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TWO DIMENSIONAL INCOMPRESSIBLE IDEAL FLOW AROUND A
THIN OBSTACLE TENDING TO A CURVE

CHRISTOPHE LACAVE

ABSTRACT. In this work we study the asymptotic behavior of solutions of the incompressible
two-dimensional Euler equations in the exterior of a single smooth obstacle when the obstacle
becomes very thin tending to a curve. We extend results by Iftimie, Lopes Filho and Nussenzveig
Lopes, obtained in the context of an obstacle tending to a point, see [Comm. PDE, 28 (2003),
349-379].

1. INTRODUCTION

The purpose of this work is to study the influence of a thin material obstacle on the behavior
of two-dimensional incompressible ideal flows. More precisely, we consider a family of obsta-
cles €). which are smooth, bounded, open, connected, simply connected subsets of the plane,
contracting to a smooth curve I' as € — 0. Given the geometry of the exterior domain R?\ €2,
a velocity field (divergence free and tangent to the boundary) on this domain is uniquely de-
termined by the two following (independent) quantities: vorticity and circulation of velocity
on the boundary of the obstacle. Throughout this paper we assume that initial vorticity wq is
independent of £, smooth, compactly supported outside the obstacles ). and that , the circu-
lation of the initial velocity on the boundary, is independent of . From the work of K. Kikuchi
[], we know that there exists u® = u°(x,t) a unique global solution to the Euler equation in the
exterior domain R?\ . associated to the initial data described above. Our aim is to determine
the limit of u® as ¢ — 0. As a consequence, we also obtain the existence of a solution of the
Euler equations in the exterior of the curve I'.

The study of incompressible fluid flows in presence of small obstacles was initiated by Iftimie,
Lopes Filho and Nussenzveig Lopes [[l, §]. The paper [fl] treats the same problem as above but
with obstacles that shrink homothetically to a point P, instead of a curve. The case of Navier-
Stokes is considered in [§. In the inviscid case, these authors prove that if the circulation
7 vanishes, then the limit velocity verifies the Euler equation in R? (with the same initial
vorticity). If the circulation is non-zero, then the limit equation involves a new term that looks
that a fixed Dirac mass in the point P of strength ~; the initial vorticity also acquires a Dirac
mass in P. In the case of Navier-Stokes, the limit equation is always Navier-Stokes but the
initial vorticity of the limit equation still has an additional Dirac mass in P.

Here we will show that, in the inviscid case, the limit equation is the Euler equation in
R?\ T'. The initial velocity for the limit equation is a velocity field which is divergence free in
R? tangent to I' such that the curl computed in R? \ T is wy and the curl computed in R? is
wo + 9w, Or Where g, is a density given explicitly in terms of wy and 7. Alternatively, g, is the
jump of the tangential velocity across I'.

More precisely, let ®. be a cut-off function in a small e-neighborhood of the boundary (the
precise definition of @, is given in Subsection [f.9) and set w. = curlu®. Our main Theorem
may be stated as follows:
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Theorem 1.1. There exists a subsequence € = g, — 0 such that
(a) ®°u® — u strongly in L2 (R, x R?);

loc
(b) ®°w® — w weakx in L= (Ry; L (R?));
(¢) u is related to w by means of relation (5.2)

(d) w and w are weak solutions of wy + u.Vw = 0 in R? x (0, 00).

The limit velocity w is explicitly given in terms of w and ~ (see Theorem [.6) and can be
viewes as the divergence free vector field which is tangent to I', vanishing at infinity, with curl
in R?\ T equal to w and with circulation around the curve I" equal to . This velocity is blowing
up at the endpoints of the curve I' as the inverse of the square root of the distance. and has
a jump across I'. Moreover, we have curlu = w + g,(s)dr in R? x [0,00), where dr is the
Dirac function of the curve I, and the g, which is defined in Lemma [.§ depends on w and the
circulation . The function g, is continuous on I' and blows up at the endpoints of the curve
I' as the inverse of the square root of the distance. One can also characterize g, as the jump
of the tangential velocity across I'. The presence of the additional term g, in the expression of
curl u, compared of the Euler equation in the full plane, is compulsory to obtain a vector field
tangent to the curve, with a circulation v around the curve.

There is a sharp contrast between the behavior of ideal flows around a small and thin ob-
stacle. In [f], the authors studied the vanishing obstacle problem when the obstacle tends
homothetically to a point P. Their main result is that the limit vorticity satisfies a modified
vorticity equation of the form w; + u.Vw = 0, with dive = 0 and curlu = w + vé(x — P).
In other words, for small obstacles the correction due to the vanishing obstacle appears as
time-independent additional convection centered at P, whereas in the thin obstacle case, the
correction term depends on the time. Although treating a related problem, the present work
requires a different approach. Indeed, in [IJ], the proofs are simplified by the fact that the
obstacles are homothetic to a fixed domain. Indeed, an easy change of variables y = x/¢ allows
in that case to return to a fixed obstacle and to deduce the required estimates. This argument
clearly does not work here and a considerable amount of work is needed to characterize the
conformal mapping that sends the exterior of a small obstacle into the exterior of the unit
disk. Moreover, in [[] the authors use the div-curl Lemma to obtain strong convergence for
velocity. This is made possible by the validity of some bounds on the divergence and the curl
of the velocity. A consequence of our work is that these estimates are no longer valid in our
case, so this approach can not work. We will be able to prove directly strong convergence for
the velocity through several applications of the Lebesgue dominated convergence theorem. We
finally observe that, in contrast to the case of [[I]], the vanishing of the circulation v plays no
role in our result. The limit velocity will always verify the same type of equation.

We also mention that Lopes Filho treated in [fi] the case of several obstacles with one of the
obstacles tending to a point, but the author had to work on a bounded domain. In this case,
we do not have explicit formulas anymore, and the conformal mapping technique is replaced by
qualitative analysis using elliptic techniques, including variational methods and the maximum
principle.

The remainder of this work is organized in five sections. We introduce in Section 2 a family
of conformal mappings between the exterior of ). and the exterior of the unit disk, allowing
the use of explicit formulas for basic harmonic fields and the Biot-Savart law, which will be
really helpful to obtain sharp estimations. In the third part, we precisely formulate the flow
problem in the exterior of a vanishing obstacle. In Section 4, we collect a priori estimates in
order to find the equation limit in the Section 5 of this article. The last subsection concerns an
existence result of the Euler equations on the exterior of a curve.

For the sake of clarity, the main notations are listed in an appendix at the end of the paper.
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2. THE LAPLACIAN IN AN EXTERIOR DOMAIN

2.1. Conformal maps.
Let D = B(0,1) and S = dD. In what follows we identify R? with the complex plane C.
We begin this section by recalling some basic definitions on the curve.

Definition 2.1. We call a Jordan arc a curve C given by a parametric representation C' : ¢(t),
0 <t < 1 with ¢ an injective (= one-to-one) function, continuous on [0, 1]. An open Jordan
arc has a parametrization C': ¢(t), 0 <t < 1 with ¢ continuous and injective on (0, 1).

We call a Jordan curve a curve C' given by a parametric representation C' : ¥(t), t € R,
1-periodic, with ¢ an injective function on [0, 1), continuous on R.

Thus a Jordan curve is closed (¢(0) = ¢(1)) whereas a Jordan arc has distinct endpoints. If
J is a Jordan curve in C, then the Jordan Curve Theorem states that C\ J has exactly two
components Gg and G, and these satisfy 0Gy = 0G; = J.

The Jordan arc (or curve) is of class C™* (n € N*,0 < a < 1) if its parametrization ¢ is
n times continuously differentiable, satisfying ¢/(t) # 0 for all ¢, and if [p™(t;) — @™ (ty)| <
Clt; — to| for all ¢; and t,.

Let T' : T'(),0 < t < 1 be a Jordan arc. Then the subset R? \ T' is connected and we will
denote it by II. The purpose of this part is to obtain some properties of a biholomorphism
T:1I —int D¢,

Proposition 2.2. If T is a C? Jordan arc, such that the intersection with the segment [—1,1]
s a finite union of segments and points, then there exists a biholomorphism T : 11 — int D¢
which verifies the following properties:

o T and DT~ extend continuously up to the boundary, and T—* maps S to T,

e DT is bounded,

o T and DT extend continuously up to I' with different values on each side of I, except
at the endpoints of the curve where T behaves like the square root of the distance and
DT behaves like the inverse of the square root of the distance,

e DT is bounded in the exterior of the disk B(0, R), with I' C B(0, R),

e DT is bounded in L*(ILN B(0, R)) for allp <4 and R > 0.

