòé·àòè�ä�êòïÇìuêvä8ïºæ�ß�äwí0ßáàòíÇêCß�ï�ä8ëL��ïÇìuç#æÇõCì$íºäWé·ãáïÇäwé�ësôkä��sß´í�æ�ß�àCâkßáà	æÇõòä�ãáß±æ�ä�ïÇå

é�æ��òïÇäuö (9éuíºäwë�ì�à~æÇõCäwíºäWêCï�ì�êNä�ïÇæÇßáä8í8ñvó�ä�õvé+$�ä�êCï�ì�êNìuíÇä8ë�æÇõCï�ä�äWêvìuã�ô�àCìuçjßáé�ã�æ�ß�çjäjé·ãáâ�ì�ï�ß�æÇõCç*íe�Càòësä8ï0æ�õCä
é�í�íC�Cçjêsæ�ß�ìuàòí�ì��0è�ìuàòí�æ�é·à$æ�êòïÇìsë��òè�æÇßáì�àÏè8é·êòéuè�ß�æ�ô.é�àòëÏè�ìuàòíºæ�é·à$æ�ðvé�æ�è�õ íºßáî�äwí�é·àvëÏé·ã´íºì~ã�ßáàCä8é�ï�é�àòë àCìuàså
ß�àòè�ïÇäwé�íÇß�àòâ�ì5$�ä8ïµæÇßáçjä,êòïÇìsë��òè�æÇßáì�à`è�ìuíºæ�í8ö @ à��6é�ðCãáäA:0ó�ä)â�ß($�ä'æ�ß�çjä�é·àòë�íºêòéuè�ä0è�ì�çjêCãáä��sß�æÇßáä8í/ì��Aæ�õCä0æ�õCï�ä�ä
ësô�àòé·çjß´è,êòïÇìuâ�ï�é·çjçjß�àCâjé·ãáâ�ìuïÇß�æÇõòçjí�êCï�ä8íÇä�à$æ�ä8ë�ß�àkæÇõòßáí9êòé�êvä8ï8ö

�6é�ðCã�äJ: 	1
/ìuçjêCã�ä��sß±æ�ß�äwí'ì��6æÇõCä�êNì�ãáô�àCì�çjß´é·ã^æÇßáçjä�ësô�àòé·çjß´è)êCïÇìuâ�ï�é·çjçjß�àòâWé�ã�âuì�ï�ß±æ�õCç*í�ö
E0í�íC�òçWêCæÇßáì�àòí 
/ìuçWêòã�ä���ß�æ�ô2��æÇßáçWä+� 
/ìuçWêòã�ä���ß�æ�ô2�Qíºêòéuè�ä+�

P, B �
è�ì�àòíºæ�é�à$æ8ñ

pt

6 @ é·àòë�ã�ßáàCäwé·ï
P = +∞ O

�
T 3 � O

�
T 2 �

P mod B = 0 O
�
T 4 � O

�
T 2 �

P
é·ï�ðCß�æÇï�é·ï�ô

O
�
T 6 � O

�
T 5 �
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� ß±æ�õCì��sæ�é�à$ô	éuëCësß�æÇßáì�àòé�ãµé�í�íC�òçWêCæÇßáì�àòí)ì�à~æÇõCä?è�ìuíºæ�íºæÇïK�òè�æ��Cï�ä8í8ñ^æÇõCä*í�é·çjäjêCï�ì�ðCãáä�ç+ó'ß�æÇõÍè�ìuàòí�æ�é·à$æ
êCïÇìsë��vè�æÇßáì�à è�é·êvé�è�ß�æÇßáä8í8ñ0è�ì�àòíºæ�é�àuækðòé�æ�è�õ íÇß�î8ä8íké·àòë è�ì�àvè�é+$�ä	è�ìuíºæ�í�õòé�íké�è�ì�çjêCãáä��sß�æ�ô íºæÇßáãáã)ìuêvä8àAö @ æ
ßáíWè�ãáä8é�ïÇãáô.é�à ß�à$æ�ä�ï�ä8íºæÇßáàCâ2���Cä8íºæÇßáì�àÏæÇìIëCä�æÇä8ïÇçjßáàCä?ß%�5æÇõòä`êCï�ì�ðCãáä�ç ðNä8è�ìuçjä8í

NP
åPõòé�ï�ëÍó'ß�æÇõ í�æ�ä�êså�ó'ßáíÇä

è�ì�àvè�é+$�ä�è�ì$í�æ�í�ö"�9õCä�êòïÇìuðCã�ä8ç ß´í'é·ã´íºìWì�êNä�à���ì�ï5íºæÇä8êså�ó'ßáíÇä�ã�ßáàCä8é�ï5è�ì$í�æ�í9ð
�sæ5ó'ß�æÇõ $�é·ï�ßáé�ðCã�ä�è�é�êòé�è�ß±æ�ß�äwí�ö
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