Proof. We first study the case where the arc is the segment [—1, 1]. We can have here an explicit
formula for T'. Indeed, the Joukowski function

1 1
G(z) = 2(2 + z)

is a biholomorphism between the exterior of the disk and the exterior of the segment. It maps
the circle C(0, R) on the ellipse parametrized by 1(R + 1/R)cosf + (R — 1/R)isin with
0 € [0,27), and it maps the unit circle on the segment.

Remarking that G(z) = G(1/z) we can conclude that G is also a biholomorphism between
the interior of the disk minus 0 and the exterior of the segment.

Therefore, any z ¢ [—1, 1] has one antecedent of G in D and another one in int D¢ For
z € [—1,1] the antecedents are exp(tiarccosz) = z £ iv/1 — z2. Therefore, there are exactly
two antecedents except for —1 and 1. In fact, we have considered the double covering G' from
C* to C, which is precisely ramified over —1 and 1.

Let T be the biholomorphism between the exterior of the segment and int D¢, such that
T'=G, and let Tiy =1 / T be the biholomorphism between the exterior of the segment and

D\ {0}, such that T} = G.
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To find an explicit formula of 7', we have to solve an equation of degree two. We find two

solutions: B B
T, =z24++V22—1 and T_=2—-v2z2—1. (2.1)
We consider that the function square-root is defined by \/z = \/|z|e*?/? with 6, the argument
of z, verifying —m < 0 < 7. It is easy to observe that 7' =T, on {z | ®(z) > 0} UR, and
T=T on{z|R(z) <0}UiR_. Despite this, T is C*°(C\ [~1,1],int D) because T' = G~
Therefore in the segment case, T = T and the first two points are straightforward. An
obvious calculation allows us to find an explicit formula for 7"
T'(z) =14 ——, (2.2)
22 —1
with the choice of sign as above. This form shows us that DT blows up at the endpoints of the
segment as the inverse of the square root of the distance, which is bounded in L  for p < 4.

loc
Moreover, a mere verification can be done to find that for every x € (—1, 1), we have

lirr(l) OT(z) =z 4+iV1— a2 =T, (x)
z—x,3(z)>

even if ®(z) < 0, and

lim  T(2)=x—ivV1—a2=T_(z).

z—x,3(2)<0
In the same way, DT extends continuously up to each side of I', which concludes the Lemma
in the segment case.

Now, we come back to our problem, with any curve I'. After applying a homothetic trans-
formation, a rotation and a translation, we can suppose that the endpoints of the curve are
—1 =T(0) and 1 = I'(1). Next, we consider the curve I' = T(I') U Tipy (I') = T (I') U T_(I).
We now show that I is a C*! Jordan curve.

We consider first the case where I' does not intersect the segment (—1,1). Then v, = T(T") C
D¢ and v, = Tt (T') C D are C' open Jordan arcs, with the endpoints on —1 and 1 (see Picture
1). So T(—1) = —1 = Tj (—1) and we can observe that T is a Jordan curve.

2 2 2
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r v =T(T) Yo = Tint (T)

PICTURE 1: T does not intersect [—1,1]
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We wrote open Jordan curve because the
problem with —1 and 1 is that 7"(£1) is not
defined. However, if we use the arclength co-
ordinates

/ 7, () = / PO () dr,

(2.3)
which are well-defined and bounded because

T’ is bounded in Llloc, then we have % =

) s
T

7]
ity, we should show that limtﬂoy—} and

asl |7
=25 -2 -15 -1 05 0 0s 1 15 2 25 /

i Vo
1My 0 77 |”)/

we will use the following Lemma :

So to prove the derivative continu-

/

exist and are opposite. For that,

Lemma 2.3. If there exists a neighborhood of 0 where ['(t) does not intersect the segment

T'(T
(—=1,1), then — () (t) has a limit ast — 0.

7"()]
Proof of the lemma. First, since T'(z) = 1 — z/+v/22 — 1 in a neighborhood of —1, we compute
POy = WDy YEZI2D )
|7"(T)| Ve \vW 1-T]

The second fraction tends to 1 as ¢ — 0. We have I"(0) # 0, so we can write I'2(t) = 1+at+o(t)
for a € C*. If a ¢ R~ then for ¢ small enough {I'?(t) — 1} € C\ R~ and

') /]
lim — (t) =
o) " Va
For a € R™, as a = (I'?)’(0) = 2I'(0)I(0), then we have I'(0) € R* and the curve is tangent
to the segment [—1,1]. We have here two cases :

e if " is over the segment on the neighborhood, then $(I'?(t) — 1) < 0 and
T'(T
lim ~( ) (t) =1,
=0 T(1))|
e if " is below the segment on the neighborhood, then I(I'?(¢) — 1) > 0 and

) T’(T) )
lim — = —q.
2 7y

— ¢ 2 with § = arga € (—m, 7).

O

Let us continue the proof of Proposition P.J. Lemma allows us to observe that T'is C
in —1, because

AP (1 I PR 1 PN (0 WD VAN
i 7150 =l 0 (1) = by~ 0 0 (1) = B 10,
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because T = 1/T~
To prove that I' is Lipschitz, we will show that 7, and ~, are C' with the arclength
parametrization denoted by s and defined in (B.3) (¢ denotes the variable of the original
parametrization). Let fi(s) = dd%(s) = ‘1}8‘, where the primes denote derivatives with re-
1
spect to t, then we need to prove that % has a limit when s — 0. We have

d i / 1 / / 1
Py = 2 D <ot = s (o = ot )=

ds 2 Il EARANSENEANEIN 71[2
We compute
v = T,
71/ — T”(F)(FI)Q—FT/(F)F”,

with
T(z) = z—V22-1,
T'(z) = 1—2z/V22—1,
T'2) = -1V 14+ 2221,

We do some Taylor expansions in a neighborhood of zero:

[(t) = —1+4at+bt*+0(t),
[2(t) = 1—2at+ (a® —2b)t* + O(t%),
1 1
1/VT2 —1(t) = 1 —t(a® —2b +O(t3?).
/ (t) NasT \[( ( )/(—4a)) + O@"7)
the last expansion holds in any case, except when I' is tangent to the segment (¢ € RT) and
over the segment on a neighborhood of —1. In this last case, we should replace \/_1—2(1 by

instead of —1.

Then
T'(T) = \/__%7+1+O(t1/2)
‘2l o 1 ﬁ 1/2
™Tr) = \/j\[+\/i+0(t ).
and

v o= —+a+0(t1/2)

NIV
W oV

= + CovVt 4+ O(t),
T Tl Y 2Vt +0(0)
12 1
v = +Cg O(l)

\/——Qa\f Vi

Now, we can evaluate A:

" 7{ ’71 " 1 a’2 a | \% _2a|
T < V> 3 - <
\/l_f vV —2& |a| V _QCL

1
+Ciz + 0.

vl il

a |v—=2a] a? >>
ol V=24’ y=2d’
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We can easily see that arg(aQ/\/—2a3) = 47 + arg(a/v/—2a), so

a? a |\/—2a\< a |v=2a] a? )= 0
v=2a’ lal v=2a 'la| V=20 =24’

and dfy/ds = C5+ O(t'/?), which means that df; /ds has a limit as s — 0. This argument holds
for 75, doing the calculations with i, (22 = 2++122 — 1. So dvy1/ds and dvys/ds are C* on [0, 1]

and we see that T" is Lipschitz because T' = 1 U 7.

Finally, if I' intersects [—1, 1] at one point x = I'(ty), then T(T) is the union of two Jordan
curves with a jump : T(I(t;)) = 1/T(I(ty)) (see Picture 2). In this case, Tiy (I') is also the
union of two Jordan arcs which extend 7'(I"), indeed

T (D(1)) = L/T(D(t) = T(T(t5 ).
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To show the continuity of TV on T'(I'(ty)), we consider for example that z € (0,1) and that
S(C(ty)) > 0 and I(T'(¢g)) < 0. We can compute

F(0(7) = o+iVI— 22,

T'(D(t$)) = 14 xi/V1— 22, because T = T in a neighborhood of z

T'(T(ty) = 1—ai/V1— a2,

to check that —T(I'(t5))*T"(D(t$)) = T'(I'(t7)), which allows us to conclude that
T (D(8)) = =1/T(T(t5)*T'(T(t3) = T'(T(ty)).

We leave to the reader the other cases. Let us do just another case : x = 0 then
T(P(ty)) = =i,
T'(T(t3) = 1,
T'(C(ty)) = 1,

and as —(44)? = 1 we have the continuity of I". As I'” is bounded, I" is Lipschitz, so the curve
T is C* and closed. We have just studied the case of one or zero intersection of I' with the
segment (—1, 1) but this argument works in the general case because we have a finite number
of intersection. For example, if I' € [—1,1] in a neighborhood of —1, then G C S, so G is
obviously C*! in this neighborhood.

We denote by II the unbounded connected component of R2 \ [. We claim that we can
construct 75, a biholomorphism between II and II, such that T, 5! = G. Indeed, if we introduce
A=TnD and B = (int II°) N D¢ (see Picture 1), we observe that B = 1/A, because
Yo = 1/3 and 1/S = S. As G(1/z) = G(z), G is bijective on int D¢ and 1/(dD N1I) C II°
then G is bijective on IT and G(IT) = R? \ I". Therefore, we have an function T, mapping the
exterior of the Jordan arc to the exterior of the inner domain of a C''! Jordan curve, such that
TyN2) =1/2(z 4 1/2).

Next, we just have to use the Riemann mapping Theorem and we find a conformal mapping
F between IT and D¢, such that T = F o Ty maps IT to D® and F(oco) = co. To finish the
proof, we use the Kellogg-Warschawski Theorem (see Theorem 3.6 of [ff], which can be applied
for the exterior problems), to observe that F' and F’ have a continuous extension up to the
boundary. Therefore, adding the fact that DF and DF~! are bounded at infinity (see Remark
P.H), we find the same properties as in the segment case, in particular that DT blows up at the
endpoints of the curve like the inverse of the square root of the distance (see (B.9)). O

Remark 2.4. If T intersects the segment [—1, 1] infinitely many times, the curve I may not be
even C'. For example a curve which starts as t — (t — 1; e/ sin(1/t)),t € [0,1/4] has two
sequences t,, — 0 and £, — 0 such 7"(I")/|T"(T)| tends to i and —i.

Remark 2.5. If we have a biholomorphism H between the exterior of an open connected and
simply connected domain A and D¢, such that H(oo) = oo, then there exists a nonzero real
number  and a holomorphic function h : I — C such that:

H(z) =Bz + h(z).
with )
h'(z) = O<W>, as |z| — oo.

This property can be applied for the F above to see that DF and DF~! are bounded.



TWO DIMENSIONAL INCOMPRESSIBLE IDEAL FLOW 9

Proof of Remark [2.3. Indeed, after a translation we can suppose that 0 € int A, and we consider
W(z)=1/H(1/z). The function W is holomorphic in a neighborhood of 0 and can be written
as W(z) = ap+a;z+a2*+... . We have W(0) = 0 so ay = 0. Now we want to prove that a; # 0
thanks to the univalence. Indeed, if a; = 0, we consider the first non-zero aj, and we observe
that there exists R < 0 such that |W(z)—ag2*| < |ax]|2¥] in B(0, R). Next, we denote by g(z) =
arz®. On 0B(0, R), |[W(2)—g(2)| < |ar|R* < |g(2)|. Then we can apply the Rouché Theorem to
conclude that W and g have the same number of zeros in B(0, R), which is a contradiction with
the fact that W is a biholomorphism and g not. Therefore a; # 0 and H(z) = z/a; +by+b1/z+
..., which ends the proof. Multiplying H by |a|/a;, we can assume that § = 1/a; is real number.

U

2.2. The Biot-Savart law.

Let 2y be a bounded, open, connected, simply connected subset of the plane, the boundary
of which, denoted by I'y, is a C* Jordan curve. We will denote by Il the unbounded connected
component of R?\ T, so that Qf = TI.

We denote by Gy, = Gy, (x,y) the Green’s function, whose the value is:

To(z) — To(y)]
|To(x) — To(y)*||To(y)|

writing o* = e The Green’s function is the unique function which verifies:

1
Gy (2, y) = 5~ log (2.4)

A,Gry(x,y) = 6(y — x) for z,y € I
G, (x,y) =0 for y € Ty (2.5)
Gy (2, ) = G, (y, )
Then the kernel of the Biot-Savart law is Ky, = K, (z,y) = VG, (x,y). With (21, 29)* =
(_;2), the explicit formula of K7y, is given by
(To(z) — To(y)) DTo(x))"  (To(z) — To(y)*) DTo()) "

B (ey) == ) - W) el - w20

We require information on far-field behavior of Ky;,. We will use several times the following
general relation:

a b

la> [b?

which can be easily checked by squaring both sides.
We now find the following inequality:

a— b
— 2.
allo] 27)

To(y) — To(y)"|
| To(x) — To(y)||To(z) — To(y)*|

For f € C°(Ily), we introduce the notation

[Kn,(z,y)| < C

K, [f] = K, [f] (l‘) = . K, (l‘, y)f(y)dy

C
It is easy to see, for large |z|, that | Ky, [f]|(z) < ﬁ where C; depends on the size of the
T
support of f. We used here the explicit formulas for the biholomorphism Ty (Remark R.3).
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Lemma 2.6. The vector field u = Kn,[f] is a solution of the elliptic system:
divu =0 in Il
curlu = f  in Il
un=0 only

lim |u| =0

|| —o00
The proof of this Lemma is straightforward.
2.3. Harmonic vector fields.

We will denote by n the unit normal exterior to Iy at I'g. In what follows all contour integrals
are taken in the counter-clockwise sense, so that fFo F.ds=— fFo Fatds.

Proposition 2.7. There exists a unique classical solution H = Hyy, of the problem:
( divH =0 inll
curl H =0 n Il
Hn=0 only

lim [H] =0 (2:8)
Hds=1
\ J1y

Moreover, Hn, = O(1/|z]) as |x| — oo
To prove this, one can check that Hy,(z) = 5=V=*log|Ty(z)| is the unique solution. The

details can be found in [ i

3. FLOW IN AN EXTERIOR DOMAIN
Let us formulate precisely here the small obstacle limit.

3.1. The initial-boundary value problem.

Let u = u(x,t) = (ui(x1, o, t), us(x1, x2,t)) be the velocity of an incompressible, ideal flow
in Qf. We assume that u is tangent to Iy and u — 0 as |x| — oo. The evolution of such a flow
is governed by the Euler equations:

((Ou+u.Vu=—Vp inlIly x (0,00)
divu =0 in Iy x [0, 00)
un =0 in Ty x [0, 00) (3.1)
‘l‘im lul =0 for ¢t € [0, 00)

| u(z,0) = up(x) in Q°

where p = p(x,t) is the pressure. An important quantity for the study of this problem is the
vorticity:
w = curl (u) = Oyus — Oauy.
The velocity and the vorticity are coupled by the elliptic system:

divu =0 in Iy x [0, 00)
curlu = w in ITy x [0, 00)
u.n =0 in Ty X [0, 00)

lim |u| =0 fort e [0,00)

|z|—o0
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Lemma and Proposition P.7 assure us that the general solution of this system is given by
u=u(x,t) = Ky, [w(.,t)](x) + aHp,(z) for a function o = «(t). However, using the fact that
the circulation v of u around I' is conserved, we prove that o does not depend on the time,
and o(t) = v+ fHo curlug(z) (see [[]}). Therefore, if we give the circulation, then we have the
uniqueness of the solution of the previous system.

Finally, we can now write the vorticity formulation of this problem as:

Ow +u.Vw =0 in Iy x (0, 00)
u = KHO [(,LJ] + OZHHO in HQ X [O, OO) (32)
w(z,0) = curl ug(z) in 11,

3.2. The evanescent obstacle.

We will formulate in this subsection a family of problems, parametrized by the size of the
obstacle. Therefore, we fix wy such that its support is compact and does not intersect I'.

We will consider a family of domain ()., containing I', with € small enough, such that the
support of wy does not intersect €1.. If we denote by 7. the biholomorphism between II. = 3¢
and D¢ then we suppose the following properties:

Assumption 3.1. The biholomorphism family {7.} verifies
(1) ||T5 — T”LOO(B(O,R)OHE) — 0 for any R > 0,
(ii) det(DT- ') is bounded in II. independently of ¢,
(111) ”l)jjE — DT”LP’(B(O,R)HHE) — 0 for any R > O,
(iv) there exist R > 0 and C' > 0 such that |DT.(x)| < Clz| on B(0, R)".

Remark 3.2. We can observe that point (iii) implies that for any R, DT. is bounded in
LP(B(0, R) N1I.) independently of ¢, for p < 3.

Just before going on, we give here one example of an obstacle family.

Example 3.3. We consider Q. = T-Y(B(0,1+ ) \ D). In this case, T, = %ﬁT verifies the
previous assumption. If I' is a segment, then €2, is the interior of an ellipse around the segment.

The problem of this example is that the shape of the obstacle is the same of T.
We naturally denote by I'. = 02, and II. = int Q2¢. We denote also by G.,K. and H. the
previous functions corresponding at II..
Consider also the following problem :
Ow® +u".Vw*=0 in Il x (0,00)
u® = K°[w']+aH® in Il x [0, 00)
w(z,0) = wy(z) in I,
It follows from the work of Kikuchi [§] that, for any € > 0, if wy is sufficiently smooth then

this system has a unique solution.
We now write the explicit formulas for K* and H*:

1 (@) - Tw) () - T
K = 5 PO (o T ~ EE .61 F) (3:3)
and
L (Tt
H = —DT!(x )( e )‘2) (3.4)

We introduce in the same way, K and H, replacing 7. by T'.



12 C. LACAVE

The regularity of T" implies that H® is bounded in Ll2 , which is really better than the
punctual limit for the obstacle (see [[]) where H® is just L . In our case, the limit is easier to
see when 7. — 7', and this extra regularity will allow us the passing to the limit.

4. A priori ESTIMATES

These estimates are important to conclude on the asymptotic behavior of the sequences
(uf) and (w®). The transport nature of (B-) gives us the classical estimates for the vorticity:
|w* (-, ) || Lrri.) = ||wol|Lr(r2) and for p € [1, +o0c]. In this article, we suppose that wy is L> and
compactly supported. Moreover we choose € small enough, so that the support of wy does not
intersect II..

4.1. Velocity estimate.
We begin by recalling a result found in [ff.

Lemma 4.1. Leta € (0,2), S C R2 and h : S — R, be a function in L'(S) N L>®(S). Then

1—a/2 a/2
dysammguw/

The goal of this subsectlon is to ﬁnd a velocity estimate thanks to the explicit formula of u®
in function of w® and v (Subsection B.J):

u(z,t) = %DT;(:E)(A + 1) + aH(x) (4.1)
with - - N
b= T T e 42
and

I, = _/ e TE(y)*)Lwa(y,t)dy- (4.3)

T(x) = T(y)*|?

We begin by estimating [, and Is.
Lemma 4.2. Let a € (0,2) and h : II. — Ry be a function in L'(I1.) N L>®(I1.). We introduce

_ " (y)]
he= |, e 1T -y
: |7 (y)]
[2 B /Hg |T€(l‘) - Te(y)*|dy <45)

There exists a constant C' > 0 depending only on the shape of I, such that
1—a/2) 7 1a/2 /2y 11/2
[l < ClANL P RIE2 and | Bl < CIAIL AR + [1A]).
Remark 4.3. 1t will be clear from the proof that similar estimates hold true with 7. replaced
by T.

Proof. We start with the I , estimate. Let J = J(£) = | det(DT. 1) (€)| and z = T.(x). Making
also the change of variables n = T.(y), we find

1 -1
ol < [ g o)l e (16)

Next, we introduce f<(n) = |h(T. (1)) (1) x{n>13, With xg the characteristic function of
the set E. Changing variables back, we get

1/ 2y = NIAllLr-
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The second point of Assumption B.1] allows us to write
15 e 2y < ClR| Lo
So we apply the previous Lemma for f and we finally find

IAASA;V ad ndn <GPPI (4.7)

This concludes the estimate for Iy ,.

~ 1
< [ fr g

We use, as before, the notations J, z and the change of variables n
~ 1 _
Bl [ T @) (45)
=1 12 = 1]
Next, we again change variables Writing 6 = n*, to obtain:

T * *de
Bl [ BT 0D

lo|<1 |Z — 0|

/ +/ )E Iy + Iy
ol<1/2 J12<i0<1

First we estimate Iy;. As z = T.(z), one has that |z| > 1, and if |#| < 1/2 then |z —0| > 1/2.
Hence

Let us estimate [~2:

IN

il < [ I 010 (49)
< ?/>JM21@meMn§ﬂmhl (4.10)

Finally, we estimate 5. Let ¢°(0) = |h(T1(6%))| 2L

1
I :/ g°(0)de.
- 1/2<|6|<1 |z — 0 ©)

As above, we deduce by changing variables back that

1%l 211 s2<p01<1) < NlAlLa
It is also trivial to see that
19"l 1/2<i01<1) < Cll B[ oo

By Lemma [L.]]
1
|@|=QA I e A (4.11)
1/2<|6|<1
el/2 1/2 1/2 1/2
< Ol acioren 197112 0 azppreny < ClRIEZ BN, (4.12)

0

Since |T.(x)| > 1, one can easily see from (B.4) that |H*(z)| < |DT.(x)|. Moreover, applying
the previous Lemma with a = 1 and h = w® € L' N L™, we get that

1] < Ol and L] < Cl |2 w112 + o l2).
Thanks to the explicit formula (f.1]), we can deduce directly the following Theorem:
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Theorem 4.4. u® is bounded in L>(R*, L2 (T1.)) independently of €. More precisely, there
exists a constant C' > 0 depending only on the shape of I' and the initial conditions ||wol|11,

|lwol| L, such that
|u* (., ) || o sy < Ol DT r(sy, for all p € [1,00] and for any subset S of 11..

The difference with [[[] is that we have an estimate L = instead of L*°, but in our case, this
estimate concerns all the velocity u®. It is one of the reason of the use of a different method to
the velocity convergence.

4.2. Cutoff function.

If we want to compare the different velocity and vorticity, the issue is that u® and w® are
defined on an e-dependent domain. For this reason we extend the velocity and vorticity on R?
by multiplying by an e-dependent cutoff function for a neighborhood of ..

Let & € C*°(R) be a non-decreasing function such that 0 < & < 1, ®(s) = 1 if s > 2 and
®(s) =0 if s < 1. Then we introduce

T. -1
Pf = O (2) = @(%)
€
Clearly ®° is C°°(R?) vanishing in a neighborhood of Q.
We require some properties of V®¢ which we collect in the following Lemma.

Lemma 4.5. The function ®° defined above has the following properties:
(a) HE.V®® =0 in 11,
(b) there exists a constant C' > 0 such that the Lebesque measure of the support of ¢ — 1
15 bounded by Ce.

Proof. First, we remark that
1

1
HE(I‘) — %VL log |T5(x)| = m

VAT ()],

and
T:(2)] — 1

1
Vo© — —<I>’(
9 19

)VIT(2) (4.13)

what gives us the first point.
Finally, the support of ®¢ — 1 is contained in the subset {z € II.|1 < |T.(z)| < 1+ 2¢}. The
Lebesgue measure can be estimated as follows:

/ dr = / | det (DT H)|(2)dz < Cye
1<|T2 ()| <1426 1<|2|<142¢

for € small enough. O

We introduced the cutoff function ®° in order to extend the velocity and the vorticity to
R2. One needs to make sure that the limit velocity and vorticity are not affected by the
way the extension is constructed. We observe that our method of extension does not produce
an error in the limit velocity and vorticity. Indeed, we denote by u°, respectively @®, the
extension of u®, respectively w®, by 0 inside the obstacle and we prove that 1ir% u° = lim ®°u’

E—

and lim @° = lir% d°w® in D'(R?). Indeed, using Theorem [£.4 and Remark B.3, point (b) of the

e—0
previous Lemma allows us to state that
196" — || 21y < Ol DT| 15 supp 221y | Ce[/°
and
190" — Wl oy < Cllwol|zo|Cel'?
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for all p € [1, 00).

In the case where the limit is a point ([fl]), the Lebesgue measure of the support of V& is
bounded by Ce?, which implies that the norm L! of this gradient tends to 0. Moreover, the
authors use a part of velocity v bounded independently of €, so they can compute the limit of
v°.V®¢ and v°.V+®° which is necessary for the calculation of the curl and div. Finally they
conclude thanks to the Div-Curl Lemma.

In our case, for 1 < p < 4 we have |[V®®||» < C,/¢, and we can not compute the limit of
u®.V+®°. For this reason we can not use a similar proof as in [[[].

However, the following Lemma gives us a piece of information about the limit behavior.
Lemma 4.6. u°.V®° — 0 strongly in L*(R?) and uniformly in time, when € — 0.

Proof. Using the explicit formulas ({.1), (£.2), (£.3) and ({.13), we write

ut(2). VO (1) = u(x).V0°(2)

_ I |T€<SL’)|—1 Te<x)_T€(y) _ T5<SL’)—T€(y)* e
o? () [ (T =m0~ - T 0

T.(z)*

x DT.(z) DT (z) T

But T is holomorphic, so DT is of the form (_a

b and we can check that DT, (z)DT!(z) =
b a €
(a* 4+ b*)Id = | det(DT.)(z)|Id, so

¢/ (ILWI=L)) et (DTL) ()|
2me|T.(x)|
y / ( Te(y) Te(w)” Te(y) Te(o)t
11, |T€<$)—T€(y)|2 |T€($)—T€<y)*‘2

We compute the L' norm, next we change variables twice n = T.(y) and z = T.(z), to have

u®(z). VO (z)

)wa(y,t)dy.

||u®. V2| 11
1 - nz/l2l - ntat/lz] -
= — (IJ’(Z—I)H/ ( - )Jncu8 T (n), t)dn|dz,
2me |z|>1 c In|>1 |z —n|? |z —n*[? (e (). %)

where J(n) = |det(DT1)(n)].
Thanks to Lemma .5, we know that H%@'(‘Z‘T_l) H < C. So it is sufficient to prove that
L

I (s - L) st .oy

0 (414)

L0 (1+4e<|2|<142¢)

as € — 0, uniformly in time.
Let

Ao nzt/lzl w2t/
lz—=n? |z —n*?
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We compute
4 - ((IZI2 —2z.n/|n|* + 1/[nf*) — 1/|n*(|2]* — 2z.n + |77|2)>
|z = nl?lz — 7 [?
(2 =1DA = 1/[nf) =+
|z =nlPlz = > 7z

ZJ_

jE

We now use that |z| > 1, to write

1
eyl =1 —.

|n]

Moreover, |n*| < 1 allows to have
|z =0l > |z - 1.

We can now estimate A by:

Al <

<\z|+1><1+1/|n|><|z\—1>b, =
|z = nl?[z — P 14

with 0 < b < 1, to be chosen later. We remark also that n.% = (n— z)‘z—:‘ and the Cauchy-

Schwarz inequality gives
i
z
=< ln -zl
||

We now use the fact that |z| — 1 < 2¢, to estimate ([L.14)):

el b J(n)|w* (T (n), 1)]
‘/mzl AT (T (), t)dn‘g (2 + 22).2.(2¢) /ln21 m——

In the same way we passed from (f.§) to ([£7]), we obtain for p < 2:

Up|we (T (), £ /P w (T (n), e
| L 0 A|21J<n>l|z<fn|§”> "<,

Moreover, as we passed from ([.§) to ((.10) and ({.19), we obtain for bq = 1:

= (/ml J(n)IT:(_Tsn*Tn),t)ly/qg .

We choose b > 0, 1/p+ 1/q = 1, and using the Holder inequality we finish the proof. For
example if we fix b =1/4, ¢ = 4 and p = 4/3, we obtain

HJ(n)l/qlwe(Tsl(n),t)P/q
|z — |

[uf. VO 1 < O(2 + 22).2.(26)*Cy 30,
which tends to zero when ¢ tends to zero. O

If the proof is a little bit technical, the idea is natural. On the boundary, the velocity u® is
tangent to I'., whereas V®° is normal. To see that, we can check that A = 0 when = € T',
(which means that |z| = |T.(x)| = 1).

Before going to the last section, we derive directly from the PDE a temporal estimate for the
vorticity.
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4.3. Temporal estimate.

If we fix T > 0, we remark that there exists R; > 0 such that the support of w®(.,t) is
contained in B(0; R;) for all 0 <¢ < T.

To see that, let Ry be such that B(0; Ry) contains the support of wy. Equation (B.3) means
that w? is transported by the velocity field u® and the trajectory of a particle moving with the
flow verifies

0, X =u (X, t).
Moreover, Theorem [.4 states |u®(x)| < C|DT.(z)| and the last point of Assumption B.1] states
that there exist R > 0 and C; > 0 such that DT is bounded by C|z| outside B(0, R). If
a material particle reaches the region B(0, max(Ry, R))¢, its velocity is uniformly bounded by
CC4|x|, and we obtain the following inequality:

at|X‘2 - XatX S CCl|X‘27
that holds true in such a region. Applying Gronwall Lemma, we observe that the trajectory of

a material particle is bounded independently of £ (up to the fixed time T).

Lemma 4.7. There exists a constant C', which does not depend on t € [0, T] and ¢ such that
| D°0,we|| -2 < C.
Proof. We write the equation verified by ®¢w*:
PO = —0°ut.Vu®
= —div (®°uw®) + wut . VO©
which is bounded in H~? for the following reason. Note that ®° and w® are uniformly bounded,
u® is bounded in L?*(B(0, R;)) thanks to Theorem [4, Remark and the previous remark.

Moreover V®©.uf — 0 in L' according to the previous Lemma. We finally conclude, bearing in
mind that L' and H~' are embedded into H~2. 0J

5. PASSING TO THE LIMIT

5.1. Strong compactness in velocity.

Fix T > 0. We will need the following Lemmas to the passing to the strong limit L2 ([0, T] x
R?) of the sequence ®°us.

As in the previous subsection, let R; > 0 be such that the support of w®(.,t) is contained in
B(0;Ry) forall 0 <t < T and 0 < € < g.

Lemma 5.1. For all fivred x € 11, there exists €, > 0 such that x € 11, for all ¢ < e,. The two
following functions

fx,e <y> ) )|
_ T€<SL’) — T€<y>*
‘T€<x> - T€<y>*|2
are bounded in L*3(B(0, Ry) N11.) independently of € < e, (but not necessarily independent of

Joe(y)

Moreover,
_ T(x) - T(y)
P = @ TP
and
T(x) —T(y)
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are bounded in L**(B(0, Ry)).

Proof. Bearing in mind the properties of T" and that 7. — 7" uniformly in B (0, Ry), we know
that T.(B(0, R;)) C B(0, R), for some R > 0 independent of ¢.
To bound f, ., we change variables n = T.(y) and denote by z = T, (x):

1 | det(DT1)|(n)
dy < / . dn
/B(O,R1)OHE T.(x) — To(y)|*/3 1<|n|<R |z —n|4/3

\ZH—R 1
27TC/ dr
0

IA

Ve

For the second function, we begin in the same way, next we change again variables with
0 =n*

1 det(DT-1)|(n
BRI | Te(w) = T(y)*] 1<pi<k |2 =17

< C/ 1 do
N 1 R<joi<t |2 — 0173 |0]*
~ 1
< C/ ——df
16]<1 |z — 0[4/3
< Cu()
with C5 not depending on ¢.
Replacing T' by T, one can obtain the bounds for f, and g,. O

We now consider the limit of ®°w®. As ®°w® € L*([0,00), L' N L>®(R?)) and PO’ €
L2 ([0, 00), H%(R?)), we can extract a subsequence such that ®*w® — w weak-* in L>°(]0, 00), L*(R?))
with w € L°°([0,00), L' N L>°(R?)) and dw € L>([0,00), H ?(R?)). Moreover, we want that
Pwe(.,t) — w(.,t) weak L* for all t. As [|[P°w=(., 1) a2y < [lwol|zs < oo, and thanks to
Alaoglu’s Theorem, for all ¢ we can extract a subsequence which verifies ®°w®(.,t) — w(.,t)
weak L*. The problem is that the subsequence depends on the time. Let us look for a
common subsequence for all . We observe that w(t) is defined for all ¢ > 0. Indeed,
dw € L>([0,00), H*(R?)), so w € C°(]0,00), H*(R?)). Moreover, since w € L>*([0,00), L' N
L>°(IR?)) we also have that w(t) € LP(R?) for all t > 0 and sup ||w(t)||zerz) < oo for all p > 1.

>0

Proposition 5.2. There ezists a subsequence of ®°w® (again denoted by Pw®) such that
Pewe(.,t) — w(.,t) weak L*(R?) for all t.

Proof. We can choose a common subsequence for all rational times, by the diagonal extraction,
because Q is countable. We now prove that this subsequence converges for any t.

Let ¢ € C°(R?), and
£(8) = / H(B5F — w)da.
R2
Then f. — 0 for all t € Q. Moreover

fel(t) = / ©(P° 0w — Ow)d,
RQ



TWO DIMENSIONAL INCOMPRESSIBLE IDEAL FLOW 19

which allows us to state that the family {f.} is equicontinuous, using the temporal estimate
(Lemma [I7) and that ¢ € H?.

Therefore, we have an equicontinuous family which tends to 0 on a dense subset, so it tends
to 0 for all ¢.

To finish, let » € L*3(R?). The set O being dense into L*3 there exists a sequence
¢n € C(R?) which converges to ¢ in L¥®. We introduce f,. in the same way as f., replacing
v by ©,. Let t be fixed, we have by the first part

for all n, f,.— 0ase—0. (5.1)
Moreover
fom e = [ (o= pa)(@w - w)is
RQ
|fe = fuel < (llwollzs + sup lw (@ L)lle — @nll Lass-

Therefore f. — f,. tends to 0 uniformly in e, which according to (B.1) allows to conclude
that f. — 0. This completes the proof. O

Lemma 5.3. The two following functions:

[T T e
@) = [ TR @ ) 0) — ()

and

[ @@ T
(o) = [ TR () () = ()

tend to 0 as € — 0 in L*([0, T], LY .(R?)).

loc

Proof. Let K be a compact set of R?. Firstly, we fix ¢ € [0, T] and we prove that the norm
L5(K) of f. tends to 0.
Forall z € K\ T,

@) = [ Rl @) 0) ~ wl)ds

with f, given in Lemma F.J. Furthermore, Lemma [.I] states that f, is bounded in L*/ and
as ®°w® — w weak L*, we obtain that for fixed z,

fe(z) = 0ase — 0.

Moreover, we can apply Lemma (.9 (estimate of I;,) to f, with h(y) = ®°(y)w(y) — w(y)
and we obtain a bound for f. independently of x, ¢t and .

Then, f® — 0 almost everywhere as ¢ — 0, and |f%| is uniformly bounded. We can apply
the dominated convergence theorem to conclude that for fixed ¢ and K a bounded set

[ 1n@)ds o

We now let ¢ vary and we apply again the dominated convergence theorem to obtain the
result on f.. )

Using the estimate of I in Lemma .9, we proceed in the same manner to prove the result
for g.. O

Moreover, we need two last Lemmas which are a consequence of the convergence of T, to T’
(Assumption B.1).
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Lemma 5.4. For all fixed x € 11,

(Te(z) = Te(y)) _ (T(x) = T(y))*
[Te(z) = Te(y) ) [T(2) = T(y)

in L*3(B(0, Ry) N1I.) (where the norm is taken with respect to y).

—0ase—0

Proof. Let z be fixed. Using the relation (R.7) we have

T(x)—T(x)) — (T(y)" —T(y)")|\%/3
[ (R @er TN, [,
sorynm. N T () = T(y)(|Te(x) — Te(y)"| B(0,R)NI:

By Assumption B., we know that h, (y) — 0 pointwise as € — 0. Moreover, if ¢ I then

|T(x)| > 1, and as |T.(x)| — |T'(z)| # 1 we can write
T(x) = T(y)"| T()] =1>0
| Te(z) = Te(y)"| [Te(2)| =12 1/2(|T(x)] = 1) >0,
for € small enough (depending on x). Then h, . can be bounded by a constant which does not

depend on y and e, which allows us to apply the dominated convergence theorem to deduce
that [5 pyom, Pec(y)dy — 0 as e — 0. O

>
>

Lemma 5.5. One has that

o [ (E@ =T T@ =T
@) [ (T~ e Toyr) Y W @ =0

([0, 00) x R?) as e — 0.

~

o
wn Ly,

Proof. Let x € B(0, R) and y € supp w®. Using the relation (B.7) we can introduce and bound
i o (Te(2) — T(2) — (Te(y) — T(y))|
o Te(z) = Te()[|T(z) = T(y)|
1 1
2  su T. —T))
: \/ B(OvRSOHEO ) <\/\T WIT(z) = T(y)] ! | Te(x) = Te(y) V1T (2) — T(y)\>

where Ry = maz(R, Ry).
Using the Lemma [L.9 with a = 5/4 and a = 5/3 we conclude by the Holder inequality:

~ 2/5 ( 5)3/5
hae(y) @ (y)|w(y)|dy < 2 sup (|7 - (H
| )l w) T e o P et
)3/5 (w )2/5
iz )
|T = L) s\ /IT () — T(y)| 122
< C\/ sup (|7 = T7).
B(0,R2)NII:
Therefore, the uniform convergence of T. (Assumption B.1]) allows us to conclude. O

Theorem 5.6. One has that ®°u® — wu strongly in L2 ([0, 00) x R?), with

1 [ (TE@ =T (T =Tt -
=070 [ TG = ~ =) <0+l 52

u(x) =
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Proof. We recall the explicit formula for ®°u®:
_ uE _ *\ L
vt = Lot [ (=T (T T

2 T.(z) — T.(y)]>  |T(
Next we decompose:

@ @) = 5 (D7) - DT ) [ (4

&
|
o
s

*

To(x) - Te(y))*

oo @ TF @ =T ) O W
[ (T(2) = TW) oo
+ D@ @ -1 [ e () ()

+ 3070 [ T
- Lorawn [ (GEIZTON: (20T

2

_ LDTt(x)((I)E(x) B 1)/R (T'(x) —T(y)

2

|- (T(x) = T(y)"
~ D) /

i (y t(o T.(z)* B t(y T(x)*
+ o (F@DPT)E R ~ DT @ g

= Jl + + Jg.
In every J;, we use the fact that DT is bounded in L} (see Proposition 7). We also use

loc

the estimates of the integrals I; and I independently of z, ¢, ¢ (see Lemma [[.2).
For J; and J;, we remark that (®°(x) —1) — 0in L5 DT is bounded in L} _ and the integral

loc

is bounded independently of x, ¢ and ¢ (see Remark [1.3), which is sufficient to conclude that
Jy and J; converge to zero in L2 ([0, 00) x R?).

A similar argument holds true for Jy, since DT. — DT in L} by Assumption Bl

For Jo, Lemma [.] states that for fixed x, the fractions are bounded in L*?(B(0, R;)) in-
dependently of €. Moreover w® is bounded independently of ¢, ¢ and 1 — ®*(y) — 0 in L*.
Therefore, for fixed = ¢ T, the integral tends pointwise to 0. Moreover this integral is bounded
(see Lemma [[.7) and using the dominated convergence theorem, we can observe that it tends
to 0 in LY .. So, we have the convergence of .J, to zero because DT is bounded in L} .
The convergence of J;3 to 0 is a direct consequence of Lemma [.§. Next, DT belongs to
(R?), and thanks to Lemma p.3, we know that the integrals in J5 and Jg tend to zero in
L% .([0,00), LY .(R?)). So J5 and Jg tend to zero in L.
We now go to Js. Applying Lemma p.4 and reasoning as we did for the second term: for

fixed x and ¢, the integral tends pointwise to 0 because w® is bounded in L* independently of

L3

loc
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t. Moreover, it is uniformly bounded by Lemma [.3, and we can apply twice the dominated
convergence theorem to obtain that the integral in Js converges to 0 in L2 ([0, 00), LY (R?)).
Using again the boundness of DT in L  we get the desired conclusion for J.

The convergence of Jy can be done more easily, because 1/|T'| < 1. Indeed we can decompose

_ t t ey Le(2)t
Jo = %(DTg<x) — DT (;L’))(I) (:L’) |T€(l‘) 2
X e Ly T.(x)* _ T(x)*
+ 5 @PT @ (o rr)
@ e ooy L)t
+ %(q) () — 1)DT"(x) T@)E

and the convergence to zero of .Jy is a direct consequence of points (i) and (iii) of the Assumption

BI. O

The previous theorem provides an explicit formula expressing the limit velocity in terms of
the limit vorticity. From this formula, we can deduce a few properties of the limit velocity w.

Proposition 5.7. Let u be given as in Theorem [5.4. For fized t, the velocity

i) is continuous on R? \ T.
ii) is continuous up to I' \ {—1; 1}, with different values on each side of T.

iii) blows up at the endpoints of the curve like C/\/|x — 1||x + 1|, which belongs to Li. . for
p < 4.
iv) is tangent to the obstacle.

Proof. To show that, we now prove that
T(x) —T(y) T(x) —T(y)"
sz/ wydyandB:cE/ w(y)dy
D= Joo )~ T PO = | - 1))
are continuous on R*\ T" as w € L' N L. As in the proof of Lemma [L.2, we change variables,

we introduce f(n,t) = w(T~'(n),t)J ()X (=13 and z = T(z). Then we have A(z) = A(z) =
f\n|>1 ﬁf(n, t)dn, which is continuous for f € L' N L*. In the same way we estimated I in

the proof of Lemma [.9, we write

B = [ ZElpandn+ [ IS0, = Bi(e) + By,
miz2 12 — 12 1j2<j01<1 |2 — 02

with g(0,t) = w(T71(6%),t)J(6*)/]|0*. As for A, we observe that B, is continuous. For
Bi, taking a sequence f, € C° such that f, — f(.,t) strongly in L', we see that By, =
f\n|>2 ﬁ%fn(n,t)dn is continuous. As |z —n*| > 1/2, we can conclude, after remarking that
| B, — Bil|lr <2/ fn — fllz1, that By is continuous.

Moreover, A, B; and B, are continuous up to the boundary. As A(z) = A(T(x)) and
B(z) = Bi(T(x)) + Bs(T(x)), with T" continuous up to I' \ {—1; 1}, with different values on
each side of I" (see Proposition .3), we proved i) and ii).

The blowing up at the endpoints is the consequence of the expression of DT (see (£3)), and
the fact that A(z) and B(z) is bounded by Lemma [.2

Finally, to show that the velocity is tangent to the obstacle, we do a simplified, but similar
calculation to the one in Lemma [L.7. Indeed, as |[T'(x)| = 1 on the curve I', V|T'(z)| is orthogonal
to the curve. According to Proposition .3, V|T(z)| is continuous up to the curve I' with
different values on each side. Let € T'\ {—1; 1}, then for a sequence x, € Il which tends to
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x, we can make the same calculation than in the beginning of the proof of Lemma .0, to get:
uw(z,).V|T(z,)| = wlw,)™VHT(2,)]
1 T(x,) —T(y T(x,)—T(y)*
L[ (He =Tl Ta)=Tr
2w Je2 \|[T(2n) = T(y)?  [T(2n) = T(y)"]
T + T
(0a) " VIT ()
T (n)| T ()]

1
TGl det(DT)(z,) 5 An(y)w(y, t)dy

x DT (2,)DT" () VAT ()]

with
T(y)T(xa)"  T(y)-T(wa)"
T (@n) =TWI> T (2n) = T(y)*?
[T(,) = T = IT) = TPTWE,, o
T (xn) = T(y)P|T (2n) = T(y)*]
(1= 1/17(y)[*) (T (x)|* — 1) .
T(y).T(xn)"
T (2n) = T(W)PIT (2n) — T(y)*?
If x, tends to z on one side of the curve, then |T'(x,)] — 1 and A,(y) — 0. So A,w(.,t)
tends pointwise to zero, and as the integral is bounded by Remark [I.3, we can conclude by the

dominated convergence theorem that w(z).V|T(z)| = 0 and that the velocity, on each side, is
tangent to the curve. 0

Therefore we have a weak * limit for the vorticity, and a strong limit for the velocity. We
now study the relation between curl v and w.

5.2. Calculation of curl and div of the velocity.

We first remark that divu = 0, which is obvious since the Velocity is the orthogonal gradient
of a function. Indeed u = V+¢) with U(z) = [ Gr(z,y)w(y)dy + 5= log |T(z)|.
We now compute the curl of the limit Velomty

Recall that the curve I' goes from —1 to 1. Let 7 = I''/|T"| the tangent vector of ', u,, the
limit of u(I'(s) + p7+) as p — 07 and Ugowy the limit as p — 0~.

Lemma 5.8. There exists a function g, which depends on I' and w such that
curlu = w + g,(s)dr,

in the sense of distributions.
Moreover g, = (Ugown — uup).? which corresponds to the jump of the velocity on the curve.

Proof. This proof is divided in two part. The first step consists to show that curlu — w is

concentrated on the curve I'; and we find in the second step the expression of g,,.
We begin with curl H. We remember that H = 1/27 V4tlog(T(x)). Let » € C(R?), we

write:
/curl(H)go = —/H.Vﬂo
I

[ DT V(e

= [ ZDT@ () V(T (=) det T7(=)dz

27T pe |22
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where we changed variables z = T'(x). Since T' is holomorphic, we remark that

V(poT)(2) = DT (2)Vp(T!(2)) = |det T7'|(z) DT(T™'(2)) V(T (2)).

We use the polar variables (z = re®) to find

/chrl(H)ap - —i /%/OOV(gooTl)(z).zdrdH
_ / / = (por e dras

= % i <poT (cos(0),sin(6))db.

The last integral can be written as an integral of ¢ on the curve I' with a certain weight.
We make the same calculation with the explicit formula of the velocity, and if we consider
the translations 7y : z — 2 4+ T'(y) and 7 : 2z — 2z + T'(y)*, we obtain:

curl (u).p = (poT " om)(2).zdz)w(y)dy
/ E AT E

/Rz / Vigo T om)(2). E |2d) w(y )dy+oz/curl(H).<p
) / w dy+_/]R? /@O(y [p o T (A1y(0)) = p o T (A (0))]dbuw (y)dy

/R/ poT™! A3y(9))w(?/)dy+%/OQF@OT_l(Cos(H),sin(Q))dQ’

with A;, Ay and Az constructed like this: we consider the half-line starting at T'(y) having an
angle 6 with the abscissa axis. There exist two angles 6y < ¢; such that the half-line is tangent
to the unit circle. If we choose 6 € (6y,0;), then the half-line intersects the circle in two points
Ay and further A;. For A3z we do the same thing with the half-line starting at 7'(y)*. In this
case, we obtain each time an intersection with the unit circle.

Now, the difficulty is the change of variables. Indeed, as T~1(4;,(6)) € T, we should change
the variable s = T7*(A,;,(0)) and we would obtain fRQ Jr (s fzy( )ds, but this calculation is
too complicated. In fact, we have just proved that curlu = w + g, (s)dr, and we will directly
find the expression of g,. For that, we consider the solution v of the Green problem without
obstacle. That is,

dive = 0 and curlv = w in R2.

The explicit formula is v(x) fRQ B Z‘Q w( )dy. We denote by w = u—v. Then curlw = g,dr.

We now prove that g, = (Waown — wup) 7, with w,, and Wy, defined in the same manner
as Uyp and Ugoyn.-

So, for z € I'\ {—1; 1}, there exists a small neighborhood O of z, such O \ T" is the union of
two connected domains: O,;, and Oy On the one side,

/O curl wyp = /F 0(5)go(s)ds.
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On the other side,

/curlwgp = —/w.Vﬁpz—/ w.Vlgo—/ w.V+o
o o o o

up down

—
= / Curlwgo—/ pw. T +/ curlwcp—/ w.
Oup aoup (@) aOdown

= _/prup-?+/<pwdown-?
I I

because w = u — v is continuous on R?\ T..
ﬁ .
As we want, we have g, = (Wapwn — Wup). T . Moreover, adding the regular part v, we have

—
p=

down

G = curlw = (Udown — Uup)- T - (5.3)

Therefore, we obtain:

[etw) = [ e+ [ els)a..ds

with g,, bounded outside the endpoints, and equivalent at the endpoints to
1 A(£1)
T\/|s = 1||s + 1

with

A(£1) = Oy

T(£1) —T(y))* T(£1) - T(y)")*
[ (LED=TOR (D T -
g2\ [T =T(y)P?  [T(£D) = T(y)|
which is bounded. Indeed, we can prove that g, is continuous as we prove that u is continuous
in Proposition p.7- O

Getting a simplification is really hard, and we remark that we can not obtain a result like
curlu = w + ¢g(s)dr. Even in the simpler case of the segment, the calculation of g, does not
give a good result. However, we can explicit the calculation of curl (H) in the case where the
curve I is the segment [—1,1]:

T~ (cos(#),sin(6)) = (cos(),0) and we change the variable = cos 6 to have

I I 0
/Curl (H)yp=2.— [ ¢(cos(d),0)dd = — Mdn.
21 Jo TJo1 /1 —n?
Moreover, we remark that g,,, like the velocity, blows up at the endpoints of the curve I' as
the inverse of the square root of the distance.

5.3. The asymptotic vorticity equation in R2.
We begin by observing that the sequence {®°w®} is bounded in L>([0, T], L*), then, passing
to a subsequence if necessary, we have

d°w® — w, weak- in L®([0, T], L*Y).

We already have a limit velocity.
The purpose of this section is to prove that v and w verify, in an appropriate sense, the
system:
wy +u.Vw =0, in R? x (0, 00)
divu = 0 and curlu = w + g,(s)dp, in R? x [0, 00) (5.4)

lu] — 0, as |z| — oo

w(z,0) = w(z), in R?.
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where dr is the Dirac function along the curve and g,, is given in (p.3).

Definition 5.9. The pair (u,w) is a weak solution of the previous system if
(a) for any test function ¢ € C°([0, 00) x R?) we have
/ / gptwdxdtJr/ ch.uwdxdtJr/ o(x,0)wy(z)dz = 0,
0o Jr2 0 Jr2 R2
(b) we have divu = 0 and curl u = w+ g,0r in the sense of distributions of R?, with |u| — 0

at infinity.

Theorem 5.10. The pair (u,w) obtained at the beginning of this subsection is a weak solution
of the previous system.

Proof. The second point of the definition is directly verified by the previous section and by the
estimate of Subsection B.3 about the far-field behavior. Indeed, the velocity u verifies |u| — 0 at
infinity, thanks to the explicit expressions for K|[w] and H, using the uniform compact support
of w.

Next, we introduce an operator I., which for a function ¢ € C§°(]0, 00) x R?) gives:

[e[w]z/ / got(cIDE)Qwsda:dt—i—/ / V. (u®)(P°we)dxdt.
o Jre 0o Jr2

To prove that (u,w) is a weak solution, we will show that

(1) L[] + [ (@, 0)wo(z)dz — 0 as e — 0
(il) Lle] = [, [ee uwdzdt + [ [0 Vo.uwdadt as e — 0.

Clearly these two steps complete the proof.
We begin by showing (i). As u® and w*® verify (B.9), it can be easily seen that

/ / gpt(ée)zwadxdt:—/ V(cp((I)a)Q).uewdedt—/ o(x,0)(P°)*(2)wo(z)dx
0 Jr2 0o Jr2 R?
Thus we compute
L = —2 / / PV (B0 )drdt — / o, 0)(0°)2(2)wo () dx
0o Jr2 R?
We have:

I[p] + /2 o(, 0)(<I>€)2(w)wo(x)dﬂi‘§ 2|[D°w| poe (zoe) [l £ (2o [0 VO [ oo (1) — O,
R

as € — 0 by Lemma [£§. This shows (i) for all ¢ sufficiently small such that (®°)*(z)wy = wp
since the support of wy does not intersect the curve.

For (ii), the linear term presents no difficulty. The second term consists of the weak-strong
pair vorticity-velocity:

[ esiwero | [eon] < |f fsoiws-o
+‘//Vg0.u(q)5w5 —w)‘.

Pcu® — wu strongly in L*([0, T], L .(R?)) thanks to Theorem .6, So the first term tends to

loc
zero because ®°w® is bounded in L*°([0, 00), L*(R?)). In the same way, the second term tends

to zero because ®°w® — w weak-* in L*>([0, T], L*(R?)) and u € L*>(]0, T], L} (R?)). O

loc
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5.4. The asymptotic velocity equation in R2.
As the function u is bounded in L?, we can write the vorticity equation more simply than in

[M. The main calculation of this subsection can be found in [].
We begin by introducing v(z) = [ K(x — y)w(y)dy with K(z) =

obstacle of

2 MQ, the solution without

dive =0 on R?
curlv =w on R?,

lim |v|=0.

|z|—o0

This velocity is bounded, and we denote the perturbation by w = u — v, which is bounded
in LY for p < 4, and it verifies

divw =0 on R?,
curlw = g,(s)0r on R?

lim |w|=0.

|z|—o0

We now prove that v verifies the following equation:

vy +0.Vo + 0.V + w.Vv — v(s)§,(s)or = =Vp, in R? x (0, 00)

d1vv—0 in R? x (0, 00)
oy (5.5)
2 fF |m s|2 g” dS, in R* x (0,00)
(x,O)—K[ o, in R?.
with gv = Jeurlw-
In order to prove the equivalence of (5.4) and (B.F) it is sufficient to show that
curl [v.Vw + w.Vv — v(s)§,(s)dr] = div (ww) (5.6)

for all divergence free fields v € VVl P with some p > 2. Indeed, if (f.6)) holds, then we get for
w = curlv
0 = —curl Vp = curl [v, + v.Vo + v.Vw + w.Vv — v(s)*§,(5)p]
= wt+v.Vo+wVw=w+uVw=0

so relation (B.4) holds true. And vice versa, if (5.4) holds then we deduce that the left hand
side of (B.5) has zero curl so it must be a gradient.

We now prove (B5:4). As W27 € C°, v(s) is well defined. Next, it suffices to prove the equality
for smooth v, since we can pass to the limit on a subsequence of smooth approximations of v

which converges strongly in VVlif and C°. Now, it is trivial to check that, for a 2 x 2 matrix A
with distribution coefficients, we have

o fewrlCy
curldiv A = div (curl 02)

where C; denotes the i-th column of A. For smooth v, we deduce

curl [p.Vw +w.Vv] = curldiv(v®@ w + w ® v)
_div (curl (vwy) + curl (wvl))

curl (vwsy) + curl (wvq)

= div (w curlv 4+ v.V+w 4+ v curlw + w.V+o).
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It is a simple computation to check that
div (v.V*w + w. Vo) = 0.VHdivw + w.V*dive + curlv divw + curlw divo.
Taking into account that we have free divergence fields, we can finish by writing

curl [v.Vw +w.Vv] = div(w curlv 4+ vg,(s)dr)
= div (w curlv) + curl [v(s)*§,(s)dr].

which proves (b.4).
Now, we write a formulation for the velocity u, by replacing v by v — w to obtain in R?

wy + u.Vu = —Vp 4w, + w.Vw + v(s)*§,(s)dp.

However, since curlw = 0, we can remark that curl [w; +w.Vw +v(s)1g,(s)dr] = 0 in R*\T.

5.5. Formulation on R*\T.

We can obtain directly an equation for v on R?\T" by passing to the limit ¢ — 0. We multiply
the velocity equation (B:3) by some divergence-free test vector field ¢ € C®(R* x (R? \ T))
and assume that ¢ is small enough such that the support of ¢ is contained in II. and do not
intersected the support of V®°. After integration,

/OOO [+ [ 060+ / " [wewve=o,

which easily pass to the limit since u® — u strongly in L . by Theorem p.4. Indeed, we can
prove easily that u§ — ug in L2 (R?) thanks to the proof of Theorem p.G. Therefore, the above

loc
relation holds true with w instead of u® and this is the formulation in the sense of distributions

of the Euler equation in R\ T*:

(u;+u.Vu=—Vp, inR*\T x (0,00)
divu =0 in R*\ T x [0, 00)
un =0 on I" x [0, 00) (5.7)
lu] — 0, as |z] — oo

L u(z,0) = F(wy) in R?\ T

where F is the formula from Theorem p.f expressing explicitly the velocity in terms of vorticity
and circulation.
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LIST OF NOTATIONS

Domains:
D = B(0,1) the unit disk.
S =0D.
[ is a Jordan arc (see Proposition P.2).
I=R2\T.

) is a bounded, open, connected, simply connected subset of the plane.

['y = 09 is a C Jordan curve.

Iy = R2\ Q

Q). is a family of a domain, verifying the same properties of €1y, such as 2. — I' as ¢ — 0.
. =09, and Il = R?\ Q..

Functions:
wp is the initial vorticity (C2°(II)).
7 is the circulation of uf on I'. (see Introduction).
(uf,w") is the solution of the Euler equations on II..
T is a biholomorphism between IT and int D¢ (see Proposition B.2).
Tp is a biholomorphism between IIy and int D°.
T. is a biholomorphism between II. and int D¢ (see Assumption B.1)).
K* and H*® are given in (B.3) and (B.4)
Kewf](z) = [ K5 (z, y)w*(y)dy.
®° is a cutoff function in a small e-neighborhood of €. (see Subsection [.3).
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